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Abstract

This thesis focuses on interference management methods for interference channels, in
particular on interference alignment. The aim is to contribute to the understanding of
issues such as the performance of the interference alignment scheme and lattice codes
for interference channels. Interference alignment is studied from two perspectives. One
is the signal space perspective where precoding methods are designed to align the inter-
ference in half of the received subspace. Cadambe and Jafar found precoding matrices
to achieve the theoretical degrees of freedom. However, using an interference suppres-
sion technique over the Cadambe and Jafar scheme, yields poor performance. Thus,
in this thesis precoding methods such as singular value decomposition and Tomlinson-
Harashima precoding are proposed to improve performance. The second perspective
is on the signal scale, where structured codes are used to align interference. For this,
lattice codes are suitable. In this research, the problem was initially approached with a
many-to-one interference channel. Using lattices, joint maximum-likelihood decoding of
the desired signal and the sum of the interference signals is used, and the union bound of
the error probability for user 1 is derived, in terms of the theta series. Later, a symmetric
interference channel is studied. Jafar built a scheme for every level of interference, where
interference was aligned and could be cancelled. In this thesis, Barnes-Wall lattices are
used since they have a similar structure to the scheme proposed by Jafar, and it is shown
to be possible to improve the performance of the technique using codes constructed
with Barnes-Wall lattices. Finally, previous work has found the generalized degrees of
freedom for a two-user symmetric interference channel using random codes. Here, we

obtain the generalized degrees of freedom for that channel setting using lattice Gaussian
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distribution.
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Chapter 1

Introduction

1.1 Overview

Interference is one of the main issues in wireless communications. It can be found in
different scenarios such as many transmitters and receptors pairs, known as interference
channels. In an interference channel, each transmitter wishes to communicate with its
correspondent receiver. However, since the channel is shared among all users, each

receiver has interference from all of the other transmissions that are not intended for it.

Interference

------ * Desired signal

Figure 1.1: Diagram of an interference channel
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A K-user fully connected interference channel is described by

K
Yi = hiixi+ Y hipxg + zi (1.1)

J#
where h;; is the channel gain between transmitter ; and receiver /, x; is the transmitted

signal from transmitter / subject to a power constraint £ [|x,-|2] = P, and z; is the additive

white Gaussian noise (AWGN) of zero mean and variance o at receiver i, for i,j =

1,---, K. The signal-to-noise ratio (SNR) of user / is defined as

SNR; = 'h";'jp", (1.2)
and the interference-to-noise ratio (INR) from user j over user | is expressed as

INRj; = |h’£_|jpf. (1.3)

This model is represented in Fig. 1.2 for a three-user interference channel.

Tl hi1 RI
S = 4
\b?]\ h12 /7
hap "¢ S~ -7
N /.<\ ’
< >
- N /\\
™ _- <2 ey r2
X2 ST A -
hao~ o s o7

~ -~ AN
his, PR N
/ /h N
- 23 \\\
T3, o 3 R3
ha3

Figure 1.2: three-user interference channel

In this thesis we define the channel gains according to our purposes. These are

defined in each chapter accordingly.

1.2 Special interference channels

Equation (1.1) can be simplified into special interference channels. In this section we

describe some simplifications used in later chapters.
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e Many-to-one interference channel: The many-to-one interference channel is a
simplification of the fully connected interference channel, where only one user suf-
fers from interference. In particular, and without loss of generality, we consider the
following definition [1]. Given a fully connected interference channel as in (1.1),
the many-to-one interference channel corresponds to the case where all channel
gains are zero except h;; and hy;, for 1 </ < K. Thus, only user 1 suffers from
interference. Fig. 1.3 illustrates the three-user many-to-one interference channel

described here. The many-to-one interference channel enables the simplification of

T1 h11 R1
e - 4 ’
hi2 Phe - ’ g
- - 4
T2 X < - 4 R2
L7 haz
/7
h1s, 7
, 7/
T3, R3
hss

Figure 1.3: Many-to-one channel with three users

the problem of the interference channel while we can still develop tools that can be

later used for the fully connected interference channel.

e Symmetric interference channel: The symmetric interference channel is the fully
connected interference channel from (1.1) where all direct power channel gains are
A

equal, and all indirect channel gains are equal. Thus, we can define [2] |h;;|° £

hgl?, |hiil? & |he|? and P £ P, or SNR; 2 SNR and INR;; £ INR, Vi, 1 </ < K.
] ]

e Deterministic and Q-base representation interference channel: The determin-
istic channel was defined in [3] and consists of representing the channel at signal
levels, which is equivalent to a unit of power in the Gaussian channel [1]. The idea
is to write the real valued channel input in base 2. Thus, the signal is constructed
in bits as

X:O.b1b2b3b4"' (14)
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With this representation, the noise is truncated in such way that bits that fall under

the level of noise are lost. Thus, the interference channel can be written as [1]
Vi = LQ”iOXOJ BB LQ”:KXKJ’ (1 5)

where addition is performed on each bit. The channel also retains the superposi-
tion of transmitted signals. The signal at the receiver can be viewed as a base 2

representation, separating the effect of the interference by level.

A similar model is explained in [4] and [5], where a base Q is used instead of a base
2. Here, a symmetric interference channel is used, where h;; = 1 while the indirect
channel gains are given by h; = QM, for any integer M. The transmitted symbol at

transmitter k is built as:

xK = [x,[\ﬂlx,[\ﬂz e X{k]x([)k]] o (1.6)

= QNle/[\i(]_l + QNsz/[\f]_z +ot Qxl[k] + X([)k]' (1.7)

where x,.[k] € {1,2---Q — 2}. Consider for example 1 < M < N. At the receiver k

we have

ylk = ZQMJerlX,[\l/']_l_’_“'ZQNfl (X%]—l—M+XI[\;(]—1)

Jj#k J#k
o QM () + QML
J#k
+ -~-x([)k] + z[H. (1.8)

As in the deterministic interference channel we see that the Q-base channel can

also be represented with levels.
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1.3 Types of interference and interference management tech-

niques for interference channels

So far, information theory has classified interference in the following levels or types: noisy,
weak, moderately weak, strong and very strong.

When interference is noisy, it is treated as noise, because it falls below the level
of noise. This implies that there is no loss of data rate due to interference. When inter-
ference is strong and very strong, interference decoding is used. For the case of very
strong interference, Carleial [6] showed that the capacity of a channel with very strong
interference is the same as a channel with no interference at all. This is because when in-
terference is very strong, interference is decoded before the desired signal. In a channel

with no interference, the data rate is known to be given by

1 P
Ri < =log <1—|——2> =(; (19)
2 o;

1
where C; corresponds to the capacity achieved by user i when there is no interference,
and P, and 0,2 are the signal and noise powers respectively. Consider a two-user interfer-

ence channel given by

Y1 =+va11X1 + \/ariXo + 21 (1 .10)
Yo = /a12X1 + v/ anXe + 22, (1.11)

where a;; = 1 and ,/a;; are the channel gains from transmitter / to receiver j, and z; is the
AWGN of user i/ with zero mean and variance a,2. Carleial [6] demonstrated that in a two-
user interference channel, when interference is very strong, the capacity of the channel
is the same as if there was no interference at all. Here, the very strong interference

condition is satisfied when a;n > (P> + 03)/0? and a»; > (P + 07)/03. Then, the rate
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achieved with interference is given by

1 812P1
Ci< Ry <=l 1 1.12
1 1 209< +P2+a§> ( )
1 821P2
R — | 1 1.13
G < 2<209<+P1+U%> (1.13)

The data rate achieved with interference in (1.12) and (1.13) is bigger than the one
achieved without interference (1.9), so the data rate is, in fact, not affected by interfer-
ence.

In the case of strong interference some approaches [7,8] managed to calculate the
lower bound of the data achievable rate, for a two-user interference channel. As shown
in [7-9] the capacity region of a two-user Gaussian interference channel under strong
interference is the intersection of the capacity regions of a two-multiple access channel
(MAC). The MAC consists of a channel with multiple transmitters and one receiver and,
unlike the interference channel, the receiver is interested in all the received signals. The

region found in [7-9] is given by

0<R <G (1.14)

0< Ry < Co (1.15)

1 P+ anP) 1 P+ P
0<R1+R2<min{—|og<1+$>,—|og (1+31“72+2>} (1.16)
2 loF) 2 05

Here the conditions are given by a»; > 02/03 and aj» > 03 /0%.

The problem is still relatively open for moderate or not so strong interference. One
of the main achievements so far can be seen in the work of Han and Kobahiashi [7], who
determined an inner bound for the two-user interference channel using superposition
coding. Han and Kobayashi (HK) defined a novel method of determining the capacity
of an interference channel using private and common messages from each transmitter.
Both receivers can decode the common messages from each of the transmitters, leaving
the private messages as noise. Once the common messages have been decoded, they

are subtracted from the received signal and each receiver can decode its own private
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message, leaving the other user’s private message as noise. In that paper, the achievable
region is defined to be equal to the polyhedron of Fig. 1.4, which consists of all the pairs

(R1, R2) of nonnegative real numbers such that [7]:

Ri < p1 (1.17)
Rx < p2 (1.18)
Ri+Rx < pi2 (1.19)
2R1+R2 < pio (1.20)
R1+2R> < poo, (1.21)
where
p1 = O'I +/ (Yl; U1|W1W2Q) (1.22)
P2 = O'; +/ (YQ, U2|W1W2Q) (123)
pi2 = 012+ (Y1, U WiWaQ) + 1 (Ya; Ua[WiWLQ) (1.24)

pro = 207+ 21 (Y1, h|WiWLQ) + 1 (Ya, Us|WiWLQ)

—[of = 1 (Y VAW Q)T

+min{/ (Y2; Wo[W1Q) , I (Y2; W2|Q)

+[1 (Y2 WA WeQ) — o]

[ (Y1, WolWiQ), | (Yo, WiW5|Q) — o7} (1.25)

p2o = 205+ 1(Yy; UiWiWLQ) + 21 (Ya; Ua|WAWLQ)

—[o% — 1 (Yi; W Wi Q)T

+ min{/ (Y1; W1 \W2Q) , I (Y1, W1|Q)

+ [ (Y1; Wo W1 Q) — a3 T,

[ (Yo, Wi WaQ), [ (Yo; WiWA|Q) — o5}, (1.26)
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and

[x]" =xif x>0, [x]T=0ifx < 0.
ot = min{l (Yi; WAl WsQ) , 1 (Ya; Wi |UsWoQ@)}, (1.27)
o5 = min{/ (Yo; Wo|W1Q) , | (Y1; Wo|U1W1Q)}, (1.28)
012 = min{/ (Y1; WiW5|Q) , I (Yo, W1W5|Q)
[ (Y1, Wi WaQ), I (Ya; Wo|WAQ)

(Yo, W1 [WaQ) , I (Y1; Wa|W1Q)}, (1.29)

and Q,Uq, U,, Wy, Wy are random variables. W; and U, correspond to the common and
private message for user / (i = 1, 2), respectively, and Q is the time sharing parameter.
X1, Xo are defined as: X; = f (UiW1|Q), Xo = f (U.W5|Q) and correspond to the input
alphabet sets. Finally, Y1 and Y5 are the output alphabet sets. The points A, B, C and D
in Fig. 1.4 are given by

A= (p1,p10 — 2p1) , (1.30)
B = (p10., P12, 2p12 — P10) , (1.31)
C = (2p12, P20, P20 — P12) , (1.32)
D = (p20 — 202, p2) - (1.33)

The region obtained by HK is the best known result for a two-user interference
channel. Over 30 years have passed and the exact capacity for a two-user Gaussian
interference channel has not yet been found. So far, an upper bound for the two-user
interference channel has been identified by Etkin [2], with a difference of 1 Bit/s/Hz.

In this thesis, unless explicitly stated, we consider the following classification for
different types of interference. This classification and these definitions have shown to be
useful in [2] in finding an approximate region of the capacity of the two-user symmetric

interference channel:
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Ri1+2R> = pog
C

R1 + Rz = p12

2R1 + R2 = p1o

o) G

Figure 1.4: Achievable rate region for a two-user interference channel (adapted from [7])

Noisy interference: INR;; < \/SNR;

2
Weak interference: /SNR; < INR;; < SNR/

2
Moderately weak interference: SNR? < INR;; < SNR;

Strong interference: SNR; < INR;; < SNR?

Very strong interference: INR;; > SNR?

Most of the previous work considers two-user interference channels, and the gen-
eralization to multiple users is not straightforward. Also to date, most of the techniques
divide either time or frequency into the number of users of the interference channels, and
therefore divide the available data rate among the number of users of the channel. In
schemes like time division multiple access (TDMA), when interference has to be avoided,
each of the K users has to communicate for a fraction of 1/K of the time.

A novel technique, known as interference alignment [10] has been proposed from
the scope of information theory, which enables the alignment of interference at each
receiver, using only half of the signal space, and leaving the other half for the intended
signal, independent of the number of users that the channel has. In [10], Cadambe
and Jafar characterize the network sum capacity for a K-user interference channel with

interference alignment as:

Cy = glog(SNR) + o(log(SNR)). (1.34)
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The factor K/2 in (1.34) represents what is defined as degree of freedom (DoF),

also known as multiplexing gain, which can also be written as [11]

DOF — lim CE(w)

sNR—o0 |0g(snR)

(1.35)

This factor means that every user in a K-user interference channel can asymptotically
achieve half of the capacity that it could achieve without interference. Because the exact
capacity of the K-user interference channel is still an open problem, the DoF is a good
representation of the capacity at high SNR. As we can see from (1.34), as the SNR — oo,
the second addend of (1.34) becomes insignificant with respect to the first one, so the
factor K/2 characterizes the capacity at high SNR. Hence, it is suitable to work with the
DoF as the exact capacity is unknown.

Interference alignment is a technique properly named after Jafar’'s work [12] but
which was actually conceived in [13] where the advantages of overlapping interference
were studied. The work of Cadambe and Jafar [10] was the first to find the achievability
of the technique for more than two users, which is not trivial, under certain scenarios.

The technique basically states that we can build signals, either with alignment
matrices or with structured codes, such that they overlap at each of those receivers where
they interfere. Interference alignment has been studied from two main approaches: 1)

Interference alignment via signal space, and 2) Interference alignment via signal scale.

1.4 Interference alignment: Signal space approach

In the interference alignment technique each transmitter tries to minimize the interference
to unintended receivers. This is achieved by letting all the interference signals in a given
receiver align in one subspace that is different to the one for the desired signal. In in-
terference alignment in the signal space approach, the work of Cadambe and Jafar [10]
is the most followed. In that case the DoF achievability using interference alignment has

been established under some scenarios:

1. The single antenna case: The K/2 DoF in this case has been demonstrated when
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the transmitted symbols are transformed into supersymbols, or a signal vector, and
where the channel is time varying or frequency fading. The channel coefficients
are now represented in a diagonal channel matrix. With this scheme, each user

asymptotically achieves 1/2 DoF.

2. The multiple antenna case: For the multiple antenna case, considering a continuous
channel and that each node consists of M > 1 antenna, the channel matrices
allow the interfering signal vectors to align at the receiver where they are interfering.
Interference alignment has been achieved for the K = 3 user case, where each user

has M/2 DoF. For K > 3 only the upper bound of M/2 DoF has been demonstrated.

In this thesis, we consider the single antenna three-user interference channel with

interference alignment given in [10] (illustrated in Fig. 1.5). In that scenario, to align
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Figure 1.5: Three-user interference alignment scheme (adapted from [10])

interference it is necessary to use a symbol extension. As in [10], let user 1 take the

message VW, and encode it into a supersymbol defined by an (n + 1) column vector x;.
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Define a precoding matrix V; of size (2n+ 1) x (n+ 1) such that
)_(1 = V1X1, (1 36)

Similar expressions are obtained for transmitters 2 and 3, but considering n independent
streams in each case.
At receiver k, the received signal is given by:
3

Vi = HpeViexi + Z HVx; + zk, (1.37)
J=1J#k

where H;; is a (2n + 1) x (2n + 1) diagonal matrix composed of the channel gains cor-
respondent to the extended symbol, and /,j = 1,2,3. At receiver 1, to obtain (n + 1)
interference-free dimensions corresponding to the desired signal, the dimension of the
interference should not be more than n . This is assured in [10] by perfectly aligning

interference from receivers 2 and 3 by
HioVo = HisVs, (1.38)

where V, and V3 are (2n+ 1) x (n) matrices.
To extract n interference free dimensions at receiver 2 and 3, the dimension of

interference has to be no bigger than n+ 1 . This is accomplished in [10] by

H23V3 =< H21V1 (139)

HsVo, < H» Vi, (140)

where P < Q means that a set of column vectors of P is a subset of the set of column

vectors of Q.
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Now it is necessary to solve these equations by choosing values for V;, V, and

V3. Cadambe and Jafar [10] solved this by

vV, = w Tw T?w ... T'w } (1.41)
H>'HxsVs = | Tw T?w ... T'w } (1.42)
HiiHnVo = |w Tw T2w ... T lw ] : (1.43)
where
T = HioHo ' HosHo Ha HY Y, (1.44)

and chose w, (2n+ 1) x 1 column vector as
-
w—[l 1 ... 1} . (1.45)

This scheme can be generalized for K users as shown in [10].

In order to suppress interference at each receiver consider a matrix U, of size
(2n+1) x (n+ 1) for k = 1 and a matrix of size (2n+ 1) x nfor k = 2 and 3, formed by
columns that are the orthonormal basis of the interference-free desired signal subspace

at receiver k. This matrix is designed to obtain [14]

3

¥i = Uy = UH Vi + U >~ HgVx Uz, (1.46)

j=Lj#k

=0

where
UJH, V=0 for k#j (1.47)
b n+1 fork=1
rank (U Hi Vi) = (1.48)
n fork=2,3

Thus, U, represents the subspace that is orthogonal to where the interference is
projected. Condition (1.47) allows the second term of the addend of (1.46) to be zero.

The condition given by (1.48) is needed for the desired user to achieve the desired DoF.
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Hence, the desired signal is received through a full rank channel matrix of size (2n+ 1) x

(2n+ 1), while the interference is completely eliminated.

1.5 Interference alignment: Signal scale approach

The case of interference alignment via signal scale was first proposed in [1] where the
design of optimal structured codes were used to align interference. In [1], Bresler showed
that random codes are not optimal for reaching the achievable capacity region in the
way that structured codes are. The key point is that, by using structured codes such
as lattices, interference can be aligned on the signal scale. With lattices, it is possible
to decode the sum of the interference codewords, even when each interferer cannot be

decoded.

1.5.1 Lattice codes

A lattice is a regularly spaced array of points. It can be properly defined as [15]

m
N o= {x=> A\ X\ €Z} (1.49)
i=1
= A(M)={M)) € Z}, (1.50)
Here, the lattice has dimension m, where v{, v,, - - - , v, are linearly independent vectors
inR” and {vy, vy, -, vy} is the basis of the lattice. The matrix
Vi Viiz Vi -+ Vip
V2 Vo1 Voo -+ V2
M pr— pr—
L Vm ] Vml Vm2 - Vmn

is the generator matrix of the lattice A. Each row of M corresponds to one of the inde-
pendent vectors that define the lattice. A graphical representation of a two-dimensional
lattice can be seen in Fig. 1.6.

Some important lattices are [15, 16]:
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Figure 1.6: A two-dimensional lattice

e 7": The n dimensional integer lattice is defined as

7" ={(x1,x0, "+, xn) : X; € L} (1.51)
where its generator matrix is given by M = /.
e A,: This lattice is defined as (for n > 1):
n
An={(x0, x1," " ,xn)EZ”H,ZX,-:O} (1.52)
i=0
where its generator matrix is given by:
-1 1 0 O 0 0
o -1 1 O 0 0
M = 0 0 -1 1 0 0
0 0 0 0 -1 1
e E£3: Also called Gosset lattice, it can be defined as
(1.53)

= 0(mod2)}

8
{(x1,x0,++ ., xg) X, €Z"orx;, € Z" + 1/2,Zx,-
i=0
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Its generator matrix is given by:

2 0 0 0 0 o0 00
-1 1 0 0 0O 0 00
o -1 1 0 O 0 00
o 0o -1 1 0 0 00
M =
o o o0 -1 1 0 00
o o o0 0 -1 1 00
o o o0 o0 0 -110

NI
NI—=
NI—=
NI
NI
NI—=
NI
NI

Properties of the lattices
Some important properties of the lattices are given next.

The fundamental region of a lattice [16] is a region that when repeated many times

fills the Euclidean space without any overlap or gap.

The Voronoi region [17] corresponds to the fundamental region where every point

is closer to the origin than to any other lattice point. It can be expressed as V(A).

The volume of the fundamental region is called the fundamental volume and can

be expressed as V(A) = |det(A)| = /det (MTM) [17].

The fundamental or nominal coding gain [18] is a normalized measure of the

density of a lattice. It is given by

2
A = )

W, (1 .54)

where d2 (M) is the minimum squared distance and corresponds to the minimum
non-zero norm between lattice points, and m is the dimension of the lattice. Note
that the fundamental coding gain is dimensionless and invariant to scaling or any

orthogonal transformation.
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Sublattices, partition chains and cosets [15] [18]

A coset of a lattice A\, expressed as A + ¢, is the set of elements of the form X\ + ¢,
where A € N\ and c is some constant element that specifies the coset. In other

words, the coset is a translate of A by c.
A sublattice N’ of a lattice A is a subset of the elements of A and it is also a lattice.

Let A\’ be a sublattice of A. The quotient group or partition, denoted as A/\, is
the sets of cosets of A’ in A. The elements of the quotient group are written as

N 4 ¢, with ¢ € A.

A partition chain is denoted as A/A' /A" /- -- where each lattice is a sublattice from

the previous one. Thus A\ N DA D ...

The order of the partition A/A\’ is given by |A/N'| represents the cardinality of the

partition.

The coset leader (or coset representative) of A/ is a representative from each

element of A//\. Itis denoted by [A/A].
Consider we have A/N' /A, then the lattice A can be represented as A = A’ +
[N'/N'] 4+ [A/N]. This corresponds to a coset decomposition.

Constructing lattices [16]

According to the literature, a lattice can be constructed from a code or from algebraic
number theory. Here we analyse some of the methods to construct a lattice from a code.

For this, we consider the constructions given in [16].

e Construction A: Let C be an (n, M, d) binary code. x = (x1,---,x,) inR", and c a

codeword in C, then x is a lattice point if and only if

x=c+272", (1.55)
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A classical example is to construct an Eg lattice from an extended Hamming code
Hg where (n, k,d) = (8,4,4), where n is the length of the codeword, k are the
information bits and d is the minimum hamming distance. For example we can

say [19]: Eg = 27" + Hsg.

e Construction D: Let Cy be the trivial code and C; be a binary linear code with
parameters (n, k;, d;) with d; > %i andy=1or2fori=1,..., a. Also take Cy O
C1 D ... 2 C,. Then consider a basis {ci, . . ., cn} for F5 such that this basis spans
C, and forms the rows of a matrix B, where the permutation of the rows of this matrix

forms an upper triangular matrix.

The lattice A in R” is conformed by all the vectors of the form

a ki
1433 alsi(c), (1.56)

i=1 j=1

where | € (2Z)" and aj(-/) =0orl.

Theta series [16] [19]

The norm of all the lattice points can be enumerated in ascending order. This is known

as the theta series of the lattice. It is defined as

ENOED IS (1.57)

xEN

_ 1
where g = e 202,

For some lattices, there are some known theta functions such as:

Oz(q) = 0s(a)". (1.58)
©4,(q) = 63(9)83 (%) +62(q)62 (¢°), (1.59)

Oe(a) = 3 (62(0)° +05(0)° + a(0)?) (1.60)
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where

+o00

bo(q) = 3 qlra) (1.61)

n=-—o0
+o00

6s5(q) = Y g (1.62)

n=-—o00
+oo

0.(q) = > (-1)"q", (1.63)

n=—0o0

are the Jacobi Theta Functions.

Flatness factor

The notion of the flatness factor of a lattice A was defined in [20]. The flatness factor

comes from the problem of finding a maximum for a function given by
fon(w) = Z exp 202 (1.64)

also defined as the Gaussian measure associated to the lattice A and the variance o.
Since we want to avoid the flatness of that function, we want to study the maximum
variation of the Gaussian measure. This is actually defined as the flatness factor.

A slightly different, but equivalent definition of the flatness factor is applied in [21]
and given here

o MaXuer(n) | fo.n (W) — Ew [fo,n (W)] |
AT EQV[ﬁ&J\(VVX

(1.65)

where E,, [f; A (w)] is the average of f, 5 over the fundamental region R(A) of A. Using
the theta series of the lattice A defined in (1.57), the flatness factor of A can be derived

as [21]

En = \2O, (e*ﬁ) 1, (1.66)

V(AT
2mo?

where \ =

is the volume-to-noise ratio, and V' (A) is the fundamental volume of the

lattice A.
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Reed-Muller codes [22] [23] [16]

Reed-Muller (RM) codes are a class of binary error correcting codes, where RM(r’, m+1)

corresponds to the RM code of order 1’ with parameters (N, k, d) given by

N = 2™ (vector length) (1.67)
1 1

P 1+<mf >+<m:> (1.68)

d = 271" (minimum distance). (1.69)

They can be generated by a generator matrix G(r', m + 1) corresponding to the
RM code RM(r’, m + 1). This matrix is obtained with the m-fold Kronecker product of

G(1,1), defined as

G(m-i-l,m-i—l) =G(m m)®

where

11
Can = 0 1

Thus, the RM code RM(m + 1, 0) corresponds to the repetition code (N, 1, N). On
the other hand RM(m + 1, m + 1) corresponds to all the binary strings of lengths 271,
namely the code (N, N, 1)

The RM codes are the best binary codes of length 2™+, for 271 < 32, From the
definition is it clear that the r’-th order RM code is contained in the (1’ + 1)-th order RM

code. Examples of nested RM codes of length 16 are

(16,16,1) D (16,15,2) D (16,11,4) D (16,5,4) D - --
—— ——
RM,4) RM(1,4)

Barnes Wall lattices

Barnes-Wall (BW) lattices were originally discovered in [24] and widely explained later
in [22]. They are a family of full rank lattices whose dimension is a power of 2, which

correspond to the densest lattices in dimensions 2, 4, 8 and 16. These binary decompos-
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able lattices can be built using RM codes. The lattice A(0, m) is the mth member of the
BW family of lattices, and can be expressed as a real or a complex lattice of dimension
2m+1 or 2™ respectively. For convenience, we consider real lattices here. The family of

lattices given by A(r, m) where m > 0 and 0 < r < m can be obtained by [25]

e m—reven:

ANr,m) = 2" 72"
+ > 2 UERM(FY, m+ 1) (1.70)

r+1<r'<m
m—r" odd

e m— rodd:
m—2r+1 ZQ!TH»I

+ > 2UTTUERM (K, m 1) (1.71)

r+1<r'<m
m—r’ even

The BW lattice A(0, m) has the following properties [26]:
e Minimum squared distance d2, = 2m~"
e Volume V/(A(0, m)) = 2m2"""

e Nominal coding gain . (A(0, m)) = 2™/2.

These lattices are constructed using Construction D, where lower order codes are
nested into bigger ones.

Some examples of BW lattices are [22]:

Ds; = NA(0,1) =2Z*+ RM(1,2) (1.72)
Es = NA(0,2) =278 +RM(1,3) (1.73)

A = N0,3) = 4Z*° +2RM(3,4) + RM(1,4) (1.74)
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1.5.2 Lattice codes in interference channels: Key example [1]

Using structured codes, the cost to one user due to one interferer is the same as due to
many interferers. The paper by Bresler [1] highlights the possibility of using structured
codes to align interference, which is illustrated in the following example. Consider the
many-to-one channel depicted in Fig. 1.7 and take P, the average power of each trans-
mitted symbol. Make Py = Py = P> = 1, |hoo| = |h11] = |h22| = vB and |ho1| = |h12| = B.

Assume that g > 2.

Zy

Xg \/B ’!"YO
o7

X1 @Y1
5 \/B Z>

X2 VB J*\ Y2

Figure 1.7: Example of a three-user many-to-one interference channel [1]

With Gaussian codes, and considering a scheme like HK, users 1 and 2 divide
their messages into private and common messages. Since in this example the interfer-
ence is strong, all information is common. Receiver 0 decodes all the signals xp, x1, x> as

in a three-user MAC. The sum rate is thus expressed as
fsum = o+ 11+ 12 (1.75)
where r; is the rate of each independent user. This can be simplified by
Fam < log (1 + 36%) ~ 2log 3. (1.76)

Consider now that 8 = 227 and that each x;, for i = 0,1,2 is given by x; =
',SEI/B xi(k)27%, where x;(k) are bits uniformly randomly distributed in {0, 1}. Then at

receiver 0 we have (without considering noise)
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Yo = V/Bxo + Bx1 + Bxa, (1.77)
The key point is given next. We can perfectly decode x; at receiver O since
Yo = Bxo+Bxi+Bx (1.78)

VBxo + VBB X1 + x)) (1.79)
VBxo + /BZ. (1.80)

m

Then since /Bxy < v/, we simply have

Jomod /B = /Bxo (1.81)

Since the single mutual information for a real-valued channel and signal, between
input and output, is given by /(x;, y;), and considering that the noise causes mutual infor-

mation of, at most, 1.5 bits we have
I(xi, 7i) — 1.5 < I(xi, yi). (1.82)
If now we consider a complex-valued channel, we have that
ri >logB — 3, (1.83)
for i =0, 1, 2. The sum rate achieved in this case is therefore given by
rltiee — 3logB — 9 ~ 3log 3. (1.84)

sum

This shows that the achievable region is larger when lattice codes are used [1].

1.6 Generalized Degrees of Freedom

We are now ready to understand the generalized DoF (GDoF) proposed by Tse [2] which

is used in later chapters of this thesis. The GDoF is useful when there are different levels
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of interference as described above. Consider the DoF definition in (1.35). The GDoF is a

metric that generalizes this definition to a new metric a, where

, logINR
%~ logSNR (1.85)
and is given by
o) = fim S (1.86)

SNR—00 |Og (SNR)

Basically, it generalizes the DoF to different types of interference. Note that the classic
DoF described before is the same as the GDoF when o = 1.
With this definition, in [2] the GDoF is computed for different types of interference

using the HK scheme. Thus, in [2] the GDoF for a two-user symmetric interference chan-

nel is
l—a for0<a<1/2 for noisy interference;
o' for1/2 <a <2/3 forweak interference;
dla)=49 1-% for2/3<a<1 for moderately weak interference;
3 fori<a<?2 for strong interference;
1 fora > 2 for very strong interference.

1.7 Research objectives

We have seen that most researches are concerned with theoretical problems related to
interference channels and interference alignment, such as the main open problem which
is the capacity region, or the DoF for different scenarios and its achievability. However,
little has been said about its practicality. In this thesis we are interested in finding some
answers related to the error performance of the interference alignment technique under
some scenarios with precoding methods, and about using lattice coding techniques for
interference alignment. The purpose is either to find the performance or a bound of
interference alignment in interference channels. On the other hand, and also related to

the above, we also aim to design some rules for the construction of the precoders or the
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codewords for interference channels, which includes using some rules that are already
defined in the lattice coding theory. We aim to see if, by using lattices, we can achieve the
same DoF as with random coding, but with the improved performance that using lattices

can give.

1.8 Technical contributions

In this thesis we work with the performance of the interference channel and lattice coding
techniques to address the problem of interference under different scenarios. The tech-
niques in this thesis contribute to the understanding of the interference alignment problem
in an interference channel and provide some answers under some scenarios using pre-
coding methods and lattice coding techniques. The contribution of this thesis can be

summarized as:

e We study the performance of the interference alignment scheme proposed by [10]

and improve the performance using simple precoding schemes.

e We work with lattice codes techniques to find a bound on performance for user 1
in a many-to-one interference channel, which we relate to the theta series of the

lattices.

e We extend a one-dimensional coding scheme to multiple dimensions using BW
lattices in a symmetric interference channel, and we show the performance of the

system can be improved when BW lattices are used.

e We extend the work of [2] where random codes are used, and derive the GDoF for

a two-user symmetric interference channel using the Gaussian lattice distribution.

1.9 Thesis structure

This thesis is structured as follows. In Chapter 2, we provide a literature review of in-
terference alignment for both the signal space and signal scale approach. In Chapter

3, we address the problem of signal space interference alignment using the scheme of
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Cadambe and Jafar [10] for a SISO K-user interference channel. We work with pre-
coding methods such as singular value decomposition (SVD) and Tomlinson-Harashima
precoding (THP) with a bit and power loading strategy, and by means of simulations we
show that by using precoding and bit-power loading methods, the BER can be improved
compared to the original Cadambe and Jafar scheme. In Chapter 4 we address the prob-
lem of a many-to-one interference channel using lattice alignment. Assuming that the
precoding matrices and the channel gain matrices are actually part of lattice codes, we
produce alignment of the interference using the signal scale approach. In this chapter,
we find an upper bound on the error probability for the first receiver using lattice codes.
Considering joint maximum-likelihood decoding, we derive the union bound for the error
probability in terms of the theta series of these lattices, and show that it is related to the
flatness factor. Later, in Chapter 5 we study the performance of BW lattices in a fully
connected symmetric interference channel under different types of interference. Inspired
by [5] where a base Q expression for the transmitted signals is used, we work with the
multilevel structure of BW lattices. Because of the good performance of lattices and the
extension in bigger dimensions that using lattices enables, we propose the use of BW
lattices to improve the performance of each user. In Chapter 6 we continue with the sym-
metric interference channel and use general lattices to obtain the GDoF. In this case, we
use a lattice Gaussian distribution [27] to mimic the properties of the Gaussian random
codes, but also to take advantage of the properties of the lattices. We show that we can
obtain the same GDoF as the ones shown in [2] and [5] for any type of interference using
the lattice Gaussian distribution properties. In Chapter 7 we conclude with some remarks
and give suggestions for future work.

There are also two appendices to this thesis. Appendix A derives the rate and
energy for QAM symbols for the Fischer-Huber algorithm used in Chapter 3, which is not

explicit in [28], while Appendix B is a proof used in Chapter 6.
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Chapter 2

Literature review

In this chapter we review the work of other researches on alignment, matrix design and

structured codes for interference alignment.

2.1 Interference alignment: Signal space approach

One of the issues in interference alignment is the design of optimal precoders and de-
coders that allow interference alignment. Authors have worked in this area on systems
that are already achievable from an algorithmic perspective [14,29,30] and from a closed
formed perspective [31-33]. These approaches are intended to demonstrate the achiev-
ability of interference alignment by means of the DoF or sum rate obtained in each case.

In [14], distributed interference alignment algorithms are studied for an interfer-
ence channel with multiple antenna nodes (M, transmit antennae and Ny receive anten-
nae). The first algorithm proposed seeks to find the alignment and decoding matrices
V and U by minimizing the leakage produced by interference. The leakage corresponds
to the interference power remaining in the desired received signal space after the inter-
ference suppressing matrix U is applied. The leakage at receiver k that is caused by

interference signals is measured as
ly, = tr [UI,;IQ;(U/(] , (21)

where Qu = 305, ) %ijVjVJHH;(—Ij, and d; represents the dimension of the transmitted
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vector, where each element is defined with power %.

The idea of this first algorithm is to minimize the remaining interference power
(leakage) at the received subspace represented by (2.1), where they start with an arbi-
trary V. The subspace that contains less leakage is given by: Uy .q = v4[Q«], Wwhere
vy [A] is the eigenvector corresponding to the dx smallest eigenvalue of A, and where
di corresponds to the degree of freedom for user k’'s message'. The next step consists
on using a reciprocal channel, where V and U exchange roles. These two steps are
repeated until convergence.

By construction, interference alignment does not maximize the desired signal
power within the desired signal subspace. In fact, the algorithm just described does
not depend on the direct channels Hy, where the desired signal is aligned, and as it is
stated in [14], it is optimal when the SNR approaches infinity, but this is not necessarily
true for intermediate SNR. Hence, a second algorithm is proposed in [14] to maximize

the signal to interference noise ratio (SINR) at each receptor. Then U is chosen as

B, 'Hi« Vi«
Upw = —25 AL (2.2)
1B, Hik Vi x|
where
“pZ P
Bu = =Y HVjaViLHi - d—kaka,*dej,*deHk + Iy, (2.3)
J

and Iy, is the identity matrix of size Ny x Nj.

The simulations in [14] show that the first algorithm is very close to the theoretical
best case in terms of sum data rate. The second algorithm shows, as expected, better
results than the first one in low and intermediate SNR.

Another algorithm is presented in [29] for MIMO frequency flat interference chan-

nels to minimize the distance between the interference signal and the interference sub-

'In that paper, given a matrix A, A.4 represents its d*" column.
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space, and to find V and U. For this, consider the system model defined by

K
Vi = HpViexy + Z ijVij -+ Zy, (2.4)
J=1J#k

similar to the one defined in (1.37) but considering K users. They are interested in mini-
mizing

K K
Y > IHGV; — UUiHG V12, (2.5)
k=1 j=1,j#k

VjVJ:I,‘&PliJr}(Uk:I,Vk

Similarly to the previous paper, the algorithm minimizes (2.5) in an alternate manner:

first over V, and later, over U until the minimization converges. Here U, U;H;V, is the

projection of the interference signal in the interference subspace and Hy;V; is the inter-

ference signal subspace. This algorithm is said to be proven to converge, but it is not
clear whether or not it converges to an optimal solution.

In [32], an improved interference alignment scheme for SISO K > 3 is pro-

posed. The DoF for the K-user interference channel with interference alignment found by

Cadambe and Jafar [10] can be expressed as

(K-1)ds+dy
= 2-
ds + di (2.6)
where ¢y = U dy = M N = (K~ 1)(K —2) —1and K > 3. In [32)]

it is said that the DoF gets closer to the upper bound K/2 if d;/ds gets closer to 1.
Here a variation of the Cadambe and Jafar scheme is used where the DoF for each user
becomes ¢, = (" '*?) and d5 = (" "), for a nonnegative integer n*. It was found
that the proposed criterion is more efficient as d; /ds; gets closer to 1 than the scheme
proposed by Cadambe and Jafar.

In [33], an interference alignment scheme very similar to the one presented by
Cadambe and Jafar for a three-user interference channel is considered. The goal here
is to optimize the alignment vectors within the subspaces constructed by Cadambe and
Jafar. Variations to [10] are given in Table 2.1, where A, and A. are n column matrices

chosen from n + 1 columns of A. Matrices E, D, and F are non-singular, and FD = E.

To find matrices E and F, they perform a maximization of the high SNR offset
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Cadambe and Jafar Shen and Host Madsen
B=TC B=TCD
B<A B=A,E
C<A C=A.F
FD=E
where: where:
A=V, A=V,
B = HyHxV; B = H,'HxV3E
C = H3'H3, Vs C = H3}'HLVoF
T = HioHo ' HosHo S Ha HY Y T= H12H2’11H23H3’21H31H¥31
2
o\ 1
V1 N Yl |:2n1+1trace(\71\79f)]
V>, = VoF
V3 = V5E
and A, B, C and w are defined as: | and A, A,, A. and w are defined as:
A=w Tw -+ T'w| A=w Tw -+ T'w]
B=[Tw T°w - T"w]| Ap=[Tw T°w - T'w|
C= [w Tw T”_lw] A. = [w Tw T”_lw]
w=[1 1 - 1] w=[ 1 - 1]"
Table 2.1: Cadambe and Jafar scheme vs Shen and Host Madsen scheme
which is said to be equivalent to
K
max [T 1 (HyV = Prv (H;V)))" (H5V) = Py (H V) | (2.7)
j=1
1 S
s.t. ptrace (VVi) =1 (2.8)

where Py is the projection matrix for the interference subspace, and Pﬁv is its orthogo-

nal projection that enables to eliminate interference.

The solution of this optimization problem is not given explicitly, but it is said that the

sum rate can be improved by orthonormalizing the alignment vectors at each transmitter.

In [34], the trade off between interference alignment, diversity and rate is studied.

For this it is conjectured that the separation of the space time codes and the interference

alignment precoding is optimal. Consider a multiple antenna K-user interference channel

with linear detectors, separate space time codes and interference alignment. The overall
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diversity of such system is claimed to be

Dwtr g,k (0, r,mr) = (Lmr —r 4+ 1]) (Mg — min (mrn, r (K — 1)), (2.9)

where M+ and Mg correspond to the transmit and receive number of antennae, respec-

rank(interference)
rank(signal)

tively, n describes the quality of interference alignment measured by
r is the rate and my is the number of input streams. The term Mz — myn corresponds to
the number of antennae free of interference, ignoring space time codes and considering
only interference alignment, while the term Mz — r (K — 1) corresponds to the number of
antennae free of interference, ignoring interference alignment and considering only space
time codes.

It is important at this point to define the diversity gain [35]:

log P. (SNR)

4=~ M . Tog (SNR)

(2.10)

In [34], it is said that the average probability of error P, of a system can be ap-

proximated at high SNR by:
P: (SNR) ~ oty mg SNR™PTMR. (2.11)

where mg is the number of output streams, o, ». corresponds to the horizontal shift
of the P, curve, and D+ corresponds to the slope of the curve. It is said that in order to
determine the diversity gain of a system it is enough to analyse the SNR exponent.

A different approach to the interference alignment problem is presented in [36].
Here the interference alignment problem is treated as proper or improper, based on the
number of equations and variables the system has. For this, the problem is considered
as a multivariate polynomial system, in which the system can be solved if the number
of equations does not exceed the number of variables. Consider a K-user interference

network with A transmitter antennae and N receiver antennae, denoted as (M x N).
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In [36] this system is said to be proper if:
M+N>(K+1)d, (2.12)

where d is the DoF each user wants to achieve per channel use.

In [37], Ning visualizes the problem as zero forcing and diversity interference align-
ment. In the first case, the effect of the direct channel matrix Hy is disregarded in the
interference alignment equations, while in the second case, it is part of it. For this he
considers the case of [14] where the max SINR algorithm is proposed, which, as stated
previously, considers the effect of the direct channel. Ning shows that when the zero
forcing solution is used, the most likely event is that the subspace of the signal and the
received signal have an angle of 90 degrees, which means that the SINR= 0. On the
other hand, if a rotation vector is considered, this angle can be changed and some diver-
sity can be achieved.

Our first goal in this thesis for the interference alignment via signal space is to
find a scheme similar to the ones above, but we want to focus on the performance of the

interference alignment scheme.

2.2 Interference alignment: Signal scale approach

The second case of interference alignment via signal scale was first proposed in [1] where
the design of optimal structured codes are used in order to align interference. In [1],
Bresler showed that random codes are not optimal at reaching the achievable capacity
region like structured codes are. The key point is that, by using structured codes such
as lattices, interference can be aligned on the signal scale. With lattices, it is possible
to decode the sum of the interference codewords, even when each interferer cannot be
decoded. Using structured codes, the cost to one user of one interferer is the same as
the cost of many interferers. The idea is to scale the interference signals so that at each
receiver, the sum of the interference signals belongs to a lattice that can be distinguished

from the lattice containing the desired signal. This is referred to as lattice alignment,
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and was defined in [1]. The key example already described in Chapter 1 was the first
case where the importance of using structured codes such as lattices in an interference
alignment scheme was realized. It shows that the rate is smaller when using random
codes than it is when structured codes such as lattices are used.

The paper by Bresler highlights the possibility of using structured codes to align
interference. From that point, work was done [4, 5, 38, 39] on these structured codes to
prove DoF under different types of channels and different types of interference.

Recall the definition of the deterministic interference channel given in Chapter 1
in (1.5). Consider the following example of a deterministic channel shown in [1] and
represented in Fig. 2.1. Take ngg = 5, n11 = 3, noo = 1, n33 = 4, np1 = 3, ngp = 2
and ngz = 6. Also xg = 0.d1dbdz-++, x1 = 0.c1cz3-++, Xo = 0.bybobz--- and xz3 =

0.ai;azas - - -. For the direct channels the actual transmitted symbols are given by:

Xo = 0.d1drd3dads (2.13)
x1 = 0.cqocs (2.14)
xo = 0.bp (2.15)
x3 = 0.a1ara3a. (2.16)

Then at receiver 0 (without considering noise) we have

Yo = [2°x0] @ [2°x] @ [2°x] @ [2*xs) (2.17)
Yo = 2581 + 24(22 + dl) + 23(83 + d2)

+2%(ag + ds + c1) +2(ds + & + b1) + (ds + c3) (2.18)

This shows that some structure can be of use. The signal at the receiver can be viewed
as a base 2 representation, separating the effect of the interference into levels.

In [4] and in later in [5] a simple idea of a coding scheme for a deterministic
channel is proposed, which can be applied to a symmetric fully connected Gaussian in-
terference channel. This was already explained in Chapter 1. Let us recall the transmitter

symbols structure given previously in (1.7). Consider now the channel model given in [4]
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Figure 2.1: Example of the deterministic many-to-one interference channel [2]

for the symmetric Gaussian interference channel, where the direct channel gains are
given as h;; = 1 while the indirect channel gains are given by h;; = Q1. The transmitted

symbol at transmitter k is built as

xIH = |:X£/;\]/72OX£7\]/740'"Xz[k]OX(gk] o (2.19)

QM2 b @V o @2 . (2.20)
where x(f; =0ifg ¢ {0,2,---2N — 2}. Thus, at the receiver k we have

y[k] _ QQN’sz[’;\],_2 . Qzl\/fazxgl]v_z +QQN’4X£’,<\],_4
I#£k

4 Q2N-s ngllv_4 NI Q4XA[,k] + Q3 le[l/]
Ik Ik

+ szék] + Q! Z xg] + X([)k] + Q! ZX([)/] + zIK (2.21)
I£k £k

This shows that half of the levels do not have interference, achieving then a DoF
of K/2. The channel is obviously symmetric and very simple. An important remark in this
paper is that x(f; is limited to lie between 1 and % — 1. This is to avoid carry overs when
the interference signals are added at the receiver.

In the paper by Etkin [2], it is shown that using a simple HK type scheme achieves
the capacity of the two-user interference channel within 1 Bit/s/Hz. The method used in
this paper allows to obtain the GDoF for any type of interference for the two-user sym-

metric interference channel. Later, in [5] the GDoF is extended to the K-user symmetric
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interference channel with structured codes.

The channel model given in [2] is originally not symmetric and it is expressed as

y1=hixi + haixo + 21 (2.22)

Y2 = hiaxy + hooxo + 22, (2.23)

where h;; are the (complex) Gaussian channel gains, x; € C subject to a power constraint
E [Ix?] = P, and the noise is z ~ CA/(0, No). Let also SNR; = % be the SNR of
user /, and INR; = % and INR, = %. In the symmetric interference channel,
this is simplified by: |h11]? = |h»|? = |hg|?, |h12]? = |ho1]? = |he|?> and P, = P, = P or
SNR; = SNR; and INR; = INR,.

Initially, the idea is to find the symmetric capacity which is defined as:

Coym = max min {Ry, Ro} (2.24)

where (R1, R2) € R, and R is the capacity region of the interference channel.

The region of interest is given by 0 < INR/SNR < 1, which corresponds to the
case of moderate to noisy interference, since the capacity region is known for the strong
interference case.

To find the symmetric capacity they use a simple HK scheme. Consider the private
message of user i = 1, 2 represented as u; while the common message is represented
as w;. User i transmits the signal given by x; = u; + w;. The private codeword u; is
meant to be decoded only by user / while at the other user it is treated as noise. Both w;
and w, are decoded at both receivers. In this paper the codebooks are generated using
i.i.d random Gaussian variables. The INR, is defined as the INR created by the private
message. In this paper this is chosen to be INR, = 1.

In order to find the symmetric capacity, two MAC are defined. The first is formed
by u1,w; and w, at receiver 1, and the second is formed by u,,w>» and w; at receiver 2.

Here, the achievable HK rates correspond to the intersection of the capacity regions of
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these two MAC regions.

In Etkin’s paper the decoding order is given so that the common messages are

decoded first, while the private desired message is decoded last, and the other private

message is treated as noise. The rates are also definedto be R,; = Ry,2> and Ry,,1 =

Rw 2. With this, the following is obtained

e The rate of the private noise is given by

|hc|2'Du1 >
R, = log|1l+ :
‘ ? ( (No)2 + [he 2Py

_ jog (14 SNR
= 99 2INR

e The sum rate of the common messages must satisfy two conditions

he|?P hal?P,
RW,1+RW,2 < Iog <1+ | C| W,1+| d| w,2 )

|he|?Py1 + |hal?Pu2 + No
- (INR — 1)(SNR + INR)
= log (H SNR + 2INR

and

Rwi+Rws < 2log (1 + (INR)(INR 1)>

SNR + 2INR

With this the following symmetric rate is obtained

SNR
RHK = Iog <1 + m)

(2.25)

(2.26)

(2.27)

(2.28)

(2.29)

— {% og (1 (INR — 1)(SNR + INR)) og < (INR)(INR — 1)

SNR + 2INR SNR + 2INR

R
= {% l0g(1 + SNR + INR) + > log <2+ SN—R> —1,log (1 + INR?NLR

2 INR

Two regimens are defined

B1 = {(SNR, INR) : INR > 1 and SNR(SNR + INR) < INR?(INR + 1)}

B, = {(SNR, INR) : INR > 1 and SNR(SNR + INR) > INR>(INR + 1)}.

)
)}

(2.30)

(2.31)

(2.32)
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Defining a parameter o as in (1.85) and normalizing equation (2.30) by the capacity of a

point-to-point AWGN channel, the following is obtained:

R

C~AWG N

~ min {1 - %, max{a, 1 — a}} (2.33)

Equation (2.33) defines the GDoF for moderate to noisy interference, and has
proved to be very useful in other papers such as [5].

It is also worth noting that later in this paper a new upper bound is derived, and is
shown to be only 1 bit/s/Hz away from this rate.

Following on from the ideas of [2] and [4], in [5] the GDoFs are found for different
types of interference according to the SNR and the INR for the K-user symmetric inter-
ference channel. The signals are represented in base @, and a detailed scheme is given
for the different types of interference.

Finally, in [38,39] a symmetric Gaussian K user interference channel is also con-
sidered where lattice codes are used. In the first case the authors consider the very
strong interference scenario where a particular condition of the channel coefficient is
given to attain the achievable rate. Lattice codes and successive interference decoding
are used to achieve the optimal rate. In [39], a layered lattice coding scheme is presented
which enables the determination of the DoF, not only for the very strong interference case
but for a wider range of indirect channel coefficients.

In [40], Choi studies a multiple-input multiple-output (MIMO) interference channel
where he is concerned with a precoder design with joint detectors at the receiver, where
lattices are used to be able to decode. The focus of his paper is from a practical point of
view, as to find the performance of the technique. Here, it was also remarked that using
the same framework as in [10], it is possible to align (some of the) lattices.

Our goal in this part is to design lattice codes rules for interference channels using
the lattice alignment technique and to find the performance or a bound of interference

alignment, for certain interference channel scenarios.
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2.3 Channel knowledge for interference alignment

A very important problem is that global channel knowledge is required. Some authors [34,
41] have studied the effects on interference alignment with inexact channel knowledge,
and Jafar in [42] shows that only with knowledge of the statistics of the channel at the
transmitter, K/2 DoF are achievable almost surely. This is an important problem because
practical uses of interference alignment are desired. For that matter, authors have been
working on feedback for interference channels. In particular, there is a branch of work
where the channel state information feedback problem is equivalent to feeding back a
point on the Grassmann manifold [43]. The topic of the Grassman manifold has been
studied previously for MIMO beamforming in [44—46], while in [47] codebooks on the
Grasmann manifolds are constructed. On a more theoretical branch, packings in the

Grasmann manifold has been studied in [48].
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Chapter 3

Precoding methods for interference

alighnment

3.1 Introduction

In this chapter, we study interference alignment from the signal space perspective. We
base this part of the research on the work by Cadambe and Jafar [10] where a three-
user interference channel with interference alignment is presented. In [49] precoding
schemes for MIMO are analysed. A bit and power loading algorithm is used along with
singular value decomposition (SVD) or Tomlinson-Harashima precoding (THP), and it is
shown with simulations that these schemes improve the symbol error rate. Precoding
schemes such as THP require channel knowledge at the transmitter, which is also the
case for interference alignment. In this chapter we apply these techniques to interference
alignment and show that the bit error rate (BER) can be improved at the cost of using

precoding, but reducing the complexity of the detection methods.

3.2 Interference alignment [10]

In this chapter we consider a single antenna three-user interference channel like the
one proposed by Cadambe in [10], which was previously explained in Chapter 1. For

the completeness of this chapter, let us recall (1.37), (1.46), (1.47) and (1.48). We can
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express the three-user interference channel as

3
Vi = HpeViexy + Z HkJ'VJ'XJ‘ + zy, (31)
J=1J#k

and obtain an interference-free signal given by
3
¥ = Uy = UH Vi + U > HgVx; +Uf 2, (3.2)

J=1j#k

=0

using an interference suppressing matrix U, such that
UJHGV; =0 for k#j (3.3)

n+1 fork =1
rank (U/Hy V) = (3.4)
n fork=2,3

where Hj; is an (2n+1) x (2n+1) matrix (/,j = 1,2, 3), Vi isan (2n+1) x (n+1) precoding
matrix, V, and Vs are (2n + 1) x (n) precoding matrices, U; is the (2n+1) x (n+1)
interference suppressing matrix, U, and Uz are the (2n + 1) x n interference suppressing
matrices, x, is the transmitted super-symbol, which is a vector of length n + 1 for user 1,
and n for user 2 and 3, and where z, is the AWGN.

After the interference suppressing matrix U, is used, the model is transformed

into a channel with no interference, where the effective channel matrix is given by
i = UH Ve, (3.5)

fork=1,2, 3.

3.3 Precoding schemes to improve performance

In this section, precoding schemes and a bit and power loading algorithm used for MIMO
are presented. Although there are bit and power loading algorithms whose aim is to

maximize the rate or optimize the energy, our aim is to minimize the error rate. This is the



3.3 Precoding schemes to improve performance 70

reason why we have chosen the Fischer-Huber (FH) algorithm.

Fischer and Huber presented in [28] an algorithm to reallocate bits and power
using D parallel Gaussian channels. Consider a system model given by y; = hix; + z
where x; is the M-QAM transmitted symbol of rate R; (M; = 2F), h; = 1,Vi, and z; is the
AWGN with variance Nj,and i =1, -, D. In[28], the aim is to minimize the symbol error

rate, which can be approximately derived as

d?/4

ProxQ N./2
!

(3.6)

Considering the symbol error rate to be the same for all subchannels, we have
P, = constant. Hence
d?/4

SNRg =: /\;_/2
1

=constant, i =1,2,..., D, (3.7)

where SNRy represents the squared distance to the decision threshold relative to the
noise variance per dimension. The algorithm considers QAM transmission with real and
imaginary parts taken from V; - {£1, £3,--- }, where V; is the gain with which the signal

constellation can be scaled and the power can be adjusted. From this we can say
22 R
Si=V 52 ' (3.8)

Since d? = 4V, SNRy can be expressed as

2

SNRg = —N_"/Q,
1

Then from (3.8) and (3.9) we have

S, = V2IoR (3.10)

_ Ni2 g,
= SNR, 5 32 (3.11)
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Since we can assume that the total energy of the transmitted symbols S+ is a constant

St =) _S; = constant, (3.12)
we have
1 D
St = 3SNRg Zl N2 (3.13)
1=

The optimization problem is then given by [28]

SNRy = — T (3.14)
>iz1 Ni2ki

subject to

Rr = R, = constant (3.15)

where R is the total rate of the transmitted symbols. Solving this optimization problem,

gives ;2R =constant (see Appendix A). With this, the FH algorithm distributes the rate

Rr 1 DN
R,:FTqLE-IogQ (Hll ’>, (3.16)

as [28]

After this, the algorithm requires the value of R, to be quantized (thus R, is defined).

The power is then distributed as

Sy N; - 2Re;

=—_— 55—, 1€/ 3.17
Z/el N/ . 2RQI ( )

i

In this document we consider a system of the form y; = C;x; + z;, where C; are the

parallel channel gains and z; is AWGN with variance N, fori=1,---,D.
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Hence, the optimization problem is now given by

d?
A’,o—é _ constant (3.18)
ICil?
\/_2
—= = 19)
N2 constant (3
ICil?
No R _ 3.20
CiZ = constant (3.20)
R
C/2 = constant (3.21)

Therefore, equations (3.16) and (3.17) will change to

Rr 1 ICi|*P )
Ri=—+—=-logy | =————— ], (3.22)
' D D (Hfinclv

As before, R; is quantized, hence the power is distributed as

1 Ro.
5 TG T 2: el (3.23)
Z/e/ CP o

The algorithm proposed by [49] is explained next and in Algorithm 3.1.

e Selection of the rate, part I: The first selection of the rate is made according to
equation (3.22). If a rate is found to be R; < 0 at the end of the iteration, that
subchannel is removed and the iteration begins again, without that channel. Hence

if a rate is 0, nothing is transmitted on that channel.

e Selection of the rate, part Il: In this part the rates will be converted to integers. If a
rate is found to be smaller than 0.5, then the final rate is 0. If a rate is found to be
bigger than the maximum allowed rate minus 0.5, then the rate is assigned to be the
maximum allowed rate. In any other case the rate is assigned to be INT(R; + 0.5),
where INT represents the integer function. In this part, the difference between the
original rates (R;, assigned in part ) and the new rates (R,,, assigned by part Il), is

kept in a variable called Ax.

e In this step, the sum of the rates is checked. If the sum is the same as R+ the rates
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are correct. If the sum is bigger than R+ then we find the minimum Ag within the
values of Ry, > 0, and subtract 1 to the correspondent value of Rg;. If the sum is
less than R+ then we find the maximum Ag within the values of R, > 0, and add 1

to the correspondent value of Rg;.

e The last partis the energy, which simply involves applying (3.23) within the channels

in which the rate R, > 0.

The FH algorithm has been applied to MIMO channels in [49]. In that paper, SVD

and THP are used to obtain parallel channels.

3.3.1 Singular value decomposition

As in [49], consider a MIMO system given by

§=Hx+2, (3.24)

where H is a matrix that represents the MIMO channel. Applying SVD, H is given by

H=Qx=P", (3.25)

where Q and P are unitary matrices, which contain the eigenvectors of HH" and H"H
respectively, while X is a real diagonal matrix whose components are the eigenvalues of

H". Thus, the parallel channels are given by

s = Q"HP. (3.26)

-~ $+ H _| Detection | Xes|
Pl H=o=Q scheme

Figure 3.1: Equivalent system with SVD

Then applying the matrices P and Q" to the transmitter and receiver respectively
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Algorithm 3.1 Fisher-Huber algorithm [49]
1: function FIND R; .

2 Ri="%+ 5 log, (Hléll‘\QIQ)

3 if R, <0then

4 Remove this subchannel and re-calculate R; for all remaining valid channels
5: else
6
7
8

Output R, for all valid channels
end if
: end function
9: function FIND Ry,
10: if R; <0.5then

11: RQ, =0

12: elseif R, > Ry — 0.5 then

13: RQ/ = Riax

14: else

15: Rq, = INT(R; +0.5) > where INT represents the integer function
16: end if

17: Define AR, = R; — RQ:
18: end function

19: function CHECK )., Ro,
20: if >,c; Ro, < Rt then

21: while } .., Rg, # Rt do

22: Increase the rate Rq, with the biggest AR;
23: Z/EIRQ/ ZZiel RQ/ —1

24 AR, = AR;—1

25: end while

26: elseifif) ., Ro, > Rt then

27: while >, Ro, # Rt do

28: Decrease the rate R, with the smallest AR;
29: YiciRo, =2 ic/Ro, +1

30: AR = AR +1

31: end while

32: end if

33: end function

34: function FIND S;
ST-ﬁQRQI
Diel 'ﬁQRQ’ ’

36: end function

35: S = 1€l

gives

<<
Il
M
b
+
N¢

(3.27)

where y = Q"y, z = Q"z.
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3.3.2 Tomlinson-Harashima Precoding [17], [49]

The THP, as described in [17] and [49], is based on the decision feedback equalization
(DFE) (shown in Fig. 3.2). Consider the system given by:

z

HXF/"&')HF>GH®_,}X

Figure 3.2: DFE [49]

<
Il
I
b
+
N

(3.28)

where H is a K x K matrix.

The DFE consists of a feedforward unitary matrix F, a diagonal scaling matrix
G, and a feedback matrix B. Matrix F guarantees that the noise is still white and gives
spatial causality. The triangular feedback matrix B = GFH is lower triangular and its
main diagonal elements are equal to 1. This allows for the interference produced by the
symbols that have already been detected, to be cancelled. The following are the relations

between B, F and G.

H = F"S whereSis a lower triangular matrix (3.29)
G = diag(s;;* ..., Sicic) (3.30)
B = GFH=GS. (3.31)

The election of the filters can be done using a criterion such as ZF or MMSE. We will
focus on the ZF criterion. In that case, it is easy to see that since F is a unitary matrix
and by using (3.29)

H"A = s"FF"s — H"AH = s"'s. (3.32)
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where s11, -+, skx are the diagonal entries of S. Therefore to obtain S, a QR-type de-
composition must be performed.
With these, the system using DFE is given by
j—1

Vi=x+ Y bix+Z (3.33)
I=1

where z; = 2;/s;;, Z; are the entries of 2, Z = FZ, y; are the entries of y, y = FGY, b
are the entries of B and x; are the entries of x. Using DFE, the original MIMO channel is
decomposed into parallel channels, with noise variances given by o2/|s;;|2.

It is possible to use the knowledge of the channel at the transmitter to avoid prop-
agation errors and the need for immediate decision when using equalization as it is with

DFE. Bringing matrix B to the transmitter, THP is shown in Fig. 3.3.

z

a MOD X ~ y y a
4’®a2m H H(%)H F - G o f et

<

Figure 3.3: Equivalent system using THP [49]

Let us consider a constellation of the form:
A:{a,+jaQ|a,,aQe{il,ﬂ,...i(m—n}}, (3.34)
which is bounded by a region 2+/M. The transmitted symbol is given by:
Jj—1
X = dj — Z bj/X/. (335)
=1

For the energy of the transmitted symbol not to be increased with this feedforward
scheme, there is a THP modulo. The function of this modulo is to limit x; by adding (or

subtracting) multiples of 21/M to the real and imaginary parts of x;, so that it falls in the
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constellation region. This can be interpreted as:

J—1

Xj=aj+pj— Z bjixi, (3.36)
=1

where p; € {2V/M - (p; +jpq) |p1, P € Z}. Hence, the effective symbols are v; = a; + p;.
With this, the symbols of the constellation are extended periodically and as they pass
through the THP modulo they are brought back to the original symbol constellation region.

At the receiver, after passing F and G, the receiver signal r; is:
ro=vy+2z;. (337)

Hence, again it is possible to obtain parallel channels. The detection is then very
simple. It suffices to just use another THP modulo at the receiver and a slicer.

In [49] simulations using MIMO and SVD or THP show that when no loading is
used, THP is the best of both precoding schemes. However, when bit and power loading

are used, SVD outperforms THP.

3.4 Precoding methods applied to interference alignment

In this section we apply what has been described in the previous section to the interfer-
ence alignment technique. Here the original Cadambe and Jafar scheme is compared
with the Cadambe and Jafar scheme using SVD and THP with the FH bit and power
loading algorithm. By means of simulations we show that these schemes can improve
the performance of the system.

Consider that (3.2) can be expressed as (3.24) and (3.28) using H as in (3.5) by
i = UPH V. (3.38)

Thus, the matrices needed for SVD and THP can be calculated as in the MIMO

case.
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3.4.1 Simulations on precoding methods applied to interference alignment

Consider the Cadambe and Jafar scheme for K = 3 and single antenna nodes. The
vectors x;, xo and x3 are composed of 16-QAM symbols. Each channel Hy; is a diagonal
matrix whose elements are independent and different, and like the noise, drawn from
a complex Gaussian distribution with zero mean and unit variance. We use Cadambe
and Jafar’s alignment matrices V, and vector w. For the alignment matrices V, we run
a QR decomposition to obtain a matrix whose columns are orthonormal to each other.
This is to ensure that the matrices do not add energy to the system. At each receiver,
an interference suppressing matrix U is applied such that U{'H,;V; = 0. On the other
hand, the detection is done using either Zero Forcing (ZF) or Maximum-Likelihood (ML)

estimation where for a system given by y, = Hxx + Zx, ZF and ML are defined as

o ZF:
Koo = Hit - Yk (3.39)
e ML:
Xieeo = argmin [[Higekie — §ic 1. (3.40)
X €eC

where C corresponds to the M-QAM constellation.

In the simulations the SNR is measured after the precoding matrix V. The average

signal power is then measured as 5 (M — 1) 4224 for user 1, and 5(M — 1) 52 for users 2
and 3, where %(M — 1) is the average energy of the M-QAM symbol and M = 16 in these

simulations. The term 2”;;11 (similarly the term 5.7=) comes from re-sizing the transmitted

vector after V. We also consider that the noise has zero mean and variance equal to 1.
Thus, in order to run the simulations with different values of SNR we have to consider
another variable f. that is used to reach said SNR given by the simulations. We prefer to
use f. instead of a given value of the variance of the noise, in order to have control over

the simulations, since /7 is simply multiplied to the matrix V. Thus, the effective SNR
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for the system is defined as

2 n+1 H
s(M—-1 - f., for the first user
SNRE _ 3( )2n+1 c (341)

$(M —1)525 - f, for the other users

Simulations were performed using n = 1 and 2. The aim of our result is to observe the
BER obtained in each case.
Use of the Fischer-Huber algorithm in the simulations

The inputs of the algorithm are:

e The number of dimensions or parallel channels: D = n+ 1 for the first user, D = n

for the other users.

e The total data rate per symbol: (n+ 1) log, M for the first user, nlog, M for the other

users.

e The maximum data rate per dimension: (n+ 1) log, M for the first user, nlog, M for

the other users.

e The total energy of the symbol 2 (M — 1) (n+ 1) for the first user, 2 (M — 1) n for

the other users.

e The parallel channel coefficients.

The outputs of the algorithm are:
e The rate for each of the dimensions, or components of the signal vector, R; (M; =
2R
e The energy per dimension.
In this section we have adapted the FH algorithm to work, for convenience, with
squared constellations. The modifications are very small to the original FH algorithm

described in Algorithm 3.1, corresponding only to lines 10, 12, 15, 23, 24, 29 and 30.
These are highlighted in Algorithm 3.2.
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Algorithm 3.2 Modified Fisher-Huber algorithm (modified from [49])

1:
2
3
4
5:
6
7
8
9

10:
11:
12:
13:
14:
15:

16:
17:
18:
19:
20:
21:
22:
23:
24:
25:
26:
27:
28:
29:
30:
31:
32:
33:
34:

35:

36:

function FIND R, .
Ri="G +5-log, (Hlél‘mz)
if R, <0then
Remove this subchannel and re-calculate R, for all remaining valid channels
else
Output R, for all valid channels
end if

: end function
: function FIND Rp,

if R; <1then > Modified from Algorithm 3.1
Rg, =0

else if R, > R, — 1 then > Modified from Algorithm 3.1
R, = Ruax

else

Rq, = EVEN(R;) > Modified from Algorithm 3.1, where EVEN represents the
next even number function
end if
Define AR,‘ = R,‘ — RQ:
end function
function CHECK ), Rg,
if >,c; Ro, < Rt then
while Zie/ RQ/ # Rt do
Increase the rate Rq, with the biggest AR;

YiciRo, =2 ici Ra — 2 > Modified from Algorithm 3.1
AR = AR, — 2 > Modified from Algorithm 3.1
end while

elseifif )., Ro, > Rt then
Decrease the rate R, with the smallest AR;

YiciRo, =2 ici Ro, +2 > Modified from Algorithm 3.1
AR, = AR; +2 > Modified from Algorithm 3.1
end while
end if

end function
function FIND S;
Sr-ﬁ-ZRQI

end function

5,': el

Also, it is important to note that in the entire algorithm M — 1 ~ M. This comes

from (3.8) where the energy of the QAM symbol is considered as 5 M instead of 3(M —1)

to simplify the optimization problem. This approximation vanishes as the value of M

increases. This is also the reason why we have chosen to work with M = 16, a bigger
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value of M than when M = 4. This approximation is not considered in any other part of
the simulation apart from the FH algorithm.

This algorithm is run for every new realization of the channel and the receiver must
know the outputs of the algorithm. Note that the iterations converge since the algorithm
initially redistributes the rates only using (3.16) and later the fine tuning is done solely by

adding or subtracting values of 2.

Singular value decomposition and Fischer Huber algorithm simulations

For these simulations we consider the MIMO system to be:
Vi = ZyX + Z, (3.42)

where 2, = Q!'U}/z, and z, is AWGN, hence %, is also AWGN. From (3.38), X =
QfFIkk P, corresponds to the parallel channels obtained by the SVD of the MIMO chan-
nel given by Hy,. Note that now each user has an independent (and interference-free)
channel. Thus for each value of kK = 1, 2, 3 independently, the variables Qx and P, can
be computed.

The output of the FH algorithm are the rate and the energy of the transmitted
M-QAM symbols x,. Note that the total rate per symbol remains constant, just like the

energy.

Tomlinson-Harashima precoding and Fischer-Huber algorithm simulations

For these simulations consider, again, the channel matrix to be given by H = UkHHkak
and the transmitted M-QAM symbols to be ay.

In this scheme, (see Fig. 3.4) the energy E,, is theoretically bigger than the energy
E, by a factor of % for QAM constellations. Therefore, in order to be consistent with

the other schemes we consider that the effective SNR is given by

2 n+1 ;
=M - fer,,», forthe first user

SNR. = 37 2n4+1  CTHP (3_43)
$M5s - fep . for the other users
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n

2v/M

-

E,=2(M-1) E,=2M

Figure 3.4: Energy diagram before and after V

where again f,,,. is considered and multiplied to the matrix V; (V1 = +/fc,,,,V1).
Note that again, each user has an independent (and interference-free) channel.
Thus, for each value of kK = 1, 2, 3 independently, the procedure for these simulations is

the following:

—

. Generate matrix Sy for H as shown in (3.32).
2. From S, and Hy generate matrix Gy,F, and By.

3. Run the FH algorithm to determine the rate and energy for each component of ay.
Note that the channel entries for the FH algorithm are given by the diagonal values

of Sy.
4. Given a, and By, calculate x, and p,

5. Calculate the noise z, where new noise variance is given by 02/|s;;|?, where 02 = 1

as defined in (3.43), and s;; corresponds to the " element of the diagonal of Sy.
6. We have that ry = v, + Zx, where v, = a, + p«.

7. Pass r, through a THP modulo to restrict the received symbol to the region of the

constellation, then use a slicer to estimate a,.

If instead of using a slicer ZF detectors are used, the results are the same since the
virtual channel obtained with this scheme is now an identity matrix. The rate given by the

FH algorithm should be applied to v, = ax + px but instead it is applied to a.
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As in [49], we sort the parallel channels for THP according to the metric proposed
in [50] where a permutation matrix is found such that the minimum SNR is maximized in

order to maximize the performance. The reader is referred to [50] for more details.

Simulation results

Simulation results for the first, second and third user with SVD and FH, THP and FH, and

using only the Cadambe and Jafar scheme, are shown in Figs. 3.5 - 3.10.

L| —e— Cadambe ZF
—w— Cadambe ML

—— Cadambe - SVD - FH ZF
—p— Cadambe - THP - FH ZF

0 5 10 15 20 25 30
SNRin dB

Figure 3.5: Bit error rate for user 1 and n = 1, and different precoding schemes
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—6— Cadambe ZF
—w— Cadambe ML
10" | =—@— Cadambe - SVD - FH ZF

—p— Cadambe - THP - FH ZF »
10_5 i i i i i
0 5 10 15 20 25 30
SNRin dB

Figure 3.6: Bit error rate for user 1 and n = 2, and different precoding schemes

We can observe that the best scheme for user 1 is SVD FH. Obviously, for the
other users, when there is no channel extension (n = 1), this scheme does not improve

anything as there is only one (parallel) channel. It can be observed that as the channel
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BER

—6— Cadambe ZF
—w— Cadambe ML
—&— Cadambe - SVD - FH ZF
—p— Cadambe - THP - FH ZF
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SNRin dB

0 5

Figure 3.7: Bit error rate for user 2 and n = 1, and different precoding schemes
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Figure 3.8: Bit error rate for user 2 and n = 2, and different precoding schemes

extension is increased, SVD FH is the best scheme for all users. We can also observe

that using THP also improves the performance for users 2 and 3 when n = 2. By using

bit and power loading along with these precoding techniques, compared to the Cadambe

and Jafar scheme alone, additional complexity is introduced at the transmitter and re-

ceivers but the complexity of the decoding process is reduced. Using SVD and FH, the

performance is improved but it requires extra processing at both the transmitter and the

receiver. However, it is important to note that because now each transmission occurs in

a different and parallel channel, there is no need for a complex detection scheme such

as ML decoding, and therefore detection such as ZF suffices.
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Figure 3.9: Bit error rate for user 3 and n = 1, and different precoding schemes
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Figure 3.10: Bit error rate for user 3 and n = 2, and different precoding schemes

3.5 Conclusions

In this chapter we have implemented the interference alignment scheme proposed by
Cadambe and Jafar in [10] for single-user antenna with symbol extension. To remove
interference we have used an interference suppressing matrix like the one described in
Chapter 1. We note that by doing this the Cadambe and Jafar scheme with interference
suppression suffers from poor error performance even with an ML decoding strategy.
Since we are interested in improving the performance of the scheme, and given the sim-
ilarities with MIMO systems, we have considered SVD and THP along with a bit and
power loading algorithm normally used for MIMO systems. In this case, we have applied

SVD and THP with the FH algorithm to the interference alignment scheme proposed
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by Cadambe and Jafar, and have observed that with these simple techniques we can
improve the BER of the interference alignment scheme compared to the Cadambe and
Jafar scheme alone. We considered only three users, but note that the extension to more
users is possible since each of the users is seen as an independent case. The challenge,
however, is to find the appropriate precoding and interference suppressing matrices V
and Uy.

Finally, using these techniques increases the precoding complexity but the decod-

ing process is achieved with simpler techniques.
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Chapter 4

Lattice codes for the many-to-one

interference channel

4.1 Introduction

In this chapter, we study a many-to-one interference channel where only one user suffers
from interference. The many-to-one interference channel enables us to simplify the prob-
lem of the interference channel while we can still develop tools that can be later used for
the fully connected interference channel. For this setting, we are interested in designing
lattice codes for all users, such that the probability of error at receiver 1 is small. In [51]
and [52], maximum-likelihood (ML) decoders are used for the interference channel. In
particular, in [51] the performance of different decoders is analysed for a two-user inter-
ference channel. We see that we can derive a similar expression for lattice codes and
that under certain conditions a relationship can be found between the union bound of the

error probability of user 1, and the theta series of the interference and joint lattices.

4.2 System model and lattice alignment

Consider a many-to-one Gaussian interference channel with three users where interfer-
ence is only present at receiver 1. Here, the channel model includes different scenarios,

such as:
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- the single antenna many-to-one Gaussian interference channel using a symbol ex-

tension, in which case the channel matrices are scalar matrices;
- the multiple antenna many-to-one Gaussian interference channel.

The model is given by

y1 = H11Vis1 + HioVoso + HizVsss + 73 (4.1)
y> = Hx»Voss + 25,

y3 = H33V3s3 + z3,

where H;; is the n x n channel matrix from transmitter ; to receiver /. The transmitted
symbols s; are chosen uniformly in a finite constellation S; C Z, m < n, and z; is the
AWGN of variance o2 at receiver i. The matrices V;,j=1,2,3are nx m precoders that

will allow us to align the desired lattices.

T Hi: R1
-7
- - 7
H12 P - //
T2 -7 R2
Xo e P
, Ho,
7
Hl;/
7
7
T3 Xs R3
Hss

Figure 4.1: three-user many-to-one interference channel

At receiver 1, there is interference from users 2 and 3. By suitably choosing V.,

and V3 and an m x m unimodular matrix D, in such a way that

Hi2VoDso = HisVs (4.2)

we can perform lattice alignment of the interfering signals from users 2 and 3 at the first
receiver’s end

L (H12V2) = L (H13V3) (4.3)
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where L (M) is the lattice generated by the matrix M.
The desired signal then belongs to the lattice A, = H11V1Z™, while the sum of the
interfering signals H1,V> (s; + Dos3) is aligned in the lattice A, = H1,VoZ™. Equation

(4.1) changes to:

y1 = )_(1 + )_(2 +Z1, (44)

where x; = H;1Vis; belongs to the received constellation C; = H;V1S; € A and
X> = H1o V> (52 + D253) belongsto C, C Ax. We have X1 + X, € 51+ S C AL+ N\ =A.
In the following, we assume that A is a lattice’. This can happen in several sce-

narios:

- If the dimension m of the signal is equal to n/2, it is possible (with probability 1
in the space of channel matrices) to align the interference in such a way that the

n/2-dimensional lattices A; and A, are in direct sum, i.e. A; N A, = {0}.

- If m = n, and the channel matrices are integer-valued, then A is again a lattice,

even though the sum A; 4+ /A\» cannot be a direct sum.

Note that the case of channel matrices with rational entries can be reduced to the integer-
valued case by suitable scaling. The integer channel coefficient model was studied in [53],
where it was shown that at finite SNR the achievable rate is less sensitive to the use of

integer (or rational) channel coefficients than at very high SNR.

4.3 Flatness factor

4.3.1 ML decoding

In order to decode, in particular at receiver 1, an ML decoder can be considered as in [20].

Indeed since the symbols x; = H;1V;is; that may have been transmitted are uniformly

"Note that for general (real-valued) channel matrices, the set A may not be a discrete subset of R” since
it may contain a dense set. Thus, A may not be a lattice.
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distributed in C;, MAP decoding is given by

f(y1lx1)p(x1) _

X1 = argmax,, cc, P(x1]y1) = argmax,, c, fly1)

= argmax, ¢, f(y1x1)

where f denotes the continuous distribution and p the discrete density.
The symbols w, = Hi,Vosy and ws = HioVoDoss are uniformly distributed in A, =
H.,V,S, C Ay and As = H1oVoDo S5 C A, respectively. (Note that in general it is not true

that xo = wo + w3 is uniformly distributed in some finite set C,). We can write

Flyilx) = > Flyalx1, wo, ws)p(wz, wslx;) =

WQEAQ
W3€A3

1 1 _ g —wo—ws|?
Ry ID Dy, -l
Aol |As] 2= (V2mo)
w3EA3

since w,, ws are independent of x;. Therefore

. g —wows
X1 = argmax, cc, Z e 202

WQEAQ
w3EA3

Since this decoding metric is too difficult to analyze, we consider the approximate metric

_ Ii=xa—xl?
% =argmax, .o, Y e 27 (4.5)

X2 €N

where x, is allowed to span the whole infinite lattice, thus x, = w> + w3 € A5, and we

have assumed that A, + A3 C As.

4.3.2 Gaussian measures on lattices and flatness factor

We define the Gaussian measure associated to the lattice I~ and the variance o2 as

forw) =3 e 5 (4.6)

xel”
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The decoding rule (4.5) can thus be rewritten as

X1 = argmax,, (fo,n,(y1 —x1))- (4.7)

To find one possible maximum for this function, we must be sure that the function is never
flat. This problem was studied in [20] where the notion of flatness factor of a lattice I was
introduced, which was presented in Chapter 1 of this document. Recall the definition of

the flatness factor of I (1.66) given by [21]:

er=vior (e) -1, (4.8)

2
v(r)n
2102

lattice [, and © (e‘ﬁ) is the theta series of the lattice /™ as defined in (1.57). Note

where v = is the volume-to-noise ratio, V (I") is the fundamental volume of the
that the flatness factor is only a function of the interferer lattice I~ and of the variance of
the noise.

Therefore, in our case we want the flatness factor of the lattice A, to be big for a

given value of ¢ to enable correct decoding.

4.3.3 Examples

In this subsection we compare the flatness factors of different lattices. Consider the
theta series defined in Chapter 1 for ' = Z? and " = 78 (1.58), I’ = A, (1.59) and
" = Eg (1.60). Using (4.8), we plot the respective flatness factors in Fig. 4.2, where we
have normalized the volume of the lattices. The selection of the lattice [~ can be made
depending on the variance of the noise 0. For the two dimensional case and the eight
dimensional case, the better choice is Z™ (m = 2 or m = 8, respectively), for the shown
values of o2.

In Figs. 4.3 and 4.4, we plot f, 5, (t) for different 2-dimensional lattices A, and

0? = 0.15, where t = y; — x; € R%. We can see, as expected, that Z? is the better choice.
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Normalized ¢,

Figure 4.2: Flatness factor for two and eight dimensional lattices

4.3.4 Average behaviour

From [21], we know the average behaviour of the flatness factor for Construction-A lattices
is

Eler] =~". (4.9)

Therefore, the average flatness factor exhibits a ’phase-transition’ phenomenon: if y > 1,
then E[er] tends to infinity exponentially with respect to n; if v < 1, then E[e/] tends to

zero exponentially with respect to n.

4.4 Error probabilities

In this section, we describe the main contribution of this chapter. Suppose that the re-
ceived signal is given by equation (4.4), where x; € C; C Ay and X, € C, C Ap. We now
estimate the error probability in the case in which A = A; + /A, is a lattice. We make no
assumption on the dimensions of the lattices A; and A,, which may be full-rank or not.

We also do not require the sum to be a direct sum; this means that each element X\ of A
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Figure 4.3: Function f,,(t) using A\, = Z° and ¢ = 0.15

may be written in different ways as a sum of X\; + A, with A1 € Ay, A» € As. Since such
ambiguity would prevent the first receiver from decoding, the code C; must be chosen in
such a way as to remove it.

We suppose that C, is any subset of A,, and that C; is a set of distinct coset
leaders of A; N\, in A;. That is, we choose one element for each equivalence class in
the quotient A1 /(A1 NA2). Therefore if Ay N/, # {0}, the rate of this scheme is limited by
L1og,(JA1 /(A1 N A2)]). If on the contrary Ay N Ax = {0}, then C; can be any subset of A,
and there is no a priori limitation on the rate. For the sake of simplicity, we consider the
case where C; is the whole set of coset leaders in A1 /(A1 N A) (finite or infinite).

Since our lattices are also said to be Z-modules [54], consider the definition of the

Z-module homomorphism [55]. Let G and H be Z-modules, the mapping

f:G—H (4.10)
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Figure 4.4: Function f, 5, (t) using \» = A> and 02 = 0.15

is a function satisfying

fix+y)=Ff(x)+rf(y), ¥x,y € G (4.11)

f(rx)=rf(x), VreZ, xe€G. (4.12)

A bijective homomorphism is called an isomorphism and it is denoted with =. Now con-

sider the following isomorphism (second isomorphism for modules) [55]
(p:/\l/(/\lﬂ/\g)%/\//\g (413)

For example, let Ay = 3Z, \r = 2Z, thus A = Ay + A\, = Z and A{ N A\, = 6Z. Then,
37/67 = 7./27.

From the definition of quotient group we have that x + A, € A/A>. From the
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isomorphism just described we can say that the inverse map ¢~ sends the equivalence
class x + A\, € A/, to the equivalence class (x + A2) N A1 € A1 /(AL NA2).
This property allows us to define the following decoding rule. Consider the closest

point in A to the received vector
% = argmin |ly; — x||?, (4.14)
xEN
and let the output of the decoder at the first receiver be
X1 = xmodA; (4.15)

where x mod A\, is defined as the (unique) elementin (X + A2) N Cy.
The decoder (4.15) is a suboptimal approximation of the decoder (4.5), which
corresponds to jointly decoding (x1, xo) and then discarding x,, but avoids ambiguities.

The conditional error probability given x; and X, can be upper bounded as follows:

Plex;, %) =P {% #&Xmod A} = > P{x=x}

xEN
x—X1¢ N2

> Pl = %P < livs — 51— %17}
xEN
X7>_<1¢/\2

= Y P{Ix+%—x+2)? < |2}
x€NA
x—X1&N2

e
< — o2 i
< E 5 e 8 (4.16)
XEN
x—X1&N2

IN

by the classical bound on the Gaussian tail distribution.
Observe that x — x; — X» ¢ Ao. Otherwise, we would have (x — X; — Xo) + X =

x — X1 € N\o, which is a contradiction.



4.5 The good and bad lattices 97

Therefore (4.16) can be rewritten as
L1

1 _
P(elx1,%2) < Z 56 82

X' €Nz
_ % (er () —on, (). (4.17)

Consider a toy example with only two users, where A; and A, are one-dimensional

lattices in R2. More precisely A; = [10]” Z and A, = [1 1]” Z, and they are in direct sum,
so A = Z2. Suppose that S C Z, such that C; = [10]” Sand C, = [1 1]" S. Simulation
results can be observed in Fig. 4.5, where we increase the size of the constellation S in
each simulation to get closer to the bound given in (4.17).

Note that, even if the bound is not tight, the bound is still a contribution since it
relates the theta series of the received lattice and the interference lattice, and demon-
strates that to have a small error probability the flatness factor of the interference should

be big.

—©— Error bound
—<&— 2 symbols
—— 8 symbols
—&— 64 symbols ||

Symbol error rate

9 10 11 12 13 14 15 16
10*log10(1/6?), dB

Figure 4.5: Error probability

4.5 The good and bad lattices

Based on the foregoing analysis, we now consider the design criteria of lattices for the

many-to-one interference channel. The union bound (4.17) clearly indicates that to re-
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duce the error probability, A should be a good lattice (i.e., have a small theta series),
while N> should be a bad lattice (i.e., have a large theta series). The latter is consistent
with the flatness factor, i.e., A\, should have a large flatness factor in order to decode user
1. From the asymptotics of the flatness factor, we know that a large flatness factor is
possible if

Y, > 1. (418)

Meanwhile, we also want to reliably decode at other receivers. Denote by A,

the lattice seen at receiver two. For convenience, we assume scalar channels in the

2
following. Since in this case V(A2) = hio and V(A,) = hoo, then yp, = v2(7/:§)2n = 2’7%2,
and vy, = \/2(7/:é)2n = mz, then A’ is a scaled version of A,, and their generalized SNR’s

2
satisfy vy, = Z—gfyAQ. We choose a lattice A\, whose generalized SNR

h2

W, = h—%ify/\Z > e. (4.19)

This guarantees the existence of a lattice A\, such that the error probability at receiver 2
goes to zero as n — oo [56].
Combining (4.18) and (4.19), we have
Y, > max{l e hiz}. (4.20)
h22

We now consider two cases:

Case 1: e} 12 < 1lor hy > +/ehis, i.e., the direct link for user 2 is strong. In this
case, the condition (4.20) is simply the reliability criterion yp, > 1.

Case 2: ehg > 1or hy < v/ehsa, i.e., the direct link for user 2 is not strong. In this
case, the condition (4.20) is yp, > e - h_éi so that we may need a large value of y5,. This
means that we have to increase the fundamental volume V/(A,), hence reducing the rate
of user 2 (when shaping is applied).

Similarly, the lattice A3 seen by receiver 3 needs to satisfy

2

h
T, = 2 > € (4.21)
13

3
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But since hi3vs = hiovs, then \/(/\3) = V(/\Q), then Ao = YAs- Thus

2

h
I, = h—%’z'y/\Z > e. (4.22)

Combining (4.18), (4.19) and (4.22), we have

ht, i

Y, > maxql e == e3¢, (4.23)
h3; h33

Finally we summarize the design criteria of lattice alignment for the many-to-one

interference channel described, where only user 1 suffers from interference:

e Good lattice: In order for user 1 to have small error probability, A should be a good

lattice, i.e., a dense lattice.

e Bad lattice: In order to decode user 1, we require A\, to have a large flatness factor.

Namely, it is not dense, which is a bad lattice in the standard sense of coding.

e The good lattices: The lattices A\, and A% should be good on their own channels.

This can be made possible by satisfying (4.23).

4.6 Conclusions

In this chapter, we have studied lattice codes to find the error performance of a many-
to-one interference channel using interference alignment at receiver 1. This work is mo-
tivated by the work of [20] in which the flatness factor concept is introduced. We see
that in order to correctly decode, we need the flatness factor of the interference lattice
to be big. We derive an upper bound for the error probability of user 1 by using a joint
maximume-likelihood decoder of the desired signal and the sum of the interference. The
resultant bound shows the relation needed between the theta series of the resultant lat-
tice at the receiver and the theta series of the interference lattice. It shows that in order
to minimize the error we need the theta series of the received lattice to be small while
the theta series of the interference must be big, which is consistent with what we expect

in terms of the flatness factor. We also give some design criteria for the lattices for the
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many-to-one interference channel.
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Chapter 5

Barnes-Wall lattices for the

symmetric interference channel

5.1 Introduction

In this chapter, we extend the work of [5] in higher dimensions using lattices. In [4], a
deterministic channel approach is applied to an interference channel, where signals are
represented in base Q, in order to construct an interference alignment scheme. With a
symmetric interference channel where the indirect channel coefficients are given by Q!
and zero paddings in the signal construction, interference is perfectly aligned, leaving K/2
DoF for the desired signal. Following with the ideas of [2] and [4], achievable schemes
for the GDoF are found in [5] for different types of interference with K users. The signals
are represented in base Q, and a detailed scheme is given for the different types of
interference. The construction of the schemes can serve as motivation to use lattice
codes.

In this chapter we consider and focus on the performance of the symmetric fully
connected interference channel. We use the base Q representation of [5] with higher
dimensional lattices. In particular we use BW lattices because they have a very similar
level structure to the one-dimensional lattice scheme used in [5], and because of the
good performance lattices can offer. We show that it is possible to build similar schemes

for different types of interference using BW lattices, with the benefit of improving the
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performance.

5.2 Symmetric interference channel by Jafar [5]

Consider the K-user symmetric interference channel model given by [5]:

K
Yk =Xk + 9 Z Xj + Zk, (51)
J=1,j#k

where yi is the received signal at receiver k, g is the real indirect channel gain, x, is
the signal transmitted by transmitter k, x; is the interference signal from transmitter j, z
is the AWGN with variance ¢ and zero mean, and k = 1,---, K. In [5] g is defined
as g = \/éNTiRR In [2] the interference is classified in types defined by means of the

parameter o = I'ooggg;l\l%. Each type of interference is given by [2]:

e Noisy: 0 <a<1/2

Weak: 1/2 < a <2/3

Moderately weak: 2/3 < a < 1

Strong: 1 <a <2

Very strong: o > 2

where there is a discontinuity at 1.

In [4] and [5] the idea of quantizing the signal in levels is used. In the paper by
Jafar [5] the problem has been addressed using a one-dimensional lattice and they are
interested in a scheme to achieve the DoF found in [2], for each type of interference. The
transmitted signal is constructed as x, = QN"1Cy_1 + --- + QC1 + Co, where we define
each level to be represented by Q'. Here, C; are codewords that have some properties
related to Q and K, depending on the type of interference, where K, Q, M and N are
positive integers. The parameter Q is also related to the SNR, since SNR = Q\%\ with

Q > K and M grows to infinity. The channel gain g is given by g = QSIN(@~DM 'where
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sgn(x) = 1if x > 0 and -1 if x < 0. The channel gains act as shifters, which may result in
that some levels overlapping at the receivers.
With some careful properties of the codewords C;, each level can be decoded

sequentially and independently, and interference can be eliminated.

5.2.1 Encoding

The schemes presented in [5] for each type of interference manage to completely re-
move the interference using alignment and codeword constructions for one-dimensional
symbols. Interference is then cancelled and the desired message can be decoded.

For convenience and since the channel is symmetric, we initially work with a two-
user interference channel. For the rest of the chapter, the codewords will be expressed

with C; for user 1 and D; for user 2.

Very strong interference

For the very strong interference, g is given by g = QM, and the transmitted signals are

constructed as

x1=QNICh 14+ QC1 + Co, (5.2)

o =QN"IDy 144+ QD; + Do, (5.3)

where C; and D, are the codewords.

In order to avoid carryovers, Jafar poses another condition that for very strong
interference is given by C;, D; € {1,---,Q — 2}. Note that in this case, it means that
Q > 4 for a code to exist. Thus the channel coefficient g cannot be smaller than 4.
Finally, the restriction that N = L%J is given to satisfy the power constraint. Since
a > 2, it implies that M > N.

At each receiver we have

yi=QMNTIDy 4+ 4+ QMDy + QNTICy 1 4+ Co+ 2 (5.4)

yo=QMN=ICy 1+ + QMCo+ QN DNy + -+ Do + 2. (5.5)
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Since the channel is symmetric, and without loss of generality from this point we

will only consider the received signals at receiver 1.

Strong interference

For the strong interference, g is also given by g = Q", and the transmitted signals are

constructed as

x1 = QN M, i+ +QVCy + QNI Cy 1 4+ + Co, (5.6)

xo=QN"MIAD, 1+ + QDN+ QN Dy + -+ + Do, (5.7)
In this case, there is an extra constraint given by

Con—m—i =Ci-1 (5.8)

Don—m—i = Dj-1, (5.9)

fori € {1,---,N — M}. Equations (5.8) and (5.9) will be useful at the receiver to
eliminate the interference. To avoid carryovers here, the condition is given by C;, D; €
{1,--+, 9] — 1}. Note that in this case, it means that Q > 7 for a code to exist.
Thus the channel coefficient g cannot be smaller than 7. Finally, the restriction that
N = Lz(i—"fl)J > M is given to satisfy the power constraint.

At receiver 1 we have

vi = QN IDg+ QN 2Dy 4+ QN MY Doy op1 + Co) + -

+ QM(Do+Cpm)+---+QCy + Co + 21. (5.10)

At the receiver the interference overlaps the desired signal on some levels. However, the
construction and constraints presented by Jafar in (5.8) and (5.9) allows to decode each

level.
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Moderately weak interference

For the moderately weak interference g = Q@~", and the transmitted signals are con-

structed as

xi = Q@NEMIC g+ + QVPMC g + QM Gy +

+ QMNCopn + QPMN oy + -+ QMo

+ QM Cy1 4+ - QG (5.11)
o = QAHIM-Ip o QMDD + QPN g e

+ @M NDopin + Q@M N Doppyiner 4+ QM Doy

+ QMDD 1+ ---QDy, (5.12)
In this case, there is an extra constraint given by

Congam—i = Comti-1 (5.13)

Donyam—i = Dopyi-1, (5.14)

for i = {1,---, N}. Here the condition is given by C;, D; € {1,---, L%J — 1} and the

restriction N = L’VQI(&Z% is given to satisfy the power constraint.

The received signal is not as easy to express as it was before since some of the
overlapping levels depend on whether M is bigger, smaller or equalto N — 1. To observe
the overlap and the scheme presented by Jafar consider the following example. Take

N=M=1andQ > 7. At transmitter 1 and 2 we have

xi = Q'Ci+Q@C+Q*Ca+ G (5.15)

x2 = Q*'Dy+ Q>D3+ Q?Dy + Dy, (5.16)

where g = QL. Thus, at receiver 1 we have

vi=Q%y + @3%Cs+ Ds)+Q%(Cq+ D3)

+ QD4+ Co+Q Dy + 7. (5.17)
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where C; = Dy =0, and C4 = C,, D4 = D». Thus, it is possible to decode and eliminate
the interference at each receiver.

Weak interference

For the weak interference g = Q~", and the transmitted signals are constructed as

xp = QMINC, v 4+ QMo + QMTICH L + - QC, (5.18)

xo = QM NIy in 4+ QMDoy + QM Dy + - QDy, (5.19)

Here the condition is given by C;, D; € {1,---,Q — 2} and the restriction that

N = L’V’(f%;l)j < M is given to satisfy the power constraint. At receiver 1

yi=QMN v + o+ QMo+
i+ QYN Doy + e+ QY Doy
n+@" 1w + -+ Go
+Q Dyt + -+ QMDo+ 21 (5.20)

5.2.2 Decoding

The decoding of the Jafar schemes depend on the type of interference. For most types
of interference, the decoding used is a multilevel decoder, starting from the lowest level.
Once a level is decoded it is subtracted from the received signal and divided by Q, and
the process is repeated. The decoding of each level will be shown next for the case of
weak interference, and it is similar for strong and moderately weak. We will start with
the very strong interference case which is different to the other three cases. For the very
strong interference using (5.2) and (5.3) at receiver 1 we have (5.4). Since M > N the
interference has been shifted to higher levels, allowing the desired signal to be in lower

levels, with no overlap. To decode we just need:

%1 = |y1] mod QV, (5.21)
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Algorithm 5.1 General decoding algorithm (adapted from [5])

1.s=y > for strong interference
2: s=QMy, > for moderately weak and weak interference
3: for all received levels do > Starting from the lowest level
4: c=|[s| modQ

5. Cij=c(orDj=c) > Estimated value for level Q'
6: s=(s—0c)/Q

7: end for

where || refers to the rounding operation.

Since the case of weak interference is simple (the signal and the interference do
not overlap within the levels) we will analyse this case before the strong and moderate
interference case. From (5.20) it can be observed that the desired signal and the interfer-
ence do not overlap, so decoding can take place by levels. In fact, we decode from the
lowest level upwards by applying Algorithm 5.17.

For the cases of strong and moderately weak interference, at the receiver in some
levels there is interference overlapping the desired signal. For the case of strong interfer-
ence using (5.6) and (5.7) at receiver 1 we have (5.10). However, the construction and
constraints presented by Jafar allows us to decode nevertheless. Take for example level
QP in (5.10) where Cy can be decoded without interference. Now take level Q2V—M—1
where we have the sum of (Doy_op—1 + Co). Since we have already decoded Cy, we
can subtract it from(Doy—2p—1 + Co) and obtain D,y —op—1. This process is repeated on
all levels where there is interference. Also note that on some levels this is facilitated by
conditions (5.8) and (5.9). Since the decoding for the moderately weak interference is
very similar, its analysis will be omitted here.

The schemes proposed by Jafar are very useful, however, they have some limita-
tions. The values of Q are very limited in order to be able to construct a codebook, and
therefore the values that the channel gain can take are also very limited. Also, the system
is built (for simplicity) in one dimension. We can see an extension in higher dimensions if
we apply lattices, in particular BW lattices which seem very useful since their construction

is very similar. Finally, we do not know how is the performance of these schemes, which

'The decoding process is not generalized to any type of interference in [5] but it can be deduced as in
Algorithm 5.1
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is actually hard to analyse as in some cases the SNR has to be very big and related to
the value of o by g = SNR*Z . We can conjecture that higher dimensional lattices yields
better performance. To simplify the problem we will assume that the interference is very
strong and strong if the channel g > 1, while the interference is noisy, weak or moderately

weak if g < 1.

5.3 Barnes-Wall lattices

5.3.1 Encoding

BW lattices as explained in Chapter 1 are a family of full rank lattices whose dimension is

a power of 2. Recall equations (1.70) and (1.71) where BW lattices are defined as
e m—reven:

m—r 2m+1

ANr,m) = 227
+ > 2 UERM(FY, m+ 1) (5.22)

r+1<r'<m
m—r" odd

e m— rodd:

m—r+1 2m+1

ANr,m) = 2 2 Z
+ ) 20 UERM(F, m+ 1) (5.23)

r+1<r'<m
m—r’ even

where again for convenience we consider real lattices.

5.3.2 Decoding

A low-complexity, bounded distance decoding algorithm for Leech lattices was presented
in [57], which can also be applied to decode Construction D lattices. Since BW lattices
can also be constructed by Construction D, this is a useful decoder for this kind of lattices.

In particular, we focus on the low-complexity bounded distance decoder (BDD) algorithm
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Algorithm 5.2 Sequential BDD for BW lattices (modified from [26])

1:s=Yy1

2: for all received levels do > Starting from the lowest level
3: if C; (or D;) to decode corresponds to a RM code then

4: b = [s] mod?2

5: p=1—-2|s—[s]]

6: c = RMdec(), b, p) > from [26, Algorithm 3], where j corresponds to

RM(j m + 1) to decode
else If it corresponds to 72" /272"

8: c = |s] mod 2

9: end if

10: € =c(orD;=c¢) > Estimated value for level Q'
11: s=(s—¢)/Q

12: end for

for BW lattices proposed by Micciancio in [26, Algorithm 2]. The original algorithm con-
siders complex lattices. Thus, in Algorithm 5.2, lines 4 and 5 have been modified to work
with real lattices. Also, the algorithm has been slightly adapted to deliver each decoded
level, if required. The decoding procedure is shown in Algorithm 5.2 for a BW lattice being

transmitted on an AWGN channel.

5.4 Barnes-Wall lattices for the two-user symmetric interfer-

ence channel

5.4.1 Preliminary idea

Here we show with simple examples how we can mimic the Jafar scheme to work with
BW lattices. Again, the codewords are expressed with C; for user 1 and D, for user 2,
with / = 0 for the lowest RM code and increasing up to the highest level represented by
72™" . In a later section we extend this work for a K-user symmetric interference channel.

We can think of an interference channel problem as in (5.1) where each user trans-
mits a point in the same BW lattice. Let us consider an example using A1 = A(0,3) =

471°+2RM(3, 4)+RM(1, 4). Considering only two users, each transmitted signal is given
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by

x; = 4C+2C; +Cp (5.24)

x> = 4D, + 2D + Dy, (525)

where Co, Dg € RM(1, 4), C;, D; € RM(3,4) and C», D, € Z'°. Let us mimic the idea of
Jafar for a case where g = 271. Note that in order to simplify the problem, for the rest of
the chapter we assume that g is of the form 2/ where / is a negative or positive integer.

Thus, g is a power of 2. Then

y1 = 4Co +2(C; + D3) + (Co + D) + 27 'Dg + 3. (5.26)

In order to decode, we need some properties like before. Otherwise, we would have

some interference problems. If we assume C; = D; = 015 we have:

y1 = 4Co +2D5 + Co + 2 'Dg + ;. (5.27)

To keep the problem simple, we are considering that g is a power of 2. Therefore, we also
have some limitations on the channels. Also, for our analysis we initially consider only
two users. The reason is that, even if the schemes can work with K users, the number
of users the system can accept depends on Q. This comes from [5] since to define a
codebook C; and to avoid carryovers from one level to the other, there is a relationship
with Q. In that case, to prove the DoF for each type of interference Q must be very big,
and in particular Q > K. So for a given set of variables, including a given channel gain,
there is a given number of users the system can allocate. For the clarity and the purposes
of this document, we first consider only a two-user interference channel to show that we
can mimic the Jafar schemes in higher dimensions and obtain better performance, and
later it is extended to a higher number of users.

We try to mimic as closely as possible the construction of Jafar by finding a lattice
in a higher dimension with the same or similar structure. In the following we will see some

examples for the very strong, weak and strong interference. Since the case of moderately
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weak interference is similar to the strong interference case, we have omitted it.

For the very strong interference case the highest level of the Jafar symbol is given
by QV~1. In order to make this easier define Q=1 = 27, where from (5.22) v = m/2 if m
is even or from (5.23) v = (m+1)/2if mis odd (note that r = 0). For the weak interference
case we define Q?M+N-1 — 27 and for the strong interference case Q*N-M-1 = 27, Let

us look over some examples:

e Very strong interference: Consider Q = 4, N = 2, M = 2. For Jafar we have x; =
4Cy + Cp. Then we select a lattice with a similar structure but in higher dimensions.
In that case we can see that the lattice A (0, 3) is a lattice we can use. Since
A = N (0,3) = 4Z'° + 2RM(3,4) + RM (1, 4) we can say x; = 4C, + 2C; + Cg,
where C; = 016 and C, € Z!°/271°. The same is applied at transmitter 2: x, =
4D, + 2D; + Do, where D; = 016 and D, € Z16/27'%. Then with the channel gain

given by g = 16, at receiver 1 we have

y1 = 64D5 + 16Dg + 4C, + Cp + z3. (528)

o Weak interference: Consider Q = 4, N = 1, M = 1. Then for Jafar we have: x; =
16C, + Cp. A lattice with a similar structure is found by saying v = log,(16). Then
A(0, 8) satisfies what we need since A(0, 8) = 16Z°2 + 8RM(7,9) + 4RM(5,9) +
2RM(3,9) + RM(1,9). Then x; = 16C4 + Cy, where C3 = C, = C; = 0512 and
C, € 7Z°?/27°'2, Using the same idea for user 2, x, = 16D, + Dg. With the

channel gain given by g = 471, at receiver 1 we have

y1 = 16C4 +4D4 + Co +27°Dg + z1. (5.29)

e Strong interference: Consider Q = 8, N = 2, M = 1. For Jafar we have: x; =
64C> + 8C1 + Co, where Jafar considers another constraint where C, = Cy. This
is necessary for decoding. A lattice with a similar structure is given by A(0, 11) =
6472 + 32RM(11,12) + 16RM(9, 12) + 8RM(7, 12) + 4RM(5, 12) + 2RM(3, 12) +

RM(1,12) = 64C¢+32Cs+16C4+8C5+4C,+2C1+Cp. Thenx; = 64C¢+8C5+Cy,
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where C5 = C4 = C, = C; = 04906 . Similarly to Jafar we consider Cs = Cy. Then
x; = 64Cy + 8C3 + Cq. In the same way x, = 64Dy + 8D3 + Dy. With the channel

gain given by g = 8, at receiver 1 we have

VAl :512Do+64(D3+C0) +8(D0+C3)+C0+Zl. (5.30)

5.4.2 Decoding

Again we use the low-complexity BDD algorithm for BW lattices proposed by Micciancio
in [26, Algorithm 2]. The decoding procedure is the same as the one shown in Algorithm
5.2 where we define s = y; for very strong and strong interference, and s = QMy, for
moderately weak and weak interference.

Using Algorithm 5.2, all levels have been estimated and we can obtain an esti-
mated transmitted version of x;.

For the case of strong and moderately weak interference using BW lattices we
also consider Algorithm 5.2, with a small variation explained next.

To decode we do something slightly different to before, because there are levels
that overlap. From (5.10) we consider that if x; € A and x, € A, then x; + gx, is also in A.
Therefore, we first decode the received signal to a point in A to eliminate the noise, with
a BDD decoder like the one of Algorithm 5.2.

We then realize that in the levels in which the interference overlaps the signal we

have

RM(@, m+1) + RM(i, m + 1), (5.31)

where | > j. Then [58]

RM(,m+1)+RM(/,m+1) Cc RM(,m+1)+RM(i,m+1) (5.32)

— 2RM(i+2 m+1)+RM(i,m+1). (5.33)

Note that the separation between the levels is big due to the construction of the
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scheme (and the selection of Q). Thus, there is no overlap (carryovers) to other levels.

From the examples shown in section 5.4.1 we have:

e Very strong interference: From (5.28) we have

y1 = 64D5 + 16D + 4C, + Cp + z3. (5.34)

From s = y; the BDD computes the estimated transmitted RM code from RM(1, 4),
to obtain €y. Then, €, = ((s — €y)/4) mod 2. The estimated transmitted symbol

from user 1 is %, = 4€, + C,.

e Weak interference: From (5.29) we have

y1 = 16C4 +4D4 + Cp + 2_2Do +z;. (5.35)

From s = 4y, the BDD computes the estimated transmitted RM code from RM(1, 9)
to obtain Dg. Then's = (s — Dy)/4 and proceeds to estimate the transmitted RM
code from RM(1,9) to obtain Co. Then to obtain D4 we say s = (s — €y)/4 and
D, = [s] mod 2. Finally, we say s = (s — D4)/4 and €4 = |s] mod 2. The estimated

transmitted symbol from user 1 is %, = 16C4 + Co.

e Strong interference: From (5.30) we have

y1 =512Dg + 64 (D3 4+ Co) +8(Dg + C3) + Co + z3. (5.36)

We first decode to a pointin A(0, 11) where

/\(O, 11) = 64F¢ + 32F5 + 16F4 + 8F3 + 4F> + 2F1 + Fg (537)

We use the BDD and the RM decoder for each F; to obtain an estimated noiseless

version of y; given by

§1 = 64Fg + 32F5 + 16F4 + 8F3 + 4F, + 2F; + F (5.38)
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Note that

Do+Cs € RM(1,12) + RM(7,12) € RM(7,12) + RM(7,12)  (5.39)

= 2RM(9,12) + RM(7,12) = 2A + B (5.40)

and then 8 (Dy + C3) = 16A + 8B. From (5.37) we can match

F;: — B (5.42)
F, — A (5.43)

Similarly
D; + Co C 2RM(9, 12) + RM(7,12) = 2G + H, (5.44)

Then 64(Ds + Cy) = 128G + 64H. Finally, we know that Dy € RM(1, 12).

We can see that the (5.30) transforms to

V1 roseioss = 512D0 + 128G + 64H + 16A + 8B + C. (5.45)

Then from (5.37) we have

Fe — 8Do+2G+H (5.46)

In the last level, given by 64 in (5.37) we have a sum of codewords. Originally,
512D + 64 (D3 + Co) € 512RM(1,12) + 64 (RM(9,12) + RM(7,12)). But since
we have to decode each of these RM codes using the BDD, we need them to be
nested. Therefore we can actually say that D, € RM(11, 12). That way, we have

512RM(11, 12) + 128RM(9, 12) + 64RM(7, 12).

Equations (5.41), (5.42) and (5.43) can then be easily solved using the BDD with
the RM decoders. For (5.46) we need to solve 64RM(7, 12), first to decode the next
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one 128RM(9, 12) and finally 512RM(11, 12) simply using the BDD again.

With this we obtain Dy, and we can subtract it from 2B + A, which is the estimated
value of the sum given by (Do + C3). Thus, we obtain €3, and we finally have
%1 = 64Co + 8C3 + Co.

5.4.3 General proposed scheme

In this section we explain the general design of a BW lattice given the parameters Q, M,
N and o to mimic the Jafar schemes for each type of interference. We start by identifying
which BW lattice can be used given those variables, and go on to explain how this lattice
can be adapted to mimic Jafar’s encoding and decoding.

5.4.4 Selecting the lattice that mimics the Jafar one-dimensional message
In this section we explain how to find the appropriate BW lattice given Q, M, N and «
while leaving zeros, according to Jafar’s encoding scheme.

Very strong interference

For the very strong interference, Jafar users constructs its symbol by
Xy = QN_1C/\/_1+"'+QC1+C0 (5.47)

for a given Q and N.

m+1

e Take QN-1 =27~
m = (2log, QV71) —1, (5.48)

where we are working with the case of m odd lattices, but we could easily work with
m even2. This means this is a lattice of dimension 2m+1 = 2(21002Q""")~1 " Here

M > N.

2Working with odd lattices allow us to choose a slightly smaller dimensional lattice, which is useful for
simulation purposes.



5.4 Barnes-Wall lattices for the two-user symmetric interference channel 117

e Now we know which lattice we are working with, but we need to leave zeros in order

to encode the same levels as Jafar. Recall (5.23) where the lattice is expressed as

m — r odd:

/\(r’ m) _ 2m72r+1 Z2m+1

+ Y 2UYERM (K m+ 1) (5.49)
r+1<r'<m
m—r' even

m—r+1

where r = 0. Disregarding the first term (2~ 2 Z2"), we can say that we have a

sum of the form 3, o' RM(j, m + 1). Also, considering that the structure of Jafar’s

symbol for the very strong interference is very simple, we can say

=1

22 =QN 9forallvaluesof g = {2,--- , N} (5.50)
we have
j=(2log, QV9) + 1forg={2,---, N} (5.51)
Finally,
x; € 2" 72" +22%1RM(J',m+ 1), (5.52)

J

where m comes from (5.48) and j comes from (5.51).
Note that, we can take a smaller dimensional lattice if we choose QV—9 = 2" for

some g € {1,--- ,N}andQ%:Q’\’*@whered:{q+1,--- , N}

Example:

m+1

Take N =2, M = 4 and Q = 4. Then we have QV~1 = 272 and m = 3. The dimension

is given by 2! =16, g = {2}, and j = {1}. Thus:

x; € 277" 13 2T RM(, m + 1) = 4Z!° + RM(L, 4) (5.53)
J
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Strong interference

The symbol given by Jafar is constructed as

N—M N
o= QNMIC N 4 Y QN PO+ QN IC,  (5.54)
p=2 g=1

+1

e Take Q?N~M—1 =272 where again we are working with the case of m odd lattices.

Then
m = (2log, Q2N~"M~1) —1. (5.55)

This means this is a lattice of dimension 2m+1 = 2(21092 Q" "*)~1 The dimension

is normally quite big. This is because Q and M are big.

e Now we need to leave zeros to choose the same levels as Jafar. Similarly to the

previous case we say
Q2N-M-p _ o5
ji = (2log, Q2N=M=P) 4 1 (5.56)

where p = {2,--- , N — M}. And for the second half we have

-1
QN-9 = 2%

jo = (2log, QV79) + 1, (5.57)

where g = {1---, N}.

Finally, the symbol transmitted from user / is given by

m+1

x € 2% 4 S T RMGL m+ 1) + Y 2" RM(p, m+ 1), (5.58)
2 22

where m comes from (5.55), j; comes from (5.56) and j» comes from (5.57).
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There is an extra constraint imposed by Jafar to enable decoding despite of the

overlapping on some levels at the receivers. This is given by

Con—m—i = Ci—1,

fori={1,--- ,N— M}.

To adapt condition (5.59) by Jafar to BW lattices we say

2m+1

7 RM(1, m+1)

RM(2log, @°N"M=P 11 m+1) = RM(2log, Q"1+ 1, m+1),

where p={2,--- , N — M}

Example:

Take N =4, M =2 and Q = 8. From that, Jafar builds the symbol as

Xpatar = Q°Cs + Q*Ca + Q3C3 + Q%Co + QC1 + Co

(5.59)

(5.60)

(5.61)

Then, m = 29, the dimension of the lattice is 23°. Since p = {2}, we only have

1 =25,and g = {1,2,3,4}, then j, = {19,13,7,1}. Thus, the BW lattice to choose is

A(0, 29), and more precisely

xi € 272" 4+ 2?RM(25, 30)

+ 2°RM(19, 30) 4 2°RM(13, 30) + 2°RM(7, 30) + RM(1, 30).

(5.62)
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Moderately weak interference

The Jafar symbol is built as

N M
xi = QNTMCnamg + Z QNTIM=PCo N am—p + Z QMIN=9C 1 n_g
p=2 g=1
N M
+ D QNN e + ) QY C (5.63)
t=1 r=1

To find the equivalent BW lattice let

QAN+3M-1 _ ot
m = (2log, Q*NT3M1) 1, (5.64)
and
= (2 log, Q2N+3I\/I—p) +1, forp={2,---, N} (5.65)
= (2 logs Q3I\/I+N7q) +1, forg={1,---, M} (5.66)
ja = (210g; @MY £1 for t = {1, , N} (5.67)
ja=(2log, QY=") + 1, forr={1,--- , M} (5.68)

The transmitted signal is given by

xi € 2% 72" 43 0 RM (i, m+ 1) (5.69)
il
+ S RM @, m+ 1)+ > 2" RM (3, m+ 1) (5.70)
-2 J3
+ 32" RM (s, m+ 1) (5.71)

Ja

where m comes from (5.64), j; from (5.65), j» from (5.66), j3 from (5.67) and j, from
(5.68).

As before, there is another constraint given by
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Contam—i = Comri-1, (5.72)

fori={1,--- N}

Condition (5.72) can be adapted as

72" = RM(2log, QM + 1, m+1) (5.73)

RM(2log, @°N*3M=FP 11 m+1) = RM(2log, Q*N*P~1 11, m+1) (5.74)
where p={2,--- , N}

Example:

Take N =2, M =1and Q@ = 8. We have m = 35, j; = {31}, j» = {25}, 5 = {19, 13},

J4 = {1}. Therefore, the transmitted symbol using BW lattices is given by:

236

x; € 218727 4+ 2RM (31, 36) + 212RM (25, 36) (5.75)

+ 2°RM (19, 36) + 2°RM (13, 36) + RM (1, 36) (5.76)
Weak interference

The Jafar symbol is built as

N M
o= QMM G + ) QMNP oy + > QMTICY_  (5.77)
p=2 g=1

To find the equivalent BW lattice take

_ m+1
Q2M+N 1 —2"

m = (2log, Q?M*TN=1) —1, (5.78)
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and

i = (2 log, Q2M+pr) +1, forp={2,---, N} (5.79)

jo = (210g, QM79) + 1, forg={1,--- , M} (5.80)
Thus, the transmitted signal is given by

xi € 2772 £ 3 2" RM(jy, m+ 1) (5.81)
Vit
+ 3 2% RM (o, m+ 1) (5.82)
J2

where m comes from (5.78), j; from (5.79) and j, from (5.80).

Example:

Take N =2, M =4 and Q = 4. We have m = 35, j; = {33}, jo = {13,9,5, 1}. Therefore,

the transmitted symbol using BW lattices is given by:

x; € 2872”4 215RM (33,36) + 2°RM (13, 36) (5.83)

+ 2*RM(9,36) 4+ 22RM (5,36) + RM (1, 36) (5.84)

5.4.5 Simulations

In this section we show some simulations that compare the Jafar schemes and the pro-
posed schemes based on BW lattices. The average symbol energy is defined as in [5]
per type of interference and we consider the following: for the very strong interference
case E([x]?) < Q2V, for the weak interference case E([x]]*) < (QNt2M)2 and for the
strong interference case E([x]?) < (Q2¥~M)2. We assume the same for the BW lattices
since we consider the energy per dimension.

We observe, as expected, that when higher dimensional lattices are used, the
asymptotic performance is improved. However, the trick is to find the correct lattice to
mimic the code construction given by Jafar for any channel and any type of interference.

Note that, due to the computation complexity we are not able to generate all the cases
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—— Jafar
—8— A(0,3)

15 20 25 30 35 40
SNRin dB

Figure 5.1: Error rate for very strong interference, when Q =4, M =2, N =2

25 30 35 40 45 50
SNRin dB

Figure 5.2: Error rate for weak interference, when Q =4, M =1, N =1

and therefore we only compute the case for the examples shown for very strong, weak
and strong interference. However, since the scheme is similar for all cases we can project

the same results for all types of interference.

5.5 Barnes-Wall lattices for the K-user symmetric interfer-

ence channel

The above is valid for two users, but is extendible to K > 2. We first begin with an
example. The Jafar weak interference example seen previously when Q = 4, implies that
Ci={1,---,Q—-2} ={1,2}. Since C; does not depend on the number of users, it should

be possible to allocate K users. But we can see this is not true. If the codes transmitted
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—e— Jafar
—p— A(0,11)
107"}
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Figure 5.3: Error rate for strong interference, when Q =8, M =1, N =2
from transmitter 3 are expressed as E;, at receiver 1 we have
y1 =16Co + 4(Dy + Ex) + Co +272(Do + Ep) + z1. (5.85)

Take D, + E, and consider the case where D, = E, = 2, then we have a carryover

to the next level. To overcome this problem for this specific example, consider that the

codewords are still defined in {1,2} but Q = 8. In that case there are no carryovers and

we can proceed.

Thus, take Q =8, N =1 and M = 1 as before and let us select the corresponding

BW lattice generated signals as

x; = 64Cg + Cq
Xo = 64D6 + Do

X3 = 64E6 + Eo,

where x1, x5, x3 € A(0, 11). At receiver 1 we have

y1 = 64Cs + 8(Dg + Eg) + Co + 87 (Do + Eg) + 71.

To decode let

)_(1 = le = 512C6 + 64(D6 + E6) + 8C0 + (DO + Eo) + SZly

(5.86)
(5.87)

(5.88)

(5.89)

(5.90)
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and decode to a point in the lattice A(0, 11)

A0,11) = 64727 +32RM(11,12) + 16RM(9, 12) + 8RM(7,12)  (5.91)
+ 4RM(5,12) + 2RM(3, 12) + RM(1, 12)

= 64F¢ + 32F5 + 16F, + 8F3 + 4F> + 2F; + Fq (5.92)

We obtain

A

yi = 64'36 + 32?5 + 16'34 + 8'33 + 4?2 + 2?1 + IEO (5.93)
Observing equation (5.90) take

(Do +Eo) € RM(L,12) + RM(L, 12) € 2RM(3, 12) + RM(1, 12)

= 2A+B
Then
Fo = B (5.94)
F, = A (5.95)
F: = G (5.96)
Thus we have
512C¢ + 64(Dg + Eg) € 6472 (5.97)

Therefore, 8Cs+(Ds+Es) are all estimated to Fs. To decode this part, since none of these

codewords are in a RM code, we decode the sum of D¢ + Eg by saying Fs, = Fs mod 8,

then decode € = Foon,

Fig. 5.4 shows the simulation of this system. We can see that asymptotically, BW
lattices have better performance than the one-dimensional Jafar scheme.

Again due to the computation complexity in this section we have worked only with
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Figure 5.4: Error rate for weak interference, when Q =8, M =1, N=1and K =3

one example in weak interference. However, again since the scheme is similar for all
cases we can deduce that the same result is valid for all types of interference. On the
other hand, the purpose of this example is simply to illustrate the extension to a higher
number of user.

We can generalize the encoding and decoding with K > 2 with the following rule.
Given K overlapping codewords in a level, take the one with the biggest RM order. Let

us call this RM(/, m+ 1), and say that the sum of codewords is contained in

iQf_lﬂM(/'+21_l, m+1). (5.98)
j=1
With this we can see that for the strong and moderately weak interference scenarios,
where at some levels interference and desired signal overlap, we can allocate up to K =
K < log,(Q) + 1 users with BW lattices. On the other hand, for the weak interference
scenario where the interference and the desired signal do not overlap in each level, we
can allocate K41 = K < log,(Q) +2 users with BW lattices. Naturally, for the very strong

interference case K can take any number.

5.6 Conclusions

In this chapter, we have shown how the work of Jafar eliminates the interference by

building a clever scheme for each type of interference. Inspired by this, we used BW
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lattices due to their resemblance as multilevel codes, and because of the extension that
lattices imply in higher dimensions. We show that with a proper selection of the lattices,
we can improve the performance of the schemes proposed by Jafar. Further, we show
that for any given values of parameters Q, M and N we can construct symbols with
BW lattices, and we can decode them using a multilevel BDD. We have also shown the
extension to more than two users is simple, but for both this scheme and the original
Jafar scheme, it is restricted to the value of Q. Namely, the number of users that can be
allocated depends directly on said parameters. Since we are constructing the signals in
the same manner as Jafar we believe the GDoF is still valid for this scheme, but with the
benefit of performance improvement given by the BW lattices. The schemes presented
are for the symmetric interference channel, for a particular type of channel gain g. If the
channel is asymmetric, we cannot guarantee that the schemes will work, unless there is
some structure in the channel model. If the indirect channel gains are given by g;; (from
transmitter ; to receiver /) and they are powers of 2, then the schemes have the potential

to be adapted to align and suppress interference as the ones proposed in [5].
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Chapter 6

Generalized degrees of freedom of
a two-user symmetric interference
channel using lattice Gaussian

distribution

6.1 Introduction

In this section we analyse the GDoF of the two-user symmetric interference channel using
lattices. In [2], Etkin found the GDoF for a two-user symmetric interference channel and
the well known GDoF W curve is explained as well as how the GDoF is achieved using
Gaussian codes. Since we want to use the potential of lattices to align interference, in
this chapter we propose to use lattice codes. We use lattice Gaussian distribution [27] to

demonstrate that we can achieve the GDoF for all types of interference.

6.2 Preliminary

The paper by Etkin [2] finds the capacity of the two-user interference channel within one
bit of the achievable region found by HK. For the case where the power of the interference

is smaller than the power of the desired signal, a range of values is found in which the
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HK rate is contained. Normalizing this rate by the capacity of the point-to-point AWGN
channel and taking the limit of this ratio when the SNR, INR — oo, they are able to find the
GDoF. In order to do this, random Gaussian codes and a simple HK scheme are used.
In this section we show their results for noisy, weak and moderately weak interference,
and we also show the GDoF for the very strong and strong interference cases. This was

briefly discussed in Chapter 2. Here we present it in more detail.

6.2.1 Generalized degrees of freedom with random codes [2]

In [2] and [5] a symmetric interference channel is studied. Consider a two-user interfer-

ence channel model:

ri=xx1t+gx+2zn (6.1)

Yo =9gx1 +xo+ 22, (6.2)

where y, is the received signal at receiver k (k = 1,2), g is the real indirect channel
coefficient, x is the signal transmitted by transmitter k, x; is the interference signal from
transmitter j, and z is the AWGN with variance o2 and zero mean. In [5] the channel is
defined as g = \/éNTiFé

From [2] and as explained in Chapter 2, (2.30) shows the achievable rate of the
very simple HK scheme. Two regions are found which are defined by either SNR(SNR +
INR) < INR?(INR+1) or SNR(SNR-+INR) > INR?(INR+1). The rate (2.30) is normalized

by the point-to-point capacity of the AWGN channel, to obtain

Ra _ [, 1IgINR _ flogINR _  logINR 63)
Comen 11 21og SNR'’ logSNR'~  Iog SNR :

To simplify the expression, the parameter « is defined as a = |Logggl\l\lRR Then:

RHK

C~AWG N

A~ min {1 - %, max{a, 1 — a}} (6.4)
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Equation (6.4) is important because three regimes can be identified

1-%, fors<a<l
R

— 1 2 6.5
Croren a, for2<oz<3 (6.5)

l-—a, foro<a<i

These regimes are of weak interference with respect to the desired signal. Since
the result shown in (6.5) is within one bit of the upper bound found in [2], and using that
SNR, INR — oo, the GDoF is also given by (6.5) and is defined as d,,. For the complete-
ness of the result, they also find the GDoF for the very strong and strong interference
cases.

When INR > SNR? + SNR, the interference is said to be very strong. In this case
the user can decode the interference before the desired message, and then subtract it
from the received signal, to obtain the desired signal at that receiver. The receiver sees

then an AWGN channel. Therefore, the symmetric capacity is given by’
Ceym = log (1 + SNR) =~ log (SNR), (6.6)

where we assume SNR, INR > 1, and INR > SNR?. Then

dsym =1 (67)

To find the symmetric capacity of the strong interference channel, the intersection
of the capacity regions of the two-user MAC explained in Chapter 2 are considered. In

particular, for the MAC we have [2]

R1 +Ro < I(x1, xoly) (6.8)

"Note that in [2] the signals are defined as complex. In this chapter we consider real signals.
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Then for the interference channel and assuming R = R»,

Con = 3l 0ly) 6.9
= S (HO) ~ HOyba, )
= % (H(x1 + 9x0 +z) —H(2))
= %Iog(1+SNR+INR) (6.10)

Since the interference is strong, the following condition is given:
SNR < INR < SNR?. (6.11)

From (6.10) and (6.11) C,,., is approximated by [2]

Coym ~ %Iog(INR) (6.12)

and using that INR = SNR* we have

B log(SNR)?2 _«a
dom = log(SNR) 2 (6.13)

With these results, the GDoF is computed for each type of interference, and is

given by [2]
(
l—a for0<a<1/2 Noisy;
a for1/2<a<2/3 Weak;
dym =4 1—-% for2/3<a<1  Moderately Weak;
3 forl <a <2 Strong;
1 foraa > 2 Very Strong.

The GDoF for the symmetric interference channel is shown in Fig 6.1.
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a = log INR

~ logSNR

Figure 6.1: W curve (adapted from [2])

6.2.2 Lattice Gaussian Coding

The idea of using lattices seems appealing because of the extension in higher dimen-
sions, and the fact that some lattices are said to be AWGN good if they are good for
AWGN channels. Also, there is the potential of using lattice alignment for any number
of users in an interference channel. We note that the randomness of the codewords is
useful particularly when part of the codeword has to be treated as noise. Also the capac-
ity demonstrated in [2] and the GDoF, are based on Gaussian random codes. Therefore,
lattice Gaussian codes [27] are considered, to use randomness within the structure of the
lattice.

In this section we show the main results in this area. Namely, we show here the
definitions, Lemmas and Theorems from [59], [27], [60] and [61]. In the next section we
see how to apply them in order to obtain the GDoF for the symmetric two-user interference

channel with lattices.

Definition 1 (AWGN-good [59] [27]). Let an n-dimensional lattice \, € > 0 and W" an
i.i.d. Gaussian random vector of variance o2 with P{W" ¢ V(A\)} = €, where V(\) is the

2
Voronoi cell of \. Consider y\(o.) = WENT The lattice A is AWGN-good if, Ve € (0, 1),

2
og

nIme Y (0e) = 2Te (6.14)
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and if, for a fixed ypa(o¢) > e, the quantity

P{W" ¢ V(A)} (6.15)

vanishes exponentially fast with n.

Definition 2 (Gaussian distribution [27]). Foro > 0 and c € R", the Gaussian distribution

of variance o2 centered at c € R" is defined as

x—c|?

202, (6.16)

1
f. X) = ——F¢
7:c(x) (v2mo)"
for all x € R". For convenience, fy(x) = fy.0(X).

Definition 3 (Discrete Gaussian distribution [27]). The discrete Gaussian distribution

over N\ centered at c € R" s defined as:

fo.c(N)
fo.c(N)

Dpoc(N) = YA €A, (6.17)

where fy (N) £ Y en fo.c(N), and again for convenience, Dp o = D ..

Definition 4 (Discrete Gaussian distribution over a coset [27]). The discrete Gaussian

distribution over a coset of \ is defined as:

Dp—co(A—c) = VA € A. (6.18)

Note that Dp_ (X — c) is a shifted version of Dp g ().
The following lemma comes from the definition of the flatness factor (1.66).

Lemma 1. [27] Forallc € R" and o > 0, we have:

foc(N) € [1 —en(0), 1+ ep(o)] (6.19)

1
V(N)
The following result shows that when the flatness factor is small, the mean and

variance per dimension of the discrete Gaussian distribution D ... is not so far from the

mean and variance of the continuous Gaussian distribution.



6.2 Preliminary 135

Lemma 2. [60] Letx be sampled from the Gaussian distribution Dp .. Ife = ep(a/2) <

1, then
V2
IEx—cll < T==0 (6.20)
2me
-] 2
‘E{Hx c||] na‘ < 1% (6.21)

Lemma 3 (Entropy of discrete Gaussian [60]). Letx ~ Dpyc. Ife = ep(0/2) < 1, then

the entropy rate of x satisfies

‘%H(x) — [Iog(\/%a) — % log V(/\)} ‘ <é, (6.22)

where ¢/ = — 'Og(l &) 4 e 8)

The following Lemma shows that the sum of the discrete Gaussian distribution and
a continuous Gaussian distribution is very close to a continuous Gaussian distribution if

the flatness factor is small.

. ~ g0p H n H
Lemma 4. [27]: LetGd = Jortal where oy, 0 > 0, and let c any vector in R". Consider

the continuous distribution g on R" obtained by adding a continuous Gaussian of variance

o2 to a discrete Gaussian Dp_¢ o, :

g(x) = ; ( sy Z (x—t), xeR" (6.23)
oo teEA+c
Ife = ex(5) < 3, then 9 js uniformly close to 1:
Vg
wer, |—9I% gl <4 (6.24)
e

The next lemma shows that the probability of a lattice Gaussian distribution falling

outside of a ball of radius larger than \/no is exponentially small [27].
Lemma5. [27]Letx ~ Dp, . ande = ex(o) < 1. Then for any p > 1, the probability

1+e¢
—€

P(llx —¢| > p- Vo) < -B" (6.25)
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where 3 = p- e(1=P)/2 < 1.

Definition 5 (Semi-spherical noise [61]). Let5(0, r) be a ball of radius r centered at zero.

A sequence Z,, is semi-spherical if V) > 0
P(Z,€B(0,(1+€)Vno)) >1-6 (6.26)

for sufficiently large n.

Therefore, x ~ Dy , can be seen as semi-spherical noise. It is known that the
sum of semi-spherical noise and AWGN is semi-spherical [61].
Finally, it is shown in [27], that the discrete Gaussian distribution is capacity

achieving in an AWGN channel.

Theorem 1. [27] Consider an AWGN channel, a signal which as a discrete Gaussian

distribution Dy _. ,, for arbitrary ¢ € R", and noise with variance given by o2, and let the

, . 2 ~ __ 0g0 if o = 1
average signal power be P so that SNR = P/o=. LetG = Jotrer Thenife = ep(G) < 5
and % < g, the discrete Gaussian signalling achieves the capacity

1
Co > 5109 (1+ SNR) - 675 (6.27)

per channel use.

The following definition states that some lattices are good for capacity, since the

gap % to the AWGN capacity vanishes.

Definition 6 (Capacity-good lattices [27]). A lattice A is capacity good if

en (5) < (6.28)

N[ -

where ¢ = —22—.
o5+0o?
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6.3 Achieving the generalized degrees of freedom for the two-
user symmetric interference channel using lattice Gaus-

sian distribution

Consider the two-user interference channel as shown in Fig. 6.2.

= +gwW, +
X1 up W ~ Z Wyt 9%, Ty

Figure 6.2: System model

The channel model is given by

y1=X1 +gxo+171 (6.29)

Yo = Xo + gXi1 + Zo. (6.30)

The transmitted symbols are constructed using a common and a private message

X1 = W71 + Ug (6.31)

Xo = W»o + U (632)

where w; and u; are the common and private messages of user i = 1, 2 respectively. At
receiver 1 wy, gw, and u; are decoded, while gu; is considered as noise. Similarly, at
receiver 2 w», gw; and u, are decoded, while gu; is treated as noise.

Etkin in [2] works with a simple HK scheme for a two-user interference channel
where Gaussian codebooks are used. Therefore, it seems natural to use the idea of
Gaussian distribution if we apply lattices. Consider that w; € Dp,..ow;» 9Wi € Dgp,, ga. -

u; € D/\ul_'gul_ and gu; € Dg/\u,,gau,-
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At receiver 1, we have
Y1 € D, 0w, T Dgnu, 90w, + Day 0w, T Don, 9o, + 21, (6.33)

where z; is AWGN with variance o2 and zero mean. Since we treat u, as noise,
then Dgp,, g0, + 21 is considered as noise. From Lemma 5, if the flatness factor
€gh,, (901,/2) < 1 then Dgp,, 40, + 21 iS NOt sO far from a continuous distribution. With
this, we can treat the new noise Z; = aDgp, g0, + 21 @s AWGN with variance g?c7, + 02,
We consider that the power of the private messages at transmitter 1 is 02 and o7, at
transmitter 2, and the power of the common messages at transmitter 1 is 02, and o3, at
transmitter 2. Further, we consider 02 = 07, = 07, and 03, = 03, = o7,. We also define

SNR. = %, SNR, = %, INR. = 2% and INR, = £% £ 1. Then SNR = SNR. + SNR,

o2 o2

and INR = INR. + INR,,.
In the following subsections we show that it is possible to achieve the GDoF for

each type of interference using the lattice Gaussian distribution.

6.3.1 Very strong and strong interference scenarios

In this subsection we consider the case for the very strong and strong interference. The
interference is said to be very strong when INR > SNR®. The strong interference case
corresponds to SNR < INR < SNR?. In the very strong and strong interference cases
both signals x; and x, are entirely common messages, and there is no private message.

Then x; = wy € D, and x, = wy € D, 0w, We will decode with successive

Owq?
cancellation for both cases without yet defining the type of interference.

Consider the interference channel given by

Y1 =X1 +gxo+171 (6.34)

y2 = X2 + gX1 + z2. (6.35)



6.3 Achieving the generalized degrees of freedom for the two-user symmetric

interference channel using lattice Gaussian distribution 139
or
Y1 = Wi +gws +2; (6.36)
y2 = W2 + gwi + Zo. (6.37)

To decode, we divide the problem in the following two MAC regions.

MAC1

The first MAC is formed by transmitter 1 and 2, and receiver 1. Thus, at the receiver we

have (6.36). The decoding procedure is the following

e Decode y; = w; + Z; where z; = gw, + z7 is treated as the new AWGN noise. This

is valid from Lemma 5 if
€Agus (gow,) < 1. (6.38)

Since this transforms into an AWGN channel, by Theorem 1 we have that if

Owi /G20, + 02 1
Eny, = En,, | —oaV T Tw <3 (6.39)
\/agvl + g0y, + 02
and
7T€/\W1 (UW1/2)
<eg 6.40
T en,, (0w /2) (6.40)
then
1 02 6¢
Ryii1==log(1l+—=—" )= .
Wl,l 2 Og< +920_a/2+0_2> nv (641)

) ] Owy /9202, +02 e
where in this case € = ¢, (1—2> Now, from definition 6 we can say

\/ o0, t9?05,+0?
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that the gap % vanishes as

Owiy/9°02, + 02

1
€N, < = (6.42)
' \/03,1 + g%02, + 02 2
which is the same condition as (6.39). Therefore, we can say that
1 o2
Rwii~ =log(14+ == — 6.43
wl,1 2 Og< +920_3/2+0_2> ( )
e Then decode §; = y; — W1 = gw, + z;. Again we can apply Theorem 1
1 9202
Rwa,1 ~ 7 log (1 + 7”) (6.44)
where the following conditions must be fulfilled
gow,o 1
€ghw, = €ghw, —— | < > (6.45)
\/ 9?03, + 02
and
T€gh,, (Tgw,/2)
<€ 6.46
1- Eg/\wz (gUWQ/Q) 9/\w2 ( )

¢ In a similar way we can decode the signal from user 2 first by saying, y1 = gw, + Z;
where from Lemma 4, z; = w; + z; is treated as the new AWGN noise. Since this
transforms into an AWGN channel, by Theorem 1 we have

1 902,
R ~ | 1+ —== 6.47
w22~ 5 09( + 0'5/1 T o2 ( )

where the required conditions are

Ow, O

©huy 2 2
o2, +o

< (6.48)

1
5
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90w,/ 05, + 02

1
Tg/\w = Eg/\w < =, (649)
’ ’ \/crﬁ,1 + 9203, + 02 2
and
7T-Eg/\wg (UQWQ/Q)
< TgA,, (6.50)
1 - €9Aw, (gawz/Q) 9w

e As above we proceed to decode y; = y; — gWwo, = w; + z;. Again we can apply

Theorem 1
1 2
Rui2 ~ 5 log (1 n %) (6.51)
where we need
T = eny | 22l | < 2 6.52)
1 1 0_5/1 _I_O_Q 2
and
T, (0w, /2)
< 6.53
T en,, (0w /2) ~ ™ (6.59)
MAC2

In a similar way we can obtain the rates for the MAC2 through the following steps

e Decode y> = w» + %>, where Zz, = gw; + z> is the new AWGN noise. This is valid
from Lemma 5. Since this transforms into an AWGN channel, by Theorem 1 we

have

_ 0'2
RWQ’Q ~ — |Og (1 + 920_27“/%1_0_2> (654)
wl

where we need

€ghu, (90w,) < 1, (6.55)
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Ow,y/9°02, + 02 1
EAw, = €N, < 5, (6.56)
\/9205,,1 + 02, + 02
and
men,, (Tus/2)
€ 6.57
T en,, (Ou/2) (©57)
Then decode §, =y, — Wy = gw; + z5. Again we can apply Theorem 1
_ 1 g%02,
Ruwio =~ 5 log (1 + 02W (6.58)
where we require
gow, o 1
Eohy =€y | T | S5 (6.59)
\/9°%03, + 02
and
TE O, /2
oo, (990./2) 6.60)

In a similar way we can decode the signal from user 1 first by saying y» = gw; + 2,

where Zz, = w» + z5 is the new AWGN noise. This is valid from Lemma 4. Since this

transforms into an AWGN channel, by Theorem 1 we have

_ 1 920.2
Ryii1~ =log |14+ —=——_
=R ( 0%2+02>

where

Ow,0
n, | 77— <

1
5

\/ 0%, +0°
gO‘W“/O'aQ + 02

\/9205,,1 + 02, + 02

Tohw, = €ghw, <

1
5

(6.61)

(6.62)

(6.63)



6.3 Achieving the generalized degrees of freedom for the two-user symmetric
interference channel using lattice Gaussian distribution 143

and

7r€g/\w1 (gan /2)
1 - 6g/\wl (gan/Q)

< Ton, (6.64)

e As above we then proceed to decode y, = y» — gWw; = wy +z,. Again we can apply

Theorem 1
_ 1 2
Ruyo1 =~ 5 log (1 + %) (6.65)

with the following conditions

Ow,0 1
EAy, = €A, | —/—— | < =, (6.66)
2 2 ( /o_gVQ +U2> 2
and

7r€/\w2 (UW2/2)
1—en,, (0w,/2)

< EAw, (6.67)

Since we are working with a symmetric interference channel, we can change the

rates obtained above by the following rates:

1 SNR
1

Rop = RW2'1 i~ 5 log (1 + |NR) (6.69)
1 INR

R2B = RW2,2 ~ 5 |Og <1 + m) (670)

1
RlB = RW12%§|09(1+SNR) (671)
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= 1 SNR
RQE = RW2'2 ~ 5 Iog <1 + INR + 1> (672)
= 1
RlE = RW1,2 ~ 5 |Og (1 + |NR) (673)
_ 1 INR
RID = Rwl,l ~ 5 Iog <1 + SNTH) (674)
= 1
R2D = RW2,1 ~ 5 Iog (1 + SNR) (675)

The achievable rates are depicted in Fig. 6.3 and 6.4.

Re A A
Roa
Rog B
>R
Ram Rg
Figure 6.3: MAC1
Rey o
Rop
Roe E
>R
Ro Rg

Figure 6.4: MAC2
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Very strong interference

In this case, since the interference is very strong (INR > SNR?) we can approximate the

rates and easily find the maximum achievable rate, which is given by
1
Rmaxreg1 = RlB = R2D ~ 5 |09 (1 + SNR) (676)

and is shown in Fig. 6.5.

Rop

Rig — R

Figure 6.5: Intersection region for the very strong interference case

From the definition of the flatness factor, the following must be true since ey > 0

e, (0w, /2)
1- E/\Wl (UW1/2)

€Ay, (0w /2) < < Thw, (6.77)

Therefore, from equations (6.52) and (6.53) (conditions for point Rz in Fig. 6.5)

we also have

Ow, 0

/o2 2
Ogy 0

€Ay, (0w, /2) < €p,, (6.78)

This implies the following
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Ow, > Ow, 0
2 \/ 02, + 02
o, > 307
SNR > 3, (6.79)

which is valid since we can assume that for the GDoF, SNR and INR > 1.
This condition is not contradictory to the very strong interference case. Since the
channel is symmetric, we will obtain the same if we consider (6.66) and (6.67), which are

the conditions for R>p.

Strong interference

In this case the final intersection is shown in Fig. 6.6.

Rey o
Rop
Rog B
>R
Rp Rg !

Figure 6.6: Intersection region for the strong interference case

From the definition of the flatness factor the following must be true

7T-Eg/\wg (UQWQ/Q)
1 - Eg/\vv2 (gUWQ/Q)

€ghn, (90w, /2) < < Ty, (6.80)

Therefore, from equations (6.49) and (6.50) (conditions for point R,z in Fig. 6.6)

we also have that
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(90w, /2) 9w/ + (6.81)
Eg/\W2 90w, < Eg/\wz \/ .
o2, +g%02, + 02
This means the following
9ow, < gow,V o2+ o2
2 \/05,,1 + 9202, + 02
1 oz, +0°
4 o2, +9g°%02, + 0
INR > 3SNR
log (3)
14+ ——— .82
@ = 1T g (SNR) (6.82)

From equations (6.52) and (6.53)(conditions for point R,z in Fig. 6.6) and (6.48)
we also have

Ow, O
2) < —— 6.83
€Nwy (UW1/ ) €Aw, (W) ( )

Then
o3, 03, 0°
4 o2, +02
05,,1 > 302
SNR > 3.

(6.84)

Neither (6.82) nor (6.84) are contradictory to the strong interference case. Since
the channel is symmetric, we obtain the same if we consider equations (6.62), (6.63) and
(6.64), (6.66) and (6.67), which are the conditions for point D in Fig. 6.6.

Therefore, we can find the maximum achievable rate
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1 INR 1
5 log (1 + SNR+1) + 5 log (1 + SNR)

Rmax ~ 2
1 1+ INR + SNR
~ —Ig(( T SNR >(1+SNR)>
~ %Iog((l +INR + SNR)) . (6.85)

Then to obtain the GDoF we say as, in the previous section %, where Rawven =

L 1og(1 + SNR):

_ 2 1og ((1+INR + SNR))

dym =~ 6.86
Y L 1og(1 + SNR) ( )

Applying the same strong interference conditions (6.11) as in the previous section,

we obtain

% log (INR)
log(SNR)

- % (6.87)

6.3.2 Moderately weak and weak interference

To find the GDoF for the cases of moderately weak and weak interference, we need to

work with both common and private messages. The system is given by

Y1 = Wi+ gws + U + gup + 21 (6.88)

Y2 = Wp + gwi + U + guy + zo. (6.89)

Again, we consider the problem as the intersection of two MAC regions. The
decoding strategy is to decode the common messages first, then the desired private

message, always leaving the interference private message as noise.
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MAC1
The MAC system is given by (6.88). The decoding procedure is the following:

e Decode y; = w; + %1 where z2; = gws + uy + gus + z7 is the new AWGN noise. This
is valid from Lemmas 4 and 5 and since it transforms into an AWGN channel, by

Theorem 1 we have

1 o
Rwii~ =log |1+ wl 6.90
wl,1 > g < 920_5\/2 + 0_51 + 920_52 + 0_2 ( )

with the following set of conditions

gUWQU

1
€ghy, | —T———=| < 5 (6.91)
\/ 903, + 02
0,0 1
eon,, | ——2l— | < 5 (6.92)
\/ 9?02 + 02
en,, (0u) <1, (6.93)
o \/9203,2 +g202 +02 +0° 1
ENwy = €A,y < 5, (6.94)
\/crﬁ,1 + 9203, + g%02 + 02 + 02
and
TEN,,, (Ow, /2
Onf2) Enn, (6.95)

1—en,, (0w /2)

e Thendecode y; = y; —W; = gws + Z1, where Z; = u; + gu, + z; is treated as noise

from Lemmas 4 and 5. Again we can apply Theorem 1

1 %02
Ruwa1~ =log |1+ L 6.96
w217 5109 ( 02, + 9202, + 02 (6.96)
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with the following conditions

1
e, | L2272 | <2, (6.97)
9 /242 2 2
905, +0o
€n,, (0u) <1, (6.98)
gUWQ \/920'32 + UL211 + 0-2 ]_
Eg/\WQ = Eg/\wz < 5, (699)
\/9203,2 + 9202 +02 +02
and
TEgA,,., (9T, /2
Py (9w2/2) < €, (6.100)
1 - 6g/\W2 (gUWZ/Q)

e In a similar way, we can start by decoding the signal from user 2 first by saying,
y1 = gws + Z; where z2; = w; + gu, + u; + z; is treated as noise from Lemmas 5

and 4. Since this transforms into an AWGN channel, by Theorem 1 we have

Runos~ ~log (1+ 9°0ur (6.101)
w22~ 5109 02, + 02 +g%02 + 02 '

with the following

€Ay, (Owy) <1, (6.102)
€n,, (0u) <1, (6.103)
1
eon,, | 2 | < 5 (6.104)

g%02 + 02
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9ow, \/03,,1 + 9202 +02 +02

1
Tg/\W2 = Eg/\w2 < 5, (6105)
\/9203,2 + 02, + 9?02, + 02 + 02
and
TEgA,,, (9T, /2
Gy (9Tw2/2) < T, (6.106)
1 - €9Aw, (gawz/Q) °

e As above, we proceed to decode §; = y; — gWw»> = wy +Z; where Z; = u; + gu, +23

from Lemmas 5 and 4. Again we can apply Theorem 1

1 o2
Ryio~ —log |1+ wl 6.107
a3 (14 ) (6107

with the following

€n,, (0u) <1, (6.108)

QUUQU

€ A
9Nuy
1/920-22 0-2

< (6.109)

1
5

2 252 2
O‘Wl\/O'ul + 9205, +o

1
ENwy = €A,y < 5, (6.110)
\/05‘,1 + 02 + 9?02, + 02
and
Ten,, (Ow; /2)
<€ 6.111
T en, (0w /2) 6.111)
MAC2

This MAC corresponds to (6.89) .The decoding procedure is the following

e Decode y> = gw + Z> where z> = w» + us + guy + z» is treated as the new AWGN

noise. This is valid from Lemma 5 and Lemma 4. Since this transforms into an
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AWGN channel, by Theorem 1 we have

Rur1~ ~log (1+ 9001 (6.112)
w1~ 5109 02, + g202, + 02, + 02 '
with
€A, (Owy) < 1, (6.113)
€Ay, (Ou,) <1, (6.114)
1
e, | —=L2u? | 2 (6.115)
g?02 + 02
9O, \/03,2 + 02, + g%02 + 02 1
Eghw, = €ghw, <5 (6.116)
\ 0% + P05, + 0%, + 0%, + 02
and
TE O, /2
gAWl (g Wl/ ) < gg/\w (6.1 17)
1 - Eg/\wl (gUW1/2) !

e Then decode §y> = y> — gW; = w» + Z», where Z, = gu; + u, + z5, from Lemmas 4

and 5. Again we can apply Theorem 1

_ 1 o2
Ruy»1~ = | 1 w2 6.118
vl T2 og( +92051+‘732+02> ( :

with

€A, (0u,) <1, (6.119)
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gaula

€Ay, N
\/ 9?02 +o

< (6.120)

N =

252 2 2
UWQ\/g g tog, o

\/g o2, +9g%02 + 02 + 02,0

(6.121)

N

ENwy = EAw,

and

7r€/\w2 (UW2/2)
1—en,, (0w,/2)

<en, (6.122)

e In a similar way we can start by decoding the signal from user 2 first by saying
y> = w» + %>, where z, = gw; + gu; + u» + z; is the new AWGN noise. This is valid

from Lemmas 4 and 5. Since this transforms into an AWGN channel, by Theorem

1 we have
_ 1 o2
Ruso ~ = log (1 + w2 ) (6.123)
v 2 G202, + 9202, + 02, + 02
with
gow, o 1
eony | —m—| <5 (6.124)
\/ 9?02, + 02
g, o 1
e, | =] <5 (6.125)
\/ 9?02 + 02
€Ay, (Ou,) <1, (6.126)
UWQ\/ga + g%02 + 02, + 02 1

g = Cwg 2 2 402
\/ —i—ga —|—ga +o05 +0
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and

Ten, (0w, /2)
1—én,, (Ow,/2)

<Th,, (6.128)

e As before, we decode y> = y> — Wo = gwq + Z,, where Z> = guy + us + z>. This is

valid from Lemmas 4 and 5. Applying Theorem 1

Rura~ 2o (1 + 9°0u1 > (6.129)
wi2 =510 g202, + 02, + 02 '
with
go,, o 1
oy | = | < 5. (6.130)
g%02 + 02
€Ay, (Ouy) <1, (6.131)
9o, \/ g%02 +02 +02 1
sgAwl = 69/\W1 5 > < 5, (6132)
\/9203,1 +g%02 +o02, +0
and
TEgA,, (9Tw, /2
Iy (97w /2) < €, (6.133)
1 - €gAw, (gaW1/2) !

Since we are working with the symmetric interference channel we can change the

rates obtained above with the following rates, and say
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1 SNR,
Ria Rui1 7 5 log (H INRC+INRP+SNRP+1> (6.134)
1 INR,
RQA RW2'1 ~ 5 Iog <1 + SNRp T |NRp T 1> (6135)
1 INR,
Ros Rwa 2~ 510G (H SNRp+INRp+SNRC+1> (6.136)
1 SNR.
RIB RW1'2~ §|Og <1+ SNRp+|NRp+1> (6137)
_ 1 INR,
Rip Rwi1 = 3 l0g (H SNRp+INRp+SNRC+1> (6.138)
- 1 SNR.
RQD RW2'1 ~ 5 Iog (1 + |NRp i SNRP T 1> (6139)
_ 1 SNR,
~ oz 14
Fae Rwz2 ~ 5 log (1 " INR. T INR, + SNR, + 1> (6.140)
_ 1 INR,
RlE RWLQN §|Og (1+ SNRP+|NRP+1> (6141)

The intersection of these two regions, unlike the strong interference case, has two

possibilities. These depend on whether R14 < Rig or R1a > Rie. Suppose Ria < Rig

(region 1), then we have
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SNR.

INR. +INR, + SNR,, + 1
(SNR.)(INR¢ + 1)

(INR. + INR, + SNR,, + 1)(INR. + 1)
INR.SNR

INR2 + INR. + (SNR + 2INR)

SNR(SNR + 2INR)

SNR(SNR + 2INR)
SNR(SNR + 2INR)
SNR(SNR + 2INR)
SNR? 4+ 2SNR - INR
SNR? + SNR - INR

SNR(SNR + INR)

IN

IN

(AN VA N VAN VAN VNS VAN VAN

IN

INR.
SNR, + INR,, + 1
(INR.)(INR. + 1)
(SNR, + INR,, + 1
INRZ + INR.
SNR + 2INR

(INR¢ + 1)(INR.(INR¢ + 1) + SNR + 2INR)

(INR)(INR.INR + SNR + 2INR)
(INR)(INR(INR, + 2) + SNR)
(INR)(INR(INR + 1) + SNR)
INR?(INR + 1) + SNRINR
INR?(INR + 1)

INR?(INR + 1) (6.142)

Obviously, the case for R14 > R1g (region 2) is given by

SNR(SNR +INR) > INR?(INR + 1). (6.143)

We can see that these are the same regions obtained in [2]. These are illustrated

in Figs. 6.7 and 6.8

Rey
A
Roa £
Roe B
-R
R1A R1E 1

Figure 6.7: Intersection region for the weak interference case, region 1
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Re)
Rog E
Roa
|B
~R
R Ria 1

Figure 6.8: Intersection region for the weak interference case, region 2

Similar to the very strong and strong interference cases we verify the flatness
factor conditions. Again from the definition of the flatness factor, e > 0 must be true.

Thus, from (6.94) and (6.95) (which corresponds to the point R14) we have

Ten,, (0w, /2) le\/g o3, + 9207, + 05 +02
< €N, (6.144)
1—en, (0w /2) \/02 + 9202, + 9?02, + 02 + 0?2
we also need
UWI\/gU + g%02, + 02 + 02
E/\Wl (UW1/2) < 6/\W1 (6145)

\/ + 92032, + g202 + 02 + 02

Then

a2, N JWI\/g oz, +9%05, +03 +0°
2
\/ + 9203, + g?02 + 02 + 02
1 gaW2+g +Uu1+0
- >
4 +ga +902 +02 +02

Op, > 39°0 W2 + 392052 + 3%1 + 307
SNR. > 3INR¢ +3INR, +3SNR, + 3
SNR > 3INR+4SNR; + 3

SNR-INR > 3INR?+4SNR + 3INR. (6.146)
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We also verify (6.99) and (6.100), (which corresponds to the point R>4)

gos, \/(92052 +02 +02)

\/9203,2 + g%02, + 02 + 02

€gMu, (90w2/2) < €gp,,, (6.147)

then

90y, g0y, (%07, + 05 +0°)
4 g%02, + g%02 4+ 02 + 02
(9°0%, + 03, +02)
g%02, + g?02 + 02 + 02
2 2

9’0y, > 3g°0, + 30, +30°

Sl

INR. > 3INR,+3SNR, + 3

INR?> > 4INR +3SNR + 3INR. (6.148)

We have two more restrictions given by the relationship between (6.99) and
(6.127). Let us say that (6.99) is bigger than (6.127). We can verify that ex(0) = egn(g0)
(see Appendix B), then

T, \/9203,,1 + 9202 +02 +02 9ow, \/92032 + 02 + 02
E/\W2 < Eg/\W2
\/UEVQ + 9203, + 9?02 + 02 + 02 \/920%2 + 9202 +02 +02
9?02 + 02 + 0> _ g%03, +g’02 + 03 + 02
g%03, + 9?02 + 02 + 02 o2, +9g%02, +g%02 +o02, +0°
INR, + SNR,, + 1 ) INR, + INR, + SNR, + 1
INR. + INR, + SNR, + 1 SNR. + INR. + INR, + SNR, + 1

(INR, + SNR, + 1) (SNR+INR+ 1) < (INR+SNR,+ 1)
SNR +INR, + SNR, - SNR < INR?+ SNR2 + SNR,

SNR - INR? + INR” + SNR,SNR - INR* < INR* + SNRZINR? + SNR, - INR®.

INR+INR - INR3+ 1 N 1
SNR ' SNR? SNR2 ' INRSNR ' SNR'

(6.149)
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We will see later that this corresponds to region 1.

Obviously when (6.99) is smaller than (6.127), we have

INR+ INR . INR3+ 1 N 1
SNR ' SNR? SNR2 ' INRSNR ' SNR

(6.150)

which corresponds to region 2.

Since the channel is symmetric, we will obtain the same if we consider equations
(6.127) and (6.128), (6.132) and (6.133),which are the conditions for point £ in Fig. 6.7
or 6.8 and (6.132) and (6.94).

The maximum common rate can now be calculated from these two regions. For

the first region we have

Romeost = RIA‘;RlE
~ Llog (1 + SNR. ) +Liog (1 + INR. >
2 INR. + INR, + SNR, +1) " 2 SNR, + INR, + 1
~ Elog << SNR+INR + 1 ) (< SNR, +INR +1 >>
2 INR + SNR, + 1,/ '\INR, + SNR, + 1
~ Elog< SNR + INR + 1 )
2 °9\SNR, + INR, + 1
< Lo, ((SNR +INR+ 1) (INR. + 1)>
4 SNR + 2INR
~ %Iog <1+ (SNRSLEE)Q(I'SFT 1)> (6.151)

Due to the symmetry of the channel, featRee gives the same result.
y y 2

For the second region we have
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Rmaege = Roa = Rie
= log (1 + INR. >
SNR, + INR, + 1
SNR, + INR + 1
<SNRP+¢NRP+1>
(SNR, + INR + 1)(INR, + 1)
<$NR¢+NRP+DUNRK+U>

SNR + INR + INR?
SNR + 2INR

INR(INR — 1)

Q

NI~ NI~ NI~ N~ N

o
Q@

o
Q@

o
Q@

Q

Since we have already found w; and wy, to find the private message we simply do
the following: for user 1 and from Lemma 4 we consider gu, as noise and say y; — wi —

gWo = u; + (guo +z1). Then
0.2
Ry1 ~ = log <1-+-————ﬂl———> (6.153)

with the set of conditions

€gA _ PTwT | l (6.154)
9wz 2 2 2 2
\/ 9?02, + 0o

Tu G+ T L 6.155
8/\ul - 6/\L11 \/0_2 + ) 5 < 5’ ( . )
uy g UUQ + o
and
7r€/\u1 (Uul /2)
<€ 6.156
T en, (00/2) =M (6.156)
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And for user 2, we consider gu; as noise from Lemma 4 and say y, — W, — gWw; =

us + (guy +z). Then

Rup~ Llog (14 — T (6.157)
w2 5109 g?02, +02)" '
with the following set of conditions
9o, o 1
oy | | <3 (6.158)
g%02 +0?
Ouy /9202 + 02 1
ENyy = €Ny, < > (6.159)
\/032 + g%02 402
and
TEp,. (Ou,/2
» (92/2) < p, (6.160)
1- EAuz (UU2/2) 2
Again since we are working with a symmetric channel, the maximum private rate
is given by

1 SNR,

From the conditions (6.155) and (6.156) we have

O/ 902, + 07
Ve (6.162)

\/051 + g2%02 + 02

EAul (UU1/2) < E/\ul
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Then

oo o5, (g°07, +0°)
4 o2 + 9?02, + 02

03 > 392052+302

SNR, > 3INR,+3

SNR > 6INR

log (6)

@ < 1455 (SNR)

(6.163)

Because of the symmetry of the channel conditions (6.159) and (6.160) give the
same result as (6.163).

We also see that equations (6.126) and (6.131) are the same, and smaller than
(6.92). Equation (6.92) is the same as (6.97) and (6.154), and smaller than eg,,, (904, /2),
which is smaller than (6.159). Thus

Ou/ 9?02 + 02
€A, (Ou,) < €p,, <

\/052 +g2%02 +0?

1
=, .164
> (6.164)
It is important to verify these equations to be sure there are no contradictions with the
flatness factor conditions. This is similar for (6.93), (6.98),(6.125),(6.130),(6.158) and
(6.155) due to the symmetry of the channel.

Therefore, we have the following conditions

INR?> > 4INR +3SNR + 3INR, for any region (6.165)
SNR-INR > 3INR? + 4SNR + 3INR, for region 1 (6.166)
INR INR INR® 1 1 .
% + W +1 < SNR2 + INRSNR + SNR' for region 1 (6.167)
INR INR INR® 1 1 _
SNR + SNRZ +1 > SNRZ + INRSNR + SNR' for region 2 (6.168)

SNR > 6INR, for any region (6.169)



6.3 Achieving the generalized degrees of freedom for the two-user symmetric
interference channel using lattice Gaussian distribution

163
From (6.165) we have
INR®> > 7INR + 3SNR
INR® > 7INR? + 3SNRINR
INR3 7INR?> 3INR
> + 6.170
SNR? SNR? SNR ( )
this approximates to
INR > 7. (6.171)
From (6.166) we have
SNR-INR > 3INR? + 4SNR + 3INR
3INR 4 3
1 SNR TINR T SNR (6.172)
this approximates to
SNR > 3INR.
1 log 3 n log INR
log SNR ~ log SNR
log 3
a < 1_|ogSNR' (6.173)
From (6.167) we have
INR+ INR _ INR3+ 1 N 1
SNR ' SNR?2 SNR2 ' INRSNR ' SNR
INR INR INR3 1 1
4 174
SNR ' SNRZ ' ©  SNR? ' SNRINR | SNR (6.174)
which approximates to
INR3
SNR?

—. A7
a > 3 (6.175)
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From (6.168) we have

INR®
1 2
SNR
2
a < 3 (6.176)
From (6.169) we have
SNR > 6INR

logSNR > logINR + log 6

(6.177)

We will see shortly that (6.165), (6.166), (6.167), (6.168) and (6.169) are not con-
tradictory to the weak or moderately weak interference channels.
For the two possible maximum rates of the common messages and the private

rate, we can find the total rate and derive the GDoF.

Rmax ~ min{Ru + Rmaxreg1v Ru + RmaxregZ}
Rawen % log(1 + SNR)

Rmax

%

1 SNR? (SNR+1)(INR —1)
m'”{Z")g((HW) (H SNR + 2INR >>

poa (1 ) (S

2
min{%log <<2INR+SNR> (INR + SNR + 1)> ,3|og <SNR+ INR + INR >}

%

4INR 2 2INR
o1 SNR, 1)\ 1 SNR 1
.1 1 SNR 11 INR

(6.178)
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Then
R min{} log (INR + SNR + 1)) + 1 log (1 + SR ) — 4. 310g (1+ INR + ) — 1
Rawen % log(1 + SNR)
_ min{7log(SNR) + 7 log(SNR) — 7 log(INR), 5 log(INR)} (6.179)
% log(SNR) '

where we have considered that SNR < INR?.

Roax . 1 log(INR) log(INR)
Ron = MM = 5105(SNR)" Tog(SNR) | (6.180)
; 2 log(INR)
As seen previously o = Tog(SNR)’ then
RHK . 1
~ min{l—--a,« 6.181
R {1-5a.a} ( )

Here we have two results, depending on the level of interference. The first one,
1 — Lo is valid when SNR (SNR + INR) < INR? (INR + 1) (represented in Fig. 6.7), and
can be further simplified if we consider that SNR, INR > 1 and SNR > INR. We obtain
that

< w =aq, (6.182)

2
3 " 1og(SNR)

which is the same as condition (6.175). For the other region o < % which is the same as

condition (6.176). Obviously, for these two region conditions (6.171), (6.173) and (6.177)

are achievable.

6.3.3 Noisy interference

For noisy interference we only have the private messages. Then x; = u;, and x; = uo.
Consider that both u; € Dp, ¢, @and uz € Dy, ¢,,, @nd that for noisy interference INR? <
SNR. This case is very similar to the very strong interference, except here we use private
messages instead of common messages. The rates are the same as the ones obtained
for the very strong and strong interference cases except here we can approximate them

as follows
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1 SNR
RlA = RW]_']_ ~ 5 |Og (m) (6183)
1
RQA = RW2,1 ~ 5 |Og (lNR) (6184)
1
RQB = RW2'2 ~ 5 Iog (1) (6185)
1
RlB = RWLQ ~ 5 |Og (SNR) (6186)
- 1 SNR
RQE = RW2'2 ~ 5 |Og (m) (6187)
- 1
RlE = RWLQ ~ 5 |Og (lNR) (6188)
= 1
RlD = Rwl,l ~ 5 Iog (1) (6189)
- 1
R2D = RW2,1 ~ 5 |Og (SNR) (6190)

The intersection of both MAC regions is shown in Fig. 6.9.
R

2

Rop

Roe

\

Roa

Rog R
Rip RiE Ra R

Figure 6.9: Intersection region for the noisy interference case

Therefore, the maximum achievable rate is given by

NR
Roax = R1a = Rog = %Iog (?N—R> = log (SNR) — log (INR). (6.191)

And the GDoF is given by
N % log (SNR) — % log (INR)

Ay ~ 1-a. 6.192
d Llog(SNR) “ (6.192)
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To conclude the chapter, we can summarized that we have obtained as

l—a for0<a<1/2 Noisy;

a for1/2<a<2/3 Weak;
R
C = 1-% for2/3<a<1  Moderately Weak;
AWGN
3 forl<a<?2 Strong;
1 foroa > 2 Very Strong.

With these results we demonstrate that we have obtained the same regions as
Etkin and that the final GDoF using Gaussian lattices is the same as when random code-

books are used.

6.4 Conclusions

In this chapter, we have found the GDoF of a two-user symmetric interference channel
with lattices. The GDoF for this scenario has been demonstrated before using random
coding. Here we use lattice Gaussian distribution to put randomness in the structure of
the lattice. We demonstrate that using lattice Gaussian distribution, and by considering
some properties of the flatness factor of the lattices, we can find the same GDoF for all
types of interference as was found using the random coding technique, with a HK scheme
where private and common messages are used. We can conjecture that this could be
extended to a K-user symmetric interference channel because of the use of lattices, since

the interference will automatically be aligned at the receivers.
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Chapter 7

Conclusion and Future Work

7.1 Conclusions

This thesis focuses on interference management techniques for the interference chan-
nel. We mainly worked with the interference alignment technique, which allows to align
all interference at the receivers, and leave 1/2 of the signal space for the desired signal.
We approached the problem from two perspectives. The first is addressed in Chapter
3. Here we worked with interference alignment from the signal space perspective as the
one originally proposed in the renowned paper by Cadambe and Jafar [10]. We noted that
many papers deal with the interference alignment method proposed by [10] in terms of
rate and DoF achievability for many scenarios, but few have focused on the performance
of the technique. We therefore applied some precoding techniques such as SVD and
THP along with bit and power loading techniques to show that the performance of the
Cadambe and Jafar interference alignment scheme can be improved. Later in Chapter
4, we focused our work on the signal scale perspective of interference alignment. In that
chapter, we still used Cadambe and Jafar’s original scheme but we assumed the matri-
ces that jointly represent the channel and the precoding are the generator matrices of a
lattice. Here we worked with a three user many-to-one interference channel and aligned
interference by designing the precoding matrices along with unimodular matrices. After
that, and using the properties of the lattice, we derived a bound for the probability of error

considering a maximum likelihood decoder. We found a result that relates the theta series
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of the joint received lattice and the theta series of the interference lattice. Since the theta
series is closely related to the flatness factor of the lattice, we verified the hypothesis that
to minimize the error probability, the interference lattice must have a big flatness factor.
We also presented some design criteria for the lattices for the direct channels 2 and 3.
In Chapter 5, we continued to work with lattices. In this case we used BW lattices for
the symmetric (fully connected) interference channel. We mimicked the work presented
in [5] where a multilevel strategy is used to achieve the GDoF for the symmetric interfer-
ence channel. However, their strategy only considers one-dimensional codes, leaving the
possibility for improvement. For that reason we decided to use lattices, in particular BW
lattices, not only because of the better performance that we can obtain with lattices but
also because of their similarities since they can be built using a multilevel construction
similar to the one used in [5]. We showed that we can improve the error rate and, since
we followed their design in the construction of the codewords, we can also conjecture we
can achieve the GDoF. In Chapter 6, we continued to work with lattices to achieve the
GDoF with general lattices. In this chapter we focused our attention on [2], the first paper
to work with the GDoF for every type of interference, although only for two users. Their
strategy involves using random Gaussian codewords. Since the proofs for capacity and
DoF normally use random codes, we worked with the lattice Gaussian distribution [27]
to take advantage of the higher dimension of the lattice and of the randomness that the
Gaussian distribution can provide. We found that under some constraints of the flatness

factor of the lattices we can also achieve the GDoF for all types of interference.

7.2 Future work

We see that there are still many open questions to be answered on interference align-
ment. We simplified our research by working with special channels, to contribute to the
understanding of the interference alignment problem. Our work showed an improvement
in error probability and designed a path to obtain methods to implement codes for inter-
ference alignment.

In particular, an open issue is to find optimal precoders for interference alignment
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in the signal space. One idea is to rotate the signals at the transmitters such that at the
desired receiver, most of the signal is projected into the desired subspace. We believe
this would improve the performance of the Cadambe and Jafar scheme. However, finding
this rotation matrix is not trivial.

In terms of error probability and its bounds, we found a result for the many-to-one
interference channel with lattices. The extension to fully connected channels is an open
problem, using the properties of lattices such as the flatness factor.

We also showed that using Jafar’s Q-base representation idea and BW lattices
it is possible to improve the performance of the interference channel. However, a new
idea would be to extend this either by using any construction D lattice or by using nested
lattices in each level.

For the last chapter, the design of a practical working scheme with Gaussian lat-
tices for interference is still an open issue.

One of the big open problem corresponds to the global channel knowledge that
interference alignment requires. For this, some authors are working on the subject of the
Grasmannian manifold. In those papers, the channel is estimated at the receivers and
a truncated unitary matrix that spans the same subspace of the estimated channels is
fed back. The receiver quantizes this subspace into codewords whose codebooks are
known at both the receivers and transmitters. The receivers then broadcast the index of
this quantized codeword to the transmitters. The quantized codeword is the closest point
on the Grassmannian manifold. We wonder if these codebooks can be constructed using

structured codes.
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Fisher-Huber optimization
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In this appendix, we will solve the FH optimization. Recall the optimization problem given

by equations (3.14)-(3.15):

Thus, the optimization transforms into:

351

SNR _
’ Ziil Nj2Ri

subject to:

Rr =Y R, = constant

Using Lagrange

357 D
L:——T — MR =Y R
z/‘il Nj2Ri ( ; I)

without loss of generality, let us consider that we will find the differential for R;.

oL
R, "
0 35t
OR1 <N12R1+N22R2+...+ND2RD _A(RT_Rl_R2—"'—RD)> =0

(A.4)

(A.5)

Assigning the following variables P, = 2/, B; = Ny P, +Z£2 N;2Ri) A = %, and using
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the chain rule
oL oL 0A; 0B; 0P,

_ N A6

BR. _ 0A, 0B, 0P, 0R; (A.6)
oL _ . —357 N 2Rog()+A=0 (A7)
OR1 (N12R1 + Np2R2 .. + Np2FRDp)

Which transforms to

SNRy

R _

But we define SNRy to be constant. Clearly 357 is constant too, and then >~ N;2Ri is also
constant. Hence:

N; - 2F1 = constant, (A.9)
But, now if we run the same derivation on R, we will get

SNRo

— N> -2 0g(2) = A, A.10
Z/D:1 N,-2R: 2 9( ) ( )

which is exactly the same as before. Hence

N;2Ri = constant (A.11)

With these, the rate and energy are obtained in [28].






Appendix B

Proof of ¢)(0) = e p(g0)

Given the theta series of a lattice

N

1 _lix
Oa <exp 2a2) = exp 202,
XEN

and the definition of the theta series

R4 GY
EA(U) - (\/ﬁg)”

O <exp_ﬁ) -1,

Then

xegh XEN
Consider now
! _ Pk _ P
Qg/\ (exp 29202) = Z exp 29%0° = Z exp 20?7 =
x€EN XEN

Also

V(A) = /det(M'M),

On (expfﬁ>

185
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where M is the generator matrix of A, whose dimension is n. Then

V(gN\) = v/ g?"det(M’M) = ¢g"V(A). (B.6)
And
_g"V(N) L __vin ~L _
€gn(go) = We/\ (exp 20 > —-1= me/\ (exp 20 > —1=¢€p(o). (B.7)



