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Abstract

We propose a new methodology for estimating the demand and cost functions
of differentiated products models when demand and cost data are available. The
method deals with the endogeneity of prices to demand shocks and the endogeneity
of outputs to cost shocks, by using variation in market size that does not need to be
exogenous, and cost data. We establish nonparametric identification, consistency
and asymptotic normality of our estimator. Using Monte-Carlo experiments, we
show our method works well in contexts where instruments are correlated with de-
mand and cost shocks, and where commonly-used instrumental variables estimators

are biased and numerically unstable.
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1 Introduction

In this paper, we develop a new methodology for estimating models of differentiated
products markets. Our approach requires commonly used demand-side data on products’
prices, market shares, observed characteristics and some firm-level cost data. The novelty
of our method is it does not use conventional instrumental variables strategies to deal with
the endogeneity of prices to demand shocks in estimating demand, nor the endogeneity of
outputs to cost shocks in estimating cost functions. Instead, we use variation in market
size (which does not need to be exogenous) and cost data for identification.

The frameworks of interest are the logit and random coefficient logit models of Berry
(1994) and Berry et al. (1995) (hereafter, BLP), methodologies that have had a substan-
tial impact on empirical research in IO and various other areas of economics.! These
models incorporate unobserved heterogeneity in product quality, and use instruments to
deal with the endogeneity of prices to such heterogeneity. As Berry and Haile (2014) and
others point out, as long as there are instruments available, fairly flexible demand func-
tions can be identified using market-level data. Popular instruments include cost shifters
such as market wages, product characteristics of other products in a market (“BLP in-
struments” ), and the price of a given product in other markets (“Hausman instruments”).
The attractiveness of this approach is that even in the absence of cost data, firms’ marginal
cost functions can be recovered with a consistently estimated demand system, and the
assumption that firms set prices to maximize profits given their rivals’ prices.?

Recently, some researchers have started incorporating cost data as an additional source
of identification. For instance, Houde (2012) combines wholesale gasoline prices with
first order conditions that characterize stations’ optimal pricing strategies to identify
stations’ marginal cost function parameters. Crawford and Yurukoglu (2012) and Byrne

(2015) similarly exploit first order conditions and firm-level cost data to identify the cost

Leading examples from 10 include measuring market power (Nevo (2001)), quantifying welfare gains
from new products (Petrin (2002)), and merger evaluation (Nevo (2000)). Applications of these methods
to other fields include measuring media slant (Gentzkow and Shapiro (2010)), evaluating trade policy
(Berry et al. (1999)), and identifying sorting across neighborhoods (Bayer et al. (2007)).

2There has been some research assessing numerical difficulties with the BLP algorithm (Dube et al.
(2012) and Knittel and Metaxoglou (2012)), and the use of optimal instruments to help alleviate these
difficulties (Reynaert and Verboven (2014)).



functions of cable companies.®> Kutlu and Sickles (2012) estimate market power while
allowing for inefficiency in production by exploiting cost data. Like previous research,
these researchers use instrumental variables (IVs) to identify demand in a first step.

Our study is motivated by these recent applications that combine cost data with
standard demand data for model identification and testing.* The type of cost data we
have in mind comes from firms’ income statements and balance sheets, among other
sources. Such data has been used extensively in a large parallel literature on cost function
estimation in empirical 10.5 We thus believe our study is promising since it aims to unify
this literature with research on differentiated products models.

We extend the existing research on BLP-type models by developing and formalizing
new ways to obtain additional identification with cost data. Our main theoretical finding
is that by combining demand and cost data, one can jointly identify BLP demand and
a nonparametric cost function using variation in market size () and the restriction that
marginal revenue is a function of marginal cost.® The implicit exclusion restrictions that
we exploit for identification are: (1) price p and market share s determine marginal
revenue but do not directly enter in the cost function; and (2) ouput ¢ = s@ enters the
cost function but does not directly enter the demand function.

Our paper is related to Bresnahan and Reiss (1990), who use variation in market size
to empirically analyze firms’ markups. The challenge in this direction of research is how
to use the exclusion restriction for estimation if we allow for the supply shock, which
we need to control for. In this paper, we propose to use the cost data. Formally, we
argue that variation in market share, (i.e., variation in market size) that keeps output,
input prices and expected cost (conditional on observed demand and supply variables)

the same, should come solely from variation in the demand shock, not from changes in

3 A number of papers have also used demand and cost data to test assumptions regarding conduct in
oligopoly models. See, for instance, Byrne (2015), McManus (2007), Clay and Troesken (2003), Kim and
Knittel (2003), and Wolfram (1999).

4At a broader level, our paper shares a common theme with De Loecker (2011). In particular, he
investigates the usefulness of previously unused demand-side data in identifying production functions
and measuring productivity.

®Numerous studies have used such data to estimate flexible cost functions (e.g., quadratic, translog,
generalized leontief) to identify economies of scale or scope, measure marginal costs, and quantify markups
for a variety of industries. For identification, researchers either use instruments for quantities, or argue
that in the market they study quantities are effectively exogenous from firms’ point of view.

6As in the existing research on BLP models, profit maximization is only required to identify the cost
function. We show that we can consistently estimate demand even if firms are not profit maximizing.



the supply shock. Hence, our results imply that one does not need to use conventional
instruments to identify the endogenous price parameters in differentiated goods demand,
nor to identify the cost function parameters where output is potentially endogenous.

In the empirical 10 literature, it is often argued that cost data is unreliable and should
not be used for the purposes of studying firm behavior.” In light of these concerns, we
try to use cost data in as limited manner as possible. In particular, we use it only to
alleviate the endogeneity issue of product price to demand shocks. We also show that
our identification results go through in model specifications that allow for cost data with
measurement error as well as systematic over/under reporting by firms. Furthermore, we
impose minimal assumptions on our nonparametric cost function: we require only that
the true total cost be increasing in output, input price and the cost shock. We do not
need to derive the marginal cost, analytically or numerically, in identifying and estimating
logit or BLP demand and cost functions.

We also prove nonparametric identification to demonstrate that our identification
strategy is not entirely based on functional form assumptions on the demand side. We
prove that marginal revenue and marginal cost are jointly nonparametrically identified by
the sample analog of the first order condition that equates marginal revenue and marginal
cost corresponding to two close points in the data. We do so on a cross section of data,
without any functional form restrictions on demand or costs, nor on the observed vari-
ables and unobserved demand and cost shocks, and without any use of orthogonality
conditions between observed variables and demand/cost shocks. From marginal revenue,
one can locally identify a nonparametric market share function.

Our nonparametric identification analysis also highlights a Curse of Dimensionality
that likely makes an estimator based on the nonparametric identification argument and
the direct application of the parametric identification argument impractical for applied
research. This motivates our efficient Non-Linear Least Squares (NLLS)-sieve estimator,
which does not suffer from the dimensionality problem. This estimator is semi-parametric
in that it recovers a parametric logit or BLP demand structure and a non-parametric cost
function. We also show how this estimator can be adapted to accommodate various

data and specification issues that arise in practice. These include endogenous product

"See Nevo (2001) and Fisher and McGowan (1983).



characteristics, imposing restrictions to ensure well-behaved cost functions, dealing with
the difference between accounting cost and economic cost, missing cost data for certain
products or firms, and multi-product firms.

Through a set of Monte-Carlo experiments, we illustrate how our estimator delivers
consistent parameter estimates when demand shock is not only correlated with equilibrium
price and output, but also with cost shock, input prices and market size, and when cost
shock is correlated with market size. In such a setting there are no valid instruments to
account, for price endogeneity, and market size alone cannot control for the supply side.
The IV estimates, on the other hand, are shown to have bias.?

A prominent example of papers that exploit first order conditions to estimate demand
parameters is Smith (2004). He estimates a demand model using consumer-level choice
data for supermarket products. He does not, however, have product-level price data.
To overcome this missing data problem, he develops a clever identification strategy that
uses data on national price-cost margins, and identifies the price coefficient in the demand
model as the one that rationalizes these national margins.® Our study differs considerably
in that we focus on the more common situation where a researcher has data on prices,
aggregate market shares and total costs, but not marginal costs. Indeed, we directly build
on the general BLP framework.

This paper is organized as follows. In Section 2, we specify the differentiated products
model of interest and review the IV based estimation approach in the literature. In Section
3, we study identification when demand and cost data are available and develop our formal
identification results. Section 4 proposes estimators that are based on our identification
arguments and analyzes the large sample properties of our preferred NLLS-sieve estimator.
Section 5 contains a Monte-Carlo study that illustrates the effectiveness of our estimator
in environments where standard approaches to demand estimation yield biased results.

In Section 6 we conclude and discuss potential applications of our estimator.

8A further result from our experiments speaks to the relative numerical performance of ours and
IV estimators. Whereas we easily obtain convergence in our estimation routines, for most Monte-Carlo
samples, like Dube et al. (2012) and Knittel and Metaxoglou (2012) we find the BLP algorithm to be
quite unstable.

9Genesove and Mullin (1998) use data on marginal cost to estimate the conduct parameters of the
homogenous goods oligopoly model.



2 Differentiated products models and IV estimation

2.1 Differentiated products models

Consider the following standard differentiated products discrete choice demand model.

Consumer ¢ in market m gets the following utility from consuming one unit of product j
Wijm = X;mﬁ + aPjm + Eim + €ijms (1)

where x;,, is a K x 1 vector of observed product characteristics, p;p, is price, j,, is the
unobserved product quality (or demand shock) that is known to both consumers and firms
but unknown to researchers, and ¢;;,, is an idiosyncratic taste shock. Denote the demand

', o] where B is a K x 1 vector.

parameter vector by 8 = [3

Suppose there are m = 1... M isolated markets that have respective market sizes
Q-1 Each market has j = 0....J,, products whose aggregate demand across individuals
is

qjm = Sijrm

where g;,,, denotes output and s;,, denotes market share. In the case of the Berry (1994)
logit demand model which assumes ¢;;, has a logit distribution, the aggregate market

share for product j in market m is
exp (XjmB + apjm + &jm) €xp (0jm)

S‘me =S pm7Xm7£m7j70 = ] = s 2
’ ( ) ( ) Zk;no €xp (X;ngB + OPkm + 5km) Zk;no €exXp (6km> ( )

where P = [Doms Pims s Payym)’ 18 @ (I + 1) X 1 vector, X, = [Xom, Xims -y XJ,m] 1S &
(Jm +1) X K matrix, &, = [om, E1ms -+ Egum])’ 18 @ (S + 1) X 1 vector, and 6, = X7, 8+
apjm + &m 1s the “mean utility” of product j. Notice from the definition of mean utility
that we can also denote the market share equation by s (6,,(0),7) = s (Pm, Xim, &m» 7, 0)
where 8,,,(0) = [00m(0), 01m(0), ..., 0,,m(0)]" is a J,, + 1 x 1 vector of mean utilities.
Following standard practice, we label good 7 = 0 as the “outside good” that corre-
sponds to not buying any one of the j = 1,...,J,, goods. We normalize the outside

good’s product characteristics, price, and demand shock to zero (i.e., Xg,;, = 0, pom = 0,

10With panel data the m index corresponds to a market-period.



and &y, = 0 for all m), which implies dp,,(6) = 0. This normalization, together with the
logit assumption for the distribution of €;;,,, identifies the level and scale of utility.

In the case of BLP, one allows the price coefficient and coefficients on the observed
characteristics to be different for different consumers. Specifically, o has a distribution
function F, (.;8,), where 6, is the parameter vector of the distribution, and similarly,
B has a distribution function Fg(.;05) with parameter vector 8g. The probability a
consumer with coefficients o and B purchases product j is identical to that provided by
the market share formula in equation (2). The aggregate market share is obtained by

integrating over the distribution of v and 3,

exp (x,,8 + apjm + fym)
s Koy &y I J dFg(B:05)dF, (a;0,). (3
5 (Do Xoms €115, 0 //zjoexp s (3:09)F, 0380). (3

Often the distributions of o and each element of 3 are assumed to be independently
normal, implying that the parameters consist of mean and standard deviation, i.e., 8, =
[tay0a)s Osk = [tprsopk)’s k = 1,..., K. The mean utility is then defined to be 0, =
X bg + HaPjm + §jm, With do, = 0 for the outside good.

2.1.1 Recovering demand shocks

Given 0 and data on market shares, prices and product characteristics, we can solve for
the vector 8, through market share inversion. This involves finding é,, for market m that
solves s(8,n,0) — s,, = 0, where s,, = (S0m, S1m, -, S.2,,m) is the observed market share
and s (8,,(0),7,0) is the market share of firm j predicted by the model. That is, market

share inversion involves solving the following set of J,,, equations,
$(0m(0),7,0) — Sjm =0, for j=0,...,Jn, (4)

and therefore,

8, (0) =5 (sm, 0), (5)

The vector of mean utilities that solves these equations perfectly aligns the model’s pre-
dicted market shares to those observed in the data.

In the context of the logit model, Berry (1994) shows we can easily recover mean



utilities for product j using its market share and the share of the outside good as d;,,,(0) =
log(sjm) —log(som), 7 =1,..., Jp (with &g, normalized to 0). In the random coefficient
case, there is no such closed form formula for market share inversion. Instead, BLP
propose a contraction mapping algorithm that recovers the unique 4,,(0) that solves (5)
under some regularity conditions.

With mean utilities in hand, recovering the structural demand shocks is straightfor-

ward,

5]m(0> = é (me Xm? £m7j7 0) = 6]m<0> - X;'m — QPjm (6>

for the logit model. For the BLP model, we use g instead of 8 and p, instead of «a as

coefficients. That is,

gjm(o) = 5 (pm7 XWU gmv j? 0) = 6Jm(0) - X;‘ml'l'ﬁ — HoPim (7>

2.1.2 IV estimation of demand

A simple regression of 6;,(0) = X, 8 + apjm + {jm with §;,(8) being the dependent
variable and x,,, and p;,, being the regressors would yield a biased estimate of the price
coefficient. This is because firms likely set higher prices for products with higher unob-
served product quality, which creates correlation between pj,, and &;y,.

Researchers use a variety of demand instruments to overcome this issue. That is, using
the inferred values of §;,, for all products and markets, we can construct a GMM estimator
for @ by assuming the following population moment conditions are satisfied at the true
value of the demand parameters 0y: E[{;,,,(00)z;n] = 0, where z;,, is an L x 1 vector of
instruments. However, good instruments are not easy to find, as we discuss below.

Cost shifters are often used as instruments. This is in line with traditional market
equilibrium analysis which identifies the demand curve from shifts in the supply curve.
Popular examples are input prices, wj,,. However, one cannot rule out the possibility
that the exclusion restriction of cost shifters in the demand function does not hold. Input
prices, like wages, may affect demand of products in the same local market through
changes in consumer income. Changes in other input prices such as gasoline or electricity

could affect both firms’ and consumers’ choices. Moreover, higher input prices may induce



firms to reduce unobserved product quality, and hence could also undermine the exclusion
restriction.

In instances where cost shifters are likely to satisfy the exclusion restriction, they are
often weak instruments. For example, if one assumes that input prices are exogenously
determined in external labor and capital markets, then all firms will face the same input
prices. Therefore, cost shifters may not have sufficient within-market variation across
firms to identify the demand parameters, especially if market fixed effects are included in
the utility function in (1).

BLP originally proposed using product characteristics of rivals’ products as price in-
struments. As we can see in equation (3), a firm’s market share is a function of prices
and observed product characteristics of all firms in its market. Therefore, the exclusion
restriction that enables one to use rivals’ product characteristics as price instruments heav-
ily depends on functional form assumptions for the utility function and the distribution
function of utility shocks.

A further potential issue with these instruments is that product characteristics, like
prices, may be chosen strategically by firms. Indeed recently a literature on endogenous
characteristics has emerged,!! which raises concerns that product characteristics are also
endogenous. In this case, IVs are needed for prices as well as product characteristics for
identification.

A final commonly-used set of instruments is the set of prices of product 7 in markets
other than m (Nevo (2001); Hausman (1997)). The strength of these instruments comes
from common cost shocks for products across markets that create cross-market correlation
in product prices. However, researchers need to ensure they use such instruments in cases
where there is no spatial correlation in demand shocks across markets as this would render
these instruments invalid. Regional demand shocks or national marketing campaigns, for

example, could generate such correlation.!?

HSee Crawford (2012) for an overview of this literature.

2Firm, market, and year fixed effects are typically included in the set of instruments when panel
data are available. So the exclusion restriction fails if the innovation in the demand shock in period ¢ is
correlated across markets.

10



2.2  Supply

The cost of producing g;,, units of product j in market m, Cj,,, is assumed to be a strictly
increasing function of output, L x 1 vector of input prices w;,,, and a cost shock vjy,.

That is,

ij =C (Qjmy Wim, Ujm, T) ) (8)

where 7 is the cost parameter vector. In addition, C' () is assumed to be continuously
differentiable with respect to output.
Given this cost function and the demand model above, we can write firm j’s profit

function as

Tjm = pjm XS (pm7XWL7€m7j7 0) X Qm -C (3 (pmaxm7£maj7 0) X Qmawjm7UjmaT> ) (9>

where we assume there is one firm for each product. Keeping with BLP, we for now
assume that firms act as differentiated products Bertrand price competitors. Therefore,
the optimal price and quantity of product j in market m are determined by the first order

condition (F.0.C.) that equates marginal revenue and marginal cost

Os (pmaXm7€m7j70) - oC (qjm7wjm7vjm71-)

im + Sim = . 10
p] + J ap]m a(:ij ( )
MR, MC;

Note that MR;,, in (10) can be written solely as a function of prices, market shares and
parameters. This is because, given the market share inversion in (5), and the specification
of mean utility dj,,, demand shock &,, is a function of X,,, pm, s, and 6. Therefore,

marginal revenue can be written as

Mij = Mij(e) = MR(pm,Sm,Xm,j,O). (11)

This turns out to be quite useful in developing our identification and estimation approach
below. Also, equations (10) and (11) imply that demand parameters can potentially be
identified if there is data on marginal cost or even without such data, if the cost function

can be estimated and its derivative with respect to output can be taken.

11



2.2.1 Cost function estimation

As with demand estimation, a similar inversion procedure can be used to recover unob-

served cost shocks,

Cim = C(Gjms Wim, Vm, T) = Ujin(T) = C 7 (@i, Wim, Cijm, T) - (12)

Like demand estimation, there are important endogeneity concerns with standard ap-
proaches to estimating cost functions. Specifically, output g;,, is endogenously determined
by profit maximizing firms equating marginal revenue to marginal cost as in equation (10),
and is potentially negatively correlated with the cost shock v;,,. That is, all else equal, less
efficient firms tend to produce less. In dealing with this issue, researchers have tradition-
ally focused on selected industries where endogeneity can be ignored, or used instruments
for output.

The IV approach to cost function estimation typically uses excluded demand shifters
as instruments. We denote this vector of cost instruments by z;,,. We can estimate 7
assuming that the following population moments are satisfied at the true value of the
cost parameters To: E [vjn(T0)Zjm] = 0. This approach potentially has pitfalls that
are similar to the ones we discussed with IV demand estimation. In particular, typical
excluded demand shifters such as demographics affect all firms, and thus generate little
within-market, across-firm variation in equilibrium output for identification. Moreover,
one cannot completely rule out the possibility of correlation between demand shifters and

cost shocks.

3 Identification and estimation of the price coeffi-
cient

In this section, we investigate the benefits of jointly using demand and cost data to
identify the model. It turns out that the endogeneity concerns in estimating the demand
and cost parameters can be mitigated if the parameters are jointly estimated using such
data. Fundamental to this result is having variation in market size across markets, which

is allowed to be arbitrarily correlated with unobserved demand and cost shocks.

12



The identification analysis is developed in three parts. For now we focus solely on
identification of the price coefficient; later we extend the analysis to include other de-
mand parameters such as the coefficients on product characteristics, and cost function.
First we present the main idea for our general identification results in a simple monopoly
model with Berry (1994) logit demand. We then maintain the simple logit demand struc-
ture, and prove identification under various extensions to the supply-side of the model:
oligopoly, cost data with measurement error and systematic misreporting, and fixed costs.
Second, we prove identification in a setting with a richer BLP /random coefficients model
of demand. Here we emphasize the need to assume that marginal revenue identifies the
price coefficient and show this assumption holds for logit and BLP demand. Third, we
show the marginal revenue and market share functions are in fact non-parametrically iden-
tified. We find, however, that the estimation strategy that directly follows our parametric
or nonparametric identification argument is likely to be subject to a Curse of Dimension-
ality in practice. This motivates us to pursue a different parametric estimation strategy

in Section 4.

3.1 Identification in the Logit model
3.1.1 Main assumptions

We begin by considering identification in the simplest possible environment: a monopolist
who sells one product and faces logit demand. The following six assumptions are the main

ones needed for identification in this model and its extensions.

Assumption 1 Researchers have data on outputs, product prices, market shares, input
prices, and observed product characteristics of firms. In addition, data on firms’ total cost

are available.

Assumption 2 Marginal revenue is a function of observed product characteristics, prod-
uct prices and market shares. Marginal cost is a function of output, input prices and cost

shock.

Assumption 3 The cost function is strictly increasing, continuously differentiable in

output, input prices and cost shock.

13



Assumption 4 Markets are isolated. Market size is not a deterministic function of de-

mand/supply shocks, and/or demand/supply shifters.

We denote MCj,, to be the marginal cost of firm j in market m, ie. MCj, =
MC <Qjm7 Wim, Ujm)'

Assumption 5 Firms set prices such that marginal revenue is a function of marginal

cost, taking as given their rivals’ prices. That is, M Rj,, = ¢ (MCjy,).

Assumption 6 The support of the supply shock v, is in RT and the support of the

demand shock €,, is in R™. However, only firms that have P, Sm, Xm, Vjm and &,

. —1
8lns(pm7Xm,§m7]700):| < _50 fOT

such that under the true parameter vector @y, dg — 1 < [ iy
im

a small 69 > 0, are observed in the market. The rest of the firms are out of the market.
Furthermore, for the sake of simplicity, we assume ag < 0 for the logit model and pino < 0

for the BLP random coefficient model.'3

For simplicity, throughout, we also assume that firms in the same market m share the
common input price vector w,,. This assumption can be weakened without changing any

of the results below.

3.1.2 Monopoly

The intuition for how the price coefficient can be identified by using demand and cost data
jointly can be illustrated with a single-product monopolist facing logit demand. Assuming
for the moment that the monopolist maximizes profits, the following first order condition

holds in equilibrium:

1
MR<pmasm7Xm790) = Pm + ( =MC <Qm>wmavm) y dm = Qmsma

1 — sm)

13 Assumption 6 is not often discussed in the BLP setup. If we generate demand shocks that have
reasonably large variance and are independent of other exogenous variables and cost shocks, then even
for many parameter values with negative u, some outcomes will have market shares with positive slope
with respect to price. In effect, previous researchers may have either: (1) allowed positive slopes to occur
in the data; (2) implicitly avoided parameters that generate these anomalies; or (3) implicitly assumed
that only demand shocks that generate negative slope are selected in the data. The latter two strategies
potentially result in bias of the price coefficient estimate. As we will see later, since our identification and
estimation strategy of the price coefficient does not use any orthogonality conditions involving demand
shocks, it is not subject to this form of selection bias. However, our estimator for 3 or ug will be subject
to some bias.

14



where ag is the true price coefficient. We use the exclusion restriction that the monop-
olist’s market share s,, does not directly enter in the marginal cost function, and its
output ¢, does not directly enter in the marginal revenue equation. It is the market size
Q,, that provides the link between market share and output, and variation between the
two. Now, suppose there were no cost shocks. That is, the marginal cost function is
MC (¢, Wy,). Then, if we find a pair of monopolists in different markets with different
market sizes, prices and market shares but with the same output and input price vector,
then we know they must have the same marginal cost. Thus, the equality of marginal

revenue to marginal cost implies

1 n 1 1 1 1
= / oan = — _
P ( ‘ Pm — Pm/ 11— Sm 1— Sm/

Pm + ( (13)

1—8m) 1—sm)ag’

and the price coefficient o is identified.

The same argument cannot be made in the presence of a cost shock v, to MC,,, i.e.
MC,, = MC (G, W, Vn). Then, marginal costs of two firms with the same output ¢,
and input prices w,, will not be equal, thus, for these two firms, equation (13) will not
hold. In order to allow for a cost shock, we modify this identification argument and pair
up firms that have different @),, and s,,, but have the same q,,,, w,, and C,,,. It follows that
these firms must have the same cost shock, and thus, we can identify the price coefficient
with equation (13)

Note that we have assumed profit maximization for expositional purposes only. It is not
required for identification. Assumption 5 ensures that if we pair firms such that they have
the same output, input prices, total cost and (hence) cost shock, then MC,, = MC,, =
MR, = MR, and we can identify the price coefficient using equation (13).

3.1.3 Oligopoly

We now extend the identification argument to the oligopoly case, where in market m
there are J,, firms selling one product each.!'*. Let C’fm be the observed cost, and let
Py = {Qums Gim, Wi, Py Sm, X, j } contain the other relevant information (beyond cost)

about firm j in market m.

14We extend our results to the multi-product case in Section 4.
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In addition to Assumptions 1-6, identification in the oligopoly case relies on the fol-

lowing assumption,

Assumption 7 There exists a pair of observations Pj, = {Qm, ¢jm: Wm; Pm, Sms Xom, J }
and Pj’m’ = {Qm'7 dj'm’s Wm’s Pm/, Sm/, Xm’aj,} that satisfy W = W/, Qim = 45'm/, O]dm =

Ojdlm/ and DPjm 7& Dj'm! -

Going forward, we drop the cost parameter vector 7 as we will treat the cost function

C'(+) as nonparametric for the remainder of the paper.

Proposition 1 Suppose Assumptions 1-7 are satisfied. Then, Wy, = Wy, Qim = Qim?,
Cj‘.im = Cf,m, implies Vi, = Vjmy, where vy, is the cost shock corresponding to the set
of observations Pj,,, and Vjiy for Pj,:. Further, under the logit demand model the true

price coefficient ag is identified by

1 1 1
pjm - pj’m’ 1-— Sjm 1-— Sj’m’

Proof. Suppose v, > vj,. Then, since the cost function is strictly increasing in v,
C (Qjma W, Ujm) =C (Qj’m’a W/, Ujm) >C (Qj’m’7 W', Uj’m’) y

. . d . d . . . . .
contradicting ij = Cj,m,. A similar contradiction obtains for v, < vj,,. Therefore,

Ujm = Vjrm! - ThU.S,
MC (¢jms Win, Ujm) = MC (qjrms, Winr s Uiy ) -

Because MR = ((MC) by Assumption 5, if data points jm and j'm’ have the same
marginal cost then they must have the same marginal revenue. In the case of logit model,

this implies
1 1

= pj’m’ _I_ (

Djm + ( 15 Non Sj/m/) oo

1-— Sjm) (7))
It then follows that « is identified from such a pair of data points as follows
1 1 1

g = — —
Pjm — Dj'm/ 1- Sjm - Sj'm/
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The above result highlights the importance of the variation of market size for iden-
tification. If all the data came from a single market, or from two markets of the same
size, then gj, = jrpy implies Sjp, = Sjiy, thus pjm, = pjmy if ap # 0 and thus ap cannot
be identified from (14), unless the true value is oy = 0. The example also illustrates the
role of cost data in identifying the price coefficient. As long as we can find firms with the
same cost, output, and input price, they will have the same cost shock and marginal cost,
thereby allowing us to difference away their supply side effects in a pairwise fashion.

What Assumption 7 states is that there exist two markets m, m’ with different market
sizes Q, # Qv with two firms jm, j'm’ that have the same input price vector w,, = w,,/
and the same output ¢, = ¢, but potentially different vectors of demand shocks
&, # &,,, thus, different market shares s,, # s,,. Two such firms can exist even if we
allow for correlation between the input price and the cost shocks. In the same manner,
correlation between demand shocks and input price, or between demand shocks and cost
shocks do not prevent us from finding pairs of firms satisfying Assumption 7, as long as
there is sufficient variation in market size and demand shocks.

In addition to allowing for such correlation between observables and unobservables
within markets, our approach also allows demand and cost shocks to be correlated across
markets, as long as the correlation is not perfect. Further yet, we do not need to assume
exogeneity of X,, to identify « as is typically assumed. In sum, these findings illustrate
that given cost data, one does not need any conventional IV- or orthogonality assumptions.
And, as long as marginal revenue is a function of, but not necessarily equal to, marginal
cost, we can identify o without assuming profit maximization. This makes our framework
applicable to firms that are under government regulation and firms under organizational
incentives or behavioral aspects that prevent them from maximizing profit.

We note that, in practice, Assumption 7 is unrealistic. However, a similar argument

can be made for pairs that satisfy the equalities in Assumption 7 approximately.

3.1.4 Measurement error and misreporting in costs

Two important issues are likely to arise in practice with the above identification strategy.

First, suppose there exist two pairs that satisfy Assumption 7 and each pair provides a
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different estimate of a. This would immediately lead a practitioner to conclude that the
model is misspecified since, if the model is correct, it is impossible to have two such pairs
of markets that deliver different o estimates. This issue arises because the specification of
the model is too strong. According to the model, given output and input price, cost data
uniquely identify cost shocks. Second, it is widely accepted that cost data are measured
with error.

In light of these issues, we weaken the model specification by allowing for both mea-
surement error as well as systematic misreporting of true costs. The following assumption

generalizes our cost function specification.

Assumption 8 The observed cost of firm j in market m, C'Jdm differs from the true cost

Cim as follows.

C]dm =y (ij) + Njm - (15)

where ¢ is a strictly increasing function and measurement error 10;y, s i.4.d. distributed

with mean 0 and variance Uf]. In addition, we assume measurement error is independent

Of {Qjmywjmvpmasm7Xm7j}7 fO’F all j; m.

So, for example, if firms report costs truthfully but with error then ¢(C) = C. Alter-
natively, if firms systematically under-report their true costs, then we could consider a
specification like p(C') = pC where 0 < ¢ < 1. Over-reporting could be captured by the
same specification, but where ¢ > 1.

It turns out that in order to identify the price coefficient given cost data characterized
by Assumption 8, the only modification we need to make to our identification argument is
that we work with firms with the same mean cost conditional on {g;m, Wjm, Pm, Sms Xm, J

rather than firms with the same cost data. Assumption 9 formalizes this requirement.

Assumption 9 There exist two firms with P = {Qm, ¢jm, Wins P Sm, X, 7}
and Pl = {Qm’7Qj’m’awm’apm’7sm’7Xm’7j/}7 where qim = 4y'm/, Wm = Wp', Pm 7é Pm
and

E [Cd’(Ijmawmapmasm7Xmaj} =FE [Cd‘%”m’aWm/apm’ysm/amej/} :

Proposition 2 Suppose Assumptions 1-6, 8§ and 9 are satisfied. Then, Vi, = Vjim and

under the logit model of demand, g is identified.
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Proof. The proof is very similar to that of Proposition 1. Since the measurement errors

are i.i.d. and independent of {qjm, Wy, Pms Sm» Xm, j} and {qjim/, Wo, Prns, Smrs Xir, 5}

E [Cd|qjm)wm7pm7sm7x-m7j} =F [(90 (O (QJm7Wm7Ujm>> + 77) |qjm)wm7pmasm7xmaj]

= @ (C(gjm, Wm, Ujm)) -
Similarly,
E [CUqjtmt s W, Pt Sy Xjr, 5] = @ (C (qjms Wy Vg ) -
By Assumption 9,
E [CY4jms Win, Py Sms Xy 4] = E [COajrmr, Wot, Pt S, X1, 5] -

Thus, given ¢jm, = gjim/, Wm = Wy, and ¢() being an increasing function, it follows that

Ujm = Ujimy. Therefore,
MC (erm W, Ujm) =MC (Qj’m’a W, Uj’m’) )

and,
1 1 1
g = — —
p]m — pj’m/ 1 - Sjm 1-— Sj/m’

and the price coefficient «y is identified. m

The conditional mean function F [Cd|q, w,p,s, X, j] can be recovered from the data
by kernel or sieve based regression where the dependent variable is the cost data C? and
the independent variables are sieve polynomials of (¢, w, p,s, X). In practice, this would

likely be subject to a Curse of Dimensionality.

3.1.5 Fixed costs

We can further extend the above identification argument to include a fixed cost. To begin,
we denote fixed costs as

F (Ujm) + gfm’
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where gfm is independent of vj,,, and wlog, has mean zero. The modified cost function

that includes variable and fixed costs is

C (Qjma Wi, Ujm) + g]F =C (Qjm7 Wi, Ujm) + F (Ujm) + %Fm‘

where C (@jms Wins Ujm) = C(Qjms Win, Ujm) + F (V) and the relationship between the

observed and true costs is updated to be
C]dm = (é (Qjma Wi, Ujm) + ngm> + Njm-

That is, we allow for the systematic misreporting of the true cost, which now includes the
random term of the fixed cost, ¢, .
In this set-up, as long as C'jm =C (Qjms Wi, Ujm) satisfies Assumption 3 then Propo-

sition 2 holds. To see why, first note that
E(gFm) [(p (éjm + §F> + n|éjm] > E(CFW) [(p (éj/m/ + §F> + 77|CN'j/m/]

implies
E.r [gp (C’]m + gF)] > Er [90 <C’j/m/ + CFﬂ .

Because ¢ () is an increasing function, this implies C~'jm > é'j/m/. The opposite inequalities

also hold. That is,

Bty [ (Con 57 #11Con] < B [ (€ +57) 1G]
implies C’jm < C’j/m/. Therefore,

B ) [90 (@m + <F> + n\@m] = E(r ) [90 (C*j,m/ + <F> + n!@jfmf]
implies C*jm = C*j/m/. Therefore,

C (erm W, Ujm) = é (Qjma W, Uj’m’)
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and the same identification proof from Proposition 2 goes through.

3.2 Identification of marginal revenue

We now enrich the demand-side of the model, and show that parameters of the distribution
of price coefficients in the BLP model are identified as well. As with the logit model, the
identification analysis has two parts. The first part, which is related to supply, concerns
finding pairs of firms with the same output, input price vector and conditional mean
cost. The second part, which is related to demand, concerns whether price coefficients
can be identified from these firm pairs with the same marginal revenue. Since the cost
function is nonparametric, the first part of the analysis remains unchanged for different
parametric demand specifications. Only the second part changes, for which we present
general conditions for identification. We then show that the logit and BLP demand model

satisfy these conditions.

3.2.1 General conditions for identification

We make the following assumptions on the support of the market size, demand and
cost shock, and marginal cost. These greatly simplify the identification proofs without

imposing any orthogonality restrictions.

Assumption 10 The following properties hold for all jm :j=1,..., J,,m=1,... M.
Let X = (X4,...,X,,). Let the vector of market size of all markets other than m be
Q= (Q1,Q2, .., Qm—1,Qmi1, ... Qur). Similarly let the vector of input prices of all

markets other than m be denoted as W_,,, = (W1, Wa, ..., Wy 1, Wyi1,...Wyr). Let the

vector of demand shock of all firms other than jm be E_; _,, = (5'1, L E 5ija Enits - -

where & . is the vector of demand shocks of all firms in market m other than the firm

jm
J. The cost shock of all firms other than jm is defined analogously to E_; _,, and is de-
noted by X_; _,,. Further, define V_j _, = (Qepm, Wy, Bj i, X_j i, X). Then, the
support of the market size Q,, given &m, Vjm, Wi, and V_; _,, is the positive real line,
and so is the support of the cost shock vVjn, gwen Qp, Eim, Wm and V_; _,,. Similarly,

the support of the demand shock &, given Qp, Vjm, Wy, and V_; _p, is R, the real line.
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Furthermore, the support of the input price Wy, given Qp, Ejm, Um and V_; _p, is Ri,

where L is the number of inputs.

Assumption 11 For any q > 0, w > 0, the marginal cost function satisfies the following
properties:

limy, oMC (¢, w,v) =0, limyeoMC (¢, W,v) = 00.

Furthermore,

limMC¢0C (MC) = 0, limMcTooC (MC) = OQ.

The key identification assumption for a general parametric demand function is that
marginal revenue identifies the price coefficient. That is, one can find two vectors of
prices, market shares and matrices of observed characteristics that have the same marginal
revenue under the true price parameters, but different marginal revenues under the wrong
price parameters. We introduce some notation before stating this assumption formally.
Let the parameter vector have two components, 8 = (6_,,60,) € ©_, x ©, where ©_, is
the parameter space of 8_, and ©,, is the parameter space of 8,. Roughly, 8, corresponds
to the price coefficient that we identify below.

Let v and v/ be two sets of vectors of prices, market shares, and observed product
characteristics that can be generated as an equilibrium of the oligopoly model under corre-
sponding assumptions, with J rows for the former and J’ rows for the latter, corresponding

to two markets,

V= {p7S7X‘}7 U/ = {p/7S/7X/}7 v % V/'

Assumption 12 For any given 8, # 6,0, there exist v and V', v # V', and j that satisfy
the following properties.

1.pp>0,0< s, <1 forl=1,..,J andp, > 0,0 < s; <1, forl =1,..,J, and
0<S si<1,0<Y) s <1.

2. Forany 0_, € ©_,,

MR(p7 S, X7 j? efpu 0[)0) =MR (p/7 Slu X/7 ja gfpa HpO)
and MR(p,s,X,7,0_,,0,) # MR (p',s',X',j,0_,,0,).

22



where 0y = (0_,0, 0y0) is the true parameter vector.

Proposition 3 Suppose cost data is generated as in equation (15), and Assumptions 1-6

and Assumption 10-12 are satisfied. Then, 6, is identified.

Proof. See Appendix m

3.2.2 Identification in the logit and BLP model

It is important to note that Assumption 12 is a high level assumption; it is not necessarily
satisfied in all demand models. For example, if marginal revenue is a multiplicative,
separable function of 8, then 8, is not identifiable by MR. To see this, notice that for
any 6,, and for any (p,s,X) and (p’,s’,X'), MR (p,s,X,5,0) = MR(p',s',X',34,0)
implies MR (p,s,X,7,0_,)g(0,) = MR(p',s',X',5,0_,)g(0,) for some g(-). Hence,
Assumption 12 is violated.

The marginal revenue function for logit and BLP does not have a multiplicative,
separable form, nor do most functions commonly used by researchers. The important
question, then, is whether the logit and BLP demand models satisfy Assumption 12. The

proposition below answers this question for the monopoly case.

Proposition 4 Suppose Assumptions 1-6 and Assumptions 10-11 are satisfied, and there
exist two firms jm and jm' with demand variables v,, = {Pm,Sm, Xm} and v,y =

{pm’a Sm/, Xm’} where DPjim 7é Pjm/- Then,
a. Assumption 12 is satisfied for the logit model for monopoly markets.

b. Assumption 12 is satisfied for the BLP model without observed product characteristics

for monopoly markets if s,, # S,y and

Hao 1
=< ——. 16
"= = 26(0) (16)
Proof. See Appendix. =
We can further include controls X,, into the demand model, and show that the cost

data identifies parameters of the random coefficients on price (fq, 04 ), as well as g, the

standard deviation of the distribution of 3. The details are shown in the Appendix, where
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we formally prove identification when the observed product characteristic xj,, is a scalar
for all firms jm. As we can see from equations (6) and (7), what is not identified from
the cost data alone is pg. This is because given (i, 04), and og, only &n, + X, pg is
identified without further restrictions imposed from the model.

Proving Assumption 12 for the BLP model with oligopoly markets is a straightforward
extension of Proposition 4 and is thus omitted. It requires data that contain firms with
high and similar prices: pi,, = pom = ...ps,,m = p for sufficiently high p. Despite the
need for these strong assumptions in the formal argument for parametric identification of
the BLP model, we later show that the parameters are well-identified in our Monte-Carlo
experiments.'®

Next we prove nonparametric identification to illustrate that identification of the de-
mand function does not rely on its functional form restrictions like logit or BLP. Readers
who are more interested in our new estimation procedure can skip Subsection 3.3 and

directly move to Section 4.

3.3 Nonparametric identification of marginal revenue function

In this section, we show that marginal revenue is nonparametrically identified, and that the
market share function can be recovered from nonparametric marginal revenue estimates.
To simplify our discussion, we again first focus on monopoly markets and then extend our
identification arguments to oligopoly markets.

We begin by making the following auxiliary assumptions for the monopoly model:

Assumption 13 Let MR (p,x,&) be the marginal revenue specified as a function of price

p, vector of product characteristics X and the demand shock &.
a. MR (p,x,&) is strictly increasing in p.

b. For any x, X' and two pairs of prices and market shares (p,s) and (p',s’) such that

15The proof for the BLP model relies on firms with very high prices for identification. This is unattrac-
tive, but necessary to deal with the complexity in separately identifying parameters of the distribution of
the random coefficients. As we will see below, nonparametric identification of marginal revenue and the
market share equation does not rely on having such firms. It does however require stronger assumptions
on cost and conduct.
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s=¢ andp >y,

MR (p,x,§(p,s,x)) > MR (p',x,§ (¥, s, %))

where recall the demand shock & is an unspecified function of p, s and X.

Assumption 14 The market share function s (p,x,€) is strictly decreasing and continu-

ous in p and strictly increasing and continuous in &. Furthermore,

lime|—oos (P, %,8) =0, limgroos (p,%,€) =1 and limyeos (p,x,€) = 0.

Assumption 15 Firms mazimize profits, setting prices to equate marginal revenue and

marginal cost. Furthermore,
C]dm =C (Qjma Wim, Ujm) + Njm

where E (Njm|Qjms Wim, Ujm) = 0

Assumption 3’ For any w, the marginal cost function is nondecreasing and continuous

in q and increasing and continuous in v. Furthermore, for any w > 0, and q > 0,
limy oMC (¢, w,v) =0, and lim .o MC (q, W, v) = 0.

Given these additional assumptions, we prove that marginal cost and marginal revenue

are nonparametrically identified. The following proposition formally states our claim.

Proposition 5 Suppose Assumptions 1, 2, &, 4, 5, 6 and Assumptions 13, 14 and
15 are satisfied. Consider a monopolist in market m with the set of observables P,, =

{Qms Wins @y Py Sm, X}, and demand shock and cost shock &, and v,,, respectively.

a. Suppose the marginal cost is increasing in output. Then consider the monopolist firm
in market m’ with observables Py = {Qu/, Wity Gt s Pty Sty X + Close to P, such

that W, = Wy and X, = X,y and is generated by the same demand shock (&, =
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Em = &) and cost shock (v = vy, = v) but has a different market size Q> Q-
It follows that

Sm > Sm/s Pm < Pm’s Gm < qm’, (17)
and
1+ lnpm’ - lnpm _E [Cd|Qm’a Wmn/s Pm?/y Sm/ s Xm’} —F [Cd|qma Wiy Pmy Sm, Xm}
bm InSp —Insy, | Qirm — Gm
+ 0 (|Qum — Qml) .- (18)

b. Suppose the marginal cost is increasing in output. Suppose we have a firm m’ with
P, close to Py, such that both (17) and (18) hold. Then, the true marginal cost at
{Qm7 Wm7 QTI"m pm? Sm? Xm}) MCm Satzsﬁes

E [Cd|Qm’7Wm’upm’;Sm’axm’] - F [Od|Qmawmapmasm7xm] —|—O
qm' — dm

MC,, =

(‘Qm’ - Qm|) )

and the nonparametric estimate of MC,, is given by,

d _ d
NC, — E [CU s, Wont, Dot Sy Xt | = E [C s Wiy Dy Sy X (19)

dm’ — Gm

c. Suppose the marginal cost is constant in output. Then consider another firm m' with
P = {Qum/, Wanrs Qs Dint's Sty Xy} close to Py, that is generated by the same de-
mand shock (&, = &n = &) and cost shock (v, = vy, = v) and that has a different
market size Qpy # Q. It follows that

Sm! = Smsy Pm/ = Pmy dm/ = Qm’sm’a (20)
and

d . d
Mcm _ E [C |qm s Wty D/ Sm 7Xm] E [C |qm7wm7pm7$m>xm:| ) (21)

qm' — dm

Proof. See Appendix. m

Parts a b and ¢ of Proposition 5 state that the level of marginal revenue can be
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identified.!® That is, parts a and b say that for a point P,, in the population, if we can
find a nearby point P,,, with the same x and w, satisfying some inequalities relating their
market shares, prices and outputs, and if the first order condition using these points is
approximately satisfied, then a nonparametric estimate of marginal cost can be computed
from these points as the local slope of the average cost, where the average is taken over
the total cost conditional on output, input price, observed product characteristics, prices,
and market shares in (19).

Part ¢ of Proposition 5 states the following: if one cannot find P, close to P,, where
the sample analog of marginal revenue equals marginal cost, and one finds a nearby point
whose prices and market shares are the same as P,,, but output is different, then it is
likely that the marginal cost is a constant. Thus one can derive the marginal cost as in
equation (21).

In implementing the above identification approach, in practice £ [C’d|qm7 Wi, Dimy Sms xm}
could be nonparametrically estimated in a first step. Given the profit maximization as-
sumption, we could then obtain a nonparametric marginal revenue estimate ]\7[7i’m from
the corresponding marginal cost estimate in a second step, MR,, = MC,,.\7

It is fairly straightforward to see that the logit model with a negative price coefficient
satisfies Assumptions 13 a and b. We conducted an extensive numerical analysis with the
BLP demand model with negative 5 in monopoly markets and found that in all cases
we tried, Assumptions 13 a. and b. are satisfied as long as marginal revenue is positive.
However, we have not provided a formal proof, and thus one cannot completely rule out
the possibility of Assumption 13 being violated.

Fortunately, Assumption 13 b. can be tested. Consider two monopoly firms who have
the same input prices and product characteristics, and whose output, market size, and
market shares are close to each other. In particular, for the point {Q, ¢m, Wi, Pms Sms Xm }
take another close point { Q. ¢/, Wi/, Doy Sy, X + that satisfies Q= Qs S = S =

S, thus dm = dm/, but Pm < P Then; ifE (Cd|Qman;pm73m7Xm) <FE (Cd|Qm’7Wm’apm’a 3m’7xm’)a

16Notice that a marginal revenue function that is multiplicatively separable in price parameters and
other parameters and variables, is now identifiable given the additional identification assumptions.

1"Recall that with parametric identification, we only needed to assume that marginal revenue was a
function of marginal cost. For Proposition 5 however, to prove nonparametric identification, we require
marginal revenue to equal marginal cost. It is the parametric functional form restriction that helped
weaken the profit maximization assumption previously.
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it implies that C (¢n, Wi, Um) < C(Gm/, Wi, Un), thus, v, < vy, and given ¢, =
Gmrs MRy, = MC (¢, Win, V) < MC (G, Wonr, U] = MR,y, and Assumption 13 b
holds. If, on the other hand, F [C’%qm,wm,pm, sm,xm} >F [Ci,|qm/,wm/,pm/, sm/,xm/},
then MR,, = MC (G, Wm,Um) = MC (¢, Wy, Upy) = MR, and Assumption 13
b does not hold. Therefore, by testing the hypothesis E [C’T‘fl|qm,wm,pm,sm,xm] <
E [Ci,|qm/, W', P/ s Sml s xm/} given ¢,, = ¢, one can test Assumption 13 b.
Furthermore, even if Assumption 13 does not hold, if it is reasonable to assume that
marginal cost does not vary with output locally around the point P,,, then one can still
nonparametrically identify marginal cost, and thus marginal revenue by using equation

(21) in part ¢ of Proposition 5.

3.3.1 Oligopoly

We next consider oligopoly models with J,, firms in market m. We apply the same
argument wlog to firm 7 = 1 in two different markets m and m’ with variables Py, =
{Qms Qims Wons Pims S1my S—1ms P—1my X } and Proy = {Qurs Qi Wint s Pims s S1ms S—1m/y P—1m?s X }4
where s_1,, and p_1,, are vectors of market shares and prices of firms other than firm 1
in market m and likewise for s_i,,» and p_1,,». As in Proposition 5, we need to find two
close points in the data that have the same product characteristics (X,, = X, = X)
and input price vector (w,, = w,,y = w). In addition, the two markets must satisfy the

following properties

Qm < Qm’y Stm > Stm’s Pim < Pim/, SlQO < slm’Qm’ and P-1m = P-1m/,

as well as

l =1 E [C¢ ' Wan/ s Pt > S/ X | — B [C? s Wi, Py Sy X
i |14+ nNpim npim _ [ |CI1m m’s Pm/sSm m ] [ IQIm ms Pm,Sm m] +0 (|Qm’ _ Qm|) )
NSty — Insim qim’ — Q1m

Then, with only slight modifications to the proof of Proposition 5 for the monopoly case, we
can prove nonparametric identification of the marginal revenue function for the oligopoly case.

The relevant Proposition 6 and its proof are in Subsection C.2 of the Appendix.
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3.3.2 Recovering the market share function

We can use this marginal revenue estimate to recover a nonparametric estimate of the
market share function. Denote the nonparametric marginal revenue estimate of firm 1
evaluated at point (P, Sm, Xm) by ]\//[E(pm, Sm, Xm, 1). Using the definition of marginal

revenue, we can recover the derivative of the market share function at this point as

05(Pims Xins & (Prms Xy Sm), 1) [MR(pm,sm,Xm,n —plm}l

aplm S1m

A nonparametric estimate of the market share derivative around the point p,,, S;,, X,,, for

firm 1 can then be calculated as

8S(p,X,?(p\9X9 s),1) _ Z

— -1
MR(I)maSmaXmal) _plm] Kh (p—pm,S—Sm,X—Xm)
Ip1

ZnKh<p_pms_Sn7X_Xn)’

S1m
m

where Ky (-) is a kernel with bandwidth vector h.

We can use this nonparametric estimate of the market share derivative to recover a
nonparametric estimate of the demand function. Starting from the point p,s, X (where
S=s (15, X, €, 1) for some £), we derive the approximation of s (f) +Ap, X, €, 1), that is,
the market share of firm 1 with price vector p + Ap where Ap = [Apip,,0,...,0]" and

where Apy,, is small. The approximation is computed as

— /
. o — - _0s(p, X, €1
si=s5(p+Ap,X,€ 1) = S+MAP7
op
e — /
where as(p’a);’é’l) = as(pé;i’f’l),O, ...,0] . The market share function can be iteratively

recovered in a similar fashion, where at iteration k£ the share estimate at price p + kAp is

— !/

0s (f)+ (k—1)Ap, &, X, 1)

§kz§(13+k:Ap,X,€,1):§(13+(/<:—1)Ap,)_(,§,1)+ p

Ap.
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Then,

$(p+kAp, X, € 1) =s(p+kAp, X, E,,1)
E [ 0s(p+I1Ap. 41X, 1)  0s(p+IAp.X. £ 1
. o ) el e P} sp o (1awp?)

=1

!/

Therefore, with some additional assumptions on the regularity of the marginal revenue

function, one can show that
$(p+ kAP, X, €,1) = 5 (p+ kAP, X, &, 1) + O (KIAp|*) + Koy (1) [ Ap].
Hence, we can obtain a nonparametric market share function estimate given X and p.

3.3.3 Curse of Dimensionality

In practice, a nonparametric estimator for the demand and cost parameters based on Proposi-
tions 5 and 6 will likely suffer from a Curse of Dimensionality. To implement such an estimator,
one would need to obtain a nonparametric estimate of FE [Cd|qjm,wm, Pm,Sm, Xm] For most
markets of interest, X,,, will contain a number of product characteristics across a non-negligible
number of firms. This makes the dimensionality problem potentially quite severe.

Because of this dimensionality issue, in estimation we pursue the common practice where
researchers use parametric restrictions to reduce the dimensionality of the estimation problem,
essentially transforming the nonparametric estimation exercise into a semi-parametric one. In
particular, we adopt the Berry (1994) logit or Berry et al. (1995) random coefficients demand
model. This relaxes the need to condition on the individual variables py., Sy, X;, in developing
our estimator; we only need to control for the marginal revenue M Rj,,, which is a parametric

function of these variables.

4 Estimation

An estimation strategy that reflects the parametric identification results the closest is to
construct a pairwise differenced estimator that pairs up firms with similar outputs, input

prices, and expected cost conditional on the vector of prices and market shares in the
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market. That is,

Opivr = argming,ce, Z Z (Mij (071)7 Hp) — MRy (0,p, 0p> >2

j7m jlzm/:(jlvm/)¢(j7m)
Wh (Cij —qi'm'y Wim — Wi/, E [Cd‘%’ma Wim, Pm, Sm, Xma]} -

E [Cd|Qj’m’a Witm!s Pm/, Sm/, Xm’aj/] 7ij - Xj’m’) )

where W}, is the kernel based weight function with the vector of bandwidth being h, and
E [Cdlq,w, p, S,X,j] is the sample average of cost data conditional on {¢, w,p,s, X, j}.
The advantage of the above estimator is that it recovers demand parameters even if the
firm is not profit maximizing, and thus, is potentially useful in industries where firms are
under government regulation.

However, the need for E [Cd|q,w,p,s,X, j] makes the Curse of Dimensionality of
the estimator just as severe as the one for nonparametric identification discussed above.
Thus the estimator may be impractical in most oligopoly markets where number of firms
is sufficiently high. Therefore, from now on, we focus on developing an estimator that
works well in such situations. To do so, we need to find a way to condition on marginal
revenue, which is a parametric function of the observables, rather than the conditional
expected cost.

As a first step towards constructing such an estimator, we define the MC-pseudo-cost

function and the pseudo-cost function.

Definition 1 An MC-pseudo-cost function is defined to be /P\(/J’(q, w, MC), where MC is
the marginal cost. Similarly, a pseudo-cost function is defined to be PC' (q, w, M R) where

MR s the marginal revenue of the firm.

Next, we state and prove a lemma that relates the cost function to the pseudo-cost
function. The lemma shows that given output and input prices, marginal cost, if observ-
able, can be used as a proxy for the cost shock under the assumption that marginal cost is
an increasing function of the cost shock. Then, when we also assume that marginal cost is
a function of mariginal revenue, one can use marginal revenue, if observable, as a proxy for
the cost shock in order to relate the cost function to the pseudo-cost function. Now recall

that marginal revenue can be expressed solely as a function of demand parameters and

31



data, and thus is observable given the demand parameters. The lemma below formalizes

this idea.

Lemma 1 Suppose that Assumptions 2, 3, 5 and 6 are satisfied. Further, assume that
marginal cost 1s strictly increasing and continuous in v and marginal revenue is a strictly
increasing and continuous function of marginal cost. Consider a firm {q,w,p,s, X, j}.
Then, there exists a pseudo-cost function that satisfies C' (¢, w,v) = PC (q,w, MR (p,s, X, j,6q))

and s increasing and continuous in marginal revenue.

Proof. First, we show that there exists an MC-pseudo-cost function such that C (¢, w,v) =
PC (¢, w, MC), where PC is a strictly increasing and continuous function of MC'. Be-
cause the marginal cost function is strictly increasing and continuous in v given ¢ and w,
there exists an inverse function on the domain of M C (¢, w, v) such that v = v (¢, w, MC),
where v is an increasing and continuous function of MC. This implies that we can use
(an unspecified function of) ¢, w and MC: v (q,w, MC), to control for v. Substitut-
ing this “control function” for v into the cost function, we obtain the MC-pseudo-cost
function: C (¢, w,v) = Fé(q,w,MC). Because MR (p,s, X, j,0p) = ¢ (MC) and ¢ ()
is assumed to be strictly increasing and continuous, the inverse function ¢! () is well
defined, strictly increasing and continuous as well. Hence, PC can also be expressed as a

strictly increasing and continuous function of M R.

C(Q?‘V)U) = %(Q,W,MC’) :/p\é(cbw?Cil (MR(p787X7j700)))
= PC(qvvaR(paSaXaj700))

This lemma allows us to use the pseudo-cost function instead of the cost function in
estimation. The advantage in doing so is that the former is only a function of data and
parameters, whereas the latter depends on the unobservable cost shock v.

Using the above lemma, one could construct a new estimator that would pair up firms

with similar outputs, input prices and marginal revenues given parameter 6. Specifically,
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the price parameters could be estimated as follows.

0,)v = argmingeo Z Z (CJ‘-lm — C’jd,m/)2

j’m j,’m/:(j,»m/)7£(j7m)

Wh (Qjm — Qjrm!s Wim — Wjrgy, Mij (0,p, Op) — MRj/m/ (0,p, Op)) ,

where M Rj,, (0) is the shorthand of M R (P, S, X, j, @).The estimator is based on the
argument that two firms jm and j'm’ that have similar ouput, input prices and marginal
revenue should have similar pseudo-cost, and thus their costs in the data should be close
except for the residual variation that is orthogonal to the output, input prices and the
marginal revenue. This method avoids the Curse of Dimensionality because marginal
revenue is a parametric function derived from the demand model.

The above pairwise difference based estimator is subject to some loss of efficiency
because it does not impose the constraint that marginal cost is a funcion of marginal
revenue exactly; it does so only approximately through the kernel weight function W,.
Pairs of firms that violate the constraint are given low weight in the estimator, depending
on the magnitude of violation, but not eliminated.

Next, we consider an estimator that imposes the restriction exactly. It selects demand
parameters to fit the pseudo-cost function to the cost data using a nonparametric sieve

regression (Chen (2007); Bierens (2014)).

4.1 Non-Linear Least Squares Estimator (NLLS)

We start with the following assumption.

Assumption 16 The true pseudo-cost function can be expressed as a linear function of

an infinite sequence of polynomials.

PC (qjmy Wim, MRy (86)) = > 81 (qjm> Wjm, M R, (60)) , (22)

=1

where ¥y (+) 9 (+), ... are the basis functions for the sieve and ~v1,7s, ... i a sequence of

their coefficients, satisfying > o, V¢ < 00.'®

BSuppose the vector (¢jmsWjm, M Rj,,) comes from a compact finite dimensional Euclidean space, W.
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Our estimator is derived from the approximation of (22). It is useful to introduce some
additional notation before formally defining it. Let M be the number of markets, and
Lj; an integer that increases with M. For some bounded but sufficiently large constant
T > 0, let Ty (T) = {my : ||mey|| < T} where 7 is the operator that applies to an
infinite sequence v = {,}° , replacing 7, & > n with zeros. The norm |[|x]| is defined
as [|x[| = />y 22, We will prove later that the true value of the parameter vector
0y and v, = [Y10, ..., gives the smallest distance between the cost data and the sieve-

approximated pseudo-cost function. That is

2 2
E | Chy = 08 (i Wims MRy (00)) | < E | Cy = 0t (G Wim, MR (0))|

! l (33)
for any 6 € ©, where O is the demand parameter space, and I' = limp00I'1,, (7). As we
have discussed above, if the demand function is logit or BLP, then the price parameters

are identified and can be estimated as

2

[000,70] = argmin B |Chy = > 30 (Gjms Wim, MRjp (05,0,)) |, (24)
l

(0p,7)€O, T

and the sample analog of equation (24), given a sample of M markets is:

p 1
0 M7;y ] = argmin ~ 7 Cdm_ ’Yﬂﬁl Qm7wm7MRm 0_ 70
[ P 0, )6k, (1) o Im ]Zm ’ ; (m: o (0-1:6))

(25)
The set I'z,, (T') makes explicit the fact that the complexity of the sieve is increasing in

the sample’s number of markets.!?

Then, if PC (¢jm,Wjm, M R;y) is a continuous function over W, from the Stone-Weierstrass Theorem it
follows that the function can be approximated arbitrarily well by an infinite sequence of polynomials.
9Tn the actual estimation exercise, the objective function can be constructed in the following 2 steps.

Step 1: Given a candidate parameter vector 6, derive the marginal revenue MR, (8) for each j, m,
j=1,0Jm, m=1,.. M.

Step 2: Derive the estimates of 4, [ = 1,..,Ly by OLS, where the dependent variable
is Cfm and the RHS variables are 9 (¢jm,Wjm, MR;m(0)), | = 1,..,Lu. Then,
construct the objective function, which is the average of squared residuals Qu (0) =

2
Ly o~
s o [ = SE At (Gms Wi M B (6))]

m

We choose 8, that minimizes the objective function Qps (0_,,0,). In sum, we search for the price
parameters in an outer loop, and find the best fitting cost function on an inner loop for each candidate
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Our sieve NLLS approach deals with issues of endogeneity by adopting a control func-
tion approach for the unobserved cost shock vj,,. Our work borrows the idea from Ghandi
et al. (2015) who investigate the control function approach in nonlinear BLP models where
endogenous variables interact with error term, and standard instrumental variables strat-
egy is insufficient. With our estimator, the right hand side of (25) is minimized only when
the price parameters are at their true value 8, so that the computed marginal revenue
equals the true marginal revenue, and thus works as a control function for the supply shock
Ujm. 1f 8, # 09, then using the false marginal revenue adds noise, which increases the
right hand size of the sum of squared residuals in (25). Thus, the true demand parameter
0,0 can be obtained as a by-product of this control function approach.

The proposition that the estimator identifies the price parameter and its proof are

provided in the Appendix.

4.2 Estimating taste parameters for product characteristics

Note that our estimator in equation (25) abstracts from product characteristics x in the
demand model. When x is included, as we discussed in the identification section and as
we will see in the Monte-Carlo results later, what is identified are o and & + x’3 for the
logit model and pi4, 0o, 0g and & +x'pg for the BLP model. In order to further identify
B for the logit model and pg for BLP, we include additional moment conditions in our

estimator that leverage the (common) assumption that £ [5 jm\Xm] = 0.2 The modified

set of demand parameters.

29These orthogonality conditions also help in identifying the price coefficient in the logit or BLP models.
That is, product characteristics of rival firms in the same market can be used as instruments, because of
the restriction that they affect own price but do not enter directly in the deterministic component of the
utility function of own product. Generally in a discrete choice model, identification likely requires some
additional restrictions. For example, in a general discrete choice model with linear utility and random
demand shock, individual ¢ chooses product j, if

ap; +x;8+ &5 + €5 > apr + xkB + & + e k.

That is,
Ij =1if a(pj —pk)+(Xj —Xk),ﬁ-‘r(fj —&c)—&-(qj —Eik) > 0 Vk.

Therefore, characteristics of other products are included in the RHS of the choice equation and thus,
they cannot be used as instruments for own demand, unless additional functional form restrictions are
imposed. One example is to assume that the utility shock has a specific functional form such as logit,
where market share equation can be expressed as

log (sjm) —log (SOm) =ap; + Xjﬁ + €j-
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estimator simply minimizes the weighted sum of the original NLLS objective function and
the GMM objective function based on the sample analog of these orthogonality conditions

between the observed and unobserved product characteristics. That is,

Ly 2
Cjc'lm - Z 7l¢l (Qjma Wim, Mij (0))]

=1

A _ 1
[OM, ’)’M] = argmin(e,y)eexry,, Z—J Z

im

~ / ~
[ Z 2 (0) Xm] - [zﬁfl i &m (0) Xm]
POND Deiol| POND Deiol|
where
] M Jn A -1
Wy == Eim (001) X X & <0M>>
(zﬁfl 21;2 ’ ’

and A is a positive constant.

4.3 Cost function estimation

After estimating the marginal revenue function, we can recover the cost function. For
that, we need to impose Assumption 15, i.e., there is no systematic misreporting of the
cost. The steps in doing so are similar to those used in recovering of the market share
function from marginal revenue.

The cost function can be recovered from the pseudo-cost function estimates in two
steps. First, we nonparametrically estimate marginal cost for a given point (¢, w,C) as

follows,

MC (¢, w,C) = ZMij (Oar) Wh (q = Qjms W — Wjm, €' — PC (Gjms Wjm, M Rjm (O1r) 77M))

jm

where 0, is the estimated demand parameter, 155() is the estimated pseudo-cost func-

1

tion, and Wy is a kernel-based weight function.?! Second, for a given input price w,

The additional source of identification for the product characteristics instruments is the restriction that
Pom = 0, Xom = 0, & = 0. For example, the outside option of not buying an automobile implicitly does

not include paying for public transportation.
21

th (q - Qjm) Ky, (W - ij) Khyr (C - FE’ﬁ”)

Yok Kny (@ = aqrt) Kny (W — Wiy) Kpy, (C' - I/Jad)

Wh (q —4imy W — Wjm, C - Pij) =
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starting at output g and total cost C, there exists a cost shock T that corresponds to
MC (g, w,0) = MR.*? Knowing this, we can use the following iteration for k =1,... to

recover the total cost for different levels of output given the cost shock v,
C(q+kAqw,0) = C(g+ (k= 1) Ag,w,0)+MC (g + (k = 1) Aq,w,C (g + (k= 1) Ag,w, D)) Ag.

where Agq represents a small change in quantity.?® It is important to note that this
procedure does not impose any constraints on the cost function. The additional source of

information for recovering the cost function comes from the demand side of the model.

4.4 Further specification and data issues

We have thus far worked with the standard differentiated products model from Berry
(1994) and BLP. Depending on the empirical context, however, a number a specification
and data-related issues can potentially arise. In this section, we demonstrate that with
some modifications of the NLLS part of the objective function in (25) our estimator can

be adapted to various empirical settings.

4.4.1 Economic versus accounting cost

The cost data we envision using comes from accounting statements of firms.?* Such
data do not necessarily reflect the economic cost that the firm considers in making input
and output choices. More concretely, we may not be appropriately taking into account
the opportunity cost of the resources that are used in purchasing the necessary input
to produce output. Fortunately, from accounting statements we may be able to obtain
information on other activities that the firm may be pursuing in addition to production.
For example, we may find details on firms’ financial investments including their rate

25

of return.”> Suppose that return on a unit of financial investment is 7;,,. Then, the

22We do not need to derive the value of ©, only the corresponding M R.

23Tn the Appendix, we provide detailed instructions on how to implement this iterative procedure.

?4Indeed, accounting data are typically used in previous applications that estimate cost functions to
evaluate market power, measure economies of scale or scope, and so on.

25Most large industries like banking that are subject to some form of regulatory oversight are likely to
report such data. The cable TV industry is another good example; see, for example, the data described
in Kelly and Ying (2003) or Byrne (2015).
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opportunity cost of production is rj, and the profit maximizing firm will produce and

sell output until marginal revenue equals marginal cost that accounts for this cost, i.e.,
MRj (0) == MC (Qjmy ij, Ujm) + ij‘

Substituting this into our estimator, we obtain the modified NLLS part as follows:

2
ﬁ ; ce, — zl:wﬁz (Gjms Wjm, M Rjp (0) — 7ji)
This NLLS is also consistent with the following specification, where firms do not equate
marginal cost to marginal revenue: MR, (0) — rjm = © (MC (qjm: Wim, Ujm))-
Thus, as long as we can obtain information on the financial opportunities that the
firm has, other than production, we can incorporate them into our estimator. In such
cases, the estimator will not be subject to bias even if the cost data we use corresponds

to accounting costs.

4.4.2 Endogenous Product Characteristics

So far, we have followed the literature and assumed x;,, to be exogenous, i.e., orthog-
onal to §;,,. However, if firms strategically choose prices and product characteristics,
then elements of x;,, will be correlated with the demand shock §;,,. Researchers often
abstract from this possibility by assuming they are studying a sufficiently short time hori-
zon such that firms effectively take their product lines as fixed and compete strictly on
prices. Over longer time horizons, this assumption likely breaks down in most markets.
To accommodate endogenous product characteristics, researchers have recently started
estimating BLP models that include first order conditions for optimal prices and product
characteristics.?® To estimate demand parameters in this setting, one needs instruments

to deal with the endogeneity of prices and product characteristics. In addition, the typi-

26See, for example, Chu (2010), Fan (2013), and Byrne (2015). For an excellent overview of the
empirical literature on endogenous product characteristics see Crawford (2012). It is worth noting that
these applications all maintain the static decision-making assumption of BLP; firms are allowed to adjust
their product characteristics period-by-period but are not forward-looking in doing so. A recent paper by
Gowrisankaran and Rysman (2012) develops and estimates a dynamic version of a differentiated products
oligopoly model, whose solution is computationally extremely burdensome.

38



cal set of “BLP instruments” for prices based on product characteristics become invalid.
That is, researchers need more instruments and have fewer options for IVs.
In our framework, the cost function needs to be modified so that it also includes

endogenous product characteristics x.. That is,

O (Q7 X@? W? U? v@) Y

where the additional cost shocks v, correspond to the shocks that affect the production of
observed characteristics. The additinal F.O.C. for optimal product characteristics choice

would then be

MRy, jm (60) = MCx, ;.. (@jm,Xejms Wim, Ujm, Ve,jm) »

where M Ry, jn is the vector of marginal revenue of firm j in market m with respect to
the product characteristics choice. Then, the pseudo-cost function can be modified as

follows,

PC (Qjma Xejm> ija MRqu (00) ) MRxe,jm (90)) )

where M R, j, is the marginal revenue with respect to quantity choice. Then, the modified

NLLS part would be

1
Z T Z C]dm - Z %@/)z (Qjma Xejms Wim, MRq,jm (0) ’ MRxe,jm (0))
m “m im l

4.4.3 Cost Function Restrictions

So far, for the purpose of estimation, we have not imposed any assumptions about the
shape of the pseudo-cost function except that it is a smooth function of output, input
price, and marginal revenue. Hence, the cost function that is recovered is not restricted
to have properties such as positive slopes, homogeneity of degree one in input prices, nor
convexity in output or cost shock.

Imposing the restriction of homogeneity in input prices in estimation is straightfor-

ward. If the cost function is homogenous of degree one with respect to input price, so is
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the marginal cost function. Hence for an input price wy,
w
C(Qa W, U) = wIC<Q7 w_7 U)?

and

8C(q, W/’LU17 U)

MC((],W,U) = w1 8(]

We can thus modify the NLLS component of our pseudo-cost estimator to impose the

homogeneity restriction as follows,

2
d
L[ G5 (g, M M O)) 20
> Im i | Wiim T W Wigm ’
where W_1 j, = (W2 jm, - - ., WL jm) are input prices other than wy jp,.
We do not, however, impose positivity of slopes or convexity in output in estimation.
Rather, we follow numerous papers in the cost function estimation literature and check

these characteristics after estimating the cost function.

4.4.4 Missing cost data and multi product firms

Until now we have assumed cost data are available for all firms in the sample. However,
it could very well be the case that we observe costs only for some firms and not others.
In that case, we can estimate the structural parameters consistently by constructing the
NLLS part using only firms for which we have cost data. Because the NLLS part of
our estimator does not involve any instruments or orthogonality conditions, choosing
only firms with available cost data in estimation will not result in selection bias. It is
important to notice, however, that we still need demand-side data for all firms in the
same market to compute marginal revenue and the GMM part of the objective function.
Luckily, such demand-side data tends to be available to researchers for many industries.
Allowing for missing cost data is important in alleviating the concern on the reliability of
cost data. That is, in practice, researchers can go over the accounting cost data carefully
and simply remove the problematic cost data.

A more difficult case of unobservable costs is when firms produce multiple products,
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but only the total cost across all products is observable in the data.?” Suppose that each

firm produces F' outputs. Then, the cost function of the firm can be modified as

C (qjm,leu Wim, Ujml:F) )

where qu1.r = (Gm1, ---» @mr) is the vector of outputs of product 1 to product F', and the
vector v is the F' dimensional vector of cost shocks. Then, as long as the number of
products is not too large (otherwise, we would face a Curse of Dimensionality issue in

estimation), the NLLS component can be extended as follows,

2

1
i Z e, - Z Y1 (Ajm,1:7, Wim, MRj1.p (Xon1:7; Prnt:p, Smir, 0))
jm l

Here, X,,,1.r, Pu1.r and S,,1.p are matrices of observed product characteristics, prices and
market shares of all firms in the same market for all products they produce.

If the number of products is large, one should consider imposing more structure on the
pseudo-cost function to avoid the Curse of Dimensionality.?® Such a cost function could

be specified as:

Cf =D ¢ (C(@m Wims vim)) Lim (F)+15 = D PC (s Wjm, MRy (Xon, Py Sms 5 00)) Lim ()47,
Jjm Jjm

where M Ry is marginal revenue with respect to the operation of all products of the firm f

and I, (f) is an indicator function that equals 1 if product j in market m belongs to firm

f and 0 otherwise; C}l is the total cost of the firm that includes the cost of all products,

and 7y is the i.i.d. distributed measurement error of firm f’s total cost. Denoting F' to

be the total number of firms in the data, the NLLS component of our estimator can be

modified as follows,

2

| O S S At Gy Wi M B (8)) L ()
/

gm 1

2TThis is a practical issue for our U.S. banking application. We have total costs for a given bank in a
local market, however we do not know the individual branch-level costs for the bank within a market.

28This will likely be the case in our U.S. banking application where banks have potentially many
branches in some Metropolitan Statistical Areas.
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5 Large Sample Properties

Our estimator is derived from minimizing the objective function that is the sum of two
components. The first NLLS component is sieve based, and the second component is
the GMM objective function. In the Appendix, we prove consistency and asymptotic
normality of the estimator. These proofs are based on the asymptotic analysis of sieve
estimators by Chen (2007) and Bierens (2014), and the GMM asymptotics by Newey and
McFadden (1994)) and others.

6 Monte Carlo Experiments

This section presents results from a sequence of Monte-Carlo experiments that highlight
the finite sample performance of our estimator. To generate samples, we use the following

random coefficients logit demand model:

. // exp X]mﬁ + QPjm + 53?71) i¢ (M) igb (M) dadf
! Z] —o €XP ijﬁ + APjm + gjm) Oa Ta 96 98 |

where we set the number of product characteristics K to be 1, and ¢() to be the density

for the standard normal distribution. We assume that each market has four firms that
each produce one product (e.g., J = 4). Hence consumers in each market have a choice
of j =1,...,4 differentiated products or not purchasing any of them (j = 0).

On the supply-side, we assume firms compete on prices a la differentiated products
Bertrand competition taking product characteristics as exogenously given, use labor and
capital inputs in production, and have Cobb-Douglas production functions. We further
assume input prices to be the same for all firms in a given market; the assumption is
motivated by the practical reality that researchers typically only have access to market-
level aggregate input price data. Then, given output, input prices w = [w, r]" (where w is
the wage and r is the rental rate of capital) and a cost shock v, total cost and marginal

cost functions are specified as,

wacrﬁc /Bc Q¢ ac /Bc aciﬁc
() (5 )
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MC (q,w,r,v) =

1
wacrﬁc /BC Qe Q. Be ac+Be 1 L
e + J— v qﬂc“'ﬁc .
B ac /BC ac + /BC

Notice that in the above specification the cost function is homogenous of degree 1 in

input prices.?

To create our Monte-Carlo samples, we generate the wage, rental rate, cost shock,
market size @),,,, observable product characteristics x;,,, and the idiosyncratic component

of the demand shock g¢, and as follows,
Wy ~ 1EATN (fw, 0w); €9, Wiy = Py + Owms  OQwm ~ 1.1.d. TN (0,0,),

Tm ~ 0.0.d.TN (p,0.), €.g.,Tm = b + Orm, Orm ~ 1.i.d. TN (0,0,),

Qm ~ 1.0.d.U (QL, QH) y  Xjm ™ 1.2.d. TN (,ux, O'x) s

Vjm = o + Opm + 0, @ <5 + (1.0 — 26) gm—_gL) . Oum ~ 1.0.d. TN (0,0,).
H — YL

We assume market size to be uniformly distributed with lower bound @)y and upper
bound Q. We draw various random shocks from the truncated normal distribution
TN (), where we truncate both upper and lower 0.82 percentiles. For transforming the
uniformly distributed market size shock to truncated normal distribution, we use a small
positive § = 0.025 for truncation. We truncate the distribution of shocks to ensure that
the true cost function is positive and bounded, and the compactness of the set W, which
recall contains elements (¢, Wi, M R;p,,), as is assumed in the asymptotics in the previous
section. We let the cost shock vj,, be positively correlated with the market size shock,
ie., 0, > 0.

Importantly, we specify the unobserved quality so as to allow for correlation between

29The cost function given the Cobb-Douglas production technology is defined as

C(q,w,r,v) =argming kwL +rK subject to ¢ = Bu~ Lo KPe,
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Table 1: Monte-Carlo Parameter Values
fo Oo | g 0 | fx Ox | Qe Be | fw Ow | fir O
20 05110 0210 05 (04 04] 20 02]20 0.2
fo Oy | Oy Qr Quw |0 o0¢| A B
0.5 0.21]0.2 5.0 10.0]4.0 0.50.01 1.0

&jm and input price, cost shock and market size. Specifically, we set:

Oeim ~ i.0.d.TN(0,1),

gjm = 50 + (51Q§jm + (52me + (53Qrm + 54QUjm + (55(1371 (5 + (10 — 25) M) .
Qu — QL
We set 6; > 0 for [ =1, ...,5. Specifically, 6; = ... = d5, ¢ = 0.5. Hence, by construction,

no variable can be used as a valid instrument for prices in demand estimation. Further-
more, since both demand and cost shocks are correlated with market size, one cannot use
the variation of market size as an instrument for prices.

To solve for the equilibrium price, quantity, and market share for each oligopoly firm,
we use golden section search on price.’

Table 1 summarizes the parameter setup of the Monte-Carlo experiments. Table 2
presents sample statistics from the simulated data where the sample size is set to 1000
market-firm observations (e.g., there are 250 local markets). We set the standard deviation
of measurement error to be 0.1, about six percent of the total cost. The parameter
estimates are obtained by the following minimization algorithm,

J 2
[@)M,'?M] = argmz'n(o,y)eexrkM(T) [M; Z C Z’Yﬂﬂz (q]m, w_m’ M)]
S '
Yot 3571 &5 (6) m]’w [zm 7 & (6) m]
S 1 N R

+A

where we restrict the cost function to be homogenous of degree one in input price. Further,

30The algorithm for finding equilibria in oligopoly markets is available upon request.
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Table 2: Sample Statistics of Simulated Data.

variables Mean | Std. Dev
Price (pn,) 3.8239 | 0.8743
Output (gm,) 0.8931 | 0.6337
Quality (&) 3.9932 | 0.4385
Market Share (s,,) | 0.1223 | 0.0858
Wage (wn,) 2.0011 | 0.1961
Rent (7,,) 1.9842 | 0.1781
Cost (Cy) 1.7088 | 0.7306
T 0.9791 | 0.4636

Measurement error std. dev.: o, = 0.1

we set the weighting matrix W, to be

-1

S0 S (€0 0) %) (€40 (0) X )
P X 1

M=

We adopt the continuously updating GMM approach and estimate the weighting matrix
W, simultaneously with the estimation of parameters.

In Table 3, we present the Monte-Carlo results for our NLLS-GMM estimator. We
report the mean, standard deviation, and square root of the mean squared errors (RMSE)
from 100 Monte-Carlo simulation/estimation replications. From the table, we see that as
sample size increases, the standard deviation and the RMSE of the parameter estimates
decrease. This highlights the consistency of our estimator. It is noteworthy that means
of the estimates are quite close to their true values even with a small sample size of 100.
Furthermore, since the estimated parameter values are very close to their true values,
the standard deviations and RMSEs are very close to each other as well. Overall, these
Monte-Carlo results demonstrate the validity of our approach.®!

In Table 4, we report an additional set of Monte-Carlo results where we estimate
Has Oq, and og by minimizing the NLLS objective function, whereas pg is estimated by
minimizing the GMM objective function. Overall, means of the parameter estimates

are again close to their true values, and the standard deviations and RMSEs continue

to decrease with sample size. Moreover, the standard deviations and RMSEs tend to

31Results with measurement error standard deviations larger than 0.1 are similar to the one presented,
but with larger standard deviations and RMSEs.
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Table 3: NLLS-GMM Estimator of Rar}dom Coeflicient Demand Pargmeters.

Market | Sample o o
Size Size | No. Poly | Mean | Std. Dev | RMSE | Mean | Std. Dev | RMSE
25 100 27 -2.0608 | 0.5754 | 0.5757 | 0.4604 | 0.1242 | 0.1298
50 200 32 -2.0123 | 0.2925 | 0.2913 | 0.4944 | 0.0653 | 0.0652
100 400 38 -1.9965 | 0.1854 | 0.1844 | 0.4993 | 0.0460 | 0.0457
250 1000 48 -2.0128 | 0.1174 | 0.1175 | 0.4998 | 0.0283 | 0.0282
True -2.0000 0.5
Market | Sample fi3 o Obj. Fct.
Size Size | No. Poly | Mean | Std. Dev | RMSE | Mean | Std. Dev | RMSE
25 100 27 0.9900 | 0.1825 | 0.1819 | 0.1976 | 0.0796 | 0.0792 | 1.738D-3
50 200 32 0.9931 | 0.0893 | 0.0891 | 0.1955 | 0.0384 | 0.0385 | 2.013D-3
100 400 38 1.0059 | 0.0770 | 0.0769 | 0.2026 | 0.0170 | 0.0170 | 2.137D-3
250 1000 48 1.0037 | 0.0498 | 0.0497 | 0.2009 | 0.0076 | 0.0077 | 2.195D-3
True 1.0000 0.2

Measurement error std. deviation: 0.1

be larger than those of the NLLS-GMM estimates from Table 3, except for those of iz
for the sample size of 1000. What we can see from these results is consistent with the
identification results: the NLLS component of the estimator is sufficient for the estimation
of ft, 04, and og. That is, to estimate price parameters, one only needs the cost data. The
additional orthogonality conditions are only needed for the estimation of pug. However, the
additional GMM component is effective in improving efficiency, in particular the efficiency
of 6, coefficients that determine the degree of heterogeneity and price elasticity in random
coefficient models.

In Table 5, we present Monte-Carlo results where we estimate parameters using the
standard IV approach. We use wage, rental rate and market size as instruments. We
experienced numerical instability when we used the GMM estimator from BLP for the
random coefficient model for this exercise. Since our main focus is on potential bias of
the IV estimator, and not numerical issues, we decided to instead use the simpler and
numerically more stable logit model. All parameter settings are the same as those from
the BLP Monte-Carlo exercise, except for the restriction that o, = 0 and o0g = 0 and
different values for 6;, 7 = 2,...,5, which we will discuss in detail later. We also change
the notation and use « instead of p, and 3 instead of pz to be consistent with Berry
(1994).

In the first row of the table (NLS-GMM1), we show results of the NLLS-GMM estima-
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Table 4: Two-Step Estimator of Random Coefficient Demand Parameters.

Market

Sample [l Oq
Size Size | No. Poly | Mean | Std. Dev | RMSE | Mean | Std. Dev | RMSE
25 100 27 -2.0088 | 0.8342 | 0.8347 | 0.4456 | 0.1735 | 0.1810
50 200 32 -2.0200 | 0.3679 | 0.3667 | 0.5006 | 0.0952 | 0.0947
100 400 38 -1.9951 | 0.2320 | 0.2309 | 0.5006 | 0.0502 | 0.0499
250 1000 48 -1.9853 | 0.1319 | 0.1321 | 0.4960 | 0.0291 | 0.0293
True -2.0000 0.5
Market | Sample i3 o Obj. Fct.
Size Size | No. Poly | Mean | Std. Dev | RMSE | Mean | Std. Dev | RMSE
25 100 27 1.0146 | 0.2950 | 0.2939 | 0.2165 | 0.1752 | 0.1751 | 1.552D-3
50 200 32 1.0017 0.1478 0.1471 | 0.2024 | 0.0744 0.0741 | 1.894D-3
100 400 38 1.0077 | 0.1004 | 0.1002 | 0.2026 | 0.0515 | 0.0513 | 2.068D-3
250 1000 48 0.9959 | 0.0487 | 0.0487 | 0.1989 | 0.0305 | 0.0303 | 2.152D-3
True 1.0000 0.2

Measurement error std. deviation: 0.1

tor. We still obtain parameter estimates that are close to their true values. The results in
the second row (IV1) are the ones for the IV estimator where instruments are not corre-
lated with the demand shock, and thus, valid (e.g., where we set §y = d3 = 04 = J5 = 0).
We can see that means of the estimated parameters are close to their true values. In the
third row (IV2), we show results where the instruments are invalid. We first tried the
specification of 05 = 03 = d4 = d5 = 01, as in the NLLS-GMM case. However, we faced
numerical instability during estimation even for the logit demand specification. We then
reduced the degree of endogeneity to do = d3 = 64 = 05 = 0.50; and reported the results
from this exercise. We can see that in this case the estimated price coefficient is much
higher than the true value of —2.0, i.e., we have an upward bias. The positive direction
of bias is reasonable because the error term, which is the unobserved quality, is set up to
be positively correlated with the instruments.

In the fourth row (NLLS-GMM2), we report the results where we introduce correlation

between demand and supply shocks across different markets. That is, we specify the
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Table 5: IV Estimator for Logit Demand Parameters.

o 5

Sample Size Mean | Std. Dev | MSE | Mean | Std. Dev | MSE
1000 NLLS-GMM1* -1.9993 | 0.1000 | 0.0995 | 0.9997 | 0.0375 | 0.0373
1000 IvV1b -2.0034 | 0.0549 | 0.0547 | 1.0036 | 0.0340 | 0.0334
1000 Ivae -1.2388 | 0.0860 | 0.7660 | 0.7837 | 0.0397 | 0.2199
1000 NLLS-GMM2 -2.0168 | 0.1390 | 0.1393 | 0.9999 | 0.0373 | 0.0372
1000 V3 -1.8255 | 0.2476 | 0.3019 | 0.9476 | 0.0789 | 0.0944
True -2.0000 1.0

a:52:(53:54:55:51,b:52:53:54:5520,c:52:53:54:5520.551

demand and supply shocks as

Eim = 0.50¢ +0.5Cm, Cn = plm-1+ 1 — p20cm if m > 1,
Cl = 0¢1, 0k ~ 1.1.d. TN (0, 1) s k= 1, ceey ./\47

Vjm = 0.504 + 0.5Xm, Xm = pXm-1+ V1= p20ym if m > 1,

X1 = O0x1,0xk ~ 1.0.d.TN(0,1),k=1,..., M,

where p is set to be 0.5. The NLLS-GMM estimates are again close to the true values.
In the fifth row (IV3), we present the IV estimates, where for firms in market m we use
observed product characteristics of own and other firms, and theaverage price of market
m — 1 (for market 1, we use the average price of market M) as instruments. Results
again indicate some bias in the IV estimates of parameters. In addition, variances of the

estimated parameters are high.

7 Conclusion

We have developed a new methodology for estimating the demand and cost parameters
of a BLP model. The method presumes that demand data on prices, market shares and
product characteristics, and some information on firms’ costs is available. With these
data, in particular, including the cost data, we show that variation in market size and
the exclusion restrictions implied by the model can be exploited to identify the model.
These restrictions are: (1) price p and market shares s enter the marginal revenue function

but do not directly enter the marginal cost function; and (2) total output ¢ enters the
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marginal cost function but not the marginal revenue function.

Our approach identifies the demand parameters in the presence of price endogeneity,
and a nonparametric cost function in the presence of output endogeneity, but does not use
any conventional instruments. That is, it does not require demand and cost shocks to be
uncorrelated within and across markets, with each other, nor with demand shifters, cost
shifters or market size. Thus, our approach works in instances where standard IV-based
estimation methods break down. Our Monte-Carlo experiments highlight this fact, as
well as the numerical stability of our estimator. We have also shown that the marginal
revenue function is nonparametrically identified. Moreover, our method can accommodate
measurement error and misreporting with cost data, endogenous product characteristics,
multi-product firms, difference between accounting and economic costs, and non-profit
maximizing firms.

In which markets can our estimator be applied, and where would it be a potentially
valuable addition to traditional IV-based estimation strategies? Market-level demand
and cost data tend to be available for large industries that are subject to regulatory
oversight (which often requires firms to report cost data); examples include banking and
telecommunications.? Such major sectors of the economy represent natural settings for
applying our estimator.

Our estimation strategy also presents an additional tool for policymakers who use
BLP-type models. Prospective merger analysis is perhaps the most notable application
where BLP models have had policy influence. This also represents a natural setting to
apply our method since anti-trust authorities have the power to subpoena detailed cost
data from firms for merger evaluation.?®> Fundamental to the predictions from merger
simulations based on the standard IV approach (Nevo (2001)) is the estimated demand
elasticity and inferred marginal costs from the supply-side first order conditions of the

structural model. The demand elasticity and non-parametric cost estimates based on our

32Indeed, the parallel literatures on differentiated products markets and cost function estimation have
relevant applications in these industries. See, for example, Ho and Ishii (2012) and Crawford and Yu-
rukoglu (2012) for BLP applications to banking and cable television, and Wang (2003) and Kelly and
Ying (2003) for corresponding cost function applications.

33For example, in the U.S. the Hart-Scott-Rodino Antitrust Improvements Act is the relevant law that
gives authorities this power. Here, it is important to note our discussion from above of the fact that we
can still obtain consistent estimates without needing cost data from all firms in an industry.
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instrument-free approach can thus yield a complementary set of estimates and predictions
regarding the welfare effects of prospective mergers.

More generally, by comparing results from our estimator and IV-based estimators, one
could check the validity of various instruments. For example, such a comparison could
be readily made in the context of cable TV industry where cost data is available, and

where researchers have used Hausman-type instruments as price instruments (Crawford

and Yurukoglu (2012)).
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Appendix

A Proof of Proposition 3

We need to show that some firms in the population satisfying Assumption 12 have the same conditional
expected cost. From Assumption 12, there exist two sets of variables v and v’ and j such that, for all
0_,c0O_,,

MR (p,s,X,,0_,,0,0) = MR(p',s',X',,0_,,0,0),

Then, because of Assumptions 10 and 11, given ¢, w, there exists v such that
MR (p7 S, Xa j7 97117 01)0) =MR (p/a Sla X/7 j7 671)7 01)0) = C (MC <Q7 w, U)) . (27)

where j is the row of the prices, market shraes and the observed characteristics of the firm in the vectors of
prices, market shares and the matrix of observed characteristics. Hence, the supply and demand variables
of the first firm are {¢,w,p,s, X}, and the ones for the other firm are {q, w,p’,s’, X'}, and their cost
shocks are the same: v = v’. It follows then that,

C (g, w,v) =C (g, w,0).

Hence,
E[C (g, w,v)] = ¢ (C (g, w,0") = ¢ (C(q,w,0)) = E [CY (¢, w,0)].

Since, by Assumption 12, if 8, # 0,0,

MR (pa svxvja 071)7 0}7) 7é MR (plvs/; leja pra 017) (28)

we choose price parameters so that the two firms with the same output ¢, input price w and the conditional

expected cost have the same marginal revenue.

B Parametric Identification of Marginal Revenue

B.1 Proof of Proposition 4: Logit Model

Proof. It is easy to show that the Berry (1994) logit demand model satisfies Assumption 12. For the
parameter o # g, pick the two demand variables v = {p,s, X, j} and v/ = {p’,s’, X', j'} with prices p;,

p;-, and market shares s;, S;, such that under o their marginal revenues are equated, i.e.

N 1 - N 1 1 1
pit+t-——-"—=p, + g = — — .
Tl (1o g ) a pi =Py 1= 1=

Then, for a # ay,

1 1 1
« # ) 1_ s, - 1_ ¢ )
Pj — Py 8j Sy

thus,

/
pj+ a#m+<

(1—s5) 1—39,)04.

Therefore, the price coefficient satisfies Assumption 12. m
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B.2 Proof of Proposition 4: BLP Model

Proof. Next, we prove that the random coefficient BLP model also satisfies Assumption 12 in monopoly
markets. We consider the data with x = 0. Then, per period log utility component of a purchase is
u = pa + &, where a« ~ N (fia0,040). We denote @ () to be the distribution function of the standard
normal distribution and ¢ () to be its density function. Consider the pair (s,p,£) and (s',p’,¢&’) that
satisfy the share equation. Then,

/exp(§+pa)1¢(a—;m>da:/ exp (p (@ +&/p)) 1¢<a—uao)da:s (29)

o L +exp(§+pa)oao Ta0 o L+exp(p(a+£/p)) oao Ta0
wnd W (a+e/p) 1
exp(p (a+E&/p B QO — a0 _
/a T+ oxp (0 (a + €/p) 7m0 ( P > do=s (30)

and we assume that they have the same marginal revenue:

-1
pexp(platé/p) 1  fa—pao) |

/oz[1+cxp(p(a+£/p))]2 Uocod)( a0 > ]
vexp(p'(a+d/p) 1 fa—pa) _15’.

/a[1+exp( (a+&/p))? Ua0¢< a0 ) ]

Now, denote ag (p ) = ¢/ (poan), ao( ) = &/ (P'0a0)s M0 = 1a0/0a0s N = fa/0a, a(p) = &/ (poa),
a(p)=¢&/Woa), & =alos and & = &' /o40. Then, by change of variables,

e (pow Gt @) [ ewWow@ra®) o
LT e o a6 e =, [ e e e @ e = (32

MR(p,S,X,Mﬂ,O'g,,ua0,0'aO) = p+p

:MR(p/7SI,X,/Jg,O'ﬁ,p,a0,O'ao) = p/+p/

and the marginal revenue equation becomes

—1
MR(p787X7/'Lﬁ70-577707Ja0) = p+p ¢(a_n0)dd‘| s

/ POa0 €XP (Poao (& + ag (p)))
& [1+ exp (poao (& + ag (p))))?

:MR(p/,SI,X,/J/B,O',B,T]O,U(XO) = p/+p

[ Powep Wom Gray @) o
s oo G ™ ]

(33)

Given (n,0,), we show that there exist (s,p) and (s',p’) such that (s,p) # (s',p’) satisfying equations
(32) and (33),

exp (poa(@t+a(p))) oo oo exp (p'oa (@ +d' (p)))
e e e o G E T e o her

and

MR(p,S,X,/J/,@,Uﬁ,n,UQ): p+p

/ PO exp (poo (@ +a(p )))
a [l +exp(poa (@+a(p )))]

#MR(p, s ,x, ug,08,1m,00) = p +p'

-1
/ poaexp (poa (@ +a (p))) 66 (& —1) ddl o

L+ exp (p'oa (@ +d’ ()]

(35)

Consider first the case 1y # 1. First, we abstract from observed heterogeneity and set x = 0. We prove
the following Lemma concerning the marginal revenue for large p > 0.
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Lemma 2 For any n, o4, for large p > 0, x =0,

MR (p, 5,%, 13,7, 00) = p [1= [(@7" (5) =) & (@7 (5)) + O (72)] 5] . (36)

Proof. Using integration by parts, we obtain

exp (poo (& +a(p))) < G—1_ poserp [pos (& + a(p))] . -
R e e ey G Rl Ars vt G A

Then, applying Taylor series expansion of ® (& — 1) around —a (p), we obtain
L / poaerp[poa (6 +a(p))]
a [1+explpoa (@ +a(p))l]
1,
5 (@t a(p)’ ' (~a(p) —n) +
da

(37)

;[@(~a ) —m) +(@+am)é(-alp) —n)

Lo
SEtal)' e (~alp) )+ o G+ al)' 6" (@ (@) - )]

where a* (&) is a continuous function of &, and sups |¢" (a* (&) — n)| < B for some bounded constant

B > 0. Notice that [?iﬁiﬁi Z?éﬁ‘;?;’;;ﬁt is symmetric around —a (p). Hence,

/ [paaexp [POa (@+a(p))]2 (@ + ao (p)) da :[ poexp [pog (d+a(p))]2 (@ +a(p)’da =0,

1+ exp[poa (@+a(p))] [1+exppos (& +a(p))]]

Furthermore, from the formula for the variance of the logistic function,

poacoplpon @ra@)] .o
/a[uezp[poa(ma(p))n“ Tal) db =g

and from the fourth central moment, we can derive that

5 (@+a(p)'¢" (a" (@) —n)da

1 / poaexp [poq (& + ag (p))]
24 Ja [1 + exp[pos (& + a(p))]]

7.‘.4

~ 4 ~
5 (@ +a(p))” Bda pp

< BC =0 (p_4)

1 / poaerp[poo (4 a(p))]
24 Ja 1+ exp[poa (@ + a(p))]]

where C' > 0 is a constant.
Therefore, from 34 and 37, we obtain

2

(37)=1—<I>(—a(p)—77)—W¢’(—a(p)—n)+0(2?_4) = .

and if we let a = &~ (s) — n = limy_~a (p), then

71'2

1-®(~a(p)—n) - Waﬁ’(—a(p) —n+O0(p ) =1-¢(~a—n)=2(a+1n). (38)
Therefore, )
—(a=a(®)é(=a" (p) = 1) = 5550 (—alp) —m) + O (p") =0

where a* (p) is in between a and a (p). Hence,

¢’ (—a(p) —n)n*

@=alb) =~ ar (o) —m o2

+0(p ") =0
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and

o (cap)-n _¢a-n) @@= oo (ca—n)d (—a” (p) —n)
6w -n oa-n PTGy TP T e -
+ 0(@w) -?)+0((a (p)—af)+0<<a(p>—a><a*(p>—a>>=g;(( . ”))+0(p2)
Therefore, )
(= a) =~ e 0 (7

Similarly, by applying Taylor series approximation of ¢ (& — 1) with respect to & around—a (p), we obtain

PO exp [poa (& + a(p))] G (G — ) dé — PO €xXp [poa (& + a(p))] 5a o da
/d[1+exp[p0a(o~z+a(p~))]]2 P& =) L[1+exp[pga(&+a(p))]]z( +a(p)¢(@—mn)

a poaexplpoa(@+a(@)] o oo
(p)/[1+eXp[paa(5z—|—a(p))H2¢( "

B / POq €xp [poq (& + a(p
a [1+ exp [pos (& + a(p)

= =
L ~—
no
—

£ @tal) e (~alp)—n)+

. PO €xp [pog (& +
0 () / [1+ exp [poao (& +
-1

a+a(p)’¢" (—alp) —n) + % (@+a(p)’¢" (~alp) —n)+ 57 (@+a(p)' ¢" (—a (@) - n)}

1

5
da.

Therefore,

poaexp[poa(@t+a(@))] oo oo
/a[1+exp[paa(d+a(p))ﬂ2 ola=m

= a(p)é(—alp) )+ [¢' (ca®) —m) - "y o) -

2
— —as(a- )+ [(6(-a- - ad (amn) D g ) - 56 a0 s

+0 (p™%) (39)
= —ad(—a-n)+0(p~?).

Therefore, using 38 and symmetry of ¢ around zero, we obtain

MR =p[1-(ad(~a=n)+0 () s| =p[1=[(@ () = m) & (@7 () + O (»7%)] "s]. (40)

2

s PO

Next, we show that given the assumptions, given @ and @Q’, there exist (§,v) and (£',v’) that gen-
erate such (p,s) and (p/,s’). That is, set £ = a(p) (poa) = (27 (s) =) poa, & = a(p') (P'oa) =
(@' (s") — ) p'oa, and set v such that

p+p

/ PO exp [poa (@ 4 a(p))]
[

ap (& —n)da s=MC(Qs,v
& [1+ exp [poq (6 +a(p))]]? ¢(@&—m) ] (@s,v)

which exists given the assumptions. Similarly for (p/,s’).
|
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Now, consider 1ng. Because of the Assumption b, 7o < —1/(2¢ (0)). We pick s =1/2 and s’ # s that

satisfies
1 s’

T2 0 @ () (@ () — o)

We next show that such s’ exists. Let ¢ () be the function as follows.

<1. (41)

t
¢ (71 () (271 (1) —mo)

g(t)=

Because Then, ¢ is continuous and , and

1 1 li )
— | =——— lim = 0
g 2 2¢ (0) 770 ’ ti‘b(’l}o)g

Therefore, from intermediate value theorem, there exists such s, and because ny < —1/(2¢(0)) < 0,
s" € (®(no),1/2), and thus, s’ < s can be satisfied. Furtheremore, one can choose the prices p, p’ such
that given large P, p, p’ > P and the relative price P = p'/p, they satisfy

R e P IO ET ]

/! _ / _ s’
= MRS o) = ¥ |1 G s o)

(42)
Such two prices can be chosen because the equation can be rewritten as
s’ -1 s
P=|1-——— — ,2} [1— =} 1 2]
(@1 (s") —m0) ¢ (21 (s")) + O (p'2) (@1 (s) =m0) o (2" (5)) + O (p~2)
and given p and p'being large, RHS is roughly constant. Equation (42) can be rewritten as,
psp~ (@71 (s)) p's'et (D71 (5)) (43)
P 00 T T @ @) ) 0w )

Then, what we prove next is that the equation (43) is only satisfied by 1, but not by another negative
7.
Lemma 3 Given s =1/2, and s’ satisfying equation (41), and large p and p' such that

el (071 (s) L, #ee (00()
@i T @@, " e

equation (44) has two solutions for n: m and ny and the only one of them is negative.

Proof. Denote B = ®~!(s), B’ = @7 (s), C = 5/¢ (®1(5)), C' = /¢ (271 (), and P = §'/p.

Then,
C ~ C’
[1_3—77} _P[I_B’—n}

(B=n) (B =) (1= P) =C (B =n)+ PC" (B—n) =0

C - pc'] CB - PC'B
7)2— B+B -———|n+BB - ————— =0
1-P | 1-P
Then,
- - - 2 ~
_ ! _ 1 ’_ ’
17:1 BJrB’fw :I:EA7 A= BJrB’fC P~C +4CB P~CBf43B’.
2 1-P 2 I 1-P 1-P
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Since s = 1/2, B =0,

_ prY _ P /
n_lzy—c Hj:tA A= H—O R? +4CB~
2 1-P 1-P 1-P
C . c’
1+ 2| =P|1— ) 4
[ - n} [ «B’n} (45)

Then, from the assumptions, it is easy to see that the slope of market share with respect to price C/n is
negative and 1+ C/n is positive. Furthermore, from equation (41), —C/n < C"/ (B’ —n) < 1. Therefore,

equation (45) implies P > 1. Because s’ < s = 1/2, B’ < 0, and thus, CB’/ (1 - ]5) > 0. Then, if we

denote

1

—A =
+ 5 72

C — PC’

. B - i
A 2 1-p 9

1 Bicfﬁd
1-P

1
2

m > 0, and 12 < 0. Therefore, claim holds. m

Hence, only 7, satisfied the assumption. Furthermore 1 = 7 satisfying equation (44) can be made
arbitrarily close to 7y satisfying equations (29), (30) and (31) by choosing p, p’ sufficiently large. There-
fore, for s, ', p, and p’, there only exists one 7 that satisfies (29), (30) and (31). Hence, claim holds.
Next, consider the case where 19 = 7, 040 # 04. First, consider o, such that o, > 049. Suppose
Assumption 12 is not satisfied. Then, consider s # s’, and p, p’ in the data mentioned in Assumption 10.
For those two data, the following holds: Given ag (p), af (p) satisfying

/ exp (poao (& + ag (p)))

5 [1 4 exp (pog (& + ag (p)))]

/ exp (p/Uao (54+a0( )))
1

+exp (p'oao (@ + ag (p)))]

¢ (@ —mno)da=s

¢ (& —mo)da=s,

, then, if we denote MR (p,s,X, 1tg,08,M0,000) to be the marginal revenue given demand variables
(pa S, X)7 x = 0 and parameters (Mﬁv 93,70, J040)7

/ PO a0 €Xp [poao (& + ag (p))]

—1
MR(pasaxauﬁaaﬁan()aaaO):p+p - d¢(6‘_770)dd S
& [1+ exp [poao (& + ao (p))]]”

'Ta0 € / a+ al
= MR (p',s,x,18,08,m0,000) =9 + 1’ l/ V000 XD W 7o | 0 ()]

1
o — da s
& [1+exp [p'oao (& + ay K a0t =m) 1

(46)

Now, since we consider the case where Assumption 12 is not satisfied., the same relationship holds for o,
instead of o40. Then, for p14, 04 such that p,/os = 1o, given a (p), o’ (p) satisfying

exp (poq (& +a(p))) _ & = g
/(i[1+eXp(pUa( +a(p)))] #(&=1m)d
/ exp (p'oq (& +d (p)))
[ @

1+ exp (poa (@+d (p)))]

p(@—mno)da = &,

MR(p,&X,‘LLﬁ,O'g,Uo,O'Q) =p+p

/ poaexp[poa (@ +a(p))] -
& [l +exp[poa (@ +a(p))]]

, / posexp[p'os (&4 a {p})] &
o [L+exp[p'og (a+a (p)))°

= MR(pI,S/,X7Mﬂ,0'5,T]O,Ua>:pl+p
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To show that (p, s) and p’, s satisfying equation (46) actually exist in the population given the assumption,
consider p, p’ to be sufficiently large so that

R BT IO Er o]

;o _ ’ _ s’
MR(p ) S5 X, uﬁva,@vnOaaaO) = P l:l (@71 (S') — no)qs(q),l (S/)) +O(p,2):| .

Then, one can set the relative price P = p’/p such that

s/

[1 (@) —mo) ¢ (21 (s) + O (p'- )}_1 [1 (@ (s) *no)¢>(;*1 (s)) +0(p2)]

is satisfied because the RHS is approximately a constant function of p, p’ for large p, p’. Hence, equation
(46) is satisfied. Next, we show that given the assumptions, given @ and @', there exist (¢,v) and (£',v’)
that generate such (p,s) and (p’,s’). That is, set & = ag (p) (poa0) = (<I>_1 (s) — 770) Poa0, and set v such
that

P =

PO 0 €XP [pUaO (54—1—600 (p))] ao (& — o 713: C(Qs,v
pﬂ)l/@ 1+ exp [poao (6 1 a0 G md] ety

which exists given the assumptions. Similarly for (p’, s').

Now, generate an increasing sequence of prices (p(o),p(o)’), (p(l),p(l)’),...,(p(k),p(k)’),... such that
(p(o),p(o)’) = (p,p'), (p(k)7p(k)’) = ((aa/aao)kp, (Ua/dao)kp,>. Then, one can show that the firms
(p™,s), (p*)',s) exist in the population. That is, ¥ = a (p)) (pMaag) ~ (@71 (s) — o) p*F oo,
R = ag (p') (p'0a0) ~ ((I)‘l (s") — 770) p*V 540, and there exists v*), v(*)’ such that marginal revenue
equals marginal cost.

Now, p(l) = (Ua/ga0>p > P, p(l)/ = (Ua/Uao)p/ > plv and furthermore, P(l)Uao = POa;, p(l)lo'ao =
p'04. Therefore,

SRR G M AT )))
my° @ mld —L[1+exp<p<1>aao<a+ao<p<l>m
D (6 —noyda— [ W00 (@ +a0 (p))
) & ) da = / [T+ exp (000 (@ + a0 (p1)))]

therefore, ag (p(l)) =a(p), ao (p(l)/) =a(p') and

d(a@—mno)da=s

/ exp (poo (& +a(p)))
a [1+exp(pos (@+a(p

/ [ exp (p'oa (@ +d' (p

1+exp(poa(a+ad

¢ (@ —mo)da =5,

pPMoaoexp [pMaag (@ + ap (p1))
1+ exp [pMaao (@ + ao (pM))]]
W g0 exp [p(l) a0 (@ +ag (p )}

1
_ L ay (1) - ’
¢ “ l [1 + exp [p(l)’Uao (@+ao(p ))]]2

-1
(47) X O¢q = p(l)gao +p(1)0'a0 l/~ [ 2} ¢ — 770) dd] S
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This way, we can generate an increasing sequence of prices (p(o),p(o)’), (p(1)7p(1)’),...,(p(k),p(k)’),... such
that (p(o),p(o)’) = (p,p'), (p(k),p(k)’) = ((Ja/aao)kp, (O’a/O'ao)kp/>, and for any integer & > 1 such that.

—1

® P p®oq0 exp [p(k)aao (& - af)k))} o )
MR(p aSaX7M,37UBu7707O—a0) =p +p [ & 2“615(@_770)‘104
& [1 + exp [p(k)aao (d + ag )>H

-1

p*V g0 exp [p(k)/aao (d + aék)’)}
d¢ (d _770) do 5, =MR (p(k)/aSlvx,ﬂﬂ70ﬁ7,ua070a0>

= k) (k)
protp /a [1 +exp [p““)’aao <5‘ + “gk)/)HQ

pMogexp [pMog (& +a®)]

[1+exp [pMog (& + a(’“))]]z
~1

d¢(d_n0) dd‘| S/ =MR (p(k)/a8/7xvuﬂa0—ﬁ7uaaoa)

-1
MR (p(k)a S, X, B> 035 70, Ua) = p(k) +p(k) [[ d¢ (d - 770) dd] S

— ey (k)7 / P(k)’ﬁa exp [p(k)/o'a (d + a(k)/)]
= p/+p |
a [1+exp [pWiag, (&+a®))]]
(k)
0

hold, where ay ’ satisfies

/ exp (p(k)aao (07 + a(()k)>)

o Trrow(ome arad ) M

and a(®) satisfies

/ exp (p(k)oa (d + a(k)))

a [1+exp (pFog (a@+a®))] ¢ (@ —mno)da=s

and aék)' satisfies

[l
3

L+ exp (p(k)’oao (& + ag’“)/)ﬂ ¢ (@ —mo)da = s

anda®) satisfies

/

a — 0 da = s'.
))]d)( o)

[ ol )

& [1 + exp (p(’“)’aa (d + alk)
Then,

(k+1)

1
T a0 €XP [p(kJrl)Uao (&+a0 ~ _ ~
[Ltexp[p*+D o0 (a+ad )] a¢ (& —1mo) do‘] 5

(k+1)
p
1+

Ja

p+1)7 50 exp [p(lc+1)/o.a0 <&+aék+1)/

a [1+9XP{P(’C+1)’UQ0 (&+aék+1)/):|:|2

p(k+1)/
p(k+1)

1+

) ag (& —no) d@] s’

[t

1
[1+exp [p“f)auo (d+aék))]]2 ad (@ —n) dd} s ) b

[

) p(k)/o-aoexp[p(k:)lo-ao(&+a§)k)/):| - p(k) =
@ [1+exp[p(k)/oao(d+a0

(k),)HQ agp (6‘_770) dd‘| s'
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and by taking the limit,

Y
p

p(k)ffao exp :D( )UaO a+a§)k) - - - !
i o [f& [1+exp[p<k[>gao (‘”Eaé >)H)2] Aot =) da] g (70— (5) ¢ (" ()] s
MMEk—oco -1 = -1
pF)oq0 exp{ *)' o0 (oz+aé )/)] ~ - ~ , 1 + [(770 - o= 1 (5 )) (b ((I)—l (S/))] s’
1 + f& [H—exp [p(k)’ouo (a-i-a(k)/)ﬂ a¢ (a - 7]0) do;| ’

Thus, for any &

-1
p(k>0'a0 exp[ (% )oao (a-i—u(() ))] ~ - ~]
_ 1+ /s ap(a—mno)da| s
1t e @) s et
) 14—Kno—-¢ )o@t ()] TS e B B
1+ f& [1+exp|:p(k)'o' 0(a+a(k)'>:|:|2 OZ¢ (Oé — 7]0) da s/
Hence, if we denote
(k) (k)
L ) B
@ {1 + exp [p(k)aao (a + a )H
B/(k) / p/(k)o'ao exp |:p (k) a0 (a + aq (k) )2:| i
 rorlpna )]
(k)—1
4BY s Mg
1+B/(k)—18/ P
B®Ws_agBWy = BWOB® (G -1).
Now, denote B = lim, 0B (p) = (271 (s) —1m0) ¢ (27 (s)), B’ = limp—,0c B’ (p) = (271 (s') —10) ¢ (271 ('),
and B (p) = B® — B, B’ (Gp™) = B'®) — B, hence

(B' +B (Gp(k)>)

s—G (B+B (p(k)))

s = (B +B (p(k))) (B/ + B (Gp(k)>) (G —1)

Because
B's—GBs = BB (G-1),
B (Gp(k)> s—GB (p(k)> s = [BB’ (G’p(k)) + BB (p(k)) +B (Gp(k)) B (p<k>)} (G —1)
s—B(G-1) B (G-1)+G¢ B
“BP) B (G +(G-1).
Now, from equation (39), we know that
/(_ _ 2
Bl = [(0(-a0—m) 08’ (=a0 —m) S5 =0 4 o (a0 = ) = G0 (=a0 = m)| 5 + O (07)
P ! 2
B0) = [(6(-ds = m) = abt (~ah— ) 5 =%+ (=) = P (=t = m0)| 3o + O (07)

Therefore, we can write the above equation as

s—B(G-1)

B (G—1)+Gs

p(k)*Qb (p(k))

+(G-1)

- (G-2p®=2) 1 (p®))
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b(p) = [(@5 (—ao —10) — apd’ (—ao — 1))

[\
|~

|

<

[=)

I

=

(=]
~— | — [~

Vi) = [(as (=l — o) — ah! (=ab — o)
and

[B' (G — 1);203'] b(p®) _ (G — 1) p®2y (Gp(k)) b (pw))

Notice that B’ (G — 1)+ Gs' = B's/B, (s — B(G — 1)) = GBs'/B’. Hence,

G%S/b’ (Gp(k)> B B’ﬂ)(};““))GQ — (G — 1) p®2y (Gp(k)) b (p(k)) (49)

[s— B(G— 1) (Gpr)) -

The the LHS is a linear function of constant and O (p_(k)Q), whereas the RHS contains the multiplicative
term p(*)2. Therefore, in order for the equation to hold, either G = 1 (implies pF) = p/(k)), orb (p(k)) =
O (p_(k)Q) or v/ (Gp(k)) =0 (p_(k)2) has to hold. Now, consider b (p(k)), whose constant term is

¢ (—ag —10)
2¢ (—ag — o)

which positive if ag < 0. Similarly for aj < 0. Therefore, as long as both s, s’ take on values that are less
than ® (19), ap < 0, aj < 0 and b (p(k)) =C+0 (p_(k)z), C > 0and ¥ (p(k)) =C"+0 (p_(k)Q), C’' > 0.
Therefore, 49 cannot hold for large k, and thus, neither does (48) for large k. Therefore, for those s, s,
and p # p/, for some k > 1,

a 3 a
+¢' (—ag — no)——¢" (—ag — o) = —= (ao + n0)—ao (ag + m0)°+—

(¢ (—ag —no) — aod’ (—ao — o)) 5 2 5

MR (p(k)a S, X, 1B, 08570, UaO) =MR (p(k)lv 5/7 X, 1B5 085 a0, UaO)

but
MR (p(k)ysvxvuﬂagﬁvnmaa) 7é MR (p(k)/vs/ax7 Mﬁvoﬂauaaaa) .

Therefore, Assumption 12 holds.

Next, consider the case for o,9 > 04. Similarly, we generate a decreasing sequence of prices
(p(O)vp(O)/), (p(l)’p(l)')7“,7(p(k)7p(k)')7m such that (p(U)vp(O)/) = (p,p'), p*) = (ga/gao)kp < plk=1),
Then, consider an arbitrarily large (p(®, p(®’) = (p,p’). Then, if we consider the increasing sequence of
prices (p(k),p(k)’), (p(k_l),p(k_l)’), ..., as before, we can show identification. Therefore, claim holds. m

B.3 Identification of the BLP model with X.

Lemma 4 Suppose the Assumptions use in Proposition 4 hold, except that the for BLP model X is a
scalar and its support conditional on Q,&,v is nonnegative.

Assumption 12 is still satisfied for the logit model with respect to a. Assumption 12 is satisfied for
the BLP model of demand for the parameters (fo,0q) and og under monopoly as well.

Proof. The identification of the price coefficient « of the logit model of demand with covariates X is
the same as in the proof of Proposition 4. Next, consider including the observed product characteristics
into the BLP random coefficient model. Since we have shown in Proposition 4 that Assumption 12 is
satisfied for p,,0, for the data with X = 0, we assume that u,,0, are identified. Because, for the sake
of simplicity, we assumed its dimension to be one, and denote it as X. Furthermore, for identification,
we choose in the data only firms whose observed control X is highly correlated with the observed price
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p. That is, we choose data with X such that X = Axp for some positive constant Ax. Then,

exp({+pa+XB) 1 (a—pua\ 1 (B—pg
/1+exp(€+pa+Xﬂ) (b( Oa >Uﬁ¢( op )dadﬁ

exp(+platAxB) 1 (a—pa\ 1  (B—up
/0t1+exp(§+P(a+AXﬁ))%¢( on )Uﬁ(ﬁ( o5 )dadﬁ.

Since o and (3 are assumed to be normally distributed and independent, v = o+ Axf8 ~ N (i, 0),

where 1, = po +Axpg, and oy = (/02 + AXO'B Similarly, we choose the other constant A’y # Ax such
that X' = A p’. Without loss of generality, we assume Ay, > Ax > 0. Then, as before, find s, s’, p and
p’ such that

exp(+pat+Xf) 1 ( )1 (5—%) _ [ pep(p(y+€/p) 1 (7—;@) _
/aﬁ1+exp<§+pa+xm N o )a®\ay ) /71+exp(p(v+§/p))0w¢ o )T

/ exp (p' (v+¢&'/p")) 1¢<7_’u7)d728/

y1+exp (@ (v +&/p)) oy Oy

and if we denote 04,3 = Ax0g, pta,g = Ax g, the corresponding marginal revenue equations are:

and

// pexp (p (v +£/p)) a1¢<a—ua> 1 (b((v—oz)—lmxfs)dadW —18
[L+exp(p(y+&/p)° Oa Oa /] OAxp TAxp

// pexp (@ (v +£/p)) a1¢<aua> 1 ¢<(7a)“A3‘6>dad7]13’
L+exp(p (y+&/p)]° oa Oa /] Oayp oAy

2 2 2 2
(a—ua> +<a+/mx5—v> (a—ua> +<a—ua+/~w—7>
Oq TAxpB Oq OAxB

MR

p+p

p+p

Now, we have

_ 021 [(ZW (a — ua))2 =2(a = pa) (v = o) + (v uw)ﬂ
AxB o

- Uilxa {ZZ (@ = pa) = (Zj) (v - Mv):| - lﬁ;x_f;ﬂ (v = 1)

N 5 l‘“ o™ () ) I { ] Rl

/ . i e:fp(fp((ﬂ 55/25”2 “i 5 (a ;aua> UAIXﬂ ] ((7 —a) - MAXB> o

exp<_1(7—ﬂv>2> L__popot+ng @) [ o | -1 N AR

2\ o, Ta0xp [1+exp (p (v + 0,9 (p))))? (0axpTa) /oy

pexp(p(y+o,9(p)) 1 Lo + (%)2 (v — ﬂw)] exp <_; <W)2>

[1+exp (p(v+ 009 ()] O
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For large p,

¢(F—1y)d7 =2 (g(p)+1y) + O (p7?) =5,

{

/ exp (poy (7 + 9 ()
5 1+exp(poy (Y+9g(p)))

where
9= limp—wog (p) y 9= ‘I)il (8) — M
_ By Bat+Axps

Ny = pu :
v\ Jo2+ AXO'ﬁ
Hence, for large p,

pexp(p(y+¢/p)) 1 —fa | 1 (V=) —pxs 4
/v/oz[1+exp(p(7+§/p))] Oa ¢( Oa )JXﬁ¢< oxp )dd7
/ pexp (p (v +0,9(p)))
v [L+exp(p(y+ 0,9 ()] @
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Now, take Ay > 0,Ax =0 and s’ = s. Then, 0, = 0,. Choose large p, p’ such that the two points have
the same marginal revenue, i.e.

MR = p—l—pHgZ—(bl(s)} exp<—;q>1(s)2)+o(p1)rs
— fj—(‘;)@m] exp(—§¢>—1<s>2)+0<p’-l>]1s- (50)

Because £« o is identified, gwen p, s MR can be derived. Let v/ =1/0 o', be the precision of ~'. If we define
G=yp/p, then for large p, p/, the below equation is approximately satlsﬁed

MR —9p _ 1__
Tp [V o — 2@ (s) V%] exp (—2<I> ! (5)2> =5 (51)

1 /

251 2 / —1(.)2 p

0,07 (8) v —pa —sexp | 07 (8)7 | ——5 =

, whose RHS is a function of v'. Because the constant term is negative, LHS is negative if v/ = 0.
Therefore, if we choose s > 1/2, ®~! (s) > 0, then one solution of v/ is positive and the other negative.
Because v’ has to be positive, there is only one value that satisfies the above equation. Since v’ satisfying
equation (51) can be made arbitrarily close to 1/0/, satisfying equation (50) by making p’arbitrarily large,

v
o’ > 0 is identified. Furthermore, if s =1/2, ®~1(s) = 0, then equation (50) implies

141/ {2”:} G+a/ {2::‘}

holds approximately for large p, p’, where G = p’/p and thus, o/, is identified in the same manner.
Therefore, using data on market share satisfying s > 1/2, we can identify og. m
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C Nonparametric Identification of Marginal Revenue.

C.1 Proof of Proposition 5

Proof. Because in the pair of firms in the proof we consider, both firms have the same w and the same
x, for the sake of notational simplicity, we will omit w and x from all the equations.

a. Under the profit maximization assumption, M R; = MC; at both points m, m/. Given Q,, < Qp, it
follows from the strict convexity of the cost function that

oC (Qm’sma U)

(52)
C (QumsSms,v) is the cost function specification, where @,/ Sy, is the output and v the cost shock. Fur-
thermore, consider § such that Q,,,’§ = @, Sm, which implies § < s,,. From Assumption 14, there exists
D > pm such that § = s(p, ). Since, from Assumption 13, MR (p,§) is strictly increasing in p,

0C (Qud,v)  0C(QmSm,v)
dq B dq

MR (p,§) > = MR (pm,§) - (53)
It follows from equations (52) and (53), and the Intermediate Value Theorem that there exists p,,s > pp,
and s, such that § < s,y = s (P, &) < Sm,

oC (Qm’sm/a U)

MR (pm’7£> = dq

are satisfied. Furthermore, q,, = Q'S < Qm/Sm/ = @ 1t is also straightforward to show that s,,, — sy,
is a continuous function of Q.,,; — Q. given £ and v remaining unchanged.
To complete the proof of part a. it remains to show that,

(|Qm’ - QmD :

lnpm’ _lnpm:| _ E [Cd|qm’7pm’7sm’] - E [Cd|qm7pmusm} —|—O

i
dm’ — 4m

NS, —Ins,

It is easy to show that the first order condition for profit maximization can be re-written as,

- (azns @,g))ll _vo — 9C(@Qsv)

M =
R=p dlnp

where (8175?737’5)) is the elasticity of demand.
p

Now, notice that both price p and market share s can be expressed as a function of exogenous variables
(@, &,v), ie., p=p(Q,&v) and s = s (Q, &, v), where we continue to simplify notation and suppress the
dependence on observed product characteristics x and input prices w. This is because (Q, £, v) uniquely

determins p by,
-1
- (ams@,g)) ] _ o~ 9Clay)

MR =
P dlnp dq

To see this, consider the case p’ > p = p(Q,&,v). By assumption, MR (p’,£) > MR (p,§), and s (p', &) <
s(p, ), thus, ¢ < ¢, MC (¢',v) < MC (q,v) and thus the F.O.C. does not hold. A similar logic applies

Now, marginal cost can be approximated using finite differences in total costs and quantities between
points m and m’ as follows:

oC (Qm3m7 U) o c (Qm’Sm’a U) -C (Qmsma U) C (Qm’sm’a U) -C (Qm5m7 U)
3q B Qm'Sm' — QmSm Qm' Sm' — QmSm

Similarly, the elasticity of demand can be approximated using finite differences in prices and market
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shares between points 1 and 2:

<8lns (pm7§)>1 _ In (p (Qngva)) —In (p (vaé-?U))
Olnp n(s(Qm,&v)) —In(s(Qm,&, v))

The last part of the proposition immediately follows from the above re-written first order condition and
these two approximations.

+0 (|Qm/ - QmD :

b. We denote the true marginal cost as

MCm — ac’ (Qma Um) ,
dq
and ]\//[\C’m as the marginal cost estimate at (¢, Um):

E [Cd|Qm’7pm’75m’] ) [Cd|Qmapma5m] +0
dm’ — dm

]W\Cm: (|Qm’ *QmD

From the first order condition, we know that the true marginal cost and marginal revenue are equal to
each other. That is,

— 1.

-1
1 [ o)

dlns (pm, &m)\ 1 MC,y,
dlnp N

MCp, = MR (pm,&n) = Pm dlnp p

Recall from our proof of part a that for sufficiently small AQ = Qv — @, > 0, the points
(P (Qm + AQ, &y Vm) , 8 (Qm + AQ, &y Uim))s (P (Qums Ems Vi) + 8 (@, Em, Ui )) satisty the following equa-

tion:
I p(@nt AQ &) 0 (0 (Qu b)) _ M,
In(s(Qm +AQ,&m,vm)) — In (s (Qumy Ems Vm)) P (Qmis &ms Um)

Now, suppose that the estimated marginal cost mm satisfies limsupag ¢OJ\/4\C'm < MC,,. We show

-1+ 0((AQ))

that with such MC,,, one cannot find the two points that satisfy equation (18).
Consider a vector of price and market share (p, §) close to (pm, sm) and § < s, such that

In (ﬁ) —In (p (Qma gma Um))
In (§) —lIn (S (Qma §m7 Um))

Then, from continuity of market share with respect to market size, there exists sufficiently small AQ’ > 0
such that § = s (Qm + AQ, &, Um)-

P (Qus EmsUm) |1+ :J\/Ibl.

That is,
In (ﬁ) —In (p (Qmagm; Um)) mm MC,, ,
= 1M 14 0(AQ).
10 (3) =10 (5 @ e )~ P @rnEonrtm) = @iy T O(BQ)

Hence, for sufficiently small AQ’ > 0, we have

In (f)) —In (p (Qmagma Um)) < In (p (Qm + AQ/’EWHUWL)) —In (p (vagmavm))
In (é) —In (S (vagmvvm)) In (S (Qm + AQI>£m7Um)) —lIn (S (mefm; Um))

Given § = s (Qm + AQ', &m, Um) < 8 (Qm, Em, Um) and Assumption 14, for the above inequality to hold,
it must follow that p > p (Qm + AQ, &m, Um)-

We now show that there exists such a pair (8,p): specifically that there exists ({m/,Um/) such that
§ = s(Qm+AQ &y upy) and p = p(Qum + AQ', &y, Uy ). For that, we need to show that &,
satisfying § = s (P, &) and vy, satisfying MR (P, &) = MC (8 (Qm + AQ') , Upy) exist. Since p >
P (Qm + AQ', Em, ), it follows by Assumption 14 that s(p,&n) < s (P (Qm + AQ ,&m,Um) ,Em) < 1.
Furthermore, s (p,&y,) > 0. Then, it follows from Assumption 14 and the Intermediate Value Theorem
that there exists &,y > &, such that § = s (p,&mr) -

< 0.
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Similarly, by Assumption 3’ and by the Intermediate Value Theorem, we can find a v,,, that satisfies
MR (p,&m) = MC (3(Qm + AQ") , up).

Because 5 = s (p (Qm + AQ, Ems Um’) agm/) =S (p (Qm + AQ, Ems Um) ,§m) and p (Qm +AQ, Ems Um’) >
p(Qm + AQ', &y U ), from Assumption 13,

MR (p (Qm + AQl,fm/,Um/) 7§m’) >MR (p (Qm + AQ/>€m7U7n) agm) .

Furthermore,

5(Qm + AQl,fm/a Ut ) (Qm + AQ/) =5(Qm + AQla EmyUm) (Qm + AQ/) =qm + Aql~

Therefore,
oC (gm + A lavm’ 0C (gm + A /;Um
(q aq 1 ) :MR(p(Qm+AQ/a€m'7vm’)7€m’)>MR(p(Qm+AQ/a§maUm)7£m): <q aq 1 )7

which, from Assumption 3’ implies v,,» > v;;,. cost function is increasing in v,

C (qm + Aq/; U’ITL/) - C (Q’rm Um) > C (Qm + Aq/, U’m) - C (Qma U’rn)

v Ao > MCh,

and because

c m A/7 m’_C ms Ym Py
( (q TALY ) (q “ ))>MO(3QO7'Um)>Mcm:p(Qma§m7Um) 1+

limag -0

In (ﬁ) In (p (Qnu Em, Um))
In(8) = In (s (Qm,&m, vm))

Equation (18) does not hold. The proof for the case where the estimated marginal cost is greater than

Aq’

the true marginal cost (e.g., ]\/{[\Cm > MC,,) follows similarly. We illustrate the basic logic of the proof
of part (b), using Figures 1 and 2. We set the x-axis to be the market share s and y-axis to be the price
p. Let AB to be the true demand curve with demand shock being &, and let AC be the corresponding
marginal revenue curve. Also, let the line M C (sQy, vy, be the true supply curve with cost shock v,, and
market size @,,. Then, the equilibrium price and market share for (&,,,v,,) is at point E. Furthermore,
at s (Qm + AQ',&m, Um) < 8 (Qm),Em, Um), the equilibrium marginal revenue and marginal cost curve are
given by H. Note that the marginal cost is given by a higher curve than MC (sQ,, vr) because the
x-axis is s not ¢ and by part (a), we know that ¢,,» > gn,. Let ]\//[\Cm (8Qm,Um), the estimated marginal
cost at the original point be lower than the true supply curve, MC (sQ.n, Vs, ). First, because A/I\C’l is
lower, at point F, the estimated markup, which is the inverse of the price elasticity of market share,
is larger than the true markup. This implies that the estimated slope of the demand curve has to be
steeper than the true demand curve. Therefore, the estimated demand curve going through point F
is the red line F'E instead of AB. Then, wlog, if we set the candidate point P,,, to have the market
share s (Q + AQ', &m, Um), the corresponding price is at F', above the original true demand curve AB.
Next, we take a look at Figure 2, where the points E, F' and H are also shown. In this Figure, we
draw the true demand curve with &,,» > &,,, through F' . The corresponding marginal revenue curve
with &,/ is IJ, so that for F' to be observed, the true marginal cost curve must go through J (the red
positively sloped line), but the estimated marginal cost curve MC,, (s (Qm + AQ') ,vp,) is too low for
that. Hence, point F' and E together do not satisfy Equation (17). A similar argument can be made for
mm (8Qm,Um) > MCly (8Qm, U,) as well.

c. Suppose that around (Qum,Gm,Pm,Sm), MC (q,v) = MC (v). Then, for (Qm/, Gm’,Pm’sSm’),
Qv = Qm +AQ, AQ > 0 having the same v implies the same M C, and also the same M R. Thus, given
the demand shock £ being the same, Py = P, S/ = Sms @mr = Gm + AQS,,. Next, we prove the 2nd
part of c. Choose the point (Qm/, Gm’, Pm’, Smy) such that py = P, Smy = Sim. Then,

E [Cd‘QM’apm’aSm/} —F [Od‘vaprrusm]

MC (vp) = —

To see this, since pm = Pm/y Sm = Smry, MRy = MRy, = MC (vy,) = MC (vy), which implies
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U = Upmy. Therefore,

E [Cd|qm/,pm/, Sm’] -E [Cdlqmapmv Sm] o c (mevm) +MC ('Um) AQsp, — C (Qmavm)

dm’ — qm AQsm
]
Figure 1
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Figure 2
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C.2 Nonparametric Identification of Oligopoly Marginal Rev-
enue.

The marginal revenue of firm 1 in market m can be expressed as a function of own price pi,,, price of
other firms p_1,,, and the vector of observed and unobserved product (firm) characteristics X,,, &,,, of
all firms in the market, i.e., M R(p1m, P—1m, Xm, &, 1). Next, we impose the following two assumptions,
which are similar to Assumptions 11 and 12 for the monopoly case.

Assumption 17 The marginal revenue of firm 1 (wlog, we set the firm under consideration to be the

firm 1) in that market, denoted by MR (Dm,P—1m, Xms&Em, 1) is strictly increasing in own price ppm,.
Furthermore, suppose that we have the second market with demand variables {pm:, Sm/, X/, &, } 5 Such
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that Xy, = Xy = X, S1m = S1m/ = S, Pim > Pim, 00d P—1m = P—1mr = P-1- Then,
MR (p1m; P—1ms Xms & (PmsSm, X) ;1) > MR(p1ms, P—1m/s X, § (P Smr, X) , 1).

Assumption 18 Given {p7X,£71}, market share of firm 1, s (p,X,g,ﬁfl, 1) 1s strictly increasing and
continuous in §. Furthermore, given {p_1,X, &}, market share of firm 1, s(p,p-1,X,&,1) is strictly
decreasing and continuous in p. Furthermore,

limg|—oos (p, X, &6 4, 1) =0, limeroos (p, X, €6 4, 1) =1 and limpreos (p,P-1,X,§,1) =0.

Proposition 6 Suppose Assumptions 1,2,8’,4, 5, 6, 10 and Assumptions 17, 18 are satisfied. Then,

a. Suppose marginal cost is increasing in output q. Suppose we have a firm with Py, = {Qm, Wi, Qs Py Smy Xom, 1}
and another firm with Ppy = {Qm/s Wi/, Qum’ s Pm/ s Sm/s Xms, 1} that is close to P, and w,, =
W =W, X, = Xy = X and the same demand shocks (€,, = &,,, = &), cost shocks that satisfy
Vim = Vi = U, and different market size: Q. < Q. Then, there exist cost shocks v_1,, and
V_1m that are consistent with p_1m = P_1m’ = P—1. Furthermore, it follows that

Sim > Sim/s Pim < Pim/; qim < qim/, (54)

and

Inpim — In E [CUqim:, Wt , Pt St s Xonts 1] — E [Cq1m, Wins Prms Sy Xom, 1
Pim 1_|_ DPim Pim _ [ ‘QIm m’s Pm m m ] [ |qlm myPmySm m ]+O(|Qm/_Qm|)~
Insim — Insim qim’ — Qim
(55)

b. Suppose marginal cost is increasing in output q. Consider a firm with P, = {Qm, W, Qm, Py, Smy, Xom, 1}
and another firm with P = {Qm/, Wi/, Qm’s Pm’ s Sm/ s Xons, 1} close to Py, such that

Qm < Qm’a Sim > Sim’; Pim < Pim/; Qim < Qim/, and P-1m = P-1m’ = P-1,
and equation (55) are satisfied. Then, the true marginal cost of firm 1, MCy,, satisfies

E Cd|Q1m’7Wm’,pm’aSm’aXm’>1 _E Cd‘qlmuwm7pm7sm7xm71
M = [ Ual /}—(h [ ]+O(‘QW—Qm|)-

c. Suppose marginal cost is constant in output. Then, consder a firm with P, = {Qm, Wi, Qm, Pm, Sm, Xm, 1}
and another firm with Py = {Qm/, Wi/, Qm’, Pm’s S/ X, 1} close to Py, that has the same de-
mand shock vector (€,,, =&,, = &) and cost shock (Vi = vim =v) and different market size
Q'rn’ 7& Q’m- Then; it fOllO’U]S that Sm/ = Sm, Pm’ = Pm and qm’ = Qm’slm and

E [Cd|QI7n’a Wi/, Pm/; Sm/, X’m’7 1] —-F [Cd‘QIm; Wi, Pms Sm; Xma 1]
qim’ — qim '

MCi,, = (56)

Furthermore, suppose the marginal cost is constant in output. Then, consider a firm with P, =
{Qm’v Wi/, Am/s Pm’> Sm’, Xn/ ]-} close to Py, that satisfies Sy = Sm, Pm/ = Pms @m' = Qm/S1m
and Quy # Qm. Then, £, = &,.., Vim' = U1 and and equation (56) is satisfied.

Proof.

As before, we suppress w and X from the notation because in this proof, all firms under consideration

have the same w and X.

a. Under the profit maximization assumption, M R (pg, sk, &, 1) = MC (q1k, v1x) at both markets k = m,

m’. Given Qs > Qn, it follows from the assumption that the marginal cost is strictly increasing in

output,

8C (Qm/slm, U)
dq

Furthermore, consider § such that Q,,/s = QmS1m = gim Which implies § < $1,,. From Assumption

18, there exists p > p1,, such that § = s(p,p—1,&,1). Since, from Assumption 17, MR (p,p_1,&,1) is

MR (p1m7p—1m7£;1) < (57)
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strictly increasing in p,

- AC (Qm/ 8, IC (QmS1m,
MR(papflaé‘?l) > (%q ° U) = (Qajl U) = MR(plﬂ’prlaga 1) . (58)

Because both marginal revenue and marginal cost functions are continuous, it follows from equations (57)
and (58), and the Intermediate Value Theorem that there exists pi,, such that p1, < p1m < P and sy,
such that § < sy = 8 (1, P-1,&,1) < $1m and

ac (Qm’slm’7 U)

MR(plm’»P—h&l) = aq

Then, qim’ = Qm’slm/ > Qm’§ = qim-
We also need to show that cost shocks v_1,, and v_1,,,» can be chosen at such level such that p_1.,, =
P—_1m = p_1 is satisfied. This is straightforward from Assumption 3’, i.e. for any j # 1, one can find
Vjm such that
aC (les (plma P-1, 57.7) ,Ujm)

dq

MR (plmap—lagaj) =
and similarly, one can find v;,, such that

80 (Qms (plm’7 P-1, 57 ]) ?Ujm/)

MR(plm'apflvguj): aq

Finally, it remains to show that,

lnplm’ _lnplm:| _ E [Cd|CI1m’>Pm’,Sm’] - F [Cd|Q1m7pmusm] —‘rO(‘Q , —Q I)

Pim 1 +
NSy — Insim,

dim’ — 41im

The first order condition for profit maximization for firm 1 in market m can be re-written as,

1+ 61”‘9 (plmapfla£71) - — MClm _ 80 (Qm31m7v)7
dlnp dq

Pim

where (%W) is the elasticity of demand. Further, marginal cost can be approximated using

finite differences in total costs and quantities of firm 1 in markets m and m/’,

oc (Qmslm’v) _ C(Qm’slm’ﬂ}) - C(QmslmﬂJ) _
9 - Qv Stm — Q@mSim +0 (|Qm/81m/ QmslmD =

C (Qm’slm’a U) -C (Qmslma U)

Qm/slm’ - Qmslm

+0 (|Qm' - Q

because both s1,, and s, are continuous functions of Q,,, @Q../, respectively. Similarly, from the
continuity of S1m, S1m’, P1m and pi,, and the existence of the partial derivative, the marginal revenue
can be approximated as,

dlns (p1m7 p-1,§, 1) - Inprm: — Inpim
= +O(|Qm’_Qm|)~
alnp l’fL(S (plm’apflaévl)) _ln(s (plmypflvéal))
The last part of the proposition immediately follows from the above re-written first order condition and
these two approximations.
b. It is useful to distinguish between the true marginal cost and its estimate. Denote the true marginal

cost as
ao (qlm; Ulm)

MClm = aq
1m
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and let ml be the marginal cost estimate at (g1, V1m ). From the first order condition we know that

true marginal cost and marginal revenue must be equal

-1

8ln8 (p1m7 P-1, Smu 1)
olnpim

Mclm =MR (plmvpfluémv 1) = Pim |:]- +

which can be re-arranged to obtain the following equation,

<5ln$ (p1m7 p—17£m7 1))1 — MClm

—1.
alnpl'm

Pim

Next, we show that we can also express price and market share of firm 1 as functions of relevant exogenous
variables (market size @, demand shock &, own cost shock v) and the price of other firms p_;. The
argument for this is similar as the one for the monopoly case. That is, given p_; and p, £ uniquely
determines s; by s; = s (p,p-1,€&,1). From the assumption, we know that the marginal revenue strictly
increases with p given p_; and &.

Then, given @, g = @s1, and v satisfies the F.O.C:

—1
14+ dlns (pvp—hé?l) — MCl — oC (Q7U).
Olnp dq

p

Now, consider p’ > p. Then, from the Assumption 17, MR (p',p—1,&€,1) > MR (p,p—1,&,1). Fur-
thermore, from Assumption 18, s§ = s(p/,p-1,§,1) < s1 = s(p,p-1,&,1), ¢f = Q18] < Q181 = q1.
Because marginal cost is increasing in output, MC (¢},v) < MC (q,v), and thus, marginal revenue
won’t equal marginal cost. Similar argument can be made for p’ < p. Therefore, {Q, &, v, p—1} uniquely
determines p and s, and thus, the first firm’s price and market share is a function of {Q,&,v,p_1}.
Therefore, following a similar arguement as the one in a, for sufficiently small AQ > 0, the firm
(p(Qm + AQ,E,,, V1m,P-1,1),8(Qm + AQ,E,,,, V1m,P—1, 1)) satisfy the following equation,

ZTL (p (Qm + AQ7£maU1ma P-1, 1)) - ln (p (Q77L7€m7vlm7p—1a 1))

P Qo V1o Pt D U G000 SRQ o 01 010 1)) = 10 (5 (@ o oo 1, 1)) | — O FO((AQ)).
Hence,
(P (Qun + AQ €,y V1, P-1,1) = 10 (0 Qo s Vi -1, 1)
In(s(Qm +AQ, &,y Vim; P-1,1)) = In (s (Qum, &y Vim, P-1,1))
_ MCm 1 +0((AQ)) (59)

p (Qma &> Vim, P—1, 1)

Now, suppose that the estimated marginal cost for firm 1 in market m is less than the true marginal cost,
ie., limsupaguoMCim < MChy,. Then, consider a vector of price and market share (p, §) that is close
t0 (P1m, S1m)s 8 < S1m and satisfies

In (ﬁ) In (p (va£m7U1m7P71»1))
ln (§) ln (S (Qmaﬁnmvlmap—la 1))

Then, from continuity of market share with respect to market size, there exists sufficiently small AQ’ > 0
such that § = s (Q, + AQ',E,,,, V1m,P—1,1) Thus,

- — WC.

p (Qm7€m7U1m7 P-1, 1) 1+

In () — i (p(Qm» &> Vim> P-1,1)) MCip, MChp, )
- UL = —-1< —140 (A .
10(5) =11 (5 (@ b D 1)~ P @miErtmp o) 2 @mEomp D) TR

Hence, by using equation (59), for sufficiently small AQ’ > 0, we can derive:

l?’l (3 (Q7rl7€m7vlm7p—1a 1)) ln (5 (Qm + AQ/7€nmvlm7 P-1, 1)) - ln’ (8 (QTYHSmaUlma P-1, 1))

In (p)
In(8)

< 0.
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The last inequality follows from the Assumption 18, where market share is assumed to be a strictly
decreasing function of own price. Given § = s (Qm + AQ', &,,, Vim, P-1,1) < 8 (Qm, &, Vim, P—1, 1), for
the above inequality to hold, it must follow that p > p (Q., + AQ',&,,,, Vim, P—1,1).
We now show that there exists such pair (8, p), specifically that there exists (£,,,/, Umn) such that &1, >
Simy € imr = € 1, and § = s(Qm + AQ, &, Vi, P-1,1), P = P(Qm +AQ", &, V1, P-1,1).
s(p,p-1,&,,, 1) being a continuous and decreasing function of own price and p > p (Q., + AQ', €., V1m, P—1,1)
implies s (ﬁa £m7 P-1, 1) <s (p (Qm + AQIa £m7 Uim, P-1, 1) 7£m’ P-1, 1)' Since s (p7 P-1, 57 5—1’ 1) is con-
tinuous and strictly increasing in  and limgqoo s (]5, &€ 1,,,P-1, 1) =1>s{p@Qm+AQ,E,,, vim,P-1,1),&,,,P-1,1) >
s(p,&,,,P-1, 1), it follows from the Intermediate Value Theorem with respect to £ that there exists such
£m’ .

Next, we show that there exists v, that equates marginal revenue to marginal cost. The marginal
revenue of the point (p, s (p,&,,/),pP-1,1) is

MR(ﬁvp—laémHl) :ﬁ

~ —1
1+ (8[718 (pap—laémHl)) ‘| )
Olnp

Since MC' is an increasing and continuous function of v and lim, ocMC (8§ (Qm + AQ’),v) = 0 and
limpreoMC (8 (Qm + AQ’) ,v) = oo, from Intermediate Value Theorem, there exists v1,,,, that satisfies

MR (ﬁa SmH P-1, 1) =MC (<§ (Qm + AQ/) ) Ulm’) )
Similarly, we can show that there exists vjy,/, j # 1 such that

ac (Qms (ﬁ7 P-1, Em/hj) 7Uj’m/)
Oq ’

MR(ﬁap—lvgm”j) =

Because 5 = s (Qm + AQ/a ém’, Uim's P-1, 1) =S (Qm + AQ/7 £ma Uim’, P-1, 1) andﬁ =p (Qm + AQ/7 £m’7 Uim', P-1, 1) >
p (Qm + AQ/7€nL7U1m7p—la 1)7 lf we denOte 23 = p(Qm + AQ/7Ema Uim,P-1; 1)a S=s (ﬁa p—lvém)a then
P> P, 8§, = § and from Assumption 17 we know that:

MR (ﬁap—lvgm’ (ﬁap—lvé) ) 1) > MR (ﬁ7 ém (ﬁ, p—laé) yP-1, 1)

Furthermore,
(Qm + AQ/) 5= (Qm + AQ/) 5= qim + Aql-
where ¢, = QmS1m-. Therefore,

oC (q1m + Aqlv Ulm’)
Jq

= MR(ﬁap—hgm’al)

~ aC m+A/7Um
> ME(.po1. £, 1) = A0 by i),

which implies that vy,,y > v1,,. Therefore,
MC (qim, Vim') > MC (qim, Vim) > mlm
and because marginal cost is increasing in output and v, and so is the cost function, for sufficiently small
/
A C (q1m + Ad, v1im) = C (qim, V1m) < C(q1m + Ad, V1) = C (q1m, Vim)
Aq Aq

>J/\4:b1m

and because

, C (qim + A", V1) — C (Gims Vi _
l’L’IﬂAq/—m (ql g UlAq) ((h k! ) > MC (qlm,vlm) > MC’lm

ZTL (ﬁ) - ln (p (Qma gfrm Uim,P-1, 1))
In (é) —In (8 (vaéma Uim, P-1, 1))

= p(Qm7€m7U1m7p—171) 1+
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,equation (55) does not hold. The proof for the case with the estimated marginal cost is greater than the
true marginal cost (e.g., mlm > MCy,,) follows similarly.

c. Suppose for any (¢,v), MC (q,v) = MC (v). Then, for P, = {Qm/, Wi, Qm’, Pm’s Sm/s Xoms, 1}
having the same v,y = v, = v, MC(gjm,v;) = MC(¢jm,vj). Threfore, MR (p1m,pP-1,€,1) =
MR (p1m,P-1,&,1), which implies p1,,, = p1m- Therefore, p,, = ppy = p and thus, s, = s(p, &) =
Sm. Finally, consider the case where the marginal cost is constant. Then, one can find a close point
(Qm, Pm/s Smy) such that Q. # Qm, Pm/ = Pm, Sm/ = Sm, and thus, &, = &,,,, and therefore, those
two firms have the same marginal revenue, i.e. the same marginal cost, i.e. MC (q1m,V1m) = MC (V1) =
MC (g1, V1m) = MC (V1) Because marginal cost is increasing in cost shock, v1,, = V1, = v, and
thus,

E [Od|QIm’apmHSm/7 1] —-FE [Cd|Q1m,pm,Sm7 1} _ C(qim,v) — C(qim,v) _ MC (v) (qrm' — qim)

= MC (v)
Qim’ — q1im qim’ — qim qim’ — qim

and claim holds. m

D Identification of the NLLS Sieve Estimator

We now prove identification of the NLLS Sieve Estimator defind in equations (23) and (25).
We also assume invertibility of unobserved product characteristics € from the vector of prices, market
shares and observed product characteristics.

Assumption 19 For any J =1,..., s such that 0 < s; <1, 7 =0,...,J, Zj:o =1, and p € R,
X € R’ there exzists a vector of unobserved characteristics & such that s = s (p, X, €). Furthermore, we
assume that given p, X, & = £ (s,p, X) is a continuous function.

Proposition 7 Suppose Assumptions 1-6, 8, 16-19 hold. Then, for any 6 € O,
E [(C = ¥ (@jms Wims MR (80),70))"| = 02 < B [(Cihy = (@joms Wym, MR (6) 7))
and equation (23) identifies Og,. That is, we prove the following. For any 0. that satisfies
B (O = (@ms Wjms MRy (8.),7.))° ] = B [ (Coh = 0 (@joms Wyms MR (00) . 70)) | =
, 0.p = 0Ogp.
Proof. For each firm the observed cost is

dem = @(ij) + Nim = QD(PC (QjmaWjTTMMR (pmasm7Xm7j7 00))) +77]m

for firm/product j in market m, and 7;,, is the measurement error. Denote the sieve function of g,
Wjm and M R, as

¢ (quru Wim, Mij (9) 7’7) = Z ’}/lwl (qjma Wim, MRj'rrL (0)) .
1=1
Then, because of Assumption 8,
2
B [(Ch = ¥ @ms Wims MR (0),7)) ]
E |:(90 (Cj ) - "/J (Qij Wim, Mij (0) 77))2} +2F [(90 (Cj ) - ¢ (qjm7 Wim, Mij (6) 7'7)) ij] +FE (7732m)
E

{(‘P(Cj ) = ¥ (¢jms Wim, M R, (o) ,7))2] + 07
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From Assumption 16, there exists an infinite sequence 7o = {70;};=, such that
¢ (Cim) = ¢ (PC (qjm, Wjm, M Rj (80))) = ¥ (qjm, Wim, M Rjm (00) ,Yo) -
Therefore,
B (G = @i Wjms MByn (8),7))°] 2 B [(Clh = & @gms Wjms M By (86) 7)) °] + 02 = o
and
B |(Cohs = @ims Wions M (02) 7)) | = B [(€ (@ims Wym: M By (60) 70) = ¥ (@jons Wims My (8) ,7,))° | +02-

First, assume 0., # 0o,. Because ¢ (., ., .,7) is a continuous function on the support of (¢, w, M R (6y)),
in order for the equality

E |:(dem - w (Qjmijm, Mij (9*) ,7*>)2} — 0'2

to hold,
¢ (qjijaMRj (0*) a'.)/*) = flp (ijwijRj (00) 170)

needs to be satisfied for all (¢;, w;, M R; (60)) belonging to the support of the joint distribution. Since,
by assumption, the true pseudo-cost function is increasing in MR,;(6y), there exists a function d such
that d(MR (p,s, X, ,0._p,0.,)) = MR (p,s, X, j,00—p,00p) has to hold for the variables in the support.
Therefore,

© (@jm> Wim, M Rjm (80) ,70) = ¢ (@jm, Wim, M Rjm (04) ,7.) ,

and, MR, (60) = d (MR, (0.)), where d is a continuous function. .
From Assumption 12, if 8., # 0q,, there exists two firms with  and & such that for any 8_, € x_,

MR (p, 5,X,5,0_,, 00,,) — MR (f), 5,X,5,0_,, eop) . (60)
but
MR (15, 5,X,5,0_,, o*p) + MR (ﬁ, §,X,5,0_,, o*p)
Now, set 8_, = 0._,. Then,
MR (5,5,X,7.0.,0,) # MR(5,5X,5,0.,,0.,) (61)

= d (MR (f),sj(,j, 0. 0., ) £d (MR (f),é,):Qj, 0*,,,,9*,7)) ,

which contradicts equation 60. m

E Semi-Parametric Cost Function Estimation.

Once we have estimated the market share parameters, we can use the recovered marginal revenue and
the pseudo-cost function to nonparametrically reconstruct the cost function. We do so in 3 steps, where
we extensively use the supply-side F.O.C.’s and estimated marginal revenue.
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Step 1

Suppose that we already estimated the pseudo-cost function PC (¢, w, MR,%,,). Then, we can derive
the nonparametric pseudo-marginal cost function as follows:

MC q7W C ZMR( TthmaSmajvéM) Wh (Q*q]m,W*ij,C*ﬁE’(qjm,ij,MR]m (éM) 76’]\/[))

where the weight function is

K, (0= Gm) Ky (W = W) Ky (€ = POy

Yo Ky (@ = art) Ky (W — W) Kp (C' - I/DBM)

Wh (q — Qjm, W — Wiy, C — ]gajm> =

MR (Xm, PrmsSms Js 9M) can be both parametric or nonparametric.

Step 2

Start with an input price, output and (true) cost triple w, g, and C. Then, there exists a cost shock ©

that corresponds to MR = MC ((LW, C‘) = MC (q,w,v). Notice that we cannot derive the value of ©
because we have not constructed the cost function yet. For small Ag, the cost estimate for output g+ Ag,
input price w and the same cost shock © is

C (7+ Aq,w,0) = C + MRAq.

Then, from the consistency of the marginal revenue estimator (which we will prove later) and the Taylor
series expansion,

C(a+Aq,w,0) = C (q+ Aq,w,0) + MRAg + O ((80)°) +0, (1) Aq.
At iteration k > 1, given 6k_1 =C (G4 (k—1)Aq,w,D)
C(q+kAq,w,0) = Ch_q + MC (q+ (k—1)Aq,w, C‘k._l) Aq.
Thus, from Taylor expansion, we know that for any k& > 0,
C (G + kAq,w, ) = C (7 + kAq, w,7) + O (k (Aq)Q) + ko (1) Ag

Thus, we can derive the approximate cost function for given input price w and quantity ¢

Step 3

Next we derive the nonparametric estimate of the input demand. Denote 1(g, w,C) to be the vector of
input demand given output g, input price w and cost C. Then, its nonparametric estimate is:

q,w ) Zlngh ( — Qjm, W — Wi, C — PC (qjm,wjm7Mij (9M) ,‘yM)) .

where 1;,,, is the vector of inputs of firm j in market m. Notice that from Shepard’s Lemma,

oC (q,w,v)

= ow
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Start, as before, with ¢, w, and C. Next, we derive the cost for the output ¢, w + Aw for small Aw that
has the same cost shock v. It is approximately:

Gy =C(gw+Aw,0) =C+1(3,w,C) Aw + O ((HAW||2)) +o, (1) ||AW].
At iteration k;1, given Coo1=0C (g, w+ (k—1)Aw, D)
C (@, W+ kAw,0) = @\k,l +1 (c}w + (k—1) Aw, G,H) Aw

By iterating this, we can derive the approximated cost function, which satisfies

~

C (g, w -+ kAw,0) = C (g, w + kaw, ) + O ((k]|aw]?) ) + ko, (1) [ Aw]

for any £ > 0.

F Large Sample Properties of the NLLS-GMM Esti-
mator.

In this section we show that the estimator is consistent and asymptotically normal. Notice that in our
sample, we have oligopolistic firms in the same market. Because of strategic interaction, equilibrium
prices and outputs of the firms in the same market are likely to be correlated. To avoid the difficulty
arising from such within-market correlation, our consistency proof will primarily exploit the large number
of isolated markets, with the assumption that wages, unobserved product quality and cost shocks are
independent across markets>*. Without loss of generality, we assume that in each market, the number of
firms is J. Notice that in our objective function, we have two separate components: one that involves the
difference between the cost in the data and the nonparametrically approximated pseudo-cost function,
which identifies « for the Berry logit model and (pq,0,) and og for the BLP random coefficient logit
model. The second component is the objective function that is based on the orthogonality condition
&,,1X,,, which identifies 3 for the logit model and pg for the BLP. We denote 6 = (03, 6.), where 6.
is the vector of the parameters identified from the difference between the cost data and the pseudo-cost
function. That is, 8. = « for the Berry logit model and 8. = (uq, 04, 0g) for the BLP model. We denote
s to be the vector of parameters that are identified by the orthogonality condition §,,, 1 X,,, which is3
for the Berry logit model and p4 for the BLP model.

In our proof, for the pseudo-cost function part, we follow Bierens Bierens (2014) closely. Most of the
assumptions below are slight modifications of the ones by Bierens (2014), where we changed the signs
to use them for minimization of the joint objective function rather than maximization of the likelihood
function.

Let ym = (Qm, vec (W), C4 vee (X)) vee (pm) , vee (sm)/),7 where C4, = (C{,,,C4,.., ..., Cﬁm)’,
W = (Wim, Wam, ...,ij)land define

2

dem - Z%d’z (QjmawjmaMR (Xm,pm,sm,j, 0(‘)) ) (62)

J
= l

Flymx) =)
j=1
and Q (x) = E[f (ym,x)], where x = (6.,7")" = {xx}2,, with

- Ocr, forn=1,..,p,
Xn = Yn—p forn>p+1.

34The assumption of independence of variables across markets are employed for simplicity. We leave
the asymptotic analysis with some across market dependence for future research. For Strong Law of
Large Numbers under weaker assumptions, see W.K.A (1988) and the related literature. As we have
discussed earlier, those assumptions are not required for identification.
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where p is the number of parameters in 8.. Parameter space is Z = O, x ' (T'), where 8. € ©. is compact
and

D(T) ={y={mlzs : IV =T},

and is endowed with the metric d (X1, X2) = |x1 — Xall, where ||x|| = /D peq X3-
Let x be the vector of true parameters. Define also

- (C] for k < p,
T Ox Ty, (T) for k>p+1,

where k € N, T'y, (T) = {mpy : ||my|| < T}, and 7y, is the operator that applies to an infinite sequence
v = {7}~ replacing all the ,,’s for n > k with zeros.
The following assumptions are made:

Assumption E.1
) Y1, Y2, - yM are i.i.d. with support contained in a bounded open set V of a Euclidean space.
) For each X € 2, f (¥m,x) is a Borel measurable real function of y,,.
¢) f(¥m,X) is a.s. continuous in x € Z.
)

(a
(b
(

(d) There exists a non-negative borel measurable real function f (y) such that F [ f (ym)} > —oo and

f(ym:x) > f(y) for all x € E.

(e) There exists an element X, € = such that Q (x) > Q (xo) for all x € E\ {xo}, and Q (x,) < o©.

(f) There exists an increasing sequence of compact subspaces Zj, in Z such that x, € Up—; Zx =E C =
u

Furthermore, each sieve space = is isomorph to a compact subset of a Euclidean space.

(g) Each sieve space Ej contains an element x;, such that, limg oo F [f (Ym, Xi)] = E [f (¥m, X0)]-
(h) The set Zoc = {X € E: E[f (¥m,X)] = o0} does not contain an open ball.
(

i) There exists a compact set =, containing x, such that Q (x,) < E |in xem\a. S (Ym,X)| < 0.

Assumptions (a)-(f) are well established in the literature (see e.g. Bierens (2014). For example, (d)
is satisfied because of the definition of f () > 0 from equation 62. (e) follows from the identification of
Xo in Proposmon 2. (f) is required in order to make estimation feasible. In particular, since minimising

Qu =M1 Zm 1 f(¥m, x) over = is not possible given that = is not even compact, (f) ensures that the
minimization problem can be solved in terms of Zy,,, i.e.

Xy = arg min Qar (x),
x€

:kM

where ks is an arbitrary sequence of M that satisfies ky; < M, limp;_, o0 kpr = 00. We will assume

E[f (ym:Xo)] < lim E [infycziz f (ymX)]

where 2, = X2, [-X,, 7, =X, 7], and {X,,},., satisfies Z Xp, < 00; 8UP,,>1 |X0.nl /X, < 1. Then, there

exists 7 < oo such that, if we set =, = E,, (i) holds. Then from Kolmogorov’s Strong Law of Large
Numbers, for a given x € =,

M
1 . .
i E infx.ezlix—x.l<ef YmsX.) @8E [infy ez x—x.l<ef (YmsX.)] as M — 0.

m=1

Furthermore, Now, for an arbitrarily small n > 0, let =, = {x : [[x — Xol| = 7} NEc. Then,

limeioinfx*EEn,Hx—X*H<ef (ym7 X*) > f (YM7X)

And from Monotone Convergence Theorem,

limeyoE [infy ez, Ix—x.l<ef FmsXa)] = E[f (¥, X)]

78



Let {Be (x)} ez, be the open cover of the compact set =y, i.e. Be (x) = {Xx : [[x — x| < €} Then, it
has a finite subcover of {B. (Xk)}fzflsatisfying

M
Z infx*EBe(xk)ﬁEnf (Yms Xx) (ﬁ;minkzlw-vKEE [infx*EBe(xk)ﬁEnf (Ym» X*)] .

m=1

1
K qf

Ming—1,...,
as M — oo. Therefore, from Assumption E.1, (e)

. . 1 . . )
anxEEnpllmM—moM Z J Ymx) = limeyo [ming—1,... k. E [infx eB.oxnz, f mx.)]]

m=1

= infxez, E[f (Ym: )] > E[f (Ym: X0)]- (63)

Furthermore, from SLLN, we obtain

M
1 . .
XE Z\=, Z f yma 2 M Z m er\ETf(miX) %E {ZTL XeE\ETf(ynmX) > E[f (YmaXO)]'
m=1 m=1

(64)
From 63 and 64, we derive

Ymvx [f (Y'rmxo)]

M:

ianeE’”X*XOHZUplimM_)OO

m=1

Next, we consider the moment-based objective function. Denote v, = (ym,vec(Z,,)) where Z;,, is
the vector of instruments for firm j. Furthermore, let g (vin,J,0) = &; (Pm; Xm,Sm, 0) Zjm, gr (4,0) =

% Z%:l S] (pTTU Xmu S, 0) ij7 i.e.7

g(vmal,e) gMm (vmalae)
g(Vm,J,O) M (V’ma‘]a 0)

, and G (0) = 0gjn (0) /00. Then, we assume the following.

Assumption E.2
a) We assume that vy,..., vy, are i.i.d. distributed, and therefore, for any parameter 8 € O, g (v;,,8),
m =1,..., M are also i.i.d. distributed.
b) W is symmetric and positive definite, and WE [g (v, 8)] = 0 only if 85 = 4.
¢) g (Vin, 0) is a continuously differentiable function of 8.
d) E [supace.; | (v, 0)] < o0.
e) E|g(Vin,00) g (Vin, 00)'] is positive definite.
£) supjo—o,|<sn 10811 (8) /00| = O, (1) for dpy — 0 as M — oo.
Assumption (c¢) and (f) implies stochastic equicontinuity, which implies Assumption (v) of Theorem
7.2, Newey and McFadden (1994). This result is used late for asymptotic normality proof.
Following the proof by Newey and McFadden (1994), Theorem 2.6, we can show that

supgee ||gar (8) Wear (8) — E [g (vin, 8)] WE [g (vin, 0)]|| _P,0.
For any 0 # 6g, suppose first that 8. # 0.0, i.e. |8, — O] > n for some n > 0. Then,
plimarsoogar (8) Wgns (0) > 0= E g (vin, 00)] WE [g (Vin, 00)] = plimas—ocgar (80) Wegar (8o) .

Furthermore, since ||x — xoll > |6c — Ocoll > 71

M
plZmM—moznfxeu,Hx x0\|>nM Z Ym,X [f (Ym7XO)]
m=1
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and similarly, for 83 such that |65 — @30] > 1,
plimarsocgar (8) Wensr (8) > 0= E g (Vin, 00)] WE [g (Vin, 00)]
and
M
. . 1
plzmM—moznfer,foxOHZnM Z fym:x) = E[f (ym:X0)]-
m=1
Therefore, limas—oo P (|| gas — ppoll = 1) U ([|8crr — Ocoll = 1)) = 0, and we have shown that plim [0, vy,] =

[80,70). If we were to use the two-step GMM, then the weighting matrixis W = E [g (Vy, 80) & (Vin, 00)'] -

and its sample analog, W, = [gM (Or)gm (HM)/] 71. Then, if @, is the estimator with the initial pos-
itive definite weight matrix Wy, then, we have shown that plim; _..0on = @9. Hence, from continuity
of g (v, 0) with respect to 6. and intertibility of E [g (Vin, 0) g (Vin, 0)/]7

plimpy oWy = W.

Then, since the assumptions of theorem 2.6, Newey and McFadden (1994) are satisfied, 0y £>0as M —
0.
Next, we prove asymptotic normality. To do so, let

L (T) = {7 = {%}2021 : an [n] < T} )

n=1

o0
for some T large enough such that v, € T', (T') and associated metric ||v; —vs|, = > 2" 71,0 — V2,0l
n=1

Yi = {’Yi,n}ibo:l. Furthermore, the sieve space is replaced by

2 = {x={xntner: Ixll, <T, T > lIxoll, };
{mex s lmexll, < T}

Er,k
The following assumptions are employeed:

Assumption E.3
(a) Parameter space = is defined with a norm ||x||,, = Y77 | n" |xm| and the associated metric d (x;, X2) =
x1 — x|l
(b) True parameter x5 = {Xxo,n},.; satisfies |[xoll, < oc.
(c) There exists k € N such that for k large enough X, , = mrX( € =frt where =it is the interior of the
sieve space Z.
(d) f (¥m,Xx) is a.s. twice continuously differentiable in an open neighborhood of x.
(e) For any subsequence k = ks of the sample size M satisfying ky — oo as M — oo, plimar oo || Xk, —

XOHT =0.

(b) imposes a boundedness condition on the true parameter values. (c) employs stronger requirements
on the parameters than Assumption E.1. That is, the true parameters need to be in the interior of the
parameter space. The differentiability of the objective function in (d) is necessary for the derivation of
the asymptotic distribution of the estimator. (e) is straightforward to show given (a)-(d) and Assumption
E.1. Furthermore, we also assume:

Assumption E.4

(a) There exists a nonnegative integer ro < r such that the following local Lipschitz conditions hold for
all positive integer 7 € N we have

E|V,f (v, x0) = Vi (vsxo0) || < CjlIxo = X0l

where V; f (Ym:Xo) = Of (YmsXo) /9X0 ;> Zjoil 279C; < oo and the sieve order k = kj; is chosen such
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that

lim VM Z " | Xon| = 0.

M—o0
n=knr+1

(b) For all j € N, E[V;f (y,x0)] = 0.
(€) X521 7277 [(V5f (v, x0))?] < oc.
For some 7 > 0,
d) ZJO; 2211 (jn)_Q_TE [IVjnf (¥, x0)l] < oo, where Vi f (ym, Xo) = > f (YrmXo) / (8X0,j8X0,k)'

)

) lime o330, 3002 ()T B [supjx—xo ), <e Vi (7, X) = Vinf (7, X0)l] =
) For at least one pair of positive integers j,n, E [V, pynf (¥, X0)] # 0.

g) rank (By,) = k for each k > p, where

E [vlvlf (ya XO)] e E [vl,nf (Ya XO)}
By, = : :
ENViif(y,xo)l -+ ElVinf(y:Xo)]

(b) postulates that the F.O.C. holds for the true parameter value, which we know is satisfied. (c) im-
poses boundedness for the first-order derivatives. (d),(e) are necessary in order to extract the parameters

of interest via projection residuals. (f), (g) impose necessary regularity conditions on the second-order
derivatives, in fact (f) is already implied by identification of x,.

Let
W, (u) = | L s Vifi (X
n(u)_k:1 ﬁ; k?f] (Xn) Nk (u)
K, 1 M
Talw) =Y | 5= 32 (Fudi () = Vifs (x2)) | e (@)
e \/M; kJj kJj k
K, 1 M
Zn (u) = —= D Vil (xn)| m (u)
k=1 M]:l o ’
K, 1 M
bn I v,fj X9L+)‘ )A(n_X?z 77(“)
! 2 \/M; ki ( K ( )| e

where 1, (1) = 27%v/2cos (kmu). Recall that in this case, n denotes the number of parameters, including
sieve polynomials. Now, as in Bierens (2014), let

an (u) = (G1,n (W), a2, (W), ..., apn (u))

be the residual of the following projection
bron () = A [by 1,0 (1) sy Bn ()] + 10 ()

Then, given the Assumptions E.1-E.4 we have
1 . 1 . . A
/ i () () du/B (Bens — 000 = / i () (2 () — Wiy () =V 1))
0 0

where @, (1) @, (u)' is a p by p matrix, and O.rr — B0 a p by 1 vector. Now, from the arguments similar
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to the Theorem 7.2 of Newey and McFadden (1994),

G (0r) Wargar (81r)
= G (0n) Wagn (00) + Gar (0r1) WG (é) (@rr — 69) .

where Gy (0p) = 0gn (00r) /00, and fis the intermediate value between 6, and 0. Hence, together,

Ao 00 Wi (8)] Ao WG (9)] v
A |G (011) WG (é)]m1 A[Gar (011) WGy (é>}2:,,,2;,> [ s (1) iy () { Bers — 6. ]
—A (G (0m) Wargn (60)]
= VM -A [GM (GM)/WMgM (90)]2:1) ffolj‘;[nm (u]\)/[(%iM (()u) - WnM (u) - an\l (u)) du ‘|

Now, we impose an addititional assumption that
Assumption E.5

F =

A[G'WG] A[G'WG], ,,,
A [G/WG]Q:p,l A [GIWG]Q:p,Q:p + fol a (u) a (u)/ du

is a full rank matrix, thus, invertible.

Then,
VM (éM - 00) 4N, (0, F1YF1)
where
v A2 [G'WE WG], A[G'WEGWG], ]
A[GWEWG], | A2 [G'WEGWG], .+ [o [y a(u) T (ur,uz) a(us) dugdus

and T (ug,us) = E[Z (u1) Z (u2)].
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