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Abstract

In this thesis we will be exclusively considering uncountable groups and semi-
groups. Roughly speaking the underlying problem is to find “large” subgroups
(or subsemigroups) of the object in question, where we consider three different

notions of “largeness”:

e we classify all the subsemigroups of the set of all mapping from a countable

set back to itself which contains a specific uncountable subsemigroup;

e we investigate topological “largeness”, in particular subgroups which are

finitely generated and dense;

e we investigate if it is possible to find an integer r such that any countable
collection of elements belongs to some r-generated subsemigroup, and more
precisely can these elements be obtain by multiplying the generators in a

prescribed fashion.
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Chapter 1

Introduction and

preliminaries

This chapter is dedicated to introducing the notions and definitions which will
be used in the rest of the thesis. Concepts which are relevant to a particular

chapter only are introduced in the corresponding chapter for ease of referencing.

1.1 Set theory

The axiom system used in the thesis is the standard Zermelo-Fraenkel axioms
together with the Axiom of Choice. In this section, assuming the knowledge of
ordinals, we define cardinal numbers and introduce some basic notation used
throughout. The section is based on [10], the proofs of the results in this section
are not included, as they do not offer any insight to the problems we will be
dealing with in the later chapters.

Let X and Y be arbitrary sets. Then f C X XY is a FUNCTION, usually
written as f : X — Y if for every € X there is a unique y € Y such that
(z,y) € f. It is more customary to denote (x,y) € f as (z)f =y, and we are
going to adopt this notation. A function f: X — Y is said to be INJECTIVE
if ()f = (2')f implies x = 2’ for all x,2’ € X, f is said to be SURJECTIVE if
for all y € Y there is € X such that (z)f =y, and f is BIJECTIVE if it is
both injective and surjective.

Let X be an arbitrary set, and let n € N. Then a subset of X" is an n-ARY
RELATION on X. In the particular case where n = 2, n-ary relations are referred
to as BINARY RELATIONS. A binary relation < on X is a PARTIAL ORDER

if the following are satisfied:
e (REFLEXIVITY) z <z for all z € X

e (ANTISYMMETRY) if 2 <y and y < z for some z,y € X, then x = y;



e (TRANSITIVITY) if # <y and y < z for any z,y,z € X, then = < z.

The pair (X, <) is called PARTIALLY ORDERED SET. If in addition for every
pair of elements x,y € X either x <y or y < x, then < is a TOTAL ORDER.
We use the convention that x < y if and only if z <y and = # y.

Let (X, <) be a partially ordered set, and let A be a subset of P. Then A is
a CHAIN if < is a total order on A. An element © € P is an UPPER BOUND
OF A if a < wu for every a € A, and m € P is a MAXIMAL ELEMENT OF
P if there are no p € P such that m < p. Note that a maximal element of a
partially ordered set does not have to be unique. A WELL ORDER on a set X
is a total order such that every non-empty subset Y of X has an element which
is smaller than every other element in Y. The Zermelo’s Theorem, also known as
Well-ordering Theorem, states that every set can be well-ordered, see Theorem
4.3.3 in [10]. The following classical result is equivalent to Zermelo’s Theorem,

and also equivalent to the Axiom of Choice.

Theorem 1.1.1 (Kuratowski-Zorn Lemma, see Theorem 4.3.3 in [10]). If (P, <)
is a partially ordered set such that every chain in P has an upper bound, then P

has a maximal element.

We say that two sets X and Y have the SAME CARDINALITY if there is a
bijection f : X — Y. Recall that for every well-ordered (X, <) set there is a
unique ordinal « such that there is a bijection f: X — a so that x < y if and
only if (z)f C (y)f for all z,y € X. It then follows from Zermelo’s Theorem that
for every set X there exists an ordinal « such that X has the same cardinality
as a. Also recall that ordinal numbers are defined in such a way, that for every
ordinal «, C is a well-order on «. Define CARDINALITY OF X to be the
smallest ordinal which has the same cardinality as X, denoted by | X|. Note that
the definitions of cardinality and having the same cardinality are consistent, in
other words there is a bijection between X and Y if and only if | X| and |Y| are
equal. An ordinal  is a CARDINAL NUMBER if k = | X]| for some set X.

For ordinals a and (3, we say that a < 8 if a C 3. Since cardinality of a set

is an ordinal, the same definition of < applies to cardinal numbers.

Theorem 1.1.2 (Theorem 5.1.2 in [10]). Let A and B be arbitrary sets. Then
|A| < |B| if and only if there is an injective function f: A — B.

We denote by w cardinality of the natural numbers. It is also worth mentioning,
that for us natural numbers start at 0. If \ is a cardinal, then 2* denotes cardinality
of the set of all subsets of a set A.

Theorem 1.1.3 (Cantor’s Theorem, Theorem 5.1.6 in [10]). Let A be a cardinal
number. Then X < 2*.



For a given cardinal number &, consider the set
S.={Ae€2¥ : Xis a cardinal and k < A}.

Hence 2% € S,. by Cantor’s Theorem. Since 22" is well-ordered by <, the set S,
has an element which is smaller than any other element in the set. Denote this
unique cardinal number by x*, the CARDINAL SUCCESSOR OF .

Proposition 1.1.4 (Proposition 5.1.7 in [10]). Let F be a family of cardinal

numbers. Then |J{k : k € F} is a cardinal number.

Using Proposition 1.1.4, we can now for every ordinal « define a cardinal
number X, by induction on 8 < a. Let Ry = w. For every 8 < a, let

Nﬁ+1 = NE7
and for every limit A\ < «, let

Xy = [ J R

B<A

Then R, is the a-th cardinal number.

For any two cardinal numbers x and A we can define the operations

r®A=[(rx{0}) U (Ax{1})]
K=k X Al

Proposition 1.1.5 (Corollary 5.2.5 in [10]). Let x and X be infinite cardinal
numbers. Then k ® A = k ® A = max(k, ).

If X and Y are sets, then we denote by Y X, the set of all functions from X
to Y.

Proposition 1.1.6 (Proposition 5.2.12 in [10]). If A and k are cardinal numbers
such that w < X and 2 < k < \. Then |/i)‘\ =2,

It follows immediately from Proposition 1.1.6 that if X is an infinite set, then
|XX| = 21X

A subset X of an ordinal o is UNBOUNDED IN « if there is no 8 € « such
that v < B forally € X. For an ordinal number «, let cf (a) be the smallest ordinal
number § such that there is a function f : 8 — «a so that (8)f = {(v)f : v € 5}
is unbounded in a. The ordinal cf(«) is known as COFINALITY OF «. It can
be shown that cf(a) = 1 if and only if c¢f(«) < w, which is equivalent to a being
a successor ordinal. An ordinal number « is REGULAR if « is a limit ordinal
and cf(a) = a. An ordinal is IRREGULAR if it is not regular.



1.2 Groups and semigroups

Let S be an arbitrary set, and let - : § x S — S be a function. Then S is a
SEMIGROUP if it satisfies the ASSOCIATIVITY LAW, that is

(- y)-z=2-(y 2)

for all z, y, and z € S. An element e € S is an IDENTITY ifz-e=e¢-z =2
for all x € S. A semigroup S with an identity is called a MONOID. A monoid G
isa GROUP if for all z € G thereis ™! € Gsuch that z -2 ! =27tz =c. A
semigroup S is COMMUTATIVE, also called ABELIAN, if z -y =y - z for all
x,y €S.

Let G and H be groups with the operations denoted by ¢ and -5 respectively.
Define an operation on G x H as follows:

(9:h) - (¢ \0)=(9-¢g h-uh)eGxH

for every (g,h),(¢’,h’) € G x H. Then it is routine to verify that G x H is a
group with respect to this operation. If G is a group and n € N, we write G™ to
mean

Another group theory notion, we will occasionally make use of, is the one of
conjugation. Let G be a group, and let g, h € G. Then g and h are CONJUGATE
if there is k € G such that h = k~'gk. The set of all elements of G which are
conjugate to g is called the CONJUGACY CLASS OF G CONTAINING g.

Throughout the thesis we, without mention, assume that the operation of a
semigroup S is denoted by -, unless specified otherwise. Also whenever possible

without causing ambiguity, we omit the mention of - and write xy instead of z - y.

1.2.1 Generation

Let S be a semigroup, and let T" be a subset of a semigroup S. Then T is
SUBSEMIGROUP of S, written T' < S, if T' is a semigroup under the operation
of S. Let I be a non-empty set, and let {S; : i € I'} be a set of subsemigroups of
S. It follows easily from the definition that (,_; S; is a semigroup with respect
to -, and so a subsemigroup of S. Suppose that X is a subset of S, and let

(X)=({T<S:XCT}

Note that S < S and X C S, and so the set in the definition of (X) is non-empty.
It follows from the definition of (X), that if T" is any subsemigroup of S such that
X is a subset of T', then (X) <T. Hence (X) is the smallest subsemigroup of S



containing X, called the SUBSEMIGROUP GENERATED BY X. We say that
X isa GENERATING SET FOR S, or that S isa SEMIGROUP GENERATED
BY X, if (X)=25.

There is also an alternative, more constructive, way of defining the subsemi-
group of S generated by X. Let

T= U {1 2o+ p 2, € X forallie{l,...,n}}.
n>1

Then X C T and if 21 29 - - @y, 2} -2h -z} € T, then zy 29 - - 2y -2} -2 -+ - 2},
is in T. Hence T is a subsemigroup of S containing X. Suppose that @ is a
subsemigroup of .S such that X C @ < T'. Since @ is a semigroup, r1-Ts - - Ty € Q
for every n > 1 and x; € X where i € {1,...,n}. Hence Q = T, and so T is the

smallest subsemigroup of S containing X, in other words
(X)y={21 -2 xp:n>1and x; € X foralli e {1,...,n}}.

Same concepts can be applied to groups as well. Let G be a group. Then a
subset H of G is a SUBGROUP OF G, written H < G, if H is a group on its
own right with respect to the operation of G. Let I be a non-empty set, and
let {G; :i € I} be a set of subgroups of G. It follows from the definition that
(;—; Gi is a subgroup of G. Suppose that X is a subset of G, and let

(X)=({H<G:XCH}

By the same argument as used for semigroups (X)) is non-empty, and so a subgroup
of G. Tt follows from the definition of (X) that if H is any subgroup of G containing
X, then (X) < H. Hence (X) is the smallest subgroup containing X, called the
SUBGROUP GENERATED BY X. In the same way as for semigroups, we say
that X isa GENERATING SET FOR G, or that G isa GROUP GENERATED
BY X, if (X) =G.

Let X! be the set of inverses of the elements in X . Define

H = U {1 202y 2, € XUX " foralli e {1,...,n}}, (1.1)
neN

where the product of length 0 is assumed to be the identity of G. It follows that
ifag 2oy, ) -xh---x), € H then 2y -z 2y, - ) - ah - - -z}, € H, and also
that the identity of G is in H. Consider g = z* - 25? - - 25 € H where n > 1,
z; € X and g; € {—1,1} forall i € {1,...,n}. Then z,°»---2;°* -2 °* € H is
the inverse of g, and so H is a subgroup of G. Moreover, X is a subset of H.
Suppose that K is a subgroup of G such that X C K < H. Since K is a group,
1 w31, € K forallm € N, and z; € X U X! where i € {1,...,n}. Hence
K = H, and so H is the smallest subgroup of G containing X, in other words



(X) = H.

1.2.2 Free groups and free semigroups

An ALPHABET is a non-empty set A, and the elements of A are referred to as
LETTERS. Then a WORD over the alphabet A is a finite sequence of letters
in A, we will simply denote it by a; ...a, where a; € A for all i € {1,...,n}.
Let AT be the set of all words over a given alphabet A. Concatenation of words

defines a binary operation on A", namely for a; ...a,, by ...b,, € AT

(al...an)(bl...bm):al...anbl...bm.

Then this binary operation is associative, and so AT is a semigroup, called the
FREE SEMIGROUP ON A. It can be shown that AT is the free object in the
category of semigroups, in other words for every semigroup S, and f: A — S,
there is a unique semigroup homomorphism F': AT — S such that (a)f = (a)F
for all a € A.

Choose a set disjoint from AT, with exactly one element. We denote this
element by 1. Define A* = ATU{1} with the binary operation being concatenation
for any elements of AT and w1l = 1w = w for every word w € A™. We may think
of 1 as the EMPTY WORD, or the word containing no letters. Then A* is a
monoid, called the FREE MONOID on A. Similarly to AT, the free monoid is
the free object in the category of monoids. For more details see [30].

Let w=ay...a, € AT such that a; € Aforalli € {1,...,n}. A word u € A*
isa SUBWORD OF w if u=1or u=a,...a; for some 4,5 € {1,...,n} such
that 4 < j. A word p € A* is a PREFIX of w if either p = a; ...a; for some
i €{l,...,n}, or p=1. Similarly, a word s € A* is a SUFFIX of w if either
s=a;...a, for some i € {1,...,n}, or s = 1. A subword, prefix, or suffix of w
is a PROPER SUBWORD, PREFIX, or SUFFIX OF w respectively, if it is
strictly shorter than w and not equal to 1. We say that the LENGTH of w is
the number of letters in the word, denoted by |w]|, in other words |a; ...a,| =n
and |1 = 0.

Let A~! be a set such that A and A~! are disjoint such that |A| = |A7!|.

! image of @ € A under a fixed bijection between A and A~!.

Denote by a~
Choose a set disjoint from A U A~!, which contains exactly one element, and
denote that element by 1, as in the definition of free monoids we refer to 1 as the
empty word. Define w = 1 ...x, to be a REDUCED WORD if either w =1, or
w is a word over A U A~! such that if 2; = a € A, then neither x;_1 or z;,1, if
defined, can be equal to a~! for every i € {1,...,n}. Let F(A) be the set of all
reduced words over AU A~!, together with the element the empty word 1.
Next we want to define a binary operation on F(A). The empty word 1 acts

as the identity, namely wl = lw = w forall w € F(A). Let 1 ... Zpn,y1 ..., Ym €



F(A) and suppose that k is the largest natural number such that z,_; = yz;ll
orzt, =y foralli € {0,...,k —1}. Then k < min(n, m), and so we define

Tl Ty kYk+1---Ym If k<mnand k <m;

Yktl---Ym ifn=%kFk<m;
(1. .xn)(y1-- Ym) = .

T1... Ty k ifm=k<n;

1 ifn=m==k.

The definition ensures that the product of reduced words is still a reduced word.

Theorem 1.2.1 (Theorem 9.1 in [33]). If A is a non-empty set, then F(A) is a

group under a binary operation defined above.

Note that free groups are the free objects in the category of groups, in the
same way as free semigroups or free monoids, namely for every group G, and
f:A— G, there is a unique group homomorphism F : F(A) — G such that
(a)f = (a)F for all a € A, we refer to F' as the CANONICAL HOMOMORPHISM
INDUCED BY f. More formal treatment of free groups can be found in [33,
Chapter 1, Section 9.

1.3 Functions and partial permutations

1.3.1 Definitions and notation

Let X and Y be sets, and let f : X — Y. The set X is then the DOMAIN
OF f, denoted by dom(f), and the RANGE OF f, denoted by ran(f), is the
set (X)f ={(z)f :2 € X} CY.Let A be asubset of Y. Then the PREIMAGE
OF A UNDER f istheset (A)f'1={re X :(z)f€ A}.Ifg:Y — Z, then
COMPOSITION OF FUNCTIONS f AND g is defined to be the function fog
such that for all z € X

(x)fog=((x)f)g-

Example 1.3.1. Let Q be a set, and let O denote the set of all functions
f: Q — Q. By the definition composition o is a function from Q% x Qf to Q.
Let f,g,h € Q2. Then

(@) (fog)oh=((z)fog)h=(((x)f)g)h=((z)f)geoh=(z)fo(goh)

for all 2 € Q. Therefore o is associative, and so Q% is a semigroup with respect

to the composition of functions.

An alternative definition of being bijective for a function can be provided

using composition of functions.



Proposition 1.3.2. Let f: X — Y. Then f is bijective if and only if there is
g:Y — X such that

(@)fog=x and (y)gof=y
forallz € X andy €Y.

If f: X — Y is a bijection, then g : Y — X, as defined in Proposition 1.3.2,
isan INVERSE OF f, usually denoted by f~!. Let A C X. Then the IMAGE
of A under f is the set

(A)f ={(2)f : = € A},

and the RESTRICTION of f to A is a function f|4 : A — Y given by
f|A=fﬂ(A><Y).

A function f : X — Y is an EXTENSION OF g, if there is some subset
A of X such that f|4 = g. We say that f : X — X is the IDENTITY
FUNCTION if (z)f = x for all x € X. Define fix(f) = {z € X : (z)f = =}
and supp(f) = {z € X : (x)f # z}, called the FIX and the SUPPORT OF f
respectively. If f: X — X is a bijection, and x € X, then the ORBIT OF x
UNDER f is the set {(z)f™ : n € N}.

Let X be an arbitrary set. Then p is a PARTIAL PERMUTATION of X
if there is a subset X’ of X such that p: X’ — X and p is injective. Since a
partial permutation is also a function, domain and range of a partial permutation
are defined to be domain and range of the function. If f and g are two partial

permutations of X, then we define their composition

f o g+ dom(f) N (dom(g) Nran(f)) f~" — ran(g) N (dom(g) Nran(f))g

to be (x)f og = ((x)f)g. Denote the composite f o f~! by f°, being the identity
function on dom(f). Let A be any collection of functions of the form f : X — X.
Then we denote {f|4 : f€ Aand A C X is finite} by A<¥.

In Chapter 3, the sets {(z)f™ : n € Z and z € dom(f™)} for a partial
permutation f, will play an important role. Even though, the aforementioned
sets agree with the definition of an orbit for a bijective function, in this case an
“orbit” is a non-standard term, so we opt to use different terminology. If f is a
partial permutation and = € dom(f) Uran(f), we define the COMPONENT of
z under f to be the set

{(x)f*: k € Z and 2 € dom(f*)}.

A component of f is COMPLETE if z € dom(f*) for every k € Z. A component
that is not complete is INCOMPLETE.



1.3.2 Parameters associated with functions

Let f € Q2 and let ¥ C Q. If f|x is injective and (2)f = (Q)f, then ¥ is a
TRANSVERSAL OF f. For f € Q% define the following parameters

c(f) = |Q\ X|, where ¥ is any transversal of f,
d(f) =2\ () f],
k(f) =Rz eQ:[{yeQ: (y)f =z} =9}

The parameters d(f),c(f), and k(f) were termed the DEFECT, COLLAPSE,
and INFINITE CONTRACTION INDEX, respectively, of f in [31]. Define the
KERNEL OF f € O to be

ker(f) = {(z,y) € @ x Q: (2)f = (y)f}.

Proposition 1.3.3 (Section 2 in [31]). The parameter c is well-defined.

Proof. Let f € Q% and let ¥ be a transversal of f. Then

NE= |J (ze:@f=y\2).

ye)f

For each each y € (Q)f there is exactly one element = in ¥ such that (z)f = y.
Hence |({x € Q: (@) f =y} \E) | ={x € Q: (x)f =y} — 1, and so

of)=12\Z= Y ({ze:(@)f=y}-1).

ye()f

The right hand side of the equation is independent of the transversal, and so

¢(f) is independent of the choice of transversal. O

The parameters ¢ and d quantify how far away a function f € Q¢ is from
being injective and surjective respectively. That is, f is injective if and only if
¢(f) =0, and f is surjective if and only if d(f) = 0. In the next proposition, we
will show that all combinations of values of ¢ and d are possible.

Proposition 1.3.4. Let Q) be infinite and let A and p be cardinals such that
A\, i < Q. Then there is f € Q% such that c(f) = X and d(f) = p.

Proof. Since € is infinite there are sets £,I" C €2 such that |X| = |I'| = |Q],
|Q\ 2| = A, and [Q\T| = p. Let y € T, and let f € QF be any function such that
f Dbijectively maps ¥ to " and (z)f =y for all z € Q\ X. Then ¥ is a transversal
of f and the image of f is I'. From the choice of sets ¥ and I, it follows that
c(f) =Xand d(f) = p. O

In the next three lemmas we show how the parameters ¢ and d interact with



composition of functions. The following result is proved in [17] and part (i) was

earlier proved in [31]. We include the proofs for the sake of completeness.

Lemma 1.3.5 (Lemma 5.4 in [17]). Let f,g € Q%, and let u be an infinite
cardinal such that pu < |Q|. Then the following are true

(i) d(g) < d(f og) <d(f) +d(g);

(ii) if c(g) = 0, namely g is an injection, then d(f o g) = d(f) + d(g);
(ili) e(f) < c(fog) < c(f) +clg);
(iv) if d(f) = 0, namely f is a surjection, then c(f o g) = ¢(f) + c(g);
(v) if c(g) < p < d(f), then d(f o g) = p;
(vi) if d(f) < p < clg), then c(fog) > p.

Proof. (i). Since (2)f C €, it follows that (2)g 2 (Q)f o g, and so 2\ ()g C
Q\ (2)f og. Hence d(g) < d(f o g).

If € (Q)g\ (Q)f og, then there is y € Q\ () f such that (y)g = x, and so
x € (2\(Q)f)g. Hence

g\ (Q)feg S (Q\ (D)) g (1.2)

It then follows from

Q\ () fog=(Q\(Q)g) U (g \ (2)feg) (1.3)

that Q\ (2)fog C (Q\(Q)g) U (2\ (Q)f) g. By the definition of a function
[(X)g| < |X]| for any subset X of the domain of f, and so d(f og) < d(f) + d(g).

(ii). If z € (2 \ (R2) f)g, then there is y € Q\ () f such that 2 = (y)g. Since
g is injective, x # (z)g for every z € (Q)f, and so z € (Q)g \ (Q)f o g. It then
follows from (1.2) that

g\ (Q)f og=(Q\(Q)f)g-

Together with (1.3) it implies that

Q\ (@) fog=(Q\(Q)f)guU(Q\(Q)g).

Moreover, the sets in the above displayed equation are disjoint. Finally, since g
is injective | (Q\ (Q)f) g| = |2\ (2)f], and so d(f o g) = d(f) + d(g).

(iii). Let Ty € Q be any transversal for f. Then by the definition of a
transversal (Tf)f o g = () f o g, and so there is a transversal To, of f o g such
that Tyog C Ts. Hence ¢(f) < c(f o g), and also Q\ Tfo4 is a disjoint union of

10



Q\ Ty and Ty \ Tfoq. Since f is injective on Ty, |T¢ \ Ttog| = |(Tf \ Tfog) f|, and
=)
19\ Trog| = [Q\ Ty + | (T5 \ Tfog) f1- (1.4)

Since f o g is injective on T4, it follows that g is injective on (T'toq4) f, and
so there is Ty C Q a transversal of ¢ such that (Tfoq)f C Ty. If © € T§ \ Tog,
then there is y € Tyoq C T such that (z)fog = (y)fog. Since z and y are both
elements of a transversal of f, it follows that (z)f # (y)f. It also follows from
(Tyog)f C T, that (y)f € Ty, and so (z)f € Q\ T,. Hence

(T \ Tyog) f S Q\ T (1.5)
It follows from (1.4) that
[\ Tyog| < [Q\Ty| +[Q\ T,

which is the same as ¢(f o g) < e(f) + ¢(g).

(iv). Let Ty, T,, and Tyo4 be transversals of f, g, and f o g respectively, as
in part (iii). To be more precise, Tfoq € Ty and (Toq)g C T,. Let z € Q\ T,.
Since f is surjective there is y € Ty so that (y)f = x. Recall that (Tf.4)f C Ty,
and so if y € Tfoq, then z = (y)f € Ty, contradicting the choice of z. Hence
y € Ty \ Toq4, which together with (1.5) implies that

(Tf \ Tfog) [ = Q\Tg'

Then c(f o g) = c(f) + c(g) by (1.4).
(v). Let T, be a transversal of g. Then by the hypothesis |2\ Ty| = c(g) < p
and |\ (Q) f| =d(f) > p. Hence

Ty N QN (Q) )] =1\ (D) H\(Q\T) | = p. (1.6)

IfzeT,n(2\ () f) is such that (z)g € () f o g, then there exists y, € () f
such that (z)g = (yz)g, and so y, € Q\ T,. Let ¢ be a mapping such that
()¢ = yy for every x € Ty N (2 (Q) f) such that (z)g € () f o g. Then the
image of ¢ is contained in Q\ Ty. If y, = (2)¢ = (2')$ = y, for some z and 2,
then (2)g = (y»)9 = (yx)g = (2')g. Since z,z’ € Ty, it follows that z = =’ and
S0 ¢ is injective. Hence

{z e Ty (QN\(Q) f) : ()9 € () fog} < Q\Ty| < p.

Then [{o € T, N (Q\ () ) : (@)g ¢ (2)f o g}| > u, by (L6). Since g acts
injectively on Ty

({2 e Tyn(QN(Q) f): ()9 & () fogh)gl = p,
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and thus

2\ (Q) fogl = [({x € T, N (Q\(Q) ) : (x)g & () fog}) gl =,

which is the same as d(f o g) > p.

(vi). Let Ty, T,, and Toq be transversals of f, g, and f o g respectively, as in
part (iii). That is T'yoq € Ty and (T'tog)g € Ty By the hypothesis [Q\ (T) f| <
and |Q\ T,| > p. Hence

[ (QN\T) N (Tp) [l = QN T) \ (N (TF) )| = .

Since transversal T, was chosen so that (Ttoq)f C Ty, it follows from (T} \

Tiog)f 2 (Ty) F\ (Tyog) s that [(Ty \ Trog) f| = [(T)f \ Ty|- Then (T5) f\ Ty =
(Q\T,) N (Ty)f implies that

(T \ Tyog) f1 = .

Finally, it follows from the fact that f act injectively on T

19\ Trogl = | (Ty \ Trog) f1 = 1
as required. O

The following technical lemma can be used to show that parameters ¢ and d

of a function are finite.

Lemma 1.3.6. Let f,g,h € Q% be such that f € (g,h) and c(f), d(f), c(g),
and d(g) are all finite. Then c(h) and d(h) are both finite or f = g™ for some
n € N.

Proof. Suppose that f ¢ (g). We will show by induction on the length of the
product that c(h) and d(h) are finite.

First of all, suppose that f = g o h. If d(h) is infinite then so is d(f) by
Lemma 1.3.5(i), and if ¢(h) is infinite, then ¢(f) is also infinite by Lemma 1.3.5(vi).
Hence both ¢(h) and d(h) must be finite. Similarly, if f = h o g parts (iii) and
(v) of Lemma 1.3.5 shows that c¢(h) and d(h) are finite, and if f = h? parts (i)
and (iil) of Lemma 1.3.5 can be used to show the same result.

For n > 2, suppose that if f € (g, h) is a product of length at most n with
c(f), d(f), c(g), d(g) finite, and f # g™ for any m € N, then c¢(h) and d(h) are
both finite. Suppose that f € (g, h) is a product of length n + 1, f # g™ for
any m € N, and as before the parameters ¢ and d of f and g are all finite. If
f =ho f' oh for some [ € (g,h), then both ¢(h) and d(h) must be finite by
parts (i) and (iii) of Lemma 1.3.5. Otherwise, there is f’ € (g, h) a product of
length n such that f = f'og or f = go f’. Since the parameters ¢ and d of f
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and g are finite, it follows that ¢(f’) and d(f’) are finite, by the discussion in
the previous paragraph. It follows from f # ¢™ for all m € N, that f’ # g™ for
any m € N, and so the inductive hypothesis implies that ¢(h) and d(h) are both
finite. Therefore, by induction, the conclusion holds for all f € (g, h). O

The final of the technical lemmas gives us a more precise relation between

parameters ¢ and d of the composition of functions and its constituent parts.

Lemma 1.3.7. Let f,g € Q% be such that the parameters ¢ and d of f and g
are all finite. Then c(f o g) +d(f) +d(g) =d(f og) +c(f) + c(g).

Proof. Let Ty, Ty, and T4 be transversals of f, g, and f o g respectively. It was
shown in the proof of Lemma 1.3.5(iii) that these transversals can be chosen so
that Ttoq C Ty and (Tfog)f CTy.

First note that (Tfoq)f C Ty, N () f. Let x € Ty N () f. Then there is y € T}
such that « = (y)f. Choose z € T}o4 such that (z)f og = (y)f o g. Since both
(2)f and = = (y) f are elements of T, (z)f = (y)f. It then follows from the fact
that y and z are in T that y = z. Therefore y € Toq, and so (Tyoq)f = T4N(Q)f.
Also (Ty \ Trog)f = () f\ (Tfog)f as f is injective on T, and so

|Tf\Tf09‘ = |(Q)f\Tg|

It follows from the fact that Q\ Tt is a disjoint union of Q\ Ty and T \ Tyoq
that

9\ Trog| = |\ T | + |\ Tl (1.7)

Since g act injectively on Ty, it follows that (T, \ (2)f)g = (2)g\ (2)f o g,

and so
1Ty \ () f] =g\ (2)f o gl

Note that (Q)f o g C (Q2)g implying that Q \ (2)f o g is a disjoint union of
O\ (Q)g and (Q)g\ () f o g. Then

[\ (@) fogl =12\ (D)g] + [Ty \ () f. (1.8)

Since € is a disjoint union of Ty and Q \ T, and (2 \ (Q)f) N (Q\ T,) =

O\ (TyU(Q)f), it follows that | T, \ (2) f+ |2\ (T U () £) | = |2\ (2) f]. Then
(1.8) implies that

[\ (Q) fogl+ 12\ (Ty U () £) | = 12\ (gl + 2\ (D) fI. (1.9)

In the same way, since 2 is a disjoint union of (Q)f and Q\ (Q)f, it follows that
() FNT| + 12\ (T U () f) | = |2\ Ty, and so by (1.7).

9\ Trogl + 12\ (T, U(Q) )| = [Q\ Ty | + [2\ T |- (1.10)
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By parts (i) and (iii) of Lemma 1.3.5, d(f o g) and ¢(f o g) are finite implying
that Q\ (T, U () f) is also finite. Hence by combining (1.9) and (1.10) we obtain
c(fog)+d(f)+dlg) =d(fog)+c(f)+clg), as required. O

Lemma 1.3.7 can be used to define an interesting subsemigroup of Q.

Example 1.3.8. Let n € N be arbitrary, and let
S ={feQ%:¢(f), d(f) are finite and n divides ¢(f) — d(f)}.

Suppose that f,g € S. Then ¢(f o g) and d(f o g) are finite by parts (i) and (iii)
of Lemma 1.3.5. It follows from Lemma 1.3.7 that

c(fog)—d(fog)=c(f)—d(f)+clg)—d(g)

Hence n divides ¢(fog)—d(fog),and so fog € S. Therefore, S is a subsemigroup
of Q%

Given a set (2, of particular interest to us is the set of all bijective functions
from Q back to Q. Recall that f € Q is bijective if and only if ¢(f) = 0 and
d(f) = 0. Then by parts (i) and (iii) of Lemma 1.3.5 the composition of two
bijective functions is bijective. It is then easy to show that the set of all bijective
functions forms a group, which is known as the SYMMETRIC GROUP ON {2
and we denote it by Sym(2).

Proposition 1.3.9. If Q is infinite, then the cardinality of Sym(Q) is 2/

Proof. Since Sym(Q) C O and the cardinality of Q is 2/!l by Proposition 1.1.6,

it follows that | Sym(Q2)| < 2/’l. Since 2 is infinite, 2 x © has the same cardinality

as , and so Sym(Q2) and Sym(£2 x Q) also have the same cardinality. Then by

Theorem 1.1.2 it is sufficient to find an injection from Qf to Sym(Q x ).
Suppose that f € Q2. Then define a function gr to be such that

(xvi)gf = ((z)f, 2), (({L‘)f,fﬁ)gf = (z, ),
and it acts as identity everywhere else. Then g; € Sym(Q2 x Q). If f # f/, then
there is x € Q such that (z)f # (z)f', and so (z,z)g; = ((z)f,z) # (x)f',z) =
(x,x)gs . Hence a function mapping f to gy is injective, as required. O

1.4 Topology and Baire category theory

In this section we will introduce the notions related to topology and metric

spaces which will be of use in the later chapters.
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1.4.1 Topological spaces

Let X be an arbitrary set, and let 7 be a set of subsets of X. Then the pair
(X,7)isa TOPOLOGICAL SPACE if the following conditions are satisfied:

1) 9, X e;
2) U,e; Xi € 7 for any non-empty set I such that X; € 7 for all i € I;
3) N, X; forany n € Nand X; € 7 for all i € {1,...,n}.

Then the set 7 is called a TOPOLOGY on X, and its members are referred to
as OPEN SETS. A set F*C X is CLOSED if it is a complement of an open set.
Also a subset Y of X is a Gy set if it is an intersection of countably many open
subsets of X.

KYCX,leto={UNY:U€e7r}. Then@=2NY,andY =XNY €o0.
Suppose that Y; € o for some set I and all ¢ € I. Then by definition of ¢ there
are X; € 7 such that Y; = X; NY for all i € I, and since UieI X, erT

UK:UXmY:YﬂU&Ea
el i€l el

Finally, let n € N and for ¢ € {1,...,n}, and let ¥; € o. Then as before
Y, =X;NY for some X; € 7 and all i € {1,...,n}, and since ;_, X; € 7

ﬁn:ﬁme=YmO&Ea
=1

i=1 i=1

Hence (Y, o) is a topological space, called a SUBSPACE OF (X, 7), and o is the
SUBSPACE TOPOLOGY ON Y.
A Basits B for a topological space (X, 7) is a subset of 7 such that every

element of 7 can be expressed as a union of elements of B.

Example 1.4.1. Let X be a set, and let 7 be the set of all subsets of X. Then
@, X € 7,and if {X; : ¢ € I} is any collection of subsets of X, then

LJ_X€7r1)Q'€’P
el el

Hence (X, 7) is a topological space. The topology 7 is known as DISCRETE
TOPOLOGY. It follows from the definition that {{z} : « € X} is a basis for
(X, 7).

The following result provides a necessary and sufficient condition under which

a collection of subsets is a basis for some topology.

Proposition 1.4.2 (see Section 13 in [56]). Let X be a set, and let B be a set
of subsets of X. Then B is a basis if only if for every x € X there is B € B
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with x € B, and for any B1,Bs € B and x € B N By there is B3 € B such that
r € B3 C B1NB;.

Proof. (=) Since B is a basis there is a non-empty set I and open sets B; € B
for all i € I such that X = |J,.; B;. Hence for each x € X there is some i € [
such that = € B;. Let By, By € B be arbitrary. Since B; and By are both open
sets, B1 N By is also open, and so By N By = | J,; C; for some set I where C; € B
for all i € I. Hence for all x € B; N By there is i € I such that z € C; C By N Bs.

(<) Let 7 be the set of all arbitrary unions of elements of B, including the
empty set. We will show that (X, 7) is a topological space. By definition of & € 7,
and since for all z € X there is B € B such that = € B, it follows that

X = UBET.
BeB

Let I be a non-empty set, and let U; € 7 for all ¢ € I. For each ¢ € I there is J;

and B; ; € B for each j € J; such that U; = UjEqu B; ;. Then

UUZ':U U Bi’j S
icl ielje;

Note that if By, By € B, then for each x € By N By there is B, € B such
that © € B, C By N By. Hence By N By = UweBmB2 B, € 7. Suppose that
U = ;e Bi € 7. Let B € B. Since BN B; € 7 for each i € [, it follows from
the fact that 7 is closed with respect to arbitrary unions that

BﬂU:BﬂUBi:UBﬁBiET
i€l i€l
If U’ € 7, then U’ N B; € 7 by the above for all ¢ € I. Hence
UnUu=0'nlJB=JUnB e (1.11)

i€l i€l

Finally, let Uy, ...,U, € 7. Suppose that ﬂle U, € T forsomei € {1,...,n—1}.
Then ﬂf:ll U; € 7 by (1.11). Hence by induction, (;_, U; € 7, and so T is a
topology for X. O

A subset A of a topological space (X,7) is DENSE if for every open set
U € 7 the intersection AN U is non-empty.
Let {(X;,7;) : i € I} be a collection of topological spaces. Define

X=][xi={r:1—JXi:()f € X},

icl i€l

and let B be the collection of all sets of the form Hz’e ; Ui where U; € 7; for all
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i € I and U; = X; for all but finitely many ¢ € I. Then X € B and for any
By, B, € B it follows that By N By € B. Hence B is a basis for some topology 7
on X by Proposition 1.4.2, we refer to (X, 7) as the PRODUCT TOPOLOGICAL
SPACE. Note that every element of B be expressed as a union of elements of the
form Hie] B; where B; is a basic open set of X; and B; = X, for all but finitely
many ¢ € I. Hence in the definition of B it is sufficient to only consider products

of basic open sets.

Example 1.4.3. If Q is an infinite set, then TRANSFORMATION MONOID
Q% is the set of all functions from € back to Q. For each i € Q, let X; = Q and
equip it with the discrete topology 7;, as in Example 1.4.1. Consider the product
topology of the collection {(X;,7;) : ¢ € Q}. The underlying set is

[[xi={r:a—a}=0"
i€Q

and since {{z} : © € Q} is a basis for (X;, 7;), the basic open sets for the product
topology are of the form [];. U; where there is a finite set A C €2 such that
U, ={xz;} for some z; € X; =Qand alli € A, and U; = X for all i € Q\ A.
Note that if we define ¢ : A — € to be (i)¢ = z;, then

W ={f e fla=0} =[] U

i€Q
Hence {[¢] : ¢ : A — Q for some finite A C Q} forms a basis of Q.

Suppose that (X, 7) and (Y, o) are two topological spaces, and let f : X — Y.
Then f is a CONTINUOUS FUNCTION if for every open set U € o, the set
(U)f~' ={x € X : (z)f € U} is an open subset of X. If B is a basis for (Y, o),
then every U € o can be expressed as U = | J,.; B; for some I and B; € B for

all ¢ € I. Then

iel

il
and so for f to be continuous it is sufficient that (B)f~! is open for every open
basic set of (Y, o). Since B C o it is also a necessary condition.

A function f : X — Y is a HOMEOMORPHISM if it is a continuous
bijection such that the inverse f~!:Y — X is also continuous. It follows from
the definition of continuity that f~' is continuous if and only if for every open
subset U of X, the set (U)f is open in Y.

1.4.2 Metric spaces

Let X be a set, and let d : X x X — [0,00). Then (X, d) isa METRIC SPACE,
with a METRIC d, if the following are satisfied:
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1) d(z,y) =0 if and only if z = y;
2) d(z,y) = d(y,z) for all z,y € X;
3) d(z,z) <d(z,y) +d(y, z) for all z,y,z € X.

We say that a topological space (X, 7) is METRIZABLE if there is a metric d
such that the sets
B(x,r)={y € X : d(z,y) <r}

where € X and r > 0, form a basis for the topology 7. The sets B(z,r) are
called OPEN BALLS.

Consider the converse problem, that is start with a metric space (X, d). Then
it can be verified, using Proposition 1.4.2, that the set of all open balls on X
forms a basis for some topology on X. Hence X is also a topological space
with open sets being arbitrary unions of open balls, which we will refer to as
TOPOLOGY INDUCED BY THE METRIC.

A sequence (z,,)nen of elements of a metric space (X,d) is CONVERGENT
if there is x € X so that for every € > 0 there is N € N such that n > N
implies that d(z,,z) < e. A more general definition of convergence can be given
for topological spaces. A sequence (z,)nen of elements of a topological space
converge to an element x, if for every open set U containing = there is N € N
such that z,, € U for all n > N. Since y € B(z,¢) is equivalent to d(z,y) < ¢, it
follows that if we consider a metric space as a topological space with the topology
induced by the metric, the two definitions of convergence are equivalent.

A sequence (zp,)neny is @ CAUCHY SEQUENCE if for every & > 0 there is
N € N such that d(z,,x.,) < € for all n,m > N. We say that a metric space
is COMPLETE if every Cauchy sequence is convergent. A topological space
is a POLISH SPACE if it is metrizable with a complete metric and it has a
countable dense subset.

The following well known result shows that if a sequence is a subset of a

closed set, then it can only converge to a point within the closed set.

Proposition 1.4.4. Let (X, d) be a metric space, let F be a closed subset of X,
and let (xn)neny C F be a sequence converging to a point x € X. Then x € F.

The following proposition allows us to obtain Polish spaces from other Polish

spaces.
Proposition 1.4.5 (Proposition 3.3 in [41]).
(i) A closed subspace of a Polish space is a Polish space.

(ii) The product topological space of a countable sequence of Polish spaces is a

Polish space.
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Proof. (i) Let X be a Polish space, let Y be a closed subset of X, and let d
be a complete metric on X which induces the topology on X. Define d’' to be
the restriction of d onto Y x Y. Then d’ is a metric on Y which induced the
subspace topology on Y. Let (y,)nen be a Cauchy sequence of elements in Y.
Since Y C X, it follows that the sequence (y,)nen converges to some y € X.
However, y € Y by Proposition 1.4.4 and the fact that Y is closed subset of X.
Hence Y is completely metrizable.

Finally, if D is a countable dense subset of X, then every open subset U of X
can be written as a union of subsets B(d, ¢) where d € D and ¢ € Q. Note that
the collection of such B(d, q) is countable. Let D’ be a countable set such that
for any d € D and ¢ € Q if the set B(d,q) NY is non-empty, then D’ intersects
B(d,q) NY non-trivially. Let U be an open subset of Y. Then by the definition
of the subspace topology there is an open subset V of X such that U =V NY.
Since U is a union of elements of the form B(d,¢) NY, the set U intersect D’
non-trivially. Hence Y has a countable dense subset, and so is Polish.

(ii) Let {X,, : n € N} be a sequence of Polish spaces, and suppose that d,
is a complete metric on X, inducing the topology on X,, for all n € N. Recall
that elements of X =[] .y Xn are of the form (29,71, ...) where z,, € X,, for
all n € N. Define d’ : X x X — [0, 00) by

d'((x0, 1, ), (Yo, y1,-- ) = D g-n_n(@niyn)

neN 1+dn(xnayn)

Since d,, is a metric on X, for all n € N, it follows that d(x,y) = 0 if and only
ifx =y and d(x,y) = d(y,x) forall x,y € X. If z,y,2 > 0 and z +y > 2, by
simply multiplying it out, we see that the following inequality holds

x Y z
+ > )
1+ 14y~ 1+=z

It follows from the inequality that d(x,z) < d(x,y) + d(y,z) for all x,y,z € X,
and so d’ is a metric on X.

Suppose that (x,)nen is a Cauchy sequence in X, and let x,, = (.0, Zn1,---)
where z,, ,, € X, for all n,m € N. It follows that for each n € N the sequence
(Tn,m)men is Cauchy in X, and so it converges to some z, € X,. Let x =
(xo,x1,...).

Let € > 0. Then there is some K € N such that ) ., 27" < /2. Since
(Tn,m)men converges to x, for all n € N, thereis N € N su::h that for all n < K
and all m > N, dy,(2y,m,2n) < €/(2K). Then for m > N

K-1

K—
n xnyyn) €
n? 2 T 7 /N 7< ns n <
G ) € 2 T T () 2—2 (# ) 5 <=
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Hence d’ is a complete metric.

Finally, let D,, be a countable dense subset of X,,, and let A be the collection
of all sets of the form HneN U,, such that there is a finite A C N so that
U, = B(z,r) where x € D,, and r € Q for all n € A, and U,, = X,, for all
n € N\ A. Then A is countable. Let D be a countable set intersecting each

element of A non-trivially. If T] U, is a basic open set in the product topology,

neN
it follows from the definition that U,, is an open subset of X,, for all n € N and
is equal to X, for all n € N\ A for some finite A. For each n € A, let r, € Q
and z,, € D,, be such that B(z,,r,) C U,, which is possible since D,, is dense
in X,,. f V,, = B(zy,,ry,) for alln € Aand V,, = X,, for all n € N\ A, then D
intersects [ [, cyy Vo € [I,,ey Un non-trivially. Therefore D is a countable dense

subset, and so X is a Polish space. O

Example 1.4.6. Let 2 be a countable set, and let 7 be the discrete topology
on Q. Then Q itself is a countable dense subset of 2. Let d : ©Q x £ — [0, 00)
be defined by

0 ifx=y
1 ifx;«éy.

It can be verified that d is indeed a metric. Then the open ball B(x,1/2) is just
the singleton {z} for any = € 2, and so the topology induced by d is discrete.

d(l‘, y) =

Finally, note that a sequence {x,, : n € N} with the metric d is Cauchy only if
there is K € N such that z,, = x,, for all n,m > K, in which case the sequence
converges to xx. Therefore d is a complete metric, and so 2 is a Polish space
with the discrete topology.

Since 2 is countable, it follows from Example 1.4.3 and Proposition 1.4.5(ii)
that Qf is Polish space with the product topology.

It is interesting to note that every closed subset of a metrizable topological

space must be Gjy.

Proposition 1.4.7 (Theorem 3.7 in [41]). Let (X, 7) be a metrizable topological
space. Then every closed subset of X can be expressed as a countable intersection

of open sets.

Proof. Let d be a metric on X inducing the topology 7. For x € X, and a
non-empty subset Y of X, define

d(z,Y) = inf{d(x,y) :y € Y}.

Let z,y € X, let Y be non-empty subset of X, and let € > 0 be arbitrary. Then
d(z,z) < d(z,Y) + e for some z € Y, and so

d(y,Y) <d(y,z) < d(z,y) +d(z,2z) <d(z,y) +d(z,Y) +e.
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Since € > 0 is arbitrary, it then follows that d(y,Y) — d(x,Y) < d(x,y). The

same argument but with x and y swapped shows that
|d(z,Y) = d(y,Y)| < d(z,y).

If d(z,Y) < € and y € X is such that d(z,y) < ¢ — d(z,Y), it then follows
that d(y,Y) < e, and so z € B(x,e —d(z,Y)) C{y € X : d(y,Y) < }. Hence
{r € X :d(z,Y) < e} is open. Since for every non-empty closed set F’

F=(\{reX:dxF)<1/(n+1)},
neN

it follows that F' is a G set. O]

The next result together with Proposition 1.4.7 generalises Proposition 1.4.5(i).
The proof can be found in [41].

Theorem 1.4.8 (Theorem 3.11 in [41]). A subspace of a Polish space is Polish
if and only if it is a G5 subset of X.

Example 1.4.9. Let Q be a countable set. Let Inj(€2) be the set of all injective
functions from  to €2, and let Surj(2) be the set of all surjective functions. It
follows from Sym(€2) = Inj(©2) N Surj(Q?) that if both Inj(2) and Surj(Q) are Gy
subsets of Q% then so is Sym(Q).

Let o,y € Q such that o # y. Suppose that f € Q such that (z)f # (y)f.

Then f € [flzyy] € {g € Q7 : (z)g # (y)g}. Hence the set {g € Q7 : (z)g #
(y)g} is a union of basic open sets, and so an open set. Since A = Q2 \ {(z,7) :
x € Q} is countable,

mj(@Q) = () {9€92: (x)g # (v)g}

(z,y)eA

implies that Inj(f2) is Gs.
Let z € Q and suppose that f € Q% is such that there is y € Q with (y)f = .
Then

f € lflun] € {g € Q7 : there exists ¢ € Q such that (t)g = 2},

and so the set {g € Q% : there exists y € Q such that (y)f = z} is a union of

basic open sets, and hence open. Hence

Surj(Q) = ﬂ {g € O : there exists t € Q such that (t)g = z}
e

implies that Surj(Q) is a Gy set.
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Therefore, Sym(€2) is a Polish space with the subspace topology by Theo-
rem 1.4.8 and Example 1.4.6. Hence by Proposition 1.4.5(i) any closed subspace
of Sym((?) is a Polish space.

1.4.3 Topological groups

Let G be a group. Then G is a TOPOLOGICAL GROUP if there is a topology
on G so that multiplication, thought of as a function - : G x G — G, and
inversion ! : G — G are both continuous. A topological group G is a POLISH
GROUP if the topology makes GG into a Polish space.

Proposition 1.4.10. Let G be a topological group, and let H < G. Then H is
a topological group with the subspace topology.

Proof. Let -¢ : G x G — G denote the operation of G, and -y : H x H — H
the operation of H. Since H is a subgroup of G, it follows that -y is a restriction
of - to H x H. Let U be an open subset of H. Then there is V' an open subset
of G such that U = V N H. If P is the preimage of U under -y and R is the
preimage of V under ¢, then P = RN (H x H). Since -¢ is continuous, R is
an open subset of G x GG, and so P is an open subset of H x H with subspace
topology. Therefore, - g is continuous.

Similarly, let 51 :G — G and I_{l : H — H be inversion functions of G
and H respectively. Then ;1,1 is a restriction of 51 to H x H. Let U be an open
subset of H and V' an open subset of G such that U = VN H. If P is a preimage
of U under ;Il and R is a preimage of V' under 51, then P = RN H. Hence as in
the previous paragraph, continuity of 51 implies continuity of ;Il. Therefore, H

is a topological group. O

Theorem 1.4.8 and Proposition 1.4.10 can be used to show that subgroup of
a Polish group is a Polish group if and only if it is a G subset.

Example 1.4.11. Consider Sym(2) with subspace topology of Q as in Ex-
ample 1.4.9. Denote by o : Sym(Q) x Sym(Q2) — Sym(Q2) the operation
of Sym(€), and by ~! : Sym(Q) — Sym(Q2) the inversion of Sym(). Let
¢ € Sym(2)<¥ be arbitrary. Then the preimage of [¢] under o is the set
A={(f,g) € Sym(Q)?: fog € [¢]}. Let A be the set of all ¢ € Sym(Q)<“ such
that dom(v)) = dom(¢). It follows that if ¢ € A, then dom(¢)~!) = ran(¢) and
ran(yp~1) = dom(¢). Hence 1) o)~ 0 ¢ = ¢, and so

A={(f,9) €Sym(Q)?: foge g} = |J W] x [ ' o]

PpeA

is open. Similarly if B is a preimage of [¢] under ~!, then
B={f":fel)}=[o""]
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is also open. Therefore both o and ~! are continuous functions, and so Sym(Q) is
a topological group. Then Example 1.4.9 implies that Sym(2) is in fact a Polish

group, and so every closed subgroup is also a Polish group.

Next we will show that if G is a topological group, and g € G, then multiplying
on the right by ¢ is a homeomorphism, that is ¢ : G — G given by (h)¢ = hg
is a homeomorphism. An analogous result holds for multiplication on the left.

First, we will prove a result for general topological spaces.

Proposition 1.4.12. Let f : X x Y — Z be a continuous function, where
X XY is equipped with product topology of X and Y. Then

(i) the function L, : Y — Z given by (y)L, = (z,y)f for allz € X and all

y €Y s continuous;

(i) the function Ry : X — Z given by (x)Ry = (z,y)f for allz € X and all

y €Y is continuous.

Proof. (i) Let U be an open subset of Z, and let y € (U)L; !, or in other words
(x,y)f € U. Since f is continuous, () f~! is open in X x Y, and by the definition
of product topology there is a non-empty set I and for each ¢ € I there is a set

A; open in X and a set B; open in Y, so that
(U)fil = U Al X Bl
i€l

It follows from the fact that (z,y)f € U that there is some i € I so that
(v,y) € A; x B; C (U)f~!, and so ({z} x B;)f CU. Hence y € B; C (U)L; !,
which implies that ()L, ! is a union of open sets, and thus an open set. Therefore
L, is continuous.

(ii) The proof is almost identical. O

Since the operation of a topological group G is a continuous function from
G x G to G, Proposition 1.4.12 immediately implies that multiplication on the
left or on the right by an element of G is also a continuous function. The next

result is a corollary of Proposition 1.4.12.

Corollary 1.4.13. Let G be a topological group, let g € G, and let Ly, Ry :
G — G be defined as follows:

(h)Ly = gh and (h)R4 = hg.

Then Ly and Ry are both homeomorphisms.

Proof. It follows from Proposition 1.4.12 that both L, and R, are continuous
functions. Also for each h € G

(hLgoLy,1=g 'gh=h and (h)Ly-10Ly=gg 'h=h.
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Hence L, is a bijection by Proposition 1.3.2, with a continuous inverse L,-1,

and so a homeomorphism. The proof for R, is almost identical. O

1.4.4 Meagre and comeagre sets

Let (X, 7) be a topological space. Then a subset A of X is COMEAGRE if
it contains an intersection of countably many open and dense subsets of X.
The complement of a comeagre set is called MEAGRE. We say that a set N is
NOWHERE DENSE in X if for every non-empty open set U there is a non-empty
open subset V' C U such that V N N is empty. Let A be a meagre set. Hence
X\ A is comeagre, and so X \ A D [,.y U; for some open dense subsets U; of
X. Then

Ac|Jx\U.

€N

Let U be an open set in X. Since U; is dense, it follows that U NU; is a non-empty
open subset. However, the intersection of U NU; and X \ U; is empty, and hence
X\ U, is nowhere dense. Therefore, a subset of X is meagre only if it is contained
in a countable union of nowhere dense sets. It can similarly be shown that if a
subset is contained in a countable union of nowhere dense sets, then it is meagre,
giving an alternative definition of meagre sets.

Next we show that comeagre sets are invariant under homeomorphisms.

Proposition 1.4.14. Let X and Y be a topological spaces, and let f : X — Y
be a homeomorphism. Then (C)f is comeagre in'Y for every comeagre subset C
of X.

Proof. Let C be a comeagre subset of X, and for all n € N, let A,, be an open

and dense subset of X such that [ A, C C. Since f is injective

neN

() (4n) f = <ﬂ An> fFc©)yf.

neN neN

Hence it is sufficient to show that (A,,)f is open and dense for every n € N. Since
A,, is an open set and f~! is continuous, (A, )f is open in Y for every n € N.
Let n € N, and let U be an open subset of Y. Since f is continuous, it follows
that (U)f~! is an open subset of X. Hence there is z € (U)f~' N A,, as A, is
dense. Therefore (z)f € (A,)f NU, proving that (4,)f is dense, and so (C)f is

comeagre. O

The following example demonstrates that in Proposition 1.4.14 we can not
drop the condition that the inverse of f is continuous. The example is by Emil
Jerabek, which was published on MATHOVERFLOW website [38]. Let (X, 7)
be a topological space, and let Y be a subset of X. We will require the following

observations:
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e there is the smallest closed subset of X containing Y, called CLOSURE
OF Y,

e Y is dense in the closure of Y

e the set of all open intervals on R forms a basis for a topology which makes

R into a Polish space.

Since these observations are only relevant to Example 1.4.15, the proofs will be
omitted.

Example 1.4.15 ([38]). Let N be the set of sequences over N (can also be
thought as the set of all functions from N to N) equipped with the topology
described in Example 1.4.3, and let [0, 1) be equipped with the subspace topology
of R. Since R is a Polish space and [0, 1) = [, cx(—1/n, 1), Theorem 1.4.8 implies
that [0,1) is also a Polish space. Define f : NN — [0,1) by

xo X1

where the right hand side of the displayed equation is written in the binary
representation, which, for the sake of brevity, we will write as 0.1*°01%1 ... from
now on. It follows from the definition that f is injective, and since every number
in [0,1) can be written without an infinite string of 1s, f is bijective.

Since the set of all open intervals is a basis for the topology on R, the set of
all intervals (a,b) and [0, a) such that 0 < a < b < 1 is a basis for the topology on
[0,1). Let a,b € R be such that 0 < a < b < 1, and let z € NY be such that y =
(x)f € (a,b). For any r € R such that r = 0.z1x2 ... is the binary representation
of r and any k € N, define ry, = (z1,...,2%) € {0,1}*. Then there is k¥ € N such
that ay, bg, and yy are all different. Since a < z < b, it follows that ar < yr < by
with the lexicographic order. Recall that [yx] = {w € NN : w starts with y;} is a
basic open set. Then = € [yx] C ((a,b)) f~!, and so ((a,b)) f~! is an open set
of NN, Similar argument shows that ([0,a)) f~! is open for all a € R such that
0 < a < 1. Therefore, f is a continuous bijection.

Consider the following set
U = {(z0,21,...) € NV : there exists n € N so that z,, is even}.

If follows easily from the definition of basic open sets for N that U is an open
dense set, and thus a comeagre set. We will show that (U)f is not a comeagre
subset of [0,1).

Suppose that (U)f is comeagre. Then (U)f 2 (), cy Gn Where Gy, is open
and dense for all n € N. Let A be the set of all real numbers of the form a2~
such that a € N with the binary representation a = 17°0...1%"0 where z; is
odd for i € {0,...,7 — 1} and z, is even, and k = Y_;_,(x; + 1). Let P be the
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closure of A in [0,1). Then A is dense in P. Since [0, 1) is a Polish space, and
P is a closed subset Proposition 1.4.5(i) implies that P is a Polish space. Note
that A C PN (U)f. Suppose = € (U)f \ A. If the binary representation of x is

0.1¥001*10... and r € N is smallest such that x, is even, then
(0.1%°Q...1*7010,0.1%°0...1*7011) C (U)f \ A,
and so (U)f\ A is open in [0,1). Since A C (U)f,

0, DA(U)F\NA) = (0, D\ (U)fHu A

is a closed subset of [0,1) containing A. Thus P C ([0,1) \ (U)f) U A, and so
PN (U)f € A, implying that A = PN (U)f. Then A 2 ), .yGrn N P, and
G, N P are open in P, by the definition of subspace topology. Moreover, the fact
that A is dense in P, implies that G,, N P O A is also dense in P for all n € N.
Therefore A is a comeagre subset of P. On the other hand, one element sets are
nowhere dense in P, and thus the countable set A is meagre. Since both A and
X \ A are comeagre, it follows that @ = AN (X \ A) is a comeagre set. However,
by Theorem 1.4.17 (which we will prove in the next section), comeagre subsets
of Polish spaces are dense, which is a contradiction as P is Polish. Therefore,

(U)f is not comeagre in [0, 1).

It follows from the alternative definition, that meagre sets are closed under
subsets. Moreover, under certain reasonable conditions (for example, there is no
minimal non-empty open set under inclusion) every set of size 1 is nowhere dense,
and so all countable or finite set are meagre sets. These are the properties we
expect any notion of “smallness” to satisfy. Roughly speaking we want to consider
meagre sets to be topologically “small”’, and comeagre sets to be topologically
“big”. However, in a general topological space a set can be both meagre and

comeagre, see Example 1.4.16.

Example 1.4.16. Let X be countable, and let 7 be a collection of subsets of X
such that U € 7 if and only if the set X \ U is finite. Then (X, 7) is a topological
space. Let z € X and let U € 7. If © € U, then U \ {z} € 7, and so {z} is
nowhere dense. For any subset Y of X, both X\ Y and Y are a countable union

of nowhere dense sets. Therefore Y is both meagre and comeagre.
In the next section, we introduce the notion which guarantees that no set is

both meagre and comeagre.

1.4.5 Baire category theory

A topological space (X, 7) is a BAIRE SPACE if every comeagre set in X is

dense. The following classical result, see Theorem 8.4 in [41], shows that every
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Polish space (topological groups considered in this thesis are all Polish) is a Baire

space. We will include the proof for the sake of completeness.

Theorem 1.4.17 (The Baire Category Theorem). Every complete metric space
is Baire with the induced topology.

Proof. Let (X, d) be a complete metric space. Recall that the topology on X is

given by the basis consisting of open balls B(x,r) = {y € X : d(z,y) < r} where

x € X and r > 0. Define a closed ball to be B(z,r) ={y € X : d(z,y) <r}.
Let {U, : i € N} be a sequence of open dense subsets of X, and let U be an

arbitrary open set. Since U N U is a non-empty open set there is ro < 1/2 and
xo € UNUy such that B(xzg,9) C UNUy. Since B(zg,70) is open, B(zg,70) NU;
is non-empty, and so there is 7 € B(xg,70) N Uy and r; < 1/3 such that
B(z1,7m1) € B(zo,70) N Up. Continuing this we obtain zy € B(zg—_1,71—-1) N Uk
and rj, < 1/(k+2) for each k > 1 so that B(z, 1) € B(zp_1,7%—1) N Ug. Then
{z1, : k € N} is a Cauchy sequence, and so it converges to some z € X. The
sequence {z), : z > N} also converges to z for every N € N. Since 2, € B(xy,7x)
forall k > N and all N € N, it follows from Proposition 1.4.4 that € B(zy,rx)
for all N € N. Therefore,

T € ﬂBl‘k,Tk ﬂUk

keN keN

Moreover x € B(xg,79) C U, and so the intersection of U and [, . Un is non-

neN

empty. Since U is an arbitrary open set, () U, is dense. Finally, since every

neN
comeagre set contains an intersection of countably many open dense subsets, it

also is dense. O

As discussed in the previous section, we want to think of comeagre sets as
topologically “big”. If (X, 7) is a non-empty Baire space and C' is a comeagre
subset of X, then C' is dense and so non-empty. Hence we refer to elements of C'
as TYPICAL elements of X.

Example 1.4.18. It follows from Example 1.4.9 that Sym(Q2) and every closed

subgroup of Sym(2) are Baire spaces.

1.5 Graphs

A GRAPH is a pair (V, E), where V is a set, known as THE SET OF VERTICES,
and E is a set of subsets of V' each of size 2. A set {z,y} € E is the EDGE
BETWEEN x AND y. Two vertices of a graph are ADJACENT if there is an
edge between them. For any cardinal n, the COMPLETE GRAPH K, is the
graph with n vertices and an edge between every pair of distinct vertices. The

complete graph with a countable infinite set of vertices is denoted by K.
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If I and A are graphs with disjoint sets of vertices (and hence edges), then
the DISJOINT UNION of I' and A is the graph with vertices and edges being
the unions of the vertices and edges, respectively, of I' and A. The DUAL OF A
GRAPH T is a graph A with the vertex set being the same as the vertex set of
I" and A has an edge between a pair of two distinct vertices if and only if the
two vertices are not adjacent in I'. If U is a set of vertices of a graph I', then the
SUBGRAPH INDUCED BY U is the graph with vertices U and edges between
u € U and v € U if and only if u and v are adjacent in I'. For a fixed n € N a
graph I' is K,,-FREE GRAPH if no induced subgraph of I' is a complete graph
on n points. It follows immediately from the definition that every K;-free graph
is empty and every Ks-free graph does not have any edges, thus we will be only
interested in K,,-free graphs if n > 3.

If z € T', the CONNECTED COMPONENT OF I' CONTAINING x is
the subgraph induced by the set of vertices y € T" such that there are n € N
and vertices g = z,21,...,%, = y such that x; is adjacent to x;;1 for all
i€{0,...,n—1}.

Another very important tool we require is the Alice’s restaurant property.
We will have three versions of the property — for graphs; for K, -free graphs;
and partial orders. The first two will be defined in this section.

Let T" be a graph. Then I" has ALICE’S RESTAURANT PROPERTY FOR
GRAPHS if for every pair of finite disjoint induced subgraphs U and V of T,
there is w € '\ (U U V) such that w is adjacent to every vertex in U and to no
vertex in V.

Let n > 3, and let I" be a K,,-free graph. We say that I" has the ALICE’S
RESTAURANT PROPERTY FOR K,-FREE GRAPHS if for every pair of finite
disjoint induced subgraphs U and V of I where U is K,,_;-free, there exists a
vertex w € I'\ (U U V) such that w is adjacent to every vertex in U and to no

vertex in V.

1.6 Fraissé limits

In this section we will describe some model theory ideas, most importantly those
concerning Fraissé limits. For a more complete treatment see Hodges’ “A shorter
model theory” [28], which we use as the reference for this section.

A STRUCTURE A is an object consisting of following four parts

e a set, called DOMAIN of A, and denoted by dom(A);

e a collection of CONSTANT SYMBOLS and a subset of A, called CON-
STANT ELEMENTS, which are named by the constant symbols. If ¢ is
the constant symbol, then we denote constant element corresponding to ¢
by ¢,
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e for every n > 0, a collection of n-ary RELATION SYMBOLS and a set of
n-ary relations on dom(A), each named by one of the n-ary relation symbols.
If R is a relation symbol, then we denote the relation corresponding to the
symbol by R4;

e for every n > 0, a collection of n-ary FUNCTION SYMBOLS and a set
of functions from dom(A)™ to dom(A), each named by one of the n-ary
function symbols. If F' is a function symbol, then we denote the function
corresponding to the symbol by F4.

A SIGNATURE OF A STRUCTURE A consists of the set of constant
symbols, and for every n > 0 the sets of n-ary relation symbols and n-ary function
symbols. If L is a signature of A, we can refer to A as an L-STRUCTURE. A
structure with a signature which contains no constant or function symbols is a
RELATIONAL STRUCTURE.

Let A and B be L-structures. Then a HOMOMORPHISM for A to B, written
as f : A — B, is a function f : dom(A) — dom(B) so that the following
are true: (c¢A)f = cP for each constant symbol ¢ of L; for n > 0, an n-ary
relation symbol R, and a = € dom(A)", x € R implies (z)f € RE; for n > 0,
an n-ary function symbol F, and a x € dom(A)", ((z)F4)f = ((x)f)FP. An
EMBEDDING OF A TO B is a homomorphism f: A — B which is injective
and for n > 0, an n-ary relation symbol R, and a z € dom(A)”, = € R4 if
and only if (z)f € R®. An ISOMORPHISM is a surjective embedding, and
an AUTOMORPHISM OF A is an isomorphism f: A — A. By Aut(4) we
denote the set of all automorphisms of A, which can be shown to be a group.
Similarly End(A) denotes the set of all homomorphisms from A to A, also known
as ENDOMORPHISMS.

Let A and B be L-structures such that dom(A) C dom(B) and the inclusion
map i : A — B, given by (a)i = a for all a € A, is an embedding. Then A is a
SUBSTRUCTURE OF B, and B is an EXTENSION OF A.

Lemma 1.6.1 (see Lemma 1.2.2. in [28]). Let B be an L-structure and X a
subset of dom(B). Then the following are equivalent

a. X = dom(A) for some substructure A of B.

b. For every constant ¢ in L, c® € X; and for all n > 0, every n-ary function
symbol F in L and every x € X", (z)FP ¢ X.

Moreover, it the above conditions hold then A is uniquely determined.

Let B be an L-structure and let Y be a subset of the domain of B. Let
Xo =Y U{cP : cis a constant symbol of L} and for k > 1 define

X=X 1 U U {(z)F® : F is an n-ary function symbol and = € X ,}.
n>0
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Let X = J,cy X&- By the definition ¢ € X for all constant symbols ¢ of L.
Let n > 0 and let x € X™. Since Xg C X; C ..., it follows that z € X} for
some k € N, and by the definition (z)FP® € X. Hence by Lemma 1.6.1 there
is a substructure A of B such that dom(A) = X. It can also be shown that
A is the smallest substructure of B containing Y. We call the unique smallest
substructure of B containing ¥ the SUBSTRUCTURE GENERATED BY Y,
denoted by (Y)p. The structure B is FINITELY GENERATED if there is a
finite Y C dom(B) such that B = (Y)p. The AGE OF B is the collection of all
finitely generated structures which can be embedded into B, up to isomorphism.
That is, when considering the age of a structure we only care about its elements
up to isomorphism. It is worth mentioning that if A is a finitely generated
relational structure, then A is finite.

An L-structure A is ULTRAHOMOGENEOUS if for any finitely generated
substructures B and C' of A and an isomorphism f : B — C there is an
automorphism ¢ of A such that (z)f = (z)g for all z € dom(B).

The main theorem of this section can now be stated.

Theorem 1.6.2 (Fraissé Theorem, see Theorem 6.1.2 in [31]). Let L be a
countable signature and let K be a non-empty countable set of finitely generated

L-structures satisfying the following conditions:

e (HEREDITARY PROPERTY) If A € K and B is a finitely generated
substructure of A, then B € K;

e (JOINT EMBEDDING PROPERTY) If A, B € K, then there is C € K
such that both A and B can be embedded in C;

¢ (AMALGAMATION PROPERTY) IfAB,CeKand f: A— B, g:
A — C are embeddings, then there is D € K and embeddings h : B — D,
k:C — D such that foh=gok.

Then there exists a countable L-structure K, unique up to isomorphism, such
that K is the age of K and K is ultrahomogeneous.

We refer to the structure K in Theorem 1.6.2 as the FRAISSE LIMIT OF
THE FAMILY K. The following theorem relates Fraissé limits to the permutation

groups.

Theorem 1.6.3 (Theorem 5.8 in [9]). Let  be a countable set. Then G is a
closed subgroup of Sym(Q) if and only if G = Aut(A) for some ultrahomogeneous
relational structure A with domain ).

Before giving the proof we need another notion. Let G be a subgroup of
Sym(£2). Then a subset O of Q™ is an ORBIT OF G ON Q" if there are
Z1,...,2T, € 2 such that

O ={((z1)g,---.(zn)g) : g € G}.
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Proof. (=) Let G be a closed subgroup of Sym((2). We will define a relational
structure A with domain €. For every n € N, and every orbit O; of G on
Q" let R; be an m-ary relation symbol in the language, and let O; be the
relation corresponding to R;. If f € G, and (1,...,2,) € R for some i,
then ((21)f,...(z,)f) € RA, by the definition of O; = R{. Hence f is an
automorphism of A, in other words G < Aut(A).

Let f be an automorphism of A, and let {z1, 2, ...} be an enumeration of (.
Then for any (z1,...,,) € Q" there is a symbol R; such that (21, ...,z,) € R{.
Since f is an automorphism ((z1)f,...,(z,)f) € R#. Hence (z1,...,2,) and
((x1)f,..., (zn)f) are both elements of the same orbit O; of G on Q", and so
there is g, € G such that (2,,)9n = (Xm)f for all m € {1,...,n}. Then the
sequence (gn, )nen converges to f, and since G is closed Proposition 1.4.4 implies
that f € G. Therefore G is the automorphism group of A.

Finally, we show that A is ultrahomogeneous. Let B and C' be finite substruc-
tures of A,and let ¢ : B — C' be an isomorphism. Then for each n-ary relation R;,
by the definition of substructure, R? = O; Ndom(B)" and RY = O; Ndom(C)".
Let B = {y1,...,yn} for some n € N. Then there is a symbol R; so that
(y1,---,yn) € RE. Since q is an isomorphism ((y1)q, ... (y»)q) € RY, and thus
both (y1,...,yn) and ((y1)q,- - ., (yn)q) are elements of O,. Hence there is g € G
such that (ym)q = (ym)g for allm € {1,...,n}. Therefore A is ultrahomogeneous.

(<) Let g € Sym(€2) \ Aut(A). Then g is not an automorphism of A and
so there are n € N, an n-ary relation R, and (x1,...,2,) € R? such that
((x1)g, ..., (zn)g) ¢ R*. Then the basic open set [g](s,, . 4,}] contains g and
is contained in Sym(€2) \ Aut(A), thus Sym(€) \ Aut(A) is an open set. Hence
Aut(A) is a closed subset of Sym(2). O

An analogous result holds for Q and endomorphism monoids of ultraho-
mogeneous relational structures. Even though the concept of an orbit does not

apply to monoids, we can still use the sets of the form

{((z1)g,---,(¥n)g) 1 g € M}

where M is a submonoid of Q and z1, ..., z, € Q. Otherwise, the same proof

can be used to prove the following result.

Theorem 1.6.4. Let Q be a countable set. Then M is a closed submonoid of
QO if and only if M = End(A) for some ultrahomogeneous relational structure
A with domain .
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Chapter 2

A finite interval in a

subsemigroup lattice

This chapter is based on the paper by the J. D. Mitchell and the author [40]. It

is included in this thesis with the permission of the coauthor.

2.1 Description of the problem

Let (X, <) be a partially ordered set, and let Y C X. Recall that an UPPER
BOUND of Y is an element u € X such that y < wu for all y € Y, and similarly
le X isa LOWER BOUND of Yif I <y for all y € Y. An upper bound u of
Y is the SUPREMUM of Y if it is the least upper bound, assuming it exists,
in other words if u’ is an upper bound of Y, then v < «'. In the same way
we may define the INFIMUM to be the greatest lower bound. We denote the
supremum of Y by sup(Y'), and the infimum of Y by inf(Y"). A partially ordered
set (X, <) is a LATTICE if every pair of elements of X has the supremum and
the infimum. Similarly, (X, <) isa COMPLETE LATTICE if every subset of X
has a supremum and an infimum.

Let S be a semigroup. Then define a binary relation < on the set of all
subsemigroups of S by T' < U if and only if T is a subsemigroup of U. It is easy
to show that < is a partial order on the set of all subsemigroups of S. Suppose
that {T; : ¢ € I'} is a family of semigroups such that T; < S for all ¢ € I. It was
shown in Section 1.2 that [;.; 7T; is a subsemigroup of S. If V' is a subsemigroup
of T; for all i € I, then V' C (,.; T;, and so V is a subsemigroup of (., T;.
Hence (,c; T; is the infimum of the family {7} : ¢ € I}. On the other hand,
consider the semigroup generated by the subset | J,.; T; of S, as usually denoted
by (U;c; 7i)- Then by the definition, it is the smallest subsemigroup of S which
contains T; for all i € I. Therefore (| J,.; Ti) is the supremum of {T; : i € I},
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and thus the set of all subsemigroups of S forms a complete lattice, we call it
the SUBSEMIGROUP LATTICE OF §S.

Let (X, <) be a complete lattice. An element x of X isa COMPACT ELE-
MENT if for every subset A of X such that z < sup(A) there is a finite subset B
of A with x < sup(B). A complete lattice (X, <) is an ALGEBRAIC LATTICE
if every element x € X is equal to the supremum of the set of all compact

elements smaller than x.

Proposition 2.1.1 ([]). Let S be a semigroup, and let T be a subsemigroup of
S. Then T is a compact element in the subsemigroup lattice of S if and only if
T is finitely generated.

Proof. (=) Let T be a compact element in the subsemigroup lattice of S, and
for x € T, let (z) be a subsemigroup of S generated by the element z. Then
sup,cr(z) > (y), and so y € sup,cr(z) for all y € T. Hence T' < sup,cp(x),
and by the definition of compact elements there is a finite subset F' such that
T < sup,cp(z). Also note that since all (x) C T, the subsemigroup T is an
upper bound for {(z) : x € F'}, and so T' = sup,c(x). Hence

T = sup(e) = (| J (@) = (F),

zEF zEF

and so T is finitely generated.

(<) Let T be a finitely generated subsemigroup of S, and let {U; : i € I'} be
a family of subsemigroups of S such that T' < sup,c; U; = (U, Ui). f 2 € T,
then it can be written as a finite product of the elements in | J;.; U;. Hence there
is a finite subset .J, of I such that € (U;c; Ui). Let A be a finite generating
set of T', and let J = J,c 4 Jo. Then J is finite and A C (|J,.; U;). Hence

T <supUj,
ieJ

and so T is a compact element. [
Proposition 2.1.1 can now be used to show that subsemigroup lattice is
an algebraic lattice. Let T" be a subsemigroup of S, and let F = {F < T :

F is a compact element}. Since T is an upper bound of F, supF < T'. Let A be
a generating set for T. Then

7= (4) = (| {e)) = supla) < sup P,
€A ze

as (x) € F for all z € A by Proposition 2.1.1. It then follows that T'= sup F,
and so the subsemigroup lattice of S is an algebraic lattice. This result comes as

no surprise and is consistent with the terminology. Actually, the fact that the
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subsemigroup lattice is an algebraic lattice is a consequence of a much stronger
result. In order to state the result we need to define an algebraic closure operator.

Let (X, <) be a partially ordered set. Then ¢: X — X is an ALGEBRAIC
CLOSURE OPERATOR if the following are satisfied for all 2,y € X: x < (2)¢;
z < y implies that (x)c < (y)c; ((z)c)e = (2)¢; and (A)e = J{(B)c : B C
A and B is finite} for every A C X. Since in this chapter we are only interested
in the subsemigroup lattice, the result is only included for the sake of completeness

and we will omit the proof and the further discussion of the concepts within.

Theorem 2.1.2 (Lemma 7.19 in [14]). Let (X, <) be a partial order, let ¢ be an
algebraic closure operator on X, and let L. = {A C X : (A)c= A}. Then L, is
an algebraic lattice such that an element A is compact if and only if A = (B)c
for some finite subset B of X.

Let €2 be an arbitrary infinite set. Then as discussed before, the set of all
subsemigroups of Qf forms a semigroup lattice. In the next proposition we show
that QF has 2/°! many finitely generated subsemigroups, and so 2/’l compact

elements in the semigroup lattice of Q%, by Proposition 2.1.1.

Proposition 2.1.3. Let Q be an infinite set. Then there are 21®1 many distinct
finitely generated subsemigroups of Q.

Proof. Let F be the set all finitely generated subsemigroups of Q. Recall that
|9 = 219 and so there are only 2/l finite subsets of Q. Hence |F| < 2/
Suppose that F < 2/¢l. Recall that every finitely generated semigroup is
either finite or countable, and so if F is finite, then ({Jp g F') is either finite or
countable. If F' is infinite, then it follows that |{Jpcp F'| < |F x Ro| = [F|, and

also (Jpep F is infinite. Hence

KU Bl =1 Fl<F <29,

FeF FecF

In both cases, (Jpcp F) is a proper subset of 0%, and so there is f € Q%\
(Uper F). However, (f) is a finitely generated subsemigroup of 2, and thus
(f) € F, which is a contradiction. Therefore F = 2/’l | as required. O

It turns out that the subsemigroup lattice of Q! is in some way a “universal”
algebraic lattice, as described in the following result by Pinsker and Shelah.

Theorem 2.1.4 (Theorem 1.1 in [62]). Every complete algebraic lattice with at

most 2191 compact elements can be embedded into the subsemigroup lattice of Q.

Since Q% has 2/2 many elements, it follows that it has 22" many subsets.

Moreover, the number of distinct subsemigroups of Qf is also 22!

Proposition 2.1.5. Let Q be infinite. Then Q has 92! many distinct sub-

SEMIGroups.
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Proof. Let a and b be two distinct elements of 2, and let X = Q\ {a,b}. Then
|X| = |92 For a subset A of ¥, define fa € Q% by

() fa = a if:vEAU{a}'

b otherwise

Let F be the set of all such f4. Since there 2/2l many subsets of ¥ and f4 and
fp are distinct for distinct A and B, it follows that |F| = 2/’l. Moreover, if
A and B are subsets of ¥, then fa o fg = fa, as b ¢ A. Hence every subset
of F is a subsemigroup of Q, and so there are at least 2171 = 92! many
subsemigroups of Q2. However, O has 22 many subsets, thus there are 22

many subsemigroups of Q. O

A subsemigroup M of S is MAXIMAL if for every subsemigroup T of S such
that M < T, it follows that 7' = S. We already know that Qf* has 22" distinct
subsemigroups by Proposition 2.1.5, but more surprisingly the number of maximal
subsemigroups is also 22m|, see [17, Theorem C]. The maximal subsemigroups of
other semigroups were also studied in the literature. For example, the maximal
subsemigroups of a finite semigroup are, in a sense, determined by their maximal
subgroups, see [25]. The question for infinite semigroups was investigated by
Levi and Wood, in [45], and Hotzel, in [29], in the case of Baer-Levi semigroups,
and by Shneperman, in [68], in the case of the endomorphism monoid of a finite
dimension complex vector space, where maximal compact subsemigroups were
considered.

The analogous problem of finding maximal subgroups is studied to even a
higher degree. For example the maximal subgroups of the symmetric group on €2
for an infinite 2 were studied in [3, 4, 6, 7, 8, 11, 49, 53, 55, 64], and the case
of finite Q has been investigated by Aschbacher and Scott, in [2], O’Nan and
Scott, in [66], and also Liebeck, Praeger and Saxl in [46]. Of particular interest,
perhaps, are the results by H. D. Macpherson and Peter M. Neumann, see [52],
and Fred Richman, see [64]. It follows from their results that the number of
maximal subgroups of Sym() is 22|m, if 2 is infinite. The result is obtained by
showing that the stabiliser of an ultrafilter is a maximal subgroup of Sym((2).

A set F of subsets of Q is a FILTER if the following are satisfied:

1. if A,B € F, then ANB € F;
2.if ACBCQand A€ F, then B € F.

A filter F is a PROPER FILTER if F is not the set of all subsets of €2, and a
proper filter is an ULTRAFILTER if it is maximal with respect to containment
among all proper filters. Let a € Q and let K ={A C Q:a € A}. Then K is a
proper filter. If K’ is a filter properly containing K, then there is B € K’ such
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that a ¢ B, and so @ = {a} N B € K', implying that K’ is the set of all subsets
of Q. Hence K is an ultrafilter. An ultrafilter ¥ a PRINCIPAL ULTRAFILTER
it F={ACQ:ae A} for some a € Q. For a filter F, the stabiliser of F is

Stab(F) = {f € Sym(Q) : (A)f € F for all A € F}.

The following theorem shows that there 22" Wltrafilters on an infinite set €.

Theorem 2.1.6 (Theorem 7.6 in [37]). Let Q be an infinite set. Then there are
92" ultrafilters on €.

Since there are precisely 2| many distinct principal ultrafilters, it follows
from Theorem 2.1.6 that there are 22 non-principal ultrafilters.

In [17], East, Mitchell, and Péresse use ultrafilters to show that there are
92/ many maximal subsemigroups of Q. For every non-principal ultrafilter F
they show that there are at least two maximal subsemigroups of Q¢ containing
Stab(F), all of them distinct, and so the result follows from the above. In contrast
to this result, Pinsker, in [60], showed that if |Q2] = X, then there are 2|a| + 5
many maximal subsemigroups of Qf containing Sym(£2). The result was initially
proved by Gavrilov, in [21], for a countable €, and then expanded by Pinsker to
arbitrary cardinalities.

Theorem 2.1.7 (Theorem 4 in [60]). Let Q be an infinite set. If Q has regular
cardinality , then the mazimal subsemigroups of Q¢ containing Sym(Q) are as
follows:

o A={feQ:k(f) <r};
e Gh={fecQ%:1Q\ (Q\ A)f| >\ for all AC X of cardinality \};
o My={fecQ%:c(f)>Xord(f) <\};

where A =1 or Xg <\ < k.
If Q has singular cardinality, then the same is true, but with subsemigroup A
replaced by

A={fe O there is A < k and A C Q of cardinality  such
that [{z € Q: (z)f =y} < A for all y € A}.

In this chapter we are exclusively interested in the case where || = Xy. Then
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the five maximal subsemigroups containing Sym({2) are:

S ={feQ:c(f)=0o0rd(f)>0}=G,

Sy ={fecQ%: c(f)>0o0rd(f)=0} =M

Ss={feQ%: c(f) <word(f) =w} =Gy, (2.1)
Sy={feQ%: c(f) =word(f) <w}= My,

Ss={fe Q% k(f) <w}=A

If S and T are subsemigroups of Q, then the INTERVAL FROM T TO S,
denoted (T, S), is defined to be the set of proper subsemigroups of S properly
containing 7', in particular

(T,8)={U<Q?:T<U<S}

Pinsker showed in [61] that the interval (Sym(2), Q%) has cardinality 22",
where |Q| = R, and k = max{a, Rg}. Moreover, if X, is a regular cardinal and S
is the intersection of the maximal subsemigroups of Q% containing Sym(f2), as
described in Theorem 2.1.7, then the interval (Sym(f), S) also has cardinality 22" .
As mentioned before, of particular interest to us is the case where || = Ry. Then
Kk = Vg, and so the interval (Sym(Q), S) has the same cardinality as the number
of subsemigroups in Q2. However, the question remains, whether the interval
(S, Q) is also of the cardinality 22" Tt turns out that this is not the case. More
precisely, we will prove in Theorem 2.1.8 that there are only 38 subsemigroups
in the interval from the intersection of the maximal subsemigroups described in
(2.1) to Q% when 2 is countably infinite.

Throughout the rest of this chapter, we will assume that € is countably
infinite. For the sake of brevity, if I C {1,2,3,4,5}, then we will denote the
intersection ﬂiel S; by Sr, so that S o denotes S; N Sy and so on. Define

U={feQ:d(f)=wor (0<c(f) <w)}USym(Q)
V={feQ: c(f)=wor (0<d(f) <w)}USym(Q).

The following theorem is the main result of this chapter.

Theorem 2.1.8. Let Q be a countable set. Then the interval (Si23.4.5, Q%)
consists of 38 semigroups, 30 of which are all possible intersections of any non-
empty proper subset of {S1,Sa, S4, S5, S5} as well as the following 8 semigroups:

U, V, SlﬂU, SQQV, S5ﬂU, 550‘/, Slv5mU, andSMOV.
The subsemigroup lattice of the interval (512345, QQ) is depicted in Fig-

ure 2.1. We will describe the relevant semigroups given in the Theorem 2.1.8, in
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terms of the parameters d, ¢, and k (in a similar way to (2.1)) in Section 2.2. In
Section 2.3 a number of technical lemmas are proved which are extensively used
in the proof of the Theorem 2.1.8 in Section 2.4.

S123 Sioa  Si2s  Siza / Sizs > Sias  S2za Sess  Soas  Szas

A

S1,2,3,4,5

Figure 2.1: Subsemigroup lattice of (S1 2345, )
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2.2 Definitions of the semigroups in Theorem 2.1.8

In this section we give the definitions of all the semigroups mentioned in Theo-
rem 2.1.8, for ease of reference. Since Sym(2) is a subgroup of every semigroup
in question, in the following table we will only describe non bijective transforma-

tions.
S If f € S, then is either in Sym(€2) or satisfies the following condition
S1 e(f)=0 or d(f)>0
Sy e(f)>0 or d(f)=0
S3 off) <w or d(f)=w
Sy cof)=w or d(f)<w
Ss E(f) <w
U 0<e(f)<w or d(f)=w
Vv f)=w or 0<d(f)<w
St c(f),d(f) >0
Sz d(f)=wore(f)=0 or 0<c(f),d(f) <w
St df)=d(f) =w or 0<d(f)<w
Sis  d(f)>0and k(f) <w or ¢(f)=0
Sz of)=d(f) =w or 0<c(f)<w
Saa of) =word(f) = or 0<c(f)d(f) <w
Sa5 c(f)>0and k(f) <w or d(f)=0andk(f) <w
Ssa olf)=d(f) =w or c(f),d(f) <w
S35 of) <w or d(f)=wandk(f) <w
Sas cof) =wand k(f) <w or d(f) <wandk(f) <w
VNS, off)=w or 0<e(f),df)<w
uns, d(f)=w or 0<c(f),df)<w
VnsSs k(f)<ce(f)=w or 0<d(f)<wandk(f)<w
UnsSs k(f)<d(f)=w or 0<c¢(f)<w
S1,2,3 co(f)>0and d(f) =w or 0<e(f),df)<w
Si24 c(f)=wandd(f) >0 or 0<e(f),df)<w
Si25  c(f),d(f)>0and k(f) <w
Si34  cf)=d(f)=w or 0<d(f)<wandc(f) <w
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S1,35 d(f) =w and k(f) < w or ¢(f)<wandd(f)>0
S1a5 of)=d(f)=wand k(f) <w or 0<d(f)<wandk(f) <w
Sos4  c(f)=d(f)=w or 0<c¢(f)<wandd(f)<w
Soss  c(f)=d(f) =wand k(f) <w or 0<c¢(f)<w

Saas  of) =wand k(f) <w or 0<¢(f)<wandd(f) <w
Ssas  off) =d(f) =wand k(f) <w  or ¢(f),d(f) <w

VNSys k(f) <wandc(f) =w or 0<c(f),df) <w

UNnSis k(f)<wandd(f)=w or 0<c(f),d(f)<w

Si234  o(f) =d(f) =w or 0<c(f),d(f) <w

S1235 d(f)=w,c(f)>0and k(f) <w

e(f) >0,0<d(f) <w

25 elf) =d(f) =wand k(f) <w or Ll

Si345 cf)=d(f)=wand k(f) <w or c¢f)<wand0<d(f) <w

Sosa5 cf)=d(f) =wand k(f) <w or d(f)<wand0<c(f)<w

S12345 c(f)=d(f)=wand k(f) <w or 0<ec(f),df) <w

In order to show that all the sets described in the table are subsemigroups, we
only need to show that Sy, Sa, S3, Sy, S5, U, and V' are subsemigroups, since all
the others are just intersections of them. We already know from Theorem 2.1.7
that S; is a semigroup for ¢ € {1,...,5}, and we demonstrate that so are U and

V in the following proposition.
Proposition 2.2.1. U and V are semigroups.

Proof. Let f,g € U. If f € Sym(Q2), then d(f o g) = d(g) and ¢(f o g) = ¢(g)
and so f og € U. Similarly, if g € Sym(Q2), then fog € U. If d(g) = w, then
d(fog) =w by Lemma 1.3.5(i), and so fog € U. If d(f) =w and 0 < ¢(g) < w,
then by Lemma 1.3.5(v), d(f o g) = w, and thus fog e U. If 0 < ¢(f),c(g) < w,
then, by Lemma 1.3.5(iii), 0 < ¢(f og) <w and so fog e U.

Let f,g € V. If f € Sym(2) or g € Sym(f2), then d(f o g) = d(g) and
c(fog) =c(g) andso fog € V. If e(f) = w, then ¢(fog) = w by Lemma 1.3.5(iii),
and so fog € V. If ¢(9) = w and 0 < d(f) < w, then by Lemma 1.3.5(vi),
c(fog)=w, and thus fog e V. If 0 < d(f),d(g) < w, then, by Lemma 1.3.5(i),
0<d(fog)<wandso fogeV. O
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It is routine, using Proposition 1.3.4, to show that U and V are not equal to
any of the intersections of the subsemigroups 51, S2, S3, S4, and Ss. It then follows
from the descriptions of the semigroups that Sa 3 < U < S5 and S14 <V < S,

2.3 Technical lemmas

We require several technical results to prove Theorem 2.1.8, which we present in

this section.

Lemma 2.3.1. Let f,g € Q be such that ker(f) = ker(g) and d(f) = d(g).
Then f € (g,Sym(2)).

Proof. Let b’ : (Q)f — (Q)g be defined by (x)h' = (y)g if © = (y)f. Then
(y)f = () f if and only if (y,y") € ker(f) = ker(g) which is equivalent to
(y)g = (v')g. Hence B’ is a well-defined injective function. If € (2)g, then
there is y € Q such that (y)g = =z, and so ((y)f)h' = (y)g = x. Therefore A’
is surjective, and thus a bijection between () f and (Q)g. Let h € Q be any
function such that h agrees with h’ on (2)f and bijectively maps Q \ (Q)f to
O\ (Q)g, which is possible since d(f) = d(g). Then h € Sym(Q2) and foh =g. O

The next three lemmas form the essential part of the proof of Theorem 2.1.8.
Roughly speaking, all of the lemmas will consider the question, given f, g € O
with certain properties, whether f can be generated by g and elements of 51 234,57

Lemma 2.3.2. Let u,v, f € Q. Then the following hold:
(i) if 0 < c(u),e(f) <w and d(u) =d(f), then f € (S12345,u);

(ii) if c(u) < w, d(u) =w, c¢(v) >0, d(f) =d(v) =0, and 0 < ¢(f) < w, then
fe(Si2345 u0);

(iil) if u is injective, c(f) < w, and d(u) = d(f) = w, then f € (S12,3,.45,u);

(iv) if u is injective, d(u) > 0, d(v) = d(f) = w, and c(v),c(f) < w , then
fe(S12345 u,v).

Proof. (i). Let g € Q% be such that ker(g) = ker(f) and such that (Q)g is a
transversal of u. Then ¢(g) = ¢(f) and d(g) = c¢(u) and thus g € S1,2,3,4,5. Since
d(gou) =d(u) = d(f) and ker(g o u) = ker(g) = ker(f), Lemma 2.3.1 implies
that f € (gowu,Sym(Q)) < (u,S12,345).

(ii). If ¢(v) < w, then f € (S1,2,3.4,5,v) by Lemma 2.3.2(i). Suppose ¢(v) = w
and let t € S7234,5 be such that 0 < ¢(¢),d(t) < w. Then 0 < ¢(t o u) < w and
d(tou) = w by parts (i) and (iii) of Lemma 1.3.5. Choose g € 0 such that (Q)tou
is a transversal of g, ()¢ is a transversal of v and k(g) < w. Then ¢(g) = d(g) = w,
and 80 g € S12,3.4,5. Also c(touogov) =c(tou),and so 0 < ¢(touogov) <w
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and d(touogowv) =0 and thus f € (S1 2345 touogov) <(Si2345,u,v) by
Lemma 2.3.2(i).

(iif). If e(f) = 0, then ker(f) = ker(u) and so f € (u, S1,2,3,4,5) by Lemma 2.3.1.
Suppose 0 < ¢(f) < w. If g € Q2 is such that ker(g) = ker(f) and 0 < d(g) < w,
then g € S12.3.4,5. But ker(gou) = ker(g) since u is injective, and so ker(gou) =
ker(f). Also d(gou) > d(u) = w, and so d(gou) = d(u) = d(f). Thus Lemma 2.3.1
implies that f € (g ou,Sym(Q2)) < (u, S1,2,3,4,5)-

(iV). If vis injective or d(u) = w, then f S <S17273,475,’U> or f S <Sl72,374,5, u},
respectively, by part (iii). Suppose 0 < ¢(v) and d(u) < w. Let w € Q% be
such that c(w) = 0 and (Q)w is a transversal of v. Then ¢(w ov) = 0 and
d(wowv) > d(v) = w, and so f € (S123.45,wov) by part (iii). Let ¢t € O be any
function such that ()u is a transversal of ¢ and d(t) = d(w). Then c¢(t) = d(u)
and 0 < ¢(t) < w. Since d(w) = c(v), it follows that 0 < d(t) < w. Hence
t € 512345 Since w and u ot are injective, d(u ot) = d(t) and d(t) = d(w).
Then Lemma 2.3.1 implies that w € (u o ¢, Sym(Q)) < (u, S1,2,3,4,5). Combining

the above, f € (S12345, wov) < (S12345,u,v), as required. O

We also require a result which roughly speaking is dual to Lemma 2.3.2,
where the values of ¢ and d are interchanged, and because of different nature
of parameters ¢ and d, in some cases the parameter k is introduced. It is worth
noting that even though the two lemmas are not formally dual, they can be

interchanged to show different parts of the proof of Theorem 2.1.8.
Lemma 2.3.3. Let u,v, f € Q. Then the following hold:
(1) if 0 < d(u),d(f) <w, c(u) =c(f) and k(f) < w, then f € (S12345,u);

(ii) if e(u) = w, d(u) <w, c(f) =c(v) =0, d(v) >0, and 0 < d(f) < w, then
fe(S12345 u,v);

(iil) ifu is surjective, d(f), k(f) < w and c(u) = c(f) = w, then f € (S12345,u);

(iv) if u is surjective, c(u) > 0, c(v) = c(f) = w, k(f) <w and d(v),d(f) < w,
then f € (S1,2345,u,v).

Proof. (i). Let g, h € Q% be such that (Q)u is a transversal of g, d(g) = d(f),
ker(h) = ker(f), and (Q)h is a transversal of u. Then ker(f) = ker(howuo g) and
d(f) = d(howuog). Hence f € (howuog,Sym(Q)) by Lemma 2.3.1 and so it
suffices to show that g,h € S123.4;5.

Since ¢(g) = d(u) and d(g) = d(f) by the choice of g, it follows that 0 <
c(9),d(g) < w and so g € S1,2,34,5.- Also h was chosen such that c¢(h) = ¢(f),
d(h) = ¢(u), and k(h) = k(f) < w. So, if ¢(f) = ¢(u) = 0, then h € Sym(Q). If
0 <e(f) =c(u) <w, then 0 < ¢(h),d(h) < w and thus h € Sy 23.4,5. Finally, if
c(f) = c(u) = w, then c(h) = d(h) = w, k(h) <w, andso h € S12.345.
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(ii). If d(v) < w, then f € (S1,2,3.4,5,v) by Lemma 2.3.3(i). Suppose d(v) = w.
Let g € Q% be such that (Q)v is a transversal of g, (Q)g is contained in a
transversal T of v with 0 < |T'\ (Q)g| < w, and k(g) < w. Then ¢(g) = d(g) = w,
and so g € S12.34,5. Also c(vogou) =0and 0 < d(vogou) <w. Therefore
fe(Si2345vog0ou) <(S12345,u,v) by Lemma 2.3.3(i).

(iii). Let g € Q be such that ker(g) = ker(f) and (Q)g is contained in a
transversal T' of u with [T\ (2)g| = d(f). Then ¢(g) = d(g) = w, k(g9) < w
and thus g € S12.34,5. Also ker(f) = ker(g ou) and d(f) = d(g o u), and so
f € {gou,Sym(Q)) < (u,S51,2345)-

(iv). If d(v) = 0 or ¢(u) = w, then the result follows from Lemma 2.3.3(iii).
Suppose that 0 < c(u), d(v) < w and let g € Q% be such that (Q)v is a transversal
of g and ()g is a transversal of u. Then ¢(g) = d(v) and d(g) = c¢(u) which
implies 0 < ¢(g),d(g) < w and g € S1.23,4,5. Therefore f € (S123.4,5,v0g0u) by
Lemma 2.3.3(iii) since c(vogou) =w, k(vogou) <w and d(lvogou)=0. O

The final technical lemma we require relates to generating transformations
with parameter k being infinite, whereas the previous two lemmas are concerned

with generating mappings with finite &k value.

Lemma 2.3.4. Let u,v,t, f € Q. Then the following hold:

(i) if k(u) =k(f) =d(f) =w, then f € (S123.45,u);

(ii) if k(u) = k(f) = w, d(f),d(u) > 0, ¢(v) = w, and 0 < d(v) < w then
[ €(S12345,u,v);

(iil) if k(u) = k(f) =w, c¢(v) =w, and d(v) =0, then f € (S1,.2.345,U,V);

(iv) if k(u) = k(f) = w, c(v) = w, d(v) < w, c(t) > 0, and d(t) = 0, then
f € <51,2737475,U,’U,t>.

Proof. (i). Let {K; : i € N} be the kernel classes of f, in other words the
sets {x € Q: (x)f = y} for every y € (Q)f. Since k(f) > 1, we may assume
that Ky is infinite. Let {L; : ¢ € N} be the infinite kernel classes of u, and
let g € Q be such that (Kgy)g = {z} where x € Lo, g|x, is injective and
(Ki)g C Ly; for all i € N. Then ¢(g) = d(g9) = w and k(g) = 1 which implies
that g € S1,2,3.4,5- Also ker(g o u) = ker(f) and d(g o u) = d(f) = w, and so
f e (gou,Sym(Q2)) < (u,S1,2,34,5) by Lemma 2.3.1.

(ii). If d(f) = w, then the result follows from Lemma 2.3.4(i). Suppose
0 < d(f) < w and let g € Q be such that ker(f) = ker(g) and (Q)g is a
transversal of v. Then k(g) = k(f) = w and d(g) = ¢(v) = w, and so g €
(812345, u) by Lemma 2.3.4(1). If h € Q is such that (Q)v is a transversal
of h and d(h) = d(f), then 0 < ¢(h),d(h) < w and h € S12345. Hence
ker(f) = ker(gowvoh) and d(f) = d(gowvoh). Then Lemma 2.3.1 implies that
fel{govoh,Sym(Q)) < (u,v,51,23.45)-
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(iii). Let g € Q% be such that ker(f) = ker(g) and (Q)g is contained in
a transversal T of v with |T"\ ()g| = d(f). Then k(g9) = d(g9) = w, and so
g € (S1.2,34,5,u) by (i). Since ker(f) = ker(gov) and d(f) = d(gov), Lemma 2.3.1
implies that f € (g ov,Sym(Q)) < (S1,2.345,u,v), as required.

(iv). If d(v) =0 or ¢(t) = w, then f € (u,v,S1,2345) or f € (u,t,51,23.45),
respectively, from Lemma 2.3.4(iii). Suppose 0 < ¢(t),d(v) < w and let g € QF
be such that (2)v is a transversal of g and (Q)g is a transversal of ¢. Then
0 < c(g),d(g) < c(t)andso g € S1,2,3,4,5. Also c(vogot) =w and d(vogot) =0,
and hence f € (S123.45,u,vogot) < (u,v,t,S12345) by Lemma 2.3.4(iii). O

2.4 The proof of Theorem 2.1.8

We prove the Theorem 2.1.8 by finding the maximal subsemigroups in Sy, So,
S3, S4 and S5 containing Si 2345, then the maximal subsemigroups in each of
those semigroups which contain 57 2345 and so on. We give the descriptions of
the maximal subsemigroups found at each stage in a separate proposition, each
of which can be proved using the following strategy.

Let S be a semigroup, let T be a subsemigroup of S, and let M = {M, : i € I}
be a collection of subsemigroups of S, none of which are equal to S, all containing
T, and such that M; £ M; for all 4,5 € I with ¢ # j. Suppose that if U is a
subsemigroup of S containing 7" and U is not contained in any M; € M then
U=2>5S.

Lemma 2.4.1. If M is as above, then M is the set of mazximal subsemigroups
of S containing T'.

Proof. Let M € M, and suppose that U is subsemigroup of S such that M < U.
Then U is not a subsemigroup of any M’ € M, and so U = S by the condition
on M. Hence M is a maximal subsemigroup of S.

Suppose M is a maximal subsemigroup of S and M ¢ M. Then M < M’ for
every M’ € M, since M' # S. It follows that M = S, which is a contradiction.
Hence if M is maximal subsemigroup of M, then M € M, and so M is the set
of all maximal subsemigroups of S. O

There are essentially 38 cases in the proof of Theorem 2.1.8. However, there
are 14 pairs of cases where the proof of one case can be obtained from the
proof of the other by interchanging the values of ¢ and d, interchanging any
part of Lemma 2.3.2 by the same part of Lemma 2.3.3 (or vice versa), and by
interchanging part (ii), (iii), or (iv) of Lemma 2.3.4 with part (i) of the same
lemma. Therefore we will not present duplicate proofs, but will only give a proof

of one of the cases in each of these pairs.
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Proposition 2.4.2.

(i) The mazimal subsemigroups of S1 containing S1,2.3.45 are: S12, S1,3, S1.4
and S15;

(i) the mazimal subsemigroups of Sa containing S1,2,3.45 are: S1,2, Sa2,3, S2.4
and 5275,'

(iii) the mazimal subsemigroups of Ss containing Si2345 are: Si13, U, Ss4
and Ss5;

(iv) the mazimal subsemigroups of S4 containing S1,23.45 are: V, So4, S34

and Sy 5;

(v) the mazimal subsemigroups of Sy containing S12,3,4,5 are: S15, S2.5, S35
and S475.

Proof. (i). It suffices to show that if M is any subsemigroup of S; containing
S1,2,3,4,5 but not contained in any of the semigroups 52, Si,3, S1,4 and S 5,
then M = Sy. Let ug € M\ S12,us € M\ S13,us € M\ S1 4 and ugy € M\ Sy 5.
Then the following hold:

c(ur) =0 and d(uy) > 0, c(uz) =w and 0 < d(uz) < w
c(uz) < w and d(us) = w, k(ug) = w and d(uq) > 0.

Let f € 51\ S1,2,34,5 be arbitrary. Then one of the following holds:

1. f is injective and 0 < d(f) < w in which case by Lemma 2.3.3(ii), f €

(S1,2,3,4,5, U1, U2);

2. 0<d(f) <w, k(f) <w and ¢(f) = w in which case by Lemma 2.3.3(i),

f €(S1,2,345,u2);
3. ¢(f) < wand d(f) = win which case by Lemma 2.3.2(iv), f € (S1.2,3,4.5, U1, u3);
4. k(f) =wand d(f) > 0in which case by Lemma 2.3.4(ii), f € (S1,2.3.4,5, U2, U4).

Therefore
Sl S <Sl,2,3,4,57u17u27u3au4> S M S 517

giving equality throughout.

(ii). Let M be any subsemigroup of Sy containing S 234,5 which is not
contained in any of the given semigroups. Let uy € M \ S12, us € M \ Sa 3,
uz € M\ Sz.4 and ug € M\ Sz 5. Then

c(uy) > 0 and d(uy) =0, c(uz) = w and d(ug) < w
0 < ¢(us) < w and d(ugz) = w, k(us) = w.

Let f € S3\ S1.2,34,5 be arbitrary. Then one of the following holds:
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1.0 < ¢(f) < wand d(f) = 0 in which case by Lemma 2.3.2(ii), f €

(S1,2,3,4,5, U1, u3);

2.0 < ¢(f) < wand d(f) = w in which case by Lemma 2.3.2(i), f €

(S1,2,3,4,5,U3);

3. d(f) < w, k(f) < w and ¢(f) = w in which case by Lemma 2.3.3(iv),
f € (512,345 u1,u2);

4. k(f) = w in which case by Lemma 2.3.4(iv), f € (S1,2,3,4,5, U1, Uz, Ua).

Therefore
Sy < (S1,2,3,4,5, U1, Uz, uz, ug) < M < Sy,

giving equality throughout.

(iii). The proof of this case follows by an argument analogous to that used in
the proof of part (iv) as discussed before the proposition. It is also necessary in the
case (4) of (iv) to replace the assumption that k(f) = w by the assumption that
k(f) = w and d(f) = w, and apply Lemma 2.3.4(i) instead of Lemma 2.3.4(iv).

(iv). Let M be any subsemigroup of S, containing Sj 2345 which is not
contained in any of the given semigroups. Let uq € M\ V, us € M \ Sa4,
uz € M\ S3.4 and uq € M\ Sy 5. Then

0 <c(ur) <wand d(uy) =0, c(uz) =0 and 0 < d(ug) < w

c(us) = w and d(u3) < w, k(ug) = w.

Let f € S4\ S1,2,34,5 be arbitrary. Then one of the following holds:

1. d(f) < w, k(f) < w and ¢(f) = w in which case by Lemma 2.3.3(iv),

f e (51,2345 u1,us);

2. ¢(f) = 0and 0 < d(f) < w in which case by Lemma 2.3.3(i), f €

(S1,2,3,4,5, U2);

3.0 < ¢f) < w and d(f) = 0 in which case by Lemma 2.3.2(i), f €

(S1,2,3,4,5,U1);
4. k(f) = w in which case by Lemma 2.3.4(iv), f € (S1,2,3.4,5, U1, U3, Us).

Therefore
S4 < (S1,2,3,4,5, U1, Uz, Uz, ug) < M < Sy,

giving equality throughout.
(v). Let M be any subsemigroup of S5 containing 51 23.4,5 which is not

contained in any of the given semigroups. Let uy € M \ S15, us € M \ Sz,
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us € M\ S35 and uqg € M \ Sy5. Then

c(uy) > 0,k(uy) < w and d(uy) =0, c(uz) =0 and d(uz) >0
c(ug) = w, k(us) < w and d(ug) < w, c(uyg) < w and d(uyg) = w.
Let f € S5\ S1,2,34,5 be arbitrary. Then one of the following holds:

1. d(f) < w, k(f) < w and ¢(f) = w in which case by Lemma 2.3.3(iv),

f e (51,2345 u1,us);
2. ¢(f) < wand d(f) = w in which case by Lemma 2.3.2(iv), f € (S1,2.3,4,5, U2, u4);

3.0 < ¢(f) < wand d(f) = 0 in which case by Lemma 2.3.2(ii), f €

(S1,2,3,4,5, U1, Ua);

4. ¢(f) = 0 and 0 < d(f) < w in which case by Lemma 2.3.3(ii), f €

(S1,2,3,4,5, U2, u3).

Therefore
S5 < (S1,2,3,4,5, U1, U2, uz, ug) < M < S,

giving equality throughout. O
Proposition 2.4.3.

(i) The mazimal subsemigroups of V' containing S1 2345 are: Sy 4, V NSy
and V N Ss;

(ii) the mazimal subsemigroups of U containing S1 23,45 are: UN Sy, So3 and
UNSs.

Proof. (i). Let ug € V\ S14, us € V\ (VN S2) and uz € V\ (VN S5). Then
c(up) =w and d(u1) =0, c(uz) =0and 0 <d(uz) <w, k(us)=w.

Let f € V'\ S1,2,3.4,5 be arbitrary. Then one of the following holds:

1. 0 < d(f) < w and ¢(f) = 0 in which case by Lemma 2.3.3(i), f €

(S1,2,3,4,5, U2);

2. d(f) < w, k(f) < w and ¢(f) = w in which case by Lemma 2.3.3(iii),
f€(S12345 u);

3. k(f) = w in which case by Lemma 2.3.4(iii), f € (S1,2,3.4,5, U1, us).

Hence if M is any subsemigroup of V' containing Si 2.3,4,5 which is not contained
in any of the semigroups in the statement of the proposition, then M = V.
(ii). The proof is analogous to (i). O
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Proposition 2.4.4.

(1)

(vi)

(vii)

(viii)

(ix)

(x)

The mazimal subsemigroups of S1,2 containing Sy 2345 are: S123, S1,2.4

and S1,2,5;

the mazimal subsemigroups of S13 containing S1,23,45 are: UNSy, S134

and S1,35;

the mazimal subsemigroups of S1.4 containing S12345 are: S12.4, S1,34

and 517475;

the mazimal subsemigroups of S15 containing Si 2345 are: Si255, 51,35

and 5174,5,'

the mazimal subsemigroups of Sa 3 containing S1.23.45 are: S1.23, S2.3.4

and S2.35;

the mazimal subsemigroups of S 4 containing Si2.345 are: VN .Sy, S23.4

and S2.4,5;

the mazimal subsemigroups of Sa 5 containing Si 23455 are: Si255, S235

and S2.4.5;

the mazimal subsemigroups of Ss4 containing S123.45 are: S1,3.4, 5234

and 5374,5,'

the mazimal subsemigroups of Ss 5 containing S1 2345 are: S135, UNSs

and 83’4’5,'

the mazimal subsemigroups of S45 containing S1 2345 are: VNS5, Soa5

and 5374,5.

Proof. (i). Let M be any subsemigroup of S; o containing Si 2 34,5 which is not

contained in any of the given semigroups. Then there exist u;,uq,us € M such

that:

and

c(u) =wand 0 < d(u1) <w, 0<c(uz)<w and d(ug) = w,

k(us) = w and d(ug) > 0.

Let f € S12\ S1,2,3,4,5 be arbitrary. Then one of the following holds:

1.

2.

d(f) = w and 0 < ¢(f) < w in which case Lemma 2.3.2(i) implies that
felSi2za5,u2);

c(f) = w, k(f) <w and 0 < d(f) < w in which case by Lemma 2.3.3(i),
f€(S12345,u1);
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3. k(f) = w and d(f) > 0 in which case Lemma 2.3.4(ii) implies that f €
(S1,2,3,4,5, U1, u3).

Thus M = 51 2.

(ii). The proof is analogous to (vi).

(iii). Let M be any subsemigroup of S7 4 containing S1 2,345 which is not
contained in any of the given semigroups. Then there exist w1, us, us € M such
that:

c(ur) =0and 0 < d(u1) <w, c(uz) =w and 0 < d(uz) < w,
and
k(us) = w and d(us) > 0.
Let f € S1,4\ S1,2,3,4,5 be arbitrary. Then one of the following holds:
1. 0<d(f) <wand c(f) =0 and so f € (S1,2,3.4,5,u1) by Lemma 2.3.3(i);

2.0 <d(f) < w, k(f) < wand ¢(f) = w and so f € (S123.45,u2) by
Lemma 2.3.3(i);

3. k(f) =w and d(f) > 0 and so f € (512,345, u2,u3) by Lemma 2.3.4(ii).

Thus M = S 4, as required.

(iv). Let M be any subsemigroup of S 5 containing St 2,345 which is not
contained in any of the given semigroups. Then there exist uy, us, uz € M such
that:

c(ur) =0and d(ui) >0, c(uz) =w, kluz) <w, and 0 < d(uz) < w,
and
d(ug) = w and c(u3) < w.
Let f € S15\ S1,2,3,4,5 be arbitrary. Then one of the following holds:
1. 0<d(f) <wand c(f) =0andso f € (S12,3,4,5,u1,u2) by Lemma 2.3.3(ii);

2.0 < d(f) < w, k(f) < wand ¢(f) = w and so f € (S123.45,u2) by
Lemma 2.3.3(i);
3. d(f) =wand ¢(f) <w and so f € (S1,23.4,5,u1,u3) by Lemma 2.3.2(iv).
Thus M = S 5, as required.
(v). The proof is analogous to (iii).
(vi). Let M be any subsemigroup of S 4 containing St 2,345 which is not

contained in any of the given semigroups. Then there exist uy,us, us € M such
that:

du1) =0and 0 < c(u1) <w, d(ug) <w and c(uz) =w, k(uz) =w.
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Let f € Sa4\ S1,2,3,4,5 be arbitrary. Then one of the following holds:

1. d(f) =0 and 0 < ¢(f) < w in which case Lemma 2.3.2(i) implies that
fe(S12345 u1);

2. ¢(f) =w, k(f) < w and d(f) < w in which case Lemma 2.3.3(iv) implies
that f € (S1,2,3.4,5, U1, u2);

3. k(f) = w in which case by Lemma 2.3.4(iv), f € (S1,2,3.4,5, U1, U2, u3).

Thus M = S3.4.

(vii). The proof is analogous to (iv).

(viii). Let M be any subsemigroup of Ss 4 containing S; 2 34,5 which is not
contained in any of the given semigroups. Then there exist w1, us, us € M such
that:

0<c(ur) <wand d(uy) =0, c(ug)=0and0 < d(uz) <w,

and

k(us) = w and d(ug) = w.
Let f € S34\ S1,2,3,4,5 be arbitrary. Then one of the following holds:
1. 0<e(f) <wand d(f) =0and so f € (S12.345,u1) by Lemma 2.3.2(i);
2. ¢(f)=0and 0 < d(f) <w and so f € (51,2345, us) by Lemma 2.3.3(i);
3. k(f) =d(f) =w and so f € (S1,2,3,4,5,u3) by Lemma 2.3.4(i).

Therefore M = S 4.

(ix). Let M be any subsemigroup of S35 containing Si 2,345 which is not
contained in any of the given semigroups. Then there exist w1, us, us € M such
that:

0<c(ur) <wand d(u;) =0, c(uz) <w and d(uz) = w,

and
c(ug) =0 and 0 < d(u3) < w.

Let f € S35\ S1,2,3,4,5 be arbitrary. Then one of the following holds:

1. 0<e(f) <wand d(f) =0and so f € (S12.345,u1) by Lemma 2.3.2(i);
2. ¢(f) <wand d(f) =w and so f € (S1,2,3.4,5, U2, uz) by Lemma 2.3.2(iv);
3. ¢(f)=0and 0 < d(f) <w and so f € (S1,2,3,4,5,u3) by Lemma 2.3.3(i).

Hence M = S5 5.
(x). The proof is analogous to (ix). O
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Proposition 2.4.5.

(i) The mazimal subsemigroups of V.0 Sy containing S1 2,345 are: S1,2.4 and
VN 52)5;

(i) the mazimal subsemigroups of U NSy containing S1,2,3.4,5 are: Si23 and
UnN 5175,‘

(iii) the mazimal subsemigroups of V.0 S5 containing S1 2,345 are: S1,45 and
VN S275;

(iv) the mazimal subsemigroups of U N S5 containing S12345 are: Sa 35 and
UNSis.

Proof. (i). Let uy € (VN S2)\ S1,24 and let ug € (VN S3) \ (VN Sy5). Then:
d(uy) =0and c(uy) =w, k(ug) =w.

Let f € V NS\ S1,2,3.4,5 be arbitrary. Then one of the following holds:
1. d(f) <w,k(f) <wande(f) =wandso f € (S1,2,3.4,5, u1) by Lemma 2.3.3(iii);
2. k(f) =wand so f € (S1,2,3.4,5, 1, u2) by Lemma 2.3.4(iii).

So, if M is any subsemigroup of V' NS, containing St 2 3,45 which is not contained
in any of the given semigroups, then M =V N S,.

(ii). The proof is analogous to (i).

(iii). Let u3 € (VN S5) \ S1,45 and ug € (VN S5) \ (VN Sy5). Then

c(ur) =w, k(u1) <w and d(uy) =0, c(ug) =0and 0 < d(uz) < w.

If fe(VNSs)\ S1,2345 is arbitrary, then one of the following holds:

1. e(f) = w, k(f) < wand d(f) < w and so Lemma 2.3.3(iii) implies that
f€(S12345,u1);

2. ¢(f)=0,0<d(f) <w, and k(f) < w and so Lemma 2.3.3(i) implies that
f e (S1,2,345 u2).

So, if M is any subsemigroup of V' NS5 containing S 2 3,45 which is not contained
in any of the given semigroups, then M =V N S5.
(iv). The proof is analogous to (iii). O

Proposition 2.4.6.

(i) The mazimal subsemigroups of S123 containing S1,2,3.4,5 are: S1,2,3.4 and

S1,2,3,55
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(ii) the mazimal subsemigroups of S1 24 containing S12345 are: Sy 234 and

S1,2,4,55

(iii) the mazimal subsemigroups of S125 containing S1234,5 are: S1,235 and

S1,2,4,55

(iv) the mazimal subsemigroups of S1,3.4 containing S12345 are: S1234 and

S1,3.4,55

(v) the mazimal subsemigroups of S1 35 containing Si2345 are: S1,3.4,5 and
Un 5175,'

(vi) the mazimal subsemigroups of S5 containing S12345 are: S1245 and

S13,4,55

(vii) the mazimal subsemigroups of Sa 34 containing S123.45 are: Si1234 and

52,3,4,5;

(viii) the mazimal subsemigroups of Sa 35 containing Si 2345 are: S1235 and

S2,3,4,55

(ix) the maximal subsemigroups of S5 containing S12345 are: Sa345 and
VN 52)5;

(x) the mazimal subsemigroups of Ss.45 containing Si 2345 are: S1,3.4,5 and

S52,3,4,5-

PTOOf. (i) Let u; € 5172)3 \ 5172)374 and let uy € 5172)3 \ 5172)375. Then
0<c(ur) <wand dlu) =w, k(uz) =d(uz) =w.

If feS123\ 51,2345 is arbitrary, then one of the following holds:
1. 0<e(f) <wand d(f) =w and so f € (u1,S1,2,3.45) by Lemma 2.3.2(i);
2. k(f)=d(f) =w and so f € (ug, 51,234,5) by Lemma 2.3.4(i).

So, if M is any subsemigroup of S 2 3 containing S 2.3 4,5 which is not contained
in any of the given semigroups, then M = 51 2 3.
(ii). Let uq € 51)274 \ 51}273)4 and ug € 51,274 \ 51,274)5. Then

c(ur) =w, k(u;) <w and 0 < d(uy) <w, k(uz) =w and d(uz) > 0.

If f€S124\ 51,2345 is arbitrary, then one of the following holds:

1. co(f) = w, k(f) < wand 0 < d(f) < w and so f € (u1,S1,2345) by
Lemma 2.3.3(i);

2. k(f) =wand d(f) > 0 and so f € (uj,u2,S51,2345) by Lemma 2.3.4(ii).
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So, if M is any subsemigroup of Sy 2 4 containing S 2,345 which is not contained
in any of the given semigroups, then M = 51 2.4.
(iii) Let u; € 517275 \ 517273’5 and ug € 517275 \ 5172,475. Then

c(u1) =w, k(u;) <wand 0 < d(u;) <w, 0<c(uz) <w and d(uz) = w.

If feS125\ 51,2345 is arbitrary, then one of the following holds:
1. 0 < e(f) <wand d(f) =w and so f € (ug,S1,23,4,5) by Lemma 2.3.2(i);

2. ¢(f) = w, k(f) <wand 0 < d(f) < w and so f € (u1,51,2.3,45) by
Lemma 2.3.3(i).

So, if M is any subsemigroup of S 2 5 containing S} 2 34,5 which is not contained
in any of the given semigroups, then M = 51 55.
(iV). Let u; € 517374 \ 51727374 and ug € S1,374 \ S1,37475. Then

c(ur) =0and 0 < d(u1) <w, k(uz) =d(uz) = w.

If feS134\ 51,2345 is arbitrary, then one of the following holds:
1. ¢(f) =0and 0 < d(f) <w and so f € (u1,51,234,5) by Lemma 2.3.3(i);
2. k(f) =d(f) =w and so f € (ug,51,2,3,45) by Lemma 2.3.4(i).

So, if M is any subsemigroup of Sy 3 4 containing S; 234 5 which is not contained
in any of the given semigroups, then M = 51 3 4.
(V). Let uy € 51’3,5 \ (U N 51’5) and ug € 5173’5 \ 5173’4,5. Then

clur) =0and 0 < d(u1) <w, c(uz) <w and d(uz) =w.

IffeSiss \ S1,2,3,4,5 is arbitrary, then one of the following holds:
1. e¢(f)=0and 0 < d(f) <w and so f € (u1,S51,2345) by Lemma 2.3.3(i);
2. ¢(f) <wand d(f) =w and so f € (uy,usz,S1,2,34,5) by Lemma 2.3.2(iv).

So, if M is any subsemigroup of S 3 5 containing S 23.4,5 which is not contained
in any of the given semigroups, then M = 51 35.

(vi). The proof is analogous to (viii).

(vii). The proof is analogous to (iv).

(Viii) Let uy € 5273,5 \ 5172,375 and ug € 8273,5 \ 5273,475. Then

0<c(ur) <wandd(u;) =0, 0<c(uz) <w and d(uz) = w.
If f€S935\ 51,2345 is arbitrary, then one of the following holds:

1. 0<e(f) <wand d(f) =0 and so f € (u1,S51,234,5) by Lemma 2.3.2(i);

53



2. 0<e(f) <wand d(f) =w and so f € (u2,512,3.4,5) by Lemma 2.3.2().

So, if M is any subsemigroup of S5 3 5 containing S 2 34,5 which is not contained
in any of the given semigroups, then M = S>3 5.

(ix). The proof is analogous to (v).

(X). Let u; € 53’4}5 \51’3’4’5 and let uy € 53’4}5 \52’3’4’5. Then

0<c(ur) <wandd(u;) =0, c(ug)=0and0<d(uz) <w.

If f € S55.45)\ 51,2345 is arbitrary, then one of the following holds:
L. 0 <e(f) <wandd(f) =0, thus f € (u1,S1,234,5) by Lemma 2.3.2(i);
2. ¢(f)=0and 0 <d(f) <w,so f € (ug,S1,2,34,5) by Lemma 2.3.3().

So, if M is any subsemigroup of S3 4 5 containing S; 2 34,5 which is not contained

in any of the given semigroups, then M = S5 45. O
Proposition 2.4.7.
(i) The only mazimal subsemigroup of VN Sy 5 containing S12.3.45 15 S1,2,4,5;
(ii) the only mazimal subsemigroup of U NSy 5 containing S123,4.5 15 S1,2,3,5-

PTOOf. (i) Let u € (V n 5275) \ 517274,5, and let f €8S124 5 \ 517273,475. Then

c(u) =w,d(u) =0 and k(u) <w
and
c(f) =w,d(f) <w and k(f) < w.

Hence f € (u,S1,2,3,4,5) by Lemma 2.3.3(iii). Therefore if M is any subsemigroup
of V N Sy 5 containing S; 2345 which is not contained in Sy 245, then M =
VNSys.

(ii) The proof is analogous to (i). O

PI‘OpOSitiOIl 2.4.8. 5172737475 is maximal in 51727374, 5172,375, 5172,475, 5173,4’5,

and 52’3’475.
Proof. If w € S1,2,3.4\ S1,2,3,4,5, then k(u) = d(u) = w. Hence by Lemma 2.3.4(1)
(u,S12845) 2{f € Q% 1 k(f) = d(f) =w}US12345 = S123.4,
and so 51,2345 is maximal in S7234.
If u e S1235)\ 512,345, then 0 < ¢(u) < w and d(u) = w. Therefore by

Lemma 2.3.2(i)

(u, 812,345 2{f€Q?:0<c(f) <wand d(f) =w}US1 2345 = 512,35
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and so S12,3.4,5 is maximal in Si 23 5. The proof that S1 2345 is maximal in
S1,2,4,5 is analogous to the proof that S 2 34 5 is maximal in Sy 2 35, except that
Lemma 2.3.3(i) is used instead.

If wu € Si345\ S1,2345, then ¢(u) = 0and 0 < d(u) < w. Thus by
Lemma 2.3.3(i)

(u, 51)2’3’4,5> B {f S QQ : C(f) =0and 0 < d(f) < w} U 51)2,3’4)5 = 51)3,4’5.

In particular, 5172737475 is maximal in 5173,475. The pI‘OOf that 51727374,5 is maximal
in S5 34,5 is analogous to the proof that 51234 5 is maximal in S1 34,5, except
that Lemma 2.3.2(i) is used instead. O
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Chapter 3

Topological generation

This chapter is based on the research conducted together with J. D. Mitchell,
for the preprint see [39]. It is included in the thesis with the permission of the
coauthor. In this chapter we will define and investigate the topological rank of
Fraissé limits. We use the notations defined in Section 1.3, most importantly the

notion of incomplete components.

3.1 Introduction to topological generation

One of the most natural first questions, when encountering a new algebraic
structure, be it a group, a semigroup, or a monoid, is to find a generating set
for it. Ideally, we want to find the smallest possible such set, also known as
MINIMAL GENERATING SET. The size of a minimal generating set is the
RANK. Finding a minimal generating set is a classical problem in the literature
of groups and semigroups.

Let G be a group, and let X be a subset of G. Then by (1.1)

(X) = U{l’l'l‘g"'l'nil'iEXUX_l foralli € {1,...,n}},
neN

where id is the identity of G. Then

X< (X)) <> IX|™
neN
Hence if X is finite, then (X) is either finite or countable, and if X is infinite
then (X) has the same cardinality as X. Therefore, if G is uncountable and X
is a generating set for G, it follows that |G| = | X|. So in this case, the rank of
G is the same as the size of G, and so there is no new information captured by
the notion of the rank. As a consequence a couple of alternative notions, which
extend the idea of minimal generating sets and ranks, have arisen — topological
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rank, Sierpinski rank, and universal sequence rank. As mention previously we be
will dealing with topological rank in this chapter. Universal sequence rank and,
to some extent, Sierpinski rank are considered in Chapter 4.

Recall that a group G is a topological group if there is a topology on G so
that multiplication and inversion, thought of as functions - : G x G — G and
—1 . G — @G, are both continuous. Let G be a topological group. If the set
X C @ generates a dense subgroup of GG, then we say that X isa TOPOLOGICAL
GENERATING SET for GG, and n € N is the TOPOLOGICAL RANK of G if it
is the smallest positive integer such that n = | X| for some topological generating
set X for G.

Note that if the topology on G is discrete, in other words every subset of G is
open, then the only dense subset of G is G itself. Hence in the case of the discrete
topology the notions of generation and topological generation agree. The next

result gives a sufficient condition for a topology on a finite group to be discrete.

Proposition 3.1.1. Let X be a finite topological space such that for every
x,y € X there is an open set U such that x € U and y ¢ U. Then the topology
on X is discrete.

The topological space satisfying the condition in Proposition 3.1.1 is known
as FRECHET SPACE.

The argument in Proposition 3.1.1, however, does not extend to infinite
topological spaces. Let X be any infinite set, and define 7 to be the set consisting
of @ and every subset Y of X such that X \ Y is finite. It is routine to verify
that 7 defines a topology on X. Moreover, for any two distinct elements x and y
of X, X \ {y} € 7. Hence there is U € 7 such that € U, but y ¢ U, however 7
is not a discrete topology.

Throughout this chapter we will primarily be interested in Polish groups,
in other words metrizable topological groups with a countable dense subset.
Suppose that G is a Polish group, and let d : G x G — R be the metric inducing
the topology. For any two distinct = and y in G, let U be an open ball around x
of radius d(x,y)/2 > 0. Then 2 € U and y ¢ U. By Proposition 3.1.1 every finite
Polish group has the discrete topology. Hence topological generation extends the
notion of generation for finite Polish groups.

In Example 1.4.11 we have shown that for a countable 2, the group Sym(2)
and all closed subgroups of Sym(2) are Polish groups. Since Sym({2) is uncount-
able by Proposition 1.3.9, it follows that a generating set for it must also be
uncountable. In the next example we will show that if € is countable, then
Sym(Q) has a topological generating set of size 2, which gives us an example of

a group with rank different from topological rank.

Example 3.1.2. Let Q =Z,let a=(01),and let 8 =(...—101...). Then
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for any 4, j € N such that i < j

(1j)=G —1j)o(j—2j—1)o...o(i+1li+2)o(ii+1)o
(i+1i+2)o0...0(j—25—1)o(j—17).

Also (kk+1) =% oaop* for all k € Z. Hence every transposition (i j) is an
element of {«, 3).

A classical result in the finite permutation group theory states that all
permutations on a finite set X can be generated by all transpositions on the
set X. Therefore, (a, 8) contains all permutations with finite support. Finally, if
[¢] € B, then since dom(¢) is finite, there exists f € Sym({2) with finite support
extending ¢. Hence [¢] N (o, B) is non-empty for every basic open set [¢], and
so {a, 3) is dense in Sym(Q2). Therefore o and § are topological generators of

Sym(2), and the topological rank is 2.

The problem of whether a given uncountable Polish group has finite topological
rank is well studied in the literature. The earliest results date back to Prasad [63]
and Grzaglewicz [26] where they independently have shown that the group of all
invertible measure preserving transformations of the unit interval has a topological
rank 2. In [51] Macpherson demonstrated that the automorphism group of the
random graph has topological rank 2, Solecki in [70] proved that the group of
isometries of Urysohn space has topological rank 2, and also Kechris and Rosendal
in [42] proved that each of the following groups also have topological rank 2: the
homeomorphism group of the Cantor space; the group of measure preserving
homeomorphisms of the Cantor space; and the automorphism group of the
infinitely splitting rooted tree. In fact the results by both Macpherson, and Kechris
and Rosendal are stronger, namely if G is one of the groups mentioned above,
then there are f, g € G such that the set {f~"gf™ : n € Z} is dense in G. Groups
with this property are said to have CYCLICALLY DENSE CONJUGATION
CLASS.

A further question to consider when talking about topological 2-generation
is — given a topologically 2-generated group G, how easy is it to find a dense
2-generated subgroup of G7 The question can be tackled in the spirit of the
following classical result by Piccard in the theory of finite symmetric groups.

Theorem 3.1.3 (see [59]). Let n € N, and let a € Sym(n) be a non-identity
permutation. In addition, suppose that if n = 4, then a is not one of the following
permutations: (12)(34); (13)(24); or (14)(23). Then there exists b € Sym(n)
such that (a,b) = Sym(n).

Suppose that n = 4, and let H = {id, (1 2)(34),(1 3)(24), (1 4)(2 3)}. Then
H is a subgroup of GG, and since conjugation does not change the cycle structure

of a permutation, it follows that H is a normal subgroup of Sym(4). Suppose
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that a € H is such that a # id, and let b € Sym(4). It follows from H being
normal that for each x € H there is y € H such that

box=yob,

and so every element of (a,b) be be written as z o " for some x € H and
n € N. However, the order of b is at most 4 and the size of H is 4, and thus
[{a,b)| <16 < 24 = |Sym(4)|. Hence the condition in Theorem 3.1.3 is sharp.

In [12] Darji and Mitchell demonstrated that for a countable Q, given f €
Sym(€?) it is always possible to find g € Sym(f2) such that (f, g) is dense in
Sym(2), and specified what type of permutation g has to be.

Let f be a permutation on 2. Then f is a SHIFT if it has exactly one cycle
(fixed points are considered to be cycles of length 1). Let IC be a Fraissé limit. If
f € Aut(K) is arbitrary, then we define the following subsets of Aut(K):

D¢(K) = {g€Aut(K):(f,g) is dense in Aut(K)},
Z(K) = {g€ Aut(K): g has no finite orbits}, (3.1)
Is(K) = {g€Z(K): X C K is a set of orbit representatives for g},

where the SET OF ORBIT REPRESENTATIVES of an automorphism g consists

of exactly one element in every orbit of g. Note that if 2 is a set with no relations,
then Aut(Q2) = Sym(2).

Theorem 3.1.4 (Darji and Mitchell [12]). Let Q be a countably infinite set, and
let f € Sym(Q) be a non-identity permutation. Then

(1) if f has finite support, then there exists a shift g such that (f,g) is dense
in Sym(Q), that is g € D¢(82);

(ii) if f has infinite support, then D(Q2) NZ(Q) is comeagre in Z(S2);
(ili) if f € (), then Ds(Q) is comeagre in Sym(S2).

Similar results were also obtained for the automorphism groups of the random
graph Aut(R), and the group of order preserving automorphisms of Q, denoted
by Aut(Q, <).

Theorem 3.1.5 (Darji and Mitchell [13]). Let f € Aut(Q, <) be a non-identity
element. Then there exists g € Aut(Q, <) such that (f,g) is dense.

Theorem 3.1.6 (Darji and Mitchell [13]). Let f € Aut(R) be a non-identity
element. Then Dy(R) NZ(R) is comeagre in T(R).

In this chapter we will investigate the topological generation of the auto-

morphism group of the universal partial order, and the automorphism groups
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of ultrahomogeneous graphs. Lachlan and Woodrow showed that there are es-
sentially four types of such countably infinite graphs, described in the following

theorem.

Theorem 3.1.7 (Lachlan and Woodrow [44]). The countable ultrahomogeneous

graphs up to isomorphism are:
(i) the random graph R;
(ii) the universal K, -free graph H,, for everymn € N, n > 3;

(iii) the graph wK,, consisting of the disjoint union of countably many copies
of K, for every n € N;

(iv) the graph nK, consisting of the disjoint union of n € N copies of K,,, for
n>2;

and the duals of these graphs.

The RANDOM GRAPH is the Fraissé limit of the class of all finite graphs,
and UNIVERSAL K,-FREE GRAPH is the Fraissé limit of the class of all
finite K, -free graphs. Since the automorphism group of the dual of a graph is
the same as the automorphism group of the original graph, it is sufficient to
consider the automorphism groups of the four graphs listed in Theorem 3.1.7.

Suppose that T' is a graph consisting of the disjoint union of countably
many copies of K, or finitely many copies of K. We denote by Li, Lo, ... the
connected components of T'. Every f € Aut(T") or f € Aut(I')<* induces a partial
permutation f of the indices of the connected components of I', N or {1,2,...,n},
which is defined by

@ f=j if (L)f =L;.

If f € Aut(nK,) is a non-identity element and ¥ C nK,,, then we define:

Af = {g S AUt(an) : <?7§> = Sn}

3.2
Ars = {g € Ay : 3 is a set of orbit representatives for g}. (82)

If n # 4, then, by Theorem 3.1.3, Ay # & for all f such that f is non-identity.

The main results of the chapter are stated in the following two theorems.
Theorem 3.1.8.

(i) Dy(H,)NZI(Hy) is comeagre in Z(H,) for all f € Aut(H,) such that f is
not identity.

(ii) Dy(Hy,) NIs(wkK,,) is comeagre in Is(wky,), for all f € Aut(wK,,) such
that support of f is infinite, and X is a finite subset of WK, .
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(iii) Suppose that f € Aut(nkK,,) is such that for every finite subset I' of nK,,
which is setwise stabilised by f there are components L and L' of nK,,
such that [LNT| # |L' NT|. Then Dy(nK,) N Ass is comeagre in As s
for every finite subset ¥ of nK,,.

It can be shown that the class of all finite partially ordered sets satisfies
the conditions of Theorem 1.6.2 (Fraissé Theorem). Hence there is a countable
unique, up to isomorphisms, ultrahomogeneous partially ordered set in which
every finite partially ordered set can be embedded. We call this partial order
THE UNIVERSAL PARTIALLY ORDERED SET and denote it by P.

Theorem 3.1.9. Aut(P) has a cyclically dense conjugacy class.

Theorem 3.1.9 is much weaker than analogous results for the structures
considered in Theorem 3.1.8. The main obstacle proving stronger results for
the universal partially ordered set is the transitivity property of the partial
order, which prevents easily combining isomorphisms on the finite substructures.
A property which is key in the proof of Theorem 3.1.8 presented here. It is
also worth mentioning that it was shown in [43] that Aut(P) has a comeagre
conjugacy class.

The chapter is organised as follows: some preliminaries and technical results
are provided in Section 3.2; Theorem 3.1.9 is proved in Section 3.3; and the three

parts of Theorem 3.1.8 will be proved in the remaining three sections.

3.2 Preliminaries

Throughout of the rest of this chapter we will assume that €2 is always countable.
First we will show in the following two propositions that R and H,, satisfy

appropriate Alice restaurant properties, as defined in Section 1.5.

Proposition 3.2.1 (Lemma 3 in [19]). The random graph R has Alice’s restau-
rant property for graphs.

Proof. Let U and V' be two finite disjoint subsets of vertices of R. Define I' to be
a graph with the vertex set U UV U {u} where u ¢ U UV such that for z,y € T,

x is adjacent to y if and only if one of the following is true:
e z,y € UUV and z is adjacent to y in R;
e one of x and y is in U and the other is u.

Then T is a finite graph, and so by definition of R, there is a subgraph I'V of R
isomorphic to I'. Let ¥ C I be the isomorphic copy of U UV, and let u’ be the
image of v under the same isomorphism. Since R is ultrahomogeneous, there is
an automorphism f of R such that (X)f =U UV. Then w = (v/)f is adjacent

to every vertex in U and not adjacent to any vertex in V. O
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An analogous result holds for the universal K, -free graph.

Proposition 3.2.2. Letn > 3. Then the universal K, -free graph H,, has Alice’s

restaurant property for K, -free graphs.

Proof. Let U and V be two finite disjoint subsets of vertices of H,, such that
U is K,_1-free. Define T" to be a graph with the vertex set U UV U {u} where
u ¢ U UV such that for z,y € T, z is adjacent to y if and only if one of the

following is true:
e z,y €c UUV and z is adjacent to y in H,;
e one of x and y is in U and the other is .

Since U is K, _i-free, it follows that I' is a finite K,-free graph, and so by
definition of H,,, there is a subgraph IV of H,, isomorphic to I'. Let ¥ C I" be the
isomorphic copy of UUV, and let «’ be the image of u under the same isomorphism.
The graph H,, is ultrahomogeneous, and thus there is an automorphism f of H,,
such that (X)f = U UV. Then w = (v') f is adjacent to every vertex in U and

not adjacent to any vertex in V. O

A similar notion to the Alice’s restaurant property for graphs exists for
partially ordered sets as well. Let (A, <) be a partially ordered set. We say
that A has the ALICE’S RESTAURANT PROPERTY FOR PARTIALLY
ORDERED SETS if for every triple A, B, C of finite subsets of A such that
b<a,afcandcLbforalla e A be B, and ¢ € C, there is an element
w € A\ (AUBUC) such that b < w < a and w is incomparable to ¢ for all
a € A, be B, and ¢ € C. We require a stronger version of the Propositions 3.2.1
and 3.2.2 in the case of partially ordered sets.

Proposition 3.2.3. Any countable partially ordered set which has Alice’s restau-

rant property is isomorphic to P.

Proof. Let A be a countable partially ordered set which has Alice’s restaurant
property. By Theorem 1.6.2, it is sufficient to show that A is ultrahomogeneous
and every finite partially ordered set can be embedded into A.

Let F = {x1,...,2,} be a finite partially ordered set, and let y; € A be
arbitrary. Suppose that for some k € {1,...,n— 1} we have found y;,...,yx € A
such that the partially ordered subsets {z1,...,zx} C F and {y1,...,yx} C A
are isomorphic. Define A, B,C' C {y1,...,yx} as follows:

A={y;:1<i<kand z; >xry1}, B={y;:1<i<kandz; <z},
and

C ={y;:1<i<kand z; is incomparable to zj1}.
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Then AUBUC ={y1,...,yr} and the triple (A, B, C) satisfies the hypothesis
of Alice’s restaurant property. So there is yg+1 € A\ {y1,...,yr} such that for
all i € {1,...,k} y; > yry1 if and only if x; > xp41; yi < yr41 if and only if
x; < xpy1; and y; is incomparable to yi41 if and only if x; is incomparable
to xg4+1. Hence {z1,...,zp41} is isomorphic to {y1,...,yk+1}. Therefore, by
induction we can construct a finite sub-structure of A which is isomorphic to F.

Suppose that A and B are finite substructures of A and ¢y : A — B is an
isomorphism. Enumerate A = {z; : i € N} and suppose that for some k € N
there is an isomorphism ¢; between finite substructures of A such that ¢, extends
gr—1 if k> 0, and z, € dom(gy) Nran(gk).

Suppose that zx41 € dom(gy). Then let ¢}, = g. If 441 ¢ dom(gy), define
A, B,C C dom(qy) as follows:

A={zeA:x>m41}, B={reA:z<zpi1},

and
C' ={z € A: z is incomparable to zy11}.

Then the triple (A’, B’, C") satisfies the hypothesis of Alice’s restaurant property,
except for not being finite. Since g is an isomorphism and ran(gy) is finite,
the triple (A = (A")qr, B = (B')qr,C = (C')qx) satisfies the hypothesis of
Alice’s restaurant property. Then there is w € A \ ran(gx) such that w < a
for all a € A, w > b for all b € B, and w is incomparable to all ¢ € C. Hence
¢, = @& U {(2x+1,w)} is an isomorphism between finite substructures of A and
Zp41 € dom(gy,).

If 2141 € ran(gy,), then gx11 = ¢, is as required. If ;41 ¢ ran(q}), then
Tpy1 & dom(q;v_l)7 and so the argument of the last paragraph can be applied to
extend q;c_l to qz;h such that g1 is an isomorphism between finite substructures
of Aand x541 € dom(qkjl) = ran(qx+1)-

Hence, for all k£ € N, we define gy, as described above. Let f = [J, ¢y k- Since
qr is an isomorphism and g extends gx_1 for all & > 0, it follows that f is a
well-defined isomorphism. Also 3, € dom(gx) Nran(gx) C dom(f) Nran(f) for all
k € N, and so dom(f) Nran(f) = A. Therefore, f is an automorphism extending

q, and so A is ultrahomogeneous, as required. O

Note that Proposition 3.2.3 is much stronger than Propositions 3.2.1 and 3.2.2.
In truth, analogous stronger results hold for both R and H,,. However, we choose
not to include these because the proofs follow the same idea as the proof of
Proposition 3.2.3, they are somewhat lengthy, and the results are not used
anywhere in the thesis. In fact, Alice’s restaurant properties mentioned in this
section are all special cases of EXISTENTIAL CLOSURE, which is beyond the
scope of this thesis. By [28, Example 2 in Section 7.1] every Fraissé limit K with

signature L is existentially closed in the class of all L-structures which have their
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age contained in the age of K. This result can be used to prove the last three
propositions.

We now will show that Z(K) and Zx(K) (as defined in (3.1)) are Baire spaces
with the subspace topology of Aut(K) for any countably infinite structure K,
and that Ay s and Ay (defined in (3.2)) are Baire subspaces of Aut(nK,).

Lemma 3.2.4. Let K be a countably infinite structure. Then Z(K) is a closed
subspace of Aut(K).

Proof. Let f € Aut(K)\Z(K), then f has a finite orbit O and hence [f|o]N Aut(K)
is a subset of Aut(K) \ Z(K). Hence Aut(K) \ Z(K) is open, and so Z(K) is
closed. O

Lemma 3.2.5. Let f € nK,,. Then Ay is a closed subspace of Aut(nK,).
Proof. Let g € Aut(nK,) \ As. Then (f,g) # S,. Let I' C nK,, be a finite set

containing at least one vertex in every connected component of nK,,. Then for
all h € [g|r] we have that h = g and thus h ¢ A;. Therefore, the open set [g|r]
is a subset of Aut(nk,) \ Ay and thus Ay is closed. O

Recall that it was shown in Example 1.4.11 that Sym(€?) is a Polish group, and
so is every closed subgroup of Sym(£2). If K is a Fraissé limit, then Aut(K) is a
Polish group by Theorem 1.6.3. Then since Z(K) and Ay for all f € Aut(nk,,) are
closed in Aut(K) and Aut(nk,,) respectively, it follows from Proposition 1.4.5(i)
that both Z(K) and Ay are Polish spaces. Hence Aut(K), Z(K), and Ay are
all Baire space by Theorem 1.4.17. That Zsx(K) and Ay s, are Baire follows
immediately from the next lemma, and the preceding discussion.

Let IC be a Fralssé limit, let S be a subset of Aut(K), and let ¥ C K. Define
Sy = {g € S : X is a set of orbit representatives of g}. The definition agrees
with the definitions of Z5;(K) and A 5.

Lemma 3.2.6. Let Q2 be countable, let T be a Polish subspace of Sym(£2) and
let 3 C Q be finite. Then Ty, is a Polish space.

Proof. Let K be the set of those g € T such that distinct elements of ¥ belong
to different orbits of g. We will show that K is a closed subset of T. If T' = K,
then K is closed in T. Otherwise, let g € T'\ K. Then there exist z,y € ¥ and
m € N such that (z)g™ = y. If T' = {(z)g" : 0 < i < m}, then [g|r]NT is a
subset of T'\ K. Hence T\ K is open, and so K is closed in T, implying that K
is a Polish space by Proposition 1.4.5(i).

For an arbitrary x € €2, we denote by A, the set of all those g € K such that the
req Ax C K.
Suppose that g € A,. Then there is n € Z and y € ¥ such that (y)g" = z. If
I ={(y)g" : —|n| < i < |n|}. Then [g|r/] N K is a subset of A, and so A, is
open in K for all x € Q. Therefore Ty, is a G subset of K, and by Theorem 1.4.8
it is a Polish space. O

orbit of z under g has non-trivial intersection with ¥. Then T =)
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We end this section by proving two lemmas that will be used repeatedly later

in the chapter.
Lemma 3.2.7. Let K be a Fraissé limit. Then for every f € Aut(K) and any
p € Aut(K)<v

{9 € Aut(K) : {f,9) N [p] # 2}

is an open set in Aut(K).

Proof. Let f € Aut(K), and let p € Aut(K)<“. Suppose g € Aut(K) is such that
(f,g) N [p] is non-empty. Then there are ny,...,nq; € Z such that

frg g e pl.

For i € {0,...,k}, let I'; = (dom(p)) f™ ¢g™2--- ¢g"* and define

Since dom(p) is finite, it follows that each T'; is finite, and therefore T is finite.
Let h € [g|r]. By the definition of T', it follows that for all z € dom(h) and
alli € {0,...,k}

(x)fnlg’fw .. ,gnzi+1 — (x)fnl R ... p2itt

Therefore, (f, h) N [p] is non-empty for all i € [g|r], and so the set {g € Aut(K) :
(f,9) N [p] # @} is open. O

The last lemma of this section relates comeagreness of D;(K) N Sy in Sy, to
comeagreness of D¢(KC) NS in S, for any Polish subspace S of Aut(K).

Lemma 3.2.8. Let K be any Fraissé limit, let f € Aut(K), and let S C Aut(K)
be a Baire space such that every g € S<“ has an extension in S with only finitely
many orbits. If Ss, is Baire, and D;(K) N Sy is dense in S, for every finite
X CK, then Dy(K) NS is comeagre in S.

Proof. Recall that D;(K) = {g € Aut(K) : (f,g) is dense in Aut(K)}. Then
since {[g] : ¢ € Aut(K)<“} is a basis for the topology on Aut(K), it follows that

DyKynS= () {9€S:(f,9)Np]#2}.
pEAUt(K)<w

The set {g € S: (f,g) N [p] # @} is open in S by Lemma 3.2.7, and so it suffices
to show that {g € S: (f,g) N[p] # @} is dense in S for all p € Aut(K)<«.
Let ¢ € S<¥. By the hypothesis there is g € S which extends ¢ and has a

finite number of orbits. Let ¥ be any set of orbit representatives of g. Then
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g € S5¥. Since D;(K) N Sy, is comeagre in Sy, and Sy, is Baire, it follows that
D¢(K) N Sy, is dense in Sx,. Hence there is h € [¢] such that h € D¢(K) N Sx. In
other words, for each ¢ € Aut(K)<“ there exists h € [g] such that (f,h) is dense
in Aut(KC) and so {g € S: (f,g) N[p] # @} is dense in S. O

3.3 Universal partial order

We will show in this section, that the topological rank of Aut(P) is 2.

The following lemma provides a sufficient condition to extend an isomorphism
of a finite substructure of P. In ordered to state the lemma, we need some more
notation. Let x € P. Then we define

Alz) ={ueP:u>z},
B(z)={ueP:u<z},

C(z) = {u € P : u and z are incomparable}.

Lemma 3.3.1. Let q € Aut(P)<%, and let z,y € P. Suppose that x ¢ dom(q),
y ¢ ran(q), A(y) Nran(q) = (A(x))q, and B(y) Nran(q) = (B(x))q. Then
qU{(z,y)} € Aut(P)=~.

Proof. Since P is ultrahomogeneous, it is sufficient to show that ¢ U {(z,y)}
is an isomorphism between two finite partially ordered subsets of P. By the
hypothesis, g is a partial isomorphism, and so it suffices to show that = < z if
and only if y < (z)g, and z < z if and only if (2)g < y for every z € dom(q).

Let z € dom(q). Then z < z if and only if z € A(z) which is equivalent to
(2)g € A(y) Nran(q), in other words y < (z)g.

Similarly to the previous case, z < x if and only if z € B(x) which is equivalent
to (z)g € B(y) Nran(q), or alternatively (z)g < y. O

Next we present a corollary of Lemma 3.3.1.

Corollary 3.3.2. Let ¢ € Aut(P)<%, and let « ¢ dom(q). Then there is y ¢
dom(q) Uran(q) such that ¢ U {(x,y)} € Aut(P)<«.

Proof. Let A= (A(x))q, let B = (B(z))q, and let
C=(C(z)qu{zedom(q):z£banda £ zfor alla € A and b € B}.

We will show that the triple A, B, C satisfy the condition of the Alice’s restaurant
property.

Let a € A, and let b € B. First consider the case where ¢ € (C(x)) g. Then
there are a’,b’,¢’ € P such that ¥ < z < o', x and ¢ are incomparable, and
also a = (a')q, b= (V')q, and ¢ = (¢’)q. Note that if ¢ <V, then ¢ < z, which
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is impossible, and so ¢ £ b'. A similar argument shows that a’ ¢ ¢’. Since ¢
is an isomorphism b = (0')g < (a’)¢ = a, and similarly ¢ = (¢')g £ (b')g = b,
a=(a')q % (¢)g = c. In the case where c € C'\ (C(z)) ¢, a £ ¢ and ¢ £ b. Hence
A, B, C satisfy the condition of the Alice’s restaurant property.

By Alice’s restaurant property there is y € P\ (AU B U C) such that A(y) N
ran(q) = A = (A(x)) ¢, and B(y) Nran(q) = B = (B(z)) g. Note that ran(q) C
AUBUC, and so y ¢ ran(q). Therefore Lemma 3.3.1 implies that ¢ U {(z,y)} €
Aut(P)<“. Moreover, if y € dom(g), then y € C, which is a contradiction, thus
y ¢ dom(q) Uran(q). O

In the following lemma, we will show that there is an automorphism of
the universal partially ordered set which satisfies a particular condition, which
roughly speaking allows us to separate any two finite sets. This lemma is the

essential part of proving that P has a 2-generated dense subgroup.

Lemma 3.3.3. There is f € Aut(P) and x € P such that for all finite subsets
Y of P there are n,m € Z with (x)f™* <y < (x)f™ for ally € X.

A proof, alternative to the one which will be given here, can be obtained
from a paper by Rubin [65]. For a partially ordered set (A, <), Rubin defines
f € Aut(A, <) to be EMBRACING if for every a,b € A we have that a < (a)f
and there are n,m € Z such that (a)f" < b < (a)f™. Note that an embracing
automorphism of P satisfies the conclusion of Lemma 3.3.3. It is shown in [65,
Lemma 4.6(a)] that for every z € P there is f € Aut(P) such that (2)f = z
and if A is one of thesets {x € P: 2z > 2z}, {z € Pz < z},or {x € P:
x is incomparable to z} then f |4 is an embracing automorphism of A. Finally,
note that using Lemma 3.2.3 it can be shown that {z € P : & > z} is isomorphic

to P, and so there exists an embracing automorphism of Aut(P).

Proof. Since by Proposition 3.2.3 every countable partially ordered set satisfying
Alice’s restaurant property is isomorphic to P, it is sufficient to construct a
countable partially ordered set S and an automorphism f of S such that S has
Alice’s restaurant property, and for all finite subsets % of S there are n,m € Z
with (u)f* <y < (u)f™ for all y € X.

Let I'g = Z with the usual order of the integers, denoted by <g, let fy :
Iy — T'o given by (z)fo =z + 1, and fix u € T'y. Let n > 1, and suppose that
for all m € {1,...,n}, a countable partially ordered set (I';,, <,,,), and a partial
isomorphism f,,, of I';,, which extends f,,_1 if m > 0 are defined such that:

1. Fm—l - Fm;
2. ifx,y € I'y,—1 then x <, y if and only if z <, y;

3. we have that T';,,_1 C dom(f,,,) Nran(f,,);
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4. for every x € 'y, \ T'g we have that (u)f,™ <m = <pm ()7

m

5. for every triple (A, B,C) of finite subsets of T'y,—1 \ {(u)f% : |k| > m}
satisfying the condition of Alice’s restaurant property, there is w € T',
such that b <,, w <,,, a, and w is incomparable to ¢ for all a € A, b € B,
and c € C.

Let 7, be the set of all triples (A, B, (), such that A, B, and C are finite
subsets of T',, \ {(u)f¥ : |k| > n + 1} such that (u)fn_(nﬂ) € B, (u)frtl € A,
and the triple (A, B, C) satisfies the condition of Alice’s restaurant property
with respect to <,,. Then 7,, is countable, since I',, is countable.

For every T € T,, let v be a distinct element not in the set I',,, and let
o1 =T, U{vr:TeT,}. For x,y € T',,41, define x <, 11 y if at least one of

the following conditions is satisfied:

° x=y;

z,y € 'y and x <, y;

e x =uvr for some T = (A,B,C) € T, and y € T, such that a <,, y for some
a € A;

e z €I, and y = vy for some T = (4, B,C) € T, such that  <,, b for some
be B;

e x = vy and y = vy for some T = (A,B,C), T' = (A',B',C") € T,, and
a <, bforsomeac A be B.

We will now show that <,,;; is a partial order on I';,11. It’s easy to see
that <41 is reflexive and antisymmetric. For example, if  <,,41 y and & = vp
and y = vy for some T = (A, B,C), T' = (A", B’,C’) € T,, then a <, b for
some a € A and b € B’. Hence y <,,.1 « if and only if there is a’ € A" and
b’ € B such that a’ <,, . However, for all a’ € A and all b’ € B we have that
b <, a <, b <, d. The other cases follow by similar arguments. In order
to show that <,,; is transitive, let z,y,z € I', 41 be such that x <, 11 y, and
Y <pt1 z. f z,y,2 € T, or any two elements from {z,y,z} are equal, then
x <,+1 2. Hence we may assume that at least one of z,y, z is equal to vy for
some T € T,, and we may also assume that all three vertices x, y, and z are
distinct. The following argument is a tedious case by case analysis.

Case 1. Suppose that © = vy for some T = (A4, B,C) € T, and y,z € T',,.
Then since y € 'y, by definition there is a € A with a <,, y. Also y <,, z as
both y and z are in I';,. Hence a <;, z and = <,,41 z by the definition.

Case 2. Suppose that y = v for some T = (A, B,C) € T, and z,z € T',,.
Then since z,z € I',,, there are a € A and b € B with a <,, z and z <,, b. Since
T satisfies the condition of Alice’s restaurant property, it follows that b <,, a.

Hence = <,, z by transitivity of <,,, and so z <,,41 2.
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Case 3. Suppose that z = vp for some T'= (A, B,C) € T, and z,y € T',,.
Then there is b € B with y <,, b. Also x <,, y as both = and y are in I';,. Hence
x <, b,and so x <, 41 z.

Case 4. Suppose that © = vy, y = vy, and z € T, for some T, 7" € T,,. Let
T = (A,B,C), and let T" = (A, B’,C"). Then by definition there are a € A,
b € B’, and a’ € A’ such that a <,, b’ and @’ <,, 2. Since V' <,, a’ it follows that
a <,z andsox <, 2.

Case 5. Suppose that = vy, y € 'y, and z = vy for some T, 7" € T,. Let
T=(AB,C),and let T = (A’, B, C"). Then there are a € A, and ¥’ € B’ such
that a <, y and y <, V. Hence a <, V' by transitivity of <,, and so z <,.1 2.

Case 6. Suppose that z € I',,, y = vy, and z = vy for some T,T" € T,.
Let T = (A, B,C), and let T = (A’, B’,C"). Then there are b € B, a € A, and
b € B’ such that a <,, b’ and = <,, b. Since b <,, a it follows that z <,, b/, and
SO0 T <py1 2.

Case 7. Finally, suppose that * = vy, y = vy, and z = vpr for some
T, 77" € T,. Let T = (A,B,C), T = (A',B',C"), and T" = (A", B",C").
Then there are a € A,V € B', a’ € A’ and V" € B” such that a <,, b and
a’ <, b". Since also b’ <,, d’, it follows that a <,, b and so z <, 2.

In each of the seven cases x <, 41 2, and thus <,,;1 is transitive. Therefore
<n+1 a partial order on I';,;1. Hence conditions 1 and 2 are satisfied. Next we
will inductively define the isomorphism f,, 1 between substructures of I';, 1.

Denote Ty, \ dom(fy,) by {z; : i € I'}, where I = {0,...,m} for some m € N
or [ =NifI',, \ dom(f,) is infinite. Let go = f,,. Suppose that for k¥ > 1 there is
an extension g of gr_1 such that g is an isomorphism between substructures
of T', 1 and that z; € dom(gy) for all ¢ € {0,...,k —1}.

If z € dom(gg), let gr+1 = gr. Then ggy1 is an extension of g and x; €
dom(gg+1) for all ¢ € {0,...,k}. Suppose that z;, ¢ dom(gy). Let A = {y €
Tp:azp <pt1yh, let B={yeTl, :y<p41 2}, and let C =T, \ (AU B).
Then it is routine to show that the triple (A, B, C) satisfies the conditions of
Alice’s restaurant property. Since g is an isomorphism, it follows that the triple
(A", B',C") where A" = (A)gx, B’ = (B)gx, and C’ = (C)gy, also satisfies the
condition of Alice’s restaurant property. Since u € I'g, and both g, and f,
are extensions of fo, it follows that (u)g, " = (u)f, " = (u)f, ", and similarly
(w)gy = (u) f. Hence condition 4 of the inductive hypothesis together with the
fact that x; € I, imply that

(U)QE" Snt1 Tk <py1 (u)gy-

Hence (u)gy € A, and since (u)g,;(nﬁ) = (u)f;(nH) <y (u)g, ", it also follows
that (u)g;("w) € B. Therefore, (u)g, "' € (B)gr = B' and (u)gi ' € (A)gr =
A'. Hence T'= (A', B',C") € T,. Define gx+1 = g U {(zx, vr)}.

If y € dom(g) such that zj <,41 y, then y € A by definition of <,41, and
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0 (Y)gr+1 € (A)gr = A’. Hence vr <,,11 (y)gr+1- A similar argument show that
if y <p41 2k or y is incomparable to xy, then respectively (y)gr+1 <n+1 vT OF
(y)gr+1 and vr are incomparable. Then g1 is a partial isomorphism of T',
such that z; € dom(gg+1) for all ¢ € {0,...,k}.

Therefore, by induction, for every k € I there is g; an isomorphism extending
gr—1 such that z; € dom(gy) for all i € {0,...,k —1}. Let g = Uy gr- It is
routine to show that g is a partial isomorphism of T, such that I';, € dom(g).

! instead of f,, we may extend g to an isomorphism

Similarly, considering g~
fn+1 between substructures of T',,11 such that T',, C dom(fn_il) = ran(fp+1).
Hence I',, € dom( fy,41) Nran(f,4+1), and so condition 3 is satisfied for m = n+ 1.

Let x € I';,11 \ I'g. Suppose that « € T',,. Then it follows from the inductive

condition 4

1 —_n mn n
(W) o < (W) 7" <t @ <t (W) <pr (u) f7FL

Suppose that & = vy for some T = (A4, B,C) € T,. Since f,11 is an extension
of fn, it follows that (u) "1 € A and (u)f, 7" € B by the definition of Ty.
Hence

n+1 n
(u)fn+(1 ) <n+1 vp < >n+1 ( )fni%,

and so in both cases condition 4 is satisfied.

Finally, in order to show that <,,; satisfies condition 5, let A, B,C C
Lo\ {fk, 1 :|k| > n+ 1} be a triple satisfying the condition of Alice’s restaurant
property. Then by condition 4, (u )fn_ffﬂ) <nt1 Y <ng1 (u )f;‘ill for all y €
AUBUC, and so the triple T = (AU {(v) 25!}, BU{(w)f n+7ll+1)} C) also
satisfies the condition of Alice’s restaurant property. Hence T" € 7T,,. Then
v <pt1 @, b <41 vr and c is incomparable to vr for all a € A, b € B, and
¢ € C. Therefore, the partially ordered set (I'y 41, <,+1), and the isomorphism
fn1 satisfy conditions 1-5.

Let S = U,enI'n be a partially ordered by |, oy <
denote by <, and let f = UneN fn- It follows from the facts that each <, is a

partial order and that <,, is a restriction of <, .7 onto I';, x '), for all n € N,

<n+1, which we will

that < is also a partial order. Similarly, since each f, is a isomorphism, and
Unendom(fr) = U, enran(fn) = S, it follows that f,, is an automorphism of
(8. <).

Let X be finite subset of S. Then there is n € N such that ¥ C I',,. Hence
(u)f™™ <y < (u)f™ for all y € ¥ by condition 4. Therefore, the conclusion of
the lemma holds, it remains to show that (S, <) is isomorphic to the universal
partially ordered set.

Suppose that A, B, and C are finite subsets of S such that the triple (A, B, C)
satisfies the conditions of Alice’s restaurant property. Then there is n € N such
that A, B,C C T', \ {(u)f* : |k| > n}, and so by condition 5 there is w € S
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such that w < a, b < w, and w is incomparable to ¢ for all a € A, b € B, and
c € C. Therefore S has Alice’s restaurant property, thus S is isomorphic to P
by Proposition 3.2.3, as required. O

Finally, Lemma 3.3.3 can be used to prove, Theorem 3.3.4, the main result of
this section. We note that a stronger version of Theorem 3.3.4 was independently
proved in [22]. An automorphism f of P satisfying the conclusion of Lemma 3.3.3

will be one of the two generators in the following proof.
Theorem 3.3.4. Aut(P) has a 2-generated dense subgroup.

Proof. Since P is countable, let {2, : n € N} be an arbitrary enumeration of P.
Let {py : n € N} be the set of all isomorphisms between finite substructures of
P. Such an enumeration is possible since Aut(P)<% is countable. Recall that
{[pn] : » € N} is a basis for Aut(P). Hence it is sufficient to find f,g € Aut(P)
such that (f,g) N [p,] # @ for all n € N.

Let f € Aut(P) and = € P be as in the conclusion of Lemma 3.3.3, in other

words for every finite subset ¥ of P there are n, m € Z such that
(@) f" <y <(z)f™

for all y € 3. We will now inductively construct g.

Let n € N. Suppose we have defined qo,...,q, € Aut(P)<“ such that g
is an extension of g;_1 for all k € {1,...,n}, 2 € dom(gy,) Nran(g,) for all
ke {0,...,n}, and (f,g) N[px] # @ for all k € {0,...,n} and all g € [g,].

If necessary, by extending g, to ¢/, € Aut(P)<* using Corollary 3.3.2, we may
assume that dom(p,41) Uran(p,41) € dom(g),) and z,41 € dom(q},) Nran(q,,).
Since dom(q],)Uran(g,,) is finite it follows from Lemma 3.3.3 that there k& € Z such
that for (x)f =% <y < (z)f* for all y € dom(q/,) Uran(q,,). Let u = f~2Fp,, 11 f2.
Note that

dom(u) Uran(u) = (dom(p,) Uran(p,))f** C (dom(q,))f?*,

and so if y € dom(u) U ran(u), then y = (t)f?* for some ¢t € dom(q,). Since
(z)f~% <t < (x)fF, it follows that (x)f* < (t)f?* = y. Hence, if z € dom(¢q/,) U
ran(q),), then

2 < (x)ff <y.

Therefore, ¢,4+1 = ¢}, Uu € Aut(P)<“. Moreover, it follows from the definition of
u, that if g € [gy1], then f28gf =2k € [f?*uf~2*] = [p,11], and so the inductive
hypothesis is satisfied.

Therefore, by induction there are g, q1,... € Aut(P)<“ satisfying the in-
ductive hypothesis. Let g = (J,,cy ¢n- Since each g, is an isomorphism and
dom(g) = ran(g) = P, it follows that g € Aut(P). Also g € [¢,], and so for
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every n € N there is & € N such that f~*gf* € [p,]. Hence (f,g) is dense in
Aut(P). O

Looking back at the proof of Theorem 3.3.4, we may note that we only used
products of a particular kind to obtain a dense subset of Aut(P). More precisely,
there are f, g € Aut(P) such that {f~"gf™ : n € Z} is a dense subset of Aut(P).
Recall that groups satisfying aforementioned property are said to have a cyclically

dense conjugacy class, as discussed in Section 3.1.

Theorem 3.3.5. Aut(P) has a cyclically dense conjugacy class.

3.4 Universal K, -free graphs

In this section we will consider the ultrahomogeneous K, -free graphs, denoted
by H,. The case n = 2 gives a graph with no edges and its automorphism
group is just the symmetric group on countably many points, which was already
considered in [12]. Throughout this section, let n > 3 be fixed.

For x € Hy, let N(x) be the set of all vertices adjacent to = in H,,. If N(x)
has a subgraph T isomorphic to K,,_1, then T' U {z} is isomorphic to K,,, which
contradicts the fact that H, is K, -free. Hence N (x) is K,,_1-free for every vertex
x € H,,. We will repeatedly make use of this fact without reference.

Let U and V be finite disjoint subsets of vertices of H,, such that U is K, _1-
free. Then, by the Alice’s restaurant property for K,-free graphs, there is a
vertex w € Hy, \ U UV such that there are no edges between w and V, and there
is an edge between u and w for all w € U. In other words, N(w)N(UUV) =U.

The purpose of this section is to prove Theorem 3.1.8(i), which we restate

for the sake of convenience.

Theorem 3.4.1. Let f € Aut(H,) be non-identity. Then Dy NZ (H,) is comea-
gre in T (H,).

Before giving the proof of Theorem 3.4.1 we will prove a number of technical
results. First, we will show that the set Dy NZ(H,,) can be written as a countable
intersection of sets of a certain type. The rest of the argument will then be

dedicated to showing that these sets are open and dense in H,,.

Lemma 3.4.2. Let B C Aut(H,)<¥ be such that b € B if and only if dom(b)

and ran(b) are disjoint, and there are no edges between dom(b) and ran(b). Then

Dy NI(H,) = ({9 € Z(H,): (f,9) N [b] # @}
beB

for all f € Aut(H,).
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Proof. Let f € Hy,. Since Dy = {g € Aut(H,) : (f,g) is dense in Aut(H,)}, it
follows that

DyNI(H,)= () {geZ(Ha):(f.9)N[d#2}.
gEAut(H,)<w

(C) This direction follows immediately since B C Aut(H,)<“.

(D) Let g € Z(H,,) be such that (f,g) N [b] is non-empty for all b € B, and
suppose that ¢ € Aut(H,,)<*. By repeated application of the Alice’s restaurant
property we can find a subgraph I of H,, such that ' is isomorphic to dom(q),
I' N (dom(q) Uran(q)) = @&, and such that there are no edges between I' and
dom(q) U ran(q). Let b be an isomorphism from dom(q) to I'. Since H,, is
ultrahomogeneous, we have that b € Aut(H,)<*. Then dom(b) = dom(q),
ran(h) = dom(b~1q) = T', and ran(b~'q) = ran(q). Hence b,b~'q € B, and so
by the choice of g there are hi,hy € (f,g) such that hy € [b] and he € [b7!q].
Therefore hy1he € [¢] and hihe € (f, g), thus (f, g)N[q] # &. Since g was arbitrary,

ge () {9eZ(H.): (f.9)Nnd # 2}

gEAut(H,)<w
as required. O

In the following lemma we show that for every non-identity automorphism
f of H,, the support of f is infinite. The result follows from Corollary 2.10(ii)
in [50]. We include the proof the keep the thesis self-contained.

Lemma 3.4.3. Let f € Aut(H,,) be non-identity. Then support of f is infinite.

Proof. Since f is non-identity, there is # € H,, such that (x)f # z. Suppose
that y € H,, is such that y is adjacent to x, but not adjacent to (x)f. It then
follows that (y)f is adjacent to (x)f as f is an automorphism. Hence (y)f # y
by definition of y, and so y is in the support of f. Finally, it is sufficient to show
that there are infinitely many such vertices y. Define

¥ ={y € H, : y is adjacent to & but not adjacent to (x)f}.

Let U = {a} and V = ZU{(z)f}. Then if ¥ is finite by Alice restaurant property
there is w € H,, \ (U U V) such that w is adjacent to every vertex in U and not
adjacent to every vertex in V. Hence w is adjacent to x and not adjacent to
(z)f, and so w € ¥ C U, which is a contradiction. Therefore ¥ is infinite, as

required. O

The following lemma provides a condition under which it is possible to
extend a given partial isomorphism of H,, to another partial isomorphism of H,,.

Although we will only apply the following lemma to the graphs H,, we state
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it for arbitrary ultrahomogeneous graphs, since the proof is no harder in the

general case.

Lemma 3.4.4. Let T’ be an ultrahomogeneous graph, let ¢ € Aut(T')<%, and let
x,y € I'. Suppose that x ¢ dom(q), y ¢ ran(q), and N(y) Nran(q) = (N(x))q.
Then qU {(z,y)} € Aut(T")<v.

Proof. Since I is ultrahomogeneous, it is sufficient to show that ¢ U {(z,y)} an
isomorphism between two subgraphs of I'. By the hypothesis, ¢ is an isomorphism,
and so it suffices to show that there is an edge between vertices x and z € dom(q)
if and only if there is an edge between vertices y and (z)g. Let z € dom(g). Then
there is an edge between z and z if and only if z € N(x) which is equivalent to
(2)q € N(y) Nran(q), in other words there is an edge between (z)q and y. O

The following easy corollary shows that any incomplete component of an

isomorphism of H,, can be extended.

Corollary 3.4.5. Let g € Aut(H,,)<%, let z ¢ dom(q), and let ¥ C H,, be finite.
Then there isy € Hp \ ({z} UX) such that qU {(z,y)} € Aut(H,)<“.

Proof. Let U = (N(z))q and let V = (ran(q) U {z} UX) \ U. Since N(z) is
K, _1-free and ¢ is a partial isomorphism, U is also K,,_i-free. Hence by the
Alice’s restaurant property there is y € H, \ (ran(q) U {z} U X) such that N(y)N
(ran(q) UX U{z}) = (N(x))q. Therefore N(y) Nran(q) = (N(x)) g, and so we
are done by Lemma 3.4.4. O

We can now classify when a partial isomorphism of H,, is in Z(H,,)<%.

Corollary 3.4.6. Let q € Aut(H,)<¥. Then q € Z(H,)<¥ if and only if q¢ has

no complete components.

Proof. (=) Let g € Z(H,,) be the extension of ¢. Then every complete component
is a finite orbit of g, and since g has no finite orbits, it follows that ¢ has no
complete components.

(<) Let ¢ be an isomorphism between finite subgraphs of H,, such that
g has no complete components. Let {z; : i € N} an enumeration of H,, i.e.
H, = {x; : i € N}. If 2y € dom(q), let h = g. Suppose that zy ¢ dom(q).
Then by Corollary 3.4.5 there is y € H,, \ ({0} Udom(q) Uran(g)) such that
h=qU{(z0,y)} € Aut(H,)<*. Then from the choice of y, it follows that i has
no complete components and zg € dom(h). If zg € ran(h), let gy = h. Otherwise
xo ¢ ran(h), which implies that 2o ¢ dom(h~!) and by same argument there
exist an extension ¢y ' € Aut(H,)<* of h~! such that ¢;' has no complete
components and zg € dom(gy 1). Hence ¢p has no complete components and
xo € dom(gp) Nran(qgo).

Suppose that for some k > 1 there is an extension g, € Aut(H,)<* of qx_1

such that ¢ has no complete components and z; € dom(gx) Nran(g) for all
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j€{0,...,k}. If xx41 € dom(g), then let h = g. Otherwise, x;4+1 ¢ dom(q).
Then by Corollary 3.4.5 there is y € Hy, \ ({241} U dom(gx) Uran(g)) such that
h=qU{(xgs+1,9)} € Aut(H,)<*. Then from the choice of y, it follows that h
has no complete components and x; € dom(h) forall j € {0,...,k+1}. I zpyq €
ran(h), then let g1 = h. Otherwise, 511 ¢ ran(h). Thus zj41 ¢ dom(h~!) and
by same argument there exist an extension qkjl € Aut(H,)<% of h=! such that
qk;ll, has no complete components and x; € dom(qkjl) for all j € {0,...,k+1}.
Hence gi4+1 has no complete components and x; € dom(gxy1) Nran(gg+1) for all
j€{0,...,k+ 1}, and so gg41 satisfies the inductive hypothesis.

Therefore, for every k € N there is ¢ € Aut(H,,)<“ satisfying the inductive

QZU%-

keN

hypothesis. Define

Then dom(g) = ran(g) = H,, and since every g, was an isomorphism, it follows
that g € Aut(H,,). Similarly if ¢ has a finite orbit, then there is k& such that g
has a complete component. Hence g has no finite orbits, and so g € Z(H,), as

required. O

The following two technical lemmas form the essential part of the proof of
Theorem 3.4.1. Lemma 3.4.8 is the main result used to prove Theorem 3.4.1,
and Lemma 3.4.7 is used to make the induction within the proof of Lemma 3.4.8

easier.

Lemma 3.4.7. Let q € Z(H,)<% be such that ran(q) Udom(q) = AUT where
ANT =@ and T is the union of incomplete components of q of fixed length m,
let z,y ¢ dom(q) Uran(q) be such that

N(z)NA Cdom(¢*™) and (N(z)NA)¢*™ =N(y)NnA

and let 1,39 C H, \ T be finite subsets such that ¥ Nran(q) = & and Xy N
dom(q) = @. Then there are x1,...,Tom-1 € H, \ ¥1 U Xa such that there are
no edges between x; and X1 UXs for alli € {1,...,2m — 1}, and

qU{(x;,mi41): 0<i<2m—1} € Z(H,)<¥

where xog = x and To, =Y.

Proof. Define gy = q, vo = x and I'; = dom(g;) Uran(g;) U X1 U X U {x,y} for
all ¢ such that ¢; is defined. Suppose that for i € {0,...,m — 1} there is an
extension ¢; € Z(H,)<“ of gy such that ¢; = go U {(zj,zj41) : 0 < j <i—1}

75



with o ¢ ran(q;), x; ¢ dom(q;), y ¢ ran(g;) U dom(g;), and

Zj ¢ 21 U 22 ] A (33)
N(.’L‘j)ﬂ(zlung{!Bo,...,l'jfl,y}) = (34)
N(z;) NT; = (N(z9) NTo) ¢} (3.5)

forall j € {1,...,i}.

If ¢ = 0, then we have that xg,y ¢ dom(gg) Uran(gp) and (3.3), (3.4), (3.5)
are trivially satisfied.

Suppose that i > 0. Let U = (N(z;)) ¢; € T';and V =T;\U. If N(z;) contains
a subgraph isomorphic to K,_1, then the subgraph together with x; forms K,,
which is impossible. Hence N(x;) is K, _1-free and since ¢; is an isomorphism,
U is also K,,_1-free. Therefore the sets U and V satisfy the hypothesis of the
Alice’s restaurant property and thus there is a vertex x;11 € H, \ I'; such that
there is an edge between z;;.; and every vertex in U and there are no edges
between z;41 and V, i.e. N(x;41) NT; = U. Also it follows from ran(g;) C T';
that

N(ziy1) Nran(g;) = (N(ziy1) NT) Nran(q;) = U Nran(g;) = (N () ¢

Then ¢;y1 = ¢; U{(zi, zi11)} = qo U {(zj,2j41) : 0 < j < i} € Aut(H,)<* by
Lemma 3.4.4, and so ¢;+1 € Z(H,)<* by Corollary 3.4.6. Since z;11 ¢ [';, we
have that z;+1 ¢ {xo,x;,y} implying that zo ¢ ran(gi+1), zi+1 ¢ dom(giy1),
and y ¢ ran(¢;+1) U dom(g;+1). It also follows from dom(g;) C I'; and (3.5) that

N(zip1) Ty =U = (N(2:)) ¢ = (N(z:) NT3) s = (N(x0) NTo) . (3.6)

Since Y7 UY¥o UA CT; and x;41 is chosen outside the set I'; it follows that
Tip1 € X1 UXo UA. Then z; ¢ £, UXo UA for all j € {1,...,7i+ 1} by (3.3).

We will now show that (3.4) holds for j = i + 1. First of all note that
Zo,y ¢ ran(g;), and since U C ran(q;) we have that zo,y ¢ U. From (3.4)
we may deduce that z; ¢ N(xz;), and thus z;41 ¢ (N(x;))¢ = U, for all
j€{0,...,i—1}, ie. {xg,...,x;,y}NU = @. It follows from the hypothesis that
Y1 Nran(gp) = &, and so (3.3) implies that ¥; Nran(g;) = &. Since U C ran(g;),
we have that (31 U {xo,...,2;,y})NU = @.

It remains to show that 3o N U = &. Suppose z € X5 NU. Then z €
(N(zo) NTo) ¢:™ by (3.6). Then z € ran(g;) and by above z # z; for all
j € {0,...,i}, thus z € ran(qy) € T' U A. However by the hypothesis of the
lemma, ¥y C H, \ T, implying that z € A. Since z; ¢ A for all j € {1,...,i} by
(3.3) and xzg ¢ A by the hypothesis of the lemma, it follows that the incomplete
component of gy containing z was not extended in ¢;. Moreover A is a union

of incomplete components of gg, hence (z)qi_(iﬂ) € N(zo) N A. Also from
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¥y Ndom(qgo) = @ and (3.3) we may deduce that ¥3 N dom(¢;) = @ and so
z ¢ dom(q;). It also follows from the hypothesis of the lemma that (z)g, ) ¢
dom(g?™). Then z € dom(q?mf(iﬂ)), which is impossible since i4+1 < 2m. Hence
UNE U3 U{xo,...,z,y}) = @. Since (X1 U Xy U {zg,...,2:,y}) CTipq we

have that

N(.’Ili+1> N (21 UZQU{.%'Q,.--,xi,y})
= (N($i+1)m]_—‘i+1)m(ElUEQU{wa"vxivy})
:Uﬂ(ZluEQU{xo,.--,xi,y}):®~

Then (3.3) and (3.4) are satisfied, and so it only remains to verify (3.5). It is
routine to verify that dom(g.f})\ dom(q,™") = {x0}. It follows from xo ¢ N(zo)
and (36) that N($i+1) N Fi = (N(:Eo) N Fo) q;i% Since Fi+1 = F, @] {Ii+1} and

Tit1 ¢ N(Tit1)
N(zit1) NTi = N(2i1) NTig1 = (N(z0) NTo) ¢/ 17

Therefore, g;4+1 satisfies the inductive hypothesis. Thus by induction on 4,
there is ¢, € Z(H,)<* such that ¢,, = go U {(zj,z;41) : 0 < j < m — 1},
xo ¢ ran(qm), Tm ¢ dom(gm), y ¢ ran(g,,) U dom(qn ), ¢m satisfies (3.3), (3.4)
and (3.5).

Note that if z € ¥; U Xo \ {z,y} then z ¢ T and by (3.3) either z ¢
dom(gy,) Uran(g,,) or z € A. Hence

N(Im) ﬁFm (N(ZZJQ) ﬁro) qnn;b
(N(zo)N(TU{z,y} UZ1 UX2\ A)) g
U (N(zo) NA) gy

=(N(zo) N A) gp,

since ¢ N(x¢), y ¢ dom(g,,) and all incomplete components on I' of ¢ are of
length m.

The next step is to inductively construct an extension h = qap, € Z(H,,)<¥
of g,,. Suppose that for ¢ € {m,...,2m — 2} there is an extension ¢; € Z(H,,)<*
of the form ¢; = ¢ U {(zj,2j41) : m < j < i — 1} such that zg ¢ ran(g),

r; ¢ dom(g;), y ¢ dom(g;) Uran(g;), and

xj ¢ 21 U 22 U A (33)
N(.’Ej)ﬂ(zlung{wo,...,Ji]‘,l,y}) = (34)
N(z;) NT; = (N(y) Ndom (qffzm)) g (3.8)

forall j € {1,...,}.
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We will now show that g, satisfies the inductive hypothesis. Note that (3.3)
and (3.4) are the same as before, so we only need to verify (3.8). Since no
incomplete components of gg, which intersect A, were extended in g,, (3.3)
implies that (A) ¢§ = (A) ¢¥, for any k € Z. It follows from the hypothesis of the
lemma that (N (xzo) N A) ¢ € dom(gl) and (N(zo) NA) g = (N(y) N A) ¢,
Hence by (3.7)

N(@m) N Ty = (N(20) N A) g = (N(y) N A) g™

Suppose that z € N(y) N dom(g,,”). Then z € dom(gy,) Uran(gy,) = I' U
A U{zg,...,zm}. Note that all incomplete components of ¢,,, intersecting T’
not trivially, are of length m. Hence z € AU {z,,} and by (3.4) we have that
Tm & N(y), thus z € A. Therefore N(y) Ndom(g,,”™) C N(y) N A, and so

N(2m) Ny = (N(y) N A) g, = (N(y) Ndom(g,,,™)) g,

Hence ¢, satisfies (3.8) and the inductive hypothesis is satisfied for i = m.

Let U = (N(x;)) ¢ and V =T, \ U. The sets U and V satisfy the hypothesis
of the Alice’s restaurant property and thus we can find ;41 € H, \ I'; with
N(zi41) NT; = U = (N(2;)) ¢;. Then N(zi41) Nran(g;) = (N(x;)) ¢, and
S0 ¢it1 = ¢ U{(zs,xi41)} € Z(H,)<¥ by Lemma 3.4.4 and Corollary 3.4.6.
Since ;41 ¢ T';, we have that z;41 ¢ {zo, z;,y} implying that xo ¢ ran(g;4+1),
Tiy1 ¢ dom(gi+1), and y ¢ dom(gi+1) Uran(giy1).

Since dom(g;) C T,

N(@iy1) NIy =U = (N(xi)) ¢ = (N(z;) N L) g;.

It then follows from (3.8) that

N(zi11) NT; = (N(y) N dom (qgfzm)) grm, (3.9)

Since ¥1 UXy UA CT; and x;41 is chosen outside the set I'; it follows that
Tig1 € L1 UX2UA. Thenz; ¢ B UXoUA forall j € {1,...,i+ 1}

We will now show that (3.4) holds for j = i + 1. First of all note that
x0,y ¢ ran(g;), and since U C ran(g;) we have that zg,y ¢ U. From (3.4) we may
deduce that z; ¢ N(z;), and thus z;41 ¢ (N(z;)) ¢ =U,forallj € {0,...,i—1}
in other words {xzg,...,x;,y} NU = &. It follows from the hypothesis that
Y1 Nran(ge) = &, and so (3.3) implies that (31 U {zo,y}) Nran(¢;) = @. Since
U Cran(g;), it follows that (37 U {zo,...,2;,y}) NU = &.

It remains to show that s NU = &. Suppose z € ¥ NU. Then z €
(N(y) Nndom(q™>™)) ¢/*'7*™ by (3.9). Note that = € U C ran(g;). Also it
was shown in the previous paragraph that z # x; for all j € {0,...,4}. Hence
z € ran(qp) € I' U A. However by the hypothesis of the lemma ¥y C H, \ T,
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implying that z € A. Since z; ¢ Aforall j € {1,...,i} by (3.3) and 2y ¢ A by the
hypothesis of the lemma, it follows that the incomplete component of gy containing
z was not extended in g;. Moreover, A is a union of incomplete components
of qo, and z € dom (g™ ™), so (2)¢2™ ) € N(y) N A. By the hypothesis
of the lemma (z)q?m_(iﬂ) € ran(¢Z™). Then there is u € dom(¢?™) such
that (z)q?mf(iﬂ) = (u)g?™, and so z = (u)q! ™' € dom(q?mf(iﬂ)). Hence z €
dom(g; ), since 2m > i+1. However, z € 35 and so z ¢ dom(qp), implying that z €
{zo,...,x;}, which contradicts (3.3). Hence UN (X1 U X U{zo,...,zi,y}) = &,
and since (X7 U 3o U {xo,...,2;,y}) C ;41 we have that forall j € {1,...,i+1}

N(.%‘j) N (21 U s U {xo,...,l'jfl;y}) =J.

It is routine to verify that dom(gf;~>™) \ dom(g; ™" *™) = {z;11}. Since
xiy1 ¢ N(y) it follows from (3.9) that

N(zi11) NT; = (N(y) N dom (q?izm)) ‘Zfﬁﬁw

K2

It is also routine to check that dom (qfi%_Qm) \ dom (q?_Qm) CH{xy,. ., zit1}

K3

Then, by (3.4), we have that z; ¢ N(y) for all j € {zo,...,7+ 1}. Hence
N(zip1) NTi = (N(y) Ndom (gif;>™)) qif1 ™

From the definition of I';; 1 we obtain that T';y; = T'; U {x;11}. However, x;y; ¢
N(x;41), and so

N(2i41) NTis1 = (N(y) Ndom (q/1; ™)) gif1 ™.

Therefore g; 1 satisfies the inductive hypothesis and hence we obtain go,,,—1 =
Qo U{(zj,zj41): 0 <j<2m—2} € Aut(H,)<* such that y ¢ dom(gam—1)U
ran(gam—1), «; ¢ 31 U X9, there are no edges between z; and ¥; U 3y for all
je{l,...,2m— 1}, and

N(@3m-1) NTam-1 = (N(¥)) dgrm_1-

Therefore h = go;n = gam—1 U {(®2m-1,v)} € Z(H,)<“ by Lemma 3.4.4 and
Corollary 3.4.6 is as required. O

Using Lemma 3.4.7 we can now prove the following result.

Lemma 3.4.8. Let ¢ € Z(H,,)<“, and let b € B be such that the sets dom(q) U
ran(q) and dom(b) Uran(b) are disjoint. Then there is an extension h € T(H,)<¥

of ¢ and m € N such that h®™ extends b.

Proof. If necessary by extending ¢, using Corollary 3.4.5, we may assume that

all of the components of ¢ have length m for some m € N.
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Let dom(b) = {x1,..., 24} for some d € N, let ¢o = ¢, I' = dom(qp) Uran(qo).
We will now inductively define ¢, € Z(H,,)<“, and once they are defined let Ay, =
dom(gx) Uran(g,) \T for k € {0,...,d}. Suppose that for some k € {0,...,d—1}
we have defined qi, € Z(H,,)<“, such that q; extends q;_1 for k > 1, both T" and
A} are unions of incomplete components of ¢, that incomplete components of

qr contained in Ay are of length 2m + 1, and the following are true

xj, (x;)b ¢ dom(gx) Uran(gg) ( )

(zi)gi™ = (z:)b (3.11)
N(zj)NAg C dom(q%m) (3.12)
(N(z5) N Ak) 7™ = N ((2;)b) N A (3.13)

foralli e {1,...,k}and j € {k+1,...,d}.

Let ¥; = dom(b) and X5 = ran(b). We will show that the hypothesis of
Lemma 3.4.7 is satisfied by gk, xg+1, (x+1)b, X1, and Xg. First of all, note that
Tht1, (Tr+1)b ¢ dom(gy) Uran(gx) by condition (3.10). Also by the hypothesis
of the lemma X;,%5; C H, \ I'. Note that the conditions N(zp41)) N Ag C
dom(¢2™) and (N(zgs1) N Ag)gi™ = N((wk+1)b) N Ak of the hypothesis of
Lemma 3.4.7 immediately follows from conditions (3.12) and (3.13). Hence to
apply Lemma 3.4.7 we only need verify that ¥ Nran(gx) = X2 Ndom(qx) = @.
We will do so in the next two paragraphs.

We will first show that x; ¢ ran(gg) for all ¢ € {1,...,d}. Suppose that
x; € dom(qg) Uran(qx), by the inductive hypothesis we can deduce that i < k.
Since dom(b) NT' = & by the hypothesis of the lemma, it then follows that
x; € Ag. Therefore, x; is on an incomplete component of length 2m + 1 and
z; € dom(gi™) by the inductive hypothesis, implying that z; € dom(qy) \ran(qy).
Hence X7 Nran(gx) = @.

The argument that 3 N dom(g,) = @ is similar to above. Let (z;)b € 3s.
Suppose that (x;)b € dom(gy) Uran(gx). Then we can deduce that i < k. Since
ran(b) NT' = & by the hypothesis of the lemma, it then follows that (z;)b € Ay.
Therefore, (z;)b is on an incomplete component of length 2m + 1 and (x;)b €
ran(g?™) by the inductive hypothesis, implying that (x;)b € ran(qx) \ dom(gy).

Hence by Lemma 3.4.7 there is an extension qxy1 € Z(H,)<“ of q; such that
Qer1 = Qe U{(¥i, ¥ix1) 1 0 < i < 2m — 1}, Yo = Tpy1, Yom = (Tr41)b, there are
no edges between y; and X1 U9, and y; ¢ X1 UX, fori € {1,...,2m —1}. Then
by the choice of 31, X9, and the definition of qx41

zj, (x;)b ¢ dom(qr41) Uran(qe41)

(%‘)Qiiﬁ = (w;)b

foralli e {l,...,k+1} and j € {k+2,...,d}. It also follows from the definition
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of qx+1 that Agr1 = A U{y; : 0 < i < 2m} and thus Agyq is a union of
incomplete components of g1 each of length 2m + 1.

Let j € {k+2,...,d}, and let z € N(x;) N Apq1. If 2 € Ay, then by the
inductive hypothesis z € dom(g™) C dom(gz7) and

(2)ai = (2)ai™ € N ((2)b) N Ap © N ((27)b) N Agy1.

Otherwise z € Ag11 \ Ag. Hence z = y; for some t € {0,...,2m}. However, y; is
such that there are no edges between y; and dom(b) for ¢t € {1,...,2m—1}. Then
z is either yg or ya,,. Since b € B there are no edges between z; € dom(b) and
Yom = (2r41)b € ran(b). Hence z = yo and thus z € dom(g77,). Since z € N(z;)
there is an edge between z; and z = yy = xj4+1. Then it follows from the
fact that b is an isomorphism that there is an edge between (x;)b and (xx11)b.
Hence (2)qi7y = yam = (zr41)b € N ((x;)b) N Agy1. Since z was arbitrary
N(x;) N Apyr € dom(gify) and (N (2;) N Agy1) G771 € N ((25)0) N Appr.

Let z € N ((z;)b) N Apq1. If z € Ay then it follows from the inductive
hypothesis that

2 € N ((z;)b) N A, = (N(2;) NAR) 7™ C (N(zj) N Apy1) Gty

Otherwise z = y; for some j € {0,...,2m}. Similarly to above z = y2,,, =
(zk+1)b and since b is an isomorphism (z)qk_f'i” = yo = k41 € N(z;). Hence
z € (N(z;) N Aggr) q,%Tl, as Tr4+1 € Ag41, and so

(N (25) N Arr1) gity = N ((25)b) N Agya

forall j e {k+2,...,d}.
Therefore g1 satisfies the inductive hypothesis and by induction there is

h = g4 € Z(H,)<¥ an extension of ¢ such that h>™ is an extension of b. O

Finally, we can prove the main result of this section, we will restate the
Theorem 3.4.1 for the benefit of the reader.

Theorem 3.4.1. Let f € Aut(H,,) be such that f is not the identity. Then
Dy N1ZI(H,) is comeagre in IZ(H,).

Proof. By Lemma 3.4.2

DyNI(H,) = (g € Z(Hn) : (f,9) N [B] # 2},
beB
and {g € Aut(H,) : {f,g) N[b] # @} is open by Lemma 3.2.7, thus it is enough
to show that {g € Z(H,,) : (f,g) N [b] # @} is dense in Z(H,,) for all b € B.
Fix b € B, and let ¢ € Z(H,)<“. If necessary by extending ¢ using Corol-

lary 3.4.5, we may assume that all of the components of ¢ have length m for some
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m € N, and that ran(b) U dom(b) C dom(q). Suppose that ran(q)\ dom(q) =
{Z1,0,22,0,...,2Za0}. Let g1,0 = ¢, and once ¢; ; is defined let I'; ; = dom(g; ;) U
ran(g; ;) for all ¢,j. We will perform an induction on the elements of the set
{1,...,d} x{0,...,m}, ordered lexicographically, to construct qq ,, € Z(H,)<*
of the form gq m = q10U{(zij, xij+1): 1 <i < dand 0 <j <m—1} such that
x;; € supp(f) and (2;;)f ¢ ran(gq,m) U dom(gq,m,) for all ¢ and all j > 1. In
order to make the rest of the proof shorter, once we have defined g; ,,, for some
1 < d, we will set ¢;+1,0 = gi,m, and similarly we denote I'; _; = @ for all 1.

Suppose that for £k € {1,2,...,d} and t € {0,1,...,m — 1} we defined
Gkt = qroU{(zij, zij41):1<i<kand 0<j<t—1} € Z(H,)<* such that
T+ € supp(f) and

Tht & D1 U(Dppe1) fUTge—1) £

Choose x € supp(f) such that = ¢ T’ ; which is possible since supp(f) is infinite.
Then by the Alice’s restaurant property there is a vertex y & Ty s U (Tg¢) f~1 U
{z, (z)f} such that there is an edge between z and y, and there are no edges
between y and Ty U (Tx) f1 U{(z)f}. Let

U= (N(@r))areU{y} and V= (T U(@Tee) fU TR T U{))\U.

Since the subgraph (N(xg)) gkt is K,,—1-free and there are no edges between
y and (N(xk,t)) gr,e, the set U is also K,,_i-free. Hence by Alice’s restaurant

property there is a vertex

Trps1 € Ho \ (T U (Dry) fU (Tre) £ ULy, () F})

such that N(zg+1) N (U UV) =U. It follows from ran(gy ) C 'y and y ¢ 'y 4
that

N(zg,141) Nran(gr) = U Nran(gg,.)
= (N(zk,t)) e U {y}) Nran(gr,.)
= (N(zk,t)) Qb5

and so g +1 = Gt U{(@kt Tht41)} € Z(H,)<* by Lemma 3.4.4 and Corol-
lary 3.4.6.

It follows from f being an automorphism and the existence of an edge between
z and y, that there is an edge between (z)f and (y)f. However, there is no edge
between y and (z)f, thus it follows that y € supp(f). The vertex y was chosen
so that y ¢ T U (Dky) f7', and so y, (y)f & i Since (N(zx,t)) qre € Try
and y # (y)f, it follows that (y)f ¢ U. By the choice of xj, ++1 there is an edge
between xj ;41 and y and there are no edges between xy 11 and (y)f, thus
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Zgt+1 € supp(f). Hence gy 141 satisfies the inductive hypothesis.
This way we can obtain ¢g,,, € Z(H,)<* such that for all 4 and all j > 1

Tij ¢ TijoaU@ij1) FU@i o)

Hence (z;;)f ¢ Tij—1. Also if (x;;)f = xy j, where (i,5) < (7/,j) lexi-
cographically, then z; j; € (I'; ;) f which is impossible. Therefore, (z;;)f ¢
ran(qq,,) U dom(gq,,) and thus

((dom(q)) gi",, f) N (dom(gx m) U ran(gr,m)) = 2.

—1
bq,’c'?m feB.
Recall that ran(b) Udom(b) C dom(g), thus the partial isomorphisms gy ., and u

Then since b € B and B is closed under conjugation, u = Tm f)

satisfy the hypothesis of Lemma 3.4.8. Hence there is an extension h € Z(H,,)<%
of gk,m and | € Z such that h?' extends u. Therefore h™ fh% (k™ f)~" extends b
and thus

{9 € Z(Hy) : (frg) N [b] # @} N [q] # 2.

Since q € Z(H,,)<* was arbitrary we get that {g € Z(H,) : {f,g) N[b] # @} is
dense in Z(H,,). O

3.5 Infinitely many finite complete graphs: wk,

In this section, we consider the ultrahomogeneous graphs wk,, for n € N, n > 0.
Throughout the section we assume that n € N, n > 0, is fixed and that the
connected components of wkK,, are {L; : i € Z}. We will first prove a couple of
technical results.

We begin by characterising the elements of Zs;(wK,) in a lemma analogous
to Corollary 3.4.6. Recall that if f € Aut(wkK,) or f € Aut(wkK,,)<* then f is a

partial permutation on Z given by

Lemma 3.5.1. Letq € Aut(wK,,)<% be such that dom(q) is a union of connected
components of wK,, and there is ¥ C dom(q) which intersects every component
of q in exactly one vertexr. Then q € Is(wK,)<* if and only if ¢ has no complete

components.

Proof. (=) Let g € Is,(wK,,) be an extension of ¢, and let C' be a component of
q. Then by the hypothesis there is x € ¥ N C. The component of g containing x
is infinite, and so C' is not a complete component. Since C' was arbitrary ¢ has

no complete components.
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(<) Let {zg, 21, ...} be the vertices of wK,, and let gy = ¢q. Suppose that
form > 1, ¢ € Aut((wK,,)<* is an extension of ¢,,—1, dom(g,,) is a union of
connected components of wK,,, dom(gm,) Nran(gm,) 2 {xo,...,Tm-1}, and g,
has no complete components.

If 2, € dom(gm), let q;,, .1 = gm. Suppose that z,, € wK, \ dom(gy,). Let
C be the connected component of wkK,, containing x,,, let C’ be any connected
component of wk,, such that C' C wK,, \ ran(g,,), and let ¢ : C — C’ be a
bijection. Since dom(g,,) is a union of connected components, it follows that C
is disjoint from dom(g,,). Hence q;,, ;| = gm U ¢ is an isomorphism between finite
subgraphs of wkK,,, and since wkK,, is ultrahomogeneous, ¢, ; € Aut(wk,)<*. It
follows from the definition that dom(q;, ) is a union of connected components
of wK,,, &, € dom(q), ), and ¢;, ., has no complete components.

If z,,, € ran(q;,41), let ¢my1 = q;,, 41 Suppose that z,, € WK, \ ran(q;, ).
Then z,, € wK, \ dom(q;nH*lL and by the previous paragraph there is g, +1 €
Aut(wkK,)<* such that g, " ; extends q;nﬂfl, dom(q;,", ;), and thus dom(gym1),
are unions of connected components of wK,,, &, € ran(gm+1) = dom(q;lil),
and ¢,,+1 has no complete components.

Therefore, the required extension g,, exists for each m € N. Let g = U, ,cn @m-
Then g € Aut(wkK,,), as dom(g) = ran(g) = wk,. Since defining every extension
Gm, NO new components were created, and every component of ¢ intersects X in
exactly one point, it follows that X is a set of orbit representatives of g. Therefore,
q € Is(wK,)<". O

In the next proposition we classify when the set Zy,(wkK,,) is non-empty.

Proposition 3.5.2. Let X be a finite subset of wK,,. Then Ixn(wK,) is non-
empty if and only if |X| is a multiple of n and if r = |X|/n, there is partition
{Py,..., P} of Z such that, P; is infinite and

JjeP;
forallie{l,...,r}.

Proof. (=) Let f € Is(wK,). If x € L; and (z)f € Lj, then, since f is an
automorphism, (L;)f = L;. Moreover, if (L;) f™ = L; for some m € Z, then
(L)) f™™ = L; for all r € Z, and since L; is finite, f would have a finite cycle.
Hence (L;)f™ # L; for all m € Z, and so every vertex in L; is on a separate
orbit of f.

Let ki,...,k, € Z be orbit representatives of f. Since for every orbit of f
there are n orbits in f, it follows that rn = |X|. It follows from Lemma 3.5.1 that
f has no complete component. So (Ly,) f™ = (Lx,,) ™" if and only if i = ¢ and
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m =m’'. Hence

- zm(U<Lki>fm>|=

meZ

U Enze) f

meZ

=> 120 (L) M

mEZ

for all i € {1,...,r}. Let P, = {(k;) f :m € Z} where i € {1,...,r}. Then
{Py,...,P.} is the required partition.
(<) Forie{l,...,r},let P, = {k;; : j € Z}. Define f € Ix(wK,,) to be
such that
(kij)f = kijt1

for alli € {1,...,7} and j € Z by inductively defining f on |J
i independently.

Let i € {1,...,r} be arbitrary. Then Ly, , N X| + Ly, , N | < n. Since Ly,
and Lg, , are both of size n, there exists a bijection g1 : Ly, , — Ly, , such that

]€Z k., for each

for every x € Ly, , at most one of the points x and (z)q; is in . Suppose that

for some m € N we have defined a bijection

m—+1
Q2m+1 - U Ly, ; — U Ly, ;
j=—m k=—m+1

such that every incomplete component of ¢o,,41 intersects ¥ in at most one
point.

Let t = Z;nf_lm |Lk, ; N X|. Then there are n — ¢ incomplete components of
G2m41 which have empty intersection with X. Since Z]__m 1 Ligmy NE] <y it
follows that [Ly, _,,_, N¥| < n—t. Hence there exists a bijection ¢ : Ly, ., —
Ly, _,, such that for every x € Lg, _,_, NX, the value (z)¢ belongs to an
incomplete component of go,,+1 which contains no points from ¥. If we set
G2m+2 = G2m+1 U ¢, then every incomplete component of go,, 42 intersects ¥ in
at most one point. Similarly we can extend ¢o,,+2 t0 g2.n+3 by adding a bijection
to Lk

Hence by induction

from Ly,

i,m41 i,m+42°

fz = U q2m+1

mEZ
is an automorphism of | J ez Lk and every orbit of f; intersects ¥ exactly once.

The required f is then just the function (J;_, fi. O

Before proving the main result of this section we need a lemma analogous to
Lemma 3.4.2.

Lemma 3.5.3. Let ¥ C wK, be finite, and let F consist of those g € Aut(wK,,)<¥
where the sets dom(g) and ran(g) are disjoint, both are unions of connected com-

ponents of WK, and g does not have any complete components. Then for every
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f € Aut(wk,)

D NIx(wKy) = ({g € In(wKy) : (f.9) N [p] # @}
peF

Proof. Recall that Dy = {g € Aut(wkK,,) : (f, g) is dense in Aut(wkK,)}. Then

DiNIswkn) = (] {9€Is(wky): (f.9)Nld # 2}
geEAut(wK,, )<w

(C) This follows immediately since F C Aut(wk,)<¥.
(D) Let g € ﬂpe]_-{g € I (wK,) : {f,g) N [p] # @}, let q € Aut(wkK,,)<Y,
and let
r= U{Ll :dom(q) N L; # @}.

If h € Aut(wkK,,) is an extension of ¢, x € L;, and (x)h € L;, then (L;)h = L.
Hence (T')h is a union of connected components of wk,,. Let » = h|r. Then
[r] < lal.

Let A be a subgraph of wK, such that A is isomorphic to dom(r), A N
(dom(r) Uran(r)) = &. Let p be any isomorphism between dom(r) and A. Note
that since dom(r) is a union of connected components of wK, so is A. Since wK,
is ultrahomogeneous, we have that p € Aut(wk,,)<*. Then dom(p) = dom(r),
ran(p) = dom(p~!r) = A and ran(p~'r) = ran(r). Hence p,p~'r € F. By the
choice of g there are hi,hy € (f, g) such that hy € [p] and hy € [p~1r]. Therefore
hihs € [r] C [g] and hiha € (f,g), thus (f,g) N [q] # @. Since ¢ was arbitrary,

9 € MNyeaut(wr,)<=19 € In(Wky) = {f,9) N [g] # 2} O

We will now prove Theorem 3.1.8(ii), which we restate for the sake of conve-

nience.

Theorem 3.5.4. Let f € Aut(wK,,) be such that supp(f) is infinite, and let 3
be a finite subset of wK,,. Then Dy NIs(wK,) is comeagre in Is(wK,).

Proof. If Iy, (wK,,) is empty, then the result holds trivially. So, for the remainder
of the proof, we will suppose that Zs;(wK,) is non-empty.
By Lemma 3.5.3

Df ﬂIg(wKn) = m {g S IE(UJKn) : <fag> N [p] # ®}>
pPEF

and by Lemma 3.2.7 the set {g € In(wK,) : (f,g9) N [p] # @} is open, so it
suffices to show that the aforementioned set is dense in Zy(wK,).

Let p € F and let ¢ € Ixn(wK,)<*. We will show that there exists an
extension r € In(wK,)<“ of ¢ such that every extension g € Ixn(wkK,) of r
satisfies (f,g) N [p] # @. Since there exists h € Ix(wkK,) an extension of ¢,

there is a finite subset T' of wK,, such that dom(q) U dom(p) U ran(p) C T,
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T' is a union of connected components of wk,,, and that h|r has exactly |X|
components each intersecting ¥ exactly once and each component is of the same
length. If necessary, by considering h|r instead of ¢ we may assume without
loss of generality that dom(g) is a union of connected components of wk,,, and
that ¢ has |X| incomplete components each of some fixed length m, and that
Y Udom(p) Uran(p) C dom(q). Then ran(q) \ dom(g) is a union of connected
components Li g, ..., Ly for some N € N.

Let ¢1,0 = ¢ and once g; ; is defined let I'; ; = dom(g; ;) Uran(g; ;). Suppose
there is ¢ € {0,...,m — 1} such that ¢1; € Zn(wK,)<* is defined such that
dom(qy ;) is a union of connected components, and (:E)q{z € Ly, forall x €
Lioand j € {1,...,4}. Since f has infinite support, there exists a connected

component L; ;41 of wK,, such that (Lq;41)f # L1,4+1 and
Liipin (T UT)ful)f) =o.

Let ¢ : Ly; :— L1441 be a bijection, and let ¢ ;11 = ¢1,; U ¢. Then ¢ 41 €
I, (wK,,)<“ by Lemma 3.5.1. Also by the definition of ¢ ;41 the set dom(qq,i4+1) =
dom(gi ;) U L1, is a union of connected components, and (z)q;til € Ly 41 for
all z € Ly . Hence by induction there is ¢1 ,, € Zn(wK,,)<* such that dom(q )
is a union of connected components of wk,, and (x)q{)m €Ly forallz e L
and j € {1,...,m}.

Let ¢2,0 = ¢1,m and suppose for some ¢ € {2,... N} thereis ¢; ¢ € I (wK,)<¥
an extension of ¢ such that dom(g; o) is a union of connected components of wk,,
and (2)qfy € Lj for all z € Ljp, all j € {1,...i— 1}, and all k € {1,...,m}.
The same argument as before can be used to define ¢; ., € In(wK,)<“ an
extension of ¢ such that dom(g; ,,,) is a union of connected components of wk,,
and (o:)qum € Ljpforallz € Ljg,all j € {1,...,i},and all k € {1,...,m}.
Hence by induction dom(gn,,) is a union of connected components of wk,,, and
(2)qR m € Ljx for all z € Ljg, all j € {1,...,N}, and all k € {1,...,m}.

We will show that gy, is the desired extension of ¢. Let r = gy . If z € L; o
for some ¢ € {1,...,N} and j € {1,...,m}, then

(.’E)?"j S Li,j - Fi,j (314)

and so by the choice of L; ; we have (z)r? ¢ T'; j_1 U (T j—1)f U (L —1)f ! for
all j € {1,...,m}. In particular,

() f ¢Tijo1 and (z)rff ' gD, (3.15)
forallie {1,...,N}and j € {1,...,m}.

Let ¢ € L,p and y € Lo for any i,5 € {1,...,N}. We will show that
((z)r*) f # (y)r' forall k € {1,...,m} and l € {-m +1,...,m}. If i = j and
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k =1, then, since (z)r*, (y)r! € L; x by (3.14), and (L; x)f # Lix by the choice
of L; ;, it follows that ((z)r*) f # (y)r'. Hence we may assume that (i, k) # (j,1).
There are three cases to consider.

If 1 <0, then (y)r! € dom(q1,0) Uran(qi0) =10 C Tig and (z)r*f ¢ Ty
by (3.15), and so (z)r*f # (y)r'.

Suppose that i > j and [ > 0, or i = j and k > [ > 0. Then (y)r! € T';; by
(3.14). By the assumption of this case, I';; C I'; 1 and ((z)r*)f & T'; 1 by
(3.15). Thus ((x)7%)f # (y)r!, in this case.

Suppose that ¢ < jand ! > 0,or i = j and ¥ < [. Then I';, C I'j;_1.
Since ((y)r')f=' ¢ T'j -1 by (3.15), it follows that ((y)r!)f~' & Ik, and so
((z)r*)f # (y)r'. Therefore, in all three cases ((z)r*)f ¢ ran(r) U dom(r).

Recall that dom(p) Uran(p) C dom(g) and that every point in dom(g) can
be expressed as (z)r’ for some x € Uf\; Lipand j € {—m+1,...,—1}. Define
u=(r"f)"p(r™f). Since p has no complete components, the same is true for
u. Also

dom(u) Uran(u) € {((z)r?) f:1<j <m, and x € L; o for some i}

and hence (dom(u) Uran(u)) N (dom(r) Uran(r)) = &.

Suppose dom(u)\ ran(u) = Ufcw:l L;, , and let nj be the largest integer such
that (L;, )u™ is defined for some k € {1,..., M }. Define v to be an extension
of u by bijections (L; )u™ — L for all k € {1,...,M — 1}. Then the

domain of v is a union of connected components of the graph, and v has no

Tkt1

complete components, since neither p nor v do. Finally choose any bijection
¥ : Ly, — L;, and define h = r» U Uv. Then the number of components
in his |¥| and so h € Zg(wK,,)<“ by Lemma 3.5.1. Let g € Zs(wK,) be an
extension of h. By definition of u we have that (h™f)h(h™f)~! extends p, thus

(f,g)N[p] # @ and g € [g]. Therefore the set {g € Ixn(wK,,) : (f,g) N [p] # @} is
dense in Zg(wK,). O

The following is an immediate corollary of Lemma 3.2.8 and Theorem 3.5.4.

Corollary 3.5.5. Let f € Aut(wK,) be such that supp(f) is infinite. Then
Dy NI(wK,) is comeagre in T(wK,,).

3.6 Finitely many infinite complete graphs: nKk,,

In this section we will consider the ultrahomogeneous graph nK,, for a fixedn € N
such that n > 2. Throughout this section let L, Lo, ..., L, be the connected
components of nK,. Recall that, if f € Aut(nk,,) and ¥ C nK,, is finite, then

A ={g € Aut(nk,): (f,9) = Sa}
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and

Ap s ={g € Ay : ¥ is a set of orbit representatives of g}.

It follows from Theorem 3.1.3, that if f € Aut(nK,,) such that f # id and n > 3
then A; # @ ifand only if n # 4,orn =4and f ¢ {(12)(3 4),(13)(24),(14)(23)}.
We have shown in Section 3.2 that A; and Ay 5, are Baire spaces and thus

we can consider their comeagre subsets.
The following lemma combined with Lemma 3.2.5 (i.e. the fact that A is
closed) demonstrates that Dy is not dense, and thus not comeagre, in any set

which is not contained in Ay.

Lemma 3.6.1. Let f € Aut(nK,,). If g € Aut(nK,,) is such that (f,g) is dense
in Aut(nK,), then (f,g) = S,. In other words, Dy C Ay.

Proof. Let g € Aut(nk,,) be such that (f, g) is dense in Aut(nK,). Let o0 € S,
be arbitrary. Then it is straightforward to verify that there is ¢ € Aut(nK,)<*
such that § = . Since (f, g) is dense, it follows that there is an element h € (f, g)
which extends ¢. Therefore o = h € (f,g) which implies that g € Ay. O

Let f € Aut(nK,). Then f is called NON-STABILISING if forall ' C nK,,
all z € T and all ¢ € A7® there is g € [¢] N Ay such that (z)h ¢ T for
some h € (f,g). We say that f € Aut(nK,) is STABILISING if it is not

non-stabilising.

Proposition 3.6.2. Let f € Aut(nK,) be such that Ay # @. Then f is
stabilising if and only if there is a finite subset A of nK,, such that f stabilises

A setwise and
|L; N Al = |L; N A

foralli,je{1,2,...,n}.

Proof. (=) Let f be a stabilising automorphism of nK,. By the definition,
there is A C nK,, v € A and q € A?w such that for all g € [g] N Ay and all
h € {f,g) we have that (z)h € A. If necessary by taking an extension of ¢, we
may assume without loss of generality that g € S,,. Fix any g € [¢] N Ay, and
let ' ={(x)h: h € (f,g)} CA. Then the subgroup (f,g) stabilises I. Hence f
also setwise stabilises I'. Let ¢,j € {1,...,n} be arbitrary. Since g € Ay we may
choose h € (f, g) such that (i)h = j. By definition I is setwise stabilised by h
and thus

(LiNnT)hCL;NT and (L;NT)h"'CL,NT,

as both h and h™! are bijections. It follows that |L; NT'| = [L; NT|. Since (f, g)
also setwise stabilises nk,, \I', the same argument shows that |L; N (nK, \T)| =
1L; 0 (1K \ T,

Finally, suppose that both I' and nK,, \ I" are infinite. Then for every ¢ €
{1,...,n} the sets (N L;) \ (dom(q) Uran(q)) and ((nK, \T)NL;)\ (dom(q) U
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ran(q)) are non-empty. Hence for every ¢ € {1,...,n} there are x € L; NI and an
extension g € Aut(nk,) of ¢ such that (x)g € nK,, \ T, contradicting the choice
of T'. Therefore either T" or nK,, \ T is finite, and since both sets are stabilised
setwise by f, one of them is the required set A.

(<) Let m = |L;NA| for any,and all, ¢ € {1,2,...,n} and let L,NA = {~(4, ) :
1 < j < m}. Since Ay is non-empty there is o € S, such that (f,o) = S,.
Define a finite isomorphism ¢ : A — A such that (y(¢, 7)) ¢ = v((i)o, j) for all
j€{l,...,m}. Then g =0 and so q € A?“. Moreover, A is a union of cycles of
g and hence (f, g) stabilises A for any g € [¢]. Therefore, f is stabilising. O

The following theorem is a restatement of Theorem 3.1.8(iii), and it is the

main result in this section.

Theorem 3.6.3. Let f € Aut(nK,,). Then f is non-stabilising if and only if
Dy is comeagre in Ay. Furthermore, if f is non-stabilising and X is any finite

subset of nK,,, then Dy N Ay s is comeagre in Ay .

If f is stabilising, and Dy N Ay 5, is comeagre in Ay y, for all finite X, then
by Lemma 3.2.8, Dy N Ay is comeagre in A; and so, by Theorem 3.6.3, f is
non-stabilising, which is a contradiction. Hence if f is stabilising, then there
exists ¥ such that D¢ s N Ay y is not comeagre in Ay 5. It is therefore natural

to consider the following question.

Open question. For which stabilising f and finite sets ¥, is DyNAf s, comeagre
in Apx?

We will prove Theorem 3.6.3 in a series of lemmas. We begin by showing
several ways to extend partial isomorphisms in A?‘g, which we will have to do

ad infinitum in the proof of Theorem 3.6.3.

Lemma 3.6.4. Letq € Aut(nK,)<* be such thatq € Sy, and let h = qU{(x,y)}.
Then h € Aut(nK,)<% if and only if there is a € {1,...,n} such that x €
Lq \ dom(q) and y € L,)g \ ran(q).

Proof. (=) Suppose that h € Aut(nK,,)<“ and let a € {1,...,n} be such that
x € Lq. Since g U {(x,y)} is a partial isomorphism, it follows that = ¢ dom(q)
and y ¢ ran(q). Then (x)h € L5 by the definition of h. Finally, since h =, it
follows that x € L, \ dom(q) and y = (x)g € L(q)g \ ran(q).

(<) Let g € Aut(nK,) be an extension of ¢. Since g is an isomorphism,
it follows that (x)g,y € L(q)g. Hence the transposition ((x)g,y) € Aut(nk,)
and thus g o ((z)g,y) € Aut(nkK,). Since (z)g,y ¢ ran(q), it then follows that
go ((x)g,y) is an extension of h. Therefore h € Aut(nK,)<“. O

Roughly speaking, in the next lemma, we show how to extend a partial
isomorphism with a set of orbit representatives to an automorphism with the

same set of orbit representatives.
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Lemma 3.6.5. Let ¢ € Aut(nK,)<“ be such that § € S,, and let ¥ be a
finite subset of dom(q) such that |XNC| <1 for every component C of q, with
equality holding if C is complete. Suppose that for each i € {1,...,n} there is
jeA{1,...,n} such that (5)g™ = i, for some m € Z, and L; NE contains a point
in an incomplete component of q. Then there is an extension g € Aut(nK,) of q
such that ¥ is a set of orbit representatives of g, every incomplete component of q is

contained in an infinite orbit of g, and (x)g ¢ dom(q) for all x € ran(q) \ dom(q).

Proof. For each z € ran(q) \ dom(q) there is a € {1,...,n} such that z € L,
and there is y € L(4)7 \ (dom(g) Uran(g)). Then by Lemma 3.6.4 the mapping
¢ =qU{(z,y)} is in Aut(nk,)<¥ and (x)¢' = y ¢ dom(q). Repeating this for
each vertex in ran(g)\ dom(q) we obtain an extension ¢’ € Aut(nk,,)<* of ¢ such
that (z)q” ¢ dom(q) for all 2 € ran(q)\ dom(q) and (ran(q)\dom(gq)) C dom(q").
Hence (z)g = (z)q” ¢ dom(q) for every extension g € Aut(nkK,,) of ¢ and every
x € ran(q) \ dom(q).

Suppose that O is an incomplete component of ¢ such that O NY = @. Let
y € ONdom(q”’)\ran(q”). Then thereisa € {1,...,n} such that y € L,. It follows
from the hypothesis that there is b € {1,...,n}, yo € LyNran(q”)\ dom(q"”) such
that the component of ¢” containing yq intersects ¥ non-trivially, and m € N

such that (b)g™ = a. Successively for each ¢ € {1,...,m — 1} choose

Yi € L(b)a1 \ (dom(q”) U ran(q”) U {yla s 7:[/7271}) ’

and let y,,, = y. Then by repeated application of Lemma 3.6.4 we have that
" U{(yi=1,9:) : 1 < i < m} € Aut(nK,)<¥. If we repeat this for every
incomplete component of ¢”” which has empty intersection with 3, we obtain
qo € Aut(nK,)<“ an extension of ¢” such that every component of ¢o intersects
3} in exactly one point.

Let nK,, = {z; : « € N}, and suppose that for some j € N we have defined ¢; €
Aut(nK,)<* such that incomplete components of ¢ are contained in incomplete
components of g;, X consists of exactly one point from every component of g;,
and

{z1,...,2;} € dom(g;) Nran(g;).

Suppose x;41 ¢ dom(g;) Nran(g;). There are three cases to consider.

Suppose that ;41 € ran(g;) \ dom(g;). Then by Lemma 3.6.4 there is an
extension ¢j+1 = ¢; U{(z;41,y)} € Aut(nkK, )< for some y ¢ dom(g;)Uran(g;).
Suppose that z;41 € dom(g;)\ran(g;). Then by Lemma 3.6.4 there is an extension
qj__&l = qj_1 U{(zj11,y)} € Aut(nK,)<“ for some y ¢ dom(g;) Uran(g;).

Finally, suppose that ;41 € Lg \ (dom(g;) Uran(g;)) for some a. It follows
from the hypothesis that there are b € {1,...,n} and yo € Ly Nran(g;) \ dom(qg;)
such that the component of ¢; containing 7, intersects X non-trivially, such that
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(b)@™ = a for some m € N. Successively for each i € {1,...,m — 1} choose

Yi € Lpygi \ (dom(g;) Uran(g;) U{y1,...,%i-1})-

Also let y,, = 2;41. Then by repeated application of Lemma 3.6.4 we have that
¢; U{(yi—1,v:) : 1 <i <m} € Aut(nK,)<“. Now, we fall into the first case and
we can define g;41 as before.

In all three cases, we have defined an extension g;; satisfying the inductive

9= &

JjEN

hypothesis. Let

Then g € Aut(nk,,), the infinite orbits of g are in one to one correspondence
with incomplete components of gy, and finite orbits of g are in one to one
correspondence with complete components. Recall that every component of ¢

intersects ¥ in exactly one point. Hence ¥ is a set of orbit representatives. [

We can now prove an easy corollary.

Corollary 3.6.6. Let f € Aut(nK,,) and let X C nK,, be finite. Let q € Af‘g
be such that ¥ C dom(q) and g € S,,. Then there is an extension g € Ay of q
such that every incomplete component of q is contained in an infinite orbit of g,
and (z)g ¢ dom(q) for all x € ran(q) \ dom(q).

Proof. Since g € A;‘g’l, the set 3 intersects every incomplete component of ¢ in
at most one point, and every complete component in exactly one point.

If i € {1,...,n} is arbitrary, then, since every extension h € Ay of ¢ has
|X| orbits, it follows that there is at least one infinite orbit C of h intersecting
L; non-trivially. Since ¥ is a set of orbit representatives, there exists € C such
that € ¥ N L; for some j € {1,...,n} such that (j)g™ = ¢ for some m € Z. In
particular, since C is an infinite orbit of A, x is on an incomplete component
of g, and so ¢ satisfies the hypothesis of Lemma 3.6.5 from which the corollary
follows. O

In the next lemma, as a further consequence of Lemma 3.6.5, we show that
the left-to-right implication of the first part of Theorem 3.6.3, is a consequence

of the second part.

Lemma 3.6.7. Let f € Aut(nk,,) be such that Dy N Ay s is comeagre in Ay s
for all finite sets ¥ C nK,,. Then Dy is comeagre in Ay.

Proof. Let q € A?“. We will show that there is an extension g of ¢ with finitely
many orbits, and so the result will follow from Lemma 3.6.5. First, note that there
is k € Aut(nK,,) extending ¢, since nkK,, is ultrahomogeneous. Hence there exists
an extension ¢’ € Aut(nK,) of ¢ such that ¢’ € S,,. If necessary by considering

¢’ instead of ¢, we can assume that g € S,,. Then all extensions h € Aut(nk,,)<*
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of ¢ are also in .Ajf‘”. Foralli e {1,...,n},let x; € L;\ (dom(gq) Uran(g)). Then
by applying Lemma 3.6.4 repeatedly we can construct h € .Ajf“’ an extension of
q such that each vertex x; is on an incomplete component of h. Fix any finite
¥ C nK,, such that ¥ intersects every component of h exactly once. Since h € S,,,
for each i € {1,...,n} there is an incomplete component containing z;, and
by the choice of ¥ there is j € {1,...,n} such that ¥ N L, is non-empty and
(j)ﬁm = { for some m € Z. Then by Lemma 3.6.5 there is g an extension of ¢
with finitely many orbits. Therefore we are done by Lemma 3.2.8. O

The next result enables us to extend partial isomorphisms in Af%

Lemma 3.6.8. Let f € Aut(nK,) and let X C nK,, be finite. Let q € .A]f‘g be
such that ¥ C dom(q) and g € S,,. Suppose h = qU {(z,y)} € Aut(nK,)<¥ for
some x ¢ dom(q) and y ¢ dom(q) Uran(q) such that v #y. Then h € Afg

Proof. Since ¢ € Aut(nK,)<* there is r € Aut(nK,)<* extending ¢, such
that « € ran(r) \ dom(r). By Corollary 3.6.6 there is g € Ay s such that every
incomplete component of 7 is contained in an infinite orbit of g and (z)g ¢ dom(r),
and so (z)g ¢ dom(q). Note that if (x)g = z, then {z} is an orbit of g and
therefore x € . However, ¥ C dom(g), which contradicts the assumption that
x ¢ dom(q). Hence (x)g # x.

Since x ¢ dom(q) and g is an extension of ¢, it follows that (x)g ¢ ran(q).
Then (z)g,y ¢ dom(q)Uran(q) and since h € Aut(nKk,,)<* and (x)g € Aut(nk,,)
it follows that (x)g and y are in the same connected component of nK,. Then

the transposition ((x)g y) swapping (z)g and y is in Aut(nk,) and so

g =((x)gy)g((x)gy) € Aut(nk,).

It follows from (z)g # z, (x)g # y, and (z)g,y ¢ dom(q) Uran(q) that ¢’ is an
extension of h. Therefore h € A?‘g O

The following result gives a sufficient condition when two non-complete

components of an element of A?“Z’ can be combined.

Lemma 3.6.9. Let f € Aut(nK,) and let ¥ C nK,, be finite, let ¢ € A7S be
such that 3 C dom(q) and suppose there exist A, B distinct incomplete compo-
nents of q¢ such that at most one of A and B intersects ¥ non-trivially. Suppose
that

Q|dom(q)\A = q|dom(q)\B €S,

and let h = qU {(x,y)} € Aut(nK,)<%, for some x € A\ dom(q) and y €
B\ran(q). Then h € A7%.

Proof. Assume without loss of generality that BNY = & and B ={y1,...,Ym}
for some m € N such that y; = y and (y;)qg = y;41 for all i € {1,...,m — 1}.
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The proof of the case when BN Y # & can be obtained by apply the argument
below to ¢~ ! and h~ 1.

For k € {1,...,m} we will define hy, € A?‘g such that hj extends hj_; for
k>1,% Cdom(hg), h € Sp,

(x)ht = y; for 1 <i <k, yr ¢ dom(hy),

and
y; ¢ dom(hg) Uran(hy) for k < i.

If & = 1, then we define hy = h|gomn)\p- By Lemma 3.6.8, it follows that
hi = qlaom@g\s U {(z,y)} € A?fg, and so hy satisfies the required conditions.
Suppose k > 1. Then by Lemma 3.6.8 we have that hx+1 = A U{(yk, y+1)} €
A55. Since dom(hg41) = dom(hg) U {yx} and ran(hyi1) = ran(hg) U {yr41}, it
follows that hy 1 satisfies the required conditions.
Therefore after repeating this process m times, we obtain h,, € Af“z’ which
extends hp. It follows from the definition of h,, that h,, = h. O

Now we can characterise when the set Ay s is non-empty.

Lemma 3.6.10. Let f € Aut(nK,) and let ¥ be a finite subset of nK,,. Then
Ays. is non-empty if and only if n # 4, or n = 4 and f is not an element of
{(12)(34),(13)(24),(14)(23)}, and there exists o € S,, such that (f,o) = S,
and for alli € {1,...,n}

U L(i)o-j NnY #o.

=

Proof. (=) Suppose that g € Ay 5. Since g € Ay, C Ay, it follows from the
definition of Ay that (f,g) = S,,. Hence by Theorem 3.1.3 we have n # 4, or
n=4and f ¢ {(12)(34),(13)(24),(14)(23)}.

Finally, let « € {1,...,n}. Then there is x € ¥ and m € N such that

(x)g™ € L;, since ¥ is a set of orbit representatives. Then

S L(,L')gf'm g U L(,L)EJ .
JEL

(<) By Theorem 3.1.3 there is o € S, such that (f,o) = S,,. It is routine
to show that there is ¢ € Aut(nkK,,)<“ such that ¥ C dom(g), § = o and ¢ has
precisely |X| many components, all of which are incomplete, and ¥ intersects
them in precisely one point.

Since all components of ¢ are incomplete, it satisfies the hypothesis of

Lemma 3.6.5 and hence there is g € A;x an extension of q. O
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In the next lemma, we give a decomposition of Dy N A s as an intersection
of sets that we will later prove to be open and dense, under the hypothesis of
Theorem 3.6.3.

Lemma 3.6.11. Let B C Aut(nK,,)<% be such that p € B if and only if dom(p)
and ran(p) are disjoint, and p = id. Then

DinArs = (g€ Ars: (f,9)N o] # @}

peB

Proof. Similarly to Lemmas 3.4.2 and 3.5.3,

DinAps= [  {9€Asx:(f,9)Nld # 2}

gEAut(nK,, )<

(C) This follows immediately since B C Aut(nk,)<%.

(2) Let g € N,eplg € Arx : (f,9) N [p] # @}, and let ¢ € Aut(nk,,)<* be
arbitrary. Since g € Ay x; there is h € (f, g) such that h =g .

Let p € Aut(nK,)<“ be such that p = id, dom(p) = dom(hq) and ran(p) N
(dom(hg)Uran(hq)) = @. Then dom(p~thg) = ran(p) and ran(p~thq) = ran(hq),
so p,p~thg € B. Hence there are hy,hy € (f,g) such that hy € [p] and hy €
[p~1hg]. Therefore h=1hihs € [q], so

ge () H{ocArs:(fig)nld # 2},

geAut(nK,,)<w
as required. O

Let w be a freely reduced word over the alphabet {«, 3}, in other words
w = a"p"2 ... 3N for some N € N and nq,...,nony € Z with n; # 0 for
all i € {2,...,2N — 1}. Also let f € Aut(nK,) be fixed and suppose that
p € Aut(nK,,)<“. Then define

w(p) = p™ fr2p"e - ptIN TN

where the product on the right hand side is the usual product of partial permuta-
tions. Note that Aut(nK,)UAut(nkK,)<* forms a subsemigroup of the semigroup
of all isomorphisms between induced subgraphs of nK,,. Hence, if we denote by
F(a, 8) the free group on the alphabet {«, 8}, then w(p) is simply the image of w
under the semigroup homomorphism ¢ : F(a, 8) — Aut(nK,) U Aut(nk,,)<%
such that ()¢ = p and (8)¢ = f.

Lemma 3.6.12. Let n € N be such that n > 2 and let f € Aut(nK,) be non-
stabilising. If n = 2 and f = id, then further suppose that fix(f) is finite. Let
I'A C nK, be finite and disjoint, and let q € .A]f‘g be such that g € S,, and
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ran(q) NA = &. Then there is an extension h € Af“z’ of ¢ and w € F(a, ) such
that

w(h) = id, ran(h) N A = &, I' C dom (w(h)),

and
(T) w(h) Ndom(h) = @.

Moreover, (I') w(h)h™ Ndom(q) = & for all m € Z, i.e. no vertex in (I') w(h) is

on an incomplete component of h, which extends an incomplete component of q.

The proof of Lemma 3.6.12 is rather involved, so before giving its proof we
will demonstrate how the lemma can be used to prove Theorem 3.6.3.

We will first prove an easy special case of Theorem 3.6.3.

Lemma 3.6.13. Let f € Aut(2K,,) be non-stabilising such that f = id and
fix(f) is infinite, and let ¥ C 2K,, be finite. Then Dy N Ayfs is comeagre in
.Aﬁz.

Proof. By Lemmas 3.2.7 and 3.6.11 we only need to show that {g € Ay :
(f,g) N[p] # @} is dense in Asy, for all p € B. Let q € A?% and suppose,
without loss of generality, that dom(p) Uran(p) UX C dom(q) and § € Ss. Since
f =1id, it follows that g = (1 2).

Let L; and Ly be the connected components of 2K,. If necessary by relabelling
the connected components we may assume that Lo N fix(f) is infinite. Note that
Ay = Aut(2K,,), since Sym(2) is a cyclic group. It follows from Proposition 3.6.2
that if f has a finite cycle contained in L1, then f is stabilising. Hence all of the
cycles of f contained in L; are infinite.

Let my € Z be such that (L; Ndom(p)) f™* is disjoint from dom(q) Uran(q).
By Lemmas 3.6.4 and 3.6.8 there is ¢ € A?% an extension of ¢ such that
(dom(p)) f™ C dom(q1) and (L1 Ndom(p)) f™ ¢ C fix(f) \ dom(q ), which is
possible since Lo Nfix(f) is infinite and (L) f™*q; C Lo. The extension ¢; can be
chosen so that components of ¢; containing any vertices from (L; N dom(p)) f™
do not extend any of the components of ¢. Since (Lo N dom(p)) f™*q; C Ly, there
is mg € Z such that (Ly Ndom(p)) f™1 g1 f™2 is disjoint from dom(g;) Uran(qy).
Hence (dom(p)) f™q1f™ Ndom(q;) = @.

Let ms € Z be such that (L; Nran(p)) f™ is disjoint from dom(q;) U
ran(q1). By Lemmas 3.6.4 and 3.6.8 there is ¢ € A7 an extension of ¢
such that (ran(p)) f™ C ran(q), (L1 Nran(p)) fM3q; * C fix(f) \ ran(gz2) and
(dom(p)) f™gof™2 is disjoint from dom(gz). The extension go can be chosen so
that components of ¢; containing any vertices from (L; Nran(p)) f™* do not
extend any of the components of g1, and also that every vertex of (LyNran(p)) f™3
is on a different incomplete components of go. Then there is m4 € Z such that
(Lo Nran(p)) fM3qy * f™ is disjoint from dom(gz) Uran(g2)U(dom(p)) f™ g2 f™2.

96



Hence

(dom(p)) f™qaf™* Ndom(ge) =@ and (ran(p)) f"”qglfm4 Nran(gz) = 2.

Let dom(p) = {x1,...,xk}. Then for all i € {1,...,k} there are

yi € 2K, \ (dom(gz) Uran(gz) U (dom(p)) f™ g2 ™2 U (ran(p)) f g3 ' /™)

such that &' = g2 U {((%;)f™ q2f™,y;) : 1 < i < k} € AFS, by Lemmas 3.6.4
and 3.6.8. Let A be the incomplete component of ' containing (x1) f™ ¢z fm,
and let B be the incomplete component of k' containing (x)pf™3 qglfm“. Then
y1 € A, and so |A| > 2. If |B| = 1, then W/ U {(y1, (x1)pf™q5 ' f™)} € A5S
by Lemmas 3.6.4 and 3.6.8, as (x1)f™ q2f™2 and (x1)pf™8qy ' f™ are in the
same connected component of 2K,,. If (z1)p € Lo, then by the choice of my,
(z1)pfm2q5  fm™ ¢ dom(h') Uran(h'), and so |B| = 1, and we have already
considered this case. Suppose that |B| > 2. Then (z1)p € L; and by the
choice of ¢y the incomplete component of A’ containing (x1)pf™3q, Lyma in
other words B, does not extend an incomplete component of ¢;. Since A is

an incomplete component of ¢; with y; adjoined, it follows that B intersects

¥ trivially, and A and B are distinct. Hence &' |qomnna = M |dommwn\B =
(1 2), and thus A/ U {(y1, (x1)pf™3qy " f™)} € A7% by Lemma 3.6.9. Re-
peating this argument for i € {2,...,k}, it can be shown that h = g2 U
{((@) f™ a2 ™ vi), (i (w)pf™o gy ™) : 1 < i <k} € AFS,. Hence

f7rzlgfm292f—m4gf—7n3 c Lp]

for every g € [h] N As 5. Therefore {g € Arx : (f,g) N [p] # @} intersects [g]
non-trivially, and since ¢ was arbitrary, is dense in Ay 5. O

Next, we give the proof of Theorem 3.6.3 modulo the proof of Lemma 3.6.12,

which is given in the next section.

Proof of Theorem 3.6.5. If Ay = &, then f is non-stabilising and Dy is comeagre
in Ay. Hence we may assume that Ay # @.

Suppose that f is stabilising. By the definition, there is I' C nK,,, x € I and
q € AF* such that for all g € [¢] N Ay and all & € (f,g) we have that (z)h € T
Let y ¢ I". Then p = {(z,y)} € Aut(nK,)<“. Then (f,g) N [p] = & and thus
g ¢ Dy implying that Dy is not dense in Ay. Hence Dy N Ay is not comeagre in
Ay

If f is non-stabilising and ¥ is a finite subset of nK,,, then it suffices, by
Lemma 3.6.7, to show that Dy N Ay x is comeagre in Ay x. If Ays = &, the
result is trivial. Hence we may assume that Ay, # . If n = 2, f = id, and fix(f)
is infinite we are done by Lemma 3.6.13. Hence we may, additionally assume
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that n > 2, and that if n = 2 and f = id, then fix(f) is finite.

By Lemmas 3.2.7 and 3.6.11 we only need to show that {g € Af s : (f,g) N
[p] # @} is dense in Ay y, for all p € P. Let g € A?“Z’ and suppose, without loss
of generality, that dom(p) Uran(p) UX C dom(q) and g € S,,.

Apply Lemma 3.6.12 with A = @ and I" = dom(p). Then there is an extension
¢ € A5 of g and wy € F(a, B) such that

wi(g)) =id,  dom(p) € dom (wi(qy)),

and
(dom(p)) wi(q}) N dom(qy) = @.

Suppose (dom(p)) wi(q)) \ ran(g]) is non-empty. Let y € (dom(p)) w1(q)) \
ran(q)) and let a € {1,...,n} be such that y € L,. Then there is

€ L,z \ (dom(gy) Uran(gy) U (dom(p)) wi())) -

It follows from Lemma 3.6.4 that ¢ = ¢} U {(z,y)} € Aut(nK,)<* and thus in
7% by Lemma 3.6.8. Then

wi(qy) = id, dom(p) C dom (w1 (q)),

and
(dom(p)) wi(qy) Ndom(qy) = 2.

Moreover, |(dom(p)) wi(qq) \ ran(¢})| > |(dom(p))wi(¢{) \ ran(¢y)|, and if we
do this extension for every vertex in (dom(p))w1(¢f) \ ran(q}), we can define an
extension ¢ € AFS; of ¢} such that

wi(q1) =1id, dom(p) C dom (w1 (q1)), and

(3.16)
(dom(p)) wi(q1) C ran(gr) \ dom(gy).

Hence every vertex in (dom(p))wi(g1) is on a incomplete component of ¢;.
If A = (dom(p))wi(q1) and T = ran(p), then ran(g; ') = dom(g;) and A are
disjoint. Hence by Lemma 3.6.12, there is an extension q2_1 € A?‘g of ql_1 and

wh € F(a, B) such that wh(gy ') = id,

ran(gy ") N (dom(p)) wi(q) = @,
ran(p) C dom (wh(g3 ")),

(ran(p)) wh(g; ') Ndom(gy ') = 2,

and no vertex in (ran(p)) wh(g; ') is on an incomplete component of ¢, * extending
an incomplete component of ¢; 1
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Since dom(p) C dom (wi(g1)) by (3.16), and g2 is an extension of g, it
follows that (dom(p)) wi(g1) = (dom(p)) w1 (ga). Let way € F(a, 8) be such that
wa(g2) = wh(gy ), more precisely replace every occurrence of o in wh by a~! and

vica versa. Then wy(g2) = id,

dom(gz) N (dom(p)) wi(g2) = 2,
ran(p) C dom (w2(g2)) ,

(ran(p)) w2(q2) Nran(gz) = 2,

and no vertex in (ran(p)) wa(g2) is on an incomplete components of g2 extending
an incomplete component of ¢;.

Let {{i;r:ke{l,...,m;}}:j€{l,...,l}} be the set of orbits of gz such
that (i;,)q2 = ijk41 forall j € {1,...,l} and all k € {1,...,m; — 1}. For each
i€ {1,...,n} choose

t; € L; \ (dom(qg) Nran(gz) (dom(p)) wi(g2) U (ran(p)) wg(qg)),

and also for all j € {1,...,1} choose

tij,mj+1 € Lij,l\({tij,l} U dom(qg) N ran(qg) U (dom(p)) w1 (CI2) U (ran(p)) w2(q2)) )

Then ho = qaU{(ti, ,, ti; ,\n) 17 €{1,..., 1} and k € {1,...,m;}} € Aut(nK, )<
by Lemma 3.6.4 and also hg € A;g by Lemma 3.6.8. Let P be an arbitrary incom-
plete component of hg. Since t;,, ¢ dom(gz)Uran(ge) for all j and all &, it follows

that P is either a subset of K’ = {t;,, : j € {1,...,l} and k € {1,...,m;+1}} or

disjoint from K. If P C K, then g2 € holdom(ho)\ P, and som =7 € Sp.
Otherwise PN K = &, and so {¢; : ¢ € {1,...,n}} C dom(hg) \ P. Hence,

{(ti, o ti;0) g €41, 1} and k € {1,...,m;}} € holdom(no)\ P, Which im-
plies that holaom(re)\P = @2 € Sn. It follows from the choice of vertices t; and

t that wa(hg) = id,

ij,nzj+1 I

dom(hg) N (dom(p)) wy(ho) = @,
ran(p) C dom (wa(ho)),
(ran(p)) wa(ho) Nran(hy) = 2.

Let k be the order of g € S,,. We will now inductively construct an extension
h € A5% of ho (and hence of g) such that (z)wy(h)h*ws(h) ™" = (x)p for all z €
dom(p). Let dom(p) = {z1,..., x4}, and suppose that for some j € {0,...,k—2}
we have defined an extension h; € Af“z’ of hg such that

dom(h;) N (dom(p)) wy (hj)hg =g, (ran(p)) wa(h;) Nran(h;) = @,
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and dom(p) and ran(p) are contained in dom(wl(hj)hg) and dom(wa(h;)) respec-
tively.

Note that if j = 0, the inductive hypothesis is satisfied since hJ is an identity
on dom(hg), the dom(hg) is disjoint from (dom(p))w;(hg), the set ran(hg) is
disjoint from (ran(p)) wa(h;) Nran(h;), and dom(p) and ran(p) are contained in
dom(wy (ho)) and dom(ws(hg)) respectively.

Suppose j > 0. For all ¢ € {1,...,d}, let y; = (mi)wl(hj)hg and suppose that
a; € {1,...,n} such that y; € L,,. Then for each successive i € {1,...,d} choose

zi € Ligyms -\ (dom(hj) Uran(h;) U{y1,...,yq}Y
{21, zi_1} U (ran(p)) wQ(hj)).

We define hji1 = h; U{(ys,2;): 1 <i < d}. Since z; € L (q;yr;» it follows that
hjt1 € Aut(nK,)<? by Lemma 3.6.4 and hence ;41 € AF§ by Lemma 3.6.8.
Note that the choice of z; implies that none of the incomplete components of h;
are amalgamated in hj4q.

It is easy to see that dom(h;y1) = dom(h;) U{y1,...,yq} and ran(h;q1) =
ran(h;)U{z1,...,2q}. Since (z;)w; (hj+1)h§_‘_1 = (z;)w; (hj)hg foralli € {1,...,d}
zi)wi (hj+1)h) 4y
D (hj)hh
D
= 2 ¢ dom(hys).

(zi)wi (hjp1)hI L] =

= (
= (x
= (y

Hence dom(hjy1) N (dom(p))wl(hj+1)hj+1 = @ and dom(p) C wy(h j+1)h§i}.
It follows from ran(p) C wa(hg), that (ran(p))wa(hjy1) = (ran(p))wa(h,),
and so (ran(p))wa(h;q1) Nran(h;) = @. Since z; ¢ (ran(p))wa(h;) for all i €
{1,...,d}, it also follows that (ran(p)) wa(h;+1)Nran(h;y1) = . Finally, dom(p)
and ran(p) are contained in dom(wl(hjﬂ)h;ﬂ) and dom(wa(hj41)) respectively,
and so h;1 satisfies the inductive hypothesis.
By induction on j, we obtain an extension hy_; € A?% of hg (and thus q)

such that

dom(h—1) N (dom(p)) wi (he—1)hi "}

9,
(ran(p)) wa(hk—1) Nran(hr—1) = &

(3.17)

and dom(p) and ran(p) are contained in dom(w; (hy—1)h}"1) and dom(ws(hy—1))
respectively.
Define h to be
hk 1 J {( wl(hk 1)}7]]2:%, ((xz)p) w2(hk_1)) 01 S ) S d} .

Recall that k is the order of . Since hy_1 is an extension of ¢ and § € Sy,
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it follows that hy_; = @, thus hZ_l = id. Also wy(hg—1) and wq(hg—_1) are

extensions of wi(g1) and wa(ga) respectively, hence

wi(hk—1) = wi(q1) = id = wa(q2) = wa(hr—1)-

Then x;, (x;)wi(hk—1)hY_,, and ((z;)p) wa(hk—1) are in the same connected
component of nkK,, for all . Thus it follows from Lemma 3.6.4 and (3.17), that
h € Aut(nK,)<v.

We will now show that A can be obtained from hj_; by repeated applications
of Lemma 3.6.9, and so h € AF%,. First of all, note that ¥ C dom(q) € dom(hg-1),
and that no incomplete components of hg, and thus of ¢, were amalgamated
in hi_1. According to Lemma 3.6.12, g was chosen so that ((z;)p)wa(gz) is
not on an incomplete component of g» extending an incomplete component
of ¢ for all ¢ € {1,...,d}. Hence the vertex ((x;)p)wa2(hig—1) is not on an
incomplete component of hy_; extending an incomplete component of ¢; for all
ie{l,...,d}. Also since ¥ C dom(q) C dom(q), it follows that the intersection
of any incomplete component of h;_; containing a vertex in (ran(p)) wa(hx—1)
and ¥ is empty.

By (3.16) every vertex in (dom(p))wi(g1) is on an incomplete component
of ¢; and since wl(hk,l)hZ:% is defined on dom(p) it follows that every vertex
in (dom(p)) wy(hr—_1)hE"1 is on an incomplete component of hy_; extending an
incomplete component of ¢;. Hence incomplete components of hj_; contain-
ing vertices (ran(p)) we(hi—1) are distinct from the incomplete components of
hj—1 containing the vertices (dom(p))wi (hg—1)hy~1. Also recall that for every

incomplete component P of hg we have that

holdom(ho)\P € Sn-

Since hj_1 is an extension of hy and no incomplete components of hg were

amalgamated, for any incomplete component Q) of hy_1

hk—l ‘dom(hk_1)\Q € S"

Thus we can apply Lemma 3.6.9 to show that h € A?%
Finally h was defined so that

wi(h)hFwy(h) ™1 € [p],

and thus any extension g € [h]NAy 5, also satisfies g € {r € Ay : (f,r)N[p] # @}.
Therefore, {g € Ay : (f,9) N[p] # @} is dense in Ay 5, as required. O
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Proof of Lemma 3.6.12

The purpose of this section is to prove Lemma 3.6.12. We will first prove a
technical result relating to the behaviour of a non-stabilising automorphism f
of nK,. Recall that f € Aut(nkK,) is NON-STABILISING if for all ' C nK,,,
allz € I" and all ¢ € Af“’ there is g € [¢] N Ay such that (z)h ¢ T' for some
he(f.g).

Let f € Aut(nK,) be non-stabilising and let x € nK,. Then for every
q € Aut(nK,)<“ there is g € [¢] N Ay such that (z)h ¢ dom(gq) for some
h € (f,g). It follows that there is N € N and m1, ma,...,may € Z such that
(x) vazl gm2i-1fm2i ¢ dom(q). If we assume that the length of the product
Z?ivl |m;| is minimal, then the image of z under any proper prefix of the product
Hf\il g™2i=1 f™2i helongs to dom(q). Therefore

N N

(@) [Tam 1 = (@) [T 9™ 1 /™ € nK., \ dom(g).

i=1 i=1

In the next lemma we show that the powers mo;_1 of ¢ in the above equation,

can be chosen to be positive.

Lemma 3.6.14. Let f be non-stabilising and let x € nK,. Then for ev-
ery ¢ € Aut(nK,)<¥ there is N € N and my,ma,...,man € Z such that

mi,ms,...Man—1 >0 and

N
(@) [T g™ ™ € nk,, \ dom(g).

i=1
Proof. By the discussion above there are K € N and ki, ko, ..., koxg € Z such
that

K

(z) H gk2=1 fR2i e pK, \ dom(q).

i=1
Suppose that M € {0,1,..., K} is the least value such that (z) Hi\il ghei-1 fhai
is on an incomplete component of ¢, and M = 0 in the case that x is on
an incomplete component. Then y, = (z) szl g"2-1 f*2i is on a complete
component of ¢ for all ¢t € {0,..., M — 1}. It follows that there exist mo;11 > 0
such that (y;)g™2++1 = (y;)q"2++1 for all t € {0,..., M — 1}. Additionally, define
ma; = ko; for all i € {1,...,M}.

By the choice of M, y = (z) Hf\il qmEi-t fmei = () Hf\il q"2i-1 k2 is in an

incomplete component of ¢q. Hence there is z in the incomplete component of
y under ¢ such that z € ran(q) \ dom(g) and there is mapr41 > 0 such that
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(y)gm2m+1 = z ¢ dom(q). Therefore

M
(z) (H qm”lf’”%) g™ M+ e nK,, \ dom(q),
1=1

as required. O

For the proofs of the next three lemmas we require the following notation.
First of all, recall that for a fixed f € Aut(nK,), if p € Aut(nKk,)<* and
w=qa"f"...0"%N ¢ F(qa, ) for some N € N and nq,...,ney € Z, then

w(p) — pnl f7l2pn3 .. ,p’ﬂszl fTLzN

where the product on the right hand side is the usual product of partial
permutations. Let I',©,®, A C nK,, be finite subsets, let p € Af; and let
w € F(a, ). Suppose z € I' and define wy, , to be the largest prefix of w such
that © € dom(wp (p)) and let wy, , be the empty word if there is no such prefix.
To make the notation less cluttered, whenever possible, we will identify the
word w,, , with its realisation in Aut(nkK,,)<%, in other words with the partial
isomorphism w,, ;(p). To avoid confusion, if w,w’ € F(a, ), we denote that
w and w’ are equal by w = w’. Note that if w, , is a proper prefix of w (i.e.
|wp x| < |wl|), since f is an isomorphism we have that (z)w, ., ¢ dom(p) and
wp g0 is a prefix of w.

Suppose that © C I'. Then we say that p satisfies S(T', 0, P, A, w) if the

following conditions are satisfied:

1. w(p) = id;

2. ran(p) N A = @;

3. dom (w(p))NT = ©;

4. the image of © under w(p) is disjoint from dom(p);
5. (x)wpx # (y)wp,y for all x,y € T' such that = # y;

6. (x)wp,ep™ € nK, \ ® for all € I' and m € Z such that € dom(w, p™).

Finally, define b(w) to be the total number of occurrences of 3 and =1 in the
freely reduced word w.

Using the definition of S(T', ©, ®, A, w) we can now restate Lemma 3.6.12.In
the case that I' = ©, it follows that w,, , = w for all € I'. Hence 5, in this case,

is a consequence of w(p) being a finite isomorphism.

Lemma 3.6.15. Let n € N be such that n > 2 and let f € Aut(nK,) be non-
stabilising. If n = 2 and f = id, then further suppose that fix(f) is finite. Let
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I' A C nK, be finite and disjoint, and let q € .Af“{; be such that g € S,, and
ran(q) N A = @&. Then there is an extension h € Af“z’ of ¢ and w € F(a, )
satisfying S(T', T, dom(q), A, w).

The proof of Lemma 3.6.15 will be split into 3 parts. We start with a weaker

version.

Lemma 3.6.16. Let n € N be such that n > 2 and let f € Aut(nK,) be non-
stabilising. If n = 2 and f = id, then further suppose that fix(f) is finite. Let
')A C nK, be finite, and let q € A?; be such that ran(q) N A = &. Then there
is an extension h € AJf“E’ of ¢ and w € F(«, ) not containing a~' and starting
with a such that h satisfies S(T', @, dom(q), A, w).

Proof. If necessary by extending ¢ using Lemma 3.6.4 and Lemma 3.6.8, we may
assume that g € S,, and X, T" C dom(q). In the case that n = 2 and f = id, we
also assume that fix(f) C dom(q).

Let d = |T'|. We will now inductively define a sequence qo, .. .,qq € .A]f; of
extensions of ¢, and a sequence A9, ... X4 of words in F(a, 3) so that h = gq
and w = \@ are as required. Let ¢y = ¢, let Ty = @, and let A(©)= a. Suppose

that for some j € {0,...,d — 1} we have I'; C T', a word A9) in F(a, B) starting
with a and not containing =", and ¢; € A% such that |T;| = j and

(1) ran(g;) N A = 2
(IT) (u))\(j)q%u + (v))\(j)qjm for all u,v € I'; with u # v;

(III) (u))\(j)qj’uq}” ¢ dom(q) for all m € Z such that u € dom()\(j)qhuq;”) and
all w € I'y;

(IV) A9y £ AU for all w € T

Let x € '\ T'; be arbitrary and let I';;; = I'; U {z}. The first step in the
proof is to find v € F(a, 8) so that z ¢ dom (A)va(g;)), and find m € N such

that m > [AYy| and it so that we can define
AU = \Gpa™ Ba. (3.18)

In order to define v consider two cases. If x € dom ()\(j)(qj)), then by
Lemma 3.6.14 there is v € F(a, B) such that a~! is not contained in v and the
image of z under AW u(g;) is in nK,, \ dom(g;). Otherwise, = ¢ dom (A9 (g;)),
in which case let v be the empty word. Hence in both cases

x ¢ dom ()\(j)ua(qj)> . (3.19)

To define m we will again consider two separate cases. If n = 2 and f = id,
let m>|A\)v| be arbitrary. Otherwise, either n = 2 and f = (1 2) or n > 3. Let
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Ly,..., L, be the connected components of nK,,, and let a € {1,...,n} so that
x € L,. Consider any extension g € Aut(nk,,) of ¢;, and let b be the image of a
under the permutation ()\(j )V) (g). Since g € S, it follows that b is independent
of the extension g. We will show that in this case we can choose m > [A9)y| to
be such that

(b)g;™ € supp(f)- (3.20)

If n = 2 and f = (1 2), then any m > |A9)y| satisfies (3.20). Let n > 3
be arbitrary, and let O be the orbit of g; containing b. Suppose that f fixes
O pointwise. If |O| < 2, then since n > 3, there is ¢ € {1,...,n} \ O, and so
(be) ¢ (f,q;). If |O] > 3, then the symmetric group on |O] is not cyclic, and
so there is a 0 € S, such that supp(c) C O and o ¢ (gj|o). Then o ¢ (f,q;).
However, both cases are impossible since (f, ;) = S,,. Hence f does not fix O
pointwise. Hence we may choose m > |[A7)y| to satisfy (3.20). Let A\U*Y) be as
in (3.18). For brevity, denote the prefix AW va™ g of AU+ by p.

Next we show how to construct g1 € Af“z’ from g;. In order to do so, we
need to consider a possible complication, namely the existence of y € I'; such
that (y)AUFY . = (2)AUFD .. The case where such y does not exist is slightly
easier and can be proved in a very similar fashion, simply ignoring any mention
of y in the following argument (to be more precise (i), (ii), (iv), and (v) are
exactly the same, (vii) and (viii) are unnecessary, and in (iii) and (vi) the vertex
u can be any vertex in the set I';). Hence we will omit this case. Suppose there
is y € I'; such that (y)AUTD = (2)AUFTD . Tt follows from (II) that such
y is unique. Since \U “)q].’x is a partial isomorphism and x # y, it follows that
AGHD o AUFD o and so AUTD £ AUHD - Condition (IV) implies
that )\(j)qj,y is a proper prefix of AU, and so y ¢ dom (p(g;)). Also from (3.19),
we have that

AL < DDy < ), (3.21)

Hence [AUTD [ [AU+D | < |p|. There are two cases to consider: either
|A(j+1)Qj7$‘ > |)‘(j+1)qg',y| or |)\(j+1)Qj11'| < |/\(j+1)qj7y|'

Consider AUV | > [AGFTD | We proceed by inductively constructing
a sequence 1o, ..., 7|, of extensions of g;, so that ro = g; and |, is the required
¢j+1. Let g = q;. For k € {0,...,|p|} let the inductive hypothesis be as follows:
there is an extension rj, € A7% of ry—1 (or g; if k = 0) such that

(i) k< [AUFDL L] < pl;
(ii) ran(ry) N A = @;
(i) AUFD,, = A0, for u e T\ {yh;

(iv) (wAGHD L  # (0)AUTD L for u,v € T with u # v
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(v) (AU, rm e nK,, \ dom(q) for all u € T; and for all m € Z such that
u € dom(AUHD), rm);

(vi) (z)AUFD, o ¢ dom(ry) U {(w)APy, s u €T\ {y}}. Moreover if k > 0
and we can write AUtV . =74 for some i € Z\ {0}, and 7 € F(a, 3)
such that 7 ends with a letter o and the image of z under 7(ry) is in
supp(f?), then (z)AU+D,. . ¢ dom(ry) Uran(ry);

(vii) if & > 0 and the vertices(z)AU*V,. | . and (y)AU+D, | are not equal,
then (‘T))\(j+1)Tk:,CE # (y)>‘(j+1)rk,y'

(Vlll) ‘)\(‘7:+1)T’k,l| > |>\(J:+1)’I“k7y" Moreover, if (x))\(j+1)Tk,$ = (y))‘(j+1)rk,y7 then
‘)‘(j+1)rk,y| > |)‘(]+1)q3'7y| +k;

We will first demonstrate that the base case, k = 0, holds. The condition
(1) is satisfied by 7o by (3.21), and condition (ii) is satisfied because 79 = g;
satisfies (I). Since g; satisfies (IV) we have that AU, # A0) and thus u ¢
dom (A)(g;)) which then implies that AUV, = AW for all u € T;.
Hence (iii) is satisfied by ro. Since AUV, = A& for all u € T}, the
conditions (iv) and (v) are the same as conditions (II) and (III) respectively.
Recall that (2)AU+Y . € nK,, \ dom(g;) by the definition of AU+ . . and
that if (z)AUHD = (w)AUTD, where u € I'; then u =y by (II). Hence rq
satisfies the first part of (vi), while r¢ satisfies second part of (vi), (vii), and
second part of (viii) trivially, since k = 0. Finally, the first part of (viii) is just
the assumption of this case. Therefore r( satisfies the inductive hypothesis.

Next we show how to obtain rii; from rg. Suppose that for some k €
{0,...,lpl = 1} we have ry € A7% which satisfies (i) — (viii). We consider the
case A\UTD = pand A\UTYD . being a proper prefix of p separately.

Case 1: We begin by considering the case where A\U*1),.  is a proper prefix
of p. Let z = (x)AU+D), .. Since AUHY . is a proper prefix of A\UFV it follows
that z ¢ dom(ry) and AU+Y,. .« is a prefix of A\UTD. Recall that b(AU+D) is
the total number of occurrences of letters 3 and A~! in the word A\U*Y € F(a, B).
Let ¢ € {1,...,n} be so that z € L., and choose

b()\(j+1))

Z' € Ly \ U {(u)/\(jH)Tk’u Tu € Fj} UAU
i=—b(AU+D)

dom(rg) Uran(ryg) U {z}> =

Since z ¢ dom(ry) and 2z’ ¢ dom(ry) Uran(ry) it follows from Lemmas 3.6.4
and 3.6.8 that rg41 =75, U {(2,2')} € A% Then there is some i € Z such that

AGHD =AU el (3.22)
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Hence [AU+D, 0| > [AU+HD, | > k. We will now show that AUV, s
a prefix of p. Suppose that )\(j“‘l),,ﬂhw is not a prefix of p. Since )\(j*‘l)r,c“,x
is a prefix of AUV it follows that A\UFD, . . = AUFD. Hence the fact that
AUHD = pa and (3.22) imply that A0FD, apt = AGHD, = A0FD = pa,
thus i = 0 and AU+, . = p, which contradicts the assumption of this case.
Therefore, A\U+D, . . is prefix of p, and so (i) is satisfied by rg1.

It follows from the definition of ;1 that

dom(rg41) = dom(rg) U{z} and ran(rgs1) =ran(rg) U {z'}. (3.23)

Since the vertex z’ was chosen outside A we have that (ii) is satisfied by rg41.

Let u € T';\{y}. It follows from (vi) for ry, that z = (z)AUFD,, . # (WAD .,
and since ry, satisfies (iii), it follows that z # (u)AU+D,. . Also AUFD = Aéi)u
is a proper prefix of A), and so a proper prefix of AUt by (iii) and (IV).
Then (u)AU+Y,. . ¢ dom(ry) and AU a is a prefix of AUV and thus
(w)AUHD ¢ dom(rgy1) by (3.23). Hence AU+Y),
r satisfies (iii)

o = AUTY L and since

/\(j+1) L= >\(j+1)rk,u = /\(j)ZIj,“' (324)

Tk+1,1

Therefore 741 satisfies (iii).

In order to prove that ry41 satisfies (iv), we consider two cases. Suppose that
2= (x)AUTD £ () AU Tt follows by (i) and (viii) that [N+, | < |p).
Hence, AUV, is a proper prefix of AUtV and so (y)AU+Y,. ¢ dom(ry)
and AU o is a prefix of AUTY and so (y)AUHY,. ¢ dom(rg11) by (3.23).

Hence AUFD, = U+ in other words

Tk,Y
z 7é ( ) ]+1 Tk,Y — )\ Tk+1,y = )‘(j+1)m,y- (325)

Combining with the previous paragraph AU+1, . = A0+, for all u € T;.
Therefore, 11 satisfies (iv), since 74 does.

Otherwise, suppose that z = (x)AU+D = (y)AU+D . Since (2/)f" ¢
dom(ry1) foralli € {—b(p),...,b(p)} by the choice of 2’ and (3.23), there exists
i € {=b(p),...,b(p)} such that (y)AU+Y, = (2')f, and so AU+D,

AU+ e, in other words

k+1,Y =

AU = )\ —s
() er = () ey (3.26)

AGHD Ly = AUTY L aB for some i € {~b(p),...,b(p)}.

The vertex z’ was chosen so that (z') f* # (u)AUFY,., , for allu € T';\ {y}. Since
AGHD =AY for all w e T\ {y} and 7y, satisfies (iv), it then follows
that ri41 satisfies (iv).

Let u € I'; \ {y} be arbitrary. Then (w)AU+V, . . = (u)AUTD, . by (3.24).

Since 2z ¢ dom(ry), no two components of r; become subsets of the same
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component of rgy1. It follows that, for any m € Z, (u))\(ﬂl)m“’urgll equals
either (u)AU+Y, 7™ or 2/, neither of which belongs to dom(q). Hence (v) holds
for all w € T'; \ {y}.

By (3.25), if z # (y)AU+D,, , then \UTD
the argument of the previous paragraph, (y)AU*1

= AU+, and so using
Ty, & dom(q) for all
m € Z. Hence to show that 74 satisfies (v) it remains to consider the case where
z = (2)AUHD), = (y)AUTD, . Tt follows from (3.26) that (y)AU+Y, . =
(2')f? for some i € {—b(p),...,b(p)}. If (2/)f* ¢ dom(rgs1)Uran(rg,1), then no
component of 71, and thus ¢, contains the vertex (2/)f* = (y)AU+D

Tk+1,Y

Tk+1,Y

) Tk+1,Y) and
SO rp+1 satisfies (v). Suppose that (2')f* € dom(rg+1) Uran(rgs1). But 2/ was
chosen so that (2/)f% ¢ dom(ry) Uran(ry) U {z}, which implies (2’) f* = 2’ and
o (y)AU+Y, ., =2 From its definition, the component of ry41 containing
2 = AU+
with the vertex 2. In other words (y)AU*TV, . r™  equals (y)AU+D, rm or
2!, if defined. Since (y)AUTY,, ,r™ € nK,, \ dom(q) for all m € Z, it follows that
(y)AUFD et & dom(q) for all m € Z. Thus ry4 satisfies condition (v).
By (3.22), AUV, . = AUGHD_af for some i € {—b(p),...,b(p)}.
Hence (z)AUFD,, . . = (¢)f ¢ dom(rk) U{z}U{(@AUtD,  uel;} by
the choice of 2’. By (iii), (u)AU*V,, o = (AU, for all u € I'; \ {y} and
dom(rg4+1) = dom(ry) U {2}, and so the first part of (vi) is satisfied by ri41. To
check the second part of (vi), suppose that AU+1 )Tk+17l = 78" for some i € Z\ {0}
and 7 € F(«,B) such that 7 ends with a letter o and the image of z under
7(rp41) is in supp(f?). Then, by (3.22),7 = AU*1,._« and the last part of the as-
sumption from the previous sentence becomes 2’ = (x)AU+V),rp 1 € supp(f?).
Then (z)AU+Y, | . = (2/)f* # 2. Since () f* ¢ dom(ry,) Uran(ry) U{z} by the
choice of 2/, it follows from (3.23) that (z)AU*V, | . ¢ dom(rgs1) Uran(rytq).
Therefore, 7,41 satisfies (vi).
By (3.25) if z = (z)AU+D, o # (y)AUFTD, o then AUHD = \GFD
o (WAUTD, = (y) AU, .. Tt follows from (3.22) that there is i €
{=b(p),...,b(p)} so that (z)AU+Y, . = (2)f’. Hence by the choice of 2’

res1,y 1S the component of 7y, containing z = (y)AU*Y,, . together

k+15

(x)A(j+l)Tk+1 x ( )fl 7£ (y)A(jJrl)Tk,y = (y))‘(ijl)TkJrlyy’

and so (vii) holds for 7.

Finally, we will show that rj, satisfies (viii). Suppose that (y)A\U+1), .
(2)AUFD oo Then AUFD, = A0FD_ by (3.25). Since AUV, | <
|)\(j+1)rk+1’x| and 7, satisfies (viii), it follows that 7,11 satisfies (viii) as well.
The other case is when (y)AU*tY, = (2)AU+D, . Then AUtY,_ . =
AU+ aBt for some i € {~b(p),...,b(p)} by (3.26). Since \UtD,_  is a
proper prefix of AU+ by (viii) applied to ry, it follows that AU+, o is a
prefix of AU+, and so AUV, af? is a prefix of \U+D) . for some i’ € Z.

Assume that i’ was picked so that |i’[ is maximal. Suppose that AU+D, . is
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not a prefix of AU+, in other words either i > 0 and i’ € {0,...,i — 1};
ori<0andé €{i+1,...,0}. Then either AU+, 3 or \UF+D _  3~1 must
be a prefix of AU+, which contradicts (3.22). Hence AUFV,. . . is a prefix of
AU+, and thus

ATHD gl S AT, o < AU

Tk+1,T

Therefore, 111 satisfies first part of (viii).

In order to show the second part of (viii), suppose that (z)AU+Y, . =
(y)AUFD, . Since (vii) holds for ry 1 we have that (2)AUHD . = (y)AU+D,
and thus AUV, | > [AGHD |+ k by (viii) for rj,. Also (3.26) implies that
IAGHD ] < A+ |. Therefore |AU+D) | > [AUFD ]+ K+ 1 and
thus 741 satisfies (viii) and hence this case is complete.

Case 2: Suppose AUHD, = p. Tt follows from (3.19) that |A\U+D, | < |pl,

and so k > 0. Let rgy1 = ri. Then riyq trivially satisfies conditions (i) — (vii)

Tk+1,Y Tk+1,Y

and the first part of condition (viii). To show second part of (viii) we will consider
two cases. Suppose that n = 2 and f = id. Since AU+ = pa and AUV, . =p
it follows that the image of « under p(ry,) is (z)AU*+Y,. . € nK, \ dom(ry). Let
t € nK,, be the image of z under AW va™(r;). Then p = AW va™g implies that
(t)f is the image of x under p, and so if y € fix(f)

t= (t)f = (x)wrk,x €enk, \dOHl(Tk)

by the assumption that w,, , = p. However, we have assumed at the beginning of
the proof that fix(f) C dom(g), which is a contradiction since dom(g) C dom(ry).
Hence ¢ € supp(f). Otherwise, either n =2 and f = (1 2), or n > 3. Recall that
a,b € {1,...,n} are such that = € L, and b is the image of a under A v(ry).
Then the image of a under AW va™(ry) is in supp(f) by (3.20), and so the
imaged of 2 under AW va™ (ry,) is in supp(f) in both cases.Hence it follows from
the second part of (vi) that

(2)AUFD ¢ dom(ry,) Uran(ry,). (3.27)

Next, using (3.27), will show that (z)AUFY,, . # (y)AUFD, . which then
implies that rp, 1 satisfies the second half of (viii), and this case will be complete.
Suppose that (2)AUFY,, . = (y)AUTY, . Since AUV, . = p = ADva™3
and AU+, | < [AWy| by (3.19), the fact that at any inductive step incomplete
components of g; were extended by at most one point, implies that k£ > m. Since

m was chosen so that m > |A\U)y|, and ry, satisfies (viii)

Ip| = |>\(j+1)r o > ‘/\(j+1)rk,y| > |>\(j+1)qj,y| +hk>m> |>\(j)l,|_

k> —

Hence AUFY,. is a prefix of p, and AWy is a prefix of AU+, . The former
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and the fact that AU*Y) = pa implies that A\U+D,. . is a proper prefix of
AU+ Dand so AUTY,a is a prefix of AUTD and y ¢ dom(AUtY). Since
A0+ = A\Gpa™Ba, there is i € {1,...,m — 1} such that AUtV = A0Dpal.
Hence (y)AU+D,. . € ran(ry). But this contradicts (3.27), and so we conclude
that (z)AU+D,

(viii), since rg4+1 = 7k, as required.

e 7 (Y)AUTD . Therefore 7y, satisfies the second part of
Hence by induction there is gj11 = 7|, € A?‘*E’ satisfying conditions (i) —
(viil). We will now show that g;41 satisfies (I) — (IV).
It follows from (ii) that ;41 satisfies (I). Suppose that (z)AUFV . . =
(y)AU+D . . Then by (i) and (viii) we have

|p| = |)‘(j+1)<b‘+17$| > |)‘(j+1)Qj+17y‘ Z |)\(j+1)Qjay| + |p|

which is a contradiction. Hence it follows from (iii), (iv), and (vi) that g;11
satisfies (II). It follows from (v) that we only need to verify (III) for z. From
(i) we have that AU+tD = p andso (z)AUTD, . . ¢ dom(g;41) Uran(gjt1)
by (vi) and the choice of p, and so (III) holds for ¢;+1. Finally, condition (IV)
follows from (i), (iii), (viii) and the fact that g; satisfies (IV). Therefore, g;41
satisfies the inductive hypothesis.

Consider the case where [AUTD | < |AUTD | The above argument
applies if we switch the roles of x and y, i.e. let I, = T'; U {y} \ {z}, and
A" = AG+D. Then g;, A9’ and T satisfy conditions (I) - (IV) and we can
proceed as before.

Hence by induction there is h = g, satisfying (I) — (IV). Since (f,h) = S,
there is w € F(a, ) which does not contain a~!, A4 is a prefix of w and
w(h) = id. Then from (I) — (IV) it follows that conditions (2), (3), (5) and
(6) of S(T', @, dom(q), A, w) are satisfied by h. Since © = &, condition (4) of
ST, @,dom(g), A, w) follows trivially from (3) of S(T', @, dom(g), A, w). Hence
h satisfies S(T', @, dom(q), A, w). O

The next lemma is the second step in the proof of Lemma 3.6.15.

Lemma 3.6.17. Let n € N be such that n > 2, let f € Aut(nk,,) be non-
stabilising, let q € Afg be such that g € S, and let w € F(«, 8) be a word which
does not contain o~ and which starts with o. Suppose T',®, C dom(q), © C T,
and v € T'\ ©. If q satisfies S(T', 0, ®, A, w), then there is an extension h € Af;
of q such that h satisfies S(T, 0 U {z}, &, A, w).
Proof. For all k € {0, ..., |w|}, define pj to be a prefix of w of length k. Recall
that for all u € I we identify the word w,,, with its realisation w,,(u). In the
same way, if g is a partial isomorphism, then we identify the word pj with the
partial isomorphism pg(gx).

It follows from condition (3) of S(I', ©, ®,dom(q), w) and the fact that = €
I'\ ©, that « ¢ dom (w(q)), and so w, , is a proper prefix of w. Let M be such
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that M — 1 = |wg 4|, or in other words M is the smallest non-negative integer
such that x ¢ dom (par(q)). Then M < |w|. Since x € I C dom(q) and w starts
with «, it follows that M > 1, and so M € {2,...,|w|}. Since w, , is a proper
prefix of w, it follows that wg ;o is a prefix of w and (z)wg . € nkK,, \ dom(qg).
Hence py = par—1a and the image of « under ppr—1(q) is in nk,, \ dom(q).

We will inductively construct a sequence qar—1 = ¢,qnr, -5 Quw| € Af‘g
such that if j € {M,...,|w|} then ¢; is an extension of ¢;_; and the following
conditions are satisfied

(i) ran(q;) N A = @;
(i) Wq, u = Wgu and (w)wy, . € nK,, \ dom(g;) for all u € T'\ {z};

(ili) (2)p; 7 € k. \ dom(g;) for all i € {~b(w) + b(p;),.... b(w) —b(p;)}:
(V) (@)wg, » # (W)wy, o for all u € T\ {z};

(V) (wwg; uqf € nK, \ @ for all uw € T and for all m € Z such that u €

dom(wy; wq7") -

Then h = qj,,| will be the required extension of g.
Let y be the image of x under pys—1 = wq,, and suppose y € L, for some
a € {1,...,n}. Recall that b(w) is the number of occurrences of letters 8 and

B! in the word w. We may choose:

b(w

)
z € L(a)g\ U (dom(g) Uran(q) U {y} UA U {(v)wg,, : u €T}) fu
i=—b(w)

and define gy = qU {(y,2)}. Then qp € A?; by Lemmas 3.6.4 and 3.6.8, since
y ¢ dom(gq) and z ¢ dom(q) U ran(q).
First, we will show that gy, satisfies conditions (i) to (v). Since ran(qas

-+

)
ran(q) U {z} and z was chosen outside A, it follows that gas satisfies (i). Le
w e '\ {z}. If u ¢ O, then, from (3) of S(I', 0, P, A, w), u & dom(w(q)) and
SO Wgq,y is a proper prefix of w. It follows that (u)wg. € nK, \ dom(g). O
the other hand, if v € O, then wy, = w and (v)wg., € nK, \ dom(q) by
(3) and (4) of S(I', 0, P, A, w). Hence in both cases (u)wgy,, € nK, \ dom(q).
Since dom(ga) \ dom(q) = {y} and (w)wy. # (z)we, = y by part (5) of
ST,0,2,A,w), it follows that (u)wg, € nK, \ dom(qar), and so wg,, v = Wqu,
proving (ii). Let ¢ € {—b(w) + b(pa),...b(w) — b(par)}. Since dom(qpr) =
dom(q) U {y}, it follows from the choice of z that

=

@)pu f' = Wam f* = (2)f" € nK,, \ dom(qay).

Hence ¢ satisfies condition (iii). Let w € I'\ {z}. Note that since gy, satisfies (iii)
there is k € {—b(w), ..., b(w)} such that wy,, » = w, 8%, and so (¥)wg,, . =
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(2)f*. Tt follows from the choice of z, and the fact that gy satisfies (ii) that

(T)wgpy 0 = (Z)fk # (Wwgu = (W) Wgp,u-

Hence g)s satisfies (iv).

Finally, to show that g; satisfies (v) consider two cases: v = x and u €
I'\ {z}. Suppose that u = = and m € Z is such that z € dom(wg,, +q7}). As
shown before (2)wg,, . = (2)f* for some k € {~b(w),...,b(w)}. From the
choice of z it follows that (z)wg,, » = (2)f* ¢ dom(q) Uran(g) U {y}. Suppose
(2)f* # z. Then (z)wgy, = = (2)f* ¢ dom(gar) Uran(qas), and so m = 0. Since
® C dom(q) C dom(qas), this implies that

(x)wQM,xQ% = (Z)fk cnk, \ ®.

Suppose that (2)f* = z, in other words (z)wg,, » = 2. Since 2z ¢ dom(qps), it
follows that = ¢ dom(wg,, +q7%) for all m > 0. If m = 0 then (z)wy,, +¢5F =
(2)f* € nK,, \ ® by the choice z and since ® C dom(q). Suppose that m < 0.
Then m + 1 < 0 and it follows from the definition of g that dom(gys™") is
either dom(¢™*!) or dom(g™*)U{(2)q;""}. Note that y € dom(g};™") implies
y € dom(g™*1). It follows that from (6) of S(T',©, ®, A, w) that

(@)way 2qiy = (2)aii = Waar ' = W)a" ™ = (@)weeq™ ™ € K, \ .

Hence q)s satisfies (v) for u = z.

Suppose that v € T'\ {z} and m € Z is such that v € dom(wg,, wq%})-
Since gy satisfies (ii), it follows that (w)wg,, « = (W)wgy. Em <0, or m >0
and there is no m’ € {0,...,m — 1} with (u)w,.q"™ =y, then (u)wy,, 45 =
(Wwqg,ug™ € nK, \ ® by (6) of S(I',0, ®, A, w). Otherwise, m > 0 and there is
m' € {0,...,m — 1} such that (u)w,.q™ =y, in which case (u)quﬁuqﬂ/H =
z ¢ dom(qpr). Hence m = m’ + 1, and since ® C dom(q) C dom(gyy), it follows
that (w)wg,, wqhy € nK, \ ®. Therefore, g satisfies (v) and thus the inductive
hypothesis holds.

In the case where M = |w|, g}, already satisfies conditions (i) to (v). Hence
suppose that M < |w| and suppose that for some j € {M, ..., |w| — 1} there
is an extension ¢; € A?% of g;j_1 satisfying conditions (i) to (v). We have two
cases to consider: either p,; 11 = p;8° or pj41 = pjac for some ¢ € {—1,1}.

First consider the case pj11 = p;5°, where ¢ € {—1,1}. Let ¢;4+1 = g;. Then
conditions (i), (ii), (iv), and (v) are trivially satisfied by ¢;+1. In order to show
that g;41 satisfies (iii), let ¢ € Z be such that i € {=b(w) +b(p;t1),...,b(w) —
b(ps+1)} Then [i +¢| < b(w) — b(p;41) + 1 = b(w) — b(p;), and so

(@)psaf’ = (@) /17 € K., \ dom(qy) = nk., \ dom(qz41).
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Hence g;41 satisfies condition (iii), and so the induction hypothesis.

Otherwise pj11 = p;a° for some € € {—1,1}, and so pj11 = p;a since w
does not contain a~!. Let y = (z)p;, and let a € {1,...,n} be such that y € L,.
Choose

b(w)

z € Liayg \ U (dom(qj) Uran(g;) U{y} UAU {(u)wqj,u tu € F}) fe
i=—b(w)

Since y ¢ dom(g;) by (iii) and z ¢ dom(g;)Uran(g;), it follows from Lemmas 3.6.4
and 3.6.8 that g;+1 = ¢; U {(y,2)} € A}%. Observe that

dom(gj4+1) = dom(q;) U{y} and ran(g;41)=ran(g;)U{z}. (3.28)

The vertex z was chosen so that z ¢ A, and so g;4; satisfies (i).
It follows from (iii) that z € dom (p;) and x ¢ dom (p;+1(q;)), thus wy, » = p;.
Let w € I'\ {z}. Since g; satisfies (iv)

(W) wg; u # (2)wg,.0 = (2)pj = Y-

It then follows from (u)wg, . € nkK, \ dom(g;) and (3.28) that (u)wg; . €
nK, \ dom(g;j11), and so Wy, , u = Wg; u- Then (w)wy;,, w € nK, \ dom(g;y1),
and since g; satisfies (ii) it follows that ¢, also satisfies (ii).

Let i € {—b(w),...,b(w)}. Then by (3.28) and the fact that z was chosen

so that (z)f* ¢ dom(g;) U {y}
(@)pjs1f' = (2)f" € nK,, \ dom(gjt1).

Hence gj41 satisfies (iii).
It follows from the fact that g;41 satisfies (iii), that wg,,, » = wy, caB* for
some k € {—b(w),...,b(w)}, and so

(2)wg, 11,0 = (2)FF. (3.29)
By the choice of z and the fact that g1 satisfies (ii)
(2)wg; 1,0 = (2)f* # (Wwg,,u = (U)W, u

for every w € T'\ {z}. Hence g;11 satisfies (iv).

Finally, to show that ¢, satisfies (v) consider two cases — u = z and u € '\
{z}. Suppose that u = x and m € Z is such that z € dom(wy;, ,,,+q}% ). From the
choice of z and (3.29) it follows that (z)wg,,, » = (2)f* ¢ dom(q) Uran(q) U{y}.
Suppose (z)f* # z. Then (z)wy,,, » = (2)f* ¢ dom(gj41) Uran(gj11), and so
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m = 0, in which case & C dom(q) C dom(g;+1) implies that
(T)Wq; 4 201 = (2)fF e nK, \ ®.

Suppose that (z)f* = z, in other words (z)wg,,, » = 2. Since z ¢ dom(gj41), it
follows that = ¢ dom(wy, ,, +q}},) for allm > 0. If m = 0, then (v)wg,,, 47}, =
(2)f* € nK,, \ ® by the choice z and since ® C dom(q). Suppose that m < 0.
Then m + 1 < 0 and it follows from the definition of g;41 that dom(q}’fil) is
either dom(q;"'H) or dom(q}”“) U {(z)q;r_ﬁl} Note that y € dom(q;.’f:{l) implies
Y€ dom(q}”“). It follows that from (6) of S(T',©, ®, A, w) that

(m)wqwlﬂﬂqﬁl = (Z)qﬁl = (y)q;'yfll = (y>qm+l = (I)wquqm,—i-l €nk, \ @.

Hence g;+1 satisfies (v) for u = z.

Suppose that u € T'\ {z} and m € Z such that u € dom(wy;,, «q}},). Since
q; and g;41 satisfies (ii), it follows that (w)wg,,, v = (Wwgu = (W)wg, . If
m < 0, or m > 0 and there is no m’ € {0,...,m — 1} with (u)wqj7uqm'/ =y,
then (v)wg, , @i = (Wwg,uq]* € nK, \ ® since g; satisfies (v). Otherwise,
m > 0 and there is m’ € {0,...,m —1} such that (u)wqj_’uq;"l =y, in which case
(u)wqﬁhqu"j_’fl =z ¢ dom(gj41). Hence m = m’ + 1, and since ® C dom(g) C
dom(g;j+1), it follows that (u)wg;,, «q}}, € nk, \ ®. Therefore, g;;1 satisfies
(v) and thus the inductive hypothesis.

By induction there is h = qj,,| € A?“ﬁ satisfying (i) — (v). We will show that h
satisfies S(I', @U{z}, ®, A, w) and will refer to parts (1) to (6) of this condition by
writing (1) to (6), where appropriate, without reference to S(I', © U {z}, ®, A, w)
in the rest of the proof.

Since h is an extension of ¢ and § € S,,, it follows that h = g. Hence

w(h) =id,

and so h satisfies (1). Since h satisfies (i) and (v), it also satisfies (2) and (6). Since
w = pjy| condition (iii) implies that x € dom(w(h)), and so x € dom(w(h)) NT.
If w € T'\ {z}, then wy, = wg. by (ii), and so v € dom(w(h)) NT if and
only if u € dom(w(q)) NT. Therefore, dom(w(h)) NT = © U {z} as ¢ satisfies
S(T,0,P,A,w), in other words h satisfies (3). By (iii) the image of  under w(h)
is in nK,, \ dom(h), and by (ii) the image of u € © under w(h) = wy,, is also in
nkK,, \ dom(h). Hence h satisfies condition (4). It then follows from (ii), (iv) and
the fact that ¢ satisfies (5) of S(T', ©, ®, A, w) that (u)wp, ., = (v)wp,, only ifu = v
for all u,v € T, and thus h satisfies (5). Hence h satisfies S(T', © U {z}, ®, A, w),

as required. O

Proof of Lemma 3.6.15. If necessary by extending ¢ using Lemmas 3.6.4 and 3.6.8,

we can assume that I' C dom(q).
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Let d = |I'|. By Lemma 3.6.16, there is a freely reduced word w € F(«, 8) not
containing a~! and starting with «, and an extension qq € A?“E’ of ¢ satisfying
ST, @,dom(q), A, w). Suppose that for some j € {0, 1,...,d—1} we have already
extended ¢ = qo to g; € A}% such that there is I'; C T, with |T';| = j, and g;
satisfies S(I',T';, dom(q), A, w). Let € T'\T'; and let I'; ;1 =T'; U{a}. Then, by
condition (3) of S(I',T';, dom(q), A, w), x ¢ dom (w(qg;)). Hence if we let © =T
and ® = dom(g) then by Lemma 3.6.17 there is ¢;41 € Af“{; and extension of g;
satisfying S(T',T'j41,dom(q), A, w).

Therefore, by induction on j we obtain h = ¢4 € A?% which satisfies
S(I, T, dom(q), A, w), as required. O
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Chapter 4

Make it universal: words, lists

and sequences

This chapter is based on the research conducted in collaboration with J. Hyde.
It is included in this thesis with the permission of my coauthor.

4.1 Introduction to universal words and sequences

In order to define the notions of universal words and universal sequences we first
need to introduce some classical notations of free objects in semigroups, monoids
and groups.

Let A be an alphabet, let S be a semigroup, and let w € A™. Then w is
a SEMIGROUP UNIVERSAL WORD FOR S if for every s € S there is a
semigroup homomorphism ® : AT — S such that (w)® =s. fw=127...2,
where z; € A, then s = (w)® = (21)®...(z,)P. So we may think of ¢ as

substituting elements of S’ for the letters from A in the word w.

Example 4.1.1. Let A = {a}, let S be a semigroup, and let s € S. Define
®: At — S by (a')® = s°. Then ® is clearly a homomorphism and (a)® = s.

Hence the word a is a semigroup universal word for S.

Example 4.1.2. A semigroup B is a BAND if 2?2 = ¢ for all x € B. Let A
be a non-empty set, let B be a band, and let x € B. Define (w)® = x for all
w € AT, Then (uwv)® = x = 22 = (u)®(v)® for all u,v € AT, and so ® is a
homomorphism. Hence any word is a semigroup universal word for B.

We have seen in Example 4.1.1 that every word of length 1 is universal. It
turns out that there are semigroups where the only universal words are words of
length 1. A semigroup S is a ZERO SEMIGROUP if there is a distinguished
element 0 € S such that zy = 0 for all 2,y € S. Suppose that |S| > 1 and
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that w € AT is of length at least 2. Then (w)® = 0 for any homomorphism
®: At — S, and so w is not a semigroup universal word for S.

It is worth noting that zero semigroups are not the only examples of semi-
groups with no word of length greater than 1 being universal. For example, free

semigroups satisfy the same condition.

In the spirit of Example 4.1.2, we can ask, whether there are semigroups,
other than bands, such that every word is a semigroup universal word. In the

case of finite semigroups the answer is no.

Proposition 4.1.3. Let A be an alphabet, let a € A, and let S be a finite
semigroup such that a™ is a semigroup universal word for S for every n € N.

Then S is a band.

Proof. Let O = {{s™ :m > 1} : s € S}. Then C defines a partially order on
O. Since O is finite, it follows that there exists s € S such that {s™ : m > 1}
is a maximal element of 0. As a? is a semigroup universal word, there is a
homomorphism ® : AT — S such that (a?)® = s. Denote ¢t = (a)®. Then
t? = s, and so

{sm:m>1} C{t"™:m>1}.

Hence the two sets are equal, by the maximality of {s™ : m > 1}, and thus

2m—1

t = s™ for some m > 1. Then s = s?>™. Since a is also a semigroup

! = 5. Similarly as before,

universal word for S, there is u € S such that 2™~
{u™:m > 1} = {s™ : m > 1} by the maximality of {s™ : m > 1}. Hence u = s*

for some k > 1, and so s = s¥(™=1) If k > 1, then

k(2m—-1) _ S(k—l)(Zm—l)—l L g2m S(k—l)(an—l).

s§=3S S

2m—1which together with s = s, shows

We can repeat this to show that s = s
that s = s%.

Finally, if ¢ € S is arbitrary, then {t™ : m > 1} is contained in a maximal
{s™:m > 1} € O for some s € S. By above s? = s, and so {s™ : m > 1} = {s},

implying that t = s. Therefore, 2> =t for every t € S. O
Next we provide a concrete example of a non universal word.

Example 4.1.4. Let A = {a}. We will show that a? is not a universal word
for Sym(€2) for any set €2 such that |Q| > 2. Suppose that a? is a semigroup
universal word. Then there is ® : At — Sym(Q) such that (a?)® = (1 2).
Hence (1 2) = (a)®(a)®. Note that if 7 is a cycle of odd length, then 72 is a
cycle of the same length, and similarly if 7 is a cycle of length 2m for some
m > 1, then 72 is a product of two disjoint cycles both of length m. Thus
|Q2] > 4 and we can write (a)® in disjoint cycle notation as (1 « 2 y)7 for some

x,y € {1,...,n} such that z # y and a permutation 7 in Sym(Q \ {1,2,z,y}).
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However, (a?)® = (1 2)(z y)72 # (1 2). Therefore, a? is not a semigroup universal
word for Sym(2). A similar proof works if a? is replaced by a™ for any n > 2,
provided that [Q] > n.

An analogous notion to that of the semigroup universal word can be defined
for groups. Let A be an alphabet, let G be a group, and let w be an element of the
free group F(A), as defined in Section 1.2.2. Then w is 8 GROUP UNIVERSAL
WORD FOR G if for every g € G there is a group homomorphism @ : F(4) — G
such that (w)® = g.

The first result dealing with universal words dates back to Ore, see [58], where

he proved the following theorem.

Theorem 4.1.5 (Ore’s Theorem [58]). Let A = {a,b} and let Q be countable.
Then the word a=*b~Lab is a group universal word for Sym(Q). In other words,

every element of Sym(Q)) is a commutator.

Moreover, Ore also proves in the same paper that every element of the
alternating group on n > 5 points is a commutator and raises the question
whether this is also true for every finite non abelian simple group. The question
subsequently became known as Ore’s Conjecture. The conjecture was extensively
studied in the literature, see [1, 18, 23, 24, 67, 71, 72, 73| and was finally proved
in [47]. Universal words of other groups were also investigated, for example
see [1, 54, 75].

It turns out that the non universal word for Sym(n) or Sym(N) in Exam-
ple 4.1.4 is, in a sense, a canonical example of a non universal word for these

groups.

Theorem 4.1.6 (see [15], [48], [57]). Let G = Sym(n) for some n € N or
G = Sym(N), and let A be an alphabet. Then w € F(A) is a group universal
word if and only if there is no u € F(A) and m > 1 such that w = u™.

In the same spirit as Theorem 4.1.6, it is conjectured that a free group word
is a group universal word for the automorphism group of the random graph if
and only if it is not a proper power of some other word. In [16], Droste and Truss
prove some partial results to establish the conjecture. More precisely, they show
that if w is an element of F'(A) for some alphabet A such that w is not a proper
power of any element of F(A), and f € Aut(R) is a certain type of element,
called special in the paper, then there is a homomorphism ® : F(A) — Aut(R)
such that (w)® = f. The property of being a special elements of Aut(R) is
strictly stronger than being a GENERIC ELEMENT (in other words, belonging
to the comeagre conjugacy class). The aforementioned result is then used to
show that free words of certain types are universal for Aut(R), for example the
word a~"b~1a™b for any n,m € N.

Let A be an alphabet, let S be a semigroup, and let {w; : ¢ € I} C AT for
some set I. Then {w; : i € I} isa SEMIGROUP UNIVERSAL SEQUENCE if ]
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is countable and for every {s; : i € [} C S there is a semigroup homomorphism
® : At — S such that (w;)® = s; for all i € I. In the same way as with
semigroup universal words, if w; = 1 ...z, where z; € A, then s; = (w;)® =
(1)@ ... (zn)®P. So we may think of ® as a substitution of letters from A by
elements of S.

The following example shows that if € is a countable set, then the set of
functions from 2 to £ has a universal sequence over an alphabet of size 2.
Originally the result was proven by Sierpinski [69] with Banach [5] and Hall [27]
finding alternative universal sequences for Q. Here we will include a short proof

originally by James Hyde.

Example 4.1.7. Let A = {a,b,c}, and let Q be the set of eventually constant

sequences of integers, written from right to left, in other words
Q={(...,x1,20) : ©; € Z and there is K € N so that z; = xx for all i > K}.

Let {f, : n € N} C Q% be a sequence. For every (..., z1,z0) define a, 3,y € Q9

as follows

(-..,Il,xo)Oé: ("'7I13z0a0)5
(...,aj‘l,xo)ﬁ: (...,],‘1,&304—1),

(. z,20)y = (oo v, 22, 1) fag -

Then for any n € N and arbitrary (..., z1,z9) € Q

(' .. 75317550)045”7 = ( . '7x17x070)ﬂn7
= (..., x1,2Z0,n)Y

= ( .. ,I‘l,,IQ)fn.

Since (...,z1,x0) was arbitrary, it follows that ™y = f, for all n € N. Let
®: At — O by the canonical homomorphism induced by (a)® = a, (b)® = 3,
and (¢)® = «. Then (ab™c)® = f, for all n € N, and so {ab"c : n € N} is a
universal sequence for Q% over an alphabet of size 3. However, this argument
can be extended further. Fix an arbitrary sequence {g, : n € N}, let fo = 3, and
let f,, = gn—1 for n > 1. If o,y are defined as before, then ay = 3, and so for all
neN

)TL-‘rl

gn = [nt1 =« (O"Y -

If we let A = {a,b}, and let ® : AT — QF? by the canonical homomorphism
induced by (a)® = o and (b)® = ~, then (a (ab)" ' b)® = g, for all n € N.

Hence {a (ab)"*" b:n € N} is a semigroup universal sequence for Q2.

The definition of a semigroup universal sequence can be adapted to group in
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the same way as the definition of a semigroup universal word was adapted to
groups. It is worth noting that if {w,, : n € N} C A7 is a group universal sequence
for a group G, then every countable subset of G is contained in |A|-generated
subgroup of G. In was shown by Galvin in [20], that for any infinite 2, every
countable subset of Sym(2) is contained in a 2-generated subgroup of Sym(2).
In [34], it was shown that the group of order automorphism of the rationals has
a universal sequence over a 2 letter alphabet, and so every countable subset is
contained in a 2-generated subgroup.

Similarly to the definition of semigroup universal sequence, we say that
{w; : 4 € I} is a SEMIGROUP UNIVERSAL LIST OF LENGTH n € N if
|[I| = n and for every {s; : i € I} C S there is a semigroup homomorphism
® : AT — S such that (w;)® = s; for all i € I. Again the definition of a

semigroup universal lists can be adapted to groups.

Example 4.1.8. For any m € N, it immediately follows from Example 4.1.7
that {a (ab)" b:n € {1,...,m}} is a semigroup universal list of length m for Q.

The following is a very easy example of a universal list.

Example 4.1.9. Let A = {a1,...,a,}, let I = {1,...,m} such that m < n,
and let S be a semigroup. For an arbitrary {s; € S::1 € I}, let ® : AT — S be
the canonical homomorphism induced by (a;)® = s; for all i € I and (a;)® = 1
foralli € {m+1,...,n}. Then {a; : i € I} a semigroup universal list of length
m for S.

For any semigroup S (or alternatively group) if the size of the alphabet A is
n, then there always exists a universal list of length m for S for every m < n.
In the next lemma we will show that if there is a universal list of length n + 1
for S over an alphabet of size n, then there is a universal list of length m for S
over the same alphabet for every m > n + 1. Hence if we are only interested in
the existence of a universal list for a given semigroup, we only need to find a

universal list of length n + 1.

Lemma 4.1.10. Let S be a semigroup, and let A be an alphabet of size n. If S
has a semigroup universal list of length at least n+ 1 over A for S, then S has a

semigroup universal list of length m over A and every m € N.

Proof. The existence of a semigroup universal list of length m over A for S
follows immediately from Example 4.1.9 if m < n.

We will proceed to show the existence of universal lists of length m >
n + 1 by induction. By the hypothesis of the lemma there is {u1,...,ur} a
semigroup universal list of length k¥ > n + 1 over A for S. Then {us,...,un41}
is a semigroup universal list of length n + 1 over A for S. Suppose that for some
me{n+1,n+2.. }andall k € {n+1,...,m} there exists a semigroup

universal list of length k over A for S.
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Suppose that {wq,...,wy,} is a universal list for S. If A = {ay,...,a,},
for every k € {1,...,m}, we may find ix1,...,%k¢ € {1,...,n} such that
Wk = @y, - - - Gy, - Define for all k € {1,...,m}

Ve = wik’l e wik_mk,

and vy, 4+1 = wy41. Then by definition v, € AT for all k € {1,...,m + 1}.

Let s1,...,8m+1 € S be arbitrary. Then since {wy,...,w,,} is a semigroup
universal list over A for S, there is ® : AT — S such that (wg)® = s for
k € {1,...,m}. Also there is ¥ : AT — S such that (wy)¥ = (ax)® for all
ke {l,...,n} and (wp41)¥ = 8p41. Since ® and ¥ are homomorphisms, it
follows that for k € {1,...,m}

('Uk)lII = (wzkl)\Ij ce (wik,tk )\Ij
= (aik,l)q) s (aik,tk )(I)

= (wk)q) = Sk,

and (Vy+1)¥ = (Wpt1)¥ = Sppp1. Hence {v1,. .., Upm41} is a semigroup universal
list of length m + 1 over A for S, and therefore by induction there is a semigroup

universal list of any length over A for S. O

In the proof of Lemma 4.1.10 the fact that the lemma was formulated for
semigroups was not important. The same result (with almost identical proof)
holds for groups.

The final piece of notation we will require for this chapter is defined as follows.
If A is an alphabet, and a,b € A, we will denote by aA* all words in A* starting
with a, by A*a all words in A* ending with a, and by aA*b all words in A*
starting with ¢ and ending with b.

This chapter is organised in the following way: in Section 4.2 we investigate
classes of semigroup universal words for Q for a countable Q; in Section 4.3 we
prove results analogous to the ones in Section 4.2, but for semigroup universal
sequences for Q%; and in Section 4.4 we prove that the automorphism group of

the random graph has a universal list of any finite length over a 4 letter alphabet.

4.2 Universal words for Q%

In this section we will describe families of semigroup universal words for the
transformation monoid on a countable set over a two letter alphabet. Throughout
this section we assume that €2 is a countable set. However, most of the proofs
can be easily adapted to higher cardinalities. We choose to only consider the
countable case to keep the notation easier.

The question we are trying to answer in this section is as follows.
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Question 4.2.1. Let A be an alphabet. Is a word w € AT a semigroup universal
word for Q*?

In Section 4.2.1 we give a sufficient condition for a word to be universal, and

in Section 4.2.2 we analyse some of the words which do not satisfy the condition.

4.2.1 Classes of semigroup universal words for Q%

In Proposition 4.2.14 we will show that the only universal word for Qf over the
alphabet {a} is a. Hence in this section we will be mostly interested in universal
words over a 2 letter alphabet. First of all, we prove a proposition allowing us to
define a class of semigroup universal words for Q2. We note that the result was
originally proved by Isbell, see [35]. We independently rediscovered the result in
2014.

Proposition 4.2.2. Let A be an alphabet, and let w € A1 be such that every

proper prefir of w is not a suffiz of w. Then w is a universal word for Q.

Proof. Let ) be the set of eventually constant sequences over A, written from
right to left, that is

Q=A{(...,21,20) : x; € A and there is K € N with 2, = 2k for all k > K}.

If w is a single letter, the result is trivial, so we may assume that |w| > 2.
Since no proper prefix of w is a suffix of w, it follows that the first and the last
letters of w are different, and so |A| > 2. Suppose that the first letter of w is a
and the last letter is b, namely w € aA*b.

Fix f € Q2. Let a,,v € Q9, for z € A, be defined as follows

(.o z1,20)a = (.0, 20, )

( 1. 20)y = (e pyr,xn)f fzp_1...20=w
o, T1,T0 =
Y (...,21,20) otherwise

Then define ® : AT — QF to be the canonical homomorphism induced by
()@ =y forall z € A\ {b} and (b)® = ap 0. Let w=1y; ...y, wherey; € A
for all i € {1,...n}.

First note that (..., z1,20)(y1)® = (..., zo, Y1), since y; = a. Suppose that for
some i € {1,...,n—2} we have that (..., z1,20)(y1 ... ¥i))® = (..., Zos Y1, -, Yi)-
Since ® is a homomorphism

(-omn@o)r - yir)® = (w1, @0) (Y1 - 0i) R (yign) @
(' ey L1, 05 Y1y -y yl)(yl+1)q)
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Suppose that y;41 € A\ {b}. Then (yi41)® = ay,,,, and so

(...,$1,$0)(y1 yl"rl)(I) = ( '7x1?x05y17"'7yi+1)5

as required. Suppose that ;41 = b. Then (y;41)® = ay,,, 0, and so

(~-~7$1,$0)(91--~yi+1)@ = (---a$17$07y1,--~7yi+1)%

Since no proper prefix of w is equal to a suffix of w and y; ...y;41 is a prefix
of w, it follows that x,_;_o...2oy1 ...y;+1 7 w. Hence v acts as an identity on
(...,z1,Z0,Y1,---,Yit+1), and the inductive hypothesis is satisfied.

Therefore, (...,z1,20)(y1-- - Yn—-1)® = (..., 21,20, Y1, ..., Yn—1), and since
Yn = b, it follows that

(coyz1,20) (W)@ = (o, 21,0, Y1y -+ oy Yn)Y = (oo oy x1,20) f-
Hence (w)® = f, and we are done. O

In the next example we show that there exist words w, such that no proper

prefix of w is equal to a suffix of w.

Example 4.2.3. For any n € N, consider the word w = a(ab)™b. Then a
proper prefix of w is either a(ab)* for some k € {0,...,n} or a(ab)¥a for some
k €{0,...,n — 1}. On the other hand, then proper suffixes are (ab)*b for some
k € {0,...,n}, or b(ab)kb for some k € {0,...,n—1}. Therefore, no proper prefix
is equal to a proper suffix, and so w = a(ab)™b is a semigroup universal word for
Q2 for all n € N,

However, the converse of Proposition 4.2.2 does not hold.

Example 4.2.4. Let w = aba. Then a is both a proper prefix and a proper suffix
of w. Fix f € Q9. If we define ® : AT — Q to be the canonical homomorphism
induced by (a)® being the identity on © and (b)® = f, then (w)® = f.

We will now generalise Proposition 4.2.2 to a bigger class of universal words.
In order to do so, we need to introduce some new concepts. For a given w € AT,

consider a submonoid S of A* such that the following two conditions are satisfied

if there are s,s" € S and u,v € A* such that w = svuvs’ then v € S;  (4.1)
if there are s,t,v € A* such that w = svt and sv,vt € S then w € S.  (4.2)

For any given word w, there is at least one such submonoid, since A* satisfies
the conditions trivially.
Let I be a non-empty set, and for every i € I let S; be a submonoid of A*

satisfying conditions (4.1) and (4.2). Suppose that there are s,s" € [,.; S; and

iel
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u,v € A* such that w = svuvs’. Then v € S; by condition (4.1) for all ¢ € I.
Hence v € [;¢; Si, and so ;¢
are s,t,v € A* such that w = svt and sv,vt €

S; satisfies condition (4.1). Suppose that there
ser Si- Then w € S; by (4.2)
for all ¢ € I. Therefore, there exists the smallest submonoid, with respect to
containment, of A* satisfying condition (4.1) and (4.2), we denote it by S,,.
There is also a more constructive way of defining S,,. Let Sp = (1), and

suppose that we have defined S,,, a submonoid of A*, for some n € N. Let

X, = {v:w = svuvs’ for some s,s" € S,, and u,v € A*};

Y, = {w} if w = svt for some s,v,t € A* so that sv, vt € Sy, (4.3)
and Y,, = @ otherwise; '

Snt1 = (Sn, Xn, Vo).

Then Sy < 5y < S5 < ... by definition of S, 1. Let S = e Sn- If 5,2 € S,
then there are n,m € N such that s € S, and t € Sy,,. Then s, € Spax(s,r), and
S0 8t € Smax(s,t) © 5. Hence S is a submonoid of A*.

Suppose that w = svuwvs’ for some s, s’ € S and u,v € A*. Then by definition
of S and the fact that Sy < S; < ... there is some n € N such that s,s’ € S,,.
Hence v € X,, € S,11 C S, and so S satisfies condition (4.1). Suppose that
w = svt for some s,v,t € A* and sv,vt € S. Then by definition of S and the
fact that Sy < S; < ... there is some n € N such that sv,vt € S,,. Hence
weY, CSyy1 €5, and so S satisfies condition (4.2).

Let T be a submonoid of A* satisfying conditions (4.1) and (4.2). Since
So = (1), it follows that Sy < T. Suppose that S,, < T for some n € N. If
w = svuvs’ such that s,s’ € S, and u,v € A*, then v € T, since T satisfies
condition (4.1) and s,s’ € T. Hence X,, C T. If w = svt such that s,v,t € A*
and sv,vt € S, then it follows from the fact that T satisfies condition (4.2),
that w € T, and so Y, C T, and so S, 11 C T. Then by induction S,, < T for all
n € N, and thus S < T. Therefore S is the minimal submonoid of A* satisfying
conditions (4.1) and (4.2), in other words S = .S,

It follows from the definition of S,, that if Sy = Sk41 for some k € N, then
St =5, for all k < n. Let K € N be the number of distinct non-empty subwords
of w. It follows from the definition of S, 7 that if 5,11 > 5,, then there is a
non-empty subword v of w such that v € Sp,41 \ Sp. Therefore, S = S,, for all
n > K, and so

K
Sw={J Sn = Sk.
n=1

Note that K is bounded from above by ZLill |w|—(i—1) = |w|(jw|+1)/2. Hence
Sw = Sjw|(jw|+1)/2- Thus there is an algorithm which given word w computes

S, more precisely a set generating .S,,, in finite time.
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Proposition 4.2.5. The monoid Sy, is finitely generated.

Proof. By (4.3) the monoid S, is generated by

U X, UY,.
neN

For all n € N, both X, and Y;, are sets of non-empty subwords of w. However,

there are only finitely many subwords of w, and so the generating set is finite. [J
Next we present a couple of examples where we compute 5, for a given w.

Example 4.2.6. Let w € AT be word such that no proper prefix of w is a
proper suffix. Suppose that w = svuvs’ such that s,s’ € Sy and u,v € A*. By
definition Sy = (1), and so s = s’ = 1. Since any proper prefix of w is not a suffix
of v, it also follows that v = 1. Hence Xy = {1}.

Suppose that w = svt such that s,v,t € A* and sv, vt € Sy. Then sv = vt = 1,
and so s = v =t = 1, which is only possible if w = 1. Hence Y,, = @, and so
S1 = So. Therefore S, = (1).

Example 4.2.7. Let w = aba®b. Suppose that w = svuvs’ such that s,s’ € S
and u,v € A*. Since Sy = (1), we have that s = s’ = 1, and so aba?b = vuv.
Hence v € {1, ab}, implying that Xy = {1,ab}. Suppose that w = svt such that
s,v,t € A* and sv,vt € Sg. Then sv = vt =1, and so s = v =t = 1, which is
only possible if w = 1. Hence Yy = &, and so S; = {(ab)™ : n € N}.

Let s =1, s’ = ab, v = a, and u = b. Then svuvs’ = w, and so v = a € Ss,
by (4.1) since s,s’ € Sj.

Finally, let s =a, s’ =1, v = b, and u = a®. Then svuvs’ = w, and so b € Ss
by (4.1) since s, s’ € S3. Therefore S, = A*.

Example 4.2.8. Let w = aba?b?ab. Suppose that w = svuwvs’ such that s,s’ €
So and u,v € A*. Since Sy = (1), we have that s = s’ = 1, and so aba?b?ab = vuv.
Hence v € {1, ab}, implying that X = {1, ab}. If w = svt such that s,v,t € A*
and sv, vt € Sy, then s = v =t = 1, which is impossible. Hence Yy = @, and so
Sy = (ab) = {(ab)™ : n € N}.

Suppose that w = svuvs’ such that s,s’ € S; and u,v € A*. Then s,s" €
{1, ab}. If we consider the four different possibilities, it is easy to see that v # 1
only if s = s’ = 1, in which case v = ab. Hence X5 = X;. Suppose that w = svt
such that s,v,t € A* and sv,vt € S;. It then follows that sv,vt € {1,ab}. If
sv = 1, then v = 1 and ¢t = w, and so vt = w # ab, which is impossible. If
sv = ab, then t = a?b?ab, and so vt ¢ {1,ab}, again contradicting the fact that
vt € {1,ab}. Hence Y7 = &, thus Sy = S, and so S, = {(ab)™ : n € N}.

In Theorem 4.2.12, we will use the notion of S, to provide a sufficient
condition for a word w to be universal for Q. Before stating the main result of

this section, we will prove a couple of technical results concerning S,,.
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Lemma 4.2.9. Let A be an alphabet, and let w € At be such that S, # (1).
Then there is b € Sy, such that b is a proper prefiz and a proper suffix of w.

Proof. Recall that Sy, = (U, e Sn where Sp = {1}, and S, is as in (4.3). Let
5,8 € Sg and u,v € A* such that w = svuvs’. Then s = s’ = 1, and so w = vuwv.
If v #£ 1, then v € S, and it is both a proper prefix and a proper suffix of w.
Otherwise, v = 1, and so X = {1}. Let w = svt such that s,v,t € A* and
sv,vt € Sg. Then sv = vt =1, and so s = v = ¢ = 1, which is only possible if
w = 1. Hence Yy = @, implying that S; = {1}. O

Lemma 4.2.10. Let A = {a,b}, and let w € aA*b be such that a,b ¢ S,,. Then
Sw C aA*bU{1}.

Proof. Recall that S, = |, cy Sn, where S, is as in (4.3). Then Sy = {1} C
aA*b U {1}. Suppose that for some n € N we have that S, C aA*bU {1}.

Suppose that w = svuvs’ such that s, € S,, and u,v € A*. If v € A*a, then
we may write v = v’a for some v/ € A*, and since w starts with a, w = atv’as’
for some t € A*. Hence a € X,, by (4.1) which contradicts the fact that a ¢ S,
If v € bA*, then similarly w = sbv’th for some v',t € A*. Since s € S, it
follows that b € X,, C S, which is a contradiction. Hence v € aA*b, and so
X, CaA*bU{1}.

By the definition Y}, is either {w} or @. In both cases Y,, C aA*bU{1}. Hence
Sn+1 € aA*bU{1}. Therefore, by induction on n, S, C aA*bU{1} for all n € N,
implying that S, € aA*bU {1}. O

The last technical result we need, shows that if the word w has a shared
prefix and suffix, then there is a shared prefix and suffix which is at most half

the length of the original word.

Lemma 4.2.11. Let A be an alphabet, and let w € AT and suppose there exists
v € AT such that v is both a proper prefiz and a proper suffiz of w. Then there
are ¢ € AT and u € A* such that w = qugq.

Proof. Let g be the shortest subword of w which is both a prefix and a suffix of
w. Such word must exist by the hypothesis. Suppose that there is no v € A* such
that w = qug. Then there are r,s,t € AT such that w = rst and ¢ = rs = st.
Hence s is both a prefix and a suffix of w. However, s is a word shorter than ¢,

contradicting the assumption. Hence w = qug, for some u € A*. O

Suppose that A is an alphabet and w € A™ is such that w ¢ S,,. Let p € A*
be the longest prefix of w such that p € Sy, and let s € A* be the longest suffix
of w such that s € S,,. Then either there is u € AT\ S, such that w = pus, or
there are u,v,t € A* such that w = wvt, p = uv and s = vt. In the latter case,
w € Sy, by (4.2). Therefore,

w = pus,
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for some u € AT\ S,,.
The following is the main result of the section.

Theorem 4.2.12. Let w € {a,b}" be such that w ¢ S,,. Let p,u, s € {a,b}* be
such that w = pus, and p and s are respectively the longest prefix and the longest
suffix of w such that p,s € Sy,. Suppose that u is not a subword of p. Then w is

a semigroup universal word for Q.

Proof. Denote the alphabet {a,b} by A. Suppose that a € S,,. Then w # a’ for
any i € N, since w ¢ S,,. So either w = a’ba’ for some i,j € N, or w = a’buba’
for some 4,7 € N and u € A*. In the latter case (4.1) implies that b € S,,.
Hence S, = A*, which contradicts the assumption that w ¢ S,,. Suppose that
w = a'ba’. Then a € S, by (4.1), and so S,, 2 {a" : n € N}. Moreover
{a™ : n € N} satisfies both (4.1) and (4.2), and so is the minimal such monoid.
Hence S, = {a" : n € N}. Fix f € O and define ® : 4* — Q to be the
canonical homomorphism induced by (a)® being the identity on Q and (b)® = f.
Then (w)® = f, and so w is a universal word for Q. The proof for b € S, is
identical.

Thus it is sufficient to consider only the case where a,b ¢ S,,. It follows from
(4.1) that the first and the last letters of w must be different, in other words
w € aA*b or w € bA*a. Without the loss of generality, assume that w € aA*b.
Then S, € aA*bU {1} by Lemma 4.2.10.

Let 2 be the set of eventually constant sequences over F(4), written from

right to left, namely

Q={(...,21,20) : ; € F(A) and there is K € N such that
xx = for all k > K}.

Note that by Lemma 4.2.9 either both p # 1 and s # 1, or S,, = (1), and so
p = s = 1. We proceed by proving a series of claims.
Claim 1. u € aA*b.

Proof. If p=s =1, then u = w € aA*b. Suppose that p #% 1 and s # 1. Since
w € aA*b, there are p’, s’ € A* such that p = ap’ and s = s’b. If u = bv for
some v € A*, then w = pbvs’b, and so b € S, by (4.1) and the fact that p € S,,.
Similarly, if u = va for some v € A*, then w = ap’vas, and so a € S, by (4.1)
and the fact that s € S,,. However, both cases are impossible since a,b ¢ S,,.
Therefore u € aA*b. O

By Proposition 4.2.5 there is a finite generating set X’ of S,,. Let X C X’
be an irredundant generating set of .S, that is if v € X, then (X \ {v}) # (X).
Claim 2. For each v € X, there are t,t’ € S, such that tv is a prefix of p,

and vt’ is a suffix of s.
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Proof. Let X,, and Y,, be as in (4.3). Note that ¥,, = @ for all n € N, as w ¢ S,,.
Then it follows from the proof of Proposition 4.2.5 that X C UneN X,.

Let n € N. If v € X N X, then w = tvgut’ where t,t’ € S, and ¢ € A*.
Hence tv,vt’ € Sy, and so it then follows from the maximality of p and s that

tv is a prefix of p, and vt’ is a suffix of s. O

Claim 3. For all v € X, a prefix of v is not a suffix of u, and a suffix of v is

not a prefix of u.

Proof. Let v € X be arbitrary. Then by Claim 2 there are ¢,t' € S, such that
tv is a prefix of p and vt’ is a suffix of s. Hence there are r,7" € A* such that
w = tvrur’vt’. If q is a prefix of v and a suffix of u, or a suffix of v and prefix of
u, then g € S,,, which contradicts the maximality of p and s. O

Claim 4. For every v,v’ € X, if a non-trivial prefix ¢ of v is a suffix of v/,

then g = v ='.

Proof. Let v,v" € X be arbitrary. Suppose that v = gr and v’ = /¢ for some
r,7’,q € A* and q # 1. By Claim 2 there are t,t’ € S,, such that tv is a prefix of
p, and v't’ is a suffix of s. Then there is h € A* such that w = tvhv't’ = tgrhr'qt’,
implying that ¢ € Sy,. Since v € X, by Claim 2 there are [,I’ € S, and d € A*
such that w = lvdvl’ = lgrdgrl’. Tt follows from the fact that lq,I’ € S, that
r € Sy. Since X is irredundant and g # 1, it follows that ¢ = v and r = 1. The
same argument for v’ implies that v’ = 1, and so ¢ = v =v'. O

Let f € Q%. We will construct a homomorphism ® : AT — Qf such that
(w)® = f. In order to do that we will need some auxiliary functions «, 8,7 € Q%

defined as follows

(... z1,x0)a=(...,x0,0a),

(«.oyz1,20) = (.., 0, b),
and

(oo @ipr,zv) fa;_y...20 =v € X for some i > 1
(...,@1,T0)y = and x; € AT for all j € {0,...i—1} .

(..., 21,20) otherwise

Suppose there are i, € N such that z;_1...29 = v and z;/_1...29 = v’ for
some v,v’ € X, where z; € A% for all j € {0,...,max(i, ) — 1}. Then either v’
is a suffix of v or v is a suffix of v/. By Claim 4 it is only possible if v = v/, and
so v is well-defined. In order to define the homomorphism ®, we will first define
another homomorphism. Let ¥ : AT — Qf be the canonical homomorphism
induced by (a)¥ = a and (b)¥ = S o+.

128



Claim 5. For any v € aA* such that no prefix of v is a suffix of a word in X

there are z1,...,2; € AT such that 21 ...z, = v and for every (..., z1,70) € Q
(..., z1,20) (V)U) = (..., 21, %0, 21, - - - 2k)-

Proof. Let v € aA*such that no prefix of v is a suffix of a word in X, and write
V=1Y1...Yn for some m € N and y1,...,ym € A. Since v € aA*, (y1)¥ = q,
and so for all (..., z1,20) € Q

(...,z1,20)a = (...,x1,20,a) = (..., 21,0, Y1)-

Suppose that for some i € {1,...,m — 2} there are j € N and z1,...2; € A"
such that y; ...y; = z1...2;, and for every (...,x1,20) € Q

(znwo) (W wa)¥) = (-, 21, @0, 21, -+, 25)-
If y;41 = a, then since ¥ is a homomorphism

(. .. 71’1,1’0) ((yl .. .yi_;,_l)\lf) = ( ey L1, X0y Ry - - .,Zj) ((yz+1)qj)

(...,xl,xo,zl,...,zj)a

(...,xl,xo,zl,...,zj,a),

and z1...25a4 = Y1 ...Yi+1. Hence the inductive hypothesis is satisfied in this

case. If y; 11 = b, then since ¥ is a homomorphism

(. .. ,xl,l‘o) ((yl .. .yi+1)\If) = ( ey L1, L0y Ry - - - ,Zj) ((yz_;,_l)\IJ)

(...,21,20,21,...,%5)B oy

(...,1’1,%0,2’1,...,2j,b)’77

and 21 ...2;b =y1...yi+1, and 50 21 ...2;b is a prefix of v. By the assumption
21 ...2;b is not a suffix of any word in X, thus 27 ...2;b ¢ X, and if z¢, ...,z €
A* then zy...xg21...2;b ¢ X for all t € N. Hence either 7 acts as identity on
(...,21,20,21,...,%5,b), or there is k > 1 such that z;...z;b € X. In the latter

case

(...,1217580) ((yl ...yi+1)\11) = (...7561,1‘0,217...,2_7,1))’}/

= (e, X1, 00,21, - -5 Zk—12k - - - Zjb),

and so in both cases the inductive hypothesis is satisfied. The claim holds by

induction. O
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Claim 6. If v € S, then (v)¥ is a bijection on €, in particular

(. 21,20) (V)T = (..., 21, Z0V)

for all (...,z1,20) € Q.

Proof. Let v € X. Since S, € aA*bU {1} there is v' € aA* such that v = v'b.
By Claim 4 any prefix of v’ is not a suffix of any word in X. Hence by Claim 5
there exists j € N and 2q,...,2; € A7 such that z;. ..zj = v’ and for all
(...,z1,20) € Q

(cooyz1,m0) (V)O) = (oo 21,20, 21, - -+, 2).
It follows from v = v’b and the fact that ¥ is a homomorphism, that

(o1, 20) (0V)O) = (..., 1,0, 21, - - -, 2, b)Y (4.4)

=(...,x1,20V).

In order to show that (v)W is injective, suppose that (..., z1, zov) = (..., 2}, zyv)
where x;, 2, € F(A) for all i € N. Then z; = } for all ¢ > 1, and xzgv = x{v.
Since zgv, zjv € F(A), it follows that xg = z(. Hence (v)¥ is injective by (4.4).
Let (...,z1,20) € 2. Then by (4.4)

(..., z1, 200 ) (V)W) = (..., 21, 20)

so (v)W is surjective, and thus bijective on . Since v € X was arbitrary and X
generates Sy, it follows that

(... x1,20) (0)) = (..., 21, 20v),
and (v)V is a bijection for all v € S,,. O

In order to define the required homomorphism ®, we need one more function
on €. Define § € QO as follows:

(..o i1, mip ) fo(s)¥~t if 2;_1...20 = u for some
i>1and z; € A" for all
j€{0,...i—1} '

(..., 21,20) otherwise

("'a‘rth)é =

Note that (s)¥~! is defined by Claim 6. Suppose there are i,i’ € N such that
Ti—1...Tg =U=Ty_1...%0, where z; € AT for all j € {0,..., max(i,i') — 1}.
Then ¢ = ¢/, and so § is well-defined. Let ® be the canonical homomorphism
induced by (a)® = « and (b)® = fovyod.
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Claim 7. (v)® = (v)¥ for all v € S,,.

Proof. Let v € X be arbitrary, and suppose that v = y; ...y, where y; € A
for all 4 € {1,...,m}. It follows from S,, C aA*bU {1} and v # 1, that y; = a,
implying that (y1)® = o = (y1)¥. Suppose (y1...4:)® = (y1...y;)¥ for some
1€ {1l,...,m —1}. Then since ® is a homomorphism

(W1 9i41)® = (Y1 )V o (yir1)P.

If yir1 = a then (y;11)® = (yi+1)¥, and so the inductive hypothesis is
satisfied. Suppose that y;+1 = b. Then (y;+1)® = (yi+1)¥ o 6. Hence by the
inductive hypothesis

(W1 Yir)® = (W1 y)Po (Yir )P = (W1 ¥)¥ o (Yir1)® = (y1.. - Yiy1)V 0 0.

Ifi+1 < m, then y1...9;41 is a proper prefix of v. By Claim 4 for any
j€{1,...,i+ 1} the proper prefix y; ...y; of v is a not a suffix of any word in
X. Since y; ...Yi4+1 € aA*, by Claim 5 there exists j € N and 21,...,2; € At
such that z1...2; =y1...y;+1 and for all (..., x1,20) € Q

(...,1'171’0) ((yl yH-l)\II) = (...71'1,1'0,21,...,/2]‘).

Ifi+1=m,then y;...9;,41 = v, and so

(. .. 7I1,170) ((yl .. yz—&-l)\p) = ( ey L1, TOYL - - -yi+1)

for all (..., x1,20) € Q by Claim 6. Hence in both cases there are zg,...,z; € A"
such that zo...2; =y1...yi41 and for all (..., z1,20) € Q

(. . ,xl,l‘o) ((yl .. -yi+1)\Ij) = ( ey L1, TORO, RLy - - - ,Zj). (45)

We will now show that § acts as the identity on (..., 21, z0) ((y1 ... yi+1)¥)
for all (...,z1,20) € Q. Fix (...,z1,20) € Q, and let 2¢,...,2; € A" be as
n (4.5). Suppose that there is i > 0 such that wz;,...,21,2020 € AT and
Zi...To20-.-2; =u. Then zp...2; = y1...¥y;41 is both a prefix of v and a suffix
of u, contradicting Claim 3. By Claim 2 there is t € S,, such that tv is a prefix
of p, and by the hypothesis of the theorem, it follows that w is not a subword of

v. If k> 0 then z;...z; is a subword of v, and so not equal to u. Hence 4 acts

as identity on (..., 1, %020, 21, .., 2;). Therefore, the inductive hypothesis is
satisfied, and so by induction (v)® = (v)¥ for all v € X, and so (v)® = (v)¥ for
allv € .5,. O

Claim 8. (u)® = (u)¥ 0.
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Proof. Let u=1yj ...ym for some m € Nand y; € A for alli € {1,...,m}. First,
we will show inductively that (y1 ... Ym-1)® = (y1-..Ym-1)¥. Since y; = a by
Claim 1, it follows that (y1)® = a = (y1)¥. Suppose (y1...¥:)® = (y1...y:)¥
for some ¢ € {1,...,m — 2}. Then since ® is a homomorphism

(W1 9i41)® = (1. )V o (yir1)P.

If ;11 = a then (y;41)® = (y;+1)¥, and so the inductive hypothesis is satisfied.

Suppose that y;11 = b, then (y;41)® = (yi+1)¥ 0. Hence (y; ...yi+1)P =
(y1...Yi+1)¥ 0 4. It follows from Claim 3 that no prefix of y; ...y;4+1 is a suffix
of any word v € X, and since y; = a, Claim 5 implies that there is j € N and
Z1,...,2; € AT such that 2y ...2; = y1...y;4+1 and

(...,l’l,xo) ((yl yH_l)\I/) = (...,Z’l,IL’o,Zl,...,Zj).

Since |y1 ... yit+1]| < |ul, it follows that u is not equal to zj ... z; for any k£ > 1.
Suppose that © = zj...z021 ...2; for some k > 0 such that zo,...,z, € AT.
Then y; ... y;4+1 is both a proper prefix and a suffix of u, and so by Lemma 4.2.11
there is a ¢ € AT and ¢t € A* such that u = qtq. Hence ¢ € S, by (4.1)
contradicting maximality of p and s. Then the inductive hypothesis is satisfied.

Hence (y1...Ym-1)® = (Y1-..Ym-1)¥, and since y,,, = b
(u)® = (u)¥od. O

Finally, we show that (w)® = f. It follows from Claim 6, Claim 7, Claim 8,
and the fact that ® is a homomorphism, that for all (..., x1,z0) €

(o n, @) (W) = (... 0, 0) (D) o ()T 0 5 0 (5)T)
— (cy,m0p) (W)W 0 b o (5)0)

It follows from Claim 3 and Claim 5 that there are zy,...,2, € AT such that
z1...2, = u and

(o2, 20)(W)® = (..., 21, 20p) ()T 0 d o (5)T)

(c.. @1, 20D, 21,22, - - ., 2K )0 0 (5)W

Then by the definition of §

(' o 7x17m0)(w)q) ( <y L1, LOP; B15 225 - - s Zk)5 ° (s)\Il
(' e 7I’1,I0)f o (s)\ijl o (S)\I}

(. .. 7$1,J,‘0)f.
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Therefore (w)® = f as required. O

Note that if w € {a,b}T is such that no proper prefix of w is a suffix of
w, then S, = (1) by Example 4.2.6. Hence w ¢ S,, and Proposition 4.2.2 is
now an easy corollary of Theorem 4.2.12. The following example shows that

Theorem 4.2.12 is actually stronger than Proposition 4.2.2.

Example 4.2.13. Let w = aba®b?ab. It was shown in Example 4.2.8 that
S, = {(ab)™ : n € N}. Hence w is a universal word for Q! by Theorem 4.2.12,
but the word ab is both a prefix and a suffix of w.

In the next section, in Proposition 4.2.15, we will demonstrate that the word
(ab)™a is universal for Qf%. However, note that S,, = {a,b}*, and so the converse
of Theorem 4.2.12 does not hold.

4.2.2 Analysis of some the words not covered by Theo-
rem 4.2.12

In this section we will analyse some of the words w over the alphabet A = {a, b}
such that w € Sy,. In order to do that, we will use the notions of collapse and
defect defined in Section 1.3.2. Recall that if f € Q% and if ¥ is any transversal
of f, then

o(f) =12\ X
d(f) =12\ () f|

First consider the case where w = a™ for some n € N.
Proposition 4.2.14. The word a™ is universal for Q% if and only if n = 1.

Proof. Let f € Q% and let ® : {a}t — QF be given by (a™)® = f™ for all
m > 1. Then ® is a homomorphism and (a)® = f. Hence a is a semigroup
universal word for Q.

On the other hand, suppose that a™ is universal for n > 1. Let f € O be such
that ¢(f) =1 and d(f) = 0, which exists by Proposition 1.3.4. Let ® : {a}" —
Q by the homomorphism such that (a”)® = f, and let (a)® = a. Then " = f.
It follows from parts (i) and (iii) of Lemma 1.3.5 that ¢(a) < ¢(f) = 1 and
d(a)) < d(f) = 0. Hence by Lemma 1.3.7

1= e(f) — d(f) = n (ela) — d(a).
Therefore, n | 1, and so n = 1. O

The next step is to consider all the words w which start and finish with the
same letter. That is, words w € {a, b} such that a € S; using the notation of
(4.3).
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Proposition 4.2.15. Let A = {a,b} and let w € aA%a be such that w # a"
for any n € N. Then w is a universal word for Q% if and only if w = (ab)™a or

w = a"ba™ for some n,m € N.

Proof. (=) Suppose that w is a universal word for Q? such that w # a™ba™ for
any n,m € N. Then there are at least two occurrences of the letter b in the word
w.

Fix any f € Q% such that ¢(f),d(f) are finite and |c(f) — d(f)| = 1. Then
there is ® : AT — Q% a homomorphism such that (w)® = f. Let a = (a)®
and 8 = (b)®. Since w starts and ends with the letter a, there is v € Q% such
that f = a o~y o a. It follows from parts (i) and (iii) of Lemma 1.3.5 that
cla) < ¢(f) and d(a) < d(f). Hence both ¢(a) and d(«) are finite. Since the
letter b occurs at least twice in the word w, there are n,m € N and u € A* such
that w = a™buba™. Then there is 4/ € QO such that f =a"oBo~y oBoa™. It
follows from Lemma 1.3.5(vi) that ¢(80~' o8 0oa™) is finite, and d(a™ o Sov 0 3)
is finite by Lemma 1.3.5(v). Hence by parts (i) and (iii) of Lemma 1.3.5 ¢(8)
and d(3) are also finite.

Let Ny(a) be the number occurrences of the letter a in the word w, and
Ny (b) be the number of occurrences of the letter b in w. By Lemma 1.3.7

((w)®) = d((w)®) = Nu(a) (c((a)®) = d((a)®)) + Nu(b) (c((0)®) — d((b)®)),

o(f) = d(f) = Nw(a) (c(@) = d(@)) + Nu(b) (e(8) — d(B)) - (4.6)

Suppose that ¢(a) = d(«@). Since |c(f) — d(f)| = 1 it follows that N, () | 1,
which is impossible since N, (b) > 2. In the same way, if ¢(8) = d(8), then
Ny(a) | 1, which again is a contradiction. Hence ¢(«) # d(«) and ¢(8) # d(B).
We have shown that if ¢(f) = 1 and d(f) = 0; or ¢(f) = 0 and d(f) = 1, then
all the parameters c¢(a), d(a), ¢(3), and d(B) are finite, and ¢(«) # d(«) and
e(8) # d(B).

Consider the case where ¢(f) =1 and d(f) = 0. Since f = o~y o « for some
v € Q% it follows that c(a) < ¢(f) and d(a) < d(f) from parts (i) and (iii) of
Lemma 1.3.5. Hence d(a) = 0 and c¢(«) < 1. It follows from c(a) # d(a) = 0,
that c¢(a) = 1. Since d(a*) = 0 for all k € N by Lemma 1.3.5(i), Lemma 1.3.7
implies that

If f=a" o~ for some v € O, then n = c(a™) < ¢(f) = 1. Hence n = 1, and so
the word w starts with ab.

Now we consider different f in order to obtain more information about w.
Suppose that ¢(f) =0 and d(f) = 1. As in the previous paragraph c(«) < ¢(f)
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and d(«) < d(f) by parts (i) and (iii) of Lemma 1.3.5. Hence c¢(a)) = 0 and
d(a) < 1. Tt follows from the fact ¢(a) # d(«) that d(«) = 1. Suppose that k is
the biggest integer such that w = (ab)*ua for some u € A*.Then k > 1 by the
previous paragraph. It follows from parts (i), (ii), and (iii) of Lemma 1.3.5 that
c(a) < claof) <c(f) and

d(a) < d(Boa)+da™ ) =d(Boa™) <d(f),

since ba™ is a suffix of w and ™! is injective. Hence c(ao3) = 0 and d(Boa) = 1.
Since « is injective, Lemma 1.3.5(ii) implies that d(8 o a) = d(8) + d(«), and so
d(B) = 0. It follows from Lemma 1.3.7 that

—d(eof) = c(ao f) —d(ao ) = c(a) —d(a) +¢(B) —d(B) = —1+c(B). (4.7)

Hence ¢(f8) — 1 < 0, and since ¢(8) # d(8), we have that ¢(8) = 1. It follows
from (4.7) that d(a o 8) = 0.

Since w = (ab)kua, there is v € Q such that f = (a o 8)¥ o+. Then
Lemma 1.3.7 implies that

—L=c(f) = d(f) = k(c(aof) —d(aoB)) + c(y) —d(y) = c(v) — d(7).

Also d(y) < d(f) = 1 by Lemma 1.3.5(i), thus ¢(y) = 0 and d(v) = 1. If ua
contains at least two occurrences of both letters a and b, the above argument
shows that ua must start with ab which contradicts maximality of k. Hence
either ua = b'a, or ua = ba’ for some t € N.

Suppose that ua = b'a, then by Lemma 1.3.7 and the fact that v = (ua)®

—1=c(7) - d() = (@) — d(a) + £ (c(8) — d(B) = —1 +.

Hence t = 0, and w = (ab)*a. If ua = ba', then by Lemma 1.3.7

—1=c(7) —d(7) = t(c(e) —d(a)) + c(B) —d(B) = —t + 1.

Hence t = 2, and so w = (ab)*¥ba?. Tt follows from Lemma 1.3.5(ii) that 2 = d(a?)
and from part (i) of the same lemma that 2 = d(a?) < d(f) = 1, which is
impossible. Hence w = (ab)¥a.

(<) Fix f € Q. Suppose that w = a"ba™. Let o be the identity on €, let
B=f,and let ®: AT — Q be the homomorphism induced by (a)® = o and
(b)® = B. Then (w)® = f. Hence w is a universal word for Q.

Suppose that w = (ab)™a. Choose any g € Q such that (z)g € (z)f~" for
every x € (Q)f. Then fogo f = f. Let ®: AT — Q be the homomorphism
induced by (a)® = « and (b)® = 8. Then (w)® = (fg)"f = f. Hence w is a
universal word for Q. O
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Note that the word (ab)"a is universal for Q* because for each f € Qf there
exists g € O such that f = fogo f. Semigroups which satisfy this property are
called REGULAR. Hence the word (ab)"a is a universal word for every regular

semigroup.

Theorem 4.2.16. Let A = {a,b}, let u € aA*D, and let w = u"vu™ for some
n,m>1 and v € aA*a U {a}. Then w is a semigroup universal word for Q° if
and only if w = aFba(akb)™ for some k,m € N.

Proof. (=) Suppose that w = v™vu™ for some n,m € Nsuch that v € aA*aU{a},
and suppose that w is a semigroup universal word for Q. For any x € A and
any q € A*, let Ny(z) be the number of the occurrences of the letter x in the
word q.

Let f € Q% be such that ¢(f) = 1 and d(f) = 0 which exists by Proposi-
tion 1.3.4. Since w is a universal word, there is a homomorphism ® : AT — Qf
such that (w)® = f. Let @« = (a)®, § = ()@, p = (w)P, and v = (v)P.
Then f = p™ oo pu™. It follows from parts (i) and (iii) of Lemma 1.3.5 that
() < e(f) = 1 and d(u) < d(f) =0,

If ¢(u) = 0, then p is a bijection and so ¢(y) = 1 and d(y) = 0. Recall that
v = (v)® and v € aA*a U {a}, and so there is 7' € Qf such that v = 7' o a.
Hence d(a) = 0 by Lemma 1.3.5(i). Since u € aA*b, there is some p/ € Q
such that g = a o g/. Then ¢(a) < ¢(n) = 0 by Lemma 1.3.5(iii). Hence « is
a bijection. Since v = a*bu’ for some k > 1 and u' € A*, there is p”’ € Q%
such that u = of o o u”. Tt follows from the fact that a is bijective that
c(Bop”)=c(u) =0. Hence ¢(B) < ¢(fop”) =0 by Lemma 1.3.5(iii), and so
both « and g are injections. This is a contradiction since f = (w)® is not an
injection, and so ¢(u) = 1.

It follows from parts (i) and (iv) of Lemma 1.3.5 that d(u*) = 0 and c(u*) = k
for every k € N. However, c(u") < ¢(f) = 1 by Lemma 1.3.5(iii), and so n = 1.

Recall that there is v € Q such that f = g oo p™. By above c(u™) =m
and by Lemma 1.3.5(v) if Rg < d(u o ~y) then d(f) = d(uoyou™) > R,
which is impossible, and so d(u o ) is finite. Similarly if Ry < ¢(y o u™), then
e(f) = e(poyopu™) > Ry, by Lemma 1.3.5(vi), which is impossible. Hence
c(y o u™) is also finite. Then ¢(y) < ¢(yo p™) and d(y) < d(u o) by parts (i)
and (iii) of Lemma 1.3.5, implying that c¢(v) and d(~y) are both finite.

It follows from Lemma 1.3.5 that c(pov) < ¢(f) = 1 and ¢(poy) =
e(p) + ¢(y) = ¢(v) + 1. Hence ¢() = 0. Lemma 1.3.7 implies that

L=c(f) =d(f) = (m+1) (c(p) = d(p) + c(y) —d(y) =m+1—d(y),

and so d(y) = m. Also c(a) < c(y) =0, d(o) < d(vy) =m and d(8) < d(p) = 0.
Since ¢(f),d(f), c(a),d(«) are all finite, f € (a, 8), and f # o™ for all n € Z, it
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follows form Lemma 1.3.6 that ¢(5) and d(8) are finite, and so by Lemma 1.3.7

Let © = ¢(B), and let y = d(«). Hence
1 =2Ny(b) — yNu(a) (4.8)

and
—m = xN,(b) — yNy(a). (4.9)

Suppose now that ¢(f) = 0 and d(f) = 1. As before let ® : AT — QF
be a homomorphism such that (w)® = f, and also let & = (a)®, 8 = (b)®,
= (u)®, and v = (v)®. Since f = po~yop™, Lemma 1.3.5(i) and (iii) imply
that c(p) < ¢(f) =0 and d(p™) < d(f) = 1. Hence ¢(p) = 0 and by part (ii) of
the same lemma md(u) = d(p™) < 1. Hence either d(p) = 0, or d(u) = 1 and
m=1.

Case 1: Suppose that d(u) = 1. Then f = po o pu. It follows from
Lemma 1.3.5(v) if Rg < d(po+y) then d(f) = d(uoyou) > Ng, which is impossible,
and so d(p o) is finite. Similarly if Rg < ¢(yop), then ¢(f) = c(poyou) > Rg, by
Lemma 1.3.5(vi), which is impossible. Hence ¢(you) is finite. Then ¢(v) < e(yop)
and d(y) < d(po+y) by parts (i) and (iii) of Lemma 1.3.5. Therefore, ¢(v) and
d(v) are both finite. Then Lemma 1.3.7 implies that

—L=c(f) —d(f) = e(v) —d(v) + 2(c(p) — d(p)) = c(v) — d(7) = 2,

and so c(y) = 1+d(7). Also 1 =d(f) = d(yopu) = d(y) +d(p) = d(v) + 1,
by parts (i) and (ii) of Lemma 1.3.5. So d(v) = 0 and ¢(v) = 1. Recall that
v = koo for some k € Q% thus d(a) < d(y) =0, and c(a) < ¢(f) = 0. Hence
is bijection. Since w contains at least two occurrences of the letter b, we may
write w = a¥q where ¢ € bA*b. Let § = (q)®. Since o is a bijection, ¢(§) = 0
and d(d) =1, so ¢(B) < ¢(6) = 0 and d(8) < d(§) = 1 by parts (i) and (iii) of
Lemma 1.3.5. If 8 was a bijection then f, a product of a and 3, would also be a
bijection, which is a contradiction. Then d(8) = 1. It follows from Lemma 1.3.7
that 1 = N, (b), however the letter b occurs at least twice in the word w, which
again is a contradiction.

Case 2: Suppose that d(u) = 0. Since pu is a bijection ¢(y) = 0 and d(vy) = 1.
Then ¢(a) < ¢(y) =0 and d(«) < 1. If « is a bijection, we may conclude, as in
the previous case, that there is only one occurrence of the letter b in the word w,

which is a contradiction. Hence d(a) = 1. It follows from Lemma 1.3.6 that ¢(3)
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and d(f) are finite, and so Lemma 1.3.7 implies

Let z = ¢(8) — d(B). Then
0= 2N, (b) — Ny(a) (4.10)

and
—1=2N,(b) — Ny(a). (4.11)

Finally, combining equations (4.8) with (4.10) and (4.9) with (4.11) we get
that there exists x,y, z € N such that y < m,

1=Nu(b)(z —yz) and y—m = N,(b)(z —yz).

Then N, (b) =2 —yz=1and 0 >y —m = N,(b)(x —yz) = N,(b) > 0. Hence
y =m and N, (b) = 0, implying that N,(a) = 1. Hence u = a*b for some k > 1,
and v = a, and so w = a*ba(a’b)™.

(<) Let w = a*ba(a*b)™ for some k,m € N, and let f € Q. We will show
that there is a homomorphism ® : {a,b}* — Q such that (w)® = f. The
proof consists of two steps. First, we will show that there is g € Q such that g
is surjective; that every kernel class of g is contained in a kernel class of f; and g
satisfies the additional condition that if K is a kernel class of f and K = (J;.; L;
where L; is a kernel class of g for all ¢ € I, then | (K)f) g~ ™| > |I|. We will use
g to define the homomorphism .

Suppose that | () f| = |Q|. Let g € Q% be such that kernels of f and g are
the same. Since the number of kernel classes of g is | (2) f| we may also choose
g to be surjective. The additional condition is easily satisfied since the kernels of
f and g are the same.

In the case where () f is finite, there is at least one infinite kernel class K.
Hence we can partition K into countably many countable sets {L,, : n € N},
which together with the remaining kernel classes of f gives a partition of Q.
Then define g € Q% to be a surjection with the kernel being the aforementioned
partition and such that (L;)g € L;_; for alli € {1,...m —1} and (Lg)g = (K)f.
Then ((K)f)g~™ = Ly,_1, and since K is the only kernel class of f which is not
a kernel class of g, it follows that the additional condition is satisfied.

Since g is surjective, g™ is also surjective for any m € N. Hence for each
x € Qthe set (z)g~' o fog™™ is non-empty. If + # y and (z)g~lo fog™™ =
(y)g~to fog ™ = X then (z)g~! and (y)g~! are disjoint subsets of the same
kernel class of f. By the additional condition the set X is bigger than the number
of z € Q such that (z)g~' o fog~™™ = X. Hence we can define o € Q% to be an
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injection such that
(r)a € (x)g~tofog™™

for all x € Q. Then goa o g™ = f.
Since « is injective, so is a*. Fix z € Q and define 8 € Q% by

(x)a"kg if z € (Q)aF,

z otherwise.

()8 =

Then o o 3 = g, and therefore f = goaog™ = a¥ o Boao (a¥ o 3)™. Hence
if ® : AT — Q% is the canonical homomorphism induced by (a)® = a and
(b)® = f3, then (a*ba(a*b)™)® = f. O

4.3 Universal sequences of Q%

In this section we will show that similar results to the ones in Section 4.2.1 also
hold for sequences. Throughout this section we will assume that €2 is countable,
again for the sake of simplicity.

The following result is analogous to Proposition 4.2.2 for semigroup universal

sequences.

Proposition 4.3.1. Let {w, : n € N} be a sequence of words in {a,b}* such
that wy, is a subword of w,, only if n = m. Suppose that for any n,m € N
if a prefix p of w, is a suffizx of w,,, then n = m and p = w, = w,,. Then

{wy, : n € N} is a semigroup universal sequence for 0.

Proof. Let A = {a,b}, and let Q2 be the set of eventually constant sequences over
A, written from right to left, that is

Q={(...,z1,20) : ©; € A and there is K € N with x), = xx for all £ > K}.

Note that if w,, = a for some n € N, then the first and the last letter of w,,
has to be b for all m € N\ {n}, which contradicts the hypothesis. Hence we
may assume that |w,| > 2 for all n € N. If there exists ¢ € N such that a is the
first letter of the word w;, then for every 5 € N the letter a cannot be the last
letter of w;. Hence w; finishes with b for all j € N, and so b can not be the first
letter of w; for any ¢ € N. Then w; € aA*b for all ¢ € N. In the case, where there
is © € N such that the word w; starts with b, the same argument shows that
w; € bA*a for all ¢ € N. Therefore, without loss of generality we may assume
that, w; € aA*D for all 1 € N.
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Fix {f, :n € N} C Q% Let a, 8,7 € Q% be defined as follows

(... x1,m0)a=(...,x0,0a)

(...,1'171‘0)6: (...,l‘o,b)

( T1.x )’Y ("'?'Ti-‘rlaxi)fn ifxi_l...xozwn
e 1 0 =
o (..., 1,20) otherwise

Suppose there are %, j,n,m € N such that x;_1...20 = w, and and z;_1 ... 29 =
Wy,. Then either the word w,, is a prefix of w,, or w,, is a prefix of w,, in both
cases the hypothesis implies that w, = w,,. Hence ~ is well-defined.

Define @ : At — Qf to be the canonical homomorphism induced by
(a)® = a and (b))® = fo~. Let n € N, and let w, = y; ...y, where y; € A
for all ¢ € {1,...k}. We will inductively show that (...,z1,20)(y1 ... ys—1)® =
(..., Z0,Y1,-.-,Yk—1) for every (..., x1,20) € Q. First note that

(.. z1,20) Y1) = (... 21, 20) = (..., 21,%0,Y1)
for every (..., x1,x0) € Q. Suppose that for some ¢ € {1,...,k—2} we have that
(...,1'173}0)(:1/1 yz)(I) = (-~-7anyla-~-7yi)-

Since ® is a homomorphism, it follows that

(. .. ,xl,xo)(yl .. ~yi+1)@ = ( . 7551,1}0)(y1 .. yl)(b o (szrl)(I)
= (1,20, Y1, - -+ Yi) (Yi1) .

If y;11 = a, then (y;+1)® = «, and so

(coosz,mo)(yn - Yis)® = (o 21, %0, Y1, - - -5 Yig1)

for all (...,z1,20) € Q proving the inductive hypothesis. Suppose that y;11 = b.
Then (y;4+1)® = S o+, and so for all (..., x1,20) €

(om,20)(yr - yir1)® = (-, 21,20, Y1, - Yit1)7-

Since y; ...y;41 is a proper prefix of w,, it follows that y; ...y;+1 cannot be
a suffix of wy, for any m € N. Then x;...2oy1...yit1 # wy, for all j € N.
Similarly, if there is j € N such that y; ...y;41 = wy, for some m € N, then w,,
is a subword of w,,, contradicting the hypothesis of the lemma. Hence v acts as

an identity on (..., 21,Z0,Y1,.-.,Yi+1), and the inductive hypothesis is satisfied.
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It then follows by the above inductive argument that

(~-~7$171’0)(y1 yk—l)(I) = ( -7331,330ay17~-~7yk—1)7

and since y, = b,

(...,SU],.’I]O)(UJTL)q) = ("'a$17x03y1a"'7yk)7 = ("'7xlax0)fn-

Hence (wy,)® = f,, and since n was arbitrary, {w, : n € N} is a universal
sequence. O

Next we will show that the sequence we have seen in Example 4.1.7 can be

proved to be universal using Proposition 4.3.1.

Example 4.3.2. Let w, = a(ab)™b for all n € N as in Example 4.1.7. The
possible prefixes of w,, are w,,, a(ab)® for some i € {0,...,n}, and a(ab)ia for
some i € {0,...,n — 1}. Similarly the possible suffixes of w,, are w,,, (ab)‘b for
some i € {0,...,n}, and b(ab)'b for some i € {0,...,n — 1}. It is then easy to
see that a prefix of w, is equal to a suffix of w,, if and only if w,, = w.,,. Hence
by Proposition 4.3.1 the sequence {a(ab)™b : n € N} is a semigroup universal

sequence for O, which agrees with the conclusion of Example 4.1.7.

We will proceed by generalising Proposition 4.3.1 in the same way Proposi-
tion 4.2.2 was generalised to Theorem 4.2.12. In order to do that, we need to intro-
duce notions similar to that of S,,. Let A = {a,b},and let w = {w,, : n € N} C A*
be given, and consider a submonoid S of A* such that

if there are n € N, s,s" € S, and u,v € A* such that w,, = svuvs’

then v € S (4.12)
if there are distinct n, m € N such that w,, = svt and w,, = t'vs’

with 5,5’ € S and ¢,¢/,v € A* then v € S; (4.13)
if there are n € N and s,t,v € A* such that w,, = svt and sv,vt € S
then w,, € S. (4.14)

For every w there is at least one such submonoid, since A* satisfies the condition
trivially.

Let I be a non-empty set, and let .S; be a submonoid of A* satisfying conditions
(4.12), (4.13), and (4.14) for every i € I. Suppose that there are s,s" € (,.; S
and u,v € A* such that w,, = svuvs’ for some n € N. Then v € S; for all 7 € I by
(4.12). Hence v € (), S, and so [, S; satisfies condition (4.12). Suppose that
there are distinct n,m € N, 5,5" € [),c; 5; and t,t’,v € A* such that w, = svt
and w,, = t'vs’. Then v € S; by condition (4.13) for all i € I. Hence v € (1, S,
and so [, S; satisfies condition (4.13). Suppose that there are s,t,v € A*
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and n € N such that w,, = svt and sv,vt € (,c; S;. Then w, € S; by (4.14)
for all 4 € I. Therefore, there exists the smallest submonoid, with respect to
containment, of A* satisfying conditions (4.12), (4.13), and (4.14), we denote it
by Sw.

There is also a more constructive way of defining Sy. Let Sp = (1), and

suppose that we have defined S,,, a submonoid of A*, for some n € N. Let

X, = {v: w; = svuvs’ for some i € N, s,s" € S,, and u,v € A*};
Y, = {v:w; = svt,w; = t'vs’ for some distinct ,j € N,

5,8 € S, and t,t' v e A*};
(4.15)
Zn = {w; :w; = svt for some i € N and s,v,t € A*

so that sv,vt € Sy, };
Sn+1 = <S7L7Xna Yo, Zn>'

Then Sy < 5y < S5 < ... by definition of S,41. Let S = {J,cn Sn- If 5,2 € S,
then there are n, m € N such that s € S, and ¢ € Sy,,. Then s, € Spax(s,1), and
S0 8t € Smax(s,t) € 5. Hence S is a submonoid of A*.

Suppose that w; = svuvs’ for some 1 € N, 5,5’ € S, and u,v € A*. By
definition of S and the fact that Sop < S; < ... there is some n € N such that
s,8 € Sp,and sov € X, C S,y1 € S. Hence S satisfies condition (4.12).
Suppose that w; = svt and w; = s’vt’ for some distinct 7,5 € N, 5,5’ € S and
u,v € A*. Then there is some n € N such that s,s’ € S,,. Hence v € Y,, C S,
and so S satisfies condition (4.13). Suppose that w; = svt for some i € N,
s,v,t € A* and sv,vt € S. Again there is some n € N such that sv,vt € S,,.
Then w; € Z,, C S, and so S satisfies condition (4.14).

Let T be any submonoid of A* satisfying conditions (4.12), (4.13), and (4.14).
Since Sy = (1), it follows that Sy < T. Suppose that S, < T for some n € N.
Suppose that w; = svuvs’ for some i € N, s,s' € S,,, and u,v € A*. Thenv €T
by (4.12), and so X,, C T. If w; = svt and w; = t'vs’ for some distinct 7, j € N
such that s,s" € S, and t,¢',v € A* then v € T, since T satisfies condition (4.13)
and s,s' € T. Hence Y,, C T. If w; = svt for some ¢ € N such that s,v,t € A*
and sv, vt € S, then it follows from the fact that T satisfies condition (4.14),
that w; € T. Then Z, C T, and so S,4+1 C T. Then by induction S,, <7T for all
n € N, and thus S < T. Therefore S is the minimal submonoid of A* satisfying
conditions (4.12), (4.13), and (4.14), in other words S = Sy .

Note that unlike in the case of S,, where w is a word over A, the monoid S,
does not have to be finitely generated.

Before presenting the main result of this section we prove a technical result.

Lemma 4.3.3. Let w = {w,, : n € N} C aA*b. Suppose that a,b ¢ Sy. Then
Sw C aA*b U {1}.
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Proof. Recall that Sy, = (U, cyy Sn, Where S, is as in (4.15). Then Sy = {1} C
aA*bU {1}. Suppose that for some n € N we have that S,, C aA*bU {1}.

Let m € N, and suppose that w,,, = svuvs’ such that s,s’ € S,, and u,v € A*.
If v € A*a then we may write v = v'a and w,, = aqv’as’ for some q € A*
since the first letter of wy, is a. Hence a € Sy by (4.12), which contradicts
the hypothesis. Suppose that v € bA*. Then v = b’ for some v/ € A* and
there is ¢ € A* so that w,, = sbv’qb since b is the last letter of w,,. Hence
b € Sw by (4.12), which again is a contradiction. Therefore v € aA*b, and so
X, CaA*bU{1}.

Let m, k € N be distinct and suppose that w,, = svt and wy = t'vs’ such
that s,s’ € S,, and v,t,t’ € A*. If v € A*a, then we may write v = v’a for some
v’ € A*, and since w,, starts with a, it follows that w,,, = agq for some ¢ € A* and
wy = t'v’as’. Hence a € Sy by (4.13), which contradicts the hypothesis. Suppose
v € bA*. Then there is v’ € A* such that v = bv’, and since wy, finishes with b, it
follows that w,, = sbv’t and wy = bq for some g € A*. Hence b € Sy, by (4.13),
which again is a contradiction. Therefore v € aA*b, and so Y,, C aA*bU {1}.

By the definition Z, is a subset of {w,, : n € N}, and so by the hypothesis
Zn, C aA*b U {1}. Hence S,+1 C aA*b U {1}. Therefore by induction S, C
aA*bU {1} for all n € N, implying that Sy, C aA*bU {1}. O

Suppose that w = {w,, : n € N} is such that w, ¢ Sy for all n € N. Let
pn € A* be the longest prefix of w, such that p, € Sy, and let s,, € A* be
the longest suffix of w,, such that s, € Sy. Then either there is u,, € A" such
that w, = p,u,s,, or there are s,t,v € A* such that w, = stv, p, = st, and
Sn, = tv. In the latter case w, € Sy by (4.14), which contradicts the assumption.
Therefore for each n there is u,, € AT such that

Wpn = PpUnSn.

The following theorem is analogous to Theorem 4.2.12.

Theorem 4.3.4. Let w = {w, : n € N} C {a,b}" such that w, ¢ Sy, for all
n € N. Let py, $n, U, € {a,b}" be such that w, = ppuns,, and p, and s, are
respectively the longest prefix and the longest suffix of w, so that py,s, € Sw.
Suppose that u, is a subword of wy, if and only if n = m and that u, is not a

subword of py, for all n. Then {w, : n € N} is a semigroup universal sequence
for Q.

Proof. Denote by A the set {a,b}. Let n € N and suppose that a € Sy,. Then
wy, # a® for any i € N since w,, ¢ Sy. So either w,, = a‘ba’ for some i,j € N, or
wy, = a’buba’ for some i, j € N and u € A*. In the latter cases b € Sy by (4.12),
and so Sy = A*, which contradict the assumption that w,, ¢ Sy. Suppose that
wy, = a'»ba’* for some i,,j, € N and all n € N. Then b € S, by (4.13), which
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again is a contradiction. Therefore a ¢ Sy and the symmetric argument shows
that b ¢ Sy.

For the rest of the proof we assume that a,b ¢ Sy. Then for any n and m
in N; the first letter of w,, and the last letters of w,, have to be different, thus
{wn : n € N} C aA*b or {w, : n € N} C bA*a. Without the loss of generality,
we may assume that w, € aA*b for all n € N. Then Sy, C aA*b U {1} by
Lemma 4.3.3.

Let Q be the set of eventually constant sequences over F(A), written from
right to left, namely

Q={(...,x1,20) : ® € F(A) and there is K € N such that
xx =z for all k > K}.

We proceed by proving a series of claims.
Claim 1. u,, € aA*b for all n € N.

Proof. Let n € N, and let m € N be such that n # m. Since w,, € aA*b there
is some v € A* such that w,, = avb. Suppose that u, € bA*. Then u,, = bu for
some u € A*, and so w,, = p,bus,. Since w,, = avd, condition (4.13) implies
that b € Sy, which is a contradiction. Suppose that u,, € A*a. Then u,, = ua
for some u € A*. Hence w,, = ppuas,, and so (4.13) implies that a € Sy, which

again is a contradiction. Hence u,, € aA*b. O
Claim 2. Let n,m € N be such that n # m. Then u,, is not a suffix of wu,,.

Proof. Suppose that u,, is a suffix of u,,, in other words there is v € A* such
that u,, = vu,. Then w, = ppups, and Wy, = Py VUL Sy,. Since p,, Sm € Sw
condition (4.13) implies that u,, € Sw. Hence w,, = ppuns, € Sw, contradicting
the hypothesis. O

By (4.15), there is a generating set G for Sy, consisting of subwords of words
in w. Let G, be the set of all words in G of length at most n. Recall that we
say that a generating set T is irredundant if (T'\ {v}) # (T) for every v € T.
Let 77 = G1. Then T is irredundant. For some n € N, suppose that there is T,
an irredundant set such that (T,,) = (G,) and T,,_; < T, if n > 2. Define T},41
to be the maximal irredundant subset of G,, 1 containing 7,,, which is possible
since Gy,41 is finite. Hence T, < T;,41 and (Gp41) = (Th41), thus the induction
hypothesis is satisfied. Therefore such T;, exists for all n € N. Let X = J,,cjy Tn-
Then it is routine to verify that X is an irredundant generating set for Sy .

Claim 3. For each v € X, there are t,t' € Sy, and n,m € N such that tv is

a prefix of p,,, and vt’ is a suffix of s,,.
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Proof. Let Xy, Yy, and Zj be as in (4.15). Note that if Z; # &, then there is
m € N such that w,, € Z, and so w,, € Sy, contradicting the hypothesis. Hence
Zp =@ foralln €N, and X C J, oy Xn UY, by the choice of X.

Let v € X. Suppose there is k € N such that v € X N Xy. Then w,, = tvuvt’
for some n € N, t,¢ € Sg, and u,v € A*. Hence tv,vt’ € Sy, and so it then
follows from the maximality of p,, and s,, that tv is a prefix of p,, and vt’ is a
suffix of s,,. On the other hand, suppose there is £ € N such that v € X NYj.
Then w,, = quvt and w,, = t'vq’ for some n,m € N, t,t' € A*, and q,¢' € Sj.

Hence tv,vt’ € Sy, and so tv is a prefix of p,, and vt’ is a suffix of s,,. O

Claim 4. For all v € X and all n € N; a prefix of v is not a suffix of u,,, and

a suffix of v is not a prefix of u,,.

Proof. Let v € X and n € N be arbitrary. Then by Claim 3 there are t,t' € Sy
such that tv is a prefix of p,, and vt’ is a suffix of s;, for some m, k € N. Then
there are r,7’ € A* so that w,, = tvrt., s, and w, = prugr’vt’. Suppose that g
is a non-trivial prefix of v which is also a suffix of u,,. First, consider the case
where m = n. Then ¢q € Sy by (4.12) and the fact that w,, = tqghgs,, for some
h e A*.

Suppose that m # n. Then w,,, = tvru, s, and w, = PyU,Sy, and so g € Sy
by (4.13) as t, s, € Sw. Hence in both cases ¢ € Sy, which contradicts the
maximality of s,,.

The case where ¢ is non-trivial suffix of v which is a prefix of u,, follows in

almost identical way, using wy = prusr’vt’ instead of w,, = tVTUy, Sp,. O

Claim 5. For every v,v’ € X, if a non-trivial prefix ¢ of v is a suffix of v/,

then ¢ =v =v'.

Proof. Let v,v’ € X be arbitrary. Suppose that v = gr and v’ = 7’¢ for some
r,r’ € A* and ¢ € AT. By Claim 3 there are t,t' € Sy, and n,m € N such that
tv is a prefix of p,, and v't’ is a suffix of s,,. If n = m then there is € A* such
that

wy, = tvzv't’ = tgrar’qt’,

and so ¢ € Sy, by (4.12) since ¢,t' € Sy. If n # m we may write w,, = tvx = tqrz
and w,,, = 2'v't' = 2'r'qt’ for some x, 2’ € A*. Since t,t' € Sy, (4.13) implies
that ¢ € Sy. Hence g € Sy in both cases.

Since v € X, by Claim 3 there are n’,m’ € N, [,I’ € Sy, so that [v is a prefix
of p, and vl’ is a suffix of s,,,». As in the previous paragraph, if n = m then
there is x € A* such that

wy, = lvavl’ = lgregrl’,
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and so r € Sy by (4.12) since lq, I’ € Sw. If n # m we may write w,, = lvz = lgrx
and w,, = 2'v'l' = ’qrl’ for some x,2’ € A*. Since lq,l' € Sy, (4.13) implies
that r € Sy . Hence r € Sy in both cases. Since X is irredundant, g, € Sy, and
gr € X, it follows that r = 1. The same argument for v' implies that ' = 1, and

sog=v="1. O

Let {f, : n € N} C Q2. We will construct a homomorphism & : At — Q%
such that (w,)® = f, for all n € N. In order to do that we will need some

auxiliary functions a, 3,7 € Qf defined as follows

(., z1,20)a = (..., xp, a),

(...,.731,.130)6 = (...,J)(),b),
and

(., Tip1,z0) ifxi_q...20 =v € X for some i > 1
(... x1,20)y = and z; € AT for all j € {0,...i— 1} .

(..., 21,20) otherwise

If there are 4,7 € N, such that ¢ > ¢/, z;_1...290 = v, and zy_1...29g = V'
for some v,v" € X, and so that z; € AT for all j € {0,...,i}. Then v is a
suffix of v. By Claim 5 it is only possible if v = v’. Hence v is well-defined.
Let ¥ : AT — Q% be the canonical homomorphism induced by (a)¥ = a and
(b)T = 5 o~. We will later use ¥ to define the required ®.

Claim 6. For v € aA* such that no prefix of v is a suffix of a word in X,

there are z1,...,2; € AT such that z; ...z, = v and

(. 21,20) (0V)¥) = (oo, 21,20, 21, - -+ 5 2k)

for every (...,z1,2q) € Q.

Proof. Let v € aA* be such that no prefix of v is a suffix of a word in X, and write
vV =191...Ynm for some m € N and y1,...,ym € A. Since v € ad*, (y1)¥ = a,
and so for all (...,z1,29) €

(.-.75C1,1’0)a: (-.-,3317560,(1) = (-~-7$1753073JO)~

Suppose that for some i € {1,...,m — 2} there are j € N and z,...2; € A"
such that ¢y ...y; = 21...2; and

(...7931,1‘0) ((ylyz)\p) = (...,1‘1,1‘0,21,...,Zj)

for every (...,z1,z0) € Q.
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There are two cases to consider, either y;,11 = a, or y;,11 = b. Suppose that

Yi+1 = a. Since ¥ is a homomorphism, for all (..., xz1,2¢) € Q

(. .. 7581,1‘0) ((yl .. -y¢+1)‘I’) = ( ey L1, X0, Ry - - .,Zj) ((yl_;,_l)\lf)

(...,1‘1,1‘0,21,...,2]')04

(..., @1,20,21,-..,25,0Q),

and z1...2ja = Y1 ...Yi+1. Hence the condition is satisfied in this case. Suppose

that y;41 = b. Again since ¥ is a homomorphism, for all (..., z1,z¢) €

(. .. 7.271,:1)0) ((yl .. -yi+1)\p) = ( ey L1, X0y 21y - - .,Zj) ((yz+1)\11)

(...,xl,fEO,Zla“-aZj)ﬁo’y

= ('"7I13z03217~'-azj7b)’y7

and 21 ...2jb =y1...yi41. Since y1 ... y;41 is a prefix of v, by the assumption it
cannot be a suffix of any word in X. Thus 2 ...z;b ¢ X and if zg,...,z; € AT
then z;...xz9z1...2;b ¢ X for all t € N. Hence either v acts as identity on

(...,21,20,21,...,25,b), or there is k > 1 such that zj ...z;b € X, in which case

(...,1;17330) ((yl ...yi+1)‘lj) = (...73,‘1,,’1}0,217...,2"7‘7[))’7

= (...71'1,250,217...,Zkflzk...Zjb).

Since 21 ...2;b = y1...¥i4+1, the inductive hypothesis is satisfied in both cases.
Hence the claim holds by induction. O

Claim 7. Let v € Sy. Then (v)¥ € QF is a bijection, in particular
(... z1,20) (0)¥) = (..., z1,20v) for all (...,z1,20) € Q.

Proof. Let v € X. Since v € Sy, C aA*bU {1} and v # 1, we may write v = v'b
for some v’ € aA*. By Claim 5 any proper prefix of v’ is not a suffix of any
word in X. Hence by Claim 6 there exists j € N and z1,...,2; € AT such that
z1...2; =0 and for all (..., z1,20) € Q

(c.oyz1,m0) (V)U) = (oo 21,20, 21, - -+, 2).
It follows from v = z1 ...z2;b and the fact that ¥ is a homomorphism that

(os@1,20) (0)9) = (o 21,20, 21,025,003 (4.16)

=(...,x1,ToV).

Suppose that (...,z1,zv) = (..., 2}, zjv) where z;,2; € F(A) for all 4,i' € N.
Then x; = x} for all ¢ > 1 and xzgv = z{v. Since xgv and xjv are both elements
of the free group F(A) it follows that xg = x{,. Hence (v)V is injective by (4.16).
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Let (..., z1,20) € Q. Then by (4.16)

(... x, 20 Y (V)W) = (..., 21, 20),

so (v)W is surjective, and hence bijective on Q. Since X is a generating set for
Sw, it follows that (..., z1,20) (v)¥) = (..., 2z1,20v), and (v)¥ € Sym(2) for
all v € Sy. O

In order to define the required homomorphism &, we need one more function
on Q. Define § € Q% a follows:

(s ig1, mipy ) fo(sp)@™t ifm;_q...29 = uy, for some
n €N, i>1 where z; € A"
for all j € {0,...7—1}

(...,x1,20) otherwise

("'7'1:171‘0)5:

Note that (s,)¥~! is defined by Claim 7. Suppose there are i,i’,n,n’ € N
such that z;_1...20 = u, and zy_1...29 = u, where z; € AT for all j €
{0,...,max(i,7") — 1}. Then either u, is a suffix of w,, or u,, is a suffix of u,,.
Then n = n' by Claim 2, and so ¢ = i’. Therefore, ¢§ is well-defined.

Let ® be the canonical homomorphism induced by (a)® = « and (b)® =
Boyoo,

Claim 8. If v € Sy, then (v)® = (v)V.

Proof. Suppose that v = y; ...y, such that y; € A for all i € {1,...,m}. Since
Sw C aA*bU {1} and v # 1, it follows that y; = a, and so (y1)® = a = (y1)¥.
Suppose (y1...y;)® = (y1...y;)¥ for some i € {1,...,m — 1}. Since ¥ is a
homomorphism

(W1 i )P = (y1...4:) ¥ o (yis1)P.

In the case when y;11 = a, it follows that (y;41)® = (yi+1)¥, and so the
inductive hypothesis is satisfied. Suppose that y;11 = b, then (y;41)® = (yi+1)Vo
d,and so (y1..-Yit1)® = (W1...¥i41)P o0 d. If i+ 1 < m, then y;...y;41 is a
proper prefix of v. By Claim 5 for any j € {1,...,i+1} the proper prefix y; ... y;
of v is a not a suffix of any word in X. Since y;...y;11 € aA*, by Claim 6
there exists j € N and z1,...,2; € AT such that z1...2; = y1...y;4+1 and for
all (...,z1,20) € Q

(...,xl,xo) ((yl ...yi+1)\11) = (...7581,1‘0,217...72_7').

Ifi+1=m,then y;...9;,41 = v, and so

(...71‘1,1}0) ((yl ...yi+1)\lf) = (...,xl,xoyl ~--yi+1)
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for all (..., x1,20) € Q by Claim 7. Hence in both cases there are zg,...,z; € A"
such that z...2; =y1...y;+1 and for all (..., 21,20) € Q

(. .. ,$175L‘0) ((yl .. .yi+1)\11) = ( o3 L1, TR0, 21y - - .,Zj). (417)

We will show that § acts as the identity on (..., z1,20) ((y1 ... ¥i+1)¥) for all
(...,@1,20) € A Fix (..., 21,20) € Q, let n € N, and let zg,...,2; € AT be as in
(4.17). Suppose that there are i > 0 and n € N such that x;,..., 21,2920 € AT
and x; ... 2020 ...2; = Up. Then 2p...2; = y1...yi4+1 is both a prefix of v and
a suffix of u,, contradicting Claim 4. By Claim 3 there are t € S, and m € N
such that tv is a prefix of p,,, and by the hypothesis of the theorem, it follows
that u,, is not a subword of p,,, and so not a subword of v for alln € N. If £ > 0
then zj ... z; is a subword of v, and so not equal to u,. Hence ¢ acts as identity
on (...,x1,%0%20,%1,...,%;). Hence the inductive hypothesis is satisfied and by
induction (v)® = (v)¥ for all v € X. Since X is a generating set for Sy, it
follows that (v)® = (v)¥ for all v € Sy,. O

Claim 9. (u;,)® = (u,)P o4 for all n € N.

Proof. Letn € N,and let up, = y1 ... Ym. We will now show that (y1 ... ym—1)P =
(y1-.-Ym—1)V. Since y; = a, it follows that (y1)® = o = (y1)¥. Suppose
(y1...9:)® = (y1...y;)¥ for some i € {1,...,m — 2}. Then

W1 Y1) = (y1...vi) ¥ o (Yi1)®.

If y;11 = a then (y;4+1)® = (y;+1) ¥, and so the inductive hypothesis is satisfied in
this case. Suppose y;+1 = b. Then (y;1+1)® = (yi+1)V 0 6. Hence (y1...9:41)P =
(y1...yiy1)¥od. By Claim 4, for every j € {1,...,i+1} the proper prefix y; ... y;
of u,, is not a suffix of any word in X. Hence by Claim 6 there exists 7 € N and

Z1,...,2; € AT such that 2y ...2; = y1...y;+1 and for all (..., z1,20) € Q

(...,$17£L'0) ((yl y1+1)\:[/) = (...71'1,1'0,21,...,Zj).

Suppose that z;...z; = u; for some k € {1,...,7} and t € N. Then w; is a
subword of u,, and so of w,. Hence t = n by the hypothesis of the theorem,
and thus wu, is a proper suffix of w,, which is a contradiction. Suppose that
U = Tp...To21...2; for some k > 0 and ¢t € N such that zg,...,z, € AT,
Then 2;...z; is a prefix of w, and a suffix of u;, and so 2z1...2; € Sy by
the definition of Sy, which contradicts the choice of u,. So § acts as identity
on (...,z1,%o,%21,...,%;). Hence the inductive hypothesis is satisfied, and by
induction (y1 ... Ym—1)® = (y1...Ym-1)¥. Since y,,, = b

(Un)® = (un)¥ o 0. O
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Let n € N. It follows from Claim 7, Claim 8, Claims 9, and the fact that ¢ is

a homomorphism, that for all (..., z1,29) € Q

(.. 21,20) (W)@ = (..., 21,20) (Pn) P 0 (up )P 0 b o (s,)V)
=(...,x1,20pn) (un)Todo(s,)T)

It follows from Claims 4 and 6 there are z1,...,2, € AT such that z; ...z, = uy,

and

(cooyxr,20)(wn)® = (... 21, 2opn) (Uun)T 0 d o (s,)T)

= (... &1, 0P, 21,22, - -+, 2k )0 0 ($p) U
Finally, by the definition of §
(.21, 20)(Wn)® = (.., 21, X0Pn, 21, 22, - -+, 2)0 0 (8p) U
(o1, m0) fa 0 () 0 ()W
= ( .. ,xl,xo)fn.

Therefore (w,)® = f,, and since n was arbitrary, {w, : n € N} is a universal

sequence. O

It is worth noting that Proposition 4.3.1 is a consequence of Theorem 4.3.4.
Suppose that w = {w,, : n €} C AT is such that p is a prefix of w,, and a suffix
of w,, if and only if p = w,, = w,,, also suppose that w,, is a subword of w,, only
if n = m. Then using the notion of (4.15), it follows that X; =Y, = Z; = @.
Hence Sy = (1), and so by Theorem 4.3.4 the sequence {w, : n € N} is universal
for Q.

Next we present an example of a universal sequence which can be proved
to be universal with Theorem 4.3.4, but does not satisfy the hypothesis of
Proposition 4.3.1.

Example 4.3.5. Let w, = aba(ab)"*1bab € {a,b}* for all n € N, and let
w = {w, : n € N}. Then for any n and m € N, the possible prefixes of w,, are a,
ab, aba(ab)* for k € {0,...,n + 1}, aba(ab)*a for k € {0,...,n}, aba(ab)in + 1b,
aba(aba)"*ba, and w,. On the other hand, the possible suffixes of w,, are b, ab,
bab, and some other words which finish with b%ab. Note that the only proper
prefix of w, which is a suffix of w,, is ab. Hence Xy, = Yy = {ab}, and since
Zy = @, it follows that S; = {(ab)™ : n € N}.

Suppose now that for any n € N, w,, = svuvs’ for some s,s’ € S; and
v,u € {a,b}*. Then s,s’ € {1,ab}, and so vuv is one of the words a(ab)™ b,
aba(ab)"*1b, a(ab)"*tbab, or w,. Observe that neither of the first three words

have a proper prefix which is also a suffix, and so X; = X.
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If for some distinct n,m € N, w,, = svt and w,, = t'v's where s,s" € Sj,
t,t',v € N. Then vt is either w,, or a(ab)"*'bab and similarly tv’ is either w,, or
aba(ab)™ 1b. Then v is either 1 or ab, and so Y; = Y. It is also easy to see that
71 = @. Hence Sy = Sy, implying that Sy, = {(ab)™ : n € N}.

Finally, let n € N. Then w,, ¢ Sy, for all n € N. Then the longest prefix p,, of
wy, such that p, € Sy is p, = ab, and similarly the longest suffix s,, of w,, such
that s, € Sy is s, = ab. Hence if w,, = p,un,s, then u, = a(ab)" b, and so if
U, is a subword of w,,, it follows that m = n, also u,, is not a subword of p,, = ab.
Therefore {w,, : n € N} is a universal sequence for 2 by Theorem 4.3.4.

4.4 Universal lists of automorphism group of the

random graph

Let R be the random graph, namely the Fraissé limit of the class of all finite
graphs. In this section we will show that Aut(R) has a group universal list over
an alphabet of size four.

In this section we will use a rather different approach to find a universal list.
The approach is inspired by an alternative proof of Ore’s Theorem, namely that

a~tb~tab is a universal word for Sym(Q) for a countable 2.

Proposition 4.4.1 (see [42]). Let A = {a,b} be an alphabet and let G be a
topological group such that G is a Baire space and has a comeagre conjugacy

class. Then a='b~1ab is a group universal word for G.

Proof. Let f € G be arbitrary, and let C be the comeagre conjugacy class of
G. Since G is a topological group, multiplication on the right by an element of
G is a homeomorphism by Corollary 1.4.13. Hence Cf = {gf : g € C} is also
comeagre by Proposition 1.4.14. Then the set C N Cf is also comeagre, and since
G is a Baire space, non-empty. So there are g, h € C such that g = hf. Since g
and h belong to the same conjugacy class, there is k € G such that g = k~1hk.
Then
f=h"tg=nh"tk"'hk.

Let ® : F(a,b) — G be the canonical homomorphism induced by (a)® = h
and (b)® = k. Then (a=b"tab)® = f. O

As discussed in Examples 1.4.11 and 1.4.18, for countable Q, Sym(§) and any
closed subgroup of Sym(Q) are topological groups which are also Baire spaces.
Hence Proposition 4.4.1 implies that, in order to show that a~1b~tab is a group
universal word for Sym () it is sufficient to show, well known result by Truss [74],

that Sym(Q2) has a comeagre conjugacy class.

Proposition 4.4.2 (Theorem 3.1 [74]). Let ) be countable. Then Sym(§2) has

a comeagre conjugacy class.
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Proof. For n,m € N and x € (Q, define the following sets
Apm = {f € Sym(Q) : f has at least n cycles of length m}

and
B, ={f € Sym(Q) : z is on a finite orbit of f}.

We will show that A, ,,, and B, are open and dense for all n,m € N and = € Q.

Let f € A, ,, for some n,m € N. Then there is a finite subset I' of €2 such
that f|r is a product of n disjoint cycles of length m, and so [f|r] C Ay m. Hence
Ay m is a union of basic open sets, and thus an open set. Similarly, if f € B, for
some z € , then there is a finite orbit T' of 2 containing x. Then [f|r] C By,
and so B, is an open set for every z € (.

Suppose that ¢ a bijection between finite subsets of €2, in other words ¢q €
Sym(Q)<“. Let n,m € N, and let z € Q. Then there is an extension f € Sym(Q)
of ¢ such that f at least n cycles of length m, and so [¢] N A, # @. Similarly,
there is f € Sym(Q2) such that z is on a finite orbit of f. Hence [¢] N B, # &,
thus both A,, , and B, are dense in Sym((Q2). Therefore, the set

C= () Aumn () B:

n,meN €N

is comeagre.

Note that if f € C, then f has no infinite cycles and countably many cycles
of any length n > 1. By a classical result, two permutations are conjugate if and
only if they have the same number of cycles of length n for every n € NU {RX¢}.

Therefore, C is the comeagre conjugacy class. O

Ore’s Theorem then follows immediately from Propositions 4.4.1 and 4.4.2.

For the remainder of this section, if G is a group and g, h € G by ¢g" we denote
the product h=!gh. The main result of this section is stated in the following
theorem.

Theorem 4.4.3. Let n € N, n > 4, and let w; = a® ¢ ' € F(a,b,c,d) for

i€{l,...,n}. Then wy,...,wy s a group universal list for Aut(R).

In order to make the notation easier throughout this section we will assume
that the underlying vertex set of R is N. In order to prove Theorem 4.4.3 we
will need the notion of a Banach-Mazur game for a subset of a topological space.

Let X be a non-empty topological space, and let C' C X. The BANACH-
MAZUR GAME OF C is a two player game, in which Player I and Player 11
alternate to choose non-empty open sets Uy, V, Uy, Vi, . .., such that Uy D Vj 2
Uy 2 Vi 2 .... Player II wins the game if (N, V;, =), U, € C, and Player I

wins the game if Player II does not win. Note that the (1, Vi, = ,, U, follows
immediately from the fact that Uy 2 Vo D U; D V; D ...
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If X is a Baire space, a Banach-Mazur game can be used to show that
a subset of X is comeagre. In order to establish this connection, we need to
formally define what it means for a player to have a winning strategy. If X is a
non-empty topological space, let T' be the set consisting of all finite sequences
(Wo, ..., W,) such that W; is a non-empty open subset of X for alli € {0,...,n}
and Wy D ... D W,. A STRATEGY S for Player II for a Banach-Mazur game
is then a subset of T" such that

(i) S is non-empty;

(ii) if (Uo, Vo, ..., Vy) € S, then (Uy, Vo, ..., Vy,Uyt1) € S for every non-empty
open set U, 41 such that U,41 C V,;

(iii) if (Uo, Vo, ..., Uy,) € S, there is a unique V;, such that (Up, Vp,...,V,) € S.

Roughly speaking, a strategy is a rule which tells Player II which non-empty
open set V,, to choose at any stage of the game. A strategy S is a WINNING
STRATEGY FOR PLAYER II for a Banach-Mazur game of C, if for any infinite
sequence (Uy, Vp, Uy, ...) so that (Up, Vo,...,V,) € S for all n € N, it follows

that (,cy Un € C.

Theorem 4.4.4 (see Theorem 8.33 in [41]). Let X be a non-empty Baire space,
and let C C X. Then C 1is comeagre if and only if Player II has a winning
strategy for the Banach-Mazur game of C.

Proof. (=) Suppose that C is comeagre, and for n € N let A,, be open and
dense subsets of X so that (1, .y A, € C. If for n € N, the non-empty open sets
Uy D Vy D...D U, were chosen, let Player II choose V,, = U, N A4,,. Since A4,, is

dense, V,, is a non-empty open set. Then

(N Va=(UnnAn=[Un[)4nCC,

neN neN neN neN

and so this is a winning strategy for Player II.

(<) Suppose that Player 1T has a winning strategy S. We will construct a
non-empty subset @ C S such that @ € @, and for any p = (Up, Vo, ..., V) € Q,
the set V, = {Vog1 : (Uo, Vo, .-+, Vi, Unt1, Vir1) € Q} consists of pairwise
disjoint open subsets so that |JV, is dense in V,,. Before showing that such @
exists we will demonstrate how to use it to prove that C' is comeagre. For n € N,
let W, = UH{Va : (Uo, Vo, ..., Vs) € Q}. Then W, is open for all n € N. We will
inductively show that W,, is dense in X for all n € N.

First, note that Wy = |J Vg, and so Wy is dense in X. Suppose that W,
is dense in X, for some n € N. Let U be a non-empty open subset of X.
Since W, is dense, there is V,, such that V,, intersects U non-trivially and
p = (U, Vo,...,Vp) € Q. Then | JV, € W, 41, and since |JV), is dense in V,,,
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it follows that W, ;1 is dense in V,,. It follows form the fact that U NV, is a
non-empty open subset of V,, that W, 11 intersects U non-trivially. Since U is
arbitrary, W,y is dense in X. Therefore, by induction W, is open and dense
forall n € N. If x € [,y
open sets (Up, Vo, Us, . ..) such that any finite prefix of the sequence is in @, an

W, then there is a unique sequence of non-empty

x €V, for all n € N. Since S is a winning strategy for Player II, it follows that

re [ VaCC,
neN

and so (,,cy W € C, proving that C' is comeagre. Therefore, it only remains to
show that such collection () exists.

Let Qo = {@}. Let n € N, and suppose that for every k € {0,...,n} we
have defined @) C S such that every sequence in Q) is of length 2k. Fix
p = (Uo,Vo,...,Vn_1) € Qn. Then for every non-empty open subset U,, C V,,_1,
define U;® to be the unique choice of Player II in the strategy S. Let A to be the
collection of all sets A consisting of non-empty open sets U,, C V,,_; such that
{U} : U, € A} is a set of pairwise disjoint sets. The set A is partially ordered set
under inclusion, and for any chain of elements in .4 the union of these elements is
an upper bound of the chain. Hence by Theorem 1.1.1 (Kuratowski-Zorn Lemma),
there is U,,, a maximal collection of non-empty open subsets U,, C V;,_; such that
{U} : Up—1 € Uy} is a set of pairwise disjoint sets. Let Q41 the set of sequences
of the form (Uy, Vo, ..., Vh—1,Un, US) for each p = (Up, Vo, ..., Vh—1) € Q. and
Un €Uy Let Q = ,,cy Qn-

For p = (Ug, Vo, ..., V1) € Q, it follows that p € Q,,, and so

VP = {Vn : (UOaV07 .. '7Vn—17Un7Vn) S Qn+1} = {U;: : Un S Z/[p}

is a set of pairwise disjoint subsets. Let U be an open subset of V,,_1, and let U*
be the unique subset of U such that (Up, Vo, ..., Vh_1,U,U*) € S. By maximality
of U, there is U,, € U, so that U™ intersects U}; non-trivially. Hence U intersects
(U Vp non-trivially, and so |JV, is dense in V,,_1. O

The following result by Hrushovski will be used in the proof of the main

result of this section.

Theorem 4.4.5 (Hrushovski’s Property, see [32]). Let G be a finite graph. Then
there exists a finite graph H containing G as an induced subgraph, such that

every isomorphism between induced subgraphs of G extends to an automorphism

of H.

We first observe that if G is a topological group which is Baire, then every
element can be obtained as a product of an element from a comeagre set with
the inverse of another element from the same comeagre set.
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Lemma 4.4.6 (see Theorem 7.4 in [74]). Let G be a topological group and
suppose that G is Baire. If C is a comeagre subset of G, then C™'C = G.

Proof. Let ¢ € G. Since multiplication on the right by a group element is
a homeomorphism by Corollary 1.4.13, Proposition 1.4.14 implies that Cg is
comeagre. Then C N Cyg is also comeagre and thus non-empty. Hence there are

x,y € C such that x = yg, or equivalently g = y~ 'z € C~!C. O

We will prove Theorem 4.4.3 in a series of lemmas. The key part of the proof

of Theorem 4.4.3 is proving that the set

(9, 7" fr9 € Aut(R)}

is comeagre in Aut(R)™, which we will prove in Lemma 4.4.9 using the Banach-
Mazur game. Then Lemma 4.4.9 can be used to show that the list given in
Theorem 4.4.3 is indeed universal.

Before proving Lemma 4.4.9, we prove a technical result which enables us
to extend isomorphisms of finite subgraphs of R in a certain way. Recall that if
x € R, we denote by N(z) the set of all the vertices in R adjacent to x. It was
brought to our attention by H. D. Macpherson that Lemma 4.4.7 has been shown
in the proof of Theorem 3.1 in [36] for any Fraissé limit of a free amalgamation

class, which covers the case of the random graph.

Lemma 4.4.7 (see Theorem 3.1 in [36]). Let f € Aut(R)<“, and let T be a
finite subset of R such that dom(f) Uran(f) C T'. Then there is an extension
g € Aut(R)<¥ of f such that the following hold:

(i) dom(g) =T
(ii)) (I'\dom(f))gNT =z;

(iii) for x € (T'\ dom(f))g and y € T we have that  and y are adjacent if and

only if y € ran(f) and (x)g~" is adjacent to (y)f~!.

Proof. Let T' = {z; : 1 < i < m}, for some m € N, and let go = f. We will
construct the required g inductively. Suppose that for some k € {0,...,m — 1}
we have defined g, € Aut(R)<%“ such that g;, extends gx_1 if & > 1, 2; € dom(gg)
for all i € {1,...,k}, the sets (dom(gx) \ dom(f))gr and T" are disjoint, and if
2 € (dom(gg) \ dom(f))gr and y € T then x and y are adjacent if and only if
y € ran(f) and (v)g;, ' is adjacent to (y)f~t.

If 41 € dom(gg), let gr+1 = gr- Then induction hypothesis is satisfied by
Jk+1. Suppose 21 ¢ dom(gy). Let U = (N(2g+1)) g and V =T Uran(gg) \ U.
Then by Alice’s restaurant property there is y € R\ (I' Uran(gg)) such that y
is adjacent to every vertex in U and not adjacent to every vertex in V. Hence
9k+1 = gk U{(zk+1,y)} is an isomorphism between subgraphs of R, and since R

is ultrahomogeneous gi+1 € Aut(R)<“.
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It follows from the definition of gy that

(dom(gx41) \ dom(f)) gk+1 = (dom(gx) \ dom(f)) g U{y}. (4.18)

Hence the sets (dom(gx+1) \ dom(f)) gr+1 and T' are disjoint by the inductive
hypothesis and the fact that y ¢ T

Let z € T, and let ¢ € (dom(gx+1) \ dom(f)) gr+1. By (4.18) either ¢’ €
(dom(gy) \ dom(f)) gk, or ' = y. Suppose that ¢y’ = y. Then since z € T' C
UUV, vy is adjacent to z if and only if z € U which is equivalent z € ran(gy)
and (2)g; ' € N(zk41). Note that (dom(gx) \ dom(f))gr = ran(gx) \ ran(f) is
disjoint from T, as gi is an extension of f, and since ran(f) C T, it follows that
ran(gr) NT = ran(f). Hence y’ is adjacent to z if and only if z € ran(f) and
Tpt1 = (y’)gk_i1 is adjacent to (2)f~1. The case where 3’ € (dom(gx)\dom(f))g
follows immediately from the hypothesis. Hence gr41 satisfies the inductive
hypothesis.

Therefore there is g = g, € Aut(R)<¥ such that dom(g) = T'; the sets
(dom(g) \ dom(f))gr and T are disjoint; and if z € (dom(g) \ dom(f))gr and
y € T then x and y are adjacent if and only if y € ran(f) and (z)g~! is adjacent
to (y)f~1, as required. O

In order to describe a winning strategy of the Banach-Mazur game we will
use some extra notation. Recall that we assume that the underlying vertex set of
R is N. Let a,b, g1, ..., gn, be isomorphisms between finite subgraphs of R, and
let k > 0. We say that a,b,¢1,...,gn satisfy the property G(k) if the following
are true:

(i) there is a finite subset I' C R such that g1, ..., g, € Aut(I");
(ii) dom(b) C T is stabilised by g1, ..., gn—1 setwise;
(iii) ran(b) C T is stabilised by ga, ..., gn setwise;
(iv) fori e {1,...,n —1} if z € dom(d) then (x)g;b = (v)bgi+1;
(v) a=gy and a® " C g foralli € {2,...,n};
(vi) k€T, and k — 1 € dom(b) Nran(b) if £ > 0.

Observe that if a, b, f1, ..., fn € Aut(R)<“ are such that a, b, f1, ..., f, satisfy
G(k) for some k € N, and g1,...,9, € Aut(R)<% are extensions of fi,..., fn

respectively, then a, b, g1, ..., g, satisfy conditions (ii) — (iv) and condition (vi)
of G(k).
In the following lemma, we show how to obtain a,b, hq, ..., h, € Aut(R)<¥

which satisfy G(k + 1). This will serve as a step in the Banach-Mazur game.
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Lemma 4.4.8. Suppose that a,b, f1,..., fn € Aut(R)<¥ satisfy G(k), and let
G1s--5dn € Aut(R)<¥ be extensions of f1,..., fn respectively. Then there are
extensions ¢,d,hy, ..., h, € Aut(R)<¥ of a,b,g1,...,gn satisfying G(k +1).

Proof. By Theorem 4.4.5 there is TV a finite subgraph of R and extensions
hiy... hy € Aut(IV) of g1, ..., g, respectively. Hence without loss of generality
we may assume that there is a finite subgraph I'V of R such that g1,...,9, €
Aut(T"). Then a,b, g1, ..., gn satisfy conditions (i) — (iv) and condition (vi) of
G(k) by the observation above.

The proof consists of two major steps. First, we will show that are p,q,71,...,7, €
Aut(R)<% extending a, b, g1, . .., gn respectively, such that p,q,rq,...,r, satisfy
conditions (i) — (v) of G(k + 1) and k € ran(q). The next step is to extend
DyQyT1y-- ey b0 Cyd, hy, ... by € Aut(R)<¥ respectively, so that ¢,d, hy, ..., hy,
satisfy G(k + 1).

Since dom(b™!) Uran(b~!) = dom(b) Uran(b) C T' C I, we may apply
Lemma 4.4.7 to b=! and I'". Then there is ¢~ € Aut(R)<“ extending b~! such
that ran(q) = dom(¢~!) =T", ANT' = @ where A = (I \ ran(b)) ¢!, and

x € A is adjacent to y € I' if and only if y € dom(b) and (z)q (4.19)
is adjacent to (y)b. .

Since g is injective, it follows that A = (I')g~1 \ (ran(b))g~! = (I")g~* \ dom(b).
Hence A is disjoint from dom(b). Also note that dom(b) = (ran(b))q~! C (I")q 1,
and so

dom(q) = (ran(¢))g~ ' = (I")¢~' = A U dom(b). (4.20)

Leti € {1,...,n—1},and let ¢; : A — R be defined by (z)¢; = (2)qgi11q7*.
Then ¢; is an isomorphism between finite subgraphs of R. Since go, ..., g, all
stabilise both I and ran(b) setwise by condition (iii) of G(k), it follows that
g2, ..., gn stabilise IV \ ran(b) setwise. Hence ¢; stabilises A = (I \ ran(b))q !
setwise, in other words ¢; € Aut(A). We will now show that g; U ¢; is an isomor-
phism between finite subgraphs of R. Since both g; and ¢; are isomorphisms, it
is enough to consider x € dom(¢;) = A and y € dom(g;) and show that x and
y are adjacent if and only if (2)¢; and (y)g; are adjacent. First, suppose that
y € dom(g;) \ dom(b). Then (y)g; ¢ dom(b), since g; stabilises dom(b). Hence x
is not adjacent to y and (x)¢; is not adjacent to (y)g; by (4.19).

Suppose that y € dom(b), then (y)g; € dom(b), and so

z)q ~ (y)b by (4.19)

2)qgit1 ~ (Y)bgiy1 since (z)g, (y)b € T’

x)biq ~ (y)gib by (iv) and the definition of ¢;
z)¢i ~ (y)9i by (4.19).
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Hence g; = g; U ; is an isomorphism between finite subgraphs of R. Let g}, = gy,
Then ¢, € Aut(R)<* for all i € {1,...,n}. By Theorem 4.4.5 there is a finite
subset I of R and rq,...,7r, € Aut(I'") such that IV C I and r4, ..., r, extend
gis- .-, g, respectively.

Let p = 1. Next we will show that p,q,r1,...,r, satisfy conditions (i) — (v)
of G(k + 1). First, note that p,q,r1,...,r, satisfy condition (i) of G(k + 1) by
the choice of 71, ...,r,. It follows from (4.20) that dom(q) = dom(b) U A and
from the choice of ¢ that ran(q) = I'"". Since g1, ..., gn—1 stabilise dom(b) setwise
by condition (ii) of G(k), and ¢}, ..., g,,_, stabilise A setwise by the definition,
it follows that r1,...,7,_1 stabilise dom(q) setwise. Also ¢1,...,g, € Aut(I”),
thus rq,...,r, stabilise ran(q) setwise. Hence conditions (ii) and (iii) of G(k + 1)
hold for p,q,r1,...,7n.

Let x € dom(q), and let ¢ € {1,...,n — 1}. If € dom(b), then = € dom(g;)
and (z)g; € dom(b), since a,b, g1, ..., gn satisfy condition (ii) of G(k). Hence

(z)rig = (v)gib = (2)bgi+1 = (T)qrit1

by condition (iv) of G(k). Suppose that z € dom(q) \ dom(b) = A. Then from
the definition of ¢;, it follows that

(z)rig = (2)piq = (2)qgi+1q~ "¢ = (¥)qrip

and thus (iv) of G(k + 1) is satisfied.
Let ¢ € {2,...,n}. Note that p = ry, and suppose that p?’ T C r; for
jeA{l,...,i—1}. Ifz € ran(q), then by condition (iv) of G(k+1) forp,q,r1, ...,y

(@)ri = (2)q " 'ri1g = (2)g~

If « ¢ ran(q), then z ¢ dom(pqifl), and so p? ' C r;. Therefore, induction on i
shows that condition (v) of G(k + 1) holds for p,q,r1,...,7,, as required. Since
k € T by condition (vi) of G(k), the fact that ' C ran(q) implies that k € ran(q).

Now we will extend ¢ to d € Aut(R)<“ so that k € dom(d). By Lemma 4.4.7
applied to ¢ and T there is an extension d € Aut(R)<“ of ¢ such that if
Y = (I \ dom(q)) d then dom(d) =T", ¥ NT" = @, and

x € ¥ is adjacent to y € I'” if and only if y € ran(q) and (z)d~*

(4.21)
is adjacent to (y)q~'.

Since d is injective ¥ = (I'"")d \ (dom(q))d = (I"")d \ ran(gq). Hence X is disjoint
from ran(q). Note that ran(q) = (dom(q))d C (I'"")d, and so

ran(d) = (dom(d))d = (I'"’)d = ¥ Uran(q). (4.22)
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Let i € {2,...,n}, and let ¢; : ¥ — R be defined by (z)v; = (z)d " 1r;_1d.
Then ; is an isomorphism between finite subgraphs of R. Since r; stabilises
both T and dom(q) setwise, it follows that r; stabilises I \ dom(q) setwise.
Hence ; stabilises ¥ setwise, in other words ¢; € Aut(X). We will now show
that r; U 1); is an isomorphism. Since both r; and ; are isomorphisms, it is
enough to show that x € ¥ is adjacent to y € I = dom(r;) if and only if ()
is adjacent to (y)r;. Let x € 3. First, suppose that y € dom(r;) \ ran(q). Then
(y)r; ¢ ran(q), since r; stabilises ran(q) by condition (iii) of G(k + 1). Hence z is
not adjacent to y and (x)t; is not adjacent to (y)r; by (4.21).

Suppose that y € ran(q). Then there is z € dom(q) such that y = (2)q. It
follows from condition (iv) of G(k + 1) that (z)r;—1q = (2)gr;. Hence

(W 'rica = (yrig ', (4.23)
and since (y)r; € ran(q)
w~y = (2)d 7~ (y)g! by (4.21)
— (z)d 'ri_1 ~ (y)g 'ri_1 since (2)q, (y)d € T = dom(r;_,)
= (2)d™ " ~ (y)rig" by (4.23) and the definition of v;
= (2)¢i ~ (y)ri by (4.21).

Hence r, = r; U1, is an isomorphisms between finite subgraphs of R. Let r] = 7.
Then 7} € Aut(R)<* for all ¢ € {1,...,n}. By Theorem 4.4.5 there are I C R
and hi,...,h, € Aut(I"") such that I’ is finite, I C I, and hq,..., h,
extends 7], ..., 7] respectively. Moreover, if necessary, by first extending | to
some finite isomorphism r{ such that k£ + 1 € dom(r{), we may assume that
k+1eT.

Let ¢ = hy. We will now show that ¢,d, hy, ..., h, satisfy G(k + 1). By the
choice of d we have that dom(d) = I and ran(d) = ran(q) U X by (4.22).
Since g, . .., all stabilise ran(q) setwise by condition (iii) of G(k + 1), and all
r1,..., 7 stabilise 3 by the definition, it follows that hs, ..., h, stabilise ran(d)
setwise. Also r; € Aut(T"”) for all ¢ € {1,...,n}, and so r; stabilise I = dom(d)
setwise. Hence conditions (i), (ii), and (iii) of G(k + 1) hold for ¢,d, hy, ..., hy.

Let z € dom(d), and let ¢ € {1,...,n — 1}. If z € dom(q) C I'”, then
x € dom(r;) and (x)r; € dom(q), since r; stabilise dom(g) by condition (ii) of
G(k+1) for p,q,r1,...,r,. Hence by the condition (iv) of G(k + 1)

(x)hid = (x)riq = (x)qriz1 = (x)dhiy1.

Otherwise z € dom(d) \ dom(q) = (X)d~!, thus (x)d € . Then by the definition
of v; we have
(Z‘)dhi_H = ($)dd71ﬂ‘d = (a:)h,d
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and thus (iv) of G(k + 1) is satisfied.
Let i € {2,...,n}, and recall that ¢ = hy. Suppose that @ C h; for all
je{l,...,i—1}. If x € ran(d), then by condition (iv) of G(k + 1)

(@)hi = (2)d " hi—yd = (2)d ™ e d = (@)

If # ¢ ran(d), then z ¢ dom(c%—1), and so ¢ ' C h;. Therefore, by induction
condition (v) of G(k + 1) holds for ¢,d, hy,..., hy.

Finally, &k € I" C dom(d) Nran(d), and we have chosen I'"’ in such a way
that k 4+ 1 € I'"”". Therefore ¢,d, hq, ..., h, satisfy condition (vi) of G(k + 1) and
therefore G(k + 1). O

Next we will use G(k) to show that {(f, %, ....f9" ') : f,g € Aut(R)} is

comeagre.

Lemma 4.4.9. The set C = {(f, f9,.. .,fgnfl) : fyg € Aut(R)} is comeagre in
Aut(R)™.

Proof. We will show that Player II has a winning strategy for a Banach-Mazur
game of C.

Let Uy be an open set, and let B be any basic open set such that B C Uj.
Then there are hy,...,h, € Aut(R)<* such that B = [h] X ... x [hy]. By
Theorem 4.4.5 there is a finite Iy C R and go 1, ..., gon € Aut(Iy) extending
hi, ..., hy respectively such that 0 € T'g. Let Vo = [go.1] X - .. X [go,n], let ao = go.1,
and let by = @. Since dom(by) = ran(by) = @, it follows that ag, by, 90,1, --,90.n
satisfy G(0).

Suppose that Uy, Vp, ..., Vik—1 C Aut(R)™ are chosen such that Uy 2 Vy D
... 2 Vi—y;andforalli € {1,..., k—1} there are a;, b;, gi1,- - -, gin € Aut(R)<¥
such that V; = [gi1] X .. X [gi n], a; and b; extensions of a;_1 and b;_; respectively,
and a;, b, i1, -, 9in satisfy G(i). Let U, C Vi_1 be an arbitrary open set, and
let B C Uy, be a basic open set. Then there are hq,...,h, € Aut(R)<“ such
that B = [hl] X ... X [hn]. Since [gk_Lﬂ X ... X [gk—l,n] = Vi1 D Uy, it
follows that hq,...,h, extend gg—1.1,...,9k—1,n respectively. By Lemma 4.4.8
there are ag, bk, 9.1, -, G.n € Aut(R)<Y, extensions of ax_1,bk—1,h1,...,hn
respectively, satisfying G(k). Let Vi, = [gr.1] X ... X [gkn]-

Suppose now that we have a sequence of open sets Uy 2 Vo 2 Uy D ..., where

V; are chosen using the strategy described above. Let

a= LJai7 b= Ubi’ and g; = Ugm- forall j € {1,...,n}.
ieN ieN ieN

It follows from condition (i) of G(k) that dom(g;) = ran(g;) = ;e I's- By (vi)
of G(k) we have that k € T'x, and so | J,.yI's = R. Since g; ; € Aut(R)<“ for all

160



i and j, it follows that g; € Aut(R) for all j € {1,...,n}. Then

Vi=lgial .- x[gin] = (ﬂ[%,ﬂ) XX (ﬂ[gi»”]> = {lgn, - gm)}-

€N €N i€N €N

Hence to show that the set C is comeagre, it is sufficient to demonstrate that

(g1,---,9n) €C.

By condition (vi) of G(k) we have that K — 1 € dom(bg) Nran(by). Since
b; € Aut(R)<* for all ¢ € N, it follows that b € Aut(R). Also (z)a = (x)g; for
all z € U,y T by (v) of G(k), thus a = g1 € Aut(R).

Finally, let x € R, and let i € {1,...,n}. We will show that (alc)abi_1 = (x)g;-
Let

A= {z, (@)b7L, ., ()b ()b, (@)b~Hab, . (2)b~ bt}

Since A C R is finite, we may find k£ € N such that max (A) < k. Hence A C Ty,
i—1

and A C dom(by) Nran(by). Then by the choice of A, z € dom(ai’“ ), and thus

by (v) of G(k)

(:v)abi_1 = (sc)aziil = (2)gr,i = (2)gi-

Hence g; = a¥ " forallie {1,...,n}, and so
Vi =19} CC.
ieN
Therefore, C is comeagre by Theorem 4.4.4. O

Finally, we can prove the main result of this section.

Proof of Theorem 4.4.3. First of all, recall that Aut(R) is a closed subgroup of
Sym(€2) by Theorem 1.6.3. Hence Aut(R) is a Polish group by Example 1.4.11,
and so by Proposition 1.4.5, the product Aut(R)™ is a Polish group for all n € N.
Therefore Aut(R)™ is a Baire space by Theorem 1.4.17.

Let C = {(f, f9,..., fgn_l) : fyg € Aut(R)}. Then C is comeagre in Aut(R)"
by Lemma 4.4.9. It is easy to see that C~! = C. Since Aut(R)" is a topological

group and also a Baire space, Lemma 4.4.6 implies that
Aut(R)" =CC = {(fh,....f* """ )i f,g9.h,r € Aut(R)}. (4.24)
Let w; =a® '¢@  forallie {1,...,n}. Let py,...,pn € Aut(R). By (4.24)
there are f, g, h,r € Aut(R) such that p;, = fgklh’“%1 for all i € {1,...,n}. Let

®: F(a,b,c,d) — Aut(R) to be the canonical homomorphism induced by

(a)=f bP=g, (c)®=h, and (d)®=r.
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Then (w;)® = p; for all i € {1,...,n}, and so wy,...,w, is a group universal
list for Aut(R). O

The proof of Lemma 4.4.8 made extensive use of Hrushovski property to
find a finite set which was stabilised setwise by a collection of n isomorphisms
between finite subgraphs of R. If we tried to adapt the same argument to find a
universal sequence for Aut(R), we would need to find a set X stabilised setwise
by countably many isomorphism between finite subgraphs of R. However, in
this case it is impossible to ensure that X is finite. Hence the following question

remains open.

Question 4.4.10. Is there a finite alphabet A such that there exists a universal
sequence {wy : n € N} C F(A) for Aut(R)?
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