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Quantum systems with variables in Z(d) are considered, and three different structures are studied.
The first is weak mutually unbiased bases, for which the absolute value of the overlap of any two
vectors in two different bases is 1/v/k (where k|d) or 0. The second is maximal lines through the
origin in the Z(d) x Z(d) phase space. The third is an analytic representation in the complex plane
based on Theta functions, and their zeros. It is shown that there is a correspondence (triality) that
links strongly these three apparently different structures. For simplicity, the case where d = p; X p2,

where p1, p2 are odd prime numbers different from each other, is considered.

PACS numbers: 03.65.Aa, 02.10.De

I. INTRODUCTION

After the pioneering work by Schwinger [1], there has been a lot of work on various aspects of a quantum
system X(d) with variables in Z(d) (the ring of integers modulo d), described with a d-dimensional Hilbert
space H(d). The work combines Quantum Physics with Discrete Mathematics and has applications to
areas like quantum information, quantum cryptography, quantum coding, etc (for reviews see [2-8]).

A deep problem in this area is mutually unbiased bases [9-18]. Tt is a set of bases, for which the
absolute value of the overlap of any two vectors in two different bases is 1/v/d. Tt is known that the
number 9 of mutually unbiased bases satisfies the inequality 9t < d + 1, and that when d is a prime
number 9 = d + 1. What makes the case of prime d special, is that Z(d) becomes a field, which is a
stronger mathematical structure than a ring. For the same reason, if we consider quantum systems with
variables in the Galois field GF(p®) (where p is a prime number), the number of mutually unbiased bases
is M = p° + 1. The study of mutually unbiased bases for non-prime d, in which case Z(d) is a ring (but

not a field), is a very difficult problem. It is also related to the subjects of t-designs[19, 20] and latin
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squares[21].

Recent work [22, 23] introduced a weaker concept called weak mutually unbiased bases (WMUB). It
is a set of bases, for which the absolute value of the overlap of any two vectors in two different bases
is 1/vk, where k|d (k is a divisor of d), or zero. It has been shown that there are v(d) (the Dedekind
1-function) WMUBs. This work has also studied the phase space Z(d) x Z(d) as a finite geometry G(d).

There exists much literature on finite geometries. They consist of a finite number of points and lines
which obey certain axioms (e.g., [24-26] in a mathematics context, and [27-30] in a physics context).
Most of this work is on near-linear geometries, where two lines have at most one point in common. The
Z(d) x Z(d) geometry is based on rings and it does not obey this axiom. Two lines have in common a
‘subline’ which consists of k points, where k|d. Refs[22, 23] have shown that there is a duality between
WMUBSs in H(d) and lines in G(d). This shows a deep connection between finite quantum systems and
the geometries of their phase spaces.

A very different problem is the use of analytic functions in the context of physical systems. After the
pioneering work by Bargmann[31, 32] for the harmonic oscillator, analytic representations have been used
with various quantum systems (e.g., [33—42]). In particular the zeros of the analytic functions have been
used for the derivation of physical results. For example, there are links between the growth of analytic
functions at infinity, and the density of their zeros[43—-45], which lead to criteria for the overcompleteness
or undercompleteness of a von Neumann lattice of coherent states.

Refs[46, 47] have studied analytic representations for quantum systems with variables in Z(d), using
Theta functions [48] (see also ref[49]). Quantum states are represented with analytic functions in the cell
G =10,d) x [0,d) in the complex plane (i.e., in a torus). These analytic functions have exactly d zeros in
the cell &, which determine uniquely the state of the system.

In this paper we use this language of analytic functions for the study WMUBs. We show that:
e Fach of the d vectors in a WMUB has d zeros on a straight line.

e In a given WMUB, the various vectors have zeros on parallel lines. In different WMUBs, the slope

of the lines of zeros, is different.
e The d? zeros in each WMUB, form a regular lattice in the cell &, which is the same for all WMUBs.

Based on these results we show that there is a triality between



e WMUBs
e Lines through the origin in the finite geometry G(d) of the phase space
e Sets of parallel lines of zeros of the vectors in WMUBs in the cell &

These three mathematical objects, which are very different from each other, have the same mathematical
structure. The work links the theory of analytic functions and their zeros, to finite quantum systems,
finite geometries and more generally to Discrete Mathematics.

In order to avoid a complicated notation, in all sections except section II, we consider the case that
d = p1 X pa, where p1, po are odd prime numbers, different from each other (in section II we state in each
subsection, what values d takes). All results are generalizable to the case d = p; X ... X py, where d is an
odd integer (see discussion). In the case of even dimension d (e.g., [50]) , some aspects of the formalism
of finite quantum systems require special consideration, and further work is needed in order to extend
the ideas of the present paper, to this case. Also when d contains powers of prime numbers, further work
is needed (based on labeling with elements of Galois fields).

In section 2 we introduce very briefly finite quantum systems, their analytic representation, and mu-
tually unbiased bases, in order to define the notation. In section 3 we review briefly the formalism of
weak mutually unbiased bases. An important ingredient is the factorization of X(d) in terms of smaller
systems X (p;) and X(p2), which is based on the Chinese remainder theorem, and its use by Good [51]
in the context of finite Fourier transforms. In section 4, we use the analytic representation to study
WMUBSs, and prove the results that we mentioned above. We conclude in section 5, with a discussion of

our results.

II. PRELIMINARIES

A. Analytic representation of quantum systems with variables in Z(d), with odd d

We consider a finite quantum system with variables in Z(d) (the integers modulo d)[2-8]. Let |X;n)

the basis of position states in the d-dimensional Hilbert space H(d), and |P;n) the basis of momentum



states:

[Pin) = FIXiny; F=d™'/2 % jw(mn)[X;m)(X;nl; - w(n) = exp [ZQZﬂ

m,n

Here F is the finite Fourier transform. Displacement operators are given by
D(a, ) = Z2°XPw(-2""ap);  «,fB € Z(d)
where

7Z = Zw )NX;n)(X;n| = Z|P;n+1><P;n|
X = Z n)|P;n)(P;n| = Z|X;n+1><X;n|

n

X1 = Zd =1, XZ=7ZXw(-1)

The {D(a, f)w()} form a representation of the Heisenberg-Weyl group in this context.

Let |g) be an arbitrary state

9= gmlXim) = GulPim); > |gm|* =
=d~1/? Z w(—mn)gn

n

We use the notation (star indicates complex conjugation)

=Y gnlXim); (gl =D g Xsmls (g = gm(X;m]

We represent the state |g) with the function

d—1 .
— g l/4 * T _ Tt
Giz)=m ng®3[d Zd’d}

m=0



where O3 is Theta function [48]:

O3(u, 1) = Z exp(imTn® + i2nu) (7)

n=—oo

Theta functions are ‘Gaussian functions wrapped on a circle’, and in our case on a ‘discretized circle’.

Their periodicity properties are:

Os(u+m,7) = O3(u, T + 2) = O3(u, 7)

Os(u+ 7m,7) = O3(u, 7) exp[—i(nT + 2u)] (8)

For later use we mention that

Os(u,7) = (—iT) 2 exp {“2} 0s (“ _1> , )

imT
and that their zeros are

VT

Gy = (2M = D)3 + (2N — 1) (10)
G(z) is an analytic function and obeys the periodicity relations
G(z+d)=G(z)
G(z +1id) = G(z) exp (—nd — 2iwz) . (11)
The scalar product is given by
(galgt) = % _dandar exp <_§7TZ?) G1(2)Ga(z) = Y G5ninm (12)

meZ(d)

where zg, z; are the real and imaginary parts of z. Gy n = [Md, (M 4+ 1)d) x [Nd, (N +1)d) is a cell in
the complex plane and (M, N) are integers labelling the cell. In the case M = N = 0 we use the simpler

notation &. The proof of Eq.(12) is based on the orthogonality of Theta functions.



The analytic function G(z) has exactly d zeros ¢, in each cell and the sum of these zeros is [46, 47, 49]
d 2
¢ = d(M +iN) + - (1+1). (13)

r=1

So in each cell d — 1 zeros are independent, and the last is determined by this constraint.

B. Mutually unbiased bases using Sp(2,7Z(d)) symplectic transformations, with odd prime d

In this subsection d is a prime number and therefore Z(d) is a field. Symplectic transformations are

defined as

X" = S(r, N, v) X [S(k, \|p, v)]T = D(\, k)
2 = S(x A1) Z [8(s M, )] = Do, )

kv —Ap=1; K, \u,v € Z(d) (14)

They form a representation of the Sp(2,Z(d)) group. Egs.(14) define uniquely (up to a phase factor) the

symplectic transformations. S(x, A|u, ) is given by][3]

S(K/v A|:LL7 V) = 5(170|§17 1)S(17€2|07 1)5(637 0‘055371)
S(1,0[¢1,1) = > | X;n)(X: &
S(1,600,1) = w(27'&n?)| X;n)(X;n)|

n

S(£3,000,651) = > w(27n*)| P n)(Psnl (15)
where

Go=rp(L+ )7 L= 1+ ) &=r(l+Ap)"" (16)



The multiplication rule is given by

S(k1, Al p, v1)S(ka, Aa|pa, v2) = S(K, A, v)

KA Ko Ao K1 A1
= (17)
n v Ho Vs H1 V1
We consider the following special case of symplectic transformations:
X' =800, —p 7 i v) X [SO0,—p M)t =275 v e Z(d)
Z' = 8(0, —pu Y, v) Z [S0, —pu |, v)]T = XHZVw(2 ) (18)

We note that S(0, —1|1,0) = F 1. We can show that these transformations preserve Eq.(3). Acting with

them on the position basis, we get new bases:
|X (u,v);m) = S0, —p Hp,v)| X;m);  v=0,...,d—1 (19)

We note that | X (i,0);m) = |P; —p~tm).
Lemma II.1.

d—1
X (1, v); m) = % > wlu olm g Xy Blm..v) = —jm o+ 27w (20)

Jj=

Proof. We first prove that these states are eigenstates of Z' = X*Z"w(2 1vpu).

1 d—1
Z'|X (nv)im) = —=w(2vp) ) wlp™ g(m, j,v)| X* 27| X5 j)
1 vd © jZ::O H J J
1 d—1
= 5w ) jzow[u-wm,j, D)) X35 + 1) (21)

We now change variables j' = j + p and we get

Z'|X (p, v);m) = w(m)| X (p,v); m) (22)



We next show that X'| X (u,v);m) = | X (u,v);m+ 1).

d—1 d—1
2747 X, v)ym) = id Wl o(m, )27 1X; ) = id Wl $(m, ) (g~ )X )
=0 =0
1 o J J
= = Y eln 6l LX) = X v)sm o+ 1) (23)

Vd

j=

It is known that for a prime number d there are d + 1 mutually unbiased bases given by

B, 1) = {IX;m)};  Buv) = (X(uviim)ys  v=01,..d 1. (24)

1

Here p is fixed. B(u, 0) is the basis of momentum states {|X (¢, 0); m) = |P; —u~'m)}. They are mutually

unbiased bases[9-17], because for all v # v/ and for all n,m

(X (,v)s | X (p, )y m)| = d =12 (25)

C. Maximal lines through the origin in G(d)

Various aspects of the Z(d) x Z(d) phase space as a finite geometry G(d) have been studied in[22,
23]. A special class of finite geometries which has been studied extensively in the discrete mathematics
literature[24-26] is the near-linear geometries, which have the axiom that two lines have at most one
point in common. These geometries are intimately related to fields. The G(d) geometry does not obey
this axiom, is based on rings and it is a non-near-linear geometry. Two lines through the origin have a
‘subline’ in common, which consists of &k points, where k|d. If d is a prime number, k is 1 (in which case
the lines have one point in common) or d (in which case the lines are identical), and this is the near-linear
geometry.

In this subsection d = p; X pa, where p1, p2 are odd prime numbers different from each other. The G(d)

is defined as (P(d), L(d)) where P(d) is the set of the d? points (m,n) € Z(d) x Z(d) and L(d) is the set



of lines. A maximal line through the origin is the set of d points

L(p,o) ={(rp,ro) | r € Z(d)}; p,o € Z(d). (26)

If 7 is an invertible element of Z(d) then L(p, o) is the same line as L(7p,70). An example of a non-
maximal line is L(py,7p1) (it has only py points). There are ¢(d) = (p1 + 1)(p2 + 1) (the Dedekind psi
function) maximal lines through the origin in G(d).

Symplectic transformations on a point (p, o) € Z(d) x Z(d) are given by

K A
Sk, Al v)(p, o) = (p,0) = (kp + po, A\p + vo)
w v
kv —du=1; kK, \u,veZd) (27)

where we represent points with rows and act on the right, or by

T

p KA p kp + po
S(k, Alp, v) = = (28)

o W v o Ap+vo

where we represent points with columns and act with the transposed matrix on the left. With this notation
we get the same multiplication rule as in Eq.(17). We have here a representation of the Sp(2, Z(d)) group.

Symplectic transformations on points lead to symplectic transformations on lines:
S(k, Alp, v)L(p,0) = L(kp + po, Ap + vo). (29)

III. FACTORIZATION

In the rest of the paper d = p; X pa, where pq, po are odd prime numbers different from each other.



A. Factorization of the system in terms of smaller systems

10

Based on the Chinese remainder theorem, and following ref.[51] on the factorization of finite Fourier

transforms, we introduce two bijective maps between Z(d) and Z(p1) x Z(p2):

m < (my,me);  m; =m(mod p;);  m =mi81 + mase (mod d)

m € Z(d);  m; € Z(p;),

and

m < (ml,mz); m; = mti = m,tz(mod p,), m =miry + mory (HlOd d)

m € Z(d); m; € Z(p;).

Here r;, t;, s; are the constants

d
rE = — = Pa; T2 ]T = P1; tir; = 1 (mod pz)7 s; =t;r; € Z(d)
2

We note that

5150 =0 (mod d); 52 =5, (mod d) s3=s9 (modd) s1+sy=1(mod d)

p2s1 = p2 (mod d);  pisy = p1 (mod d);  p1s; = pasz = 0 (mod d).
Also for the map of Eq.(30)
m+L < (mg+0,ma+Lla);  ml < (mily,mals),
and for the map of Eq.(31)

m+{ < (ml +Z1,m2 +Z2), ml <« (mlgl,mgég)

(31)
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21n; )

Using the notation w;(n) = exp(=]

where n,; € Z(p;), we can show that

w(mn) = wi(m17y)wa(mamg). (36)

Eqgs.(33), (34), (35), (36), are important for the proof of various relations below.
We introduce a bijective map from H(d) to H(p1) ® H(p2) as follows[3]. We use the map of Eq.(31)

for position states:

| X5;m) < | Xi;m) ® | Xo;me), (37)

where |X;;m;) are position states in H(p;). Using Eq.(36) we prove that the corresponding map for

momentum states, is based on the map of Eq.(30), and it is given by

|P,m) <~ |P1;m1>®|P2;m2> (38)

where |P;;m;) are momentum states in H(p;). The Fourier transform between position and momentum
states, implies that if the map of Eq.(31) is used for position states, then the map of Eq.(30) should be
used for momentum states.

For later use we also factorize the symplectic transformations. The Sp(2,7Z(d)) is factorized as

Sp(2,Z(p1)) x Sp(2,Z(p2)), as follows (proposition 3.1 in [52]):

S(H’ >\|,le, V) = S(Hlv Alrl‘ﬁla Vl) & S(KJQa )‘2T2|ﬁ27 VZ) (39)

where the k;, A\;, [i; , v; are related to k, A, p, v, as in Eqs(30),(31). Below we need the special cases

S(O7 —,U,71|,LL, V) = S(Oa _1|1al/1) ® S(Oa _1|17V2)

V=118 + Sy, pi=p1+pe; @t =py st +pytse (modd), (40)



and

Sk, A, v) =1® 5(0,—1|1, v2)

. _ -1 _ . _
K=51; A= —52D] w=pi; V=81 + 28

and

S(’ﬁM#aV) = S(Ov_l|171/1) ®1

. _ —1 e _
K=S82; A= —51D, p=p2; V=S8t Vi81.

As an example we consider the case that d = 21, i.e., p; = 3 and po = 7. Then

7“1:7; t1:].; 81:7

ro=3; ty3 =05, sy=15

and we get

S(O, 2|10, Tvy + 151/2) = S(O, —1|]., 1/1) ® S(O, —1|]., 1/2)
S(?, 9|37 7+ 151/2) =1® S(O, —1|1, 1/2)

S(15,—7|7,15+ 1) = S0, —1|1,11) ® 1

B. Weak mutually unbiased bases

12

(41)

For d = p; X pa, references [22, 23] introduced in H(d) = H(p;) ® H(p2) a weaker than mutually

unbiased bases concept, called weak mutually unbiased bases (WMUB). They are tensor products of
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mutually unbiased bases in H(p;). They are given by

|X (v1,v2); T, o) = | X1 (v1); ) ® | Xa(va); M)

| X (vi);mi) = S0, =11, )| X3 m5); T € Z(pi). (45)

We also include the v; = —1, in which case |X;(—1);m;) = | X;;m;). Therefore v; = —1,...,p; — 1.

In the special case v1 = 1o = —1 we get

|X(71, 71);m1,m2> = |X1(71);m1> X |X2(*1);m2> = |X1;m1> X |X2;m2> (46)

In the special case v = v5 = 0 we get

|X(0,0); 1, ma) = [X1(0);m1) @ [ X2(0);m2) = |Pr;m) @ |Pa;ma) (47)

The overlap of two vectors in two different bases, is 0 or 1/k where k is a divisor of d:

(X (v1, vo); Ty, Ma | X (v, 1V4); 1, T2)|> = — or 0; kl|d. (48)

The strict requirement that the square of the absolute value of the overlap is 1/d in mutually unbiased
bases, is replaced with the weaker requirement that it is 1/k or 0. And that is why we call them weak
mutually unbiased bases. There are ¥)(d) = (p1 + 1)(p2 + 1) weak mutually unbiased bases.

Taking into account Eq.(40), we can relabel the |X (v, va); 1, M2) as follows:

| X (v1, v2); M, m2) = S0, —1[1,01)[X;m1) ® S(0, =11, v2)| X ma)
= S(O7 _M_l‘uvy)|Xam> = 5(07 —l\l,u_lz/)S(,u_l,O|O,,u)|X,m>
=500, 1|1, p )| X;mp ™) = | X (1, p v);mp ™)

V=151 +1v282; pu=p1r+p v;=0,.,p;—1 (49)
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Here we have used Eq.(40), and m is related to 7y, through Eq.(31).

|X(—1,V2);m1,m2> = |X;m1> & 5(07—1‘17V2)‘X;m2>
= |X,m1> (24 S(O,*l|1,V2)|X,m2> = S(n,)\\,u,u)|X,m> = |X(p1,$1 + VQSQ);m>

K=s1; A=—sopi's p=p1; v=51+1280 (50)

Here we used Eq.(41). In a similar way we get

| X (1, —1);my, M) = | X (p2, $2 + v151);m) (51)

|X(—1, —1);m1,m2> = |X;m1> ® |X;m2> = ‘X(O, 1);m> (52)

There are pips states in Eq.(49) (which have already been introduced in Eq.(24)), p1 + p2 states in
Eqgs.(50),(51) and one state in Eq.(52). Together they make the set of ¥(d) = (p1 + 1)(p2 + 1) weak

mutually unbiased bases.

Remark III.1. From the above it is clear that we use two different notations, ‘the factorized notation’
(for which we use calligraphic letters) and the ‘unfactorized notation’. In the unfactorized notation we

have four different cases where different symplectic transformations act on the position states:

(X (1, " w)smp™t) = S(0, =1[1, u~ ') | X5 mp )
| X (p1, 51+ vs2);m) = S(s1, —sapy '[p1, 1 + vos2)| X;m)
| X (p2, 89 + vi51);m) = S(s2, —51py |2, s2 + v151)| X5 m)

[ X(0,1);m) = [X57m1) ® | X;7m3) (53)
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In the ‘factorized notation’ B(vy,vs) is the basis

B(vi,va) = {|X(v1,10); 01, M2)}; vi=—1,...,p; — 1. (54)

In the ‘unfactorized notation’

B(p, v) = {1X (, v);m)}, (55)

where p takes the values 1, p1, ps, 0.

The overlap of Eq.(48) for vectors in two bases B(v1,v2) and B(v],v4) takes one of the two values

/7 ’
rvaliva) o ) We express this as

r(vi, va|vy, vg)

(B(v1,v2), B(ry, b)) = ;

where

r(vi,olv),vh) =1 if vy #v] and vy # V)
r(vi, |V, vh) =p1 if vy =v] and vy # v

r(vi, |V, vh) = pa if v1 # v and vy = v (57)

In the first case both ‘unprimed factor bases’ are different from the corresponding ‘primed factor bases’
and therefore the result is always 1/(p1p2) (it cannot be zero). In the second case the first ‘unprimed
factor basis’ is the same as the ‘primed factor basis’, and therefore the result is 1/ps or zero. Analogous

comment can be made for the last case.

C. Factorization of the maximal lines in G(d)

We represent a point (p, o) in Z(d) x Z(d) as

(p;0) = (P1,01) X (P, 02); Py, 0 € L(pi) (58)
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Here we used the map of Eq.(31) for the first variable and the the map of Eq.(30) for the second variable.
The use of the two maps is important for the duality between maximal lines through the origin in G(d),
and weak mutually unbiased bases in H(d). A maximal line L(p, o) in Z(d) x Z(d) can now be factorized

as

L(p,0) = L(py,01) X L(py,02);  P;»0i € Z(ps) (59)

This is made clear in the following proposition.
Proposition III.2.

(1) if p; # 0 (mod p;), the (p;) ™! ewists in Z(p;), and the line L(p;,0;) = L(1,(p;) " 10:). Also L(p,0) =

L(1,p7 o) and Eq.(59) can be written as

L(1,p 'v) = L(1,11) x L(1,v5) = L(v1, 1)

v=uis1+ase; v =(p;) loy €L(p;);  pTlv=plo € Z(p)

W=mp1+p2 (60)

(2) If p; = p1 = 0 (mod p1) then v1 = —1 by definition and

L(p1,s1 + sav2) = L(0,1) X L(1,10) = L(—1,12); 1o = (52)_102 (61)

Similar result holds in the case that ps = ps = 0 (mod ps):

L(pa, s2 + s111) = L(1,v1) x L(0,1) = L(v1,—1); 11 = (ﬁl)_lal (62)

(3) If p1 = 0 (mod p1) and p2 = 0 (mod p2) then v; = v = —1 by definition and

L(0,1) = L(0,1) x L(0,1) = £(—1,—1). (63)

Proof. In all cases we show that the sets of points in the two sides are identical.
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L(1,v1) x L(1,v5) = 8(0, —1|1, 1) L(0, 1) x S(0, —1|1, ) L(0, 1) (64)

Using Eq.(40), and the fact that L(0,1) x L(0, 1) is the line L(0,1) in G(d), we get

S(0, ¢~ |u,v)L(0,1) = L(1, p~ ") (65)

with the parameters given in Eq.(40). We used here Eq.(29).

(2)

L(0,1) x (0, —1|1, 1) L(0,1) = S(k, N, )L(0,1) = L(p1, 51 + va52)

K= 81; Az—szpfl; L =p1; V=5]+ 259 (66)

We used here Eq.(41). Comments analogous to remark II1.1 are also valid for the lines.
(3) This is straightforward.
O

Therefore in L£(v1,15) the v; = —1,0,...,p; — 1. There are ¢(d) = (p1 + 1)(p2 + 1) such lines through
the origin , where v (d) is the Dedekind t-function. An example of this factorization for G(21) (p; = 3
and py = 7) is given in table L.

Ref. [23] has shown that there exists a bijective map (duality) between the lines in G(d) and the weak

mutually unbiased bases in H(d) as follows:

B(l/l,l/g) < E(l/l,llg). (67)

The finite geometry is non-near-linear geometry. The common points between two lines are described in

the following proposition:

Proposition II1.3. Two mazimal lines L(1,un~'v) = L(v1,12) and L(1,u=*') = LV}, V4) (where
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v = 1181 + Vesy and V' = v]sy + Vyss through the origin, have in common r(vy,va|V), V) points where

where r(v1, va|V], V) has been given in Eq.(57).

Proof. The common points in the two lines should satisfy the relation
M) = M ) = AN —na)sy + (ve — vh)sa] = 0. (68)

We first assume that vy # v and vo # V4. In this case (11 — v])s1 + (va — v})sa is always different from
zero, because the map of Eq.(30) is bijective (and 0 > (0,0)). Therefore in this case A = 0.

We next consider the case 11 = V| and vy # v4. In this case any A which is multiple of ps gives a
solution, because pase = 0 (Eq.(33)). Therefore there are p; values of A which lead to common points.

The case v1 # v and v, = 1/} is analogous to the above . O

Table I shows explicitly this duality for the case d = 21. In the present paper we show that there is
another bijective map between these two sets and the set of zeros, in an analytic representation approach

to weak mutually unbiased bases.

Example I11.4. We give an example of two lines through the origin in G(21), which have three points
in common. The lines L(1,8) = £(2,3) and L(1,11) = L(2,5) have in common the three points (0,0),
(7,14), (14,7), and they are shown in Fig.1. This ezample shows that our geometry is a non-near-linear
geometry.

The analogue of this in terms of bases is the B(2,3) and B(2,5). In this case
3
(B(2,3),B(2,5)) = T 0. (69)
Analogous example for two lines of zeros in 3(21) is given later.

IV. ANALYTIC REPRESENTATION OF THE WEAK MUTUALLY UNBIASED BASES

We first present a lemma which is needed in the proof of the proposition below.
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Lemma IV.1.

[T wlo@mi, ki, vi)] = wlp= ' é(m, k), p~' =py s +pi 'sa (mod d). (70)

where ¢(m, j,n) = —jm + 27 vj? (see Eq.(20)).

Proof. We use Eqs.(33) to prove that
kmufl = m1E1p2 + mgggpl; 1741 (E1)2d2 + VQ(EQ)Zdl == ,Ltill/kz. (71)

From these relations follows Eq.(70). O

We have explained earlier that Theta functions are Gaussian functions wrapped on a circle. Symplectic
transformations on Gaussian functions in a real line, give Gaussian functions. The proposition below
proves an analogous statement for Theta functions. This is needed later in order to prove that the zeros

of the analytic representation of the state |X (v, v); M1, M2) are on a straight line.

Proposition IV.2. The analytic representation (defined in Eq.(6)) of the state | X (v1, v); M1, Ta) where

vi=—1,..,pi — 1 and m; € Z(p;), is given by:

(1) in the case v; =0,...,p; — 1

| X (v1,v2); 1, T2)  — G(z):w_1/4exp — 22)@3(u;r)

T
d
i—vpH(d+1) 1 (m1 m2> . Tz
T=—T——2 u=-mp | —+— | +1i

d bl

V= 1181 + VaSo (72)

where p~1,s; are constants given in Egs.(40),(32).

(2) in the case vy = —1 and vo = 0,...,pa — 1

—mpow?
p1
_ —va(p2+ 1) +ipy T z

u=— +irtw; w=— — ;. (73)
D2 b2 D2

|X(=1,);m, ) —  G(z) =7 "Y%exp ( ) O3(u;T)
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Analogous result holds in the case vy =0,...,p1 — 1 and vo = —1
(3) in the case vy = vy = —1
XL -1im) = [Xom) > GE) = e | T (5): ] (74)
Proof.
(1) Using Eq.(20) with =1 we get
| X (vi); M) = w[p (M, ki, vi)]| X5 ki) (75)
VPi k=0

Therefore

X (vr,v0); 0, M) = > | X5 5)(X; | X (v, v2); 71, )
J

= Z | X5 ) (X 13 71| @ (Xos 4o l]| X (1, v2); T, TTH2)

= Z 1 X5 7) (X157, X 0 (v1); )] [(X2; Ja| Xa(va); o)

1 __ = )
> Ejj 7 1:[w[¢><mi,yi, vi)]| X5 ). (76)
We then use Eq.(70) and we get
(e, )i, ) = 3 Sl o(m, V)X ) ()

Using lemma II.1 and Eq.(6), we represent | X (v);m) with the sum

|X (v, v2); 0, ) — W\_/lgl Zw[—,u_l(b(m,j, v)|O3 [73 -z (g) ; ;} (78)

J

We next show that this sum is equal to the Theta function shown on the right hand side of Eq.(72).
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Using the property of Theta functions in Eq.(9) and Eq.(7), we find that

0| 2 (5): 5] = Ve [ 25 405 (5) - (5] eulim + imssia

d d/’d d d d
o -2 o0
= Vdexp [ZJ + 25 (g) z— (Zzz)] n;oo exp [7ﬂ'dn2 + 2nmj — Qnﬂ'z] . (79)

In this paper we consider the case of odd d and then 27! = %. Therefore we get

a—1/4

Vd

S ulon s mies [ - (5) 53]
’ o d-1
=7 Yexp [Jzz] Z Zexp {dw(j + nd)z}

n=—oo j=0

exp [_im/,u_;(d—i—l)(_j + nd)Z} exp [—%WZM_I(—J' + nd)}
exp [—2(fj + nd) (g) z] (80)

We now change variable into N = nd — j. Since n takes all integer values and 0 < j < d — 1, the

variable IV takes all integer values. Therefore the above sum becomes

o0 =1 ; —1
14 —T SN (d—|—1)N2_2mm,u N—2N <z> 1
T exp [d Z]NE exp [d 7 7 7)? .(81)
This is the result in Eq.(72).

(2) We first point out that

‘X(—l, VQ);mth) = Zé(%l,ml)w(qb(ﬁg,ﬁg, VQ))IX; k> (82)
k

where k = k1ps + kopi. Summation over k is equivalent to summation over both k1, ko.
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Its analytic representation is

—1/4 _ B '

|X(=1,1); 701, T02)  — W\/a E ;akl,ml)w(—qa(mz,kz,yg))eg [T_Z(Z);Cﬂ
—1/4 _ — - .
S Ok

|
LS
IS

>
>

w(—¢(Mz, kg, v2))Vd exp {_W(mlpif L2 2(m1pz + kap1) (g> o (WZ2)]

S
— =

2

X O3 [—’L'ﬂ' m1p2 +E2p1) + iwz;id]

2 oo . .
14 —m(mps — 2) } { imve(p2 + 1) T 20w % ]
=7 exp | ————— E E ex ——=——(n np
P [ pP1p2 P Y2 (np2 2) P2 (np2 2)

n=-—oo E2

X exp [—m(npz —ko)? 421 (ml - Z) (np2 — kz)} (83)
b2 D2

We now change variable into N = npy — ko, and we get the result in Eq.(73).
(3) Eq.(74) is obvious from the definition of the analytic representation.
O

Remark IV.3. The 7 in Eq.(72) contains vu~! which is an integer modulo d. Consequently, 7 is defined

up to an integer multiple of d + 1. Since d + 1 is an even integer, the ©3 does not change (Eq.(7)).
Below we consider the states in WMUB | X (v1, v2); 1, Ta), and using proposition IV.2, we show that

the zeros of their analytic representation are on a straight line.

Proposition IV.4. The d zeros of the analytic representation of the vector |X (v1,v2);Ty, Ma) where

vi=—1,...p; — 1 and m; € Z(p;), are on a straight line and they are given by:

(1) in the case v; =0,..,p; — 1 fori=1,2

C(v1, v, M2y N) = a(l —ifB) +

1 d
a:N—i; B=—ptv(d+1); 72—idM—|—i§—i;f1m
J\]-:]:(—ﬁ-].,,I(-f—d7 m:mlpg —|—m2p1; V =V181 + V282 (84)
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where =1, s; are constants given in Egs.(40), (32). Appropriate choices of the ‘winding integers’

K, M, locate the zeros in the desirable cell.

(2) in the case v = —1 and v3 =0, ...,pa — 1

C(=1,vp;mm1,Mg; N) = apr — i) +

1 . . 1
a:N—i; B'= -l +p2); o =Mps — Mg —ips (MQ)
N=Ki+1,..Ki+py; M=K +1,..,Ko+p; m=mip2+map1. (85)

Appropriate choices of the ‘winding integers’ Ky, Ko, locate the zeros in the desirable cell. Similar

result holds for the case v = —1 and v, =0,...,p; — 1.

(3) in the case vy = vy = —1

d
((—=1,—1;my,ma; N) = —ia++"; v'=m—-Md+—=-+id; N=K+1,...K+d
2
1

a=N - 3 m= mM1p2 + Mapi (86)

Appropriate choices of the ‘winding integers’ K, M, locate the zeros in the desirable cell.

Proof. (1) From Eq.(72) we see that |X'(v1,v2);71,Ms) is represented by a single Theta function.

Therefore the zeros in the case v = v181 + 1985 =0, ...,d — 1 are:

-1
i (5) - ey w

where M, N are integers, and 7 is given in Eq.(72). From this we get the result of Eqs.(84).

(2) In Eq.(73) |X(—1,v2); 1, mM2) is represented by a single Theta function. Therefore the zeros in the

case vy =0,...,po — 1 are:

MY . s Lo s T
— +1 —tmm; = (2M —1)— + (2N —1)— 88
2 ig (L) - imm = 200 - T + N - )] (59)

where M, N are integers, and 7 is given in Eq.(73). From this we get the result of Eqgs.(85).
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(3) in the case v1 = v9 = —1, the zeros of the Theta function in Eq.(74) give

T

™m T T
—_— = -] =02M -1)= 2N —1
d C(d) ( )2+( )Qd (89)
and from this follows Eq.(86).
O

In {(v1,ve;m1,M9; N) we used the ‘factorized notation’ for the zeros corresponding to the vector
| X (v1,v2); 1, Ma). The correspondence between the two notations is given in Eqs(49),(50),(51),(52) for

the various vectors, and from this follows that in the zeros in the unfactorized notation are

C(vi, vy, M) = ¢ (Lp tyympu™t)

V=181 +Vas2; ;m=mMips +Map1; v;=0,...,p;—1 (90)

and

C(—1,vo;my, m2) = ('(p1, 51+ vas2;m);  m = Mips + Mapr
C(v1, —1;my, ma2) = (' (p2, 2+ v181;m)

C(_la_l;mlamQ) :C/(Oalam) (91)

We refer to the following set of d zeros

Z(v1,veymy, M) = {((v1,ve;m1, Mo N); N =1,...,d}; v; € Z(p;) (92)

as the ‘line’ of the d zeros corresponding to | X (vq, vs); M1, M2). In the unfactorized notation this is

Z'(1,p tyym) = {¢'A,utv;m; N); N =1,...,d}
Z'(p1, 81 + v2s2;m) = {('(p1,81 + vese;m; N); N=1,....d}
Z'(p2, 82 +v151;m) = {( (p2, s2 + v1s1;m; N); N =1,....d}

Z'(0,1;m) = {¢'(0,1;m; N); N =1,...,d} (93)
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Proposition IV.5. The d? zeros in the cell &, of all d vectors in the basis B(vi,v) are
, 1 ,
3(r7s)=(r+zs)+§(1+z); r,s=0,..,d—1. (94)

and they do not depend on (v1,v2). We denote as 3(d) the lattice of these zeros.
Proof. We consider three cases:

(1) In the case v; = 0,...,p; — 1 for i = 1,2 we use Eq. (84). N takes all values 1,...,d in the real axis.
For each N, the ip~'m gives all required values 1, ...,d in the imaginary axis. We note that when

1

m takes all values in Z(d), the u~1m also takes all values in Z(d), because pu~! is invertible.

(2) In the case 1 = —1 and v2 = 0, ..., p2 — 1, we use Eq.(85). Np; + M1ps2 takes all values 1,...,d in
the real axis. Indeed, Np; gives the integer multiples of p; and 712 gives the ‘in between’ values.

It is important here that py is an invertible element within Z(p;).

For each Np; + mipa, the i(p2M + ms) gives all required values 1,...,d in the imaginary axis.

Indeed, Mps gives the integer multiples of po and 9 gives the ‘in between’ values.

Similar result holds for the case v, = —1 and 1, =0,...,p; — 1.

(3) In the case v = v5 = —1 we use Eq.(86). The m takes all values 1, ...,d in the real axis. For each

m, the N gives all required values 1, ..., d in the imaginary axis.

The above arguments do not depend on the value of (v, s). O

V. TRIALITY BETWEEN LINES IN FINITE GEOMETRIES, WMUBS, AND THE ZEROS

OF THEIR ANALYTIC REPRESENTATIONS

Definition V.1. A(v1,1v) is the set of the d parallel lines of zeros in &, of the d vectors in a weak

mutually unbiased basis:

A(vy,v2) = {Z(m;v1,1v9)m € Z(d)};  vi € Z(pi) (95)
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In the ‘unfactorized notation’ this is

AL p~ ') = {2'(1, " vy m)|m € Z(d)}
A(p1, s1+ 1982) = {2/ (p1, 51+ vase;m)|m € Z(d) }
A(pa, s2 +v181) = {Z/(an sy +visi;m)im € Z(d) }

A(0,1) = {2(0,1;m)|m € Z(d)}. (96)

Each of these sets is characterized by the slope of the lines it contains. In the proposition below, we
use the slopes of these lines. We also define slopes of a line L(p, o) in G(d) as . Two lines L(p,0) and

L(p',0') have the same slope if
pa’ —p'o =0 (mod d). (97)

Theorem V.2.
(1) There is a triality between
— the weak mutually unbiased bases in H(d)

— the non-near linear finite geometry G(d) associated with the phase space Z(d) x Z(d)

— the lattice 3(d) in the cell &, which we also regard as a non-near linear finite geometry Z(d)

as follows:

B(l/hljg) < L:(Vl,I/Q) < A(l/l,ljg) (98)

(2) In this triality
— the overlap between vectors in the WMUBs is (B(vy,v2), B(vi,v4)) = r(v1, va|vf, v4)/d, where
r(v1, va|Vy, V) has been given in Eq.(57).
— two lines L(v1,v2) and L(V],vh) have in common r(vy, ve|V), V) points

— for any m, the lines Z(m;v1,va) in A(vy, v2) and Z(m; vy, vh) in A(vi, vh) have r(v1, va|vy, vh)

points in common
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Proof.

(1) We have explained earlier (Eq.(67)) that B(vy,v2) < L(v1,v2) and we now prove that L(vy,v2)
A(v1,v2). The proof is based on showing that the corresponding slopes are equal. We consider the

following three cases:

— In the case v; = 0, ..., p; — 1, Eq.(84) shows that the slope of A(v1,v5) in 3(d) is p~'v(d + 1).
Eq.(60) shows that the slope of the line £(1q,v2) = L(1,u"'v) in G(d) is also p~1v. The two

slopes are equal (modulo d).

— In the case vy = —1 and v5 =0, ...,p2 — 1, Eq.(85) shows that the slope of A(—1,v3) in 3(d)

is %. Eq.(61) shows that the slope of the line £(—1,v5) = L(p1, $1 + s2v2) in G(d) is

S1+Sav2

P These two slopes are equal according to Eq.(97). Analogous result holds for the case

vo=—land vy =0,...,p; — 1.
— In the case 11 = v, = —1, Eq.(86) shows that the A(—1,—1) in 3(d) is vertical. The line

L(—1,—-1) = L(0,1) in in G(d) is also vertical

(2) In Eq.(56), we have explained that (B(v1,v2),B(vi,v})) = r(vi,va|vy,v4)/d. Also in proposition
IT1.3 we have shown that two lines £(v1,v5) and L(v],v4) have in common r(vy, vo|vy, v4) points.

Below we prove analogous result for the lines of zeros.

We consider the lines £(v1, 1) and L(v1,v4) and assume that they have r points in common (where
r|d). We show that the lines Z(m; vy, 1) and Z(m; v}, v4) also have r points in common, i.e., that
C(m,v1,v9, N) = {(m,v],vh, N') for r pairs (N, N'). We give explicit proof only for the case that

all v;, v, =0,...,d — 1. The proof in the other cases is similar.

In this case, using Eq.(60) we conclude that there exist r pairs (A, ') such that

M ) =N N W) v =181 + vass. (99)

This leads to A = X (mod d) and Au~'v = N p~1v’ (mod d). We then use Eq.(84) to prove that

C(maylvy2a)‘):C(mal/:/[7yé7)‘l)‘ (100)
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for each of the r pairs (A, \').

O

Table I shows explicitly this triality for the case d = 21. The precise correspondence of the various

quantities involved in this triality, is summarized in table II.

Example V.3. We consider an example of two sets of lines of zeros in 3(21), which is analogous to
example III.4 (in this case py = 3 and py = 7). They are the A(2,3) and A(2,5). We take the line of
zeros Z(4;2,3) from the set A(2,3), and the line of zeros Z(4;2,5) from the set A(2,5) (i.e., we take as
an example, m = 4). The lines Z(4;2,3) and Z(4;2,5) are shown in Fig.2, and they have in common

the p1 = 3 zeros:

N =4 — ((4;2,3,N) = ((4;2,5;N) = 3.5+ 4.5
N=d+py=11 — ((4:2,3,N) = ((4;2,5;N) = 10.5 + i18.5

N=4+2p, =18 — ((4;2,3,N) = ((4;2,5;N) = 17.5 +i11.5 (101)

If we regard the 3.5+ i4.5 as ‘origin’, these three points have coordinates (0,0), (7,14) and (14,7), which
are ezxactly the same as in the example II1.4. Comparison of Figs.1,2 shows this.

We also consider the case m = 5. The lines Z(5;2,3) and Z(5;2,5) have in common the py = 3 zeros:

N =4 — ((52,3,N) =((5;2,5;N) = 3.5+ 6.5
N=d+py =11 — (52,3, N) = (52,5, N) = 10.5 + i20.5

N=4+2p =18 — ((5:2,3,N) =((5,2,5;N) = 17.5+i13.5 (102)

Again we regard the 3.5+16.5 as ‘origin’, and these three points have coordinates (0,0), (7,14) and (14,7),
as above and as in the example I11.4.
It is seen that for any m, the lines Z(m;v1,va) in A(v1,v2) and Z(m; vy, vh) in A(Vy, vh) have r points

in common (where r =1, p1,pa).



29

VI. DISCUSSION

The objective of this paper is to use analytic representations and their zeros, in the study of the general
area of mutually unbiased bases. Quantum states are represented with the analytic functions of Eq.(6).
The zeros of these analytic functions determine uniquely the quantum state of the system.

We have shown that there is a triality that links lines in G(d), WMUBs in H(d), and lines of zeros
of WMUBSs in 3(d). The duality between lines in G(d), and WMUBs in H(d) is surprising, but with
hindsight it might be argued that quantum states in the Hilbert space inherit the properties of the
underline phase space. But the appearance of lines of zeros of WMUBs in 3(d) as a third component in
this triality is certainly very surprising, and it reaffirms the important (albeit counterintuitive) role of
analytic functions in the description of quantum systems.

The general methodology is the factorization of a d-dimensional system into subsystems with prime
dimension (for simplicity we have taken d = p;ps). Tensor products of mutually unbiased bases in each
subsystem lead to weak mutually unbiased bases, with overlaps given in Eq.(48). There is a duality
between weak mutually unbiased bases, and maximal lines through the origin in the G(d) = Z(d) x Z(d)
phase space. This duality has been extended in this paper into a triality, with the involvement of the
zeros of analytic functions that represent the quantum states.

The method can also be used when d = p; X ... X py. In this case, there is an isomorphism between
H(d) and H(p1) ® ... ® H(pn), and the weak mutually unbiased bases are tensor products of mutually
unbiased bases in each H(p;). Bijective maps between Z(d) and Z(p1) X ... X Z(pn) (generalizations of
Egs.(30), (31)) can be found in [3] (and in [51]). Using them we can factorize the lines in the finite
geometry Z(d) x Z(d). We can also define analytic representations in a cell in the complex plane, and
factorize the lines of their zeros. The methodology here is analogous to the one that we presented, but
the technical details are more complicated.

Existing work in the general area of mutually unbiased bases is based on discrete Mathematics. The

present work links them with the theory of analytic functions.
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FIG. 1: The lines £(2,3) (circles), and £(2,5) (crosses), in the G(21) finite geometry. The two lines have in
common the three points (0,0), (7,14), (14,7).
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TABLE I: Correspondence between WMUBs in the Hilbert space H(21), lines in the G(21) phase space, and sets
of lines of zeros in the lattice 3(21). Both the ‘factorized notation’ and ‘unfactorized notation’ are shown.
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TABLE II: Correspondence between the various quantities in the triality of Eq.(98).

WMUBEs in H(d)

Lines in G(d)

Lines of zeros in 3(d)

w(d) WMUB B(l/l,l/g)

¥(d) maximal lines through the|y(d) sets A(v1, ) of parallel lines

origin L(v1,vs)

of zeros

d orthogonal vectors
WMUB B(I/l, 1/2)

in each

d points in each L(vy, 1)

d parallel lines of zeros in each set
A(v1,v2). Each line contains d ze-
ros.

(B(1, va), B(v4, vh)) = "rrzfriet)

(Eq.(57))

two lines L(v1,12) and L(v]
/
1

have in common 7r(vy,ve|v],

points

,v)|for any m, the lines Z(m;vy,va)
vh)|in A(vi,ve) and Z(m;vi,v4) in

A(vi,vh)  have r(vi, vy, vh)
points in common

FIG. 2: The lines of zeros Z(4;2,3) (circles), and Z(4;2,5) (crosses), in the cell & in the complex plane . The

two lines have in common the zeros 3.5 4 i4.5, 10.5 + ¢18.5, 17.5 4+ ¢11.5.
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