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Abstract

The aim of the new muon g-2 experiment at Fermilab is

to measure the anomalous magnetic moment of the muon

with an unprecedented uncertainty of 140 ppb. A beam

of positive muons required for the experiment is created

by pion decay. Detailed studies of the beam dynamics

and spin polarization of the muons are important to predict

systematic uncertainties in the experiment. In this paper,

we present the results of beam simulations and spin track-

ing from the pion production target to the muon storage

ring. The end-to-end beam simulations are developed in

Bmad and include the processes of particle decay, collima-

tion (with accurate representation of all apertures) and spin

tracking.

INTRODUCTION

The muon has a magnetic dipole moment related to its

spin by ~µs = g(eh̄/2m)~s. Radiative corrections from

quantum electrodynamics lead to some small difference

from g = 2 expected from the Dirac equation. The dif-

ference is measured by the anomalous magnetic moment

aµ =
(

g−2

2

)

, which is a fundamental constant relating the

magnetic moment and the spin. Precise experimental deter-

mination of the anomalous magnetic moment of the muon

(muon anomaly) has the potential to reveal the effects of

particle physics beyond the Standard Model.

The new muon g-2 experiment at Fermilab (E989) [1]

will measure the muon anomaly to an uncertainty of

140 ppb. A beam of longitudinally polarized muons with

“magic” momentum pm = 3.094 GeV/c will be injected

into the storage ring and circulated in a highly uniform

magnetic field. In this case, the difference in angular fre-

quency between the precession of muon spin and the muon

momentum is given by simple formula: ωa = −
e

m
aµB.

The muon anomaly aµ can be determined by measuring

two quantities: the storage ring magnetic field B using a

number of NMR probes, and the angular frequency ωa us-

ing 24 calorimeters distributed inside the ring. The beam

of positive muons decays into positrons and neutrinos. Due

to the chiral nature of the weak force, the highest energy

positrons are strongly correlated with the direction of muon

spin. Tuning the calorimeters to register only high energy

positrons, the number of positrons detected (time spec-
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trum) is modulated by the angular frequency ωa as the spin

precesses.

The key improvement of the new muon g-2 measurement

is that the Fermilab accelerator facility can provide a high

intensity, pure muon beam to increase the statistics for the

g-2 experiment.

PARTICLE TRACKING

A high intensity 8 GeV proton beam coming from the

booster hits the production target and produces a beam of

secondary particles that is a mixture of different species,

but consists mainly of protons and positive pions. At the

end of the M2M3 beamline (length 300 m) that connects

the target and delivery ring, most of the pions have decayed

into positive muons. The mixed beam enters the delivery

ring (circumference 505 m) and circulates several turns to

achieve a longitudinal separation between the protons and

muons, due to the velocity difference between the differ-

ent species. On the fourth turn, the longitudinal separation

is sufficient for a fast kicker to remove cleanly the trailing

proton beam. Then, on the same turn, the muons are ex-

tracted into the M4M5 beam line (length 140 m) that trans-

fers them to the storage ring entrance. A more detailed

description of the lattice can be found in Ref. [1].

The existing accelerator facility at Fermilab is being

adapted to the requirements of the g-2 experiment. The

baseline lattice design is now established, though some op-

timization may still be done. Accurate tracking simulations

are needed to evaluate the lattice performance.

A beamline model (corresponding to the baseline de-

sign) from the production target to the entrance of the stor-

age ring (including the delivery ring) has been developed in

Bmad [2]. Modelling the lattice in Bmad allows the imple-

mentation of particle tracking, collimation, pion decay and

spin tracking. A special module has been developed in F90

to include pion decay kinematics in the Bmad tracking.

The apertures of all the quadrupole and dipole magnets

were carefully included in the Bmad model according to

the latest engineering specification. The Bmad implemen-

tation makes it possible to assign an accurate description

for the “star chamber” aperture into quadrupoles (without

any approximation). The majority of quadrupoles in both

beamlines and the delivery ring have the star chamber aper-

ture.

The 6D distribution of secondary particles at the exit of
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the production target was obtained from MARS simulation

of 109 protons on the target, and was used as the initial dis-

tribution in the tracking simulations. The initial numbers of

secondary particles per proton on target (POT) are as fol-

lows: 12.45×10−3 protons, 1.17×10−3 positive pions and

3.04 × 10−6 positive muons. The longitudinal distribution

of all particles was assumed to follow that of the incident

proton beam.
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Figure 1: Optics functions (top plot) and number of par-

ticles per POT (bottom plot) along the M2M3 beamline,

showing protons (red line), pions (green line), pions (with

pion decay turned off, green dashed line), muons (blue

line). Muons with momentum in the range of ±2%, ±1%
and ±0.5% with respect to 3.094 GeV/c are shown by ma-

genta, light blue and orange lines, respectively. Black lines

correspond to results from an independent calculation us-

ing G4Beamline.

Figure 1 shows the population of protons, pions and

muons as a function of position along the M2M3 beam-

line, found from the Bmad tracking. Secondary particles at

the target have a wide momentum distribution. The separa-

tion magnet located after the production target selects par-

ticles with momentum around 3.1 GeV/c, which decreases

significantly the number of pions at the beginning of the

beamline. Although the pion decay angle (the angle be-

tween the initial direction of the muon and its parent pion)

does not exceed 14.5 mrad, the transverse phase-space of

all the created muons is 112 mm.mrad (calculated from the

second-order moments), which is larger than the beamline

acceptance of 40 mm.mrad. This causes a loss of muons in

the FODO straight sections because of collimation on the

quadrupole apertures where the betatron functions have lo-

cal maxima. In the lab frame, the momentum of the created

muon can differ from the momentum of the parent pion by

a factor from 0.57 to 1.0 with uniform probability. Thus,

the average momentum of all created muons is 0.67 GeV/c

less than the average momentum of all the decayed pions,

as shown in Fig. 2. Moreover, the momentum spread of the

created muons is larger than the momentum spread of the

decayed pions. This leads to a significant loss of muons

with momentum outside ±2% from the magic momentum

in the achromatic bend (around s = 160 m) where horizon-

tal dispersion occurs. At the end of the M2M3 beamline

the muon momentum distribution is centered on 3.1 GeV

with one standard deviation of ±2.7%.
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Figure 2: Momentum distribution of all created muons

(blue line) and all decayed pions (green line). Muons: the

average momentum is 2.43 GeV/c with one standard de-

viation of 0.4 GeV/c. Pions: the average momentum is

3.093 GeV/c with one standard deviation of 0.17 GeV/c.

The results of pion tracking performed using

G4Beamline [3] are shown as a black line in Fig. 1.

There is a good agreement between the two different codes

regarding the numbers of pions and muons.
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Figure 3: Number of particles as a function of turn number

in the delivery ring.

Approximately half of the muons injected into the de-

livery ring are lost in the first turn because of the momen-

tum acceptance of the ring, as shown in Fig. 3. The pop-

ulation of muons does not decrease significantly on subse-

quent turns. All the pions have decayed before the third

turn.

The M4M5 beamline transfers to the storage ring inflec-

tor approximately 80% of muons extracted from the deliv-

ery ring, as shown in Fig. 4. Muon loss takes place mainly

in the vertical dogleg and in the final focus of the beam-

line. The momentum distribution of muons entering the
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Figure 4: Number of muons along M4M5 beamline.
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Figure 5: Momentum distribution (left plot) and longitudi-

nal distribution (right plot) of muons at the end of M4M5

beamline. The red line on the right-hand plot shows the

initial distribution of pions at the target normalized to the

number of muons.

inflector is shown in Fig. 5 (left plot). The muons have av-

erage momentum 3.095 GeV/c with one standard deviation

of 1.3%. Figure 5 (right plot) shows that the final longi-

tudinal distribution of the muon beam does not vary from

the initial longitudinal distribution of the pions. The total

number of muons per POT is 7.8×10−7 where 6.9×10−7,

3.9 × 10−7 and 1.9 × 10−7 muons per POT are within the

range of momentum ±2%, ±1% and ±0.5%, respectively.

The horizontal and vertical emittance of the muon beam

calculated from the second-order moments is 10 mm.mrad.

The direction of the muon spin is opposite to the muon

momentum after pion decay. The change in angle between

the spin and momentum over a number of turns N in a

storage ring is ∆φa = 2πNγaµ, that is 0.214 rad per

revolution for muons with magic momentum pm. There-

fore, the difference in precession angles for off-momentum

muons is dφa/dδ = 2πNγaµ = 0.214N rad where δ =
(p − pm)/pm. Figure 6 (left plot) shows the distribution

of spin precession angles at the inflector entrance after four

turns in the delivery ring found from spin tracking. The

spin polarization is directed 0.851 rad from the beam direc-

tion with one standard deviation of 0.0157 rad. The vertical

spin component has an average value of 10−4 rad with stan-

dard deviation 0.004 rad, as shown in Fig. 6 (right plot).

The correlation between the spin precession angle and

the momentum is show in Fig. 7. The linear fit to the track-

ing data obtained at extraction from the delivery ring and at

the exit of M4M5 beamline is φa = (0.852δ + 0.87) rad
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Figure 6: Distribution of spin precession angles and verti-

cal spin components at the end of M4M5 beamline.
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Figure 7: Correlation between angle of spin precession and

momentum at extraction from delivery ring (red line) and

at the exit from the M4M5 beamline (blue line). The error

bars show ± one standard deviation of the spread in spin

angles from the average value (points). The dashed line

shows the correlation between precession angle and mo-

mentum predicted by theory.

and φa = (0.857δ + 0.853) rad, respectively. Taking

into account the fact that the average precession angle of

muons entering the delivery ring is 0.0084 rad (because

of the bend achromat), the results of the spin tracking

are in good agreement with the analytical estimate φa =
(0.859δ + 0.867) rad, shown in Fig. 7 as a dashed line.

CONCLUSIONS

Beamline models from the pion production target to the

entrance to the storage ring have been established in Bmad,

including accurate descriptions of the apertures, tracking

of particles with decay processes, collimation, and spin dy-

namics. There is good agreement between the results from

Bmad and from an independent model in G4Beamline.

Studies of muon spin dynamics show the expected be-

haviour in terms of the polarization angle and spin pre-

cession rate for particles with non-zero energy deviation.

Some work is still needed to include a 3D field map of the

inflector in the Bmad model. Development of a model of

the storage ring in Bmad is in progress to investigate the

systematic uncertainties in the differential decay distribu-

tions.
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