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Abstract

In this thesis, we prove a variety of discrete Agmon—Kolmogorov inequalities and apply
them to prove Lieb-Thirring inequalities for discrete Schrodinger operators on ¢2(Z). We
generalise these results in two ways: Firstly, to higher order difference operators, leading to
spectral bounds for Tri-, Penta- and Polydiagonal Jacobi-type matrix operators. Secondly,
to £%-spaces on higher dimensional domains, specifically on £2(Z2), ¢?(Z3) and finally ¢2(Z%).

In the Introduction we discuss previous work on Landau—-Kolmogorov inequalities on
a variety of Banach Spaces, Lieb-Thirring inequalities in L?(R?), and the use of Jacobi
Matrices in relation to the discrete Schrodinger Operator. We additionally give our main
results with some introduction to the notation at hand.

Chapters 2, 3 and 4 follow a similar structure. We first introduce the relevant difference
operators and examine their properties. We then move on to prove the Agmon—Kolmogorov
and Generalised Sobolev inequalities over Z of order 1, 2 and o respectively. Furthermore,
we prove the Lieb—Thirring inequality for the respective discrete Schrodinger-type operators,
which we subsequently lift to arbitrary moments. Finally we apply this inequality to obtain
spectral bounds for tri-, penta- and polydiagonal matrices.

In Chapter 5, we prove a variety of Agmon-Kolmogorov inequalities on ¢?(Z?) and
(%(Z3). We use these intuitive ideas to obtain 27°! Agmon-Kolmogorov inequalities on
(%(Z%). We continue from here in the same manner as before and prove the discrete Gen-

eralised Sobolev and Lieb—Thirring inequalities for a variety of exponent combinations on

2(Z.%).
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Chapter 1

Introduction and Main Results

In this chapter, we give an account of previous work on three topics and introduce our main
results. These three objects of study will, in the order presented, be examined throughout
the majority of this thesis. However, we will study them on discrete rather than continuous
spaces, answering the canonical question of whether the methods can be extended to such
spaces, and what the differences might be. First we discuss functional inequalities on a
variety of Banach spaces, broadly categorised as Landau—Kolmogorov inequalities. We
then continue to give an account of previous advances on Lieb—Thirring inequalities for
the eigenvalues of the Schrodinger operator. Thirdly, we observe the representation of the
discrete Schrodinger operator as a Jacobi matrix operator, after which we finally present

our main results.

1.1 Landau—Kolmogorov Inequalities

In 1912, G. H. Hardy, J. E. Littlewood and G. Pélya (see [HLP52]) proved the following

inequalities for a function f e L*(R):
1/2 1/2
122 =00r00) < 1F 15t oo coy 1F 1 224t 0y (1.1)

11 22(0.00) < V2500 00y | |0 00 (1.2)
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with the constants 1 and /2 being sharp. These results sparked interest in inequalities
involving functions, their derivatives and integrals for a century to come. Specifically, in

1913, E. Landau (see [Lanl13]) proved the following inequality: For Q € R, and f € L*(Q):

1/2 1/2
1Dy < VI 12 0y 112 -

with the constant v/2 being sharp. This result in turn was motivation for A. Kolmogorov
(see [Kol39]), where in 1939 he found sharp constants for the more general case, using a
simple, but very effective inductive argument to extend the case to higher order derivatives:

) nk/n -k/n
1Oy < OO ) L1200

where, for k,n € N with 1 < k < n, he determined the best constants C(k,n) € R for

Q =R. Namely, C(k,n) = an_ka;LHk/ " where a,, are the Akhiezer-Krein-Favard constants:

'_4 oo (_1)k n+1
a”'__z[2k+1] '

T k=0

Since then, there has been a great deal of work on what are nowadays known as the Landau-

Kolmogorov inequalities, which are in their most general form: .

£l ir < K (kyn,p,07) £ 20l £17

with the minimal constant K = K(k,n,p,q,7). The real numbers 1 < p,q,r < oo;
k.n e N with 1 < k <n and «o,8 € R take on values for which the constant K is finite
(see [Gab67]). The simple inductive argument by Kolmogorov left many future papers on
Landau—Kolmogorov inequalities to be solely concerned with the case k=1, n = 2.

Besides A. Kolmogorov’s result, and that of G. H. Hardy, J. E. Littlewood and G. Pélya,
there is only one more case for which the sharp constant is known, namely, p=qg=7=1, as
shown by E. M. Stein (see [Ste57]).

However, literature on discrete equivalents of those inequalities remained very limited for
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a long time. In 1979, E. T. Copson (see [Cop79]) was one of the first to find equivalent results
for sequences, series and difference operators. Indeed, he found the discrete equivalent to
(1.1) and (1.2). For a square summable sequence, {a(n)}ncz € £*(Z) and a difference

operator (Da)(n) :=a(n+1)—a(n), we have:

1/2 1/2

[Dall2(o0,00) < N0l ¢ e ooy D0 oy (1.3)
1/2 1/2

[Dall2(0,00) < V2lal £ o0y | D®all g ey (1.4)

with the constants 1 and v/2 yet again being sharp. For the case of ¢?(Z), these constants
were reconfirmed to be sharp by H. A. Gindler and J. A. Goldstein (see [GG81]), by using
Banach space techniques. They viewed the difference operator as a combination of the shift
operator A, and the identity operator, I, and then used known results from dissipative
operator theory. Z. Ditzian (see [Dit83]) then extended those results to establish best
constants for a variety of Banach spaces, adding equivalent results for continuous shift
operators f(z +h) - f(z); z € R, f e L2(R).

Comparing inequalities such as (1.1) and (1.2), with (1.3) and (1.4) respectively, it
was suspected that sharp constants were identical for equivalent discrete and continuous
Landau—Kolmogorov inequalities for 1 < p = ¢ = r < oo. Indeed, in the cases p = 1,2, o0,
this was true for the whole and semi-axis. However, the general case has since been shown
to be false, as for example demonstrated in [KKZ88] by M. K. Kwong and A. Zettl, where
they prove that for many values of p, the discrete constants are strictly greater than the
continuous ones.

Another important special case of the Landau-Kolmogorov inequalities is the Agmon in-
equality, proven by S. Agmon (see [Agm10]). Viewed as an interpolation inequality between

L*®(R) and L?(R), he states the following:

£z < 11 oy 1 1 oty
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The Agmon inequality is widely known and specifically applied in Spectral Theory, as
we shall see later in the case for Lieb—Thirring inequalities on R. Thus, throughout this
thesis we shall call, for a domain €2, a function f € L?(2), a sequence ¢ € £*(Q), a, 3 being

Q-valued functions of the integers k, n with k <n and constants C (£, k,n), D(Q,k,n) € R:

a(k,n n k,n

19N L@y < C(2k,m) LI5S e 1F ™1 (1.5)
a(k,n n k,n

[D¥ )= (@) < Dk m) [l gy 1 D™y (1.6)

Agmon-Kolmogorov inequalities, where (1.6), for € := 7% will play a major role in this
thesis, first with d =1 and then with arbitrary d € N.

In continuous space, there has been much progress regarding the sharp constants of
Agmon-Kolmogorov inequalities. In fact, Taikov found the best constant for (1.5) in [Tai68],

with Q =R, a(n, k) = n_k_l/Q, B(n, k) = k+Tl/2 Indeed, he found:

n

1/2
C(R,k,n):( L ! ) .

(2]<: + 1)(2k+1)/2n(2n — 9%k — 1)(2n—2k—1)/2n Sinﬂ%

A. Ilyin in turn found sharp constants for the same inequality (see [Ily98]) for periodic
functions f with zero mean value.

Our approach specifically deals with Agmon—Kolmogorov inequalities of the type in
(1.6), using a combination of the arguments by S. Agmon in [Agm10] and H. A. Gindler
and J. A. Goldstein in [GG81], in addition to the induction argument by A. Kolmogorov
in [Kol39]. We thus use these inequalities to obtain Lieb—Thirring inequalities using the

widely-applied method by A. Eden and C. Foias in [EF91].
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1.2 Lieb—Thirring Inequalities in L?(R%)

Our second topic of interest will be the so called Lieb—Thirring inequalities. We will prove
a variety of discrete equivalents and apply them to obtain spectral bounds for Jacobi-type
matrix operators. As a motivation for the study of discrete problems, we recall known
results for continuous multi-dimensional Schrédinger operators. Let H be the Schrodinger
operator acting in L2(R%), let V e LY*42(R4), v > 0, be the potential and let {ej}j»v:l and

{wj(x)}jj\il with N € N:= Nu{co} be the associated negative eigenvalues and eigenfunctions:

Hpj(z) = =Avp(z) + Vpj(x) = ej9; ().

In 1975, E. Lieb and W. Thirring proved the so called Lieb—Thirring inequalities (see
[LT75]), which relate y-moments of these eigenvalues {e; }]Ai | with the potential V e LY*4/2(R%)

via the following estimate:
N dj2
Ylel" < Ly [ V()" P, (1.7)
j=1

where V_ = (|V|-V')/2 is the negative part of V' and L, 4 is described below.

It is known that the constants L, 4 are finite if v > 1/2 (d = 1), v > 0 (d = 2), and
v >0 (d>3). If y =0 (d > 3) the inequality (1.7) is simply an upper bound for the
number of eigenvalues, and is referred to as the CLR~inequality (Cwikel-Lieb—Rozenblum)
(see [CwiT7], [Lie76] and [Roz72]). The case v = 1/2 (d = 1) was proved by T. Weidl in
[Wei96].

In all these cases we have the following Weyl-type asymptotic formula for the eigenvalues

of the operator H(a) = -A+aV :

S lesl = a2 2y 0 [ [ (e + V(@) de +o (a7 0)
=1

= a1 f Vo(@)"*Pdr +0(a7 ), as a - oo, (18)
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where
T(y+1)
2072 (y +df2 + 1)’

1= m) " [ (g - 1) - 720

Therefore the sharpness of the constants L, 4 appearing in (1.7) could be compared with
the values of Lfy{ 4~ Then (1.8) implies that L. g > Lgly -

In some cases the values of sharp constants L, are known. However, they do not
always coincide with Lgl,d. It has been proven in [LT76] that Ls; = 3/16. In [AL7S],
Aizenman and Lieb were able to obtain sharp constants L. ; for all v > 3/2. They found a
simple way to ”lift” the moments of any result of the Lieb—Thirring inequality for a fixed
v to v+ n, n € N. This argument is widely used, and we shall employ this method in every
chapter of this thesis.

Later A. Laptev and T. Weidl obtained sharp constants for L, 4 for all v > 3/2 in any
dimension (see [LW00]) , by using an operator version of the Buslaev—Faddeev—Zakharov
trace formulae and then applying induction with respect to dimension. If v =1/2 and d = 1
then L;/;; = 1/2 was found by D. Hundertmark, E.B. Lieb and L. Thomas in [HLT98].

Several attempts have been made to improve estimates for the constants L, 4. For
1/2 <y < 3/2, Hundertmark, Laptev and Weidl (see [HLWO00]) found the constant to be not
greater than 2L§l’ 4+ Recently this has been improved for 1 < < 3/2 by J. Dolbeault, A.
Laptev and M. Loss (see [DLLOS8]) to cL%{ 4 ¢=18... . They used methods derived from
A. Eden and C. Foias (see [EF91]), who improved the constant in one dimension for v > 1,
using a simple and elegant proof. Having applied the Agmon inequality to suborthogonal
sequences of orthonormal functions, they arrived at the Generalised Sobolev inequality,
which is the dual to the Lieb Thirring inequality.

Although Lieb-Thirring inequalities for Schrédinger operators acting on L?(RY) at-
tracted attention of many specialists during the last two decades, the literature on the
study of their equivalent inequalities for discrete operators is limited. One of the main aims
of this thesis is to emulate and combine the approaches in [EF91] and [DLLOS8] to obtain
Lieb—Thirring inequalities for discrete Schrédinger-type operators of arbitrary order and

arbitrary dimension.
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1.3 The Discrete Schrodinger Operator as a Jacobi Matrix

The third topic to be discussed in this thesis is the representation of the discrete Schréodinger
operator as a Jacobi-type matrix operator. A self-adjoint Jacobi operator is a symmetric
linear operator acting on the Hilbert Space of square summable sequences ¢2(Z).

It is given by

viewed as an operator acting on {¢(n)}nez € £2(Z) via:

(We)(n) = an-19(n—=1) +bpp(n) + anp(n+1), for neZ,

where a,, > 0 and b,, € R. The operator will then be bounded and can hence be viewed as
the one-dimensional discrete Schrodinger operator if a,, = 1. We will use the Lieb—Thirring-
type inequalities to obtain spectral bounds for tri-, penta- and polydiagonal Jacobi-type
matrices; the latter two simply being generalisations of the former. By pentadiagonal we
mean two diagonals above and below the main diagonal, and by polydiagonal arbitrarily
many. This was inspired by the work of D. Hundertmark and B. Simon in [HS02], where
they were able to find spectral bounds for these operators. We thus state their result:

If ayn, b, € R and a, — 1, b, — 0 rapidly enough, as n — oo, the essential spectrum

Oess(W) of W is absolutely continuous and coincides with the interval [-2,2] (see for
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example [BG99]). Besides, W may have simple eigenvalues { £ }]Ai * where N, €N, and
Ef>Ey>..>2>-2>..>FE; > E].

Theorem 1.1 (Hundertmark-Simon [HS02]). Let {by }nez, {@n — 1}nez € £2(Z). Then

%((E TR 3 (02 G SR S ] (19)

Jj=1

Moreover, if {by}nez, {an — 1 nez, € O7V2(Z), v > 1/2, then

Ny N_ oo oo
SIE =2+ Y |E; + 20 <ky | X a4 Y Jan 1] (110)
j=1 J=1 n=-00 n=-—o00

where

- c c I'(y+1
k=23 IS, nd LS =5 (F('V +)3/2)'

We note here that the inequality (1.9) is sharp and this is the only case when sharp
constants in Lieb—Thirring inequalities are known for Jacobi matrices. By their method of
generalisation, however, they lost optimality for v > 1/2. We will specifically improve those
constants in Chapter 2, which is based on the author’s work in [Sah10]. Additionally, in
Chapters 3 and 4, we generalise these ideas to higher order operators in the form of penta-

and polydiagonal matrices.

Main Results

We present our main results, regarding the 2"¢, 4" and o' order Schrédinger-type difference
operators and their relation to tri-, penta- and polydiagonal Jacobi-type matrix operators.
Additionally, we provide the Agmon-Kolmogorov and Lieb-Thirring inequalities on £2(Z%).
For ease of reading, we introduce the following notation for a specific type of inequality:
Nameof inequality — (operator, zZF ), where we have two parameters: the operator under

consideration and the ¢?-domain on which the underlying sequences act.
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1.4 Spectral Bounds for Tridiagonal Jacobi Operators

For a sequence {¢(n)}nez, let D and D* be the difference operator and its adjoint (with
respect to the standard inner product) respectively, denoted by De(n) = p(n+1) - ¢(n),
and D" (n) = p(n—1) - p(n).

We let {@Z)j}j]\il, N € N, be the orthonormal system of eigensequences in ¢?(Z) corre-

sponding to the negative eigenvalues {e; }Jj\i , of the discrete Schrodinger operator Hp:

(Hpj)(n) = D*Dipj(n) = bupi(n) = ejip;(n),

where j € {1,..., N} and we assume that by, > 0 for all n € Z. The discrete Lieb—Thirring

inequality is concerned with estimating those negative eigenvalues. We thus have:

Theorem 1.2 (Lieb-Thirring Inequality — (Hp,Z)). Let by >0, {by}nez € 77Y2(Z), v 2 1.

Then the negative eigenvalues {ej}j-\il of the operator Hp satisfy the inequality

N
> lesl" < Y B,
j=1

nez

where

v.o T

771_\/3

L(vy+1)
L d L = .
v A ST S T (y + 3/2)

Remark. We will use a reflection argument to prove that the Schrédinger-type operators
-Hp=-D*D+b and Hp:=(D*D-4)+b have identical spectra. Therefore the negative
eigenvalues of Hp coincide with the positive eigenvalues of Hy,. We thus have a similar

result for the positive eigenvalues of the operator Hp,:

Corollary 1.3. Let b, > 0, {by}nez € 7*Y2(Z), v > 1. Then the positive eigenvalues {ej}j]\il

of the operator Hy, satisfy the inequality

N
doe < ) b2,
j=1

nez

with 1] given above.
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We then use the above estimate and proceed with a spectral estimate for our tridiagonal

Jacobi matrix operator, W7, denoted by:

W |

viewed as an operator acting on {o(n)}nez € £2(Z), via:
(Wi@)(n) = an-19(n - 1) + bpp(n) + anp(n+1), forneZ.

As before, we assume that a,, b, € R and a,, - 1, b, — 0 rapidly enough as n —» +oo. We
have 0ess(W7) = [-2,2] and Wi may have simple eigenvalues {E]*}]]\ii1 where N, e N. We

then improve on the result in [HS02], by obtaining better constants:

Theorem 1.4. Let v > 1, {by}nez, {an — 1}nez € W”/Q(Z). Then the following inequality

Ny

holds true for the eigenvalues {E7} %

of the operator Wy :

N_ N,
Z |EJ +2|7 + Z |E;r -2 < V? ( Z |bn\7+1/2 4 Z lan — 1’%1/2) .
J=1 J=1 nez nez

where

_ I(y+1)
Y - 3’y 1 LCl d Lcl — .
"1 Tl AN S TS T (y + 3/2)

Remark. We see that if we divide the constant obtained by Hundertmark and Simon in

(1.10), namely k-, = 2(37_1/2)[/%{1, by our factor above, we obtain Tr/% ~ 1.1, a smaller

constant, as claimed previously.
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1.5 Spectral Bounds for Pentadiagonal Jacobi-type Operators

Here, we lift all previous arguments to 2" and 4** order operators Ap := D*D and H]%,
and finally estimate the simple eigenvalues of pentadiagonal Jacobi-type operators.
Let {¢; }]]\i 1, N ¢ N be the orthonormal system of eigensequences in ¢2(Z) corresponding

4th

to the negative eigenvalues {e; }é\le of the order discrete Schrodinger-type operator:

(Hpyw;)(n) = (ADy;)(n) = bt (n) = ejib;(n),

where j € {1,..., N} and we assume that b, >0 for all n € Z. We then have:

Theorem 1.5 (Lieb-Thirring Inequality — (H3,Z)). Let by, > 0, {by}nez € £7Y4(Z), v > 1.

Then the negative eigenvalues {ej}j]\il of the operator H12) satisfy the inequality

N
Z |ej|7 < ,’7; Z b71+1/4 where 77'2y _ 4 F(9/4)F(’7 + 1)
j=1 neZ, 55/4 F(’)’ + 5/4)

Remark. As the discrete spectrum of H? lies in [~o00,0] and [16, co], we shift our operator to
the left by 16 and by analogy have an estimate for the positive eigenvalues of that operator.

We hence immediately obtain Corollary 1.6.

Corollary 1.6. Let b, >0, {b,}nez € 7"YV4(Z), v 2 1. Then the positive eigenvalues {e; }]]\il

of the operator A% — 16 + b satisfy the inequality

N

2 9 v+1/4
Z e; < 1 Z by,
=1 nez

with ny given above.
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We proceed as before and we let W5 be a 'pentadiagonal’ self-adjoint Jacobi-type operator:

by a1 ¢cq1 0 O
a-q bo ag (&) 0

WQl

I
K
—
e
=)
S
=

a €1 ... )
0 co a1 by ao

0 0 C1 ag b3

viewed as an operator acting on {¢(n)}nez € £2(Z), via:
(Wap)(n) = cn2p(n=2) + an-1p(n—=1) + bpp(n) + app(n+1) + cpp(n+2), forneZ.

In what follows we assume that a,, b,, ¢, € R and a, - -4, b, = 0, ¢, = 1 rapidly enough
as n - xoo. We have o.45(W3) = [-6,10] and W5 may have simple eigenvalues {E]*}J]\i*1
where N, €N, and

Ef>E;>..>10>-6>..>FE; > F].

We thus have the following bound for these eigenvalues:

Theorem 1.7. Let v> 1, and {by}nez, {an + 4} nez, {cn —1}nez € £7+1/4(Z). Then for the

Ny

] of the operator Wo we have:

eigenvalues { £}

N_ N,
SIE; + 6 + > |Ef - 10 < vy ( S b 14 ay + 4T 4 Y e, - 1\7*1/4) :
j=1 j=1 nez nez nezZ

wher’e
V’Y . 57—2 11 (9/4)I (’Y 1)
2 T
[(y+5/4)
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1.6 Spectral Bounds for Polydiagonal Jacobi-type Operators

We now complete our generalisation. For o € N, we define the 26" order difference operator

A% := Ap(A% 1), and we shall show that it will take the following explicit form:

20

(ADp)(n) = I;O 2CL(-1) " p(n -0 + k).

We then let {9, }jj\i 1» N € N be the orthonormal system of eigensequences in ¢*(Z) corre-

sponding to the negative eigenvalues {e; J]\i , of the (20)"" order Schrédinger-type operator:

(HDYj)(n) = (ADY;)(n) = bppj(n) = ejab;(n),

where j € {1,..., N} and we assume that b, > 0 for all n € Z. Then Hf, may have discrete

eigenvalues. Thus our estimate is concerned with exactly those eigenvalues:

Theorem 1.8 (Lieb-Thirring Inequality — (H$,7Z)). Let by > 0, {by}nez € £27(2),

v > 1. Then the negative eigenvalues {ej}j]\il of the operator HY, satisfy the inequality

nez

N
>l <3 ¥ bR,
j=1

where
20 F(Zkgf_;l)r(’Y +1)
20 +1)2o+1)/20 (4 4 %)

o =

Remark. As the discrete spectrum of Hf, lies in [-o0,0] and [47, oo ], we shift our operator to
the left by 4° and by analogy have an estimate for the positive eigenvalues of that operator:

We hence immediately obtain Corollary 1.9:
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Corollary 1.9. Let b, > 0, {by}nez € £7V?7(Z), v > 1. Then the positive eigenvalues

{ej} ", of the operator AT, —4° + b satisfy the inequality

N
e < %b”l/% with 1) given above.
ne.

o
a?y 0 0
b al . . a’ 0
_1 -1 . . -1
al; by a} ag
Wa‘ = aé b1 a% ’
o . . 1 1
aZy ~ a; by a3
O afl aé b3
g
0 0 ag

acting on {@(n)}nez € 7(2), via: (Wop)(n) = £ a;,_ip(n—1i) +bap(n) + X7y ajo(n +1).
In what follows we assume that a’,, b, € R for all i € {1,...,0} and for w; = 2°Cyy;(-1)*, @, - w;,
b, — 0, rapidly enough as n — +oo. Then the essential spectrum ¢.ss (W, ) coincides with the interval

[-29C,,4° - 27C,] and W,, may have simple eigenvalues {Ei}j -, where N, €N, and
Ef>E3>..>47-%Cy>-2C, > ...> E; > Fj.

Theorem 1.10. Let y > 1, {by}nez, {@, = witnez € £7Y29(Z), for all i€ {1,...,0}. Then for the

eigenvalues {Ei} = of the operator W, we have:

N_ N,
Z|EJ_ + 2<TCU|’Y + Z|E;' — (4° — 200 < V’Y(Z |b |7+1/20+4Z Z ‘aﬁ wk|»y+1/20),
j=1

j=1 nez neZ k=1

where

P(*)r(v+1)

V;/ = 20’ (20'+ 1)7 2 F( 20.+1
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1.7 Inequalities on (?(Z?)

In Chapter 5, we generalise the Agmon—Kolmogorov, Generalised Sobolev, and Lieb—Thirring in-
equalities to higher dimensional domains. We note that the Agmon-Kolmogorov inequality is

the most interesting case with no continuous equivalent. We thus consider ¢?(Z%) and define

VDSO(CLCQV . '7Cd) = (Dlw(c)aDQ@(C)ﬂ .. 7DdQ0(<))7 with C € Zd'

We then have the following following family of inequalities:

Theorem 1.11 (Agmon-Kolmogorov Inequalities — (Vp,%(Z%))). For a sequence {¢(C)}ceza €
(7% andpe{1,...,2¢71):

2¢ 1-p/2¢
[@le= @y < 1p,allV Doy Il gatay

where

1/2¢
Kp.d d-1,_
— P, _ 92 d
Kp.d = (dp/z) , Kp,d = 2 P,

Let {¢; };-V:l, N € N be the orthonormal system of eigensequences in ¢?(Z%) corresponding to the

negative eigenvalues {e; §V=1 of the discrete Schrodinger operator of dimension d:

(Hpv)(€) = (=V51)(¢) = bewh(€) = ej15 (<),

where j € {1,..., N}, and we assume that bc >0 for all € Z%. The essential spectrum OESS(H%) lies

in the interval [0,4%], and thus for the negative eigenvalues of H{,, we have the following bound:
Theorem 1.12 (Lieb-Thirring Inequality — (Hp,Z?)). Let be > 0, {b¢}¢eza € £7*(Z%), for v > 1
and o = p/2¢, with pe {1,...,2971}. Then the negative eigenvalues {ej}jl\il of the operator H} are

discrete and satisfy the inequality:

M=

le;” < Mpa Z me’
CezZd

J

Il
—

where
F2+a)l(v+1) a® 9
F(y+a+1) (1+o<)0‘+1up’d'

Tp,d *=

for pp.q given above.

Remark. Again, by analogy, we have the same bound for the positive eigenvalues of the operator

H 1% — 4% 4+ b, which we shall not repeat here.
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Chapter 2

Spectral Bounds for Tridiagonal

Jacobi Operators

We follow now with the proofs of our main results for discrete Schrodinger operators. The methods
employed in this chapter will to some extent be reproduced similarly in subsequent chapters and
thus we introduce all ideas and Lemmata in full, detailed form. We will then be able to call on these
results later, and hence focus on the more complex operators studied.

In Section 2.1, we introduce our operator and examine some of its properties. In Section 2.2, we
prove the relevant Agmon—Kolmogorov inequality which leads to the Generalised Sobolev inequality
in Section 2.3. In Section 2.4 we prove the Lieb—Thirring inequality for v = 1 eigenvalue moments
and we then lift this to general v > 1 in Section 2.5, by using the Aizenman—Lieb procedure. Finally

we apply these spectral bounds to tridiagonal Jacobi matrix operators in Section 2.6.

2.1 The Operators D, D*D and Hp

Definition 2.1. For {¢(n)}nez, a sequence of real (or complex) numbers, we define the £2-space as
the real (complex) inner product space such that ¥,,.; [¢(n)|? is finite and hence endow it with the

norm

1/2
le(n)le2zy = (ZZ|90(71)|2) .
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We then let (.,.) be the inner product on ¢*(Z) :

(0. 0) = i H(n)o(n).

Throughout this thesis we will be interested in operators derived from the following, basic difference

operators:

Definition 2.2 (Difference operator). For an infinite sequence {¢(n)}nez, let D and D* be the

difference operator and its adjoint denoted by:

Dp(n) = p(n+1) - ¢(n), D*p(n) = p(n-1) - p(n).

Remark. We note here that this difference operator, as opposed to the differential operator in L?(R),
in our framework within the space ¢?(Z), does not give rise to a ’discrete Sobolev Space’ The reason

for this is that for ¢ € £2(Z), Dy is already in ¢*(Z) by:

1/2
( ()] +lp(n+1) - so(n)l2)

nez

(5t |D<P(n)2)1/2

nez

1/2
(z ()P + 2(jp(n+ D + |so<n>|2))

<
nez
1/2
< (5 5 Iw(n)lz) <oo.
nez

Definition 2.3 (Discrete Laplacian). Thus for a sequence {p(n)}nez, our 2" order, self-adjoint

discrete Laplacian operator will be denoted by:

App(n) = D*Dp(n) = -p(n+1) —p(n-1) + 2p(n).

Remark. Ap is self-adjoint, as (Ap)* = (D*D)* = D*D** = D*D = Ap and the operator A% for
k € N will hence also be self adjoint. The spectrum of Ap is absolutely continuous and its essential
spectrum, denoted by ess, can easily shown to be oess(D*D) = [0,4]. We will in fact prove a more
general formula for finding essential spectra for any given difference operator, using the discrete

Fourier Transform.
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Definition 2.4 (Discrete Fourier Transform). For {¢(n)}nez € £2(Z), let F be the discrete Fourier

Transform denoted by

(Fe)(0) = (0) = 3 p(n)e™, e (0,2m).

nez

The spectral inequalities of this thesis are all concerned with the eigenvalues of operators derived

from the discrete version of the well-known Schrodinger operator:

Definition 2.5. For a sequence {((n)},ez € £2(Z), we let b = {b, }nez be the multiplication operator
defined on (?(Z) via (by)(n) := byp(n). If b, > 0, then the discrete Schrédinger operator will be

denoted by Hp, where:

(Hp ¢)(n) = (D*D =b)p(n) = (Ap - b)e(n).

Remark. We note here that Hp may in fact have negative, simple eigenvalues. Our discrete Lieb—

Thirring inequality — (D, Z) estimates the sum of exactly those eigenvalues.

We give the following Lemma, providing us with a way of later symmetrising the Lieb—Thirring

inequality — (D,Z).

Lemma 2.6. Let b be the multiplication operator acting on (*(Z). Then the discrete Schrédinger-
type operators —Hp =-D*D+b and Hp = (D*D—4)+b have identical spectra, and therefore the

negative eigenvalues of Hp coincide with the positive eigenvalues of Hr,.
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Proof.

(FHp F'¢)(0) FUD*D~4+ba)(F'9))(6)

= > e"(D*D - 4)p(n) + F(b, ) (0)

nez

= (- IOy 960 4 o(n) + F(byp) (6)
nez

= (-2cosf - 2)( Z emocp(n)) + F(bnp)(0)

nez

_ (—2cos€—2)¢(9)+%/0%5(9—7)@(7)(17,

by the Convolution Theorem. We now take the inner product w.r.t. $(6):

fo T FHL L) (0)3(0) df = fo 27T(—2c0s9—2)|¢>(0)|2dt9+% fo . fo 7 b(0-1)3(r) B (@) drdd.

Therefore using the periodicity of b we now change the variable to alter the signature of cos(0)

without affecting the other terms. We denote () = ¢(@ + ) and we find that:

RHS:fo%(2cos0—2)\1ﬁ(ﬁ)|2d0+%/jw fO%B(e-T)qL(T)Mdee. (2.1)

If we now follow the same argument with F(-Hp)F !, we obtain:

(F(-Hp)F'¢)(6) F((-D*D +b,) F'9)(6)

( Z (ei(n+1)9 4 efn-1)6 _ Qeme)(p(n)) + F(bnyp)(0)

nez

(2c0s6 — 2)3(0) + % fo% B(6 - 7)p(r) dr,

which implies:

fo T F(—Hp)F12)(0)3(8) df = [0 2ﬂ(2c089—2)|¢(9)\2d0+% fo . /0 b (0-r) () 3(0) drdd,

thus coinciding with (2.1).
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2.2 Agmon—Kolmogorov Inequality — (D,Z)

The Agmon inequality is the starting point of the work of A. Eden and C. Foias in [EF91], where they
use it to give a simple proof of the one-dimensional Generalised Sobolev inequality. This immediately
extends to the Lieb—Thirring inequality. The basic idea by S. Agmon in [Agm10] was to estimate
the L*=-norm of a function by the L?-norm of the function and its derivative. Let f,f" ¢ L?(R).

Then:

1/2 1/2
£y < 115y 11 ey
We now give the discrete version of this inequality:

Proposition 2.7 (Discrete Agmon Inequality). Let ¢ € £2(Z). Then we have the following inequal-
ity:

1/2 1/2
[ele=(zy < lelidis I DNz,

Proof. We recognise the ability to express a single point of a sequence in terms of two sums that

continually cancel each other out except for a central term. We thus have:

lp(n))* = 1/2 kz_j D&(’c)—}iwz(’f)‘
< 112 T 0] 3 I0e )

2 3 |20+ 1) - )

1/2k_§ Do)l (ke + )] + | (R)])-

We apply the Cauchy—Schwarz inequality and obtain:

IA

lp(n)f?

k=—oc0

(£ 1e?)"( £ letwP)

- 1/2 o0 1/2 0o 1/2
1/2( 5 |Dsa<k>|2) l( $ |<P(k+1)|2) ( $ <P(k)|2) ]
k=—c0 k=—00

1/2

O

Remark. As previously discussed, we will call our generalisations with respect to order and dimension
of the above discrete inequality Agmon—Kolmogorov inequalities. This emphasises this particular

class of inequalities being a special case of the Landau—Kolmogorov inequalities.
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2.3 Generalised Sobolev Inequality — (D,Z)

The proof of the next inequality is the discrete equivalent to the method used by A. Eden and C.
Foias in [EF91]. It will be essential in the proof for the discrete Lieb—Thirring inequality — (D, Z).

Proposition 2.8 (Generalised Sobolev Inequality — (D, Z)). Let {1, }]Ail be an orthonormal system
of sequences in *(Z), i.e. (1j, k) =0;k, and let p(n) := Z;-vzl [v;(n)2. We then have:

}M%ns;QW%wﬁ

nez

Proof. Let & = (&1,&a,...,&n) € CN. Then, by Proposition 2.7, for all n € Z, we have:

IA

N 2 N
| S| < | e
J=1 J=1

N
DY &
j=1

2(7) H 2(7)

1/2

( 3 &k Y. ¥i(n) m)l/z( &k Y. D;(n) Dwk(”))l/z

N ~\\/2 N —
(ZZ 21 &i;(n) kZl éwk(n)) ( %D Zl &1b;(n) D kzl gkwk(n))
N
> €

j, k=1

7,k=1 nez J nez

N _ 12, N _ 1/2
= ( >& k(%‘»%)) ( > §j§k<D¢j7D¢k>) :

Jr k=1 j,k=1

Using the orthonormality of {t;},, we obtain

|§:lfj¢j(n)‘2 < (i|§j|2)1/2( ]ZV: ﬁjgk(D%,Di/Jk))w.
j= j=

jik=1

If we set &; :=1;(n) and we have p(n) = ij\il [v;(n)? then the latter inequality becomes

N 1/2
pP(m) < pPPm)( Y wi(m)in(n)(Diy, Dy

7,k=1
N
=p*(n) < Y pj(n)e(n)(Dy;, D).
j,k=1

If we sum both sides, and again use orthonormality, we arrive at

5 ) = S (S m?) < (S el )

nez nez j=1 j=1 nezZ
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2.4 Lieb—Thirring Inequality — (Hp,Z,vy=1)

In this section, we start proving our first main result, the discrete version of the Lieb—Thirring
inequality. We divide the proof into two steps, in the first of which we employ the discrete Generalised
Sobolev Inequality and a maximising argument to obtain our desired inequality for v = 1. In the
following section, we then lift this result to higher moments using the Aizenman—Lieb procedure.
We let {wj} je1s N € N, be the orthonormal system of eigensequences in ¢?(Z) corresponding to

the negative eigenvalues {e; }é\’:l of the discrete Schrédinger operator Hp:
(Hptj)(n) = D" Dipj(n) = bupj(n) = €45 (n), (2.2)

where j € {1,...,N} and we assume that b, > 0, for all n € Z. Our next result is concerned with

estimating those negative eigenvalues:

Theorem 2.9 (LiebThirring Inequality — (Hp,Z,~ = 1)). Let b, > 0, {b, }nez € £*/*(Z). Then the

negative eigenvalues {e] . of the operator Hp are discrete and they satisfy the inequality

I/\

N, ™
3l s T 3 B

nez
where
Lcl _ 2
1,1~ 5_-
3T

Proof. We take the inner product w.r.t. 1;(n) on (2.2) and sum both sides of the equation with

respect to j:

i(ZID%(n)I ) ]Zj:(Zb |wj(n)|2). (2.3)

nez nez

?Mz

We now use the Generalised Sobolev inequality — (D, Z), i.e. Proposition 2.8:

Z(i wj(n)P) i > Dy (n),

neZ j=1 Jj=1neZ
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on (2.3) and then in the following step the discrete Holder inequality to obtain:

Mz

g(z i)’

_ze: >
Zb3/2)

nez

<.
I

g(Zm(nn )

We now define:

(2 b))

(2(Sme))”

nezZ j=1

= (Z(Emmr)) " o ()"

neZ j=1

Then (2.4) can be written as

XP—ex <) ey

j=1
The LHS is maximal when

X=Vs/3 =

Substituting this into (2.4), we obtain

Az

32
3\/' nzz

_ Z b2,

nGZ

N
Z €j
j=1

Thus:

2 Lol ¥

nez

2.5 Aizenman—Lieb Procedure

nez

)"

Z b3/2

nez

\/_

Z b3/2

n [AL78], M. Aizenman, and E. Lieb, were able to lift results about Lieb—Thirring inequalities

for v = 1 to arbitrary ~ by using a standard result of the Beta function in conjunction with the

Variational Principle:

Theorem 2.10 (Variational Principle). Let A be a self-adjoint operator in a Hilbert space H that

is bounded from below, i.e., A > cl for some c. Then let D be the domain of A and let:

E, = sup
P1yeesPrn-1€D

inf
l4l=150€D

(¥, Ay).

veley,..., pn-11*



Chapter 2. Spectral Bounds for Tridiagonal Jacobi Operators 27

Similarly, if A is bounded from above:

E! = inf sup (v, Ay).
Pl €D l=1ipeD
peler,.nen_1]*

From this definition, we have the following important property, for self-adjoint operators A and B:
A<B = E;(A) < E;(B),

and hence:

Ei<E;<...<Ej<Ej.

Remark. This principle (Theorem XIII.1 in Reed-Simon [RS79]) asserts that:
(i) BZ :=lim E? has EX (A) =supoess(A), and E (A) =inf o.s5(A)
(ii) If A has N* eigenvalues counting multiplicity in the interval (EZ,00) and (-o0, E.,), these

eigenvalues are precisely EY, B3, ..., Ey, and E} = B if j > N,.

To use the Aizenman-Lieb “lifting” argument, we need to express any positive a®, a > 0, z € R, in

terms of the Beta function wherein a” reoccurs as some function of a:

Lemma 2.11. Let B be the Beta-function:

1
B(x,y):fo (1 - 7)v 1 dr,

with the property

_L(@)I'(y)
B(I,y) - F({L“i‘y) .
Also let, for a, beR:
a-b ifb<a,
(a-0)s =
0 if b>a.

Then for any v, u € R with v > 1 we have:

1 o)
v Y2, —
wy B(y-1.2) /(; T (= 7)1 dr



2.5 Aizenman—Lieb Procedure 28

Proof.
f T (w—-T1)edr = ;u/ 7741 - =)y dr
0 0 "
1
ST R CTS Ll (R T
1
= W f 72 (1 -t), dt
0
= /*L’J—B(’y - ]-7 2)3
where our integral delimiters changed as our argument is identically 0 outside of [0,1]. O

Thus we are finally equipped to prove our first main result, namely Theorem 1.2. We note here that
we will use this method in the subsequent chapters to lift our various Lieb—Thirring-type inequalities
to arbitrary moments. Due to the similarity, we will be careful in the discussion here, but give only

very brief accounts in later chapters.

Theorem 1.2 Let b, > 0, {b, }nez € £7*Y/2(Z), v > 1. Then the negative eigenvalues {ej}é\il of the

operator Hp satisfy the inequality

=

e <l 3 03t
Jj=1

nez

where

y_ g 4 e - Lo+
=g o (N5 Y ey

Proof of Theorem 1.2. Let {(2j(T)]>§-V:1 be the negative eigenvalues of the operator D*D — (b, — 7)4,
for 7 > 0. By the variational principle for the negative eigenvalues {-(|e;| - T)+}§V=1 of the operator
D*D - (b, - 7) we have

D*D = (bpy=7)+ <D*D = (b, - 7)

= ¢;(1) < =(lej| = 7)+,

= (lejl =7)+ <le; (7). (2.5)
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For any ~, u € R with v > 1 we have, using Lemma 2.11:

N

1 o &
e[ = 7f 7772 ei|-7),dr
Z|]| 8(7—172) 0 (;']‘ )+

1 o J
=2 ) d
B('y—l,Z)’A T jglej(T)Jr T

by (2.5). Then we can apply our Lieb—Thirring inequality — (Hp,Z,~y =1):

Slelt < 2L WTV-QZ(bn—T)i/QdT
j=i 33 3(7—1 2) net
_ 3\2/_ B(v % nzz 3/2f (sbn)?" 2(1 s)i/% ds
L Ot
= 3\2/36(7}172)8(7—1,5/2)7ébg+1/2.
Given that
BG-15/2) | TGRTG+1) _3VATG+1)
B(y-1,2) T(2)0(y+3/2)  AL(7+3/2)

we have:

N
Z |ej"y < 2 3\/7_1—1—‘(7"' ]-) Z b;yl+1/2'
j= 3\/§ 4F(7+3/2) nez

We now recall:
cl _ F(fY + 1)
YT o /m (v +3/2)

Thus:

N

7T cl
Zl le;[" < ny E:Z b2, where 7] = —\/g LS.
j= ne
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2.6 Tridiagonal Jacobi Matrix Operators

We recall that we let W7 be a tridiagonal self-adjoint Jacobi matrix

viewed as a whole-line operator acting on {¢(n)},ez € £*(Z), via:
(Wre)(n) =an-1p(n-1) +brp(n) + anp(n+1), forneZ.

where a,, b, € R. Alternatively, we will sometimes denote our variables explicitly, i.e. Wi ({an}, {bn}) :=
W1, where we understand {a,,} to mean {a,}nez. We are then interested in perturbations of the

special case:

(WY p)(n) = (Wi({an =1}, {ba = 0}) 9)(n) = p(n-1) +p(n +1)

called the free Jacobi matrix. In particular we examine the case where Wi — W7 is compact. Indeed,
we can write:

Wi =W+ (W, -Wwy)

and as W, — W} is compact, the essential spectra of W; and Wy coincide by Weyl’s theorem (see
[Wey10]). Bakic and Guljas (see [BG99]) gave a simple description of the compactness relying on
the tri-diagonal entries tending to zero rapidly enough, as n — +oo. Thus, in what follows we assume
that a,, - 1, b, — 0 rapidly enough as n — +oo. Then the essential spectrum o (W1) = 0ess(WY) =
[-2,2] and W) may have simple eigenvalues { £ };le where N, €N, and

Ef>EJ>..>2>-2>..>FE;>FE].

Thus our second main result estimates the v-moments of those eigenvalues:
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Theorem 1.4 Let v > 1, {by}nez, {@n — 1}nez € £77/%(Z). Then the following inequality holds true

N,

] of the operator Wi:

for the eigenvalues {£7}

N_ N,
SIE; +2[7+ Y [EF -2 <v] (Z b2 44 ay, - 1|V+1/2) ,
j=1

7=1 j= nez nez

where

- : , I'(y+1)
. 1 cl cl  _
y? =37 71'L%1 where L%1 = —Qﬁ (7 +3/2) .

Before proceeding with the proof, we require two short Lemmata. Both will be used in subse-
quent chapters and therefore we shall give the most general cases here, which are to be referred to
later. First, we are looking to estimate our perturbed matrix operator W; by an operator with the
perturbation terms concentrated across the main diagonal, which will then be viewed as the new
potential term. This will thus be more closely related to our Lieb—Thirring inequality. We define
that for two square matrices A and B, A < B means 7 Az < 27 Bx. We need the following matrix

inequalities:

—|a, -1 1 0 ap lan -1 1
< <
1 —lan = 1] a, O 1 lan = 1]

to estimate our W from above and below. This is in fact a special case of the following Lemma:

Lemma 2.12. The following inequalities hold true for square, m x m matrices. Let a)', wy, € R,

then, for all m e N:

—lay —wm| 0 ... 0 Wi 0 0...0a" el —wm,| 0 ... 0 Wi
0 0 0 0 0 0...00 0 0 0 0
< <
0 0...0 0 0 0...00 0 0...0 0
W, 0 ... 0 —|a” —wpyl a0 ...0 0 W, 0 0 |al = wp|

Proof. For the proof of the second inequality, we have
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el —wm| 0 ... 0 (wm—al)
z
0 0...0 0
x2
(331 o ... l‘m)
0 0...0 0
Tm
(wm=al?) 0 ... 0 |al = wml
= lant - wm|x§ + (W — ) X1 T + (Wi, — Q1)1 T + |an — wm|m?n
2
_ m
> V]am - wpml|z1 + M&“m > 0.
|am — w,|
The proof of the first inequality works similarly. O

This immediately gives us (2.6). We additionally need the following application of Jensen’s inequal-

ity. For «, B, v, qeR, g>1:

(a+B+7)1<37 (ol + BT +49). (2.7)
We see this as a special case of:

Lemma 2.13. Let «;, g€ R, for all ie{1,2,....N} and ¢>1. Then we have:

N N
(;ai)q <NTHHad).

i=1

Proof. For a convex function f(z), \; € R*, N ¢ N and i € {1,2,..., N} such that Zi]\il A =1,

Jensen’s inequality yields
f(/\lml + Ao + ...+ /\NIL‘N) < )\1f(l‘1) + )\gf(xg) + ...+ )\Nf(xN)

for any x1, o, ...,z € R. Then our result follows by choosing f(x) =x%,i= N, \; = 1/N and setting
x; =ay, for all i € {1,2,..,N}:

N N o N
(; ;)" = Nq(; Nl)q < Nq‘l(;a?)-



Chapter 2. Spectral Bounds for Tridiagonal Jacobi Operators 33

We are finally in a position to prove our spectral inequality:

Proof of Theorem 1.4. We apply 2.6, i.e.:

—lan - 1| 1 0 an lan -1 1
< < )
1 —lan, -1 an, 0 1 lan -1

repeatedly at each point of indices:

Wi({an = 13, 6571) < Wi({an}, {0a}) < Wi({an = 13, {657}),

ie.

b1 0 o0 L .biaq 00 ... 1 0 0
1 1 0 L coasy by ag O ... U T SO T
< <
o 1 o7 1 . . 0 ag by oap ... o0 1

0 0 1 b7 .. . 0 0 ay by ... .0 0 1 b

where b = b, + (|an_1 ~ 1| +|a, - 1]). Now we have:
-D*D+b, = p(n+1)+e(n-1)+ (b, -2)p(n) = W({a, =1},{b, - 2}),

-D*D+4+b, = p(n+1)+o(n-1)+ (b, +2)p(n) = W({an, =1}, {b, +2}).

Remark. These operators have opposite sign to the ones we used in Sections 4 and 5. The reason for
this is to keep the previous Theorems in line with standard literature on Lieb—Thirring inequalities,

and the following in line with the result by D. Hundertmark and B. Simon in [HS02].

Now (E} - 2) are positive eigenvalues of Wi ({an},{bn —2}). Thus by using the above inequalities,

and the Variational Principle (Theorem 2.10), we have:

Wi({an}, {bn —2}) < Wi({an = 1}, {65 - 2})

= |E] -2[<e], (2.8)
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1, {657 =2}y =-D*D + b,

where e} are the positive eigenvalues of W ({an
Let us now define (b,); = max(b,,0), (by)- := —min(b,,0). By the Lieb—Thirring inequality —

(D, Z) for positive eigenvalues, i.e. Corollary 1.3, we have:

Ny
Z )< fL;{l > ()T,
j=1 nez

Thus applying (2.8):

N, . v+1/2
SEr -2 < = LC L () +lan =1+ fan = 1)) (2.9)
J=1 nez
We follow the same method for our negative eigenvalues and obtain:
y+1/2
Z B +2 < —L 8 Z ((b)- +lan1 =1 +lan -11) . (2.10)

We apply (2.7), i.e

(a+B+7)7 <37 (@l + 747,

to each of (2.9) and (2.10) as follows:
v*1/2 -1/2 +1/2 +1/2 +1/2
() +lana =1 +lan =11) <30I + fan =12 4 [an - 1P*12),
Then we combine our inequalities to finally arrive at

N_ N,
_ - 1/2
YIE w2 Y B -2 < 3 ”szzl > ()T fan o = 172 4 fay -1+
j=1 j=1 nez

#(b) T 4 a1 s o, 1)

Viy (Z |bn|'y+1/2 +4 Z |an _ 1|’y+1/2) ,

nez nez

where

Y — 3’}/—1 7_‘_chl and Lcl = F(,y + 1)
s YT o /m Dy +3/2)

v>1.
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Chapter 3

Spectral Bounds for Pentadiagonal

Jacobi-type Operators

This chapter serves as a bridge between the previous chapter and the more involved proofs in the
subsequent chapter. We will thus reproduce the previous methods in somewhat shorter form, leaving
only the key steps. We take most ideas and results in this chapter as an intuitive starting point for
the generalisation to higher order operators in the next chapter.

In Section 3.1, we again identify our operators and their properties. We then employ a rather
simple argument to obtain Agmon—Kolmogorov inequalities for second order difference operators in
Section 3.2. We continue similarly as in the previous chapter, where in Sections 3.3 and 3.4 we prove
the relevant Generalised Sobolev and Lieb—Thirring inequalities. Finally, we apply our results to

the so called pentadiagonal Jacobi-type matrix operators in Section 3.5.
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3.1 The Operators Ap, A% and H?

We thus turn our attention to functional inequalities and spectral bounds related to the second order
difference operator Ap := D*D and the following fourth order difference operator: For a sequence

¢ € l3(Z), we define (A%,p)(n) = (Ap(App))(n), or explicitly:
(ADp)(n) = p(n+2) —dp(n+1) +6p(n) - 4p(n-1) +p(n-2).

We identify its essential spectrum, by applying our discrete Fourier Transform, and thus identifying

the symbol:
F(AbY)(2) = z%ei“(mmz)—4¢j<n+1)+6wj(n>—4wj<n—1)+¢j<n—2>)
- z DT (n) = 3 4 DT (n) + 3 6y ()
iezzzzxe“"“%(n; izzz ey, (n)
- 2 e (€7 — 467 46— 4™ + €7 )by ()

(6 —-8cos(z) +2 cos(2x))(.7-"1/1)(x).

Therefore, the essential spectrum coincides with the image of f(x) := 6 -8 cos(z) +2cos(2z), i.e. the
interval [0, 16].

We will be interested in spectral inequalities for discrete spectra of fourth order operators per-
turbed by a potential term. In essence, we extend the discrete version of the well-known Schrédinger

operator:

Definition 3.1. For a sequence {¢(n)}nez € £2(Z), we let b = {b,, }nez be the multiplication operator
defined on £?(Z) via (bp)(n) = bye(n). If b, > 0 then the fourth order discrete Schrédinger-type

operator will be denoted by H3, where:
(H} 9)(n) = (A] = b)p(n).

Remark. We note here that H ,23 may in fact have negative, simple eigenvalues. We thus are interested

in obtaining a bound for the sum of these eigenvalues.
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3.2 Agmon—Kolmogorov Inequality — (Ap,Z)

We remind ourselves of the work by E. T. Copson in [Cop79] where the author finds a sharp
inequality of Agmon-type for second order difference operators. Indeed he found, for a square-

summable sequence ¢ € (?(Z):

1/2 1/2
ID¢le @) < Ielhezy 1D el ez, -

H. A. Gindler and J. A. Goldstein in [GG81], gave an alternative proof using a simple, more general

fact. We extract their method to our discrete operator, giving us the following inequality:

Proposition 3.2 (Agmon-Kolmogorov Inequality — (Ap,Z)). Let @ € (>(Z). We then have the
following inequality:

3/4 1/4
[elewzy < lolhizy 12 D0l Lz,

Proof. By our discrete Agmon inequality (Proposition 2.7), we have:
| o(n) P< ¢lle@ | Dele -
Now we obtain a bound for | D] s (z):
| Dl (z) = (D, D) = (D* Dep, ) < | D* Dol 22y |2l 2 (2

by Cauchy’s inequality. Therefore we have:

| o(n) [

IN

||<P\|e2(Z) HD‘PH£2(Z)

1/2 * 1/2
lele@leldi, | D* Dol

3/2 1/2
Il 1Al

IN
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3.3 Generalised Sobolev Inequality — (Ap,Z)

We continue as in the previous chapter, by obtaining the following inequality:

Proposition 3.3 (Generalised Sobolev Inequality — (Ap,Z)). Let {1;}7, be an orthonormal system
of sequences in (*(Z), i.e. (1;,vx) =06k, and let p(n) := Z;»V:l [;(n)>. Then

N
> () < 30 3 |Apy;(n).

nez Jj=1neZ

Proof. Let & = (&1,&a,...,&n) € CN. We follow exactly the same method as before, and hence move
through the argument swiftly. By our Agmon—Kolmogorov inequality — (Ap,Z), i.e. Proposition
(3.2), we have:

N 2 N 3/2 A N 1/2
\;@-wnﬂ < | jzl ST H Dj;fm e
N _ _ \3/4, N _ . 1/4
= ( I %‘(n)iﬂk(n)) ( > &Gk Y. Aps(n) ADwk(”))
J.k=1 nez g k=1 neZ
N 3/4, N _ 1/4
< (Tl6P) (X gétdns Apw))
j=1 jik=1

We set &; :=1;(n), and as p(n) = T, [1h; (n)[*:

N 1/4
pP) < o) X e Anv Apin))
N
=p°(n) < ;%(MW(”)(AD%,ADW)
Jyk=1
N
=20 < 5% 1AnvmP)
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3.4 Lieb—Thirring Inequality — (H%,7Z)

As before, we apply the discrete second order Agmon and Generalised Sobolev inequality to the 4th
order discrete Schrodinger type operator to obtain bounds for its negative eigenvalues.
Let {¢; }J]\i 1» N €N be the orthonormal system of eigensequences in £2(Z) corresponding to the

negative eigenvalues {e; }]Ail of the fourth order discrete Schrédinger-type operator:

(Hpw;)(n) = (A1) (n) = batpj(n) = ej45(n), (3.1)
where j € {1,..., N} and we assume that b, > 0, for all n € Z. Our next result is concerned with

estimating those negative eigenvalues:

Theorem 3.4 (Lieb-Thirring Inequality — (H%,Z,v = 1)). Let by >0, {by}nez € £*/*(Z). Then the

negative eigenvalues {e; }évzl of the operator H? are discrete and they satisfy the inequality

'MZ

4
< 5o

5
n .
nez

<
Il
—

Proof. By taking the inner product with ;(n) on (3.1) and summing both sides of the equation

with respect to j, we have:

%(Z |Apy;(n)] ) i(Zb |¢j(n)\2)_

j=1 neZ nez

“H’MZ

We now use the Generalised Sobolev inequality — (Ap,Z), (Proposition 3.3), and Hélder’s inequality,

to obtain:

iej > EEIZ(]EV: |1/Jj(ﬂ)|2)5 - (Z bl )4/5(2(12\[: ij(n)IQ)5 )1/5. (3.2)

j=1 nez neZ j=1

Define

(Z(Zm(nn) )7L ()"

nez j= nez

The latter inequality can be written as

N
X>-sx <> e
j=1
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The LHS is maximal when
1

X = W( Z 52/4 )1/5.

nez

Substituting this into (3.2), we obtain:

2 S 1 po/4 1 p5/4
j;e] = @%n mnze%n

= _i Z 52/4_

nez

Therefore:

IZV:|64|< 4
=] J1 = p5/4

3o

nez

We lift this result again to higher moments using the Aizenman—Lieb Procedure, to obtain:

Theorem 1.5 Let b, > 0, {b, }nez € £7"/*(Z), v > 1. Then the negative eigenvalues {ej}jl\il of the

operator H% satisfy the inequality

nez

N
Yolel < my y ot
j=1

where

.4 T+ 1)

2 554 T(y+5/4)
Proof of Theorem 1.5. Let {ej(T)};\il be the negative eigenvalues of the operator A% — (b, — 7).
By the variational principle for the negative eigenvalues {~(|e;|-7)+}{ of the operator A2 - (b, —7)

we have

(lejl =)+ <le;(7)]-
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Therefore, for any v > 1, we apply our Aizenman—Lieb procedure, as before:

N

> lesl”

IA

IA

IA

where

Y. —
> 554 B(y-1,2)  55/4

1 oo
-2 d
8(7—1,2)/(; 2, es(r)wdr
4 1
T v-2 b _ 5/4d
55/ 3(7_1,2) o ,;Z(" m)edr
4 5/4f N2 54,
= 1-
571 B(y - 12)% e
4
- b°/4f b,)"2(1- )b, d
5571 By - 12) ,LZE% (8Bn)7 (1 = 8)7 by s
4 1
 _B(y-1,9/4) Yyt
772 Z b’y+1/4
nez
4 B(y-1,9/4) 4 T(9/4)T(y+1)

I'(y+5/4)
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3.5 Pentadiagonal Jacobi-type Operators

We let W5 be a pentadiagonal self-adjoint Jacobi-type matrix operator:

a_q bo ap Co 0

W2 : b1 a1 C1 e )

I

K
-

<]
=)

0 Co aiq b2 a9

0 0 C1 ag b3

viewed as a whole-line operator acting on ¢?(Z), via:
(Wap)(n) = cpap(n =2) + an—19(n—1) + bpp(n) + anp(n+1) + cop(n+2), forneZ,

where ay, by, ¢, € R. Again we denote (Wa({an},{bn},{cn})p)(n) = (Wap)(n). We are then

interested in perturbations of the special case:

(W3e)(n) = (Wa({an = ~4},{bn = 0}, {cn = 1})9)(n) = @(n-2)-4p(n-1)-4p(n+1)+p(n+2).

which we shall call the free pentadiagonal Jacobi-type matrix. As in the previous chapter, we examine
the case where Wy — W2 is compact. Thus in what follows we assume that a, — -4, b, -0, ¢, = 1
rapidly enough as n - +oo. Then the essential spectrum o.ss is given by oess(Wa) = Jess(Wzo) =

[-6,10] and W> may have simple eigenvalues {E} }jj\iil where N, € N, and

Ef>E;>..>10>-6>..>E; > F7.

We thus reiterate Theorem 1.7, a bound for exactly these eigenvalues:
Theorem 1.7 Let v > 1, {bn}nez, {an +4}nez, {cn — 1}nez € ¢*11%4(Z). Then for the eigenvalues

{Ej*}jl\i*1 of the operator Wy we have:

N_ N,
Z |E]_ + 6|'Y + z |E;' — 10|V < l/; ( Z |bn|"/+1/4 +4 Z |an 4 4|’y+1/4 14 Z |Cn _ 1|7+1/4) 7
J=1 j=1 nez nez nez
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where
Y2 4T(9/4)T(y+1)

Y = 5
v T(7+5/4)

Proof of Theorem 1.7. In the pentadiagonal matrix case, we have to combine two matrix inequalities,
both of which are special cases of Lemma 2.12. We illustrate this method with simple block matrices.

We have, for all n € Z:

“len-1] 0 1 0 0 cn len=1] 0 1
0 0 0 <[ o 0o o [< 0 0 0 ;
1 0 —len -1 et 0 0 10 ea-1]

and
—lan + 4] -4 0 apn lan + 4] -4
< < .
-4 —lan +4] ap O -4 |an, +4]

We now extend these two inequalities to infinite-dimensional matrices and combine them by addition.

Then these imply, by repeated use at each point of indices:

Wa({an = =4}, {07}, {en = 1}) < Wo({an}, {ba}s {en}) < Wa({an = =4}, {b7}, {ca = 1)), (3.3)

i.e.

a_q bo ap Co 0 e N -4 b(()i) -4 1 0
C_1 an b1 ay C1 2 1 -4 bg_) 4 1 )

0 ¢ a1 by ag ... o0 1 -4 )
0 0 C1 a9 b2 0 0 1 -4 b:(;)
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and

ay by ag c 0 ... R S B R
cc1 ag b a1 A < 1 -4 bg” 4 1 )
0 ¢ a by as ... .0 1 -4 b
0 0 ¢ ay by ... .0 0 1 -4 Y

where b = by, + (|an1 + 4] + |an +4]) = (|Jens — 1| + |en - 1)).

We also have:

A% +b,=p(n-2)-4p(n-1)-4dp(n+1)+p(n+2)+ (b, +6)p(n)

=Wo({an = —4},{bp +6},{c, =1}), (3.4)

and:

A2 —16+b, = p(n-2) —dp(n-1) —4p(n+1) +o(n+2) + (b, —10)p(n)

=We({an, = -4}, {b, - 10},{c, =1}). (3.5)

Now (E] - 10) are positive eigenvalues of W ({a,},{b, - 10},{c,}). Thus by using (3.3) and the

Variational Principle, Theorem 2.10, we have:

WQ({an}7 {bn - 10}7 {Cn}) < WQ({an = _4}, {b,(f) - 10}7 {Cn = 1})

= |Ej - 10[ <], (3.6)

where e are the positive eigenvalues of W ({a, = -4}, {bﬁf) -10},{c,=1}) =A% -16+ b\ Let us
define as before, (b, ), := max(by,0), (by)- := —min(b,,0). Then by the Lieb—Thirring inequality —

(Ap,Z), for positive eigenvalues, i.e. Corollary 1.6, we have:

N,
(eN)” <md S ()1

nez
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where
7o 4 POMTG+D)
2T ST D(y 4 5/4)
Thus applying (3.6), we obtain:
N, . y+1/4
B =107 <3 3 ((0n)s +lan1 4+ |an + 4] +len =1+ |en =1]) (3.7)
j=1 nez
Following a similar procedure for (3.4) and using Theorem 1.5 we find:
N_ y+1/4
Y 1E; + 60 <nd 3 ((bn)- + lan-y + 4]+ |an + 4]+ leno = 1 +]en = 1]) (3.8)
j=1 nez

Now we apply the 5-element case of Lemma 2.13, i.e.
(a+B+y+3+€)1 <57 (al+ B +47+ 67 + 7).

to each of (3.7) and (3.8), via:

y+1/4
((bn)s + (lans + 4 +lan +41) + (len-2 = 1]+ |en = 1))

< 57*3/4((bn)1+1/4 +lan-g + 4 4 ay + 40V 4 ey 1 4 ey, - 1|v+1/4),

and combine our inequalities to finally arrive at:

N_ N,
- +
Z |Ej +6|7 + Z |Ej - 10"

< 5V > ((bn)frl/4 +|any + 4 1 ay, 4
j=1 j=1 nez
Hlenas = 174 4 e = 14 4 (b)Y 4 |ay + 474
Han + 4 oy =1 e, - 1[0
<

vy (Z b+ 43 Jag + 4 44N e, - 1|7+1/4) ,

nez nez nez

where
42 4T/ (v +1)

Y = 5
" T(7 +5/4)
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Chapter 4

Spectral Bounds for Polydiagonal
Jacobi-type Operators

We finally generalise the methods and ideas in the previous two chapters, and apply them to discrete
Laplacians of arbitrary order and then polydiagonal Jacobi-type matrix operators. In contrast, we
focus our attention on the combinatorial techniques required to construct and study our operators,
and thus move over similarly seen methods quickly.

In Section 4.1, we introduce our operator and identify its spectrum. In Section 4.2, we prove
the Discrete Agmon—Kolmogorov inequality for the operator D7, leading again to the Generalised
Sobolev Inequality for the same operator in Section 4.3. In Section 4.4, we obtain the Lieb—Thirring
inequality for an arbitrary order Schrédinger-type operator. We finally use this inequality to prove

spectral bounds for polyidiagonal Jacobi-type matrix operators in Section 4.5.

4.1 The Operators A%, and HY,

We are now interested in arbitrary order difference operators, and specifically in our discrete Lapla-

cian of aribtrary order. For o € N, n € Z and a sequence ¢ € £*(Z), A9, will be defined by:

(ADe)(n) = (Ap(AG '9))(n).

Remark. We note here that we are in fact are talking about a difference operator of order 20. As

seen before, Ap being self-adjoint immediately implies that A, is also self-adjoint.
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We will obtain an explicit formula for A%, requiring a few combinatorial techniques. We first observe

the following pattern:

(App)(n)
(A%e)(n)

(Abp)(n)

—p(n+1) —p(n-1)+2p(n)
p(n+2)—4dp(n+1)+6p(n) —4p(n-1)+p(n-2),
—p(n+3)+6¢(n+2)-15¢(n+1)+20p(n) -

15p(n-1) +6¢(n-2)—¢(n-3).

The coefficients for Ap, A% and A% coincide with the second, fourth and sixth row (denoted r) of

Pascal’s triangle respectively, considering a superimposed pattern of alternating signature:

r=0:
r=1
Ap -r=2
r=3:
A% =4
r =05
A3 >r=6

1
1 1
-1 +2 -1
1 3 3 1
1 -4 6 -4 1
1 5 10 10 ) 1
6 -15 20 -15 6 -1

In order to use this observation to obtain the formula for AY,, we need the following standard

identities for binomial coefficients:

Lemma 4.1. Let °Cy := ('Z) =al/((a-b)), for a,b € Z. Then we have:

Proof.

LHS =

(i)

(i) WOy + Chpr = O,
(ii) 2°9Co+°Cy =20y,
(iii) 200, + 901 =""2Chyi1.
al . al _al(b+1) al(a-b) (a+1)!
(a-b)  (a-b-D(b+1) (a-b)!(b+1)! (a-b)(b+1)! (a-b)(b+1)!
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Now applying (i), and realising *Cpy = ***Cj = °Cyy = “**Cpyp, = 1:
(ii) LHS = °Cy+%Cy +2Cy = °Co + "1 Cy = "y + 20y = 204

(i)  LHS = "Cou+ Co+Cyq = “Cou+*"Cy = 01 + M0y = “2Cuy

O

Remark. We note here, that these identities define Pascal’s Triangle, where a would symbolise the
row number, and b the position in that row. So for example, (i) shows that two adjacent numbers
(positions b and b+ 1) add up to the number in the row below (a + 1), with the same position of the

second number (b+ 1).

Having established the rules for dealing with those coefficients, we now give our formula for the o*"

order discrete Laplacian operator:

Proposition 4.2. Let {¢(n)}nez be a sequence in £2(Z), then our o' order discrete Laplacian A%

takes the following explicit form:

20
(A (n) = 3 7 Cu(-1)7p(n~ o +k).

k=0
Proof. We proceed by induction, for o = 1:

2

S 2Ck(~1) o (n - 1+ k)
k=0

= 20 o(n-1)+ ’Cy p(n) - ’Cy p(n+1)

(Apy)(n)

= —p(n+1)+2p(n) - p(n-1),

which coincides with our direct computation.

Now for the inductive step, we assume the formula holds for o = v and apply Ap:

2v

Ap Y ZCu(-1)"*p(n-v+k)
k=0

(Ap(Abp))(n)
= - 22% 2VCk(—1)k+VQ0(ﬂ+ 1 —V+/€) +92 QEV: 2VC]€(—1)}C+V§D(7”L— I/+/€)
k=0 k=0

2v
-3 YO o(n-1-v+k).
k=0
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For ease of reading we now let ay, := (=1)"**o(n - v + k) and adjust the signs accordingly:

2v 2v 2v
v+l 2v 2v 2v
(AL ) (n) = Z Craps1 +2 Z Crap + Z Cragp-1
k=0 k=0 k=0
9 2v-1 9 2v 9 2v 5 5
v v v 17 v
= Covagpar + Y, WCrape1 +2 ), 2 Crap + Y. " Crag-1 + “"Coa_y,
k=0 k=0 k=1

where we separated the terms of highest and lowest argument for the sequence ¢(.). These will later
remain the same.
We again separate the two outermost terms of the sums respectively, which correspond to the

path along Pascal’s triangle that walks along the outer diagonal of ”1”s:

2v-2 2v-1
v+l 2v 2v 2v 2v 2v
(AT e)(n) = #Caagper + ' Coyraz, +2%Copay + Y, #Crapaa +2 Y, *Crap
k=0 k=1

2v
+ Z QVCkak_l +2 2VOQCL0 + 2”01&0 + 2”00(1_1.
k=2

Then we apply Lemma 4.1, (ii) and (iii).

2v-2 2v-1
(ASTON(n) = *Copagysr + 2 Copsran, + Y, *Cragsr +2 Y. *Crak
k=0 k=1

2v
+ Z 2”Ckak_1 + 2”+2C'1a0 + 21/00&_1.
k=2

Our central three sums represent all coefficients not involved with the outer diagonal of Pascal’s
triangle. We will collect them all via Lemma 4.1 (i). We thus rearrange our sums to represent the
respective paths down Pascal’s Triangle. For ease of reading, we let Sy := 2*Caya0,+1 + 2V 2Copi1a9,

and Ss := 2*2Cyap + 2 Cha_s:

el - 2v-2 o 2v-1 o 2v-1 o 2v o
(AT @) (n) = 51+( Y, FCrapa + ), Ck(lk)+( > FCrar+ Y, Ckak—1)+52

k=0 k=1 k=1 k=2
2v-1 2v-1

= Sl + ( Z (2VCk_1 + 2”Ck)ak) + ( Z (2VCk + 2”Ck+1)ak) + SQ
k=1 k=1
2v-1

= S+ (X (0K + P O ) ar) + S
k=1
2v-1

= 5 +( > 2y+20k+1ak) +.57
k=1

We now reinsert the expressions for S; and So, and as 2 Cy, = 2**2Cy,49 = 1 and 2*Cy = 2V*2C, = 1,
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and thus we have:

2v-1
(AVDH(P)(?%) = 2V+2021/+2a2u+1 + 2U+2C21/+1a2u + Z 2V+20k+1ak + 2VJr2C1ao + 2WzC'o(Ll
k=1
2v+1
= > PPCham
k=—1
2v+1
_ Z 2V+2Ck+1(_1)k+l/(p(n_ U+ k)
k=-1
2u+2
_ Z 2V+2Ck(—1)k_l+y(p(n—l/+k—l)
k=0
2(v+1)
Z 2(V+1)Ck(—1)k+(y+l)(p(n _ (1/ 4 1) + k’),
k=0

where we note that (-1)**=1) = (-1)**(*1)_ This is then our desired form for the operator

(AUD+1S0)(n), completing the inductive step. -

4.2 Spectral Analysis of A,

Having identified the explicit form of our operator, we now proceed to identify its essential spectrum.

We again observe the following pattern for our essential spectra, which in this chapter will be denoted

by Gess:
F(Ape)(x) = (2-2cos(x))(Fe(z))
F(AL ) (z) = (6—8005($)+2cos(2x))(.7:gp(x))
F(AYS o) (z) = (20 —30cos(x) + 12 cos(2x) — 2 cos(?)gc))(}"go(x)).

These identities thus give us:
§CSS(AD) = [0a4]7 gcss(AQD) = [07 16]3 gcss(ASD) = [0a64]

We thus start by proving:

Lemma 4.3. In general, we have, for o €N, o € *(Z) and for x € R:

o-1
Fahe)) = [Co+2 3 O 7 eon((o - ) (o) (o)
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Proof.
20
F(ADp)(x) = gzei”(g%ck(—l)’“w(n o +k))
= Zzem 270 (-1)7p(n-0) +...+ Zzem 27 Oy (1) p(n + o)
= YT (1) p(n) +..+ Y €200, (<1)% ().
nez nez

We now exploit the symmetry of the binomial coefficients, i.e. *C} = *C,_p, and match up all terms

with equal coefficients:

. 20 .
> e (3 2Oy (~1)F ) ()

nez k=0

o-1
Z einm(QJC{r " Z ZUCk(_l)kJrcr[e*i(U—k)x + ei(U—k)f])@(n)
nez k=0

o-1
(7o +2 ;;) 2 O (=1 cos((o - b)) | (Feo) (x).

F(ADp) (@)

We are left to identify the range of the above symbol:

Proposition 4.4. The essential spectrum of the operator AJ,, namely Gess(AY,), coincides with the

interval [0,47].

Proof. Following the above formula for the operator, we investigate the range of:

f(z) = [Q”Ca +2 UZ 270 (1) cos((o - Ic)x)].

k=0

We identify the extrema:

o-1
flx)=2%" 27 C(-1)* 7" (0 - k) sin((o - k)x).

k=0

The principle solutions for f’(x) = 0 we are interested in will be 21 = 0, x5 = 7. Indeed, using x5 = 7

o-1 o-1 %
f(m) = 2°C,+2 % PO (-1 (-1)7F = 20,42 2C, = Y PG,
k=0 k=0 k=0

where we used the symmetry of the binomial coefficients again. We then recognise the equivalence

of the above equation to summing each even-numbered row of Pascal’s triangle. We hence use the
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binomial formula to obtain:
20

3 27Ck = (1+1)%7 =47,
k=0

Now we turn to 1 =0:

o-1 20
f(O) _ 2000_ +92 Z QUCk(—l)k+g _ Z QUCk(—l)k+U _ (1_ 1)20 :O.
k=0 k=0

Clearly we attain the maximum at 25 and the minimum at x; and by the periodic nature of f(x),
these extrema remain the same disregarding of which solution of f’ =0 is employed, and hence our

Proposition is proved. O

4.3 Agmon—Kolmogorov Inequality — (D°,Z)

Having established the explicit formulae for our operators and their spectra, we now turn to applying
the same method as before to obtain spectral bounds of a more general Schrodinger-type operator.
We thus commence again with the relevant Agmon—Kolmogorov inequality, in this case, for the

operator D?. We first need the following discrete Kolmogorov-type inequality:

Lemma 4.5 (Discrete Kolmogorov-type inequality). For a sequence @ € £?(Z), and for n,keN, n >

k> 1, we have the following inequality:

1-k/n n k/n
|D*@lexczy < lllgaiay 1D Pl

Proof. We see that the case k =1, n =2 is in fact our Proposition 3.2. Hence we proceed by strong

induction and assume we have the required inequality for n < m. Then:

ID™ 0%z (D™, D™ )

(D*D™p, D" )

IA

ID*D™ 0|22y I D™ 02z

D™ @l D™ pllez 2y

where we used Cauchy’s inequality and the equivalence in norm of D* and D due to normality.
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We thus apply our induction hypothesis, and set £ =m -1 and n =m:

m m m m-1)/m 1/m
D¢l < ID™ole@ | Dol " el

£2(z2) (z2)
m 2—-(m-1)/m m 1/m
= D"l < ID" el @ el
m m/(m+1 1/(m+1
= ID"0le@ < ID™ el P el

We now return to the induction hypothesis:

IN

m _k/m m—k)/m

ID* el < D™l el &y
m k/(m+1 k/m(m+1 m—k)/m
ID™ ol P lelgtins ™ P el gy

IA

m k 1 1-k 1
= D™ i el Y.

Hence our statement holds for n = m + 1 and our inductive step is complete. O

We are now equipped to prove our relevant Agmon—Kolmogorov inequality:

Proposition 4.6 (Agmon-Kolmogorov Inequality — (D?,7)). For a sequence ¢ € (*(Z), we have

for any o eN, o > 2:

1-1/20 o 1/20
Iele= @y < el 107 ¢l s,

Proof. First we use Lemma 4.5 with k=1, n =0:

-, 1
HDSOHZQ(Z) < H‘PHp&) 1D ‘PHW(Z)a

and we apply this estimate to our discrete Agmon inequality, Proposition 2.7:

lo(n) P < llelea|Delea
1-1 . 1
< lelemlelad, ID7elh e,

2_1 . 1
H‘PH@2(Z) |D ‘PHW(Z)'
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4.4 Generalised Sobolev Inequality — (D?,Z)

Proposition 4.7 (Generalised—Sobolev inequality — (D7, Z)) Let {1/)j —1 be an orthonormal system
of sequences in *(Z), i.e. (1j,0r) =0,k, and let p(n) := J i (n)|?. Then

N
> ¥ (n) <Y Y ID7 ()

nez Jj=1neZ

Proof. We follow exactly the same method as before, and hence move through the argument swiftly.
Let & = (&1,&,...,&n) € CV. By our Agmon-Kolmogorov inequality — (D?,Z), i.e. Proposition 4.6,

we have:

N 2 N (20-1)/o
|j;fjwj(n)\ < | 260 |p ij o
= ( i fjék('l/)j,'(/}k))@a_l)pﬂ( > fjsgk(Dawj,D"wk))l/Qo
jik=1 jik=1
< (i|§j|2)(201)/20(_kilfjfk(Da¢jaDg¢k))l/20
J= J,R=

Let & = ¢;(n) and as p(n) = £;% [ (n)[*:

N 1/20
7P () (3 i ()b (n)(D7 05, D74k ) ’

Jik=1

¥; ()Y (n) (D745, D)

1

(S 107w ).

1 neZ

p°(n)

IA

. p20+1(n) <

=M=

J

M=

- Z p2a+1 (n)

nez 7
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4.5 Lieb—Thirring Inequality — (H%,Z)

We will now be interested in spectral inequalities for discrete spectra of ot order Laplacian operators
perturbed by a potential term. We thus fully generalise the previous chapter’s idea of the discrete
Schrédinger-type operator.

We let {9; ]Ai 1, N e N be the orthonormal system of eigensequences in ¢?(Z) corresponding to

the negative eigenvalues {e; jj\il of the (20)*" order Schrédinger-type operator:

(Hpi)(n) = (ADY;)(n) = buthi(n) = ej1p;(n), (4.1)

where j € {1,..., N} and we assume that b, > 0 for all n € Z. Our next result is concerned with

estimating those negative eigenvalues:

Theorem 4.8 (Lich-Thirring inequality — (H%,Z,~ = 1)). Let b, >0, {by }nez € £27*D/29(Z). Then

the negative eigenvalues {e; }jvzl of the operator Hf, are discrete and they satisfy the inequality:

sz: ‘6 | < 20 Z b(20+1)/20
j=1 7T (20 +1)@orD/20 L .

Proof. We take the inner product with 1;(n) on 4.1 and sum both sides of the equation with respect

to j. We obtain:

> = S(TID0P) - L(L blsoP).

j=1 neZ j=1 neZ
We now use Proposition 4.7 and apply the appropriate Holder’s inequality, i.e:

20‘/(20+1)( N )20+1 )1/(20'+1).

iej > %(i|wj(n)|2)20+l ~ (Z b%2<7+1)/20) Z( |1/)J(n)|2

nez neZ j=1

(4.2)

We define

o /(20+1) 20/(20+1)
)2 +1 )1 .

= (S (TP (D)

nezZ j=1 nez

The latter inequality can be written as

N
X20+1 -5x < Zej'

J=1
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The LHS is maximal when
1 1/(20+1)
_ b(20+1)/20 )
X= 2o+ 1)1/20 (Z:Z " )
Substituting this into (4.2), we obtain:
N 1 1
(20+1)/20
N - - @ - -
;eﬂ = ((20 + 1)(20+1)/20 nZE:Z n ) (20 + 1)1/20 =
20
(20+1)/20
(20- + 1)(20+1)/20’ ngzb" '
Therefore:
N 20
) (20+1)/20
j; lej| < (20 + 1)@ T;an . (4.3)
O

We can thus finally prove Theorem 1.8:

Theorem 1.8 Let b, >0, {by }nez € £77/27(Z), v > 1. Then the negative eigenvalues {e;}, of the

operator HY, satisfy the inequality

N
Sl < w3 Yo,

J=1 nez
where
20 L(42)r(y+1)
Ny = =
7 (20 +1)@o+D)/20 (4 2221

Proof. Let {Ej(T)}jI\il be the negative eigenvalues of the operator A¢, — (b, —7).. By the variational

principle for the negative eigenvalues {-(le;| - 7).}, of the operator A, - (b, — 7) we have as

before:

(lejl =)+ <le;(7)]-
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By this estimate, and our Lemma 2.11, we find that

N

1 o &
e;|” = 7/ 772 eil-7)sdr
Z|]| 8(7—1,2) 0 (;|]| )+

1 o0 S
- 7—22: . d
6(7—1,2)’[0 ! j:lej(TL !

20 1
7 2 (2t7+1)/2(7d
@)@ B -13) Jo T 2 i

)

by (4.3) above. Then, exactly as before:

N 20
o< (20+1)/20f b))~ 2(1 - (20+1)/20b ds
j2=21|€3| (20 + 1)@o+1)/20 B(’y 1,2) nz% (sb)7 (1= 5)3
20 1 4o +1
— B _ 1’ b’y+1/20’
(2o + )@ B —1.2) 20 b g, ) 2
_ n;y Z bz+1/20’7
nez
where
20 B(v-1,%4) 20 T4 (v +1)

Ny = (20 +1)2o+D)/20 B(y-1,2) B (20 +1)(2o+1)/20 T (4 2241 2(7+1
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4.6 Polydiagonal Jacobi-type Operators

We let W, be a polydiagonal self-adjoint Jacobi-type matrix operator:

a?y 0 0
by aty -~ - a% 0
al; by a} ag
LV& = aé b1 a% )
aZy “oal by ad
0 a% ay b3
0 0 af
viewed as an operator acting on ¢*(Z) as follows. For ne Z,ie {1,...,0}:

apip(n =) +bap(n) + 3" ay,p(n+1)
i=1

on-0)+...+al_o(n-1)+byp(n)+alon+1)+...+aSp(n+o0),
A n-1¥ n n

e

Il
_

(Wop)(n) =

K3

a

39

where a,, b, € R, for all i € {1,...,0}. Again we denote (W,({aL},...,{aZ},{bn,})p)(n) =
(W,¢)(n) where we understand {.} to mean {.},cz. We are then interested in perturbations of the

following special case:
(W) (n) = (Wo({ap =wi},... . {a] =we b, {ba = 0})¢) (n),

where w; := 27C,,;(~1)%, and explicitly:

20

(W3e)(n) = (AL -*Co)p)(n) = 3 P Ch(-1)"7p(n-o+k),
k=0, k+o
called the free Jacobi-type matrix of order o. In particular, we examine the case where W, — Wg
is compact. Thus in what follows we assume that our sequences tend to the operator coefficients
rapidly enough, i.e. a! — w;, b, — 0, rapidly enough as n — +oco. Then the essential spectrum

+

is given by ¢ees(Wy) = Gess (W0) = [-29C,,4° - 27C,] and W, may have simple eigenvalues {E]i }Jj\il
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where N, €N, and
Ef>Ey>..>47-%C,>-27C, >..>F, > Ej.

We hence restate Theorem 1.10, the bound for these eigenvalues:

Theorem 1.10 Let v > 1, {b,}nez, {0}, — w;i bnez € £7Y27(Z) for all i € {1,...,0}. Then for the

eigenvalues { £ }jj\iil of the operator W, we have:

N_ Ny o
Z|E; n QUCU|’Y 4 Z|EJ+ _ (40 _ QO'CU)|’Y < V;Y(Z |bn|w+1/2a+4z Zaﬁ_wkpﬂ/%)’

7j=1 J=1 nez neZ k=1

where

r 4a+1 )1—\(,7 + 1)

V;/ =20 (20'+ 1)7_2 F( + 20+1

Proof. We remind ourselves for our general matrix bounds for square, m x m matrices, i.e. Lemma

2.12. For a)', wy, € R, we have:
—la? - wm,| 0 ... 0 Wi 0 0...0a" e —wm| 0 ... 0wy
0 0...0 0 0 0 0 0 0 0 0 0
< <
0 0...0 0 0 0...0 0 0 0...0 0
Wi 0 ... 0 —|a —wpn 0...00 Wi 0 ...0 |a" —wp]

We thus extrapolate the method used in the pentadiagonal case and use this on each block of indices:

Wo({ay, zwi},...,{ad 2we}, {b$)}) < Wo({an}, ..., {ad}, {bn})
<W,({al =wi},.... {aS =we}, {bDY). (4.4)

where bg,,i) is given by
b = b ((ahoy —wrl+ g —wil) + .+ (lady - wol + [0 - wo ),

ie.

b = b, i(i:: —wk|+|a]fl—wk|).

We give the following representation and note here that it is slightly misleading, as the coefficients
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do not lign up in such a simple way, however the more compact visualisation proves useful:

1 -)
boy o aZ; ... a%y ... oo b W e Wy
1 1 . (=)
az; by ag : ... S ooowr o by w1
ay b al B : w A ’
0 1 1 R . : 1 1 1
a’y ... al by ... el W . Wy bé_)
1 (+)
b1 aZ; ... a%y ... oo b w1 e Wy
1 1 . (+)
a_q bo ag : N < ce w1 bO w1
- )
1 1 . (+)
ag b1 aj ‘e ‘e : w1 bl w1
1 (+)
aZy ... a; by ... R T )

Now we relate these to our Schrédinger-type operators:
CITD -47 + bn = Wz(fj - (40 - 2000) + bn = Wcr ({0%11 = wl}a L) {a’z = wU}? {bn - (40 - 2000)}) ) (45)

and

+bn = W +27Cy + by = W, ({ah zwi},..., {al 2w, }, {bn +2°Cy}). (4.6)

Now (E] - (47 - 290, )) are positive eigenvalues of W, ({al},...,{a%},{b, - (4° -2°C,)}). Thus by

using (4.4), and the Variational Principle, Theorem 2.10, we have

Wo({ay}s.oo a7}, {bn = (47 = 27C0)}) < Wo ({ag, =wi},. . {af =wo }, {057 - (47 =*7C,)}),

= |E - (47 -%7C,)| <€}, (4.7)

where e;f are the positive eigenvalues of
W, ({al =wi},.... {ag 2w}, {bS) - (47 =27C,)}) = AF - 47 + (D).

Let us now again define (b,); := max(b,,0), (by)- := —min(b,,0). Then, by the Lieb-Thirring
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inequality — (H,Z) for the positive eigenvalues of our operator, i.e. Corollary 1.9, we have:

N,
Si(en) <nl 3§
j=1

nez

Thus, applying (4.7):

S Z v+1/20
2 IES (47 =2 Co)l <y 3 () 3 (hoy -l vlah—l) )
J=1 neZ k=1
where
v . 20 L(A2E)(y + 1)
770— = (20_+ 1)(20’+1)/20' 1“(,}/+ %

Similarly, following the same method and using the Lieb—Thirring inequality — (H%,Z) for negative

eigenvalues, i.e Theorem 1.8 on (4.6):

N- T v+1/20
By +27Co <l 3 ((0n)-+ Y (lahg —wil +1ak —wil))
k=1

J=1 nez

Applying Lemma 2.13 for 20 + 1 elements, i.e. for i€ {1,...,20+1}, let oy, ¢ € R, with ¢ > 1,
20+1 q 20+1
( > ai) S(20+1)q1( > ag),
i=1 =1
to each of (4.8) and (4.9) we have:

o +1/20
((n)s+ 3 (b~ il + ok i)
k=1

< (20 + 1) @D (b,) 7127 4 3 (k- wp V27 4 a1 ),
k=1
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Adding them up we arrive at

N_ ) N, )
Z |E]’ +27C, " + Z |EJ+ -4 =-=7C)

j=1 =1

< (20_ i 1)'\/—(20—1)/20 n;/ [Z by, )’Y+1/2<7 n Z (Z |a’7]2—k _wk|’Y+1/20' i Z |0J7]§

nez k=1 \neZ nez

+ 20+ 1) DRy [Z (b)) 4 3 (Z jak_y — w727+ 3 Jak

nez k=1 \neZ nez

Therefore:

_ wk|7+1/20):|
_ wk|'y+1/2cr):|

N_ Ny o
Z|EJ_ n 2O'CO_|’Y i Z|Eg+ _ (40 _ QUCO_)|’Y < V;(Z |bn|v+1/2a+42 Zaﬁ_wkpﬂ/%)’

j=1 j=1

where

P(*)r(y+1)

v) =20 (20 +1)772 T(y+220)

and the proof of Theorem 1.10 is complete.

nez neZ k=1
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Chapter 5

Inequalities on (2(Z%)

In this chapter, we generalise our inequalities with regards to dimension of our domain, the focus of
which will be obtaining an entire family of Agmon-Kolmogorov inequalities. We then employ our
previous approach to generate a large class of Lieb—Thirring inequalities of arbitrary dimension.

In Section 5.1, we introduce our higher dimensional difference operators and give the relevant
notation. In Section 5.2 we introduce the Agmon—Cauchy inequality, a simple operator bound and
then use those to prove three Agmon—Kolmogorov inequalities on ¢2(Z?). In Section 5.3, we follow
the same method to obtain four Agmon-Kolmogorov inequalities on ¢2(Z?), all with different expo-
nents and constants. Finally, in Section 5.4, we generalise this to Agmon—Kolmogorov inequalities
for arbitrary dimension, and in fact generate 24! inequalities for each dimension, and find the gen-
eral formula for each constant in Section 5.5. We thus give examples of specific formulae for these
inequalities for two- and three-dimensional domains in Section 5.6. In Sections 5.7 and 5.8, we in
turn use these to prove the discrete Generalised Sobolev and Lieb—Thirring inequalities for arbitrary
dimension, and finally identify in Section 5.9 which choices of Agmon—Kolmogorov inequalities are

in fact redundant when considering their application to spectral inequalities.
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5.1 Discrete Operators of Arbitrary Dimension

We introduce our notation for the d-dimensional inner product space of square summable sequences:

Definition 5.1. For a vector of integers ¢ := ((1,...,Cq) € Z9, we say {o(Q)}eeza € 0%(Z%), if and

only if the following norm is finite:

CezZd

1/2
lolez(zay = ( > IsD(C)Ip) :

Then, for ¢, ¢ € (2(Z%), we let < .,. >4 be the inner product on ¢2(Z?):

(o, P)a= ). e(O)8(0).

Cezd
We thus generalise our difference operators to higher dimension:

Definition 5.2. For a sequence ¢ € £2(Z%), we let Dy,..., Dq be the partial difference operators
defined by:

(D14P)(<) = <P(<17"'vci+ 1""7<d) _(p(cla-"7<d)7

The discrete gradiant Vp shall thus be defined by:

Vpp(C1sCas -, Ca) = (D19(C), D2(C), - - ., Dag(()).

Thus, combining this definition with that of our norm above, we obtain:
1V p@l72(zay = ID16l2 zay + - - + | Dagll 2 ay-

5.2 Agmon—Kolmogorov Inequalities — (Vp,Z?)

In the continuous case, the two-dimensional (and in fact the higher dimensional) version of the

Agmon inequality does not hold true, namely for any f ¢ H'(R?) :

awplf@P £ 0( [ 1r@Pde)” ([ v’ (5.1)

zeR2

for any constant C € R. The following counter-example illustrates this:
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We consider a radially symmetric function f : R? - R. For z € R, we let r := |z|; then for a real

number « such that 0 < « < 1/2, we choose:

—lnr)* 0 2,
) - (-Inr) <r<1/
0 r>1/2.

This function then does not satisfy the two-dimensional Agmon inequality. Indeed:

(fooo|f(r)|2rdr)l/2:([01/2|—1nr|20‘rdr)1/2<oo.

and

(fooo\—lnﬂ?(a—l)%dr)l/z

oo 1/2
([ |~ InrPe D d(nr) )
0

—Inr)2a-141/2
- 55

([T1reypra)”

< 00 for a<1/2.
0

Thus, the RHS of (5.1) will thus be finite, but sup,.g, |f(r)* is clearly unbounded near 0, thus

giving us our counter-example.

However, we will show that the discrete Agmon inequality does generalise to higher dimension.
Throughout this section, we consider the two-dimensional case only. We let ¢ = {¢©((1,(2) }ey.caez

be a sequence in ¢?(Z?), and thus we introduce the following norms:

[T (2,02 (2y) = sup Y l9p(C1, G)I,
C1€Z (yel

and

lel ez 2y 0=z = sup D |G, G2) -
C2€Z (1 €7

We will prove three simple lemmata, which we then apply to obtain three different inequalities. The

first allows us to estimate the £°°(Z, £?(Z))-norm of a sequence by two ¢?(Z?)-norms.

Lemma 5.3 (Agmon-Cauchy Inequality on ¢%(Z?)). For a sequence o € (*(Z?), the following

inequality holds true:

H@H%ew(Z),z?(Z)) <[ Drolle2z2y el e (22,
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and by symmetry we have the same result for Dy, i.e.:

l0172 @) o= (2) < 1 D20l e2z2) |02 22)-

Proof. Using the one-dimensional Agmon—Kolmogorov inequality — (D,Z) i.e. Proposition 2.7 on

our second variable, we find:

(@ < (S0 ) (Shetcanr)”

leZ leZ

Now we sum with respect to (i:

5, Gl < 3| (2 paraf) " (Sleoor) |

C1eZ C1eZ L " leZ leZ
and use the Cauchy—Schwartz inequality:

1/2

S e @< (X 10aeR) (3 IeuE)

C1eZ C1,leZ C1,leZ

O

We estimate the ¢?(Z?)-norm of a partial difference operator with the £2(Z?)-norm of the sequence

itself, showing it is bounded.

Lemma 5.4. For a sequence ¢ € (*(Z*) and i € {1,2}, the following inequality holds true:

IDiplle2(z2y < 2] @] e2(z2)-

Proof. We prove the inequality for i = 1 and due to symmetry the other case follows immediately.

Sole(G+1,6) - (6L &)1

C1,(2€Z

20 2 IeGHLOET Y fe(¢ne)P)

C1,2€Z C1,C2€Z

= 4 Z |90(C1,C2)|2

C1,62€Z

= 4“@“?2(22)-

| D1ol7 22y

IN
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The two Lemmata above will generalise to higher dimensions, and form the core of our method. We

give one final Lemma:

Lemma 5.5. Let ¢ be a sequence in (%(Z?), then we have:

2| D1gll2(z2) [ D2l zzy < VD@l z2)-

Proof.

(2 i el) (2 e e)R)”

C1,C2€Z C1,C2€Z

> (ID19(C1, Q)P + [D2(Cr, &2)I)

C1,02€Z

2| D1¢lle2(z2y | D2l e2 22y

IA

HVD‘F’W?(W)'

O

Remark. We note here that this result does not generalise to higher dimension, as the inequality
2ab < a? + b? does not hold true for more than 2 variables. This single lemma will give a special case

of the Agmon—Kolmogorov inequality that, as we will see, is independent from the others.

We finally give three Agmon-Kolmogorov inequalities over Z?2, showing the possibility of manipu-

lating the exponents of the £2(Z?)-norm values:

Proposition 5.6 (Agmon-Kolmogorov Inequalities over Z?). Let ¢ be a sequence in (*(Z*). Then

the following inequalities hold true:

(i)
1/4 3/4

2%/ HVD‘Png(Zz) ”‘PHp(ZQ)a

H<P||e°°(z2) <

(it)
1/2 1/2

2!/ HVD‘Png(Zz) H‘PHp(Zz),

H<P||em(22) <

(iii)
3/4 1/4

1/ ||VD90H¢2(22) HSDH42(Z2)~

loll e (z2y < 27

The proofs all share the same first step, namely "lifting” the one-dimensional Agmon-Kolmogorov
inequality to an estimate in two-dimensional space, involving 4 separate terms. Then we can choose

how to combine the different norms.
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Proof.

Step 1: By applying the one-dimensional Agmon inequality 2.7 on the first variable, we have

lo(C1, @) < Y ID1e(L, )P Y e, &)

leZ LeZ

Then by our Agmon—Cauchy Inequality, Lemma 5.3, considering D;p(1,(2) as our sequence for the

first term and (I, (2) for the second, we have:

lo(C1, @)I* < | D2D1¢lle2(z2) | D1l 222y | D2l ez z2) | €2 22 - (5.2)

Now we apply Lemma 5.4 to our mixed difference term, yielding:

lo(C1, ¢2)I* < 2| D2l e2z2y | D1l e2(z2) | D2l o222y |0l e2 22 - (5.3)

Here we remember that D;D; = D;D;. Hence we could have estimated the mixed difference by
ID1¢ll¢2(z2), which generally leads to the same inequalities, due to the symmetry of our argument.
However, in (iii) this will prove useful, due to the different method employed.

Step 2:

(i) Now we use Lemma 5.4 on the first and third term on the RHS of (5.3):

IN

(¢, IF < 220l ID1eleee)2lele e |l

8] D1l (z2y lolz (z2) -

We square this inequality, repeat the argument symmetrically ending with a Dy-norm, and then add
the resulting inequalities to one another (a process which we shall henceforth call symmetrising).

We thus obtain:

200(¢1, ) < 64 ([ D1plFe 22y + | D2z (z2y) lpl32z2)
= 10, < 2PIVnel L el
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(ii) We use Lemma 5.4 again, retaining two Do-norms in this case:

A

(¢, I < 2IDal72z2) 20l 2 22) |2 22)

UD201 7 z2) 2l 229 -

We symmetrise:

20(¢, G < 4(ID1@l7e 22y + 1 Doeli2 (22y) 1917222
1/2 1/2
= e )l < 2PVl el

(iii) Using Lemma 5.5 on the first two terms on the RHS of (5.3), i.e.:

o (¢1, G)I* < 1Vl 22y | Doz 22 | 2l e 22y - (5.4)

We repeat the argument starting from (5.2), firstly estimating the mixed difference term by | D1u 2 (z2):

lo(C1, G2)I* < 2| D1l e2z2y | D1#lle2(z2) | D2l o222y |2l e2 22y,

and then use Lemma 5.5 again to obtain:

(¢, I < [VD@lo(z) [ D1l 22y |l 2 a2 (5:5)

We square both (5.4) and (5.5), and add them up to obtain:

200(¢1, )P < 1Vl 222y (1Dl 22y + | D22 (22y) 072 (22)

- 3/4 1/4
= [0(¢1, ) < 2PV Dol g Lol )

O
Remark. The last inequality, as we shall later see, is unique in the sense that the exponent of the

¢?(Z?)-norm of the divergence is greater than that of the £2(Z?)-norm of the sequence itself. This is

due to the fact that we were able to generate it using Lemma 5.5, which only holds true on ¢?(Z?).
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5.3 Agmon—Kolmogorov Inequalities — (Vp,Z3)

We continue similarly, giving the Agmon-Cauchy Inequality and the operator bound on ¢?(Z?).

Here we note that we have to ”1ift” our Agmon inequality twice. We introduce the following norms:

| ol 2y 2 z2yy = sup Do 19(Cr,Cas s where i, je{1,2,3} & i #j,
CLeZ ¢y ,C3el

and:

[o1F =22y 2020y = sup_ 3. l9(C1,Ga,¢a)fP where i,j€{1,2,3} &i#j.
C1,2€Z ¢5eZ

Naturally, any combination of the three variables will be defined in the same way.

Lemma 5.7 (Agmon-Cauchy Inequality on ¢2(Z3)). For a sequence ¢ € (*(Z3), we have:

1/2
K

1/2
(i) swp Y 1o(C G P < (X IDsp(G L G)P) T (X le(ntG)P)

Co€Z ¢y e C1,l€Z C1,leZ

(i) 1ele@2) ey < 1D3¢lle@s) l¢le ).

We note that, for all i € {1,2,3}, we could have chosen any combination of D;-terms by symmetry.

Proof. Using the one-dimensional Agmon—Kolmogorov inequality — (D, Z), i.e. Proposition 2.7, on
(o we find:
) o\ 12 o\ 12
(GG )P < [ (S ID2 (G L)) (le(GuthGs)P) |-

leZ leZ

Now we sum with respect to (i:

> (GG G < 3 [(Z|D2SD(C1,Z,C3)|2)1/2 (Z|90(C1,l,43)|2)1/2]7

C1€Z C1€Z leZ leZ
and use the Cauchy—-Schwartz inequality:

S eGP < (3 et ) (T e@naP)

C1€Z C1,leZ C1,leZ

which completes the proof for (i).
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To prove (ii), we apply Proposition 2.7 to (3 and sum across both ¢; and (s:

% Sl aals T 3|3 pwaen?)” (5@ amr) |

C1,€Z C2€Z C1,€Z (o€l meZ meZ
and then we apply the Cauchy—Schwartz inequality twice:

1/2

Y el Y DapcemB) (X e Gom)?)

C1,C2€Z C1,C2,meZ C1,C2,meZ
= | D3l 2(z3) ¢l e 23y -
O

We identify again an estimate of the £2(Z3)-norm of a partial difference operator with the ¢2(Z3)-

norm of the sequence itself:.

Lemma 5.8. For p e (*(Z?) and i€ {1,2,3}, we have:

1Diplle2(zsy < 2] @] e2(z3)-

The proof is analogous to its two-dimensional equivalent, i.e. Lemma 5.4 and needs no repetition
here. We thus apply these two Lemmata to generate four different Agmon—Kolmogorov inequalities

on three-dimensional domains:

Proposition 5.9 (Agmon-Kolmogorov inequalities on £2(Z3)). For a sequence ¢ € (*(Z3), we have
the following inequalities:

(1)

Cfg’@ lo(C1s€2,¢3)] < 51;1/2|VDS0|;2/§23)”90|Z§23)3
(i1) N

19061 )1 < ST s o
(iii) B

Cf?fcg lp(C1s €2, ¢3)] < 323//16|VD‘P|%?Z:;)||¢|24?23),

(iv)
2 1/2 1/2
CIS’ZI’)CS lo(Ci,s¢2,G3)| < 3174 HVDQO”p(ZS) HSDHW(ZS)'
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Proof. By using the one-dimensional Agmon—Kolmogorov inequality — (D, Z), Proposition 2.7, with

regards to the first variable (7, we have

2 2
0(C1rCor ) < (Z|D180(17C2,C3)|2) (zwm,cg)ﬁ) |

leZ leZ

Applying Lemma 5.7 (i) on each term:

0(C1, 6, G)P < Y [D2Dip(l,m, )P Y, [Dip(lm, )P Y. [Dap(lm, )PP Y. Je(l,m, G)I%.

l,meZ l,meZ l,meZ l,meZ

Now we employ Lemma 5.7 (ii), effectively lifting’ the estimate to £?(Z3)-norm values, yielding:

0(C1,¢2,¢3)° < [ D3DaD1op|l g2z | D2D1olle2(z2) | DsDigllezzoy | Dipll ez zy -

| D3 D2l 2(z3) | D2l e2 28y | D3|l 2 (z3) |0 2 (23) -

We take this inequality as our starting point, and choose four different combinations of | D1¢p|s2(zs)-

and | ¢||¢2(z3)-terms by applying Lemma 5.8 repeatedly.

i) We now use Lemma 5.8, on all but one term above, leaving a single || D] p2(z3)-term, and
(z#)

estimate the remaining terms by || ¢ (zs) only:

IA

lo(Cry G2y G3)IP 4| D1 e2(z3) 4l el e2z3) 41l e2z3) 2] plle2 23y Al el 02 z3) -

2| lle2z3y 20l ez z3) ol e2 (z3)

2" | D1l zs) lepllie sy -
We square and symmetrise:

30 (C1, G2, ()" < 22(I D10l o) + |1 D2l oy + |1 D3l sy el zs)

211/8 1/8 7/8
G Ea B P

(ii) We again use 5.8 repeatedly, leaving two | D;¢|¢2(z3)-terms, and estimating the remaining terms
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by [l¢|l¢2(z3) only:

IA

lp(C1, G, G3) P 4| D1 ¢2(z3) 21 D1l e2(z3y 4l e lle2 z3) 2l @[l e2 23y -

4 pllezz3) 200l 2 z3y 2] 2 02 23y |2l 02 (z3)

2 D1glZe 2o 10122 (z0)-
We symmetrise:
310 (1, Ca, G3)I° < 2 ([ Dagpll oy + | D2l e sy + | D3l 72 sy ) 019 25y -
ol o)l < S I e

(iii) Now we leave three | Dq¢| 42 (z3)-terms:
Plle2(z3)

IA

lp(Cr, Gy )P 4| D1 ¢2(z3) 211 D1l o223y 2| D1pll 2 23y 2] 2l 2 (23 -

4] @lle2(zs) 2l el ez z3) 22l 2 23y | ©lle2 z3)

2’1 D1¢llga oy 102 29

We take it to the power 2/3 and symmetrise:

3l (G1, G2, ) <2 (|Drlfagzny + 1 D2¢lifacany + 1 Dspliaany) Il sz

29/8
3/8
= |@(C17§23C3)| 33/16 HVDQDng/(ZS)”(Png(ZS)

iv) Finally, we leave four |Djp|y2(z3y-terms:
(Z%)

IN

(&1, G2,y 38 4| D1 ¢2(z3) 2l D1olle2(z3) 21 D1l 2 (z3y | 1ol e2 (z3) -

4 el e2zs) 2l ez z3) 2] 2l 2 23y | @l ez (z3)

2° HDMH?Z(Z«%) H‘PHZ}Z’(ZS)-

We square root and symmetrise:

3l (Cry G2, Ga)I* < 2 (| Drolz 2oy + 1 D272 23y + | D3l 2 29y) 10122 (29 -
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2 1/2 1/2
= |‘P(C1»<27C3) < WHVDSDHE2/(ZS)H@HZ!(ZS)‘

O

Remark. We note here that if we were to start with estimates by |Dap|s2(zsy or | D3] (zsy, we

would obtain the same inequalities, due to the symmetrising argument.

5.4 Agmon-Kolmogorov Inequalities — (Vp,Z9)

We finally generalise the previous method to arbitrary dimension, in addition to which we obtain
a formula for the constant depending on both dimension and exponent of the ¢2(Z?)-norm values

chosen. We introduce the following notation:

Definition 5.10. For a sequence () € £2(Z%) with ¢ == ((1, ..., Cq) € Z%, for 0 < k < d we define:

1/2
el - ( Sy |¢<<>|2) |

C1e€Z  CreZ
Remark. We identify that [¢]o = |¢(¢)| and if we apply this operator for k = d, i.e. sum across all

coordinates, we obtain the ¢2(Z¢)-norm:

[#1a = [@lezzay-

The following lifts the Agmon—Kolmogorov-type inequality by one dimension:

Lemma 5.11 (Agmon—Cauchy inequality — (VD,Zd). For the operator D1, acting on a sequence

©(C) € EQ(Zd), we have:
22 Lol

sup [l < [Dr+1lia k41
Ck+1€Z

Proof. Using the discrete Agmon inequality on the (k + 1) coordinate, we find:

1/2

2 2 1/2 2
(G )P < (S ADka(Cr 5 Gl Crons o, COP) T (L 0(C o Gl Grvs -, Ca) )

leZ leZ
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Now we sum with respect to the other coordinates:

S Y ey Ca)P <

C1€Z  (reZ

12 12
Z Z [(Z|Dk+180(<17"'7<k7lvck+27"'acd)| ) (Z|90(C17"~7Ckala<k+27"°7<—d)| ) :|1

C1€Z (el leZ leZ

and use the Cauchy-Schwartz inequality on the k*" coordinate:

1/2
Z Z |S0(Cl7'~'7<d)|2 < Z Z [( Z Z|Dk+1@(gl7"'7<k7l7<k:+27"'aCd7)|2) '
C1€Z  (reZ C1€Z  (r-1€7Z CreZlel
5 1/2
( Z Z|§0(C1a'"7<kalvck+27"'7cd)| ) ]
CreZleZ

We repeat this process to finally obtain:

1/2

Yo Y eGP < (X Y DDk Gl ez C)IP)

C1€Z  (reZ C1€Z  CreZleZ

(3 2 Dol Gl Gz C)P)

C1€Z  CreZleZ

1/2

O

We again estimate the ¢2(Z%)-norm of a partial difference operator with the ¢2(Z%)-norm of the

sequence itself.

Lemma 5.12 (Operator Bound on ¢?(Z%)). For a sequence o € (*(Z%) and for i e {1,...,d}, we

have:

IDiplle2zay < 2l¢lle2(z2y-

The proof is again analogous to its two-dimensional equivalent, i.e. Lemma 5.4 and needs no rep-
etition here. This implies that we can obtain an estimate for any mixed difference operator as
follows:

HD1 R Dk(pHP(Zd) < 2HD1 ..D;i-1Dyyq ... Dk(pHp(Zd).

k" order mixed difference

As the operators all commute with each other, we can choose to estimate a
operator with one of order (k — 1), whilst generating a factor of 2. Therefore, by eliminating !

difference operators, our inequality will contain the constant 2'.
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We arrive at our main Theorem for this chapter, the Agmon-Kolmogorov inequality on ¢2(Z%).
Again for simplicity, we split the Theorem in two. The first proves the inequality, and the second

finds a formula for the constant. The second proves much more challenging.

Theorem 5.13 (Agmon-Kolmogorov Inequality — (Vp,Z%)). For a sequence o € £2(Z%), and p €

{1,...,2% 1}, we have:

2¢ 1-p/2°
|VDSDH§2/(Zd) H‘pﬂgz(pz/d)7

H(PHZ‘”(Zd) < Hp,d

where
Kop.d 1/2¢
Hp,d = (W) )

and Kp q 15 a constant to be determined later.

Proof.

For clarity, we divide the proof into 3 steps. The first ’lifts’ our Agmon—Kolmogorov inequality to
arbitrary dimension. The second analyses the structure of the estimate. The third step completes
the proof of the inequality.

Step 1:

We initiate the process as in the case of Z? and Z? by using the one-dimensional Agmon-Kolmogorov,

and then the Agmon—Cauchy inequality, Lemma 5.11, repeatedly:

IN

[D1o]}? [1)?
[DaDioly* [Drgly* [Dald (o3

[D3DD1)3/* [DaDro]y/® [Ds Dy ]y/® -

HSDHEw(Zd)

IA

IA

[D1¢]/8 [ D3 Do ]y [ Do ]y ¥ [ Dap s ¥ [ 014/

1/2¢ 1/24
< [Dg...Dypl* ... ... (0]
1/24 1/2¢
= [ Da-. Diglffuy oo o lelidze,
d
= |@lfezay < |Da---Diglegsy - ... llle2(zay-
Step 2:
We have generated an estimate by 2¢ norms, with exactly 297! norms originating from the term
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2d71

[Dlgo]}/Q. All those will thus involve the operator Dy, or more formally: |Z;| = , where we let

== {HDal "'DakDNDHEZ(Zd) | a;  a; Vi+jg; {al,...,ak} c {2,,d}}

We note that we could also employ estimates by | D;||g2(zay for any i € {1,..., 241 but our inequality

2d—1

will not change due to our symmetrising argument. Similarly, we have norms originating from

1/2

the term [¢]; 9d-1

, whose estimates will not involve the operator D;. Hence |Z5| = , where we let

=9 Z={‘|Da1...DaktpH£2(Zd)|aiiajVi¢j; {al,...,ak}c{Q,...,d}}.

Step 3:

We will now apply Lemma 5.12 repeatedly, to reduce the order of the operator inside the norms to
either 0 or 1. For this argument to proceed, as before in the two- and three-dimensional case, we
recognise that we have to estimate all ' € Z; by & = | D1 s2(zay or alternatively by [¢] 2 za)-
Hence, we choose a p € {0,...,2%71} to estimate p elements in Z; by | D1 e2(z4y, leaving 24-1 _p
clements in Z; to be estimated by [¢]s(ze). However, for all 277! elements 2¢ € 25, we have to
provide an estimate by &1 := |¢[ s2(zay only. This means we have 2¢ — p elements in = := Z; U=, to

be estimated by [¢]¢2(z4):
d 2d_
H@H?m(zd) < Hp,d”DNp”Z(Zd) ”‘pugz(é)d)-
where k) ¢ remains a constant of the form 2% with z € Q, which we leave to be identified in the next

section. We continue as in the sections before:

2 (29412
ol < 52BN D1 0l oy ol iy

We now symmetrise:

2 2d+1_2
el <522 (1010l oy + -+ | DaglB oy ) 1215 ™"

2 -2
= 6201 Doy |2l Sy

and finally rearrange:

< (Lrd 2 p/2? 1-p/2?
HQOHZ‘”(ZGZ) =\ gri2 HVD(p”ﬁ(Zd) H‘PHp(Zd) .
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5.5 The Constant x, 4

It remains to identify the constant x, 4, where we will have to analyse its dependence on dimension
and our choice of p, as we have up to 2% —1 ¢2(Z%)-norm values to estimate. Note that in this section

we will use the notation (’;) instead of “C}, for ease of reading.

Theorem 5.14. We have, for arbitrary dimension d and pe {1,...,2971}:

Kp,d = 92" p,
We will break the proof down into two Lemmata and a final step, due to the amount of combinatorics
involved. The method for finding ~, ¢ Will rely largely on the following observation:

Let 7(&) be the order of the operator contained in any given ¢ € Z. Then we let Q; := {¢ | T(&) =1},
be the set of all terms in the estimate whose operator has a given order i. In Z; we have 1 <17 <d,

and in 25, 0 <4 <d-1. Then we have the following structures for the operators occuring in ¢ € Z;

and 2¢ € =5 respectively:

R R o2y H (o R o ™Y R (o
Z : D, 1
ZQI D2D1 D1 1 1
Z3Z D3D2D1 D2D1 D3D1 D1 1 2 1
Z*: s Dy 1 3 3 1

d. d-1 d-1 d-1 d-1
Z% Dy...Dy .. D (%) Y (5H - ()
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S S 0 R (Y R [ 2 R [ Py
7 1 1
Z? Dy, 1 1 1
73. DsDy; Dy Dy 1 1 2 1
VAS - - - Dy 1 1 3 3 1

d. d-1 d-1 d-1 d-1
7% Dq...Dy ... ... ... Dg 1 (%) (9 (5H o ()

Our first Lemma identifies |Q;], and thus justifies these diagrams:

Lemma 5.15. For the size of C);, we have for d > 2:

For =1

d-1
|Qi|:(, ) 1<i<d,
1—1

and Zoy:

|Qi|:(d_1), 0<i<d-1.

7

Proof. We follow by induction and prove the case of =5, noting that the argument for =; is symmet-
rically identical. We have already seen that the formula is correct for d = 2 (by the diagram above

or in Section 5.2), and now we assume it is true for d =1, i.e. for 0<i<{—1:

-1
|Qz|:( . )7
{2

and thus we have the following list, equivalent to the last line of the diagram above:

= 2¢9a1 N 3 W L0 RO (7Y HO (9 I (VY
L. -1 -1 -1 -1
z': D..Dy ... ... D 1 () 3H 3H - ()
Now each term of a given order 7 will, by the Agmon—Cauchy inequality (Lemma 5.11), generate a

term of order 7 and one of order 7+ 1. Thus we have:

= %€0a B I S (97 1| €2 coe ]

7' Dyi...Do ... ... D1 () (H+(H) GH+GBH oo (D
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Now we apply Lemma 4.1 (i), i.e. °Cy + °Chpy1 = “"1Cpy1 and consider *Cy = *C, = 1, which

immediately implies:

Eo €04 c e 28 260 Q0] ] 1922 [
Z"%': Dyy...Dy ... ... Dy Q) ¢ O ()

—_

and hence for d =1 + 1, we have:

completing our inductive step.

O

As discussed previously, if we consider to estimate a given £ € E using Lemma 5.12, we will, for
example, obtain:

HD1 . Dk(PHZQ(Zd) < 2HD1 ..D;i1Dyyq ... Dk(pHp(Zd).

We can see that we generate a factor of 2 for every partial difference operator we eliminate, and

thus have, for 1¢ € 21 and 2¢ € 25 with order 7(1¢) and 7(%¢) respectively:
1ey_ (2
< 70O Dip) ey,  and 26 < 2709 ] 2 (zay.

We note here that x,, 4 will not depend on which ¢?(Z%)-norms in Z; are chosen to be estimated by

%&1 = |@ll2(za). The reason for this is transparent when considering that the sum of all the orders
“

32 11 7(1&;) is a constant and needs to be reduced to the constant p-7(1£;) = p, generating a unique

1=

Kp.d-

2d—1

Lemma 5.16. The min, xp q will be attained at p = and takes on the following explicit form:

d-1 s
K/Qd—ld = H 22Z( i )

=0
Proof. Our minimum constant for =; in fact occurs if we choose all '&; € Z; to be estimated by
I D1 ¢2(zay, i-e. choose p = 291 the maximum p possible. Our minimum constant, denoted by oL,

for all terms in =; will thus be:
2d71

k=1
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Instead of examining each individual element !¢, we consider that all ¢ of equal order i generate

the same constant, namely 2°~1. Thus we collect all *¢ of the same order, and obtain:

d d
pé - H 9(i=1)I] _ H Q(ifl)(?:ll )
=1 =1

Then we need to estimate all 2 € =5, and we proceed as for Z;. All 2¢ need to be estimated by
llle2(zey, each generating the constant 2!, forming the equivalent pattern as that of =;. We thus

obtain, for the minimal constant p3:

d-1 . d-1 s
p?i = il _ H 21( i )
1=0

(3

We now see that pﬁ = p}l, and:

d-1

rd—
Kaisq = papy =[] 220
=0

We are now finally in a position to prove Theorem 5.14:

Proof of Theorem 5.14. We are left to analyse the constant’s dependence on our choice of p. First
we note that in addition to the constant generated above we will have chosen 297! — p terms to be
further reduced to || s2(zay, each generating a power of 2. Hence we additionally need to multiply

Kgd-1 g by 22" Thus our final constant will be:

d-1
d-1 d-1 d-1 d-1 ;(d-1
Kp.d = 92" 1, | | 227‘( i) - 92" P2 ¥isg (" )’
=0

Then we can simplify this further by considering the binomial formula (1 + X)" = Y7_, (Z)X k. We

differentiate with respect to X and set X =1:

n-2"t= 3 k(n)
25,

Thus
)+2d*1—p =2.(d-1)272+2% —p =d. 2% —p,
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and we finally have

dood1_
Kp,d = 2 L

as required.

5.6 Explicit Formulae for 1,2 and i, 3

We consolidate our inequalities for two- and three-dimensional domains into simple formulae, using
the multidimensional version of the Agmon—Kolmogorov inequality, Theorem 5.13:

(Z?) If we set d = 2, we have:

[ Fpo 1/4
/”Lp72 T 2p/2
We obtain pip 2, via:
4-p
4- 4t 51-3p/8
/ip$2 = 2 p = ’LLp’Q = % 2 p/

Hence our Agmon-Kolmogorov inequalities for d = 2 read:

_ 4 1-p/4
[@le= @2y < 2781V Dol gy llatany,  for pe{1,2,3}.

where we note again that p = 3 is a special case, and occurs in two dimensions only.

(Z3) Alternatively for d = 3:

s\ /2
Hp,3 = (m) .

We obtain i 3, via:

12-p
32%2-p _ 512-p 8
= = = =

Kp,3 2 2 Hp,3 3p/16

Hence our Agmon—Kolmogorov inequalities for d = 3 read:

12-p

27s 8 1-p/8
H‘P||€°°(Z3) < WHVD('DH%(ZS) HSOng(pZ/S)v for p e {1,2,3,4}.
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5.7 Generalised Sobolev Inequality — (Vp,Z?)

As before, we use our Agmon-Kolmogorov inequality — (Vp,Z?), Theorem 5.13, to find the Gen-
eralised Sobolev inequality — (Vp,Z?), and subsequently the Lieb-Thirring inequality — (Vp,Z%).

As the exponents and constants can vary, we give the most general form.

Theorem 5.17. Let {zbj}jl\il be an orthonormal system of sequences in £2(Z%), i.e. (¥j,r)a =0k,
CeZ% and let p(¢) = ij\il [0 (O, a:=p/2% withpe{l,...,271}. Then:

N

> () <u2/aZ(Z V35O ),

Cezd j=1 ¢ezd

where .
3o Kp.d 2/p ~ 2d/p.2 -2
Hpd = dr/? - d :

Proof. Let & = (&1,&s,...,&n) € CV. Then, by the Agmon-Kolmogorov inequality — (Vp,Z?) for all
¢ € Z%, letting a = p/2¢, we have:

2(1-«)
£2(24)

IA

H D ]ZV: fﬂ/)j

N 2 N
| Z£J¢J(C)| Mi,dH Zfﬂb;
Jj=1 j=1

£2(24)

N _ —a B o
i 3 680 000) (2 GEUTL Vo)
Jik=1

jik=1

N lea, N o
ui,d(lefjlz) (2 &€V Vour)a) -
Z

J,k=1

If we set &; :=1;(¢) and we have p(¢) = Zj-vzl [1;(¢)?, then the latter inequality becomes

IA

N (0%
Hp,a Plfa(C)( > YOOV Yy, VD7/1k>d)

7,k=1

SR < e Z_ 5O (ONT s, Y pti)a

P*(Q)

IN

= YO < uy (ZWD%(QF)

CeZd j=1 ¢ez4

IN
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5.8 Lieb—Thirring Inequality — (Hp,Z?)

As before, we apply the Generalised Sobolev inequality to the discrete Schrodinger operator on
?%(Z%) to obtain bounds for its negative eigenvalues.
Let {1 }jl\i 1» N € N be the orthonormal system of eigensequences in £2(Z?) corresponding to the

negative eigenvalues {e; }Jj\il of the discrete Schrodinger operator of dimension d:

(Hp;)(C) = (=VH1;)(C) = bei (€) = e5(C), (5.6)

where j € {1,..., N} and we assume that b > 0 for all ¢ € Z%. Our next result is concerned with

estimating those negative eigenvalues:

Theorem 5.18. Let be > 0, {b¢}ceza € (7Y, for a = p)2%, and pe {1,...,2971}. Then the

negative eigenvalues {e; }]]\il of the operator Hf:l, are discrete and they satisfy the inequality:

N
Z lejl < Vpa Z b1+a7
j=1 CeZd

where

a® 2d—2a a®

_ 2
(1+a)el do (1ta)yerted

Up,d =

Proof. We take the inner product with ;(¢) on (5.6), and sum both sides of the equation with

respect to j.

i i(zwm(cn) ﬁ(zw OF).

Cezd Cezd
We now use the Generalised Sobolev inequality — (Vp,Z?), i.e. Theorem 5.17, and the discrete

Hoélder inequality to obtain:

1+a 1 N 1+o< e

o> i T (SIOF) T - (S ) (2 (Za©r) T )T e

1 Cezd j=1 CeZd CezZd j=1

M=

J

We define

l+cx

(Z (ZWJ(C)\ ) )lm, 0 _(Z b1+a)1+a

Cezd j=1 Cezd
Then (5.7) can be written as

N
2/
upd/ X —ox< Zlej
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The LHS is maximal when

Lt 2ja, 1o
Ky a o

_ o _ 2 ( ) plea )T
= X ( —2/&(1+a)) /j‘ 1+« (Céd )

Substituting this into (5.7), we obtain:

0=

) 1+a _ ( Z b1+a ) Te ,Up, ( ) ( Z b1+a ) T

N _2/
Zej 2 pd 'uPa (
J=1 CeZd Cezd Cezd
1+a « “ l+a
:M,( ) —M,(f) > b
p.d 'z PA\1 4+ q g
-1 )( o )a l+a
= % b,
(1+a 1+a p’d&zzjd
Thus:
N
> lejl < Vpa 3 b, (5.8)
j=1 CezZd
where

We thus prove our final theorem, namely:
Theorem 1.12 Let be 2 0, {b¢ }¢eza € 0+ (Z), for vy > 1 and o := p/2¢, with pe {1,...,297 1}, Then

the negative eigenvalues {e; }évzl of the operator HI% are discrete and they satisfy the inequality

M=

le;|” < mpa Z bz+av
Cezd

<.
I
—

where
N F2+a)l(y+1) o> 2972 T2+a)l(y+1)
Pd = T Y arl) (Lta)el de . T(yta+l) Pd

Proof of Theorem 1.12. Let {e; (7‘)}Jj\i1 be the negative eigenvalues of the operator —~V% — (b = 7).
By the variational principle, we have for the negative eigenvalues {~(le;| —7);}Y of the operator
-VH - (be - 7):

~Vh = (b =7)s <=V = (b = 7)

=¢;(1) <=(lej| =7)+, = (lej| =)+ < e (7)]-
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Therefore, for any v > 1, we apply our Aizenman—Lieb procedure, as before:

N 1 0o 9 N
e;l” 7f T~ ei|l-71).dr
j2=21|]| 8(7—172) 0 (;']‘ )+

1 o J
— 72N e (1) dr
B('y—l,Z)’A T jglej(T)Jr T

— a” 2
We now let 1‘9P-,d = Wup’(ﬁ

and apply the Lieb-Thirring — (H%,Z%,~v = 1) inequality, i.e.
Theorem 5.18:

1 ]
LHS < ﬁ,dif 723 (be - 7)1y
b B(’Y_le) 0 Cezz:d ¢ *
1 « ! - (03
ﬁp,dm > b fo (sb)2(1-5)3 " be ds
) Cezd
1
Updm———<B(v-1,2+«) by,
P 3(7_172) CEZZ:d ¢
We thus have:
al +
leejl” < fpa 35 0 (5.9)
J= CeZ
- B(v-1,2+a) _T@+a)l(y+1)
p.d = =

B(v-1,2) 7 T(y+a+1) 7%

86
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5.9 Obsolete Choices of p

We give an account of which choices of p would be obsolete with regards to the resulting spectral
bounds for the discrete Schrodinger operator.

First, we consider that as ¢2(Z%) c ¢*(Z%) for a < b, we will have the largest class of potentials
for max, a which takes the value a = 1/2 (as £77%(2%) c £7+1/2(29) for a < 1/2). There is only one
exception in the case of d = 2 where max, o = 3/4, which we discuss below. However, the constant
could potentially be better for certain classes (i.e. other choices of p), so we are left to analyse
which choices of p generate obsolete cases of our Lieb-Thirring inequality — (Vp,Z?), via creating
larger constants as well as smaller classes of potentials. We initially consider the case of v =1 (i.e.
Theorem 5.18), d = 2, and analyse the behaviour with changing p.

For d = 2, we have:

fpa = 91-3p/8

Thus, for our Lieb—Thirring inequalities for v = 1, we have the following constants:

_ o 1-3p/8]  _ 4 oss
he = gt = g 20825
Bppim — o1l - 290457
227 T+ a)ett p=2 332 S
. a” 1-3p/8 4.3%/4 -1/8
taz= oy | = 2 02T

We see that the case p = 3 creates estimates involving the largest class of potentials, namely
by, € (7 4(Z%), and additionally has the best constant, rendering the cases p = 1 and p = 2 obsolete.
Hence for d = 2, v =1, we can restate our inequality 5.8 as

215/8 . 33/4

al 7/4
j; lej] < T .

CeZ?
Remark. This case of o > 1/2 is unique across all dimensions. Generally, o = 1/2 is the maximum
exponent, and thus generates the largest class of potentials, namely b € 03! 2(Z%). This is also true

for arbitrary moments b € £7*1/2(Z%).

We now fix d > 2 and v > 1 and consider that the constant k, 4 = 92" d-p being a monotonically

1/24 a
decreasing function in p implies that so is jip g = (;g,g) / . Additionally, as f(«) := (liﬁ and
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T'(2+a)T(y+1)

g(a) = T(yras)  are also monotically decreasing in o (and therefore in p as a := p/2¢), then so is

our constant 7, 4, as:
r2+a)l'(y+1) a® 2
M(y+a+1) (1+a)a+1up’d'

Mp,d

Therefore 7, 4 is minimal when p is maximal, i.e. p = 29-1 which sets o = 1/2. As mentioned above,
this case includes the largest class of potentials across all p. Furthermore, we have just shown that
this case also achieves the best constants. Therefore all other choices of p become obsolete. Hence

our spectral inequality of arbitrary dimension, 5.9, simplifies to:

N
el d‘ P12
;| il Tp, pe2i-1 CZZ:d ¢

IN

d-2 Ly + 1) Z prHL/2
F('Y +3/2) cezd

where the computation was greatly facilitated by recognising that « = 1/2 generates the same

constant as the case of the Lieb—Thirring inequality — (Hp,Z), with the additional coefficient Mg,ﬂ 4
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Appendix A

List of Inequalities

In this appendix, we give a list of all inequalities proven in this thesis. We give the minimum notation
and conditions required.
A.1 Auxiliary Inequalities

Discrete Kolmogorov Inequality

For ¢ € (*(Z) and for n,keN, n> k>1:

: 1-k/n k/n
ID*@lle2zy < @l 1D @l isy-

Agmon—Cauchy Inequalities
The following inequalities hold true, and are symmetric across all coordinates:

(Z?) For ¢ € £*(Z?), we have:

[0l 2.2y < D102z I ele2(z2)-

(Z3) For o € £*(Z?), we have:

1/2 1/2
) sup Y (¢ )P < (X DG L)) (Y el a)l)

C2€Z ¢reZ C1,lez C1,l€Z

(i) [017 =2y 222y < 1 D10l e2z9) |l e2zs)-



A.2 Agmon—Kolmogorov Inequalities

90

(Z%) For ¢ € (*(Z4), we have:

1/2 1/2
sup [¢];, < [Dk+1¥7]k£1 [‘p]kil :

Ck+1
Bound on Partial Difference Operator on (?(Z%)

For ¢ € £2(Z4), and for i € {1,...,d}, we have:
IDielle2(zay < 2l¢lle2(z2y-

A.2 Agmon—Kolmogorov Inequalities

For a sequence ¢ € £(7Z), the following inequalities hold:

(D,Z) (Agmon)

1/2 1/2
HQOHZ“’(Z) < HSDH42/(2) ”D@Hgé(z)

(AD,Z)
3/4 1/4
H@HZ""(Z) < ”‘)OHW/(Z) HADQOHA(Z)

(D?,2Z)

1-1/20 o 1/20
lelemcz < lolial2 1D 01425,

(vDaZQ) For pe {17273}3 P e 62(Z2):

p/4 1-p/4

21-%0/8 HVDSOHW(Z% H‘P”p(zz)-

||90Hz<>°(z2) <

(vazg) For pE {1727374}7 pEe éQ(ZB):

12-p

27 8 1-p/8
Il g (z8y < WHVDSDH%(W) H‘P”gz&/g)-

(Vp,Z%) For pe{1,...,24 1Y, e (*(Z%):

2¢ 1-p/2¢
|vD50”§2{(Zd) H‘:O”p(pz/d)a

lollg (z2) < pp,a

where

1/2¢4
“p,d) /
b

Hp,d = (dp/2 Kp,d = 2

2d‘1d—p.
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A.3 Generalised Sobolev Inequalities

Let {¢;}X, be an orthonormal system of sequences in *(Z) and let p(n) = ij\il [y (n)]?:

(D,Z)
N
>, p°(n) < 37 3 IDw;(n).
nez J=1neZ
(AD,Z) N
Z:Zp5(n) < Z; ZZ\AD%‘(”)'Q'
(D7.Z)
N
> 2 () <Y YDy, (n)P.
neZ J=lnez
(D,Z%

Let {%’};V:l be an orthonormal system of sequences in ¢2(Z%), ¢ € Z¢ and let p(() := Z;-V:l [, ()%
Then

d+1
2d+p 2 N

Yo7 (O <uh ¥ Y IV (OF.
CezZd

Cezd j=1



A.4 Lieb—Thirring Inequalities

A.4 Lieb—Thirring Inequalities

Let b, >0, v > 1. Then we have the following bound for the negative eigenvalues {e; }évzl of:

(Hp,7Z) Let {b, }nez € O71%(Z):

N T 1
Z |ej|'y < niy Z b;yLi—l/Q7 7]? — \/7_T (’Y + ) )
j=1 neZ. 23 T(v+3/2)

(H%,7Z)  Let {by}nez € OFV4(2):

4 T(9/4)D(y+1)
o< Y Z py+i/4 Y.
|e.7| 2 = n ) Up’ 55/4 F(’)/ + 5/4)

M=

J

I
Ju

(H$,Z)  Let {by}nez € 74127(2):

4o+1
]ZV: e < S pr+L/20 ol e 20 L(F5=)0(y+1)
j=1 ! iy 7 (20+1)@oD/20 T(y 4 2«27;1

(HH.Z%)  Let be >0, {b¢}eega € OF(ZY), a:=p[2%, pe{l,...,2971}:

M=

le|” < mpa D) bzm,
CeZd

J

Il
=

where
F2+a)T(y+1) a“ 9d -2«
F'(y+a+1) (Q+a)>tl go

Mp,d =
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A.5 Spectral Bounds for Jacobi-type Matrix Operators

Let v > 1, then we have the following bounds for the eigenvalues {E]* }jj\iil of the following operators:

Tridiagonal Case (W)
Let {by }nezs {an — 1} nez € 071%(2):

N_ N,
SIE; +2["+ Y [EF -2 <v] (Z b2 443 ay, ~ 1|V+1/2) ,

7j=1 J=1 nez nez

where
_ 37—1 \/%P(’YJ’_ 1)

Y. 3’y—1 Lcl )
" it 2T (v +3/2)

Pentadiagonal Case (13)
Let {bn}neZa {an + 4}neZa {Cn - ]-}nEZ € €7+1/4(Z):

N_ N,
Z |EJ_ + 6] + Z \E; - 10" < V; (Z |bn|w+1/4 14 Z |an + 4|v+1/4 +4 Z len — 1|7+1/4) :
J=1 j=1

nez nez nez

where

Vg2 AT/ (4 1)
N T'(7+5/4)

Polydiagonal Case (W,)
Let {by }nez, {al, — witnez € L7F129(Z) for all i e {1,...,0):

N_ Ny o
Z|E; + 2aCa|fy " Z|Ej+ _ (40 _ ZUCO_)|’Y < V;Y(Z |bn|'y+1/2o+4z Z al;_wk|'y+1/2a)’
neZ k=1

j=1 j=1 neZ

where

P(*5H)(v+1)

20+1
L(y+ =52

V) =20 (20 +1)772
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