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Abstract

The academic literature in longevity field has recenmilyued on models for detecting multiple
population trends (D'Amato et al. 2012b, Nijenga et al. 2011, dRllsset a. 2011, etc.). In
particular increasing interest has been shown ati@lated population dynamics ofparent
populations characterized by similar socio-economic ¢mm$i and eventually also by
geographical proximity. These studies suggest dependence awuit§sle populations and
common long run relationships between countries (ftaimce see Lazar et al. 2009). In order to

investigate cross-country longevity common trends, we adoptlaple population approach.
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The algorithm we propose retains the parametric struofute Lee Carter model, extending the
basic framework to include some cross dependence in thretemm As far as time dependence
is concerned, we allow for all idiosyncratic compongbisth in the common stochastic trend
and in the error term) to follow a linear process, thussiciering a highly flexible specification
for the serial dependence structure of our data. Werelswo the assumption of normality, which
is typical of early studies on mortality (Lee and €grt.992) and on factor models (see e.g. the
textbook by Anderson, 1984). The empirical results showthieaMultiple Lee Carter Approach

works well in presence of dependence.
Keywords

Serial and Cross-sectional Correlation, Factor Modéstor Auto-Regression, Sieve Bootstrap,

Lee Carter model
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1 Introduction

The whole financial system is dramatically threatenedth®y systematic improvements in
longevity phenomenon, especially regarding the welfare and ppbhesions. The empirical
evidence shows the presence of common factors that wdetd afirvival rates across multiple
populations in a similar way. The reason behind is that poputatd the world are becoming

more closely linked by communication, transportation, traarology, and disease.

Modeling mortality co-movements for multiple populasonould have significant implications

for longevity risk management.

In a multi-population mortality model, the analysidfasused on more than one population by
taking into account a joint framework. The main idea behimese models lies on the
convergence indefinitely over time observed between ptipoghaving similar socioeconomic
features. The development of multiple setting is rdldatethe several applications. First of all,
securitization of longevity risk, i.e. the transferlofgevity risk in the capital markets, which
typically occurs through the creation of derivatives exusities whose cash flows are linked to
the survival of a reference population, a more effectigk management can be obtained
throughout the study of the mortality correlations betwgepulations. The relationship between
populations is involved in the estimation of the actualdesk which arises from the difference
in mortality improvements between the insured populatioth the population to which the
standardized longevity hedging instruments are linked. Hedgingumnshts have been
developed in order to help pension funds to protect themselgamst longevity risk, in

particular by reinsurance and longevity derivatives.
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Secondly the multiple population mortality model allofes enhancing the estimate reliability

by modeling the smaller population jointly with a largepplation (Li et al. 2010).

Furthermore the multiple approach can also be useenforcing greater consistency of the sex

differentials when an analysis on both genders has pefiermed.
Recently, significant developments in multi-populatiood@ling have been recorded.

The seminal interest in studying cross-country longevityroomtrends focused on modeling
the interdependence of the mortality rates of two popuiatibi and Lee (2005) developed an
augmented common factor model for modeling convergent liprtignamics. Li et al. (2011)
propose a model that measures the population basis risk invnlaeldngevity hedge. Cairns et
al. (2011) represents the short trends by using a meartingvepread, where the long-run
improvements are parallel according to biological princip&ner et al. 2011 develop a similar
two-step approach modeling the mortality of larger refegggopulation and the mortality spread
between the two populations. The current studies investigatelong-run equilibrium
relationships across countries, by considering the more ttha populations in the mortality
framework, for capturing valuable information about thedes driving changes in mortality
(Njienga et al., 2011; Russolillo et al., 2011). Other authooslein mortality dependence
(structure) across countries using a dynamic copula approacly @taal. 2013). In particular,
they employ time-varying copula introducing mortalitypdadence and demonstrate symmetric
dependence. In the same context MacMinn et al. 2013 arfirgshéo apply the factor copula
model to mortality fitting for multiple populations. Thefocus on the residual risk (tail

dependence) by setting out an efficient approach for higterBional data. Kleinow (2013)
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shows that the period effects of different populatiors @AE model are better comparable with
each other since the impact of different age effectdiminated. This aspect can be relevant in

effectiveness of hedge positions.

In order to study cross-country longevity common trendss ieSsential to consider tools to
guantify, compare and model the strength of dependenceefdteit is necessary to take into
account either the dependence for adjacent age groug® dependence structure across time
in a single population setting: a sort of intra-dependetnmoetare (D'Amato et al. 2012b). At the
same time, it is important to consider the dependencasaanaltiple populations, what we call

inter-dependence, for capturing common long run relatipedtetween countries.

In a previous contributionD’Amato et al. 2013)we kept into account the issue of cross-
sectional and time dependence, by proposing an algoritsedlan the Lee Carter framework
(1992), but relaxing the assumption of normality, which iscigbof early studies on mortality
(Lee and Carter, 1992) and on factor models (see e.gextimbk by Anderson, 1984hn this
article, we extend that formulation by taking into sidleration a different fitting model for
mortality data, the Poisson log-bilinear mortality modétich allows toovercome the problems

associated with the OLS method in the fitting procedure.

We also consider a bootstrap procedure for dependent dasaprserving both the historical
parametric structure and the intra-group error correlagtomcture. In particular, we apply a
Sieve bootstrap algorithm (Bulhmann, 1997) to the Vector AutoRegmne®¢AR henceforth)

model containing the estimated common factors (botiostaty and non-stationary). However,

in a previous papefD'Amato et al. 2012b), we stated that in our context we caapply a
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standard Sieve bootstrap algorithm, since, when resampling tiheatesi common factors, a
generated regressors problem arises. In this order o, idaapaper is based on Trapani (2012),
which develops the full blown theory to apply Sieve bootstoafhe context of non-stationary
panel factor series, developing selection rules foothder of the VAR and showing the superior
performance of Sieve bootstrap compared to first-order @syim In particular, the paper is
structured as follows: Section 2 faces the issue of palhlignment. In section 3, we present
the Poisson log-bilinear mortality mod&ection 4 discusses the methodology to generate the
bootstrap sample by proposing the Multiple Poisson Laage€Panel Sieve Algorithm. Section 5

shows the results of the Numerical Application. Sedi@montains the Concluding Remarks.
2 Multiple Setting

The representation of multiple populations bases onlaimiortality behaviours typical for
people which share analogous living conditions. Studying miyrteiperience for a group of
populations with similar mortality behaviours might imprakie stability of mortality modelling
(Yang et al. 2011). Moreover it could allow for solving the feobof small population. Indeed
some authors propose the replication of the data by mappgopriately the mortality data from
neighbouring countries (Olivieri 2011Jhe crucial point working with different populations is
that the dependence structure analyzed in previous works fogla gataset (Amato et al.,
2012a) becomes very complex and has to be taken into accodet anmultidimensional
approach. In fact, three kinds of dependence have tagiared: theross sectional dependence
for adjacent age groups, across countries and seriatfépendence. In this case, the classical

Sieve bootstrap cannot be applied to the three-dimensiotaeleiadue to a too large number of
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cross-sectional units. 'Bmato et al. 2013 originally solve this problem looking #orational
reduction of the dataset. To this aim, they considertbh@gatommon trends betweeountriesare

captured by the time-varying parameteks of the LC model and propose the following

alignment of the data (we refer to Lee and Carter, 1992afoeepened description of the
parameters involved in the Lee- Carter method). Thegefparately the LC on some mortality
dataset ofM different populations, composed by the same ages, a+1,...,a+ N and years
t=b,b+1,...,b+ T, wherea represents the first age, fixed equal to zero lanthe first time,
respectively. N and T represents the last age and thehlesfgthe period considered,
respectively. Once they obtain tke’s for each country, they arrange thie time series ok, in

a matrix, generating a panel data in which the singlés uare represented by the different
populations and are collected in rows. In this way, thagioka reduced dataset on which it is
possible to design a Sieve bootstrap. The framework ttogope is very flexible and lends itself
to interesting extensions and more accurate formukti@me of this is the possibility to take
into account a different fitting model for mortality datAn example could be the Poisson log-

bilinear mortality model, described in the next Section.
3 The Poisson log-bilinear mortality model

D'Amato et al. (2012) develop the idea of first fitting Leet@aparametric model, and then re-
sampling a particular class of the residuals, the #eeceentred residuals, according to the Sieve
scheme, through an autoregressive approximation for gamgtdadiotstrap replications of the
data. They firstly consider the Lee Carter paramdteamework because of its well known

properties (Deaton and Paxson, 2004); however, this modehgnake of the least-square tool
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for mortality estimation is based on the hypothesisarhoskedastic errors, but this assumption
is not confirmed by the empirical evidence. Instead, thissBn log-bilinear model allows to
overcome the problems associated with the OLS methaldeirfitting procedure. Because the
number of deaths is a counting random variable, accordirgritlinger (1986), the Poisson
assumption appears to be plausible. It has been arguech¢haumber of deaths, when the
central exposetb-risk is given, may be assumed to foll@Woisson distribution. At the same
time the promising estimates may be obtained by fittisgRhisson regression (see Renshaw and

Haberman(1997), Renshaw et al (1996), and Sithole et al. (2000)):
D,, ~ Poissolf E ) with 4, =exp( a+ b (1)

where the parameters are still subjected to the comis,trEi:kI =0and be =1 and the force of
t X

mortality is thus assumed to have the log-bilinear form:
In(1,)=2,+kh. (2)

Recently the Poisson version of the Lee-Carter mbaglbeen deepened and applied in actuarial
literature. Some essential improvements have beendutenl by Brouhns et al. (2002) who
estimate parameters by Poisson log-bilinear regressairanshaw and Haberman (2003) who
describe the model in the GLM terms. In the light of tluasideration, we exploit the Poisson
version of the Lee Carter model in the Panel Siea@dirap, as an extension of the model shown
in D'Amato et al. 2013, confirming the flexible nature of tlgethm presented in our previous

work.
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. Algorithm: Multiple Poisson Lee Carter Panel Sieve

This section discusses the methodology to generatsothtstrap sample. The preliminary step is
the construction of matrix K through the fitting of th€ model on different populations

separately.

For each population i, we fit the Poisson version lef tC model according to eq. (1),
determining kII The parameterk ; are then arranged in a matrixi&. A VAR is fitted to this

matrix. The VAR is the statistical tool employed &present how different populations are

related each other.

Let Ki = [kyt,....kw'/" denote an (Mx1) vector of time series variables. Thechglag VAR(Q)

has the form:

J

q
K=Y AK_ +§, t=1.T (3
j=1

Where A is the matrix of coefficient of the seletd¢AR(q) model.
Hence the bootstrapping algorithm is as follows:
Step 1. (PC estimation)
(1.1)For each igstimate thdk;in (1).
(1.2)Arrange the fitted; in the matrix K

Step 2. (VAR model estimation)
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(2.1) Estimate the matrix of coefficie# of the VAR(q) model by applying OLS to (4). The g

lag selection criteria is the Akaileinformation criterion (AIC)

j and center them around their mean,

S
(2.2) Compute the residualg, =Ak —>_ A Ak_
j=1
defining themg, , .

Step 3. (bootstradpr b = 1,...,2 iterations
(3.1) (resampling)
.
— t=1

(3.1.a)Draw (with replacement] values from{ét,q}?1 to obtain the bootstrap sampfe,, }

(3.2) (generation of the bootstrap sample)

aK
(3.2.a)Generate recursively the pseudo sanihg, = Z A, AK€
j=1

t
(3.2.b)Generag kyp ask,, = ko, + YAk, , with initialisationko n = ko.

=1

In this way we obtain b matix;,. from which we can generate the pseudo san{np{ie’i };

according to eq. (1).

. Numerical Application

In the present section, we apply the methodology deskiibéhe section 4 to the historical

mortality data for five countries expected to have expeegiommon longevity improvements,
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on the basis of similar socio-economic features: Urkieddom (henceforth UK), France, Italy,
Spain and Belgium. The study is performed for each cgumt total population (composed by
male and female) ranging from 1950 to 2006, for ages from O d@Qoyears, considered by
single calendar year and by single year of age, wtieeclass of age above 100 years is
collected in an open age group 100+ (the data were downloaded feokuthan Mortality
Database). The first step is the fitting of the Paisgarsion of the LC on the datasets of the five

selected countries. In Figure 1, we show the estimatée afénd parameters for each country:

Observing Figure 1, we note that the estimated trends qfat@meter kt are quite similar for
each country, showing wherever a decreasing slope. We teef®'Amato et al. 2013 for a
detailed description of similarities and measurement of dkp®e in mortality between the

selected countries.

In the second step of this numerical application, wthétvAR model to thek, of each country

and calculate the residuals. The number of lags ofMAR model is selected through the
application of the Akaike criterion, useful to avoid theerparameterisation of the model. The
result is that the selected lagged terms are two seetth lag term Kt-qg,mor country i affect
the response Ktjnwith i = j and i#j, ¢ = 1,2. In other words, not only own country lags are

relevant, but each country influences the response afthiees for two legs.

Figures 2-6 display, for each country, a diagram ofafitesidual plot, the auto-correlation and

partial auto-correlation function of the residuals.

Finally, we have implemented the bootstrap simulation aaugrto the algorithm proposed in

this paper with a number of replications equal to 1000nadave obtained, for each period, the
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sample average,. Then, we have projeatl them by using ARIMA models and calculated
confidence intervals. Figures 7 displays the mean o§ithelatedk, and the projections with

confidence intervals for UK, Belgium, Spain, France aaty It

In Figure 7, the solid lines represent the kt trend for UKgiBe, Spain, France and Italy, with
the confidence intervals highlighted in yellow. As it isail by the diagrams, the trend is quite
similar between countries, that have experienced sirtidands in mortality reduction due to
common social-economic factors and improvements inicakdesearch. But if we look at the
width of the confidence intervals, we can see they arte quiequal between countries. In
particular, as result of our application it is releivmnotice the wider Cs for Belgium, which is
the smallest of the considered countries. In the dioicin we stated that by considering a
multiple model we allow enhancing the reliability for smadlpulation mortality estimates. In
other words, the knowledge about countries with small populatan be enriched by the

consideration of common features between different poipuk.

Further research will aim to verify the forecast goodmdsthe Multiple Lee Carter Approach
throughout different measures of forecast accuracy,talsst the improvement of the proposed

model with respect to the classical Lee Carter model.
6. Concluding Remarks

In the last few years there has been an increasingsttia the actuarial literature on the issde
modeling multiple populations characterized by similar socmiemic and living conditions. It

has also been shown the problems arising when considamindtaneously different countries is

12 ACCEPTED MANUSCRIPT



Downloaded by [Library Services City University London] at 07:15 09 November 2015

ACCEPTED MANUSCRIPT

strictly related to the dependence analysis. The existehadependence in mortality data
involves the interactions for adjacent age groups betwgenand time and also across the

different populations.

From a methodological point of view, the research piteskin this contribution is oriented to
consider the flexibility of the methodology proposed in avipres article(D'Amato et al. 2013)

In particular, we build on the Lee Carter method inPitgsson version to develop an approach
within this general framework. In particular, we extendlihsic structure to include some cross
dependence in the error term on the basis of a taidute bootstrap algorithm, explathin

detail in section 4.

Another attractive methodology for our application coldore been Bayesian (empirical, full)
with the kti as random effects. Bayesian simulatidfeid from classical simulation analysis in
that probability distributions are used to represenutieertainty about model parameters, rather
than point estimates and confidence intervals. In thgeBian approach, the prior information
about the distribution of parameters is modified into grast one after the observation of
sample. In the language of uncertainty, classical sitiwnl models only aleatory uncertainty (the
randomness of the system itself), while Bayesian sinmmathodels both the aleatory and
epistemic uncertainty (the lack of knowledge about tystesn). However, as it has been
observed (Hastie et al., The Elements of Statisticgdrning 2009)“bootstrap distribution
represents an approximate non-parametric posterior baseda oparticular choice of
noninformative prior ... and is typically much simpler to carry out.” In other words, referring to

our case the prior from which we start is the fittedrétrf the model and the bootstrap algorithm
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approximate the posterior information about the distdutof the parameter offering point
estimates and confidence intervals; in this way we reaghicker results than that we should
obtain with Bayesian simulation. In actuarial appimat it is important to reduce the time of
simulation to make really applicable the algorithm for pcattuses; moreover, for practitioners
the quantities of interest are just the confidencevats to estimates the impact of longevity risk

on insurance liabilities.
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Figure 1-Estimated trends of parametersk;
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Diagram of fit and residuals for uk
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Figure 2-Diagram of fit, resduals, ACF and PACF of resdualsfor UK
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Figure 3-Diagram of fit, residuals, ACF and PACF of resdualsfor France
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Figure 4-Diagram of fit, resduals, ACF and PACF of residualsfor Belgium
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Figure 5-Diagram of fit, residuals, ACF and PACF of residualsfor Spain
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Figure 6-Diagram of fit, residuals, ACF and PACF of resdualsfor Italy
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Figure 7- mean of simulated k; and projectionsfor UK, Belgium, Spain, France and Italy
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