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❜♦✉♥❞❡❞ t✐♠❡ ♥❛t✉r❡ ❛♥❞ ❝♦♠♣✉t❛t✐♦♥❛❧❧② ✈❡r② ❡①♣❡♥s✐✈❡✳

■♥ t❤✐s ♣❛♣❡r✱ ✇❡ ♣r❡s❡♥t ❛ ❞❡❞✉❝t✐✈❡ ❛♣♣r♦❛❝❤ t♦ ✈❡r✐❢② t❤❡ ❆●■ ♦❢ ♦s❝✐❧❧❛t✐♦♥s ✐♥ ❛♥ ❘❖✳ ❖✉r

✇♦r❦ ✐s ✐♥s♣✐r❡❞ ❜② t❤❡ ▲②❛♣✉♥♦✈ t❤❡♦r② ♦❢ st❛❜✐❧✐t② ❢♦r ❞②♥❛♠✐❝❛❧ s②st❡♠s ❬✹❪ ❛♥❞ ✉s❡s ❛ ❝❡rt✐✜❝❛t❡
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d(❆■)
dt

< 0

S1

S2 Br

❊s❝❛♣❡

❊✈❡♥t✉❛❧✐t②

❋✐❣✉r❡ ✸✿ ❱❡r✐✜❝❛t✐♦♥ ❙tr❛t❡❣②✿ ❉✐✈✐❞✐♥❣ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ tr❛❥❡❝t♦r✐❡s t♦ t❤❡ ❞❛s❤❡❞ P❡r✐♦❞✐❝ s❡t ✐♥t♦ s❡✈❡r❛❧

❙✉❜✲t❛s❦s

❜❛s❡❞ ❞❡❞✉❝t✐✈❡ ❛♣♣r♦❛❝❤ t♦ ✈❡r✐❢② t❤❡ ✐♥❡✈✐t❛❜✐❧✐t② ♦❢ ♦s❝✐❧❧❛t✐♦♥s ✐♥ ❘❖s✳ ❲❡ ❞❡✜♥❡ t❤❡ ✈❡r✐✜❝❛t✐♦♥

t❛s❦ ❛s ❛ ❝♦♥❥✉♥❝t✐♦♥ ♦❢ s❡✈❡r❛❧ s✉❜✲♣r♦♣❡rt✐❡s ✇❤♦s❡ ✈❡r✐✜❝❛t✐♦♥ ✐s ❞❡❧❡❣❛t❡❞ t♦ t❤❡ ❡①✐st❡♥❝❡ ♦❢ s❡✈❡r❛❧

▲②❛♣✉♥♦✈✲❧✐❦❡ ❝❡rt✐✜❝❛t❡s✳ ❈♦♥str✉❝t✐♦♥ ♦❢ t❤❡s❡ ❝❡rt✐✜❝❛t❡s ❝❛♥ ❜❡ ♣♦s❡❞ ❛s ✜rst✲♦r❞❡r✲❢♦r♠✉❧❛s ✭❋❖❋s✮

✇✐t❤ q✉❛♥t✐✜❡rs ✭✉♥✐✈❡rs❛❧✱ ❡①✐st❡♥t✐❛❧✮✳ ❲❡ ✉s❡ ❛ s♦✉♥❞ ♥✉♠❡r✐❝✲s②♠❜♦❧✐❝ ❛♣♣r♦❛❝❤✱ ❝❛❧❧❡❞ ❙❖❙✲◗❊✱

❢♦r t❤❡ ✈❡r✐✜❝❛t✐♦♥ ♦❢ t❤❡s❡ ❋❖❋s✳ ❚❤✐s ✐s ❜❛s✐❝❛❧❧② ✉s✐♥❣ ❛ ♥✉♠❡r✐❝✱ ②❡t ❝♦♠♣✉t❛t✐♦♥❛❧❧② ❡✣❝✐❡♥t✱ ❙❖❙

♣r♦❣r❛♠♠✐♥❣ t❡❝❤♥✐q✉❡ ❢♦r t❤❡ ❝❡rt✐✜❝❛t❡s ❝♦♥str✉❝t✐♦♥✱ ❢♦❧❧♦✇❡❞ ❜② t❤❡ s②♠❜♦❧✐❝ ✈❛❧✐❞❛t✐♦♥ ♦❢ t❤❡s❡

❝❡rt✐✜❝❛t❡s ❜② t❤❡ ◗❊ t❡❝❤♥✐q✉❡✳ ❆ s✐♠✐❧❛r t❡❝❤♥✐q✉❡ ❤❛s ❜❡❡♥ ✉s❡❞ ❢♦r ♥♦♥✲❧✐♥❡❛r ❣❛✐♥ ❛♥❛❧②s✐s ✐♥ ❬✺❪✳

■♥ ❬✻❪✱ t❤❡ ❛✉t❤♦r ✉s❡❞ ❙❖❙ ✐♥ ❍❖▲ t❤❡♦r❡♠ ♣r♦✈❡r t♦ ✈❡r✐❢② ♣♦s✐t✐✈✐t② ♦❢ t❤❡ ✉♥✐✈❡rs❛❧❧② q✉❛♥t✐✜❡❞

♣♦❧②♥♦♠✐❛❧s✳ ❉❡❞✉❝t✐✈❡ ❛♥❞ ❞❡❞✉❝t✐✈❡✲❜♦✉♥❞❡❞ ❛♣♣r♦❛❝❤❡s ❤❛✈❡ ❜❡❡♥ ✉s❡❞ ❢♦r t❤❡ ✐♥❡✈✐t❛❜✐❧✐t② ✈❡r✐✜❝❛✲

t✐♦♥ ♦❢ ❛ ❝❤❛r❣❡ ♣✉♠♣ ♣❤❛s❡ ❧♦❝❦ ❧♦♦♣ ✐♥ ❬✼❪✳ ❚♦ t❤❡ ❜❡st ♦❢ ♦✉r ❦♥♦✇❧❡❞❣❡✱ t❤✐s ✐s t❤❡ ✜rst ❞❡❞✉❝t✐✈❡

❛♣♣r♦❛❝❤ ❢♦r t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ r❡s❡❛r❝❤ ♣r♦❜❧❡♠ ♣♦s❡❞ ✐♥ ❬✷❪✳ ❇❡✐♥❣ ❞❡❞✉❝t✐✈❡✱ ♦✉r ❛♣♣r♦❛❝❤ ❞♦❡s ♥♦t

s♦❧✈❡ t❤❡ ❖❉❊s ❛♥❞ t❤✉s ❛✈♦✐❞s t❤❡ ❝♦♥s❡r✈❛t✐✈❡ ❛♣♣r♦①✐♠❛t✐♦♥ t❤❡✐r s♦❧✉t✐♦♥s✳ ❋✉rt❤❡r♠♦r❡✱ ♦♥❝❡ t❤❡

✐♥❡✈✐t❛❜✐❧✐t② ♣r♦♣❡rt② ✐s ✈❡r✐✜❡❞✱ ✐t st❛♥❞s ✈❡r✐✜❡❞ ❢♦r t❤❡ ✐♥✜♥✐t❡ t✐♠❡✱ ✉♥❧✐❦❡ t❤❡ ❜♦✉♥❞❡❞ r❡❛❝❤❛❜✐❧✐t②

❛♥❛❧②s✐s✳

❚❤✐s ♣❛♣❡r ✐s ♦r❣❛♥✐③❡❞ ❛s ❢♦❧❧♦✇s✿ ■♥ ❙❡❝✳■■✱ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ ♣r❡❧✐♠✐♥❛r✐❡s ♦❢ t❤✐s ♣❛♣❡r✳ ❙❡❝✳■■■

✐❧❧✉str❛t❡s ✈❡r✐✜❝❛t✐♦♥ ♦❢ t❤❡ ✐♥❡✈✐t❛❜✐❧✐t② ♦❢ ♦s❝✐❧❧❛t✐♦♥ ✐♥ ❘❖✳ ❊①♣❡r✐♠❡♥t❛❧ r❡s✉❧ts ❛r❡ s❤♦✇♥ ✐♥ ❙❡❝✳■❱✳

❙❡❝✳❱ ❝♦♥❝❧✉❞❡s t❤❡ ♣❛♣❡r✳

✷ Pr❡❧✐♠✐♥❛r✐❡s

✷✳✶ ❱❡r✐✜❝❛t✐♦♥ ❙tr❛t❡❣②

❲❡ ✉s❡ ❛ ❞✐✈✐❞❡✲❛♥❞✲r✉❧❡ str❛t❡❣② ❛♥❞ ❞✐✈✐❞❡ t❤❡ ✈❡r✐✜❝❛t✐♦♥ t❛s❦ ✐♥t♦ s❡✈❡r❛❧ s✉❜✲t❛s❦s✳ ❚♦ s❤♦✇ t❤❛t

❛❧❧ tr❛❥❡❝t♦r✐❡s ❝♦♥✈❡r❣❡ t♦ ✇✐t❤ ❛♥ ❛r❜✐tr❛r✐❧② s♠❛❧❧ ❞✐st❛♥❝❡ ♦❢ t❤❡ ♣❡r✐♦❞✐❝ tr❛❥❡❝t♦r②✱ ✇❡ ❞♦ t❤✐s ✐♥

t❤r❡❡ ♣❤❛s❡s ❛s s❤♦✇♥ ✐♥ ❋✐❣✳ ✸✳ ■♥ t❤❡ ✜rst ♣❤❛s❡ ✭t♦♣ ❧❡❢t✮ ✇❡ s❤♦✇ t❤❛t tr❛❥❡❝t♦r✐❡s ❢r♦♠ t❤❡ s❡t S1
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❘❖ ▼♦❞❡❧
✭❙❡t ♦❢ ❖❉❊s✮

❆❧♠♦st ●❧♦❜❛❧
■♥❡✈✐t❛❜✐❧✐t②
Pr♦♣❡rt②

❉❡✜♥❡ ❙✉❜✲
♣r♦♣❡rt✐❡s

❋❖❋ ❢♦r♠✉❧❛t✐♦♥
♦❢ ❈❡rt✐✜❝❛t❡s

❙❖❙ Pr♦❣r❛♠♠✐♥❣

◗✉❛♥t✐✜❡r ❊❧✐♠✐♥❛t✐♦♥

Pr♦♣❡rt② ❱❡r✐✜❡❞ ◆♦ ❈♦♥❝❧✉s✐♦♥

❈❡rt✐✜❝❛t❡✭s✮ ■♥✲
✈❛❧✐❞❛t❡❞✱ ❈❤❡❝❦
❢♦r ♦t❤❡r ❙tr✉❝✲
t✉r❡✭s✮

❋✐❣✉r❡ ✹✿ ❆●■ Pr♦♣❡rt② ❱❡r✐✜❝❛t✐♦♥ ▼❡t❤♦❞♦❧♦❣②

❡✈❡♥t✉❛❧❧② r❡❛❝❤❡s S2 ❛♥❞ st❛②s t❤❡r❡ ❢♦r❡✈❡r✳ ◆♦t❡ t❤❛t t❤❡ s❡t S2 ✐s t❤❡ ❛r❡❛ ❡♥❝❧♦s❡❞ ❜② t❤❡ ❜❧✉❡

❝✐r❝✉❧❛r ❝❧♦s❡❞ ♣❛t❤ ✇❤❡r❡❛s S1 ✐s t❤❡ ♦♥❡ ♦✉ts✐❞❡ ✐t✳ ■♥ t❤❡ s❡❝♦♥❞ ♣❤❛s❡ ✭t♦♣ r✐❣❤t✮✱ ✇❡ s❤♦✇ t❤❛t

❛❧♠♦st ❛❧❧ tr❛❥❡❝t♦r✐❡s ✐♥ s❡t Br✱ ❞❡✜♥❡❞ ❜② t❤❡ ❛r❡❛ ❡♥❝❧♦s❡❞ ❜② t❤❡ ♠❛❣❡♥t❛ ❝✐r❝✉❧❛r ❧✐♥❡✱ ❡✈❡♥t✉❛❧❧②

r❡❛❝❤❡s t♦ ❛♥ ❛♥♥✉❧❛r r❡❣✐♦♥ ❞❡✜♥❡❞ ❜② t❤❡ s❡t S2\Br✳ ■♥ t❤❡ s❡❝♦♥❞ st❛❣❡✱ ✇❡ ❛❧s♦ s❤♦✇ t❤❛t ♥♦♥❡ ♦❢ t❤❡

tr❛❥❡❝t♦r✐❡s tr❛♣ ✐♥ t❤❡ ❞❡❛❞✲s❡t ✭❢r♦♠ ✇❤❡r❡ ❘❖ ❢❛✐❧s t♦ st❛rt✮✳ ❋✐♥❛❧❧②✱ ✇❡ s❤♦✇ t❤❛t ❛❧❧ tr❛❥❡❝t♦r✐❡s ✐♥

t❤❡ ❛♥♥✉❧❛r r❡❣✐♦♥ ✭❜♦tt♦♠ ❧❡❢t✮ ❝♦♥✈❡r❣❡ t♦ ✇✐t❤✐♥ ❛♥ ❛r❜✐tr❛r✐❧② s♠❛❧❧ ❞✐st❛♥❝❡ ♦❢ t❤❡ ❞❡s✐r❡❞ ♣❡r✐♦❞✐❝

tr❛❥❡❝t♦r②✱ s❤♦✇♥ ❜② t❤❡ ❞❛s❤❡❞ r❡❞ ❝✐r❝✉❧❛r ♣❛t❤ ✐♥ ❋✐❣✳ ✸✳ ❋♦r ❡❛❝❤ ♦❢ t❤❡s❡ t❤r❡❡ s✉❜✲t❛s❦s✱ ✇❡ ❞❡✜♥❡

t❤r❡❡ ♣r♦♣❡rt✐❡s ❛♥❞ st❛t❡ t❤❡ ❆●■ ♣r♦♣❡rt② ❛s t❤❡ ❝♦♥❥✉♥❝t✐♦♥ ♦❢ t❤❡s❡ t❤r❡❡ ♣r♦♣❡rt✐❡s✳ ❊❛❝❤ ♦❢ t❤❡s❡

s✉❜✲♣r♦♣❡rt✐❡s s♣❡❝✐✜❡s t❤❡ ❧♦♥❣ t❡r♠ ❜❡❤❛✈✐♦r ♦❢ t❤❡ tr❛❥❡❝t♦r✐❡s ♦❢ ❘❖s ✐♥ ❛ s♣❡❝✐✜❝ s✉❜✲s❡t ♦❢ t❤❡ st❛t❡

s♣❛❝❡ ✇❤✐❝❤ ✐s ✈❡r✐✜❡❞ ❜② t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ ❝❡rt✐✜❝❛t❡✳ ❚❤❡s❡ ❝❡rt✐✜❝❛t❡s✱ ❛♥❞ t❤❡✐r t✐♠❡ ❞❡r✐✈❛t✐✈❡s✱

✐❢ ❡①✐st✱ ❡①❤✐❜✐t t❤❡ ❝❤❛r❛❝t❡r✐st✐❝ ♦❢ ❜❡✐♥❣ ♣♦s✐t✐✈❡ ✭s❡♠✐✲♣♦s✐t✐✈❡✮ ♦r ♥❡❣❛t✐✈❡ ✭s❡♠✐✲♥❡❣❛t✐✈❡✮ ✐♥ t❤❡✐r

r❡s♣❡❝t✐✈❡ s✉❜✲s❡ts✳ ❚❤✐s s❝❡♥❛r✐♦ ✐s ❞❡♣✐❝t❡❞ ✐♥ t❤❡ ❜♦tt♦♠ r✐❣❤t s✉❜✲✜❣✉r❡ ♦❢ ❋✐❣✳ ✸✳ ❆s s❤♦✇♥✱ ✇❡

❞✐✈✐❞❡ t❤❡ s♣❛❝❡ ✐♥t♦ t❤r❡❡ s✉❜✲s❡ts❀ S1✱ S2✱ ❛♥❞ Br✳ ❚❤❡ ❞♦tt❡❞ ❝✐r❝❧❡ ✐♥ t❤❡ r❡❞ s❤♦✇s t❤❡ ❤②♣♦t❤❡t✐❝❛❧

❧♦❝❛t✐♦♥ ♦❢ t❤❡ ♣❡r✐♦❞✐❝ tr❛❥❡❝t♦r② ✭▲✐♠✐t ❈②❝❧❡✮ ✐♥ t❤❡ st❛t❡ s♣❛❝❡✳ ❚❤❡ tr❛❥❡❝t♦r✐❡s ♦❢ ❛♥ ❘❖ ❡①❤✐❜✐t

❞✐✛❡r❡♥t ❧♦♥❣ t❡r♠ ❝❤❛r❛❝t❡r✐st✐❝s ✐♥ t❤❡s❡ t❤r❡❡ ❞✐✛❡r❡♥t s✉❜✲s❡ts✳ ❲❡ ✉s❡ t❤r❡❡ ❞✐✛❡r❡♥t ❝❡rt✐✜❝❛t❡s

❝❛❧❧❡❞✱ t❤❡ ❆ttr❛❝t✐✈❡✲✐♥✈❛r✐❛♥❝❡ ✭❆■✮✱ ❊s❝❛♣❡✱ ❛♥❞ ❊✈❡♥t✉❛❧✐t② t♦ ✈❡r✐❢② ❞✐✛❡r❡♥t s✉❜✲♣r♦♣❡rt✐❡s✳ ❋♦r

✐❧❧✉str❛t✐♦♥ ♣✉r♣♦s❡✱ ❤❡r❡ ✇❡ ❤❛✈❡ ❞❡♣✐❝t❡❞ t❤❡ ♣♦s✐t✐✈✐t②✴♥❡❣❛t✐✈✐t② ♦❢ t❤❡ ❆■ ❝❡rt✐✜❝❛t❡ ✐♥ t❤❡ s❡t S1✳ ❚❤❡

❡①✐st❡♥❝❡ ♦❢ t❤❡s❡ ❝❡rt✐✜❝❛t❡s ✐s ❢♦r♠✉❧❛t❡❞ ❛s ✈❡r✐✜❝❛t✐♦♥ ♦❢ ❋❖❋s ✇✐t❤ ✉♥✐✈❡rs❛❧✲❡①✐st❡♥t✐❛❧ q✉❛♥t✐✜❡rs
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❋✐❣✉r❡ ✺✿ ❚✇♦ ❉✐✛❡r❡♥t ❚♦♣♦❧♦❣✐❡s ♦❢ ❘✐♥❣ ❖s❝✐❧❧❛t♦rs✳ ▲❡❢t✿ ❊✈❡♥ ❙t❛❣❡ ❘❖✱ ❘✐❣❤t✿ ❖❞❞ ❙t❛❣❡ ❘❖

♦✈❡r r❡❛❧ ♣♦❧②♥♦♠✐❛❧s✳ ❱❡r✐✜❝❛t✐♦♥ ♦❢ t❤❡s❡ ❋❖❋s ✐s ❝❛rr✐❡❞ ♦✉t ✉s✐♥❣ ❛ ♥✉♠❡r✐❝✲s②♠❜♦❧✐❝ t❡❝❤♥✐q✉❡ ♦❢ ❙❖❙

♣r♦❣r❛♠♠✐♥❣ ❛♥❞ ◗❊✳ ❚❤❡ ♦✈❡r❛❧❧ ✈❡r✐✜❝❛t✐♦♥ ✢♦✇ ✐s s❤♦✇♥ ✐♥ t❤❡ ❋✐❣✳ ✹✳ ❚❤❡ ❡①✐st❡♥t✐❛❧ q✉❛♥t✐✜❝❛t✐♦♥

✐s s♦❧✈❡❞ ❜② ♥✉♠❡r✐❝❛❧❧② ✜♥❞✐♥❣ ❞✐✛❡r❡♥t ❢❡❛s✐❜❧❡ ❝❡rt✐✜❝❛t❡s ✉s✐♥❣ ❙❖❙ ♣r♦❣r❛♠♠✐♥❣✳ ❚♦ ❢✉rt❤❡r ✈❛❧✐❞❛t❡

t❤❡s❡ ❝❡rt✐✜❝❛t❡s✱ ❢♦r t❤❡✐r ♥✉♠❡r✐❝❛❧ ✐♠♣r❡❝✐s✐♦♥s✱ s②♠❜♦❧✐❝ ❛♥❛❧②s✐s ✭◗❊✮ ✐s ❝❛rr✐❡❞ ♦✉t ❢♦r ❡❛❝❤ ♦❢ t❤❡

✉♥✐✈❡rs❛❧❧② q✉❛♥t✐✜❡❞ ❢♦r♠✉❧❛✳ ■❢ ❛ ❝❡rt✐✜❝❛t❡ ✐s ✐♥✈❛❧✐❞❛t❡❞ ❜② t❤❡ ◗❊ st❛❣❡✱ ❛ ♥❡✇ s❡❛r❝❤ ✐s ♠❛❞❡ ❢♦r

❛ ❝❡rt✐✜❝❛t❡✭s✮ ✇✐t❤ ❛ ❞✐✛❡r❡♥t str✉❝t✉r❡ t❤✐s t✐♠❡✳ ❚❤❡ ♦✉t♣✉t ♦❢ ♦✉r ♠❡t❤♦❞♦❧♦❣② r❡s✉❧ts ✐♥ ❡✐t❤❡r t❤❡

❆●■ ♣r♦♣❡rt② ❜❡✐♥❣ ✈❡r✐✜❡❞✱ ♦r ✇✐t❤ ♥♦ ❝♦♥❝❧✉s✐♦♥ ❛❜♦✉t ✐ts tr✉t❤❢✉❧♥❡ss✱ ✐❢ ❛ ✉s❡r✲❞❡✜♥❡❞ ♥✉♠❜❡r ♦❢

✐t❡r❛t✐♦♥s ❤❛✈❡ ❜❡❡♥ ❡①❤❛✉st❡❞✳

✷✳✷ ▼♦❞❡❧❧✐♥❣ ♦❢ t❤❡ ❘✐♥❣ ❖s❝✐❧❧❛t♦r

❲❡ ♠♦❞❡❧ t❤❡ ❘❖ s❤♦✇♥ ✐♥ ❋✐❣✳ ✺ ❛s ❛ ♣♦❧②♥♦♠✐❛❧ ❝♦♥t✐♥✉♦✉s ❞②♥❛♠✐❝❛❧ s②st❡♠✳ ▲❡t ✉s ❞❡♥♦t❡ ❜② x✱

t❤❡ ✈❡❝t♦r ♦❢ ♥♦❞❡ ✈♦❧t❛❣❡s ❛t t❤❡ ♦✉t♣✉ts ♦❢ ✐♥✈❡rt❡rs✳ ❚❤❡ ❝♦♥t✐♥✉♦✉s ❞②♥❛♠✐❝❛❧ s②st❡♠ ♠♦❞❡❧ ♦❢ ❛♥

❘❖ ✐s ❛ t✉♣❧❡ ✭X,Xinitial,U, f✮ ✇❤❡r❡ X ✐s ❛ s❡t ♦❢ st❛t❡ ✈❛r✐❛❜❧❡s ✐♥t❡r♣r❡t❡❞ ♦✈❡r R✱ X = RX ✐s t❤❡

s❡t ♦❢ ❛❧❧ ♣♦ss✐❜❧❡ ✈❛❧✉❛t✐♦♥s ♦❢ t❤❡ ✈❛r✐❛❜❧❡s✱ Xinitial ⊂ X ✐s t❤❡ s❡t ♦❢ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s✱ U ✐s t❤❡ s❡t

♦❢ ♣❛r❛♠❡t❡rs ✭t♦ ♠♦❞❡❧ ❝✐r❝✉✐t ❝❛♣❛❝✐t❛♥❝❡✱ r❡s✐st❛♥❝❡✱ tr❛♥s✐st♦r ♣❛r❛♠❡t❡rs✮ ✐♥t❡r♣r❡t❡❞ ♦✈❡r R ✇✐t❤

U = RU ✐s t❤❡ s❡t ♦❢ ❛❧❧ ♣♦ss✐❜❧❡ ♣❛r❛♠❡t❡r ✈❛❧✉❛t✐♦♥s✱ ❛♥❞

f : X × U → X ✭✶✮

✐s t❤❡ ✈❡❝t♦r ✜❡❧❞ ❝❤❛r❛❝t❡r✐③✐♥❣ t❤❡ s②st❡♠✳ ❲❡ ❛ss✉♠❡ t❤❛t t❤❡ ✈❡❝t♦r ✜❡❧❞ f ✐s ❛ ♣♦❧②♥♦♠✐❛❧ ❢✉♥❝t✐♦♥

♦❢ x ∈ X ❝❛❧❧❡❞ ❛ ♣♦❧②♥♦♠✐❛❧ ✈❡❝t♦r ✜❡❧❞✳ ▲❡t ✉s ❞❡♥♦t❡ ❜② Φ(x0, t) t❤❡ s♦❧✉t✐♦♥ ♦❢ ❡q✉❛t✐♦♥ dΦ(X(t))
dt

=

f(X , U), X(0) = x0 ∈ Xinit✳

❉❡✜♥✐t✐♦♥ ✶ ✭❊q✉✐❧✐❜r✐✉♠ st❛t❡✮✳

❆ st❛t❡ xe ∈ X ✐s ❝❛❧❧❡❞ ❛♥ ❡q✉✐❧✐❜r✐✉♠ ♦❢ t❤❡ ❘❖✱ ✐✛ f(xe) = 0✳

❉❡✜♥✐t✐♦♥ ✷ ✭❆ttr❛❝t✐✈❡ ■♥✈❛r✐❛♥❝❡ ♦❢ ❛ s❡t✮✳

❆ s❡t XI ✐s ✐♥✈❛r✐❛♥t ✐✛ ∀x0 : x0 ∈ XI ✱ Φ(x0, t) ∈ XI ❢♦r ❛❧❧ t✳ ■t ✐s ❝❛❧❧❡❞ ❛ttr❛❝t✐✈❡ ✐♥✈❛r✐❛♥t ✭❆■✮ ✐✛

∀x0 : x0 ∈ X \ XI ✱ limt→b Φ(x0, t) ∈ XI , b ∈ R≥0✳
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❉❡✜♥✐t✐♦♥ ✸ ✭▲✐♠✐t ❈②❝❧❡✮✳

❆ s❡t γ ⊂ X ✐s ❝❛❧❧❡❞ ❛ ▲✐♠✐t ❝②❝❧❡✱ ✐✛ ∀x0 : x0 ∈ γ✱ Φ(x0, T ) = x0 ❢♦r T > 0✱ ❛♥❞ ❢♦r ❛❧❧ 0 < t < T ✱

Φ(x0, t) 6= x0✳ ❚❤✐s ✐s ❛♥ ✐♥✈❛r✐❛♥t s❡t✳

❉❡✜♥✐t✐♦♥ ✹ ✭■♥❡✈✐t❛❜✐❧✐t② ♦❢ t❤❡ ▲✐♠✐t ❝②❝❧❡✮✳

❚❤❡ ▲✐♠✐t ❝②❝❧❡ γ ✐s s❛✐❞ t♦ ❜❡ ✐♥❡✈✐t❛❜❧❡✱ ✐✛ ∀x0 : x0 ∈ Xinitial, y ∈ γ, r > 0, b ∈ R≥0✱

lim
t→b

‖Φ(x0, t)− y‖≤ r ✭✷✮

❆ss✉♠♣t✐♦♥ ✶✳

■♥ t❤✐s ✇♦r❦✱ ✇❡ ❛ss✉♠❡ t❤❛t t❤❡ ❧♦❝❛t✐♦♥ ♦❢ γ ✐♥ t❤❡ st❛t❡ s♣❛❝❡ ✐s ❦♥♦✇♥✳

❋♦r ❛ ♣r❛❝t✐❝❛❧❧② ❢❡❛s✐❜❧❡ ❘❖✱ t❤❡r❡ ❛r❡ st❛t❡s ✐♥ Rn ❢r♦♠ ✇❤❡r❡ ✐t ❢❛✐❧s t♦ st❛rt ❛♥❞ r❡❛❝❤❡s t❤❡ ❧✐♠✐t

❝②❝❧❡ γ ❬✶❪✳ ❋♦r ❡①❛♠♣❧❡✱ ❊q✉✐❧✐❜r✐✉♠ ✐s ♦♥❡ s✉❝❤ st❛t❡ ❢r♦♠ ✇❤❡r❡ ❛♥ ❘❖ ❝❛♥ ♥♦t st❛rt✳ ❲❡ ❝❛❧❧ t❤❡ s❡t

♦❢ ❛❧❧ s✉❝❤ st❛t❡s t❤❡ ✏❉❡❛❞ s❡t✧✳

❉❡✜♥✐t✐♦♥ ✺ ✭❉❡❛❞ ❙❡t✮✳

❆ s❡t ♦❢ st❛t❡s ✐s ❝❛❧❧❡❞ ❛ ❞❡❛❞ s❡t ❞❡♥♦t❡❞ ❜② Xdead✱ s✉❝❤ t❤❛t ∀x0 : x0 ∈ Xdead, limt→∞ ‖Φ(x0, t)−xe‖ =

0✳ ❍❡r❡ xe ✐s ❛♥ ❡q✉✐❧✐❜r✐✉♠ st❛t❡✳

❉❡✜♥✐t✐♦♥ ✻ ✭❆●■ ♦❢ ❖s❝✐❧❧❛t✐♦♥ ✐♥ ❘❖✮✳

❚❤❡ ▲✐♠✐t ❝②❝❧❡ γ ⊂ X ✱ ✐s s❛✐❞ t♦ ❜❡ ✏❆❧♠♦st ●❧♦❜❛❧❧② ■♥❡✈✐t❛❜❧❡✧✱ ✐✛ ∀x0 : x0 ∈ {X \Xdead}, y ∈ γ, r >

0, b ∈ R≥0✱

lim
t→b

‖Φ(x0, t)− y‖≤ r ✭✸✮

■♥ t❤✐s ♣❛♣❡r✱ ✇❡ ❝♦♥s✐❞❡r t✇♦ ❞✐✛❡r❡♥t t♦♣♦❧♦❣✐❡s ♦❢ ❘❖s✱ ✐✳❡✳✱ ♦❞❞ st❛❣❡ ❛♥❞ ❡✈❡♥ st❛❣❡ ❘❖ ❛s

❞❡♣✐❝t❡❞ ✐♥ ❋✐❣✳ ✺✳ ❲❤✐❧❡ ✇❡ tr❡❛t ❡❛❝❤ ✐♥❞✐✈✐❞✉❛❧ ♥♦❞❡ ✈♦❧t❛❣❡ ❛s ❛ st❛t❡ ✈❛r✐❛❜❧❡ ❢♦r t❤❡ ❖❞❞ st❛❣❡

❘❖✱ ✇❡ ✉s❡ t❤❡ str❛t❡❣② s✉❣❣❡st❡❞ ✐♥ ❬✶❪ ❢♦r t❤❡ ❡✈❡♥ st❛❣❡ ❘❖✱ ❛♥❞ ❞✐✈✐❞❡ ✐ts ♦♣❡r❛t✐♦♥ ✐♥t♦ ❞✐✛❡r❡♥t✐❛❧

❛♥❞ ❝♦♠♠♦♥ ♠♦❞❡s✳ ❲❡ ❞❡♥♦t❡ t❤❡ ♥♦❞❡ ✈♦❧t❛❣❡s ♦❢ t❤❡ ❡✈❡♥ st❛❣❡ ❘❖ ❜② x(0, j) ❛♥❞ x(1, j) ❢♦r

j = 0, 1...n− 1✳ ❍❡r❡ n ✐s t❤❡ ♥✉♠❜❡r ♦❢ st❛❣❡s✳ ❋♦r t❤❡ ❡✈❡♥ st❛❣❡ ❘❖ ✐♥ ❋✐❣✳ ✺✱ x(0, 0) = X1, x(0, 1) =

X2, x(1, 0) = X3, x(1, 1) = X4✳ ❚❤❡ ✈♦❧t❛❣❡s x(0, j) ❛♥❞ x(1, j) ❢♦r♠ t❤❡ ❞✐✛❡r❡♥t✐❛❧ ♣❛✐r ✇❤♦s❡ ❞✐✛❡r❡♥t✐❛❧

❝♦♠♣♦♥❡♥t ✐s x(0, j)− x(1, j)✱ ❛♥❞ t❤❡ ❝♦♠♠♦♥ ♠♦❞❡ ❝♦♠♣♦♥❡♥t ✐s x(0, j) + x(1, j)✳ ❚❤❡ ❡✈❡♥ st❛❣❡ ❘❖

✇❤✐❧❡ ♦♣❡r❛t✐♥❣ ♥♦r♠❛❧❧②✱ ❤❛s ✐ts ♦s❝✐❧❧❛t✐♦♥ ♠❛♥✐❢❡st❡❞ ✐♥ t❤❡ ❞✐✛❡r❡♥t✐❛❧ ♠♦❞❡✱ ✇❤❡r❡❛s t❤❡ ❝♦♠♠♦♥

♠♦❞❡ s❡tt❧❡s t♦ t❤❡ ❝♦♥st❛♥t ③❡r♦ ✈❛❧✉❡✳ ■❢ ✇❡ ❛ss✉♠❡ t❤❛t ✐♥✈❡rt❡rs ❛r❡ ✐❞❡♥t✐❝❛❧ t❤❡♥✱ ∀j : j ∈ [0, n −

1], ∀x : x ∈ X s✉❝❤ t❤❛t x(0, j) = x(1, j), ✇❡ ❤❛✈❡ Φ(x, t) = xe ❛s t → ∞✳ ❚❤✐s ♠❡❛♥s t❤❛t t❤❡ s❡t

{x(0, j) = x(1, j), ∀j : j ∈ [0, n − 1]} ∈ Xdead✳ ❙✐♠✐❧❛r❧②✱ ❢♦r ♦❞❞ st❛❣❡ ❘❖✱ ✐❢ x1 = x2 = x3✱ t❤❡♥✱

limt→∞Φ(x, t) = xe✳

✻
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✷✳✸ ❘❖ ♣r♦♣❡rt✐❡s ✈❡r✐✜❝❛t✐♦♥ ✉s✐♥❣ ▲②❛♣✉♥♦✈✲❧✐❦❡ ❈❡rt✐✜❝❛t❡s

❚♦ ✈❡r✐❢② t❤❡ ❆●■ ♦❢ t❤❡ ❧✐♠✐t ❝②❝❧❡ γ✱ ✇❡ ✉s❡ s❡✈❡r❛❧ ▲②❛♣✉♥♦✈✲❧✐❦❡ ❝❡rt✐✜❝❛t❡s ✐♥ ❞✐✛❡r❡♥t s✉❜s❡ts ♦❢

t❤❡ st❛t❡ s♣❛❝❡ ♦❢ t❤❡ ❘❖✱ ❋✐❣✳ ✸✳ ❚♦ s❤♦✇ ❛ttr❛❝t✐✈❡ ✐♥✈❛r✐❛♥❝❡ ♦❢ ❛ s❡t✱ ❛ ▲②❛♣✉♥♦✈✲❧✐❦❡ ❝❡rt✐✜❝❛t❡ ❤❛s

❜❡❡♥ ♣r❡s❡♥t❡❞ ✐♥ ❬✽❪✳

▲❡♠♠❛ ✶✳

■❢ t❤❡r❡ ❡①✐st ❛ ♣♦❧②♥♦♠✐❛❧ ✇✐t❤ r❡❛❧ ❝♦❡✣❝✐❡♥ts V : X → R✱ ǫ > 0 ❛♥❞ ❛ ♠✐♥✐♠✉♠ η > 0 s✉❝❤ t❤❛t✱

✶✳ V (x) > 0, ∀x ∈ Rn \ 0✱

✷✳ {V (x) ≤ 1} ⊆ {q(x) ≤ η}✱

✸✳ {V (x) ≥ 1} ⊆ {∂V
∂x

(x).f(x, u) ≤ −ǫ}✱

t❤❡♥ t❤❡ s❡t S2 := {V (x) ≤ 1} ✐s ❛♥ ❆■ s❡t ❢♦r ❛♥ ❘❖ ✇✐t❤ ❛ ✈❡❝t♦r ✜❡❧❞ ❣✐✈❡♥ ✐♥ ❊q✳ ✶✱ ❛♥❞ ✐t ✐s

❝♦♥t❛✐♥❡❞ ✐♥ t❤❡ s❡t {q(x) ≤ η} ✇❤❡r❡ q : X → R✳

Pr♦♦❢✳ ✳ ❙❡❡ ❬✽❪✳

■♥ t❤❡ ❛❜♦✈❡ ▲❡♠♠❛ ✶✱ t❤❡ s❡t {q(x) ≤ η} ✐s ✉s❡❞ ❢♦r ♦♣t✐♠✐③❛t✐♦♥ ♣✉r♣♦s❡s ❛♥❞ t❤❡ ♣❛r❛♠❡t❡r

η ✐s ♠✐♥✐♠✐③❡❞ s♦ t❤❛t t❤✐s s❡t ❝♦♥t❛✐♥s t❤❡ ❞❡s✐r❡❞ ❆■ s❡t S2 := {V (x) ≤ 1}✳ ■♥s✐❞❡ t❤❡ ❆■ s❡t S2✱

tr❛❥❡❝t♦r✐❡s ❝❛♥ r❡❛❝❤ ❡✐t❤❡r✱ t❤❡ ❞❡❛❞ s❡t Xdead✱ ♦r t♦ ✇✐t❤✐♥ ❛ s♠❛❧❧ ❞✐st❛♥❝❡ ♦❢ t❤❡ ❧✐♠✐t ❝②❝❧❡ γ ✭s❤♦✇♥

✐♥ ❞♦tt❡❞ r❡❞ ✐♥ ❋✐❣✳ ✸✮✳ ▲❡t ✉s ❞❡✜♥❡ ❛ s❡t✱ Br = V (x) ≤ r, 0 < r < 1 ✭s❤♦✇♥ ✐♥ ♠❛❣❡♥t❛ ✐♥ ❋✐❣✳ ✸✮✳

❚♦ s❤♦✇ t❤❛t tr❛❥❡❝t♦r✐❡s st❛rt✐♥❣ ✐♥ t❤❡ s❡t Br ❛r❡ ♥♦t tr❛♣♣❡❞ ✐♥ t❤❡ ❞❡❛❞ s❡t Xdead✱ ❛♥❞ ❡✈❡♥t✉❛❧❧②

❡s❝❛♣❡ t♦ t❤❡ s❡t S2 \ Br✱ ✇❡ ✐♥tr♦❞✉❝❡ ❛♥ ❊s❝❛♣❡ ❝❡rt✐✜❝❛t❡✳

▲❡♠♠❛ ✷✳

❋♦r ❛ ❝♦♠♣❛❝t s❡t Br ⊂ S2✱ ✐❢ t❤❡r❡ ✐s ❛ ❞✐✛❡r❡♥t✐❛❜❧❡ ❊s❝❛♣❡ ❝❡rt✐✜❝❛t❡✱ E : X → R✱ s✉❝❤ t❤❛t

✶✳ E(x) = 0 ∀x : x ∈ Xdead✱

✷✳ E(x) > 0 ∀x : x ∈ Br \ Xdead✱

✸✳ ∂E
∂x

(x).f(x, u) > 0 ∀x : x ∈ Br \ Xdead✱

t❤❡♥ ∀x : x ∈ {Br \ Xdead}, limt→∞x(t) /∈ Br✳

Pr♦♦❢✳ ❙❡❡ ❬✹✱ ❈❤❛♣t❡r✹❪✳

❚♦ s❤♦✇ t❤❛t tr❛❥❡❝t♦r✐❡s ✐♥ t❤❡ s❡t S2 \ Br ❡✈❡♥t✉❛❧❧② r❡❛❝❤ t♦ ✇✐t❤✐♥ ❛ ❝❧♦s❡ ❞✐st❛♥❝❡ ♦❢ t❤❡ ❧✐♠✐t

❝②❝❧❡ γ✱ ✇❡ ✉s❡ t❤❡ ❊✈❡♥t✉❛❧✐t② ❝❡rt✐✜❝❛t❡ ♣r❡s❡♥t❡❞ ✐♥ ❬✾❪✳ ▲❡t ✉s ✇❡ ❤❛✈❡ ❛ s❡t XLC ✱ s✉❝❤ t❤❛t✱ ‖y−x‖ ≤

α, ∀x ∈ XLC , y ∈ γ, α > 0✳

❚❤❡♦r❡♠ ✶✳

■❢ t❤❡r❡ ❡①✐sts ❛ ❞✐✛❡r❡♥t✐❛❜❧❡ ❝❡rt✐✜❝❛t❡ ♦❢ ❡✈❡♥t✉❛❧✐t② E : X → R s❛t✐s❢②✐♥❣ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥s

✼
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✶✳ E(x) ≤ 0 ∀x ∈ (S2 \ Br) \ Xdead✱

✷✳ E(x) > 0 ∀x ∈ Cl(∂S2 \ ∂XLC)✱

✸✳ ∂E
∂x

(x).f(x, u) < 0 ∀x ∈ Cl(S2 \ XLC)✱

t❤❡♥ ❢♦r ❛❧❧ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s x0 ∈ S2 \ Br✱ t❤❡ tr❛❥❡❝t♦r② x(t) s❛t✐s✜❡s✱ x(T ) ∈ XLC ✱ ❢♦r s♦♠❡ T ≥ 0 ❛♥❞

❢♦r ❛❧❧ t ∈ [0, T ]✱ x(t) ∈ X ✳ ❍❡r❡ Cl ❛♥❞ ∂ ❞❡♥♦t❡ ❝❧♦s✉r❡ ❛♥❞ ❜♦✉♥❞❛r② ♦❢ ❛ ❝❧♦s❡❞ s❡t r❡s♣❡❝t✐✈❡❧②✳

Pr♦♦❢✳ ✳ ❙❡❡ ❬✾❪✳

❋♦r t❤❡ ❝♦♠♠♦♥ ♠♦❞❡ ♦❢ t❤❡ ❡✈❡♥ st❛❣❡ ❘❖✱ ✇❡ ❢✉rt❤❡r s❤♦✇ t❤❛t ❝♦♠♠♦♥ ♠♦❞❡ ✈♦❧t❛❣❡s s❡tt❧❡

❞♦✇♥ t♦ ③❡r♦ ✐♥ t❤❡ st❡❛❞② st❛t❡✳ ❲❡ ✈❡r✐❢② t❤✐s ✉s✐♥❣ t❤❡ ▲②❛♣✉♥♦✈ ❝❡rt✐✜❝❛t❡ r❡st❛t❡❞ ❢♦r t❤❡ ❝♦♠♠♦♥

♠♦❞❡ ✐♥ ❚❤✳ ✷✳

❚❤❡♦r❡♠ ✷✳

❋♦r t❤❡ ❝♦♥t✐♥✉♦✉s ❞②♥❛♠✐❝❛❧ s②st❡♠ ✇✐t❤ ❛ ✈❡❝t♦r ✜❡❧❞ ❣✐✈❡♥ ✐♥ ❊q✳ ✶✱ ❛♥❞ ✇✐t❤ t❤❡ st❛t❡ ✈❡❝t♦r r❡♣❧❛❝❡❞

❜② x = {x(0, 0) + x(1, 0), x(0, 1) + x(1, 1), .., x(0, n− 1) + x(1, n− 1)}✱ ❧❡t ✉s ✇❡ ❛ss✉♠❡ ❛♥ ✐♥✈❛r✐❛♥t s❡t

Xcom✱ ✇❤✐❝❤ ✇❡ ❝❛❧❧ t❤❡ ❝♦♠♠♦♥✲♠♦❞❡ st❛t❡ s♣❛❝❡✳ ◆♦t❡ t❤❛t t❤✐s s❡t ✐s ✐♥✈❛r✐❛♥t ❞✉❡ t♦ t❤❡ ❢❛❝t t❤❛t

♥♦❞❡ ✈♦❧t❛❣❡s ❛r❡ ❜♦✉♥❞❡❞ ❜② t❤❡ s✉♣♣❧② ✈♦❧t❛❣❡✳ ■❢ t❤❡r❡ ❡①✐st ❛ ▲②❛♣✉♥♦✈ ❝❡rt✐✜❝❛t❡ L : X → R s✉❝❤

t❤❛t✱

L(x) > 0, ∀x ∈ {Xcom \ {0}}, L(0) = 0 ✭✹✮

∂L

∂x
(x).f(x, u) < 0, ∀x ∈ {Xcom \ {0}} ✭✺✮

t❤❡♥ t❤❡ s❡t {x = 0} ✐s ❛s②♠♣t♦t✐❝❛❧❧② st❛❜❧❡✱ ❛♥❞ ∀x ∈ Xcom, limt→∞ Φ(x, t) = 0✳

Pr♦♦❢✳ ❙✐♠✐❧❛r t♦ ❬✹❪✳

✷✳✹ ❙❖❙ Pr♦❣r❛♠♠✐♥❣ ❛♥❞ ◗❊

❲❡ ❢♦r♠✉❧❛t❡ ♦✉r ✈❡r✐✜❝❛t✐♦♥ ♠❡t❤♦❞♦❧♦❣② ❛s ❛ ❝♦♥❥✉♥❝t✐♦♥ ♦❢ s❡✈❡r❛❧ ❋❖❋s ❤❛✈✐♥❣ ♣♦❧②♥♦♠✐❛❧ ❡q✉❛t✐♦♥s✱

✐♥❡q✉❛❧✐t✐❡s✱ q✉❛♥t✐✜❡rs {∀, ∃} ❛♥❞ ❜♦♦❧❡❛♥ ♦♣❡r❛t♦rs {∧, ∨, ¬, →, ❡t❝}✳ ❚❤❡r❡ ❛r❡ ❛❧❣♦r✐t❤♠s t❤❛t ❝❛♥

✐♥ ♣r✐♥❝✐♣❧❡ ❣❡♥❡r❛t❡ q✉❛♥t✐✜❡r ❢r❡❡ ❢♦r♠✉❧❛s ❢r♦♠ ❛ ✉♥✐✈❡rs❛❧✲❡①✐st❡♥t✐❛❧ q✉❛♥t✐✜❡❞ ❋❖❋ ♦✈❡r t❤❡ r❡❛❧

✜❡❧❞s ✭❙❡❡ ❬✻❪ ❛♥❞ t❤❡ r❡❢❡r❡♥❝❡s t❤❡r❡✐♥✮✳ ❍♦✇❡✈❡r✱ t❤❡② ❛r❡ ❝♦♠♣❧❡① ❛♥❞ ♦♥❧② ✇♦r❦ ❢♦r s♠❛❧❧ ❛❝❛❞❡♠✐❝

♣r♦❜❧❡♠s✳ ❙❤♦✇✐♥❣ ♣♦s✐t✐✈✐t② ♦❢ ❛ r❡❛❧ ♣♦❧②♥♦♠✐❛❧✱ ❙❖❙ ✉s❡s ❛ s✉✣❝✐❡♥t ❜✉t ✐♥❝♦♠♣❧❡t❡ ❝r✐t❡r✐♦♥ ♦❢

❡st❛❜❧✐s❤✐♥❣ t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ t❤❡ ♣♦❧②♥♦♠✐❛❧ ✐♥t♦ ❛ s✉♠ ♦❢ sq✉❛r❡s ♦❢ ♣♦❧②♥♦♠✐❛❧s ❬✶✵❪✳ ❆ s✉✣❝✐❡♥t

❝♦♥❞✐t✐♦♥ ❢♦r ❛ ♠✉❧t✐✈❛r✐❛t❡ ♣♦❧②♥♦♠✐❛❧ p(x) t♦ ❜❡ ♥♦♥✲♥❡❣❛t✐✈❡ ❡✈❡r②✇❤❡r❡ ✐s t❤❛t ✐t ❝❛♥ ❜❡ ❞❡❝♦♠♣♦s❡❞

❛s ❛ s✉♠ ♦❢ sq✉❛r❡s ♦❢ ♣♦❧②♥♦♠✐❛❧s✱ ✐✳❡✳✱ p(x) =
∑m

i=1 p
2
i (x), pi(x) ∈ Rn✳ ❲❡ ❞❡♥♦t❡ t❤❡ s❡t ♦❢ ♣♦❧②♥♦♠✐❛❧s
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✐♥ n ✈❛r✐❛❜❧❡s ✇✐t❤ r❡❛❧ ❝♦❡✣❝✐❡♥ts ❜② Pn✳ ❆ s✉❜s❡t ♦❢ t❤✐s s❡t ✐s t❤❡ s❡t ♦❢ ❙❖❙ ♣♦❧②♥♦♠✐❛❧s ✐♥ n ✈❛r✐❛❜❧❡s

❞❡♥♦t❡❞ ❜② Sn✳

✸ ❱❡r✐✜❝❛t✐♦♥ ♦❢ ❆●■ ♦❢ ❖s❝✐❧❧❛t✐♦♥ ✐♥ ❘❖

✸✳✶ ❋♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ❱❡r✐✜❝❛t✐♦♥ ♣r♦❜❧❡♠

❲❡ ❢♦r♠✉❧❛t❡ t❤❡ ✈❡r✐✜❝❛t✐♦♥ ♦❢ t❤❡ ❆●■ ♣r♦♣❡rt② ❛s t❤❡ ❝♦♥❥✉♥❝t✐♦♥ ♦❢ ❞✐✛❡r❡♥t s✉❜✲♣r♦♣❡rt✐❡s✱ ❝♦rr❡✲

s♣♦♥❞✐♥❣ t♦ t❤❡ t❤r❡❡ s✉❜✲✜❣✉r❡s ✐♥ ❋✐❣✳ ✸✱ ❞❡✜♥❡❞ ❜❡❧♦✇✳

Pr♦♣❡rt② ✶✳

∀x(0) : x(0) ∈ S1, limt→b x(t) ∈ S2, b ∈ R≥0.

Pr♦♣❡rt② ✷✳

∀x(0) : x(0) ∈ Br, limt→∞ (x(t) 6∈ Xdead ∧ x(t) ∈ S2 \ Br)✳

Pr♦♣❡rt② ✸✳

∀x(0) : x(0) ∈ S2 \ Br, limt→b ‖y − x(t)‖ ≤ α, y ∈ γ, b ∈ R≥0, α > 0✳

❲❡ ❞❡✜♥❡ ❛ ❢♦✉rt❤ ♣r♦♣❡rt② ❝❤❛r❛❝t❡r✐③✐♥❣ t❤❡ ❝♦♠♠♦♥ ♠♦❞❡ ❜❡❤❛✈✐♦r ♦❢ t❤❡ ❡✈❡♥ st❛❣❡ ❘❖ ✐♥ t❤❡

✐♥✈❛r✐❛♥t s❡t Xcom✳

Pr♦♣❡rt② ✹✳

∀x(0) : x(0) ∈ Xcom, limt→∞ x(t) = 0✳

■❢ ✇❡ ❞❡♥♦t❡ t❤❡ ❛❧♠♦st ❣❧♦❜❛❧ ✐♥❡✈✐t❛❜✐❧✐t② ♣r♦♣❡rt② ❜② ϕ✱ Pr♦♣❡rt②✳✶ ❜② ϕ1✱ Pr♦♣❡rt②✳✷ ❜② ϕ2 ✱ Pr♦♣❡rt②✳✸

❜② ϕ3, ❛♥❞ Pr♦♣❡rt②✳✹ ❜② ϕ4✱ t❤❡♥ ϕ = ϕ1 ∧ ϕ2 ∧ ϕ3✱ ❢♦r ♦❞❞ st❛❣❡ ❘❖✱ ❛♥❞ ✱ ϕ = ϕ1 ∧ ϕ2 ∧ ϕ3 ∧ ϕ4,

❢♦r ❡✈❡♥ st❛❣❡ ❘❖✳ ❆ tr❛❥❡❝t♦r② x(t) ♦❢ t❤❡ ♦❞❞ st❛❣❡ ❘❖ s❛t✐s✜❡s ϕ✱ ✐✛✱ ✐t s❛t✐s✜❡s ϕ1 ✐♥ S1✱ ϕ2 ✐♥ Br✱

❛♥❞ ϕ3 ✐♥ S2 \ Br, ✐✳❡✳✱

∀x : x ∈ X , x |= ϕ ⇐⇒ (x |= ϕ1 ∀x : x ∈ S1) ∧ (x |= ϕ2 ∀x : x ∈ S2) ∧ (x |= ϕ3 ∀x : x ∈ S2 \ Br)✳

❙✐♠✐❧❛r❧②✱ ❢♦r ❡♥ ❡✈❡♥ st❛❣❡ ❘❖✱

∀x : x ∈ X , x |= ϕ ⇐⇒ (x |= ϕ1 ∀x : x ∈ S1) ∧(x |= ϕ2 ∀x : x ∈ Br) ∧(x |= ϕ3 ∀x : x ∈ S2\Br)∧(x |=

ϕ4 ∀x : x ∈ Xcom)✳

✸✳✷ ❙❖❙✲◗❊ ❛♣♣r♦❛❝❤ t♦ ✈❡r✐❢② ❆●■ ♦❢ ♦s❝✐❧❧❛t✐♦♥

❍❡r❡ ✇❡ ♣r❡s❡♥t t❤❡ ❢♦r♠❛❧✐③❛t✐♦♥ ❛♥❞ ✈❡r✐✜❝❛t✐♦♥ ♦❢ t❤❡ Pr♦♣❡rt②✳✶ ✉s✐♥❣ ❛ ❙❖❙✲◗❊ ❛♣♣r♦❛❝❤ ❛♥❞ ❛

s✐♠✐❧❛r ❛♣♣r♦❛❝❤ ✐s ✉s❡❞ ❢♦r t❤❡ ✈❡r✐✜❝❛t✐♦♥ ♦❢ ♦t❤❡r s✉❜✲♣r♦♣❡rt✐❡s✳ ❲❡ ❞❡✜♥❡ t❤❡ ❝♦♥❞✐t✐♦♥s ♦❢ ▲❡♠♠❛✳ ✶
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❜② t❤❡ ❢♦❧❧♦✇✐♥❣ ❋❖❋✳

ψ0 := ∃pP : ψ1

ψ1 := ∀xX : ψ2

ψ2 :=













(x 6= 0 =⇒ V (p, x) > 0)∧

{(1− V (p, x) ≥ 0) =⇒ (η − q(x)) ≥ 0} ∧ {(V (p, x)− 1 ≥ 0) =⇒ (
∂V

∂x
(p, x).f(x, u) ≤ −ǫ)}













❍❡r❡ p ∈ P r❡♣r❡s❡♥ts t❤❡ ❝♦❡✣❝✐❡♥ts s♣❛❝❡ ♦❢ t❤❡ ❝❡rt✐✜❝❛t❡ V ✳ ❆ s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥ ❢♦r t❤❡ ✈❡r✐✜❝❛t✐♦♥

♦❢ ♣r♦♣❡rt② ϕ1 ✐s st❛t❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠✱

❚❤❡♦r❡♠ ✸✳

■❢ t❤❡r❡ ✐s ❛ ❢❡❛s✐❜❧❡ ❝❡rt✐✜❝❛t❡ V (x)✱ ❢✉❧✜❧❧✐♥❣ t❤❡ ❝♦♥❞✐t✐♦♥s ✐♥ ▲❡♠♠❛✳ ✶✱ t❤❡♥✱ (x |= ψ0 ⇐⇒ x |=

ϕ1), ∀x(0) ∈ S1✱ ❛♥❞ S2 = V (x) ≤ 1✳

❋♦❧❧♦✇✐♥❣ t❤❡ s✉✣❝✐❡♥❝② ❝♦♥❞✐t✐♦♥s ✐♥ ❚❤✳ ✸✱ ✇❡ ✈❡r✐❢② ϕ1 ✉s✐♥❣ t❤❡ ♠✐①❡❞ ❙❖❙✲◗❊ ❛♣♣r♦❛❝❤✳ ❲❡

st❛rt ✇✐t❤ ❛ ❙❖❙ ♣r♦❣r❛♠ s❡❛r❝❤✐♥❣ ❢♦r t❤❡ ❆■ ❝❡rt✐✜❝❛t❡ V (x) s✉❝❤ t❤❛t ✐t s❛t✐s✜❡s t❤❡ ❝♦♥❞✐t✐♦♥s ✐♥

▲❡♠♠❛✳ ✶✳ ◆♦t❡ t❤❛t ❡✈❡r② ❝♦♥❞✐t✐♦♥ ♦♥ V (x) ✐♥ ▲❡♠♠❛✳ ✶ ✐s ❛ ♣♦s✐t✐✈✐t②✴♥❡❣❛t✐✈✐t② ❝♦♥❞✐t✐♦♥ ✇❤✐❝❤

❝❛♥ ❜❡ ❢♦r♠✉❧❛t❡❞ ❛s ❛ ❙❖❙ ❝♦♥❞✐t✐♦♥✳ ❋✉rt❤❡r♠♦r❡✱ ✇❡ ♥❡❡❞ t❤❡s❡ ❝♦♥❞✐t✐♦♥s t♦ ❜❡ s❛t✐s✜❡❞ ✐♥ ❞✐✛❡r❡♥t

s❡ts ✇❤✐❝❤ ✐s ❡♥❝♦❞❡❞ ✉s✐♥❣ ❛ s♦✉♥❞ ♠❛t❤❡♠❛t✐❝❛❧ t❡❝❤♥✐q✉❡ ❝❛❧❧❡❞ t❤❡ ❙✲♣r♦❝❡❞✉r❡ ❬✶✵❪✳ ❆ ❙❖❙ ♣r♦❣r❛♠

✐♥❝♦r♣♦r❛t✐♥❣ t❤❡s❡ ❝♦♥❞✐t✐♦♥s ✐s ❣✐✈❡♥ ❜❡❧♦✇✳

♠✐♥✐♠✐③❡ η

s✉❜❥❡❝t t♦

✭✐✮ V (0) = 0,

✭✐✐✮













V (x)− ǫ−
∑n

k=1 s
k
1(x)gk(x)













∈ Sn,

✭✐✐✐✮













(η − q(x))− s2(x)(1− V (x))













∈ Sn,

✭✐✈✮













(−ǫ− ∂V
∂x

(x).f(x, u))− s3(x)(V (x)− 1)−
∑n

k=1 s
k
4(x)gk(x)−

∑m
j=1 s

j
5(x)aj(u)













∈ Sn,

∀x ∈ X , {sk1 , s2, s3, s
k
4 , s

j
5} ∈ Sn, ∀k ∈ {1, .., n}, ∀j ∈ {1, ..,m}, ǫ > 0, η > 0✳

❍❡r❡ V (x), sk1 , s2, s3, s
k
4 , s

j
5✱ ❛r❡ ♣♦❧②♥♦♠✐❛❧s ♦❢ ❞❡❣r❡❡ d✳

■♥ t❤✐s ❙❖❙ ♣r♦❣r❛♠✱ ❝♦♥str❛✐♥t ✭✐✐✮ ❡♥❢♦r❝❡s ♣♦s✐t✐✈❡ ❞❡✜♥✐t❡♥❡ss ♦♥ t❤❡ ❝❡rt✐✜❝❛t❡ V (x) ❜② ✐♥tr♦✲

❞✉❝✐♥❣ ❛ s♠❛❧❧ ♣♦s✐t✐✈❡ ♥✉♠❜❡r ǫ✳ ❚❤✐s ❝♦♥str❛✐♥t ❤❛s t♦ ❜❡ s❛t✐s✜❡❞ ✐♥ t❤❡ st❛t❡ s♣❛❝❡ X ❞❡✜♥❡❞ ❛s✱
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X = {x ∈ Rn : gk(x) ≥ 0, ❢♦r k ∈ {1, .., n}}✳ ❈♦♥str❛✐♥t ✭✐✐✐✮ ❡♥s✉r❡s t❤❛t {V (x) ≤ 1} ⊆ {q(x) ≤ η}✳

❈♦♥str❛✐♥t ✭✐✈✮ ✐♥❝♦r♣♦r❛t❡s t❤❡ s❡t ✐♥❝❧✉s✐♦♥ {V (x) ≥ 1} ⊆ {∂V
∂x
.f(x, u) ≤ ǫ}✳ ❚❤✐s ❝♦♥str❛✐♥t ❛❧s♦

❡♥s✉r❡s t❤❛t ♣❛r❛♠❡t❡rs u ❜❡❧♦♥❣ t♦ t❤❡ s❡t✱ {aj(u) ≥ 0, ❢♦r j ∈ {1, ..,m}}✳ ❚❤❡ ❛❜♦✈❡ ❙❖❙ ♣r♦❣r❛♠✱

✐❢ ❢❡❛s✐❜❧❡✱ r❡t✉r♥s ❛ ❝❡rt✐✜❝❛t❡ ♦❢ ❛ttr❛❝t✐✈❡ ✐♥✈❛r✐❛♥❝❡ V (x) ✇✐t❤ ✐ts ♣❛r❛♠❡t❡rs p ∈ P ✜①❡❞ ✇✐t❤✐♥ ❛

❧✐♠✐t❡❞ ♥✉♠❡r✐❝❛❧ ♣r❡❝✐s✐♦♥✳ ❲❡ ❢✉rt❤❡r ✈❡r✐❢② t❤❡ ✈❛❧✐❞✐t② ♦❢ t❤✐s ❝❡rt✐✜❝❛t❡ ✉s✐♥❣ s②♠❜♦❧✐❝ ◗❊✳ ◆♦t❡

t❤❛t ✐♥ ◗❊✱ ❝♦❡✣❝✐❡♥ts ❛r❡ r❡♣r❡s❡♥t❡❞ ✐♥ Qn✳ ❯s✐♥❣ ◗❊✱ ✇❡ ❝❤❡❝❦ t❤❡ tr✉t❤ ✈❛❧✉❡ ♦❢ t❤❡ ♥❡❣❛t✐♦♥ ♦❢

t❤❡ ❢♦r♠✉❧❛ ψ1✱ s✐♥❝❡ t❤❡ ❡①✐st❡♥t✐❛❧ q✉❛♥t✐✜❡r ❤❛s ❛❧r❡❛❞② ❜❡❡♥ ❡❧✐♠✐♥❛t❡❞ ❜② t❤❡ ❙❖❙ ♣r♦❣r❛♠✳ ❖♥

r❡❢✉t❛t✐♦♥ ♦❢ ¬ψ1✱ ✇❡ ❝♦♥❝❧✉❞❡✱ (x |= ϕ1 ⇐⇒ x |= ψ0), ∀x ∈ S1✳ ■❢ ❡✐t❤❡r t❤❡ ❙❖❙ ♣r♦❣r❛♠ ✐s ✐♥❢❡❛s✐❜❧❡

❢♦r ❛ ❝❡rt✐✜❝❛t❡ V (x)✱ ♦r t❤❡ ◗❊ t♦♦❧ r❡t✉r♥s ❛ tr✉❡ ✈❛❧✉❛t✐♦♥ ❢♦r t❤❡ ❢♦r♠✉❧❛ ¬ψ1✱ ✇❡ r❡♣❡❛t t❤❡ ♣r♦❝❡ss

❜② ✐♥❝r❡❛s✐♥❣ t❤❡ ❞❡❣r❡❡ ♦❢ t❤❡ ❝❡rt✐✜❝❛t❡ V (x)✳ ■❢ ✇❡ st✐❧❧ ❝❛♥✬t ❣❡t t❤❡ ❞❡s✐r❡❞ ❝❡rt✐✜❝❛t❡✱ ✇❡ ❝♦♥❝❧✉❞❡

✐♥❝♦♥❝❧✉s✐✈❡♥❡ss ❛❜♦✉t t❤❡ tr✉t❤ ✈❛❧✉❡ ♦❢ ϕ1✳

✹ ❊①♣❡r✐♠❡♥t❛❧ ❊✈❛❧✉❛t✐♦♥

❲❡ ✉s❡❞ ❛ ❞❡❣r❡❡✲✼ ❧❡❛st✲sq✉❛r❡ ♣♦❧②♥♦♠✐❛❧ ♠♦❞❡❧ ❝❤❛r❛❝t❡r✐③✐♥❣ t❤❡ ✐♥♣✉t✲♦✉t♣✉t ♥♦♥✲❧✐♥❡❛r ❜❡❤❛✈✐♦r ♦❢

❛♥ ✐♥✈❡rt❡r✳ ❲❡ ♦❜t❛✐♥❡❞ t❤✐s ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ ✐♥✈❡rt❡r ♠♦❞❡❧ ❜② r✉♥♥✐♥❣ ▼❆❚▲❆❇ s✐♠✉❧❛t✐♦♥ ✉s✐♥❣

t❤❡ ❙❝❤✐❝❤♠❛♥✲❍♦❞❣❡s ▼❖❙ tr❛♥s✐st♦r ♠♦❞❡❧s✳ ◆♦t❡ t❤❛t✱ ✐♥ t❤✐s ♠♦❞❡❧✱ ✇❡ t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ❡✛❡❝t

♦❢ tr❛♥s✐st♦r ✇✐❞t❤s✴❧❡♥❣t❤s ♦♥ t❤❡ s❧♦♣❡ ♦❢ t❤❡ ✐♥✈❡rt❡r ♦✉t♣✉t✳ ❲❡ ✉s❡❞ ❨❆▲▼■P ❬✶✶❪ s♦❧✈❡r ✇✐t❤✐♥

▼❆❚▲❆❇ ❢♦r ❙❖❙ ♣r♦❣r❛♠♠✐♥❣✱ ❛♥❞ ❘❊❉▲❖● ❬✶✷❪✱ ❢♦r ◗❊ ♦♥ ❛ ✷✳✻ ●❍❩ ■♥t❡❧ ❈♦r❡ ✐✺ ♠❛❝❤✐♥❡ ✇✐t❤ ✹

●❇ ♦❢ ♠❡♠♦r②✳ ❋♦r ❛♥ ♦❞❞ ❘❖✱ ✇❡ ✇❡r❡ ❛❜❧❡ t♦ ❝♦♠♣✉t❡ ❛ ❞❡❣r❡❡✲✹ ❆■ ❝❡rt✐✜❝❛t❡✳ ❚❤❡ ❆■ s❡t✱ ♠❛r❦❡❞

❜② t❤❡ ❧❡✈❡❧ s❡t V (x) ≤ 1✱ ✐s s❤♦✇♥ ✐♥ t❤❡ ❋✐❣✳ ✻✳ ■♥s✐❞❡ t❤❡ ❆■ s❡t✱ ✇❡ s❤♦✇❡❞ tr❛❥❡❝t♦r✐❡s ❡s❝❛♣❡ t❤❡

s❡t V ≤ r✱ ❜② ❝♦♠♣✉t✐♥❣ ❛ ❞❡❣r❡❡✲✷ ❊s❝❛♣❡ ❝❡rt✐✜❝❛t❡✳ ❙✐♠✐❧❛r❧②✱ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ tr❛❥❡❝t♦r✐❡s t♦

✇✐t❤✐♥ ❛ s♠❛❧❧ ❞✐st❛♥❝❡ ♦❢ t❤❡ ❧✐♠✐t ❝②❝❧❡ ❤❛s ❜❡❡♥ s❤♦✇♥ ❜② ❝♦♠♣✉t✐♥❣ ❛ ❞❡❣r❡❡✲✹ ❊✈❡♥t✉❛❧✐t② ❝❡rt✐✜❝❛t❡

✐♥ t❤❡ s❡t {V ≤ 1 ∧ V ≥ r}✳ ❚✐♠❡ t❛❦❡♥ ❜② t❤❡ ❙❖❙ s♦❧✈❡r t♦ ❝♦♠♣✉t❡ t❤❡s❡ ❝❡rt✐✜❝❛t❡s ✐s ❧✐st❡❞ ✐♥

t❤❡ s❡❝♦♥❞ ❝♦❧✉♠♥ ♦❢ ❚❛❜❧❡✳ ✶✳ ❱❡r✐✜❝❛t✐♦♥ ♦❢ t❤❡s❡ ❝❡rt✐✜❝❛t❡s ✐♥ ❘❊❉▲❖●✱ ❣✐✈❡♥ ✐ts ❛❜✐❧✐t② ♦❢ ❤♦✇

❧❛r❣❡ ❛ ❢♦r♠✉❧❛ ✐t ❝❛♥ ❤❛♥❞❧❡✱ ❤❛s ❜❡❡♥ ❞✐✈✐❞❡❞ ✐♥t♦ t❤❡ ✈❡r✐✜❝❛t✐♦♥ ♦❢ t❤❡ ✐♥❞✐✈✐❞✉❛❧ ❝❧❛✉s❡s ♦❢ t❤❡ ❋❖❋s

❜❡♥❡✜t✐♥❣ ❢r♦♠ ✐ts ❞✐s❥✉♥❝t✐✈❡ ♥♦r♠❛❧ ❢♦r♠ ✭❉◆❋✮✳ ❙✐♥❝❡ ✇❡ ✇❡r❡ ✐♥t❡r❡st❡❞ ✐♥ t❤❡ ♥❡❣❛t✐♦♥ ♦❢ ❋❖❋s ✐♥

t❤❡ ❉◆❋✱ ✇❡ ✈❡r✐✜❡❞ ✇❤❡t❤❡r ❡❛❝❤ ❝❧❛✉s❡ ✇❛s ✏❢❛❧s❡✧✳ ❚❤❡ ✈❡r✐✜❝❛t✐♦♥ t✐♠❡s ♦❢ t❤❡ ◗❊ ❛r❡ ❧✐st❡❞ ✐♥ t❤❡

t❤✐r❞ ❝♦❧✉♠♥ ♦❢ ❚❛❜❧❡✳ ✶✳ ❋♦r ❆■ ❛♥❞ ❊s❝❛♣❡ ❝❡rt✐✜❝❛t❡s✱ ❘❊❉▲❖● s✉❝❝❡ss❢✉❧❧② ✈❡r✐✜❡❞ t❤❡ ♥❡❣❛t✐♦♥ ♦❢

t❤❡✐r ✉♥✐✈❡rs❛❧❧② q✉❛♥t✐✜❡❞ ❋❖❋s✳ ❆ t✐♠❡✲♦✉t ✇❛s r❡♣♦rt❡❞ ❜② t❤❡ ❘❊❉▲❖● t♦♦❧ ❢♦r ❛❧❧ ❝❧❛✉s❡s ♦❢ t❤❡

❡✈❡♥t✉❛❧✐t② ❋❖❋ ♦❢ t❤❡ ♦❞❞ ❘❖✳ ❚❤❡ r❡❛s♦♥ ❢♦r t❤❡s❡ t✐♠❡✲♦✉ts ✐s t❤❡ s❡t✱ ❛♥ ✐♥t❡rs❡❝t✐♦♥ ♦❢ t✇♦ ❧❡✈❡❧

❝✉r✈❡s ♦❢ t❤❡ ❆■ ❝❡rt✐✜❝❛t❡✱ t❤❛t ♣✉ts ❛♥ ❛❞❞✐t✐♦♥❛❧ ❜✉r❞❡♥ ♦♥ t❤❡ s♦❧✈❡r r❡s✉❧t✐♥❣ ✐♥ ✐ts t✐♠❡ ♦✉t✳ ❚♦

♦✈❡r❝♦♠❡ t❤✐s ✐ss✉❡✱ ✇❡ ✐♥st❡❛❞✱ ❝♦♥s❡r✈❛t✐✈❡❧② ♦✈❡r✲✉♥❞❡r ❛♣♣r♦①✐♠❛t❡ t❤❡ s❡t {V ≤ 1 ∧ V ≥ r}✱ ❜② ❛

q✉❛❞r❛t✐❝ ♣♦❧②♥♦♠✐❛❧✱ ❛♥❞ ❝♦♥str✉❝t t❤❡ ❊✈❡♥t✉❛❧✐t② ❝❡rt✐✜❝❛t❡ ❢♦r t❤✐s ♥❡✇ s❡t✳ ❚❤✐s s♦❧✈❡❞ ♦✉r ♣r♦❜❧❡♠

❛♥❞ ❘❊❉▲❖● ❤❛s ❜❡❡♥ ❛❜❧❡ t♦ ✈❡r✐❢② t❤❡ ❊✈❡♥t✉❛❧✐t② ❝❡rt✐✜❝❛t❡ ✐♥ t❤✐s ❝♦♥s❡r✈❛t✐✈❡ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢
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❋✐❣✉r❡ ✻✿ ❖❉❉ ❘❖ ❆■ ❙❡t✱ {r <= V <= 1}✿ ❆♥♥✉❧❛r r❡❣✐♦♥ ❜❡t✇❡❡♥ ❙♦❧✐❞ ❣r❡❡♥ ♣❧♦ts✱ ❚r❛❥❡❝t♦r✐❡s✿ ❉❛s❤❡❞

♣❧♦ts

❈❡rt✐✜❝❛t❡ ❨❆▲▼■P✲❙❖❙ ❚✐♠❡✭❙❡❝✮ ❘❊❉▲❖●✲◗❊ ❚✐♠❡✭❙❡❝✮

❆ttr❛❝t✐✈❡ ■♥✈❛r✐❛♥ts ✽✷✹✳✽ ✭❉❡❣r❡❡ ✹✮ ❈❧❛✉s❡ ✶ ❂✵✳✷✶✾
❈❧❛✉s❡ ✷ ❂✵✳✵✹✼
❈❧❛✉s❡ ✸ ❂✽✳✷✷✷

❊s❝❛♣❡ ✻✳✸ ✭❉❡❣r❡❡ ✷✮ ❈❧❛✉s❡ ✶ ❂ ✵✳✵✻✵
❈❧❛✉s❡ ✷ ❂ ✵✳✵✷✻
❈❧❛✉s❡ ✸ ❂ ✵✳✸✷✵

❊✈❡♥t✉❛❧✐t② ✸✶✳✺ ✭❉❡❣r❡❡ ✹✮ ❈❧❛✉s❡ ✶ ❂ ✵✳✵✼✵
❈❧❛✉s❡ ✷ ❂ ✵✳✵✷✺
❈❧❛✉s❡ ✸ ❂ ✵✳✻✸✻

❚❛❜❧❡ ✶✿ ❖❉❉ ❘❖ ■♥❡✈✐t❛❜✐❧✐t② ❱❡r✐✜❝❛t✐♦♥ ❚✐♠❡

t❤❡ s❡t {V ≤ 1∧V ≥ r}✳ ◆♦t❡ t❤❛t t❤✐s ❝♦♥s❡r✈❛t✐s♠ ✐s t♦ ❛♣♣r♦①✐♠❛t❡ t❤❡ ❛♥♥✉❧❛r s❡t {V ≤ 1∧V ≥ r}

❛♥❞ ❞♦❡s ♥♦t ❛❞❞ t♦ t❤❡ ♦✈❡r❛❧❧ ❝♦♥s❡r✈❛t✐s♠ ♦❢ ♦✉r ♠❡t❤♦❞♦❧♦❣②✳

❙✐♠✐❧❛r❧②✱ ❢♦r ❡✈❡♥ st❛❣❡ ❘❖✱ ✇❡ ❝♦♠♣✉t❡❞ ❛ ❞❡❣r❡❡✲✶✵ ❆■✱ ❛ ❞❡❣r❡❡✲✹ ❊s❝❛♣❡✱ ❛ ❞❡❣r❡❡✲✻ ❊✈❡♥t✉❛❧✐t②

❛♥❞ ❛ ❞❡❣r❡❡✲✹ ▲②❛♣✉♥♦✈ ❝❡rt✐✜❝❛t❡✳ ❈♦♠♣✉t❛t✐♦♥ t✐♠❡s ❛r❡ ❣✐✈❡♥ ✐♥ ❚❛❜❧❡✳ ✷ ❛♥❞ t❤❡ ❆■ s❡t ✐s s❤♦✇♥

✐♥ ❋✐❣✳ ✼✳

❚❤♦✉❣❤ ✈❡r✐❢②✐♥❣ t❤❡ ♣r♦♣❡rt②✱ ✉s✐♥❣ ❙❖❙✲◗❊ ❛♣♣r♦❛❝❤✱ ♥❡❡❞s ✉s❡r ✐♥♣✉t✱ ✐t ♦✛❡rs ❛ ❝♦♠♣❛r❛❜❧❡

❝♦♠♣✉t❛t✐♦♥ t✐♠❡ t♦ ❬✶❪✳ ❚❤❡② ❤❛✈❡ r❡♣♦rt❡❞ ❛♣♣r♦①✐♠❛t❡❧② ✷✷✵✵✵ s❡❝♦♥❞s ❢♦r t❤❡ ❝♦♠♣❧❡t❡ ✈❡r✐✜❝❛t✐♦♥

♦❢ t❤❡ ❡✈❡♥ st❛❣❡ ❘❖✱ ✇❤❡r❡❛s ♦✉r ❛❝❝✉♠✉❧❛t✐✈❡ t✐♠❡ ❢♦r t❤❡ ❡✈❡♥ st❛❣❡ ❘❖ ✐s ❛♣♣r♦①✐♠❛t❡❧② ✻✺✵✵

s❡❝♦♥❞s✳ ❊✈❡♥ ✐❢ ✇❡ ❛❞❞ t❤❡ t✐♠❡ ♦❢ ❛❧❧ t❤❡ ✐♥st❛♥❝❡s ❢♦r ✇❤✐❝❤ ✇❡ ❣♦t ❛♥ ✐♥❢❡❛s✐❜❧❡ ❝❡rt✐✜❝❛t❡✱ ♦✉r

❝♦♠♣✉t❛t✐♦♥ t✐♠❡ ✐s st✐❧❧ ♥♦t ♠♦r❡ t❤❛♥ ❤❛❧❢ ♦❢ ✇❤❛t ❤❛s ❜❡❡♥ r❡♣♦rt❡❞ ✐♥ ❬✶❪✳ ❚❤✐s ✐s ✐♥ ❛❞❞✐t✐♦♥ t♦ ♦✉r

♠❡t❤♦❞♦❧♦❣② ❜❡✐♥❣ ❧❡ss ❝♦♥s❡r✈❛t✐✈❡ ❛♥❞ ❛♣♣❧✐❝❛❜❧❡ t♦ ✐♥✜♥✐t❡ ❤♦r✐③♦♥✳

✺ ❈♦♥❝❧✉s✐♦♥

❘❡s✉❧ts s❤♦✇ t❤❡ ❡✛❡❝t✐✈❡♥❡ss ♦❢ ♦✉r ❛♣♣r♦❛❝❤ t♦ ✈❡r✐❢②✐♥❣ t❤❡ ❝♦♠♣❧❡① ❆●■ ♣r♦♣❡rt② ♦❢ ❛ r❡❛❧ ✇♦r❧❞

❛♥❛❧♦❣ ❝✐r❝✉✐t✳ ❲❡ ❤❛✈❡ ✈❡r✐✜❡❞ t❤❡ ❆●■ ✉s✐♥❣ t❤❡ ▲②❛♣✉♥♦✈ ❜❛s❡❞ ❞❡❞✉❝t✐✈❡ ♠❡t❤♦❞ ✇❤✐❝❤ ✐s ♥♦t ♦♥❧②

❛♣♣❧✐❝❛❜❧❡ t♦ ✐♥✜♥✐t❡ t✐♠❡✱ ❜✉t ❛❧s♦ ❛✈♦✐❞s ❡①♣❧✐❝✐t❧② s♦❧✈✐♥❣ ❖❉❊s ❛♥❞ ✐s t❤✉s ❧❡ss ❝♦♥s❡r✈❛t✐✈❡ t❤❛♥ t❤❡

r❡❛❝❤❛❜✐❧✐t② ❛♣♣r♦❛❝❤❡s✳
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