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Abstract

A special case of a conjecture raised by Forrest and Runde (Math. Zeit., 2005) asserts
that the Fourier algebra of every non-abelian connected Lie group fails to be weakly
amenable; this was already known to hold in the non-abelian compact cases, by earlier
work of Johnson (JLMS, 1994) and Plymen (unpublished note). In recent work (JFA,
2014) the present authors verified this conjecture for the real az + b group and hence, by
structure theory, for any semisimple Lie group.

In this paper we verify the conjecture for all 1-connected, non-abelian nilpotent Lie
groups, by reducing the problem to the case of the Heisenberg group. As in our previous
paper, an explicit non-zero derivation is constructed on a dense subalgebra, and then
shown to be bounded using harmonic analysis. En route we use the known fusion rules
for Schrodinger representations to give a concrete realization of the “dual convolution” for
this group as a kind of twisted, operator-valued convolution. We also give some partial
results for solvable groups which give further evidence to support the general conjecture.

MSC 2010: Primary 43A30; Secondary 46J10, 47B47.

1 Introduction

Fourier algebras of locally compact groups comprise an interesting class of Banach function
algebras whose detailed structure remains somewhat mysterious, especially for groups which
are neither compact nor abelian. It was observed by B. E. Forrest [9] that these algebras
have no non-zero continuous point derivations. Nevertheless, as part of his seminal paper
[13], B. E. Johnson constructed a continuous non-zero derivation from the Fourier algebra of
SO(3) into a suitable Banach bimodule: in the language of [3], he proved that the Fourier
algebra of SO(3) is not weakly amenable. This can be interpreted as evidence for some kind
of weak form of differentiability or Hélder continuity for functions in the algebra.

Sufficient conditions for weak amenability were obtained in [10]: if G is locally compact
and the connected component of its identity element is abelian, then its Fourier algebra
A(G) is weakly amenable. Motivated by Johnson’s result, the authors of [10] conjectured
that this sufficient condition for weak amenability of A(G) is necessary. In particular, their
conjecture implies that the Fourier algebra of any non-abelian connected Lie group is not
weakly amenable; this was known at the time for compact Lie groups, but unknown for
several natural examples including SL(2,R) and all the nilpotent cases.
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This paper is a sequel to [4], which studied weak and cyclic amenability for Fourier algebras
of certain connected Lie groups, and whose introduction contains further information on the
history and context of the results mentioned above. In that paper we showed that the Fourier
algebra of any connected, semisimple Lie group fails to be weakly amenable. The key to this
result was to show that the Fourier algebra of the real ax+0b group is not weakly amenable, and
this in turn was done by constructing an explicit non-zero derivation from the Fourier algebra
to its dual. The derivation constructed in [4] is easily defined on a dense subalgebra, but
showing that it extends continuously to the whole Fourier algebra required careful estimates
provided by explicit orthogonality relations for certain coefficient functions of the real az + b
group. We also proved, using similar techniques, that the Fourier algebra of the reduced
Heisenberg group H, is not weakly amenable. However, our methods were not able to handle
the Fourier algebra of the “full” 3-dimensional Heisenberg group H, which is a key example
to consider when seeking to prove or refute the conjecture of Forrest and Runde.

In the present paper we develop techniques which allow us to fill this gap. The outcome
is the following new result.

THEOREM 1.1. There exist a symmetric Banach bimodule W and a bounded, non-zero deriva-
tion D : A(H) — W. Consequently, A(H) is not weakly amenable.

This result then opens the way, via structure theory of Lie groups and Herz’s restriction
theorem for Fourier algebras, to the following more general statement.

THEOREM 1.2. Let G be a 1-connected Lie group. If G is also nilpotent and non-abelian, then
A(G) is not weakly amenable.

(In the present context, 1-connected is a synonym for “connected and simply connected”;
we are following the terminology of [12].)

Outline of our approach

As in [4], we construct an explicit non-zero derivation on a dense subalgebra, and then use
harmonic analysis to show this derivation has a bounded extension to A(H). We follow the
same informal guiding principle as before: use the Fourier transform to convert a claim about
a differential operator to one about some kind of Fourier multiplier. However, since H is far
from being an AR group, we cannot use a decomposition of its Fourier algebra into coefficient
spaces of square-integrable representations. (Contrast this with the ideas sketched in [4]
Section 7| for the group H,.) We are therefore forced to use a different perspective: instead
of orthogonality relations for coefficient functions, we use a version of the Plancherel formula
for H.

We then encounter another obstacle not present in our previous paper. In [4], the deriva-
tion constructed for the ax 4+ b group mapped the Fourier algebra to its dual. We are unable
to do the same for H, but instead construct a derivation taking values in a Banach space W
that is constructed artificially for our purposes. The way we define W makes it easy to show
our derivation extends to a continuous linear map A(H) — W, but the work lies in showing
that W is a genuine Banach A(H)-bimodule for the natural pointwise product.



In fact, to prove that the norm ||-||w is an A(H)-module norm, we study the dual norm
|-|Im and prove that this norm is an A(H)-module norm. This may seem unmotivated, but
looking at the arguments of [4] for the reduced Heisenberg group H,., one sees that there the
problem is solved by establishing an estimate

/ (02F) (%)g(x) dx

r

< [ flac)llgllacm,)

where Jyz is a certain normalized partial derivative. It is then not such a leap to look for an
estimate of the form

< I fllaallglim s

/ (021) (x)g(x) dx
H

provided we can show ||-||v is an A(H)-module norm.

How do we prove ||-||m is an A(H)-module norm? It turns out that this can be done
very easily if we use the Fourier transform to move everything over to the “Fourier side”,
identifying A(H) with a vector-valued L'-space. We then need to study the product on this
vector-valued L'-space corresponding to pointwise product on A(H); this can be expressed as
an explicit “twisted operator-valued convolution”, and then the required inequalities for ||-||m
follow from standard properties of the Bochner integral. The details of this operator-valued
convolution (which is a concrete version of a general construction studied in e.g. [15, §9]) are
given in Section [

The special feature of H which makes this work is that the fusion rules for the infinite-
dimensional irreducible representations of H behave very nicely, so that the “convolution”
has a very tractable form. We hope that these results may be of independent interest: a
theme throughout this paper, also implicit in [4], is that the group side is better for checking
algebraic properties, such as the derivation identity and associativity of module actions, while
the Fourier side is better for verifying norm estimates and approximating by well-behaved
elements.

Finally, in Section [] we return to Fourier algebras of more general Lie groups, and show
how Theorem follows from Theorem [T We close with some further partial results and
questions for Fourier algebras of solvable Lie groups.

Note added in proof. After this paper was submitted for publication, we learned of the
interesting work of Lee-Ludwig—Samei—Spronk, arXiv 1502.05214, which proves the Lie
case of the Forrest-Runde conjecture using a different perspective. In particular, the case of
the motion group Euc(2), left open here, is resolved by these authors.
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2 Definitions and technical preliminaries

To make the paper more self-contained, and to fix notation and establish terminology, we use
this section to collect various definitions and statements from the literature. We thus hope to
make the present paper more accessible to workers in the general area of Banach algebras, who
may be less familiar with some of these technical preliminaries than specialists in harmonic
analysis on Lie groups. The experienced reader may wish to skip this long preliminary section
and go straight to Section Bl there, we specialize to the Heisenberg group, and present the
Plancherel transform and Fourier inversion formula for this group in the form that we will
need later.

2.1 Notation and key definitions

NoOTATION (Banach spaces). Throughout ® will denote the projective tensor product of Ba-
nach spaces. All Banach spaces are defined over complex scalars; if F is a Banach space then
E will denote the complex conjugate of E. It should be clear from context how to distinguish
this from the usual notation for the closure of a set.

Given p € [1,00) and a Hilbert space H, we let S,(H) denote the space of p-Schatten class
operators on H, and denote the corresponding p-Schatten norm by ||Al|,. The operator norm
on B(#H) will be denoted by || A||oc-

The following notation is standard and may be found in [7], for instance.

DEFINITION 2.1 (The “check map”). Let G be a group and let f : G — C be an arbitrary
function. We denote by f the function g — f(g~!).

Given a Banach algebra A, a Banach A-bimodule M is symmetric if a - m = m - a for all
a € Aand m € M. A bounded linear map D : A — M is said to be a (continuous) derivation
if it satisfies the Leibniz identity D(ab) = a- D(b) + D(a) - b for all a,b € A.



The following definition is due to Bade, Curtis and Dales [3]. Let A be a commutative Ba-
nach algebra. We say that A is weakly amenable if there is no non-zero, continuous derivation
from A to any symmetric Banach A-bimodule.

REMARK 2.2. As observed in [3]: if A, B are commutative Banach algebras and 6 : A — B
is a continuous homomorphism with dense range, then continuous, non-zero derivations on B
can be pulled back along 6 to give continuous, non-zero derivations on A. Consequently, if B
fails to be weakly amenable, A also fails to be weakly amenable.

There are several different ways to define the Fourier algebra of a locally compact group,
each with their own pros and cons. The following definition is not the original one, but is
equivalent to it by the results of [7, Chapitre 3]. Let A denote the left regular representation of
G on L?*(G). Given &,m € L*(G) we form the corresponding coefficient function of A, denoted
by & %) n and defined by

(€ xam)(g) == (M9)§, n) = /Gi(g‘ls)@ ds .

The map £ @7 — & x, ) defines a bounded linear map 6y : L*(G) ® L2(G) — Cy(G), and its
range, equipped with the quotient norm of L?(G) ® L2(G)/ ker(fy), is denoted by A(G). It
follows from Fell’s absorption theorem that A(G) is closed under pointwise product and the
norm on A(G) is submultiplicative. (See e.g. [IT, §4.1] for a quick exposition of these results.)
Thus A(G) is a Banach algebra of functions on G, called the Fourier algebra of G. In fact,
every element of A(G) can be realized as a coefficient function of A, and we have

[ullae = nf{ligll2linlle = w=&*xn}. (2.1)

If H is a closed subgroup of G let +* : Cy(G) — Cy(H) be the restriction homomorphism.
One can show that +* maps A(G) contractively onto A(H): this is originally due to C. Herz,
but an approach using spaces of coefficient functions was given by G. Arsac [2]. (A fairly
self-contained account of Arsac’s approach can be found in [I7, §4].) Therefore, recalling
Remark 221 we obtain the following well-known result.

PROPOSITION 2.3. Let G be a locally compact group and H a closed subgroup. If A(H) is not
weakly amenable, then A(G) is not weakly amenable.

2.2 The Plancherel and inverse Fourier transforms for Type | unimodular groups

The Plancherel and (inverse) Fourier transform for the Heisenberg group will be important
tools in our calculations. These mappings can be defined in much more general settings:
“global versions”, valid for any locally compact unimodular group, can be found in work of
Stinespring [15], §9]. However, for the key work in this paper (Section () it seems important to
use concrete knowledge of the unitary dual and Plancherel measure for the Heisenberg group.

REMARK 2.4 (Minor caveat). In more modern language, [I5] §9] works with noncommutative
LP-spaces of the pair (VN(G), ), where 7 is the Plancherel weight for VN(G); these are,
strictly speaking, certain spaces of T-measurable operators on L?(G). Later in this section,
when we use results from Stinespring’s paper to justify certain assertions, we are tacitly



Inserting an extra step: namely, one has to disintegrate VN(G) as a direct integral over
G, and then observe that one can identify LP(VN(G),7) with the corresponding space of
p-integrable, p-Schatten class-valued operator fields over G.

In future work, we intend to study similar problems concerning derivations for the Fourier
algebras of some other Type I groups, and it seems useful to collect some machinery here
that is applicable to these other cases and not just to the Heisenberg group. Thus, for this
subsection GG will be a second countable unimodular Type I group. We follow the terminology
and definitions used in [I1].

For such G, the canonical “Mackey Borel structure” on G makes it into a standard measure
space. Moreover, from each equivalence class of irreducible unitary representations, one can
select a representative, in a way that gives a measurable field (H)_ c¢ and a corresponding
measurable field of representations. (See [8, §7.4] for the basic definitions and properties of
direct integrals and measurable fields, in particular Lemma 7.39 and Theorem 7.40 for the
relevance of the Type I condition.)

Using the notation of [II], Chapters 3 and 4: given a measure v on G and 1 < p < o0,
we write B;?(CA?, v) for the space of all measurable fields (7,) which satisfy T, € S,(H.,) for
v-a.e. w and

/A Tl du(w) < co.
G

Once we make the usual identifications modulo v-a.e. equivalence, BSB(@ ,V) is a Banach space
when equipped with the obvious norm ||-{[,.

Fact. (See [8, Theorem 7.44] or [II, Theorem 3.31].) There exists a measure v on G, called
the Plancherel measure of (&, such that the linear map

Pifer (i(fpee (€ (L' NIQ))

takes values in BSB(@, v) and satisfies |P(f)|l2 = [Ifll12(q). Moreover, if f € L'(G) and
7(f) =0 for v-a.e. m € G, then f =0 a.c. on G.

DEFINITION 2.5 (Plancherel /‘Eransform). The map P extends uniquely to a unitary isomor-
phism from L?(G) onto B?(G, v). This unitary isomorphism, which we also denote by P, is
called the Plancherel transform of G.

DEFINITION 2.6 (Inverse Fourier transform). With G and v as above, we define a bounded
linear map ¥ : BY(G,v) — Cy(G) by

U(F)(x) = /\TF(F(W)W(x)*)dV(ﬂ). (2.2)
G
The following result is crucial to our calculations, since (for the particular case of the
Heisenberg group) it allows us to work with a vector-valued L!'-norm rather than the norm
of the Fourier algebra.

THEOREM 2.7 (Arsac). The map W takes values in A(G), and is an isometric isomorphism
of Banach spaces from BY (G,v) onto A(G).



A proof is given in [I1, Theorem 4.12(a)]; see also Propositions 3.53 and 3.55 of [2],
with the warning that our map V¥ differs from Arsac’s by an application of the “check map”
u + 4. In both proofs one uses the fact that P gives a unitary equivalence of representations
g ~ fiéﬂ' ® I dv(m) (see [11, Theorem 3.31].)

Informally, we wish to say that ¥ and P are mutually inverse maps. However, to make this
claim meaningful one must be more precise about what domain and codomain are being used
for each map. The following theorem is enough to ensure that we do not run into difficulties.

THEOREM 2.8 (Fourier inversion). Let F' € B?(é, v). Suppose W(F) € L' (G). Then V(F) €
(L' N L*)(G) and R N
PYU(F) = F € BY(G,v)NBS(G,v).

Proof. With appropriate changes of notation, and with Remark 2.4] kept in mind, this is a
special case of [15, Theorem 9.17]. A much lengthier justification, which uses less theory of
von Neumann algebras and measurable operators than [I5] but is more opaque, is given in
the proof of [11l Theorem 4.15]. O

COROLLARY 2.9. Let f € (ANLY)(G). Then f € (L' n L?)(G), P(f) € B%B(CA?,I/) and
PO = I flla)-

Proof. Let f € (ANLY)(G). By Theorem [Z7] there exists F € B%B(CA?) such that W(F) = f

and ||Flly = [|f[lacg)- By Theorem B8, P(f)(w) = F(w) for v-a.e. w € G, and the result
follows. a

For certain G — in particular, for the Heisenberg group H — one can find a v-conull
subset @ C G and choose a single Hilbert space ‘H on which to represent all 7 € O. This
leads to a great simplification in the “dual” descriptions of A(G) and L?(@), since the spaces
By (G,v) now take the form of operator-valued LP-spaces. Since the “dual” picture of A(H)
is key to everything we do in this paper, we use the next subsection to collate some basic
facts on vector-valued LP-spaces and issues of measurability, which will be needed in the later
sections.

2.3 Vector-valued LP-spaces, and the Bochner integral

The basics of measurability and the Bochner integral can be found in [5, Chapter 2]. Strictly
speaking, [5] works exclusively with finite measure spaces, but everything we need can be
extended from the finite to the o-finite setting in a straightforward way. In any case, the only
places where we make serious use of precise properties of the Bochner integral is in Section [3]
and there our measure spaces will be either R or R? with usual Lebesgue measure; for an
alternative reference, which only discusses those two measure spaces, see [I, Chapter 1].

Let X be a Banach space, let (2, ) be a o-finite measure-space. A simple function
Q — X is one of the form > ", 15,2, where Ey,..., E,, are measurable subsets of 2 and
Z1,...,Zm € X. A function F': Q — X is (strongly) measurable if it is the pointwise limit of
a sequence of simple functions; it is called weakly measurable if for each ¥ € X*, the function
YoF : Q — C is measurable. If X is a dual Banach space with predual X, a function
F:Q — X is called weak-star measurable if ¢ o F': 2 — R is measurable for each ¢ € X,.



REMARK 2.10. Let K be a separable Hilbert space and recall that B(K),. = S1(K). Hence,
weak-star measurability of F' : Q@ — B(K) is equivalent to measurability of each “coefficient
function” w — (F(w)&, n) for every £, € K (one direction is trivial and the other follows
by taking limits of linear combinations of rank-one operators). In particular, every WOT-
continuous function 2 — B(K) is weak-star measurable.

In Section [l we will need to use some standard properties of the Bochner integral. The
definition of Bochner integrability can be found in [I, Chapter 1]. We will use the following
characterization (see [I, Theorem 1.1.4]): a function F' : Q@ — X is Bochner integrable if
and only if it satisfies the following two conditions: (1) F' is measurable (2) the function
w — ||F(w)|| is integrable.

DEFINITION 2.11 (Vector-valued LP-spaces). Let (€, ) be a o-finite measure space and let
X be a Banach space. For 1 < p < oo, we define LP(€2, X) to be the space of all measurable
functions F' : Q@ — X which satisfy [, [|F(w)|[” du < oo, modulo identification of functions
that only differ on p-null sets. This is a Banach space for the norm

|l e ,x) = </Q 1F(w)|? du(w)> 1/p

L>(Q, X) denotes the space of essentially bounded, measurable functions @ — X, modulo
identification of functions that only differ on p-null sets. This is a Banach space for the norm

[E]| Lo (0,x) = ess.supeq [[F(w)]]-

3 Representations and Plancherel measure for the Heisenberg group

We now specialize to the case of the Heisenberg group, where the general results of Subsec-
tion can be made much more concrete. None of the results in this section are new, but
they are stated here for sake of consistency of terminology and notation.

DEFINITION 3.1 (Heisenberg group). We define the (real, 3-dimensional) Heisenberg group H
to be the set R3, equipped with its usual smooth manifold structure and equipped with the
multiplication rule

1
(a1,b1,01)(a2,b2,02) = (a1 + asg, b1 + bs, §(a1b2 — agbl) +c1 + 62). (3.1)

This makes H into a connected, simply-connected, nilpotent Lie group; the centre of H is the
subgroup {(0,0,¢) : ¢ € R}.

Note that this is sometimes called the symmetrized or unpolarized form of the Heisenberg
group. The polarized form of the Heisenberg group may be described as:

1 a c
Hpor = 0 1 b|:abcelRj cCGL(3,R).
0 0 1



H and H,, are isomorphic as Lie groups, so one can easily convert results and definitions for
one into results and definitions for the other. Our choice to work with H rather than H, as
well as the form of the next definition, follows [8], §7.6].

DEFINITION 3.2 (Schrodinger representations). Let ¢ € R*. There is a continuous unitary
representation m; : H — U(L?(R)) given by

Ft(l', n z)f(w) _ e27ritz+7rity:ce—27ritwa(w . x) (32)

It can be shown that m; is irreducible. We call it the Schrodinger representation indexed by ¢.

REMARK 3.3 (m; as an induced representation). H is isomorphic as a Lie group to a certain
semidirect product R? x, R (this is slightly easier to see if one works with the polarized form
H,o1, see e.g. Example 4.10 in [14]). When we induce 1-dimensional representations of R? up to
R? x R, Mackey theory shows us that some of these induced representations are irreducible,
and in fact they are unitarily equivalent to the Schrodinger representations. See Example
4.38 in [I4] for further details. Although we will not explicitly use this perspective during
the present paper, it serves to explain the “fusion rules” for the Schrodinger representations,
which we do need. We will return to this in Remark

Although H is not Hausdorff, it can be shown that the subset O := {m : t € R*} is dense
in H and is homeomorphic in the subspace topology to R*: moreover, O is conull for the

Plancherel measure v, and one can identify the measure space (O, r) with the measure space
(R*, |t|dt). (For a fairly self-contained proof, see [§, §7.6].)

NOTATION. For p € [1,00) we abbreviate S,(L?(R)) to S,; we write K for K(L?(R)) and B
for B(L?(R)).

The spaces By (]ﬁl, v) admit a much simpler description: we can identify B (]ﬁl, v) with
the vector-valued LP-space LP(O,S,), in the sense of Subsection In particular, the space
B (H,v), which by Theorem 7 is isometrically isomorphic to the Fourier algebra A(H),

is nothing but the space of Bochner integrable Si-valued functions on the measure space
(R, [¢]dt).

A change of measure. To simplify some formulas in Sections @ and [, it is convenient not
to work on (O,v), nor on (R*,|t|dt), but on R equipped with usual Lebesgue measure. So
we introduce 7 : LY(R,S1) — LY(0,S;) given by T(F)(t) = [t|"1F(¢): this is an isometric
isomorphism of Banach spaces. Note that U7 is given explicitly by

T (F)(x) = /R TeF()m(x)]dt  (F € L\(R,S))). (3.3)

Next, for sake of clarity, we state some results mentioned in Subsection [2.2]in the particular
form that we need for later sections.



THEOREM 3.4 (Fourier inversion for H).
(i) UT, as defined in B3), maps L' (R,Sy) isometrically onto A(H).
(i) Let f € (ANLY)(H). Then the function t — [t|m(f) belongs to L'(R,Sy1), and coincides
with ($T)~(f). In particular

/R () de = 1 llaga) -

The following identity, which will be useful at one point in proving Theorem [£3] is a
special case of [I5, Theorem 9.6].

LEMMA 3.5 (Adjoint relation). Let g € L'(H) and let F € L'(R,S;). Then

/g(x)\I’T(F)(x)dx:/ Tr(m(g)F(t))dt. (3.4)
H

*

REMARK 3.6. We used [I5] as a convenient reference here. It may be worth noting that
Lemma does not really rely on any form of the Plancherel formula or Fourier inversion:
indeed, it can be proved directly from the definition of W7, by using the Fubini—Tonelli
theorem to evaluate

/ 9(x) Tr(F(#)me(x)7) d(x, 1)
HxR

as an iterated integral in two different ways.

4 Defining our derivation

Let C = (ANC})(H): clearly this is an algebra with respect to pointwise product. Moreover,
since f*) g € C whenever f,g € CL(H), C is a dense subalgebra of A(H). Let 7 : C — C.(H)
be defined by

1 of

aZf(x7y7Z) = _%g(xﬂﬁz)' (41)

Key to our approach is the fact that the “Fourier multiplier” corresponding to dz is very
simple.

LEMMA 4.1. Let f € C. Then m(0zf) = tm(f) for all t € R*.

Proof. Observe that
2mim (07 f) = — /H g—z(x)wt(x) dx = /Hf(x)(%m(x) dx .

(There are no issues with differentiating under the integral sign or integrating by parts, since
f and % are continuous with compact support.) A straightforward calculation (see ([32]))
shows that %ﬂt(x) = 2mitm(x), and the rest is clear. O

10



We now specify the target space for our supposed derivation. Given f € L'(H), define

HNw:AWMM&ﬁEMwM

and then let Wq := {f € L'(H) : ||f|jw < co}. Note that on Wy, ||-|[w is not just a seminorm,
but a genuine norm (see the comments in Section 2.2]). Finally, let W be the completion of
W with respect to the norm ||-||w. (Morally speaking, we think of W as consisting of certain
distributions on H whose Fourier transforms belong to L'(R,B).)

LeEMMA 4.2. If f € C then 0zf € Wo, and [|0z fllw < || fl|a)-

Proof. First note that 0z f € C.(H) C L'(H). By Lemma [T]

wgm:émmm&wséwmmmw

and since f € (ANLY)(H), applying Theorem [3.4] completes the proof. O

THEOREM 4.3 (Creating a target module). We have
I fhllw < [If1laqyllPllw for all f € A(H) and all h € Wy. (4.2)

Consequently:
(i) Wy is a sub-A(H)-module of L'(H), for pointwise product;

(ii) W becomes a Banach A(H)-module in a way that continuously extends the A(H)-action
on Wy.

Let us assume for now that the theorem holds, and show how it implies A (H) is not weakly
amenable (as claimed in Theorem [L.T]).

Proof that A(H) is not weakly amenable. Since Wy is an A(H)-module for pointwise product
it is certainly a C-module. It is immediate from the product rule that Dy : C — Wy, f —
0z(f), is a derivation from C to a C-module. Moreover, by Lemma 2], Dy is continuous if we
equip C with the A(H)-norm and Wy with the norm ||-||w.

By routine continuity arguments, since C is dense in A(H), there is a unique continuous
linear map D : A(H) — W that extends Dy, and moreover D is a derivation. It is not
identically zero: for if f € C is a non-zero function, then 9z f is a non-zero element of Wj.
Thus Theorem [[1]is proved. O

Our proof of Theorem is indirect. We shall study a norm which is dual to ||-||w, and
show that this dual norm has the appropriate module property. Then by a duality argument
we will deduce the inequality (£.2)), after which the rest of the theorem follows easily. Since
the technical details of this part may obscure what is actually a natural and routine strategy,
let us explain the underlying heuristics.

11



Heuristics for our duality argument. Given f € A(H) and h € L'(H) and g a well-behaved
test function, consider fH hfgdx. The Plancherel theorem/Parseval formula tells us this is
equal to

[ et ym(@) e (433)
R
and also equal to

| (e el (4.30)

For u well-behaved, define ||u||m = ess. sup,ep |t|||7:(7)||1. Assume for the moment that fg
is also well-behaved; then (£3al) is bounded above by || f|lw/| gllm while (£3D]) is bounded
above by ||hllw]|fgllm.- Now suppose we can prove the following two claims:

(i) if we take the supremum in ([3al) over all well-behaved test functions g with ||g|jm < 1,
we obtain the upper bound ||Af]||w;

(ii) the new norm |[|-||v is a contractive A(H)-module norm, that is, ||fgllm < ||flamllgllm
for all well-behaved test functions g.

Then combining these two claims with the preceding remarks, we would obtain ||hf|w <
IAllw Il f Il as required.

REMARK 4.4. In the actual proof of Theorem 3] we do not define “well-behaved” test
functions as elements of L!(H) for which ||-|[u is finite, because of certain technical irritations
that arise in verifying It is more convenient, although perhaps less transparent, to take
our test functions to be those of the form W7 (G) where G € L*°(R,S;) has compact support,
and to do norm calculations and dual pairings over on the Fourier side.

The proof that ||-||m is an A(H)-module norm turns out to be a very easy consequence of
more general results, which describe explicitly the so-called “dual convolution” on L!(R,S;)
that corresponds to pointwise product in A(H). This will be the main topic of the next
section, where we will also finish the proof of Theorem

5 An explicit operator-valued convolution on L!(R,S;)

Since WT : L'(R,S;) — A(H) is an isometric isomorphism, we may transport pointwise prod-
uct on A(H) over to define a commutative and associative multiplication map on L*(R,S;),
which we denote by #. More precisely, given F,G € L'(R,S;) define

FtG=(UT) L [OT(F)VT(G) .

In this abstract form, # is not new: it coincides — modulo Remark 2.4] — with what is
sometimes called “dual convolution” on the noncommutative L'-space associated to the von
Neumann algebra of a unimodular group, cf. the definition on p. 48 of [15, §9]. However, this
abstract perspective does not seem helpful for proving that ||| is an A(H)-module norm.
Instead, most of this section will be spent carefully deriving an explicit description of § as
a kind of twisted convolution of operator-valued fields: see Equation (5.5 and Theorem
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below. Once we have proved Theorem [5.8] the desired inequalities will follow immediately
from standard properties of the Bochner integral; and then the corresponding result for the
dual norm ||| will follow by a duality argument as sketched at the end of Section Hl

Since we hope that this “concrete” description of # may have independent interest, we
treat the construction in some detail. The starting point is the following loose idea: given
F,G € LY(R,S;) we have

/Tr((FﬁG)(t)m(x)*)dt://Tr(F(s)m(m)*)Tr(G(t)ﬂS(x)*)d(r, s)
R R JR
- / / T [(F(r)  G(s))(my © m) (x)7] d(r, 5).
R JR

We then argue as follows: decompose or rewrite x — m,(X) ® m4(x) in terms of irreducible
representations; rewrite the expression on the right-hand side of the formula above as a
“Fourier expansion”, and then appeal to uniqueness of Fourier coefficients in this expansion
to get a reasonably explicit formula for F'§ G.

Now let us make this procedure precise. Since the eventual estimates we need for § depend
on properties of the Bochner integral, we spend some time in this section on several small and
routine results, to ensure we stay within the world of Bochner integrable functions during our
construction. To reduce repetition we introduce the notation

D:={(r,s): r,s,r+se€R} (5.1)

It is well known that when (r,s) € D, m, ® 7, is unitarily equivalent to a representation
consisting of w1, with infinite multiplicity. The unitaries which implement this equivalence
occur in our explicit formula for #, so we shall now state a more precise version of this
intertwining result. It seems to be implicitly known, but we did not find part explicitly
stated in the sources we consulted.

PROPOSITION 5.1 (Fusion rules for H, with continuity of intertwiners). There exists a family
of unitaries (Wy.s)(r,s)ep C U(L*(R x R)) with the following properties:

(i) mr(x) @ ms(x) = Wy (mrrs(x) @ )W, 5 for all x € H;

(ii) the functions (r,s) = Wy s and (r,s) — W/ are both SOT-continuous functions D —
U(L (R x R)).

Proof. For (r,s) € D, define W, 5 : L(R x R) — L*(R x R) by

W,,SF(h,k:):F<h— ks Jh+k— ks) (F e L*(R xR),h,k €R). (5.2)
’ r+s r+s

A little thought shows W, s is unitary. Using ([B3.2]), one may verify by direct calculation that
Wi s(mr(x) @ 75(x)) (f @ g) = (mr45(x) @ D)W, 5(f @ g)

for all f,g € L?(R) and all x € H. So by density, W, ; intertwines 7, ® 75 with 7, ® I.
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It remains to prove WOT-continuity, and hence, SOT-continuity, of the function D —
U(L*(R x R)), (r,8) — W, 5. This can be verified with a direct calculation and basic estimates.
Alternatively, as pointed out by the referee of this article, there is a slicker approach. Let
v : D — SL(2,R) be the continuous function

r s
— [ r+s r+s
’Y(T, S) <_1 1 > :

With an obvious and harmless abuse of notation, we have

W, F <Z> _F (’Y(r, 5)71 <Z>> .

Let o : SL(2,R) — U(L*(R x R)) be defined by [0(A)f](v) = f(A~'v). This is a WOT-
continuous unitary representation of SL(2,R) (to be precise, it is the quasi-regular representa-
tion arising from the subgroup SO(2,R)). Then ooy : D — U(L?*(R x R)) is WOT-continuous
and W, s = o(y(r,s)) for all (r,s) € D. O

REMARK 5.2. For sake of brevity we omitted any explanation of how one arrives at the
formula (5.2)). In fact it can be derived as a special case of general results on tensoring
induced representations, cf. Remark See Section 2.8 of [14] for an accessible exposition
of these techniques.

LEMMA 5.3. Let K be a separable Hilbert space, and let S;(K) be the space of trace-class
operators on IC. Let (Q, u) be a o-finite measure space. Suppose F : Q — S1(K) is measurable
and V : Q — B(K) is weak-star measurable. Then the function F -V : Q — §$1(K), w
F(w)V(w), is measurable.

Proof. Since the pointwise limit of a sequence of measurable functions is measurable, and
since finite sums of measurable functions are measurable, it suffices to prove this result in the
special case where F' = yg ® A for some measurable E C © and A € §;(K). Then, since the
function F'V takes values in a separable Banach space, it suffices by the Pettis measurability
theorem (see Theorem 2 in [5], §I1.1] or Theorem 1.1.1 in [I]) to show that for each B € B(K)
the function w — yp(w) Tr(BAV (w)) is measurable. But this is now obvious since we assumed
w — V(w) is weak-star measurable. O

LEMMA 5.4 (Slicing with a trace in the second variable). Let H and K be Hilbert spaces. There
is a well-defined, contractive linear map I ® Tr: S1(H ®2 K) — S1(H) which sends A® B to
Tr(B)A whenever A € S§1(H), B € $1(K). Moreover, if R € S1(H®2K), let Ry = (I®Tr)(R).
Then for any C € B(H) we have Tr[CR;] = Tr[(C ® I)R].

Proof. Tt suffices to prove that I@Tr : S;(H)®S1(K) — S1(H) extends boundedly to the larger
domain S;(H ®2 K). Once this is done, the rest follows by checking the putative identities
on suitable dense subspaces and extending by continuity. But the boundedness result is
an easy consequence of the known identification S;(H ®2 K) with S1(H) ®ep S1(K), where
®op denotes the projective tensor product in the category of operator spaces and completely
bounded maps. (For an explanation and proof of this identification, see e.g. [6l Proposition
7.2.1].) O
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REMARK 5.5. One can replace the appeal to operator-space techniques with a direct argument
as follows. Given index sets I and J and vectors u,v € £*(I x J), form the rank-one operator
u®v € S (21 x J)). Then (I ® Tr)(u ® v) can be identified with > jey Us,j ® Ve j, and for
each j € J the trace-class norm of ue ; ® ve ; in Sy (¢%(I)) is bounded above by ||ue j||2]|ve j|2-
By Cauchy-Schwarz, > ||ue j||2[|ve,j[l2 < [[ull2[|v]l2, and so (I @ Tr)(u ®v) is trace class with
control of the trace-class norm.

We are now ready to give our description of §. We proceed using two more lemmas.

LEMMA 5.6. Let F' and G be Bochner integrable functions R — Sy. Then the function

(I @ Tr)[W, s(F(r) @ G(s))W;] for all (r,s) € D,

01(F @ G)(r,s) = {0 (5.3)

otherwise,

is Bochner integrable. The map 01 : L'(R,S1)® L' (R,S1) — L'(R x R,Sy) is contractive and
linear.

Proof. Let F' and G be Bochner integrable functions R — S; (so, in particular, measur-
able functions). Then F ® G is measurable when viewed as a map R xR — S ®S; C
S1(L*(R x R)). Recall (see Remark EZI0) that SOT-continuous functions D — B(L*(R x R))
are weak-star measurable. So combining Proposition 5.1 with two applications of Lemma [5.3]
shows that

(r,s) = Wis(F(r) @ G(s)) Wy

is measurable as a function D — S;(L?(R x R)). Slicing with I ® Tr we conclude that the
right-hand side of (53] is measurable. Moreover,

/ [(1 @ Tr)[Whrs(F(r) ® G(s)) Wy ][l d(r, s)

RxR

S/R RIIF(T)IllllG(s)Ill d(r,s) = [|[FllLr@spllGllzirs,) < oo,
X

and thus the right-hand side of (&3] is Bochner integrable. The final claim about linearity
and contractivity of 8 is then routine book-keeping. O

The next lemma is a special case of a standard construction for vector-valued L', but we
include the statement explicitly for sake of clarity.

LEMMA 5.7 (Vector-valued convolution). Let K : R x R — Sy, be Bochner integrable. Then

o)1) = /R K(p,t - p)dp

exists for a.e. t € R, and is Bochner integrable as a function R — Sq1. Moreover,

102(K) (1)1 < /R IK(p.t —p)l1dp for ae. t€R, (5.4)

15



and

102(K) | iy = /R 162(K) (1) dt

< [ UK.t =)l dout) = 1Kl s,
so that 03 is a well-defined linear contraction L'(R x R,S;) — L'(R,Sy).

Proof. This follows by a standard application of the vector-valued Fubini theorem. (For
instance, apply [I, Theorem 1.1.9].) O

The explicit formula for f. Consider 696; : L'(R,S;) ® L*(R,S;) — L'(R,S;). Now that we
have taken care of all measurability issues, we can describe this as follows:

020, (F ® G)(t) = /(I @ To) W (F(r) @ G(t —7))W,,_, ] dr (a.e. t €R),  (5.5)
R

where the integral on the right hand side of (5.0 is a Bochner integral.

THEOREM 5.8. F G = 0201(F ® G) for all F,G € L'(R,S;).

Proof. Let F,G € L'(R,S;) and put K = 61(F ® G) € L'(R x R,S;). Since 65(K)(t) =
Jg K (p.t — p) dp, we have

Te [02(K) () ()] = /R Tr [K (p.t — p)me(x)*] dp

and so, using Fubini’s theorem (scalar-valued case),
wT0R)60) = [ ([ TRt pim) dp )
R \JR

= / Ty [K(’f', 3)7Tr+s (X)*] d(rv 8) .
RxR

For a.e. (r,s) € D, we have
Tr [K(Tv 3)777“4-5 (X)*]
= Tr [(mr45(x)* @ D)W, s(F(r) ® G(s))W),]  (by Eq. (53) and Lem. 5.4)
= Tr W (mr4s(x)" @ D)Wy s(F(r) ® G(s))]

= Tr (7 (%)" @ ms(x)*) (F(r) © G(s))] (by Prop. B.I))
= Te[F(r)m, (x)"] Tr[G(s)ms (x)"] -

Therefore,
UTH,(K)(x) = /RX]R Tr[F(r)m(x)*] Tr[G(s)ms(x)*] d(r, s)
= VT (F)(x)¥T(G)(x)
=UT(F§G)(x) forall xeH,
so that F § G = 05(K) = 0201 (F ® G), as required. O
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COROLLARY 5.9. ||F ﬁ G||L°°(R7S1) S ||F||L1(R,Sl)HGHLOO(]KSl) fOT all F,G S Ll(R,Sl).

Proof. Let K = 61(F ® G) € LYR xR,S;). Then ||K(r,s)|1 < [[F()|1]|G(s)|1 for a.e.
(r,5) € R% So, using the norm bound (54, we have

162(K) (D)1 < /R IE®)ILIGE =Pl dp < |Fllies,)|Glli= s, for ace. t € R.

Hence [|[F'f Gllpoors,) = 102(E)| Lo r,51) < I1F N5 1G]l Lo m;s,) as required. O

It would be interesting to study similar concrete realizations of “dual convolution” for other
Type I groups where we know the fusion rules explicitly, in particular for the Euclidean motion
group Euc(2). Similar arguments to those used for A(H) yield A(Euc(2)) = L*(R,, S1(L*(T)))
(see [16 Chapter 4]), but the “dual convolution” is then governed by a certain hypergroup
structure on Ry, rather than the group structure on R which governs dual convolution
for A(H). We leave a more detailed look at this case for future work.

Let us finish this section by completing the proof of Theorem

Proof of Theorem [{.3 It suffices to prove the inequality ([£2]) — the other statements in the
theorem follow easily. Thus, fix f € A(H) and h € Wy (so h and fh are integrable). To
prove that [|Af|lw < [[R|lwllf|la@m), we follow the idea outlined at the end of Section [ but
for technical convenience we work on the Fourier side rather than the group side.

Let G : R — S; be a measurable function with compact support, taking values a.e. in
the unit ball of Sy. In particular, [|G||pers,) < 1 and ¥T(G) € A(H). Using the “adjoint

relation” (3.4)),
/Hlvz(x)f(x)\I’T(G)(x) dx = Tr(m (R f)G(t)) dt. (5.6)

R*
On the other hand, since fU7(G) € A(H) it equals U7 (F) for some unique F' € L'(R,S;),
and applying ([B.4) again gives

/ )T (F)(x) dx — / Tr(m(h)F (1)) dt (5.7)
H

*

As F = (UT)~'(f) 4 G, using Corollary and the fact 7T is an isometry gives

IF e ®s) < I flagn = I1flaqm -
Combining this with (5.6 and (5.7) yields

/ T(m(hf)G(2)) dt' - / Tr(m(h) (1)) dt

< |lme(P) 18y 1 F'll oo (r,51)
<|Ime(P) L1 r8) Il fll A ey -
Let S denote the supremum on the left hand side of (5.8]) over all such G. Since (S;1)* = B

isometrically, and since ¢t — 7.(fh) is Bochner integrable (see Section [23)), a straightforward
approximation argument with simple functions yields S = ||m¢(hf)||11(r ). We conclude that

1P lw < Ihllwllflla@ as required. O

(5.8)
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REMARK 5.10 (Remarks on the proof).

(i) The idea guiding our duality argument is, of course, that L>°(R,S;) is isometric to
a subspace of L!(R,B)*, and that the intersection of the unit ball of L>(R,S;) with
L'(R,S) is a norming subset for this pairing. However, we wished to avoid technical
discussions about the Radon—Nikodym property and duality for vector-valued LP-spaces;
cf. Theorem 1 in [5] Chapter 4].

(ii) One might wish to bypass the use of the “adjoint relation” and have a direct proof that
1F8Glowe) < [1Fllo ®s) Gl 2 r,g)- The natural attempt is to consider
Jz Te((F § G)(t)Ay) dt where A, € L*®(R,S;). Now we have

Te((F 4 G)(t)A,) = /R Tr (A @ DWop o (F(r) @ G(t —r))W7,_,) dr (ae. t €R);

but trying to get upper bounds on the right-hand side with crude tools is problematic,
since A; ® I is not trace class and since conjugation with W, ;_, will not preserve S; ®B.

REMARK 5.11 (Fourier coefficients of pointwise products). Following a suggestion of the ref-
eree, we note that Theorem 5.8 may be viewed as an expression for the Fourier coefficients of
the product of two functions in (A NL')(H), in terms of a twisted convolution of their Fourier
series. This works as follows: let f1, fo € A(H) N LY(H); then by Theorem B4, |t|m(f;) € S1
for a.e. t € R and the functions Fj(t) = [t|m(f;) belong to L'(R,S;), for i = 1,2. Since
UT(Fy & Fy) = VT (F1)VT(Fy) = fi1f2, another application of Theorem [3.4] gives

[tlmi(f1f2) = (F 8 Fo)(t) = A(I®Tr)[Wr,t—r(!T\ﬂr(f1)® |t = rlmr (f2))Wry—pl dr . (5.9)

Using suitable regularization arguments, one can show that Equation (5.9]) remains valid for
more general f; and fo, but we shall not pursue this topic here.

6 Extending our result to other Lie groups

We recall some definitions. Our indexing conventions are those of [12].

DEFINITION 6.1. Let g be a non-zero Lie algebra. The lower central series of g is the decreasing
sequence of ideals
g=C120C2...

where Cj11 := [g,C}] for each j > 1. We say g is nilpotent if C),1 = {0} for some n (note
that this forces Cj;1 to be a proper subset of C; for each 0 < j < n). The least such n is
called the nilpotency degree of g; if g has nilpotency degree d, we say that g is d-step nilpotent.

Our first task in this section is to prove Theorem [[.2] so let us remind ourselves what it
says.
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THEOREM (reprise). Let G be a l-connected, nilpotent, non-abelian Lie group. Then
A(G) is not weakly amenable.

Define hg to be the real Lie algebra spanned as a real vector space by elements x, y and
[x,y] satisfying the relations [z, [z, y]] = [y, [z,y]] = 0. It is the Lie algebra of the group H.

LEMMA 6.2. If g is non-abelian and nilpotent, it contains a copy of hs.

Proof. Let C"~1 > C™ > C™*! = {0} be the last terms in the lower central series of g, so that
C" = Z(g). Pick z € C"~!1\C", and pick y € g such that [z,y] # 0. Then, since [z,y] € Z(g),
we see that Rz + Ry + R[z, y] is a Lie subalgebra of g which is isomorphic to hs. O

Proof of Theorem[I.4. By Proposition 23] it suffices to prove that G contains a closed sub-
group isomorphic to H. This may well be folklore for Lie theorists, but we give the details for
the reader’s convenience.

Let g be the Lie algebra of G; by Lemmal6.2 there is a subalgebra h C g which is isomorphic
as a Lie algebra to hs. Now since G is a l-connected nilpotent Lie group, the exponential
map exp, of the Lie algebra g maps g diffeomorphically onto G (see, e.g. Theorem 11.2.10 in
[12]), and therefore the image of h under expg is a closed, 1-connected subgroup H C G. It
remains to note that since H and H are both 1-connected, and their respective Lie algebras
h and hs are isomorphic, the two groups are isomorphic as Lie groups. O

It would be highly desirable to remove the condition of simple-connectedness, but we have
been unable to do this.

Finally, we make some brief comments on the solvable cases. (Recall from [4 Theorem 5.5]
that if G is a 1-connected, simply connected Lie group which is not solvable, then A(G) is
not weakly amenable.) We start by quoting without proof a result from the theory of Lie
algebras.

LeEMMA 6.3 ([I2, Corollary 5.4.12]). Let g be a finite-dimensional, solvable Lie algebra. Then
the commutator ideal [g, g] is nilpotent.

If G is a 1-connected Lie group with Lie algebra g, and k is an ideal in g, then the subgroup
of G corresponding to k is closed and has k as its Lie algebra. Moreover, in this setting [g, g]
is the Lie algebra of the derived subgroup [G,G]. Combined with Lemma [6.2] this leads to
the following result, no doubt well-known to specialists.

PROPOSITION 6.4. Let G be a 1-connected solvable Lie group, of solvable length > 3. Then G
contains a closed subgroup isomorphic to H.

Therefore, for such G, A(G) is not weakly amenable. Summing up, and appealing again
to [4, Theorem 5.5], we can state the following result:

THEOREM 6.5. Let G be a 1-connected Lie group whose Fourier algebra is weakly amenable.
Then either G is abelian, or it is 2-step solvable; and it contains no closed copy of H or the
real ax + b group.

These observations suggest the following question, which is left for future work.
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Question 1. Let Euc(2) = R? x SO(2) be the Euclidean motion group, and let E/)uvc(Z) be its
universal cover. Are either A(Euc(2)) or A(Euc(2)) weakly amenable?

We close with a question motivated by general concepts in the study of derivations on
Banach algebras. By standard arguments, once we have shown D : A(H) — W is a non-zero
continuous derivation, we can now obtain non-zero continuous derivations from A(H) to its
dual. To be specific: pick any ¢ € W*, and define Dy, : A(H) — A(H)* by Dy (f)(g) =
P(D(f) - g) for each f,g € A(H). It is easily checked that D, is a continuous derivation;
and since D is not identically zero, it is clear that we can find ¢ € W such that D, is not
identically zero.

However, unlike the derivations that have been constructed on all previous examples —
that is, on Fourier algebras A(G) where G is either compact or one of the groups from [4] —
our derivations D, are in general not cyclic derivations. (See the early sections of [4] for a
discussion of cyclic derivations and cyclic amenability for commutative Banach algebras.)

Question 2. Is A(H) cyclically amenable? Equivalently: does there exist a non-zero contin-
uous derivation 7" : A(H) — A(H)* which satisfies T'(a)(b) + T'(b)(a) = 0 for all a,b € A(H)?
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