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Abstract 

Road vehicle legislation is becoming always more stringent about pollutant 

emissions, forcing automotive manufacturers to address the research towards more 

efficient and environmentally safe internal combustion engines, or to install 

complex and expensive after-treatment systems. Hybrid vehicles (HV), comprising 

a conventional Internal Combustion Engine (ICE) powertrain, and a secondary 

energy source to be converted into mechanical power as well, represent a well-

established alternative to substantially reduce both fuel consumption and tailpipe 

emissions. 

Several HV architectures are either being studied or already available on the 

market, strongly differing in terms of topology, hybridization ratio and nature of 

the adopted additional energy storage source, e.g. Mechanical, Electric, Hydraulic 

and Pneumatic Hybrid Vehicles. Among the others, Electric (HEV) and 

Mechanical (HSF-HV) parallel Hybrid configurations are examined throughout 

this Thesis, the first representing the most common and mature technology, the 

latter being a promising alternative, characterized by higher roundtrip energy 

conversion efficiency. 

To fully exploit the HV potential, an optimal choice of the hybrid components to 

be installed must be properly designed, while an effective Supervisory Control 

must adopted. The term Supervisory Control or Energy Management System 

(EMS), is used to describe the way the different power sources are managed and 

how they interact. In the case studies treated in this work, regarding parallel 

HVs, it typically comprehends the Torque/Power split factor between thermal 

and secondary motor, ICE start/stop command and possibly the gear-shift 

strategy. 

In many cases, Optimal Control Theory principles, e.g. Dynamic Programming 

(DP) and Pontryagin's Minimum Principle (PMP), can be applied as useful 

methodologies to define the best performance of a vehicle over a predefined 

mission, i.e. a homologation cycle. Then, real-time controllers can be derived 

starting from the obtained optimal benchmark results. However, the application 

of these powerful instruments requires a simplified and yet reliable and accurate 

model of the hybrid vehicle system. This can be a complex task, especially when 

the complexity of the system grows, i.e. a HSF-HV system assessed in this Thesis. 

The first task of the following dissertation is to establish the optimal modeling 

approach for an innovative and promising mechanical hybrid vehicle architecture. 

It will be shown how the chosen modeling paradigm can affect the goodness and 



 
 

the amount of computational effort of the solution, using an optimization 

technique based on DP. 

The second issue that is here addressed concerns the control of pollutant 

emissions in a parallel Diesel-HEV. Focusing on Diesel engine-based hybrid 

vehicles, the NOx emissions are particularly relevant, since the highest NOx 

concentration corresponds to the engine operating points where the highest 

efficiency is attained. Moreover, the emissions level obtained under real world 

driving conditions is substantially higher than the usual result obtained in a 

homologation cycle. For this reason, an on-line control strategy capable of 

guaranteeing the respect of the desired emissions level, while minimizing fuel 

consumption and avoiding excessive battery depletion is the target of the 

corresponding section of the Thesis. The resulting controller has been 

experimentally validated by means of Hardware-in-the-Loop (HiL) test-bench 

experiments. 
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1. Introduction 

 

 

In this Chapter the main goals of the research activity carried out during my PhD 

are clarified. Then the structure of the Thesis is explained in greater detail. 

 

1.1 Motivation of the Thesis 

Hybrid vehicles are nowadays considered one of the most promising technologies 

to reduce both fuel consumption and pollutant emissions of road cars. 

To fully exploit their potential advantages, HV powertrains need to be optimized, 

solving the following different design problems: 

 Topology optimization: the goal is here to find the best possible powertrain 

structure, e.g. series, parallel, etc.; 

 Parametric optimization: for a given vehicle structure, find the best 

components and their optimal sizing; 

 Energy management optimization: the target is to define the best 

supervisory control that allows achieving the target control objective. 

Several studies treating one or more of the latter three problems can be found in 

literature. However, there are still some topics that could be enhanced to help 

improving the cited optimization techniques. 

Among the various HV types, HEV and HSF-HV are characterized by some 

features that authorize to consider them the most prompt and advantageous 

technologies. On one hand, HEV can be regarded as a mature technology, already 

present on market from several years. On the other hand, HSF-HV or Mechanical 

hybrids in general, appear promising, if one considers that the stored secondary 

energy source does not involve energy conversion processes between sources of 

different nature, so that the overall round-trip efficiency can be considered higher. 
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Moreover, electrochemical accumulators still require some safety and disposal 

issues to be solved. Innovative topologies of these two kinds have been proposed 

in [188] for parallel HV frames and the advantages are proved with advanced 

simulation environments over a set of standard homologation cycles. 

The first goal pursued by the present dissertation is to establish a benchmark of 

FE performance for the selected HV topologies. To achieve a similar target a QSS 

simulation framework needs to be established to apply a powerful algorithm of 

Optimal Control Theory that is DP. HEV models for DP simulation are already 

well-established in literature, while elaborate mechanical hybrid vehicles include a 

more complex dynamic that must be carefully analyzed to achieve reliable models. 

Throughout this dissertation, two distinct modeling approaches are presented, one 

more detailed and the other simplified, analyzing the benefits of each one in the 

field of FE-oriented optimization. This is done in Chapter 4. 

The second objective of this work is again in the field of EMS optimization, 

especially regarding the problem of on-line control of NOx emissions for a diesel 

HEV. Even though diesel HEVs can be considered the best option to further 

reduce CO2 emissions of road vehicles, some issues arise from the use of CI 

engines, resulting in more NOx and PM emissions, both harmful for human's 

health and the environment. NOx emissions are particularly critical, since the 

highest efficiency combustion conditions are favorable to the production of NOx 

emissions. Although some authors already designed some extended ECMS control 

algorithms to take into account pollutant emissions of HEVs, the resulting 

objective function is typically a weighted sum of one or more pollutants and fuel, 

where the weighting factors are constant values treated as tuning parameters. The 

results of the research activity discussed in the dedicated Chapter of this Thesis, 

is instead to design and validate a controller structure whose goal is to minimize 

fuel consumption while respecting emissions constraints and guaranteeing charge-

sustaining conditions for the battery in real world driving conditions. This has 

been achieved by means of a near-optimal controller derived from PMP, capable 

of on-line adaptation of the weighting factor between NOx and FC. 

Finally, a DP-based approach aimed at topology and parametric optimization of a 

complex hybrid structure is presented, focused on the most efficient choice of the 

input and state variables needed to describe the system and exploit its FE 

potential. 
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1.2 Structure of the Thesis 

In Chapter 2, an overview of possible hybrid vehicle types is proposed, providing 

fundamental distinction rules based on commonly recognized features, such as 

hybridization ratio (HR), topology and alternative energy source type. Then, a 

classification of existent Supervisory Control strategies, necessary to contextualize 

the innovative contents of this work, is included in the final section. 

Chapter 3 offers a detailed analysis of possible modeling approaches for a hybrid 

vehicle system, mainly distinguishing between QSS and FWD/dynamic 

paradigms, for both HEV and HSF-HV components. 

In Chapter 4 the FE optimization methodologies for HVs are recalled, including 

some considerations about gearshift patterns and drivability issues. Then, the 

concluding section of this Chapter is devoted to illustrate the simulation results of 

the FE optimization routines developed for the selected hybrid technologies. 

Chapter 5 presents a treatise on the development of an on-line controller for NOx 

emissions in a diesel-HEV. An innovative controller is derived from Optimal 

Control Theory (PMP), obtaining a near-optimal and causal structure, whose 

real-time on-board implementation is feasible. The simulation results have been 

experimentally validated by means of a HiL engine test-bench as shown in the 

conclusions of this section. 

In Appendix A.1 a DP-based framework to optimize a complex serial/parallel 

hybrid system is depicted. 

In Appendix A.2 DP is applied to a hybrid power system, consisting of a Pumped 

Storage Hydro unit (PSH), Gas Turbines (GT) and a wind farm. The results are 

compared to a causal heuristic strategy. 
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2. Hybrid Powertrains Design and 

Control 

 

 

In this Chapter a brief overview of the main hybrid propulsion system 

technologies is presented. The main advantages of the implementation of such 

vehicles is introduced, later focusing on the architectures selected for the research 

carried out in this PhD project. Finally, a short recall of the main EMSs for HVs 

is provided in the concluding section. 

 

2.1 Advantages of Hybrid Vehicles 

An HV can be described as a vehicle in which a secondary energy storage system 

is added to a conventional fossil fuel ICE-based powertrain. In general, a HV 

includes an engine as fuel converter and one or more additional prime movers fed 

by a secondary energy source ([66]). There are multiple aspects of HV technology 

that allow these systems to attain a better FE, if compared to conventional 

vehicles ([110, 207]): 

 Engine downsizing, while fulfilling constraints of maximum required power; 

 Braking energy recuperation instead of dissipating it into heat, as with 

conventional friction brakes ([33, 56, 153]); 

 Energy distribution optimization between primary and secondary energy 

sources, resulting in higher efficiencies of motors and higher round-trip 

efficiency (see [47]); 

 Removal of idle FC by means of ICE start/stop system; 

 Elimination of clutch slipping losses by ICE engagement only when speeds 

are synchronized. 
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Depending on the nature and impact of the hybrid technology on a given 

propulsion system, the advantage in terms of FE can be higher than 30% 

compared to ICE-based powertrains, as depicted in Figure 2.1 on NEDC 

homologation cycle, even though HVs tend to be about 10-30% heavier than 

conventional vehicles. 

 
Figure 2.1: FC comparison of different pHV technologies for the European homologation 

cycles (source [47]). 

The contribution of regenerative braking is highlighted in Figure 2.2 for the same 

HV technologies investigated in the previous figure, limited in this case to NEDC 

cycle simulations. 

 
Figure 2.2: Distribution of Total braking Energy for the NEDC cycle for different HV 

technologies (source [47]). 

An optimal design of the HV systems is a key factor to obtain the desired FE 

benefits, while fulfilling the required vehicle performances. The authors of [211, 
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24] propose a general methodology for the assessment of hybrid architectures. The 

most relevant parameters to define a HV are: 

 System configuration: HV topology; 

 Hybridization ratio HR (also known as Degree-of-Hybridization DoH); 

 Secondary energy source. 

In the next sections a compact classification, based on the latter criteria, is 

presented. 

2.1.1 Hybridization Ratio 

A general definition of HR can be expressed by the following equation: 

   
      

               
 (2.1) 

where        represents the maximum power of the prime mover of the secondary 

energy storage system and          is the maximum ICE power. 

Since HEV is the most common and developed hybrid technology, a more detailed 

classification is available for those systems, where the alternative storage is the 

electrochemical energy of a battery: 

 Micro hybrid: ICE-based powertrain equipped with a small electric motor, 

essentially used as Integrated Starter Generator (ISG).      ; 

 Full hybrid: pure electric drive is allowed and higher electric power levels 

are needed, often requiring high voltage and complex power electronics 

(PE).          ; 

 Mild hybrid: the size of the electric components is smaller and does not 

allow ZEV operation, at least at higher vehicle speeds (see [98, 15]). 

         ; 

 Plug-in PHEV: the battery can be recharged directly from the electric grid, 

therefore limitations due to charge-sustaining operation fall.       ; 

 Extended-range electric vehicles EREV: ICE is used only as Auxiliary 

Power Unit (APU).       . 

Since HR is a key parameter for the HV design, defining the sizing of prime 

movers and thus guiding the choice of the installed components, several 
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methodologies have been proposed in literature to tackle this task. In [174, 179, 

181] DP is applied to solve the problem of the optimal choice of HR. The 

advantage of similar techniques is that the task of optimal components 

identification is decoupled from their optimal use on a specified control mission, 

since the solution provided by the DP algorithm already guarantees optimality. 

Further optimization techniques, such as Particle Swarm Optimization (PSO) 

have been proposed (see [51]) to calculate the optimal sizing, possibly coupled 

with a DP procedure. 

 

2.2 Hybrid Vehicle Topologies 

According to [37, 75] HV architectures can be classified into four main categories: 

 Parallel hybrid; 

 Series hybrid; 

 Series/Parallel or Combined hybrid; 

 Complex hybrid. 

Details of these classes are given in the following sections. 

2.2.1 Parallel Hybrid Vehicle (pHV) 

Parallel HVs can be considered ICE-based vehicles with an additional secondary 

power path. The power distribution between the conventional and the hybrid 

path can be optimized, leading to an additional degree of freedom in fulfilling the 

driver's power demand.  

Both prime movers can be sized independently for a selected fraction of the total 

vehicle maximum power. The schematics of two pHV with different HRs are 

shown in Figure 2.3 in case of a HEV. Since the engine is coupled to the 

drivetrain, the installation of a clutch cannot be avoided.  

Thanks to the numerous operating modes allowed, this configuration can lead to a 

very high level of the average efficiency of both the machines propelling the 

vehicle ([86, 132]). 
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Figure 2.3: Parallel HV topology: Full-Hybrid (upper) and Micro-Hybrid (lower). 

Figure 2.4 illustrates the typical operating modes of a pHEV. The two power 

flows can be combined in a generic "Torque Coupler" TC (although sometimes an 

additional clutch is installed) and the power balance can be controlled selecting 

the ratio     between secondary (electric) power and total requested power. 

 
Figure 2.4: pHV operating modes. 

During acceleration phases, ICE provides a fraction of the total power in the so-

called power assist, while the rest comes from the additional machine (      

  . During deceleration/braking operations, the secondary power path recuperates 

energy and stores it for later use (     ). At light load, ICE can provide more 

power than requested from the driver's demand, therefore loading the additional 

energy storage system (     ). In theory, depending on the HR, both pure ICE 

(     ) and ZEV (     ) are also possible. 
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2.2.2 Series Hybrid Vehicle (sHV) 

Although the present section is referred to an HEV, it can be generally extended 

to other hybrid energy types, applying the same concepts. A Series HEV can be 

schematized as an EV, equipped with an APU to extend its electrical range. A 

schematic of such a hybrid system is illustrated in Figure 2.5. 

 
Figure 2.5: Series HV topology. 

The sHEV is equipped with two electric machines; The EG is used to charge the 

battery from the ICE, while the EM is devoted to the vehicle propulsion and the 

energy recuperation during regenerative braking. Among the main advantages are 

the facts that the ICE operating point is not related to vehicle power 

requirements (allowing theoretical use at maximum efficiency conditions only) 

and that a clutch can be avoided. 

 
Figure 2.6: sHEV operating modes. 

The main disadvantages are the increased cost and weight due to the presence of 

two electrical machines (or equivalent components for other hybrid types).  
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As depicted in Figure 2.6, four are the main operating modes for a sHEV. Once 

the power split ratio     is defined at the power link PB as the ratio between the 

power from/to the battery and the total requested power at the link, all modes 

can be properly defined. The ZEV mode (     ) may be used during the urban 

driving and in general if regenerative braking occurs (     ). The engine is 

turned on to recharge the battery every time the SOC is below a defined level. In 

this case a duty-cycle-operation takes place (     ). If the maximum-efficiency 

engine power is below the value requested at the power link, a seldom operating 

mode where the missing power is provided directly by the battery (       ) 

is possible. 

2.2.3 Combined Serial/Parallel and Complex Hybrid Vehicles 

Combined HVs are basically parallel HVs, with some features of series HVs. 

Indeed, there are a mechanical and an electric link, and two electric machines are 

present. One is mostly used in parallel mode and it is a prime mover that propels 

the vehicle and recuperates kinetic energy during regenerative braking phases, 

while the second either acts as a generator to recharge the battery utilizing the 

ICE power or it operates during engine start/stop. 

 
Figure 2.7: Combined HV topologies - Power-split device PDS (upper) and Torque 

Coupler TC (lower).  

Very common configurations, as illustrated in the upper plot of Figure 2.7, 

include a Planetary Gear Set (PSG) or a power split device PSD. 
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The latter is the installation adopted in a very common passenger car HV model 

named Toyota THS (see [50, 84, 119, 131, 132, 199, 215]).  Another option is 

depicted in the lower plot of the previous figure, where a Torque Coupler is 

installed to connect the EM and the ICE to the vehicle transmission. An overview 

of the possible combined hybrid operating modes is reported in Figure 2.8. 

 
Figure 2.8: Combined HV with PSD - operating modes. 

Theoretically, the series/parallel HV should benefit from all possible power flows 

of a pHV and of a sHV. However, the installation of a power split device (PSG) 

put some constraints, limiting the feasible energy paths. In particular, the ICE 

mode is often associated with a power flow through the EG and the EM. 

2.2.4 Complex Hybrid Vehicles 

In addition to the three previous configurations, which are also the most common 

in passenger car applications, a fourth category named Complex hybrid can be 

identified, whose structure is depicted in the schematic of Figure 2.9. 
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Figure 2.9: Complex HV topology. 

Although it seems to be similar to the series/parallel architecture, since two 

electric machines are present and the ICE can propel the vehicle, the key 

difference is due to the bidirectional power flow allowed for both electric motors 

in this case. This can add versatility in the use of the prime movers, allowing a 

three-propulsion power mode. 

 
Figure 2.10: Dual-axle complex HV (electric front) - operating modes. 
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This system suffers from high complexity and costs. Nevertheless, as illustrated in 

Figure 2.10, it can be proficiently adopted for dual-axle hybrid concepts, where 

the rear axle is a parallel electric hybrid, and the front axle is electric. A DP-

based sizing optimization analysis for such a Complex hybrid is given in 

Appendix A.1. 

 

2.3 Secondary Energy Source 

A further classification of HVs can be done in terms of nature of the secondary 

energy storage. Apart from electrochemical energy stored in batteries, several 

other technologies exist. Although they usually are characterized by lower energy 

density, they can provide the same typical HV operating modes, such as engine 

load shift towards higher efficiency points, regenerative braking and engine 

start/stop. A comprehensive list of all existent principles is the following: 

 Electrochemical energy, EMG and battery (HEV); 

 Electrostatic energy, EMG and supercapacitors; 

 Electromagnetic energy, EMG and superconductor coil; 

 Kinetic energy, CVT and flywheel (HSF-HV); 

 Elastic potential energy, CVT and torsion spring; 

 Pneumatic, PMP and AST (PHV); 

 Hydraulic, HMP and accumulator (HHV). 

Among the previous possibilities, the next paragraphs focus on parallel hybrid 

vehicle architectures, analyzing both HEV and HSF-HV in the research activity 

presented in Chapter 4, and HEV in Chapter 5. A Complex hybrid HEV is then 

considered in Appendix A.1. A common framework capable of allocating four 

different energy storage systems (HEV, HSF-HV, HHV and PVH) is presented in 

the following sections. 

2.3.1 Hybrid Electric Vehicle (HEV) 

The pHEV architecture presented in Figure 2.11 is the basic concept of an electric 

hybrid system, whose model is described in details in Chapter 3 and is valid for 

both gasoline and diesel ICEs. 
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Figure 2.11: Parallel HEV components detail; (1) ICE, (2) ICE Clutch, (3) AMT, (4) 
primary AMT shaft, (5) secondary AMT shaft, (6) EMG, (7) PE, (8) Battery, [188]. 

In the proposed architecture the EMG is installed on the GB primary shaft, so 

that it can benefit from a dedicated gearshift strategy, to further improve the 

electric machine efficiency during ZEV operation. 

2.3.2 Mechanical Hybrid Vehicle (HSF-HV) 

The use of low-speed flywheels is a well-established automotive technology. Every 

ICE is nowadays equipped with a similar component, to smooth the irregularities 

of power flow typical of a reciprocating machine. The use in hybrid inertial 

powertains is also a viable technical solution, as described in [152]. Different 

mechanical HV topologies can be adopted, to include a kinetic energy storage 

device into a vehicle propulsion system. Each solution requires a different number 

of components such as CVT, gearbox and clutches. 

Some comparative analysis of diverse architectures can be found in literature [31, 

21]. Since the flywheel must rotate at high speed and its rotational speed must be 

allowed to vary independently from vehicle speed, a CVT system with a very 

wide range is needed [30, 129] between the HSF and the drive train. 

In some applications, as described by the authors of [2, 74], mixed inertial/electric 

hybrid concepts have been designed. 

The main features of HSF-HV technology are a very high power density and a 

relatively low energy density, the latter being one of the major disadvantages of 

this solution for hybrid car applications. Since very high speeds (up to 3000 rev/s) 

are needed to achieve a sufficient amount of stored energy, the spinning disc is 

constructed out of materials of the highest tensile strength. For these reasons, 

composite materials employing carbon fibers are preferred to metals ([190]), and 

vacuum operation is requested for reducing aerodynamic drag losses. 
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The authors of [126] propose a comparison between two different topologies for 

mechanical HVs equipped with CVT and HSF. In the schematic of Figure 2.12 

the two variants are illustrated. A fixed-ratio gearbox and an additional friction 

clutch are added to the CVT to form the hybrid part of the powertrain. Since 

variant (B), where the hybrid system is coupled with the primary shaft of the GB 

of the ICE, offers an additional degree of freedom for KERS utilization (GB 

gearshift strategy), this configuration is selected as the reference for the later 

analysis of the HSF-HV. 

 
Figure 2.12: Possible HSF-HV configurations; (1) wheels, (2) Differential, (3) step-up GB, 
(4) AMT, (5) Clutch, (6) ICE flywheel, (7) ICE, (8) HSF clutch, (9) CVT, (10) step-up 

GB, (11) HSF, [126]. 

Further details of HSF-HV components are illustrated in Figure 2.13. 

  
Figure 2.13: Parallel HSF-HV components detail; (1) ICE, (2) ICE Clutch, (3) AMT, (4) 
primary AMT shaft, (5) secondary AMT shaft, (6) HSF clutch, (7) CVT, (8) step-up GB, 

(9) HSF, [188]. 

2.3.3 Hydraulic Hybrid Vehicle (HHV) 

Hydraulic energy is considered a viable technical solution to equip HVs, especially 

in case of heavy-duty applications and delivery trucks, due to its high specific 

power leading to a use compatible with high deceleration powers. Another 

advantage of hydraulic accumulators is their ability to tolerate high 
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charging/discharging rates and high power frequencies, which is not the case of 

electrochemical accumulators. A drawback is the lower energy density compared 

to batteries. HHVs can be both series ([125]) and parallel ([205]) hybrid 

powertrains. A parallel HHV configuration is depicted in Figure 2.14. 

 
Figure 2.14: Parallel HHV components detail; (1) ICE, (2) ICE Clutch, (3) AMT, (4) 
primary AMT shaft, (5) secondary AMT shaft, (6) HMP, (7) HPA, (8) LPA, [188]. 

It usually includes a reversible hydraulic machine HMP and two hydraulic 

accumulators filled with inert gas, one for each pressure level.  

2.3.4 Pneumatic Hybrid Vehicle (PHV) 

The possibility to realize a Pneumatic Hybrid Engine system has been 

investigated as a way to achieve potentially consistent FE improvements, as 

reported by the authors in [49, 48, 187]. This is possible due to the combination of 

an ICE with a short-term pneumatic storage system. The ICE is used as a 

motor/compressor, recuperating during braking and enhancing the elimination of 

some low-efficiency operating points, e.g. low loads and idling. Such system could 

be also efficiently coupled with a downsized turbocharged concept, simultaneously 

improving FE and drivability. A different approach presenting a synergic use of 

an exhaust gas heat recovery and an air compressor is proposed in [73] and 

validated in [71]. Apart from the latter ICE-based solutions, there are studies 

concerning hybrid vehicles equipped with a reciprocating air compressor to 

recuperate kinetic energy during braking ([53]) or with both a pneumatic motor 

and compressor to constitute a real hybrid vehicle, as described in [72]. However, 

a more sophisticated solution is described in [47] and can be observed in the 

schematic of Figure 2.15. 

Here, the operation of a reversible PMC is designed and assessed, while a further 

FE improvement is attained thanks to a heat recovery system that exploits 

exhaust gas heat flow by means of a heat exchanger surrounding the AST. 
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Figure 2.15: Parallel PHV components detail; (1) ICE, (2) ICE Clutch, (3) AMT, (4) 

primary AMT shaft, (5) secondary AMT shaft, (6) Secondary clutch, (7) PMC, (8) AST, 
(9) ICE exhaust gas, [188]. 

 

2.4 Supervisory Control of Hybrid Vehicles 

The main purpose of a Supervisory Control for a hybrid vehicle is to coordinate 

the different power flows from the different sources, fulfilling the given power 

requirement of the driver. 

 
Figure 2.16: Simplified supervisory control for the EMS of HVs, see [188]. 

It generally manages three main control inputs, precisely the power/torque split 

factor between conventional and secondary prime movers (or equivalent definition 

for a sHV, see Section 2.2.2), the ICE start/stop command and the clutch(s) 

command. In other words, it determines the driving mode aiming at the most 

efficient utilization of the available energy storage systems. Figure 2.16 depicts a 
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block diagram for a simplified Supervisory control for parallel hybrid 

architectures. Generally speaking, a supervisory control must handle with many 

constraints regarding the current driving conditions (e.g. engine speed, engine 

state, motor speed, clutch state, battery SOC) or physical limitations of the 

installed components and has to fulfill drivability requirements. The final task is 

to supply set points for all the low level controllers involved in the powertrain 

(e.g. engine torque, motor torque, etc.) and manage the dynamic coordination 

during transient maneuvers, i.e. involving driving mode changes. 

2.4.1 Motivations and classification 

A proper design of the Supervisory Control system, also called EMS, is a key 

factor to obtain the FE and pollutant emissions performance expected from a HV. 

As a consequence, it is important to select the best controller for each system, as 

several researchers have tried to point out in papers dealing with comparative 

analysis of different EMSs, such as [167, 104, 39, 203, 197, 148, 166, 103, 164, 94, 

85, 186]. A primary classification criterion for an EMS is the dependency on the 

knowledge of future driving conditions, distinguishing between: 

 Non-causal controllers: a detailed knowledge is required, as in case of 

regulatory driving cycles or repetitive public transportation routes; 

 Causal controllers: in this case a driving profile is not predictable, therefore 

control actions only rely on past and present system conditions. 

A second condition is related to the use of optimal control theory in the setup of 

the controller framework: 

 Heuristic controller: causal; 

 Optimal controller: inherently non-causal; 

 Sub-optimal controller: often causal. 

2.4.2 Heuristic Strategies 

Heuristic controllers rely on intuitive rules correlating various physical variables 

of the vehicle system. A common rule is that the ICE must be used exclusively in 

its high efficiency operating region, therefore it will not be turned on if such 

condition cannot be fulfilled. Another typical guiding rule is the one concerning 

SOC limitations, prescribing the battery level of energy to always lie in a given 

range. Temperature levels and ICE/catalyst warm-ups are often included in 

similar rules. This kind of criteria can form a rule-based approach, where the 

EMS is implemented in a finite-state machine, as in the example of Figure 2.17. 
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Sometimes rule-based approach can even be derived from the results obtained by 

means of optimal control algorithms, as the authors of [23, 192] claim. Another 

way to generate rules for mode transitions in Heuristic strategies is the 

implementation of Fuzzy Logic rules (see [114, 38]). 

A Fuzzy Logic-based technique has also been applied to mechanical HVs [55]. The 

main advantage of heuristic control is its intuitive approach. On the contrary, a 

great disadvantage is that its performance depends on the tuning of a great 

number of parameters (like thresholds, switches, etc.), that makes its setup a 

time-consuming procedure. Moreover, determining priority between many 

conflicting boolean operators can lead to a poor FE benefit, highlighting the need 

of a more quantitative criterion. 

Another interesting rule-based controller is the object of the research activity 

carried out in [7], where an explicit control law is derived from the application of 

optimal control theory by means of a fully analytical simplified model of the 

vehicle system. 

 
 

Figure 2.17: Schematic of a Finite-state machine for HV control. 

DP results can be also used to enforce rule-based strategies obtaining the desired 

thresholds or the information about the logic of operating mode switching, as 

demonstrated in [115]. 

2.4.3 Optimal EMS 

Optimal Control theory [57] can be applied to a predefined control mission for a 

HV. In general, this leads to a purely non-causal controller, since its solution 

depends on the full knowledge of the disturbances over the entire time horizon. 
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However, in some cases sub-optimal controllers can be extracted from the results 

of the optimization method, generating an EMS that is suitable for on-line 

implementation.  

2.4.3.1 Off-line Optimization Methodologies 

The application of optimization methods to the HV control is discussed in details 

in Chapter 4. A generic classification of off-line causal methods is: 

 Dynamic Programming (DP): a numerical algorithm based on Bellman's 

Principle of Optimality ([176, 150, 22, 121]); 

 Pontryagin's Minimum Principle (PMP): an analytical method that often 

leads to the solution of a two-point boundary value problem ([96]); 

 Convex Optimization: based on mathematical hypotheses about the convex 

shape of the cost function ([185, 135]). 

Even though the previous methodologies cannot be directly implemented on-

board, they can provide a benchmarking performance, to be compared to the 

results of any suboptimal causal controller. In some cases, on-line suboptimal 

EMSs can be generated starting from the structure of an optimal solution, as it 

happens with PMP and ECMS. 

2.4.4 On-line Control Strategies 

Causal controllers don't need a full knowledge of the future conditions to be 

applied. For this reason they can be applied online for the on-board application of 

an EMS. A first classification of such methodologies can be the following: 

 Predictive Control; 

 Time-invariant feedback controllers and SDP; 

 ECMS-type controllers. 

ECMS-type controllers directly arise from PMP, as demonstrated by the authors 

of [168], where the uncertainty about future conditions is shifted to an 

uncertainty on the correct optimal value of the adjoint state (co-state). Usually, 

this leads to a time-variable estimation of the equivalence factor, for which 

various methodologies are available in literature. A detailed analysis of ECMS-

type controllers is provided in Section 4.2.2.2, for parallel hybrid vehicles. 

However, similar approaches have been developed for series HVs as well, as 

reported in [208]. 

Time-invariant feedback controllers are constituted by feedback maps, tabulated 

as a function of some input variables, typically SOC and torque/power demand 
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for HEV applications. Those maps are computed from the solution of some 

previous optimization procedure, e.g. deterministic DP. 

2.4.4.1 Model Predictive Control (MPC) and Stochastic Dynamic Programming (SDP) 

The use of an optimization procedure relies on the knowledge of future driving 

profiles. Based on previously measured velocity profiles on the current route, a 

prediction of the future power demand on a finite future time horizon can be 

performed on-line. This estimation, combined with DP, leads to MPC control 

paradigm. This approach is based on the application of DP to generate the 

optimal control trajectories of all control inputs, on a determined future time 

range, where all estimated may could be provided by the combination of GPS, 

onboard instruments and traffic information (see [214, 213, 111, 97, 38, 16, 3, 

178]). 

Another interesting application in the field of predictive control is Stochastic 

Dynamic Programming (SDP), where the future trajectory extrapolation is based 

on a stochastic process generated by collected data, identifying the transitions 

probability of Markov chains. Several studies [117, 101, 79, 1] assess the feasibility 

of similar methodologies for the online control of hybrid vehicles in real driving 

conditions. SDP can be used to generate time-invariant feedback controllers, 

based on the solution of an infinite-horizon optimization. This process produces a 

feedback control law that is applicable in general driving conditions [117, 79]. A 

further evolution of SDP applied to the control of hybrid vehicles is proposed by 

the authors of [83], where reinforcement learning and neuro-dynamic 

programming techniques are implemented to approximate the cost-to-go function 

using a neural network. 
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3. Control-oriented Models of Parallel 

Hybrid Vehicles 

 

 

This Chapter illustrates the modeling paradigms applied to the hybrid vehicle 

architectures investigated. First, different approaches are compared; then a 

detailed description of the governing equations is given and in the conclusive 

section the data of the vehicles used in simulations is provided. The treatise 

focuses on HEV and HSF-HV parallel vehicles, which are used for the later 

analyses presented in the next Chapters. 

 

3.1 Quasi-static and Dynamic Models 

The optimization of control strategies for HVs strongly depends on the model 

used to simulate and develop the different control frameworks, aiming at FE, 

emissions reduction or performance optimization. For these reasons, several 

approaches have been investigated and can be found in the literature related to 

this topic. The main distinction is between: 

 Quasi-static simulation (QSS) or backward-facing approach; 

 Dynamic simulation or forward-facing approach. 

The QSS models, described in [65, 64, 17, 88, 155], assume that the vehicle always 

perfectly meets the required speed trace, calculating the required force to 

accelerate it at each time step. The vehicle speed is translated into rotational 

speed while the traction/braking force is converted to torque assuming some 

components efficiencies. The computation flows upstream, from the wheels to the 

prime movers, against the physical power flow. The main advantages of the latter 

backward-facing approach can be summarized as follows: 
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 Experimental efficiency tables (maps) are often computed in terms of 

speed and torque, so that they can be directly implemented within this 

approach; 

 It allows very simple integration routines (i.e., Euler) to be implemented 

with large time steps (typically 1 s); 

 Quick execution. 

The major disadvantages that can be encountered due to the implementation of a 

QSS approach are: 

 It is not suitable for "best effort" performance simulations, since it requires 

the theoretical speed profile to be always perfectly matched; 

 Since the energy use is estimated by means of quasi-static steady-state 

experimental maps, its use does not take into account dynamic effects; 

 It is not based directly on relevant control signals for the vehicle, e,g. the 

throttle position and the brake pedal position. 

If the purpose of the simulator is to develop an appropriate and realistic 

description of the real control signals, for control hardware and software 

development, dynamic forward-facing models are needed ([116, 11]). They include 

a driver model that provides appropriate accelerator and brake pedal signals. The 

calculation proceeds from the prime movers through the transmission to the 

wheels, finally computing the vehicle acceleration. The main paybacks are: 

 Measurable and realistic control signals and torques are used; 

 Dynamic models and high frequency effects (i.e. elasticity and dampers) 

can be included; 

 WOT events can be simulated. 

Conversely, some of the major drawbacks are: 

 Lower simulation speed caused by the need of integration for vehicle 

components speed. They are executed at smaller time steps to provide 

stability and accuracy of the higher order integration scheme applied; 

 The implementation of a PI driver model is not suitable for the integration 

of dynamic models into an optimization procedure based on dynamic 

programming (DP), since the latter proceeds backward in time. 

To overcome the disadvantages of both the QSS and the dynamic modeling 

paradigms, mixed forward/backward approaches have been investigated. The 

authors of [204] developed an extended backward-facing parametric library that is 
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enhanced by additional forward-facing features, e.g. correction loops for the 

consideration of physical limitations of the machines, the wheels slip etc. 

In the next Chapters, both backward and forward approaches are adopted. 

The key idea beyond both methodologies is that only the longitudinal vehicle 

dynamics is relevant to achieve the goal of optimal control strategies of interest. 

Figure 3.1 illustrates the main forces acting on a vehicle on a road grade. 

 

 
Figure 3.1: Forces acting on a vehicle on a road grade, see [58]. 

In the next sections, a detailed description of the equations used to model the 

vehicle behavior is provided for each component. The main difference between 

QSS and dynamic approaches lies in the physical causality of the signal routing. 

Although the basic balance equations employed are the same, in many cases the 

input/output criterion is the opposite. 

Figure 3.2 depicts the schematic QSS model for the parallel HEV in study, while 

Figure 3.3 offers a representation of the dynamic input/output causality for the 

same hybrid vehicle architecture. 
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Figure 3.2: QSS modeling physical causality of HEV components; (V) vehicle, (GB) 

gearbox, (TS) torque-split link, (M) EMG, (P) power electronics/amplifier, (BT) battery, 
(C) clutch, (E) ICE.  

It can be observed that a major difference between the above QSS and the 

dynamic model below lies in the causality of torques and speeds for the energy 

converters (machines and mechanical transmissions) and in the presence of a 

Driver, who tackles the desired speed, imposed by the driving cycle profile DC. 

 
Figure 3.3: Dynamic modeling physical causality of HEV components; (DC) Drive cycle, 

(V) vehicle, (GB) gearbox, (TS) torque-split link, (M) EMG, (P) power 
electronics/amplifier, (BT) battery, (C) clutch, (E) ICE, (EMS). 

Similar considerations can be applied to the schematics reported in Figure 3.4 and 

in Figure 3.5, representing a QSS and a dynamic model for a parallel HSF-HV 

powertrain. 
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Figure 3.4: QSS modeling physical causality of HSF-HV components; (V) vehicle, (GB) 
gearbox, (TS) torque-split link, (CVT), (FG) fixed-ratio gear, (HSF), (C) clutch, (E) 

ICE.  

In this case, the forward-facing model of the HSF-HV in Figure 3.5 includes a 

CVT controller, whose behavior is instead inherently included by the governing 

equations in case of QSS approach. 

 
Figure 3.5: Dynamic modeling physical causality of HSF-HV components; (DC) Drive 
cycle, (V) vehicle, (GB) gearbox, (TS) torque-split link, (CVT) and controller, (FG) 

fixed-ratio gear, (HSF), (C) clutch, (E) ICE, (EMS). 

The following treatise provides a full mathematical description of all powertrain 

components included in the vehicle models adopted. 
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3.2 Conventional Vehicle Components 

First, the components of conventional vehicles are described. The equations 

reported in the next sections are valid for each ICE-based vehicle model, both for 

the QSS and for the dynamic approach, following the distinction in terms of 

physical input/output causality previously introduced. 

3.2.1 Driver Model 

The driver block consists of a PI controller that is aimed at reducing the error 

between the actual vehicle speed      and the reference value        , adapting 

the theoretical extended throttle        as follows: 

                           
 

    
                 

 

 

  (3.1) 

The theoretical throttle        equals the physical throttle position in case of 

positive torque demand and corresponds to the brake pedal position when its 

value is negative. The theoretical value must be saturated as the following 

equations express: 

       

                                           

                                 

                                       

  (3.2) 

The driver model is only included in forward-facing modeling approaches. In case 

of parallel hybrid vehicles, this signal is transmitted to the EMS block, where the 

actual split factor is computed and the desired torques are converted into 

ICE/EMG commands. 

3.2.2 Longitudinal Vehicle Model 

The total traction force necessary to accelerate the vehicle can be split into four 

contributions as: 
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                              (3.3) 

They represent the inertial      , the air drag      , the rolling friction       and 

the slope       forces. They can be calculated by means of the equations below: 

               

      
 

 
         

     

             
    

 

   
               

                   

(3.4) 

Instead of the vehicle mass    the total mass      including all equivalent 

masses related to rotating elements of relevant inertia, could be used in (3.4). For 

the parallel HEV, where the electric motor is always linked to the GB primary 

shaft, its value would be written as follows: 

        
  
   

 
     

        

   
 (3.5) 

where the major inertias always connected to the driveline are the wheels and the 

electric motor, whose equivalent mass depends on the gear ratio    that is a 

function of the gearshift command      . Angular speed and acceleration of the 

wheels depend on the wheel radius   : 

      
    

  
 

       
     

  
 

(3.6) 

The wheel torque can be computed using the following rotational balance 

expression: 
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                         (3.7) 

If the forward-facing modeling approach is chosen, the causality of the considered 

block is inverted. For the vehicle dynamics block, the vehicle acceleration is an 

output and is computed by the equation (3.8). 

      
 

  
  
     

  
                      (3.8) 

Similar considerations concerning differences between the input/output of QSS 

and dynamic models are valid for the blocks described in the next sections. They 

will be omitted since the equations are suitable for both modeling paradigms. 

3.2.3 Gearbox 

The task of the gearbox block is to provide the current selected gear (or gearshift 

command)       discrete input, so that torques and speeds at the primary shaft, 

where the propellers are installed, can be calculated by means of the 

corresponding overall gear ratio   . The latter comprises the final drive gear ratio. 

A simplified gearshift pattern is depicted in Figure 3.6, where                as 

a function of vehicle speed only. 

 
Figure 3.6: AMT gearshift pattern based on vehicle speed. 

A hysteresis between up-shift and down-shift events is often present to enforce 

drivability. As explained in the next Chapter, gearshift strategy can be also 

included in the EMS, to enhance the optimal gear selection. However, in this case 
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the resulting gear trajectories could lead to high frequencies of gearshift events, 

often related to small theoretical FE advantage, associated to the numerical 

discretization of the experimental maps. For this reason, heuristic gearshift 

patterns are more commonly used in practice. In real world driving conditions, 

where strong acceleration or deceleration can occur, a purely speed-based shift 

pattern may be not sufficient to fully exploit the potential of the vehicle 

components. As a consequence, more detailed maps can be utilized, where up-shift 

and down-shift lines also depend on throttle/brake pedal position (driver's power 

demand). An example is shown in Figure 3.7 for an automatic transmission (AT). 

 
Figure 3.7: AT gearshift pattern for an HEV; positive and negative torque. 

In this case, not only up-shift and down-shift lines are shifted, but a dedicated 

gearshift pattern is designed for the deceleration operations, to optimally exploit 

the regenerative braking at the highest efficiency of the electric machine. The 

gearshift command is then expressed by: 

                     (3.9) 

Once the resulting overall gear ratio           is known, the angular speed and 

acceleration at the torque link on the primary shaft can be computed. 
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(3.10) 

If the hypothesis of constant mechanical GB efficiency holds, the torque can be 

calculated as follows: 

      
     

            
           

 (3.11) 

A more detailed model can take into account that the friction losses increase with 

the speed. In this case the introduction of additional parameters to be identified is 

necessary, leading to the expression below. 

                            
    

    
       

           

 (3.12) 

The latter is valid for a forward-facing approach. 

3.2.4 Torque split 

At the torque split link (or mechanical power link), the torque balance leads to 

the following equations, for HEV and HSF-HV respectively: 

                    

                      
(3.13) 

The control input of the EMS is the torque split factor        and it is expressed 

by the equations below, valid in case of HEV and HSF-HV. 



Control-oriented Models of Parallel Hybrid Vehicles 

57 
 

       

 
 
 

 
      

             

       

               

  (3.14) 

The torques coming from the clutch blocks depend on the current status of the 

clutches, which can be a simple discrete on/off command or an accurate signal 

describing the realistic command of the clutch actuator, capable of describing 

both stick and slip phases. 

3.2.5 Clutches 

In both QSS and forward-facing models implemented in the simulations described 

in the next Chapters, except for a case regarding one of the two modeling 

paradigms investigated for the HSF-HV, the clutch command is a discrete 

variable, identifying the engaged and the disengaged status as follows: 

         
                                           

                                                           
  (3.15) 

Observing Figure 3.8, a more detailed description can be provided for dry friction 

clutches. 

 
Figure 3.8: QSS schematic representation of a friction clutch element block. 

When the clutch is engaged and sticking, the following equation holds, describing 

the identity of input/output torques and speeds: 
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(3.16) 

Several modeling approaches are available in literature, to represent the slipping 

operation of clutches [159, 41, 8, 14], occurring every time the engine (or hybrid 

system) and the transmission speeds are different. Some of these methods rely on 

Karnopp's approach, while a more simplified expression of the torque transmitted 

by the clutch during slipping can be found as follows: 

                                       
        
      (3.17) 

where                are experimental parameters. In the present dissertation, 

when a model of the clutch slipping is needed, such as in Section 4.3.2.1, the 

clutch efficiency is supposed to depend on the direction of the power flow: 

      

 
 
 

 
   

       

  
               

  
       

  
               

  (3.18) 

The power at the input/output of the clutch is calculated based on the equation 

below: 

      
                   

            
    

 (3.19) 

3.2.6 Internal Combustion Engine 

The representation of an ICE in control-oriented models devoted to the 

optimization of optimal supervisory control is often a simple experimental steady-

state map. An example of specific FC (SFC) for a SI engine (vehicle (b) of 

Section 3.6) is illustrated in Figure 3.9. 
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Figure 3.9: SI-ICE steady-state specific FC and max. torque experimental map. 

Further examples of similar maps are shown in Figure 3.10 for a CI engine 

(vehicle (a) of Section 3.6). 

 
Figure 3.10: CI-ICE steady-state specific NOx (left plot), efficiency (right plot) and 

maximum torque experimental maps. 

In this case SNOx emissions and engine efficiency are depicted. If the engine is 

mechanically connected to the driveline, an internal engine torque can be 

computed, considering its inertial term: 
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                       (3.20) 

Once the net engine torque is known, the computation of emissions and fuel mass 

flow is done by means of the previously introduced maps, based on the current 

operating point: 

 
 

                               

 
 

   
                          

(3.21) 

The constraints regarding the engine speed and the torque limitations must 

always be fulfilled. 

                    

                                  
(3.22) 

The maximum torque also depends on the current rotational speed, as illustrated 

in Figure 3.9 and in Figure 3.10. 

 

3.3 Hybrid Vehicle Components: HEV 

3.3.1 Electric Motor/Generator 

Detailed dynamic models of electric machines for HEVs are described in literature 

([183, 66]). However, simple steady-state maps can be implemented even in 

forward-facing approaches. Figure 3.11 illustrates a motor efficiency and 

maximum/minimum torques map. 
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Figure 3.11: EMG steady-state efficiency and max./min. torque maps. 

The inner motor torque is expressed by: 

                       (3.23) 

Speed and torque limitations must hold at every simulation step: 

               

                                       
(3.24) 

The electric power depends on the operating point, as follows: 

                        (3.25) 

It can be noticed that the efficiency and the torque limits in generator/motor 

modes may differ considerably. 
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3.3.2 Battery 

At the electric power link, the powers balance equation must hold, considering a 

possible auxiliary power system request         and electric motor power      . 

                    (3.26) 

Hence, a model for the battery is required to compute the        variation at 

each time step. Several modeling techniques have been investigated, both for 

batteries and super-capacitors ([67, 12, 184]). Some of them focus on lead-acid 

batteries ([34, 76]), others on Ni-MH batteries ([13, 40]), or on Li-Ion technologies 

([81, 42]). The main difference between the modeling approaches lies in the choice 

of the physical details represented. Advanced physical models ([25, 130]) are used 

to represent high transient dynamics, while simplified models are useful and 

reliable representations in standard operating conditions ([68, 28, 80]). Another 

task regarding battery modeling is related to the determination of its most 

relevant parameter, i.e. SOC. The authors of [149] present a review of possible 

methodologies for the on-line estimation of the state-of-charge, while the authors 

of [146] focus on Kalman's filter technique, considered the most effective one. 

Other important aspects that should be taken into account are the battery ageing 

phenomena ([77, 169]) and the battery thermal behavior ([81, 215]). Throughout 

the present dissertation, neither temperature dependencies nor ageing phenomena 

are treated, and the batteries are modeled by means of a resistive equivalent 

circuit, as illustrated in Figure 3.12. 

 
Figure 3.12: Equivalent resistive circuit of a battery. 

The battery electric power is expressed by: 



Control-oriented Models of Parallel Hybrid Vehicles 

63 
 

                             (3.27) 

The voltage at the battery clamps    depends on the inner (open-circuit) voltage 

            and on the internal resistance   , which is also a function of the 

current    direction and of the SOC. The equation below describes such 

relationships. 

                                                           (3.28) 

The current flowing from/to the battery can be modeled through the following 

equation, where dependencies of the various signals are omitted: 

      
           

                 

      
 

(3.29) 

The state-of-charge can be found, once the battery maximum charge capacity    

is known: 

       
    

  
 

       

  
  

     

  
 

(3.30) 

Constraints can be active both on SOC range and on maximum/minimum current 

limitations: 

                       

                      
(3.31) 
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3.4 Hybrid Vehicle Components: HSF-HV 

In this section, the modeling features of the considered parallel HSF-HV are 

described. The studied vehicle topology and its main components are depicted in 

Figure 3.13. 

 
Figure 3.13: Schematic of the parallel HSF-HV, see [46]. 

A metal-belt CVT (7) is adopted to synchronize the HSF and the primary GB 

shaft speeds. A fixed gear ratio (9) is inserted between the CVT and the flywheel 

shaft. The nomenclature adopted for the main signals is referred to Figure 3.4 and 

Figure 3.5. Both simplified ([20, 27]) and detailed ([196]) models of mechanical 

hybrid vehicles can be found in literature, for different vehicle topologies. The 

sections below provide an overview of the equations needed to describe the 

dynamic behavior of the system illustrated in Figure 3.13. 

3.4.1 Continuously Variable Transmission (CVT) 

Although several studies ([26, 162, 161, 177]) are available in literature to cope 

with detailed physics-based modeling of metal-belt CVTs, more simplified and 

control-oriented techniques, like those proposed by the authors of [144, 145, 122] 

are followed in the present research. The kinematic and dynamic relationships 

between speeds and accelerations at the input (FG) and output (cvt) shafts of the 

CVT can be expressed by: 

                       

                                          
(3.32) 
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The dynamic balance equations of the input and output CVT shafts can be 

written by introducing the torque transmitted through the belt to the shafts, 

       and       : 

                                  

                                
(3.33) 

The mechanical efficiency of the CVT can be mapped as a function of three 

parameters: the CVT transmission ratio     , the angular speed      and the 

torque    . However, a simplified approach is followed here, where the efficiency 

depends only on the transmission ratio ([29]). An equivalent expression can be 

found for the torque transmitted to the output shaft: 

                                          

                                
             

 
(3.34) 

In the equation above, the dependencies of the mechanical efficiency of the CVT 

are omitted. By combining equations (3.32), (3.33) and (3.34), the torque 

transmitted to the fixed-gear ratio gearbox        can be reformulated as follows: 

               
      

         
          

               

 
    

         
          

                      

(3.35) 

where dependencies on time of all the involved variables are omitted for the sake 

of simplicity. 

3.4.2 High Speed Flywheel (HSF) 

The considered flywheel system comprises a vacuum system ([52]) to keep the air 

drag losses as low as possible, enhancing the conservation of the stored kinetic 

energy. The efficiency of the fixed gear FG is considered constant, such as: 
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 (3.36) 

expresses the torque at the flywheel system shaft. Its relative power is: 

                        (3.37) 

The power balance at the rotor shaft leads to: 

                                      
     (3.38) 

where the power lost due to mechanical frictions is modeled as a quadratic 

function of the flywheel speed (the friction torque increasing linearly with 

rotational speed). The kinetic energy stored in the flywheel is expressed by: 

          
 

 
         

     (3.39) 

A reformulation of the torque transmitted to the FG can be found combining 

equations (3.36), (3.37) and (3.38) leading to the equation below: 

                   
   

       
 
        

   
                              (3.40) 

In the previous expression the following substitution is adopted for the HSF 

angular acceleration: 

                                                      (3.41) 

A mathematical expression of the CVT ratio dynamics derives from the 

combination of equations (3.35) and (3.40): 
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(3.42) 

The latter can be considered an output for the QSS modeling paradigm, where 

the torque value required from the hybrid power system is known. In case of a 

dynamic forward-facing approach, comprising a CVT controller as illustrated in 

Figure 3.5, the derivative of the CVT ratio is a function of the control input of 

the belt actuator (hydraulic or electric) and therefore shall be chosen, at all times, 

to reduce the error between the desired and the actual CVT torque, as requested 

by the EMS ([173]). 

3.5 QSS models validation 

This section presents some simulation results of QSS models for HEV. The 

considered vehicle data (vehicle (a)) can be found in Section 3.6.  

 
Figure 3.14: QSS vs. Dynamic model validation; instantaneous and cumulative FC. 

The QSS results are compared to the results of a forward-facing model for the 

same vehicle. Figure 3.14 shows the comparison for the instantaneous and the 
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cumulative FC. The relative difference in terms of FC is lower than 1%, which 

can be considered an acceptable value, sufficient for a model validation. Figure 

3.15 illustrates a detail of the previous figure. 

 
Figure 3.15: Detail of the instantaneous FC; QSS vs. Dynamic simulation. 

As it can be noticed in the previous illustration, focusing on the final part of the 

EUDC homologation cycle, the QSS is capable of accurately capturing the steady-

state fuel mass flow rate, while some differences due to transient operation of the 

engine occur. 

The main deviation sources between the two analyzed modeling paradigms arise 

from: 

 Real torque supply profile: the torque transient always implies a dynamic 

behavior of the prime movers, leading to a corresponding time-delay; the 

QSS always considers the requested torque to be supplied instantaneously; 

 Real behavior of friction clutches: since the QSS approach does not model 

clutch slipping, the mechanical power dissipated, from the beginning of 

clutch engagement to the stick condition, is not accounted; 

 Gear-shifting: the gear shift operation requires a finite time, during which 

the error with the desired speed profile grows significantly, requiring a 

substantial torque gradient immediately following. 

Figure 3.16 provides an example of a gear-shift operation in a portion of the ECE 

cycle. 
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Figure 3.16: Detail of the comparison between QSS and Dynamic model simulation; 

torques during gear-shifting sequence on an ECE profile. 

Torque peaks following each gear-shift event are clearly visible between 510-530 s. 

Depending on the driving mission considered, especially concerning the number 

and the intensity of acceleration/deceleration maneuvers involved, the accuracy of 

a QSS simulation can vary. 

However, in standard vehicle homologation cycles, very high adhesion is expected, 

around 1% in terms of cumulated FC. As a consequence, the SOC trajectories in 

case of a hybrid vehicle are also expected to be very close for the whole driving 

mission considered. Figure 3.17 depicts an example of such validation. 
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Figure 3.17: QSS vs. Dynamic model validation; SOC profiles. 
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3.6 Vehicles Data 

Table 3.1: Vehicle (a) and its powertrain components; nominal data. 

Parameter Symbol Value Unit 
Wheel radius    0.32 [m] 

Air Density      1.24 [kg/m3] 

Effective frontal area      0.60 [m2] 

Rolling friction coefficient      0.012 [-] 

Gravitational constant   9.81 [m/s2] 

Total vehicle mass    1800 [kg] 

Wheels Inertia    4.78 [kgm2] 

Rotational equivalent mass (gear-
dependent)    

[129,84, 
72,55, 
52,51] 

[kg] 

Gear ratios    

[10.8, 
7.1,4.7 
2.5, 
2.0,1.8] 

[-] 

Gearbox efficiency parameter      0.95 [-] 

Gearbox efficiency parameter      0.02 [(rad/s)-1] 

Gearbox efficiency parameter      400 [rad/s] 

Nominal motor power        40 [kW] 

Max. motor speed        628 [rad/s] 

Motor Inertia    0.0435 [kgm2] 

Nominal engine power        150 [kW] 

Min. engine speed        105 [rad/s] 

Max. engine speed        628 [rad/s] 

Engine Inertia    0.135 [kgm2] 

Max. battery capacity    7.64 [Ah] 

Nominal open circuit voltage     263 [V] 

Battery internal resistance    0.24 [] 

Min. battery current        -200 [A] 

Max. battery current        200 [A] 

Min. SOC        0.2 [-] 

Max. SOC        0.8 [-] 

Auxiliary power demand      400 [W] 
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Table 3.2: Vehicle (b) HEV/HSF-HV and its powertrain components; nominal data. 

Parameter Symbol Value Unit 
Wheel radius    0.308 [m] 

Air Density      1.24 [kg/m3] 

Effective frontal area      0.69 [m2] 

Rolling friction coefficient      0.008 [-] 

Gravitational constant   9.81 [m/s2] 

Total vehicle mass    1570 [kg] 

Wheels Inertia    3.793 [kgm2] 

Gear ratios    

[16.7, 
10.1,6.8
4.97,3.8 
3.1,2.6] 

[-] 

Gearbox efficiency parameter    0.9 [-] 

Nominal engine power        90 [kW] 

Min. engine speed        99.5 [rad/s] 

Max. engine speed        628 [rad/s] 

Engine Inertia    0.15 [kgm2] 

HEV    

Nominal motor power        50 [kW] 

Max. motor speed        628 [rad/s] 

Motor Inertia    0.03 [kgm2] 

Max. battery capacity    6.1 [Ah] 

Nominal open circuit voltage     216 [V] 

Average battery internal resistance    0.18 [] 

Min. battery current        -150 [A] 

Max. battery current        150 [A] 

Min. SOC        0.4 [-] 

Max. SOC        0.8 [-] 

Auxiliary power demand      400 [W] 

HSF-HV    

HSF inertia      0.05 [kgm2] 

HSF Max. speed          48000 [rpm] 

HSF Max. energy storage capacity        625 [kJ] 

HSF Speed loss coefficient    3 [%/min] 

CVT Max. Power          86 [kW] 

CVT Max. Torque          170 [Nm] 

CVT mean efficiency      0.9 [-] 

CVT Transmission ratios range      [0.4-2.4] [-] 

CVT primary/secondary shaft inertias          0.005 [kgm2] 
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4. Fuel Economy Optimization of 

Hybrid Vehicles 

 

 

The primary goal of this Chapter is to describe the two methodologies adopted 

here for FE optimization of HVs. This is done in Section 4.1, including a general 

overview of how the problem is defined from a mathematical point of view. In 

Section 4.2, for the two hybrid system architectures described in the previous 

Chapter, both ECMS-based method and a DP-based procedure are described in 

details. Then the focus is on the major modeling issues encountered in the HSF-

HV case. Regarding the latter, two different approaches are described, adopting 

different levels of detail of the relevant physical phenomena. Section 4.3 illustrates 

the results of the benchmark simulations for the chosen ECMS structure 

compared to the DP optimum, obtained using the models described in Chapter 3 

(vehicle (b)). 

 

4.1 Control framework for Hybrid Vehicle Systems 

Some researchers have tried to establish comparisons between the performances of 

control strategies for HVs. Mainly different approaches based on Optimal Control 

Theory are considered, as in [166, 148, 167, 156, 174, 102, 100, 99]. They are 

based on PMP (or its on-line version ECMS) and DP among the others.  

ECMS is an on-line fully causal control strategy, hence not relying on the system 

future conditions but only on the present and past knowledge. As a consequence 

it is inherently sub-optimal. On the contrary, a DP control policy is fully 

predictive, hence based on a complete knowledge of the time evolution of the 

prescribed mission. 
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The first step is to define the optimal control framework to optimize the EMS of 

a HV. In the following subsections, different optimization criteria are illustrated. 

At the end of this section the main control variable (torque split factor) is 

introduced, valid both for HEV and HSF-HV. 

4.1.1 Definition of the objective function 

The goal here is to find the optimal sequence of control inputs that actuates the 

HV on the prescribed driving mission such that the overall cost functional is 

minimized. The mathematical formulation of such control problem can be 

expressed as follows: 

   
    

           
    

                        
 

 

  (4.1) 

s.t. 

                     (4.2) 

                                           (4.3) 

                                             (4.4) 

                                       (4.5) 

The goal is to minimize the cost functional  , which is the integral of the 

instantaneous cost function              over a cycle of time duration  , with 

respect to the control variables vector     . An additional penalty associated to 

the final state         can be included. The problem is subjected to boundary 

and initial conditions that add constraints to      and to the state variables 

vector     . In the following subsections a review of possible objective functions is 

given. Depending on the considered system, the number of state and control 

variables in the vectors      and      can vary. While the HEV can easily be 

reduced to a single-state and single-control variable case, the HSF-HV is a 

multivariable problem and will be approached with two different modeling 

choices. 

4.1.1.1 Fuel Consumption 

In case of FC-oriented optimization problems, the cost function can be simply 

expressed by the following equation: 
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 (4.6) 

where the cost function inside the integral represents the fuel chemical power, 

 
 

     being the fuel mass flow rate and    the fuel lower heating value. 

4.1.1.2 Drivability 

A tradeoff is known to exist between the drivability and the FE or pollutant 

emissions, as pointed out in [147, 139, 206, 105]. The authors of [140] state that 

an extended definition of drivability includes many various different features, such 

as performance during acceleration, engine noise, braking, shifting activity and 

shifting time, etc. They provide a simplified set of fundamental drivability 

criteria, including only: 

 frequency and timing of gear-shift events; 

 frequency and timing of engine start/stop events; 

The resulting cost function becomes: 

                  
 

                                              (4.7) 

                                                    (4.8) 

                                         (4.9) 

where the term                  represents a power penalty related to an engine 

start event, being not zero only if there is a difference between the engine state    

at the time   and the previous objective function evaluation at the time (     , 

as formulated in (4.8). A similar formulation can be used to penalize a gear-

shifting event by means of a penalty power                 , if the selected gear 

      has changed during the considered time step    (4.9). 

A proof of the consequent optimal control strategy is given [138] by analyzing the 

main drivability metrics (number of gear-shift and engine start events over time). 

Another fundamental criterion used to address the problem of enhancing driver's 

comfort is the concept of torque/power reserve that includes a penalty that 
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increases as the current value of ICE and/or EMG approaches to its maximum 

value at the current speed. This concept quantifies the acceleration capability of 

the vehicle during a future possible overtaking phase. A possible formulation of 

the overall cost function, in case of power reserve, is the following, where 

dependencies on time are omitted for the sake of simplicity: 

               
 

                                             (4.10) 

In (4.10) the term        is a non-dimensional penalty factor to account for the 

total power reserve level. 

4.1.1.3 Battery ageing 

The issue of battery aging can be also included in the EMS for a HEV. The 

authors of the research study [169] have reformulated the standard fuel-optimal 

control problem adding a cost associated with a severity factor map that is 

correlated with battery lifetime. The problem is solved using a PMP approach, 

with the following reformulation of an extended cost functional: 

                  
 

                
 

 
                     (4.11) 

where       is the only element of the state vector  ,   is a transformation 

coefficient for the battery wear, making its dimensions compliant with fuel 

chemical power,     is a weighting factor to adjust the relative impact of the two 

contributions on the overall cost function.   is the total charge-throughput when 

the battery is subject to its nominal load cycle, while   is the severity factor 

characterizing the aging effect of any load cycle, referred to the nominal load 

cycle. 

4.1.2 Definition of state variables and control inputs: Common Path 

In the present section, the description of the main control inputs      and state 

variables      commonly used to describe an HV systems is given. 
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      (4.12) 

Some of these solutions are adopted in the simulations and in the experimental 

analyses conducted in the next sections and in the next Chapter. In Section 4.1.3 

the framework for the HEV problem is proposed, while in Section 4.1.4 the 

problem of the system description for the HSF-HV is introduced. 

4.1.2.1 Torque/Power split factor 

The main control input related to the Supervisory Control of a parallel hybrid 

vehicle is the factor that determines the distribution between torque/power 

delivered by the conventional power path and by the secondary power source. 

The authors of [203] have pointed out that the difference between the choices of 

torque or power split factor as input in a DP procedure doesn't affect the solution 

substantially, considering that the resulting FC differences always lie in a 1% 

range. However, power split strategies are more suitable for high average speed 

driving cycles, while torque split should guarantee better performances in low 

speed missions. 

The torque split is defined in (3.14), while the power split factor        can be 

defined as follows for a HEV: 

       
     

             
 (4.13) 

A similar definition can be used for the HSF-HV. However, in the following, 

torque split factor is always used, both for HEV and HSF-HV. 

4.1.2.2 Gear-shift strategy 

Gear-shifting strategy is one of the most relevant factors to reduce FC and 

pollutant emissions performance of conventional and hybrid vehicles. As a 

consequence, several studies can be found in literature to cope with optimal gear-

shifting operation. 

Some studies focus on the generation of gear-shift tables for conventional ICE-

based vehicles ([210, 112, 154]), aiming at the optimal performance based on 

heuristic rules. Rule-based approaches for the optimal generation of gear-shift 
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lines are proposed for hybrid vehicles as well [200, 120, 113]. Multi-performance 

gear-shift tables aiming at minimizing multiple cost criteria, including pollutant 

emissions, is described by the authors of [209]. 

Dynamic Programming can be also applied to infer optimal gear selection over a 

prescribed driving mission. It has been applied to a conventional vehicle [78], to 

an ICE-based vehicle with AT and automatic throttle control (ATC) [95] and to 

a hybrid vehicle [198]. 

An innovative approach is to run several DP optimizations on a range of 

representative driving cycles, extrapolating gear-shift events on a typical gear-

shift table, as the one illustrated in Figure 3.7. From these results, thanks to the 

use of data clustering methods, gear-shifting lines that are only slightly 

suboptimal can be generated [134]. According to [133, 194] a similar methodology 

can be applied to HEVs as well, splitting the strategy into multiple maps 

depending on the current driving mode. 

A straightforward approach to include the selected gear into an optimal control 

framework is the following: 

      

       
     

       

  (4.14) 

where       represents the selected gear at the time  , in a generic position   in 

the control input vector      of   elements. 

A second way is to use the definition of gear-shift command       as the input, 

while the current gear represents a state: 

      

       
     

       

  

          

       
     

       
      

(4.15) 

The latter definition permits to include the gear-shifting penalty (4.9), even in a 

calculation of the optimal strategy that proceeds backward in time, as the DP. 
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The gear-shift input can be further limited to a single gear ratio up-shift or down-

shift at each time step    (with         ). 

                     (4.16) 

4.1.2.3 Engine Start/Stop 

A predictive control strategy for the optimal engine start/stop definition is 

demonstrated in [6]. In this case the corresponding elements in state and input 

vectors produce the following formulation: 

      

       
     

       

  

          

       
      

       
      

(4.17) 

with           and            . 

4.1.3 Definition of state variables and control inputs: HEV 

The HEV can be easily reduced to a single-state and single-control variable case, 

with the SOC being represented by the state variable      in the following: 

                                       (4.18) 

Except for the constraints regarding the single components involved in the power 

path, i.e. EMG, ICE, and reported in Section 3.6, Table 3.2, other limitations 

take place in the optimization problem, which can be expressed as follows: 

     

              

              

          

  (4.19) 
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where       is the minimum value allowed for the torque split factor, depending 

on the size of the ICE and of the EMG. 

4.1.4 Definition of state variables and control inputs: HSF-HV 

On the contrary, the HSF-HV is a multivariable system and it is addressed in 

Section 4.2.1.5 for the discrete-time modeling approach used in the DP solution. 

Here, two distinct continuous-time formulations are proposed. A first approach, 

called DP1 in the following sections, describes the system by means of the 

following states and inputs definition: 

     
      

       
       

 

                 

  (4.20) 

A second formulation, named DP2, is based on the definition below: 

     
      

       
     

           

      
      

        
     

  (4.21) 

A detailed description of the meaning of the discrete variable DM is given in 

Section 4.2.1.5. The constraints can be summarized by the following expression: 

        

                  

              

                    

  (4.22) 

 

4.2 Optimal Fuel Economy for Hybrid Vehicles 

Discrete Dynamic Programming has found increasing interest in HV control 

optimization problems ([151, 181, 193]). The authors of [180] have developed a 
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generic MATLAB function to implement the DP algorithm in any kind of 

optimization problem. This algorithm has been applied in the present research 

activity to solve the optimization problem and to find a benchmark of the FE for 

online controllers. 

4.2.1 Deterministic Dynamic Programming 

The DP procedure is a numerical algorithm, which requires a discretization of the 

continuous-time problem (4.1)-(4.5). 

4.2.1.1 Problem discretization 

The discrete-time system dynamics (4.2) at the generic discrete stage   may be 

described as: 

                                    (4.23) 

At each time stage   the disturbance vector    is completely known for the 

control mission, which is the homologation cycle. It comprises the vehicle speed, 

the acceleration and the selected gear     , the latter being possibly considered as 

an additional control variable: 

    

  
   
    

  (4.24) 

The outcome of the DP procedure is an optimal control policy 

               , such that when implementing this policy starting from the 

initial state        , the discrete form of the cost function (4.1) results in: 

                                          

   

   

 (4.25) 

The term        corresponds to the final cost associated to the particular values 

of the final state vector, while        describes the penalty function of the 

constraints applied to the state variables at each time stage  . The function 
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              is the cost of applying the control actions vector        to    at 

the given stage  . The optimal control policy, which is the target of this method, 

is obviously the one that minimizes the discrete cost functional (4.25): 

          
   

         (4.26) 

4.2.1.2 DP Algorithm 

The basic DP algorithm relies on Bellmann's principle of optimality [22, 150, 176] 

and it evaluates, at each time stage   and for each generic state variable      , 

the optimal-cost-to-go function      
  , associated with its i-th breakpoint discrete 

value. The computation proceeds backwards in time, starting from the final stage 

N relative to the end of the mission: 

     
        

        
                    (4.27) 

The optimal policy can be found, for each node of the discretized states-time 

domain, by calculating backwards, for every intermediate stage, until the 

beginning of the mission is reached: 

     
      

  
      

           
             

        (4.28) 

The optimal policy    can be found by minimizing the right side of (4.28), 

starting from the end state N, where no control actions are applied and penalties 

due to possible constraints are introduced, and proceeding for each step   until 

the beginning of the cycle is reached. The output of the algorithm is a control 

signal map, evaluated for each node of the discrete state-time grid. Linear 

interpolation is chosen to interpolate between the discrete values that are 

compared with the value resulting from the expression           
      , in (4.28). 

4.2.1.3 Final state constraints: Boundary-line Method 

One common issue of the DP algorithm is how the infeasible states and inputs are 

treated in the recursive computation. They are usually associated with infinitely 

large cost: 
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                             (4.29) 

since the defined objectives cannot be achieved due to model limitations or 

constraints on the final state vector. The implementation of an infinite cost 

however, can lead to substantial numerical errors when the interpolation in the 

discretized time-state grid occurs between a feasible and an infeasible state, in a 

region that is called boundary line [123]. If the boundary line can be calculated in 

advance, before the standard DP algorithm and the cost-to-go associated to the 

points lying on the upper and lower boundaries of the feasible range are stored, 

the numerical issues can be strongly reduced. Such procedure has been described 

by the authors of [182] and is implemented here in the HEV optimization only, 

since it is designed for single-state systems. 

4.2.1.4 Definition of state variables and control inputs: HEV 

In the HEV model, (4.23) is replaced by a discrete form of (3.30). The discrete 

state variables vector    and control variables vector    can be simply modeled 

as follows: 

     
 
                              (4.30) 

where    is the battery state-of-charge and    is the torque split factor on the GB 

primary shaft introduced in (3.14). The hard constraint on the state variable, 

defined as          , can be easily handled in this case. This possibility is given 

by the implementation of the previously described modified DP algorithm, called 

boundary line DP [182]. It allows forcing similar charge-sustaining constraints, 

while avoiding typical numerical issues associated with the interpolation near the 

boundary lines of the state-of-charge feasible trajectories. This occurs because out-

of-range conditions for   
  are usually modeled using      

    . 

4.2.1.5 Definition of state variables and control inputs: HSF-HV 

Unlike the HEV system, the DP modeling approach to the HSF-HV does not 

appear univocal. In fact, there isn't any general set of rules to determine the 

proper choice of the state and the control variables, when facing a DP-oriented 

modeling problem. Often, a careful study aided by engineering and numerical 

considerations is necessary. In this paper, two different approaches are presented, 

named DP1 and DP2. By analogy with the DP approach to HEV, the common 

structure of both solutions is the choice of the first state, in this case the flywheel 

angular speed     , and the choice of the first control input, the torque split 



Optimal Fuel Economy for Hybrid Vehicles 

84 
 

factor    . Simulations proved that the choice of flywheel speed instead of its 

kinetic energy does not affect the results of the DP algorithm. Since this problem 

clearly requires to be addressed as a multivariable system, for reasons that are 

strictly connected to its topology and components, the boundary line methodology 

cannot be applied [181]. 

HSF-HV Model (1) - DP1 

Due to the DP basic algorithm procedure, calculating backwards in time, at every 

time stage   there cannot be any information about the past conditions of the 

system. The first straightforward model for the DP problem applied to the HSF-

HV system should be designed to take into account that, at any given time, the 

hybrid powertrain could be in any of the possible conditions, which are with HSF 

clutch engaged, disengaged or slipping. As a consequence, the simple knowledge of 

the flywheel speed and split factor, determining whether the hybrid requested 

torque is different from zero or not, is not sufficient to provide a full knowledge of 

the system dynamics, capable of solving (4.23). A possible solution is the one to 

select the CVT ratio as additional state variable, so that: 

    
      

      
                         (4.31) 

The state of the HSF clutch     , at the time stage  , is then defined by the given 

value of         
  , resulting from the combination of all the allowed possible values 

of the flywheel speed and of the CVT ratio        
        

  : 

      

                                                                    

                          
              

                          
              

  (4.32) 

where     is a tolerance introduced to define a threshold for the angular speeds 

difference, below which the clutch can be considered engaged, thus the slipping 

efficiency of (3.18) is equal to one. It should be highlighted that, although this 

approach allows taking into consideration all the possible system behaviors, the 

engaged condition (      ), which is of primary importance, is affected by the 

likelihood of falling below the speeds difference threshold. Obviously, this strongly 

depends on the state variables discretization, namely the number of      

breakpoints   and      nodes  . Ideally, the latter two parameters should be 
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chosen as large as possible. Unfortunately, this is in contrast with the biggest 

issue regarding the DP methodology, which is its huge computational cost, often 

referred to as the curse of dimensionality. 

HSF-HV Model (2) - DP2 

The second modeling technique, presented in this section, aims at reducing the 

dimensional characteristics of the selected variables. A similar approach is 

followed in [18, 19] for a different mechanical hybrid concept, comprising a CVT 

as the only transmission device between the propulsion systems and the wheels. 

The key idea is to simplify the HSF system description, adopting a state-control 

variable that allows describing the switching management between different 

driving modes. This can be obtained thanks to the discrete variable     with 

three possible values: 

     

                             
                                
                                     

   (4.33) 

The HSF clutch operation is treated as an on/off variable, with           , 

whose value immediately descends from    . Its actuation is supposed to be 

feasible within the DP simulation time step   . Under this hypothesis, the 

instantaneous value of the CVT ratio is: 

        

      

         
                                       

                              
      

         
       

   (4.34) 

The lower condition, relative to disengaged HSF clutch, simply describes the best 

possible primary shaft tracking operation, considering the CVT ratio range limits. 

The state and control variables vectors can be summarized as: 

    
      

   
                 

     
     

   (4.35) 

Although the overall number of variables, with respect to the DP1 method, is 

increased by one, this simplified approach is favored by the fact that the     
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state and       control are discrete variables with only three allowed numerical 

values. The consequence of this choice is a largely reduced computational cost, as 

it will be demonstrated in Section 4.3.2. 

4.2.2 Equivalent Consumption Minimization Strategy (ECMS) 

The ECMS has been introduced for HEVs, as a derivation of PMP. In previous 

studies ([46, 47]) its applicability to other systems, such as HSF-HV and HHV has 

been demonstrated. Here, the fundamental theoretical hypotheses of the ECMS 

and its derivation are briefly recalled for a HEV. 

4.2.2.1 PMP: Optimal Control Theory applied to HVs 

The generic optimization problem (4.1)-(4.5) is addressed here, with      denoting 

the battery SOC and being the only relevant state of the HEV system. In this 

case, (4.2) can be rearranged as: 

       
               

  
 (4.36) 

and the final state constraint can be reformulated to include strictly charge-

sustaining conditions. The general expression (4.3) becomes: 

             (4.37) 

The necessary conditions for optimality are related to the definition of the 

Hamiltonian function of the system. From (4.6) and (4.36) it results: 

                       
 

                 
               

  
  (4.38) 

where      denotes the only co-state, sometimes referred to as Lagrange multiplier 

or adjoint state. According to PMP [57] the optimal control policy, indicated with 

the superscript "o", must satisfy the necessary conditions for optimality listed in 

the following: 

1. State and co-state dynamics and boundary conditions: 
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 (4.39) 

         (4.40) 

            (4.41) 

                 
 

  

 

  
    

              (4.42) 

2. For all times         the Hamiltonian associated with the optimal 

sequence                        is the global optimal with respect to     : 

                                             (4.43) 

4.2.2.2 Sub-optimal on-line control EMS for a HV: ECMS 

The so called ECMS can be regarded as a direct derivation of the PMP applied to 

the control of HVs, with the application of some restrictive conditions introduced 

in the previous subsection. Some researchers [168, 142, 45, 43, 96] have 

demonstrated the mathematical assumptions of this hypothesis in a strict manner.  

If the following substitution is introduced: 

           
    

           
 (4.44) 

the Hamiltonian (4.38) can be reformulated as follows: 

                        
 

                    
     

  
 (4.45) 

where dependencies on time, state and input variables are omitted for simplicity. 

The final expression for the Hamiltonian yields to: 



Optimal Fuel Economy for Hybrid Vehicles 

88 
 

                                                                 (4.46) 

The fuel chemical power       and battery inner electrochemical power      are 

defined: 

                   
 

              (4.47) 

                                             (4.48) 

Now, the PMP method shows how the global optimization problem can be 

translated into a local optimization of the function (4.46). The latter is a 

weighted sum of fuel power and of an equivalent fuel power, defined by an 

equivalence factor   that converts the inner battery power into fuel units. 

To solve the problem, the values of      should be found solving (4.42). This is 

not a straightforward task, and represents a two-point boundary value problem, 

which is often solved using shooting method, to identify the initial condition      

that minimizes the Hamiltonian while satisfying the conditions (4.40)-(4.41).  

If the assumption of reduced sensitivity of the battery current with respect to the 

state-of-charge holds, (4.42) leads to: 

           
 

  

 

  
    

                (4.49) 

Hence, the value of the co-state remains constant: 

             (4.50) 

As a consequence, a constant value of the equivalence factor    exists that allows 

solving the optimization problem as the minimization of the instantaneous 

function (4.46). Such value depends both on the system and on the driving 

mission. For these reasons, its value will be time-variant in real online controllers, 

leading to a general framework for suboptimal controllers. Several adaptation 

rules are proposed in the following subsections. The formulation (4.46) can be 

adapted to the HSF-HV, replacing       with      and   with                  . 
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Since a causal version of ECMS is needed to be applied in an online controller, 

several methodologies have been proposed to achieve this goal. They are analyzed 

in details in the following subsections. 

4.2.2.3 Equivalence factor control 

A review of various adaptation methods is presented in [137], while the impact of 

the choice of the adaptation rule for the equivalence factor is analyzed in [36]. 

Some authors claim that an efficient way to find out robust adaptation rules for 

the Lagrangian multiplier of the standard ECMS can be derived from the results 

of the DP applied on the same control mission ([63, 174]). A major classification 

of the different adaptation methods is the following: 

 Adaptation based on SOC-feedback; 

 Adaptation based on driving cycle prediction; 

 Adaptation based on driving pattern recognition. 

The first category doesn't require any information about future driving condition 

and therefore it is fully causal and can be directly implemented online. A first 

formulation includes a pure proportional term: 

                             (4.51) 

However, an integral term is necessary, as formally demonstrated in [6], to obtain 

better results and properly compensate the lack of knowledge about future driving 

conditions and consequent future operating points, which are necessary to 

consider the first term in the previous expression as a constant. Its derivation is 

made starting from the optimal solution with PMP, then converting it into a 

causal controller by adding some penalty function as a function of the SOC 

deviation. The resulting expression is: 

                            
    

  
         

    

 

 

   (4.52) 

An approach similar to a PI-controller, although its mathematical formulation is 

different, is the following, where a law is built to penalize deviation from a 

reference value of the state-of-charge     , so that the nominal value      is 

corrected thanks to the effect of the function     : 
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(4.53) 

This is proposed in [167, 105], where the use of the hybrid power when the SOC 

approaches its range limits is penalized. The main parameters, which are the 

reference value     , the minimum value     , the additional parameters     and 

 , must be carefully selected. The ECMS sampling time is    (usually 0.01 s is 

adopted). To improve the capability of the strategy to handle different driving 

conditions, the SOC behavior is monitored, leading to the definition of the 

additional function         , that allows the implementation of an adaptive term, 

designed to modify the standard and constant value   . The following definition 

of         is adopted: 

            
 
       (4.54) 

A proof of the closed-loop stability of a PI controller for the co-state adaptation 

based on SOC error is found by the author of [186] for a series HV application. A 

third adaptation rule can be formulated by means of the equation below. 

          
         

 
   

               (4.55) 

Here, an autoregressive moving average is performed, including two autoregressive 

terms and one moving average term. The fact that the adaptation rule only 

applies every period    , allows greater SOC excursions. 

Several attempts have been made to include driving cycle prediction into the 

adaptation rule for the co-state of ECMS strategy. An adaptive version called A-

ECMS has been proposed in [127], consisting of a periodical refreshing technique 

to adapt the control parameter to the current driving conditions. It is causal, 

since it only relies on the current road load to predict data on a future 

optimization segment. A second way to attempt to include future driving 

behavior without any additional information about the future driving profile is 

proposed by the authors of [165], where the adaptation rules is: 
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                              (4.56) 

where the factor      represents the estimated probability of the electrical energy 

use of the battery being positive at the end of the driving mission. The two 

constant terms      and     can be defined as follows: 

     
 

      
 

     
   
   

 

(4.57) 

where     and     represent the average efficiencies of the electrical and thermal 

energy paths respectively. This version is a causal controller as well. In [5] the 

adaptation scheme, called predictive reference signal generator (pRSG) is 

combined with a SOC-based controller, computing the desired state-of-charge 

trajectory as a function of the future vehicle position. The topographic profile and 

the average speeds on the future segments must be known. Other approaches that 

are based on prediction of future driving condition aided by Intelligent 

Transportation System (ITS) have been proposed [214, 3, 59, 54]. In [163] instead, 

a heuristic logic is applied to obtain an online adaptation of the co-state. 

In driving pattern recognition methodology (see [62]) a time window of past 

driving conditions is analyzed periodically while the vehicle is running, aiming at 

its recognition as one of the predetermined patterns. Once the representative 

pattern is recognized, a corresponding pre-computed optimal value of the 

equivalence factor is assigned for the following time segment. The method is 

causal and has high memory requirements. 

Driving cycle prediction or pattern recognition methodologies could be added even 

to the first category of SOC-based feedback controllers, by tuning the parameters 

   and     . For instance, the knowledge of the actual vehicle speed and relative 

altitude can be used to adapt the SOC reference value, considering that its 

corresponding kinetic and potential energy will be recuperated in the future and 

stored into electrical energy, with efficiencies      and     : 
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  (4.58) 

where      is the slope variation relative to the altitude at the initial time of the 

driving mission. 

The advantage of adding an adaptive term dependent on the kinetic and the 

potential energy of the vehicle is proved in simulation and experimental tests [92, 

93] in terms of FE. The same concept can be applied to a PHEV, where the 

reference state-of-charge signal is linear with time and terminates as close as 

possible to the minimum charge at the end of the driving mission [189]. 

4.2.2.4 ECMS drivability issues: straightforward approaches 

The online implementation of the ECMS requires some stabilization algorithms to 

cope with its practicality in real systems. In effect, the theoretical optimal       

could be practically infeasible, leading to chattering phenomena, causing too 

frequent and non realistic [143, 44] ICE start/stop events. This phenomenon must 

be prevented in real driving operations. Different methods can be adopted to 

address this issue. An approach based on the combined use of three timers with 

three different delays to regulate engine on/off command is proposed in [109]. A 

more straightforward approach consists of introducing a penalty to every ICE 

on/off event, to form the overall compound instantaneous cost function as 

formulated in (4.8). 

4.2.2.5 Other ECMS versions 

The development of rule-based strategies whose structure is partially similar to 

that of the ECMS has been proposed in the studies [69, 70, 90, 89]. In these 

research activities, the target is a heuristic strategy, purely based on physical 

characteristics of the vehicle and on engineering considerations. However, the 

structure of some operating modes, and more precisely of those involving the 

combined used of both prime movers, implies the minimization of a Hamiltonian 

function, just as the basic ECMS application requires. The authors claim that 

very good results can be achieved, requiring the tuning of a limited set of 

parameters. Other ECMS variations can be in the field of map-based algorithms. 

A map-based ECMS is proposed by the authors of [175], where an optimal torque 

distribution map is computed by means of DP and stored in maps, and the 

consequent sub-optimal real-time strategy is efficiently solved online. A similar 

approach is followed in [87] where an off-line optimization procedure is solved and 

a fast map formulation allows its application in real-time control. The considered 
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scenario is a hybrid vehicle on a prescribed route, where the actual input values 

are updated to compensate the deviation between theoretical and actual vehicle 

route. 

 

4.3 Simulation results 

The chosen ECMS version implements the co-state adaptation rule (4.53)-(4.54) 

and includes a comfort function to prevent frequent engine start/stop events. This 

is simply obtained due to the combined effect of a delay, inserted to prevent too 

frequent switching between driving modes that imply different ICE states, and of 

a low-pass filtering of the optimal theoretical instantaneous torque split factor. 

The two latter features, together with a heuristic gear-shifting based on the map 

of Figure 3.6, clearly have the consequence to add further sub-optimality to the 

resulting strategy. Figure 4.1 depicts the flow chart of the ECMS-based HCU 

framework. 

 
Figure 4.1: Flow chart of the ECMS strategy for the HEV system. 

However, the advantage in terms of ICE start/stop and gear-shifting events, 

which are good metrics to describe the driver's comfort, is clear and it is 
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illustrated in Subsection 4.3.3, with a comparison to the optimal unconstrained 

DP results. 

In this section, the results of the DP procedures are compared to those of ECMS 

applied to different homologation cycles, namely NEDC, FTP-75 and JN-1015. 

The only indicator adopted to estimate the performances of the two strategies is 

the FE. 

In case of the HEV system, charge-sustaining condition (4.19) is guaranteed, 

adopting the boundary line method for the DP and varying the    parameter in 

(4.54) for the ECMS. In general, if hard constraints on the final state are not 

feasible, an indicator capable of taking into account the differences related to a 

different final state-of charge between the two strategies must be introduced.  

Focusing on the HSF-HV model, if       is the DP gross fuel consumption and 

       its equivalent for the ECMS, the corrected DP fuel consumption     
     

can be expressed as: 

    
          

 
               

            
     

                       
 

(4.59) 

where the difference in terms of final kinetic energies of the flywheel is converted 

into fuel mass equivalent units due to the calculation of the effective round trip 

efficiencies. Then the corrected relative fuel economy      can be calculated as: 

     
           

    

      
     (4.60) 

The same expression of (4.59) can be formulated for the HEV system, 

substituting the kinetic energy content with battery state-of-energy or state-of-

charge. 

4.3.1 HEV 

The numerical results of DP/ECMS FE comparisons are reported in Table 4.1. 

Figure 4.2, Figure 4.3 and Figure 4.4 depict the different SOC trajectories that 

result from the application of the two control policies on the same homologation 

cycle. 
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Figure 4.2: NEDC: DP (blue) vs. ECMS (black) SOC trajectories. 

 
Figure 4.3: FTP-75 DP (blue) vs. ECMS (black) SOC trajectories. 
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Figure 4.4: JN-1015 DP (blue) vs. ECMS (black) SOC trajectories. 

It can be noticed that, except for the JN-1015, the state variable trajectories are 

substantially different, indicating that the ECMS sub-optimal strategy deviates 

from the global optimal one that is calculated by the DP algorithm. 

Table 4.1: HEV results for the ECMS/DP comparison simulations. 

Cycle 
FC ECMS 

[l/100 km] 

FC DP 

[l/100km] 

crFE 

[%] 

NEDC 4.37 4.22 2.99 

JN-1015 3.92 3.81 4.67 

FTP-75 4.35 3.97 8.83 

Literature analyses concerning flat homologation cycles ([137, 127, 6, 66]) over 

DP/ECMS comparisons indicate that an optimally tuned and cycle-based ECMS 

should not lead to FE results worse than 1% of the global optimum. The higher 

values in Table 4.1 can be explained considering that the proposed ECMS 

algorithm, as explained in the dedicated section of this paper, includes 

modifications and filtering of the raw theoretical minimizing    
     signal, 

oriented to driver comfort and real drivability constraints, with unknown vehicle 

mission. These effects are quantified in Section 4.3.3. 
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4.3.2 HSF-HV 

For the HSF-HV system, the definition of charge-sustaining hard constraints on 

the first state variable, such as                , would compromise the 

numerical reliability of the DP result, due to well-known issues related to the 

interpolation near the boundaries of the feasible state-space region. Nonetheless, 

the short discharging time typical of mechanical energy storage, due to friction 

and air drag, suggests that the simulation of homologation cycles with initial 

flywheel energy different from zero could not be considered representative of real 

vehicle operation. Consequently, imposing that the flywheel is still at the end of 

any homologation cycle would result in a strong penalization of this hybrid 

concept, since it would inhibit kinetic energy recuperation during the final 

braking stage. The problem, both for DP1 and DP2, is addressed with the 

introduction of a final state cost: 

                  

                

 
            

      
                

      
 

(4.61) 

where the average efficiencies of the CVT and the ICE should be estimated in 

advance, introducing an error with respect to the actual values. The term in 

(4.61) represents the fuel mass equivalent of charging the flywheel to a final value 

different from the initial one. Before the analysis of DP/ECMS comparison for the 

HSF-HV, a study on the impact of the different choices for the modeling 

approach, that is DP1 and DP2, is carried out in the next subsections. 

4.3.2.1 Model (1) - DP1 

The two DP-oriented modeling techniques can be evaluated in terms of fuel 

consumption, introducing the following corrected fuel mass     indicator: 

       

 
          

         
  

                       
 

(4.62) 

where the difference in terms of end-of-cycle kinetic energy is evaluated with 

respect to a common reference value 
 

 
        

 . Then a parametric analysis has 

been conducted, firstly regarding the factor to which the sensitivity of the DP1 

results is considered prominent. This is the state variables grid density or, in 
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other words, the selection of the two previously introduced parameters M and N. 

In Table 4.2, cFM comparative values are reported for the JN-1015 cycle. 

Table 4.2: Parametric analysis for DP1 grid density selection. DP1 vs. DP2 simulations. 

DP 

Time-step 

   

 

[s] 

     

values 

M 

[-] 

     

values 

N 

[-] 

  

values 

U 

[-] 

cFM 

 

 

[g] 

DP2 0.1 701 - 51 106.5 

DP1 

0.1 701 91 51 115.3 

0.1 501 71 51 120.4 

0.1 301 51 51 140.4 

0.1 401 61 51 128.8 

0.1 201 36 51 145.5 

0.1 151 31 51 149.4 

The listed values are also compared to the cFM obtained with DP2, with same 

choice of       and   breakpoints. Figure 4.5 graphically represents the results of 

Table 4.2. 

The influence of the grid density parameterization is quite evident. The benefits 

of reducing the states matrix resolution obviously comes along with a 

substantially increased computational cost of the DP procedure. The difference 

between the value obtained from DP2 (106.5 g), and the one from DP1 at the 

highest grid density (115.3 g), strictly equals the fuel-equivalent value of the 

energy dissipated by friction losses in the HSF clutch during slipping, which are 

neglected in DP2. 

The second investigated parameter is the simulation time step   , kept constant 

for the previous analysis. 

As shown in Table 4.3, the sensitivity of DP1 to the time-step selection can be 

considered of secondary importance compared to the number of breakpoints 
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Figure 4.5: DP1; effect of the number of state variables total breakpoints on cFM, JN-

1015 cycle. 

Table 4.3: HSF-HV; parametric analysis for the DP1 simulation time-step. 

DP 

Time-step 

   

 

[s] 

     

values 

M 

[-] 

     

values 

N 

[-] 

  

values 

U 

[-] 

cFM 

 

 

[g] 

DP1 

0.1 701 91 51 117.8 

0.25 701 91 51 118.7 

0.5 701 91 51 121.2 

0.75 701 91 51 119.3 

 

4.3.2.2 Model (2) - DP2 

As highlighted in the analysis of the previous section, the DP2 methodology 

should be preferred, since the overall computational time required is strongly 

reduced compared to the DP1. The fact that the slipping losses are neglected can 

be considered of secondary importance, if the goal of the simulations is to carry 

out relative comparisons between ECMS and DP. In this case the latter 

simplification is adopted equally for both strategies. The resulting      

trajectories, over the same set of homologation cycles analyzed in case of the HEV 

vehicle, are depicted in Figure 4.6, Figure 4.7 and Figure 4.8. The numerical 

results are listed in Table 4.4. 
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Figure 4.6: NEDC DP2 (blue) vs. ECMS (black)  HSF trajectories. 

 
Figure 4.7: FTP-75 DP2 (blue) vs. ECMS (black)  HSF trajectories. 
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Figure 4.8: JN-1015 DP2 (blue) vs. ECMS (black)  HSF trajectories. 

 

4.3.2.3 Optimal gear-shifting 

An additional and interesting investigation is related to the study on the impact 

of gear selection on FE. This can be easily provided by means of a DP algorithm, 

simply introducing an additional control input to the control variables vector   , 

so that the DP problem becomes: 

    
      

   
                 

     
     
    

   (4.63) 

The model must take into account all the additional constraints that this further 

degree-of-freedom introduces, especially regarding ICE speed limits. A comparison 

of the SOC trajectories for NEDC cycle, with and without DP optimal gear 

selection, is shown in Figure 4.9. 

0 100 200 300 400 500 600
0

250

500

750

1000

1250

1500

1750

2000

2250

2500

2750

3000

3250

3500

3750

4000

4250

4500

4750

5000

time (s)


h

sf
 (

ra
d
/s

)

 

 

0 100 200 300 400 500 600
0

10

20

30

40

50

60

70

v v
e
h
 (

k
m

/h
)

ECMS

DP
2

speed



Simulation results 

102 
 

Table 4.4: HSF Hybrid Vehicle; results for the ECMS/DP comparison simulations. 

 ** DP-based gear selection. 

Cycle 
FC ECMS 

[l/100 km] 

FC DP 

[l/100km] 

crFE 

[%] 

NEDC 4.49 
4.31 3.97 

4.18** 6.71** 

JN-1015 4.28 4.06 5.02 

FTP-75 4.27 3.98 6.92 

 

 
Figure 4.9: NEDC cycle: SOC trajectories with standard gear-shifting (black) and DP 

gear selection (red). 

The numerical values of crFE are quite close to those obtained for the HSF-HV 

system, except for the simulation where the DP-optimized gear selection is 

adopted, which underlines the potential advantage of adding this control input in 

terms of FE. 

4.3.3 Summary of Results 

The main task of the simulation results presented in this Chapter was to 

benchmark the performance of on-line Energy Management Strategies for hybrid 

vehicles. Among the various hybrid concepts, two were selected to carry out this 

analysis, namely HEV and HSF-HV. Discrete Dynamic Programming was selected 
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as a tool to perform such benchmarking activity. It provides an optimal solution 

of any control problem with a known prescribed mission, such as the 

homologation cycles under analysis. Throughout this Chapter, a particular focus 

is given to the development of a DP-oriented modeling approach for hybrid 

vehicle systems. This can be summarized as the best choice of state and control 

variables, whose purpose is to correctly describe the system dynamics, without 

increasing the computational time over acceptable limits. While this can be a very 

simple task when dealing with a parallel HEV, it reveals to be more complex 

when applied to the HSF-HV. More in detail, two different approaches, named 

DP1 and DP2, are described. These two methods differ for the number and the 

meaning of the adopted state and control variables, the first one being more 

straightforward but leading to an overall higher dimension of the state-control 

matrix.  

A parametric analysis has been conducted by comparing the sensitivity of FE 

results to the selection of the DP grid density. Once the DP2 was identified as the 

best solution to address the problem, a quantitative study has been carried out to 

compare the DP off-line optimal solution to the ECMS on-line strategy, for three 

flat standard homologations cycles.  

The results are summarized in Figure 4.10, both for the electric and the 

mechanical hybrid vehicle. 

 
Figure 4.10: Summary of DP/ECMS FE comparisons for HEV and HSF-HV systems. 

The use of comfort functions modifies the theoretical behavior of the EMS. The 

equivalence factor (4.53)-(4.54) would lead to a theoretical optimal    
     which is 

later modified by additional functions, as previously sketched. This is obtained 

through the actions listed below: 
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     signal is subjected to a low-pass filter, to prevent high-frequency 

oscillations of the torque split between the electric motor and the thermal 

engine; 

 A time delay is applied to regulate the switching between driving modes 

characterized by different engine states   ; 

 Heuristic gear-shift pattern is adopted. 

The results of the latter software devices can be summarized using the following 

drivability metrics: 

 Number of ICE start events; 

 Time span between consecutive engine start events. 

The first metric is illustrated in Figure 4.11, where the comparison between the 

ECMS and the DP solutions for a JN-1015 cycle is shown. 

 
Figure 4.11: HEV on JN-1015 cycle; number of engine start events of DP and ECMS 

strategy. 

Figure 4.12 illustrates the average time elapsed between two consecutive ICE 

starts. In both the examples, the difference is clearly evident. It can be concluded 

that the FE benchmark provided by a simple deterministic DP algorithm, not 
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taking into account drivability constraints, should always be carefully evaluated 

to really achieve meaningful and unbiased comparisons with other strategies. 

 
Figure 4.12: HEV on JN-1015 cycle; time spacing between consecutive engine start events 

of DP and ECMS strategy. 
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5. On-line NOx Emissions Control of 

Hybrid Vehicles 

 

 

This Chapter is devoted to the development of a strategy named real-driving-

emissions ECMS (RDE-ECMS). Its purpose is to minimize the FC of a HEV 

based on a Diesel ICE, while guaranteeing a limitation imposed on     emissions. 

Section 5.1 presents an overview of the general problems related to the emissions 

control of hybrid vehicles. Section 5.2 focuses on HEVs comprising a CI engine, 

recalling the main techniques developed by previous researches about this topic. 

The proposed methodology, based on Optimal Control and aiming at the 

definition of a causal controller, is demonstrated in Section 5.3. The validation of 

the latter RDE-ECMS controller is given in Section 5.4, by means of experiments 

conducted on a HiL engine test-bench, where HiL describes a test bench where 

the ICE is the hardware part, while the EMS and the vehicle are simulated. 

 

5.1 Introduction 

Light-duty Diesel vehicles are known for their low fuel consumption compared to 

gasoline vehicles. However, due to legislative restrictions, vehicle manufacturers 

continuously have to make considerable efforts to reduce the pollutant emissions 

of Diesel vehicles. Although the legislative limits have been continuously reduced 

over the last decade, the real driving emissions, which are the emissions during 

every-day driving, can exceed the legislative limits by far, even for Euro 6 

certified light-duty vehicles, as shown in several studies [158, 157, 195, 202, 201]. 

One reason is that the homologation of the vehicles is performed under well-

defined conditions such that the manufacturers optimize the design and operation 

of the vehicles specifically to meet these legislative requirements. To reduce the 

discrepancy between the certified and the real-world pollutant emissions, the 
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European commission is currently discussing measures to limit real driving 

emissions [202]. One option to cope with such a radical change would be to 

continuously monitor and control the pollutant emissions by means of an 

appropriate exhaust after-treatment system. 

5.1.1 Diesel and Gasoline Hybrid Vehicles 

Another option is provided by the electric hybridization of the vehicles, which not 

only offers a reduction of pollutant emissions, but also a simultaneous reduction 

of the     emissions. Since HEVs have an additional degree of freedom for the 

control of the energy flows in the powertrain, the trade-off between fuel 

consumption and pollutant emissions can be better controlled. 

Otto and Diesel engines strongly differ in terms of emissions. Observing Figure 

5.1, which depicts the fuel and emissions minima on a CI speed-load operating 

range, and Figure 5.2, containing the same information for a fictitious SI engine, 

these differences emerge. 

 
Figure 5.1: Example of FE and Emissions tradeoff for a CI engine. 

Since Diesel engines are more fuel efficient, the combination of a CI engine with 

an electric motor obviously leads to the lowest FC. However, higher     and PM 

emissions compared to Otto HEVs arise in this case. Furthermore, the Diesel 

engine concept is basically more expensive than an Otto engine of the same size. 

As a consequence, if the emissions need to be further reduced by means of 

expensive after-treatment systems, the overall costs of the hybrid vehicle may 
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increase too much to attract automotive industries to invest on the Diesel HEV 

solution. 

 
Figure 5.2: Example of FE and emissions tradeoff for a SI engine. 

Apart from traditional control levers used in Diesel engines to reduce pollutant 

emissions, i.e. fuel injection patterns, charging process and EGR, a parallel HEV 

vehicle with a Diesel engine can further benefit from the additional degree of 

freedom offered by the presence of the electric motor: the torque split factor. 

Indeed, this can be used to shift the engine operating point during the driving 

mission, moving towards more fuel efficient or lower emissions areas of the ICE 

map. Moreover, it can be used to limit the dynamic operations of the engine, 

reducing the amount of torque provided by the ICE during transients, which are 

the events responsible for the highest impact on pollutant emissions. 

 

5.2 Diesel-Hybrid Vehicle Emissions Control 

Some studies can be found in literature about the control of pollutant emissions 

for a HEV. The authors of [82] propose a real-time rule-based strategy to optimize 

both fuel economy and pollutant emissions, taking into account cold-start 

emissions by minimizing an overall normalized impact function. 
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Similar approaches have been presented in [128, 160, 124, 4] where an 

instantaneous optimization algorithm, whose structure is similar to the ECMS, is 

built with the target of minimizing a weighted sum of multiple factors, e.g. fuel 

consumption,     emissions, CO/CO2  emissions, while guaranteeing charge-

sustaining conditions for various driving cycles. The weighting factors between 

the various components of the target cost function are constant and considered as 

tuning parameters. 

For a Diesel-HEV equipped with an SCR system, an extended ECMS is proposed 

in [91], including the minimization of tailpipe emissions, while considering cold 

start behavior. A control framework formed by three state variables arises from 

the energy management extended with an emissions management: energy stored 

in the battery, SCR catalyst temperature and total     tailpipe mass. This 

results in a controller with an unstable co-state, which can only be used for a 

fixed time window. 

DP has also been applied to address the problem of building a supervisory control 

system for fuel and emissions reduction, as described in [107, 108] for a pHEV, 

where the gearshift strategy and the engine start/stop decisions are optimized 

along with the torque split factor, and in [10] considering the power split as only 

control input; in both studies constant weighting factors for the multiple emission 

sources are implemented.  

A general approach based on Optimal Control theory is proposed in [170], with a 

description of several possible extensions of the ECMS basic framework, to 

include different pollutant components for a HEV, and possibly taking into 

consideration thermal effects and after-treatment systems. The authors claim that 

the solution of such general problem is not yet available. 

An experimental validation of a method based on a constant weighting factor for 

    emissions, has been provided in [61] by means of a HiL test-bench. 

5.2.1.1 Torque Phlegmatisation 

Some studies focus on the control of transient emissions, especially regarding 

hybrid powertrains relying on a Diesel ICE. An optimal strategy is provided by 

the authors of [136] with a DP approach for constant weighting factors related to 

    and PM emissions. A key idea, when dealing with Diesel-HEV, is to use the 

Electric Motor for Torque Phlegmatisation during transients, as proposed in [32, 

118] adopting heuristic methods, or as reported in [60] using model-based 

frameworks. 
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5.2.1.2 Extension of ECMS: map-based methods 

Emissions can be also included in map-based ECMS approaches, as suggested in 

[171].  

5.2.1.3 Decoupling Powertrain and ICE control variables 

The problem of reducing the overall     emissions for a HEV, while minimizing 

fuel consumption, can be addressed separating the torque-split control and the 

engine management control, thus deriving a near-optimal strategy for 

simultaneously optimally manage the engine calibration and the power split. In 

the following, the focus is given on the torque split factor, while the effect of the 

other engine control inputs having an effect on the emissions is not directly taken 

into account, i.e. the standard, production ECU calibration is considered. Thus, 

it's understood that the optimal engine management can be decoupled from the 

optimal supervisory control. The importance of the gearshift strategy to reduce 

pollutant emissions over a driving cycle is underlined in [9]. 

5.2.1.4 Adaptation of the NOx emissions weighting factor 

A control strategy that includes the online adaptation of the weighting factors for 

the pollutant emission, to take into account real-world driving conditions and 

possible modification of the emissions level target, has not yet been demonstrated. 

A possible approach is provided by the authors of [212], for a conventional diesel 

engine. 

Therefore, in the present Chapter, an energy management strategy is presented 

that allows for the tracking of a specific emission level to respect real driving 

emission constraints. Under these hypotheses, the strategy is designed to minimize 

the fuel consumption, while sustaining the battery state of charge. 

 

5.3 On-line Control of Real Driving Emissions for 

Diesel Hybrid Electric Vehicles 

In this Section a detailed description of the controller developed to optimize FE of 

a diesel hybrid vehicle under upper constraints for the cumulative     emissions 

is presented. The description of the system is given in the previous Sections 3.2-

3.3, while the solution of the control problem by means of Optimal Control theory 
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is found in Section 5.3.1. Then, Section 5.3.2 proposes a derivation of a causal 

online controller for the desired variables. To implement such controller, the 

dependency between the co-states must be identified, which is illustrated in Sec. 

5.3.2.2. The final structure of the controller is reported in Sec. 5.3.3, and the 

assignment of corresponding reference signal trajectories is described in Sec. 

5.3.3.1. 

5.3.1 Optimal Control Theory 

The hybrid vehicle system can be described by a system of ordinary differential 

equations of the first order: 

                   (5.1) 

where   is the vector of state variables and   is the control inputs vector. The 

system dynamics model is based on the description presented in Sections 2.3.1, 

using a forward modeling technique. The input vector can include the engaged 

gear command   , the clutch state   , the engine state   , and the torque split 

factor    , as previously introduced Chapter 3. The state vector is expressed as: 

      
  
    

   
 
    

  (5.2) 

where   is the battery SOC and      the cumulated     emissions. The choice 

of cumulative emissions value has an advantage compared to the specific emission 

level, defined in legislations as: 

     
    

 
 (5.3) 

with   being the total vehicle distance. The derivative of the latter expression 

would be: 

      
              

  
 
 

 
                

(5.4) 
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with   being the vehicle speed and       being the derivative of the absolute 

cumulated emissions     . The following equation holds: 

       
 

    
(5.5) 

where  
 

    is the     mass flow rate. The following property, that plays a role 

in the treatise of the next sections, holds: 

     

     

  
 

 
   

      
     

   

(5.6) 

The extended state dynamics equations become: 

                    
             
               

   
        

 
 

        
  (5.7) 

Accordingly to the general methodology introduced in [57] the problem can be 

defined as an optimal control problem with partially constrained final states. 

   
 
        

 

 

                 

 

 

 
 

                   (5.8) 

s.t. 

        (5.9) 

                                        (5.10) 

       (5.11) 
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The closed final-time set   describes the constraints for the final state vectors: 

     has an upper constraint, since it has to lie below a certain emission level, 

while    has to satisfy charge-sustaining conditions for the battery. 

The optimal solution is found using Pontryagin's minimum principle, defining an 

Hamiltonian function as follows: 

      
 

                                   (5.12) 

The optimal solution must satisfy the following conditions: 

        (5.13) 

                            (5.14) 

and for the co-states the following equation must be valid at any time: 

              

                 
 

      
             

  

  
                      

(5.15) 

The co-states vector must stay within the normal cone    of the target set   at 

the final time for      . 

                  (5.16) 

The Hamiltonian of the system must be minimized at all times with respect to all 

the admissible inputs  : 

                                       (5.17) 

The dynamics of co-states can be rewritten by separating the battery SOC and 

the cumulated     co-states as follows (where dependencies on input and states 

are omitted for the sake of simplicity): 
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 (5.18) 

Since neither the system dynamics nor the fuel mass flow directly depend on the 

cumulated     emissions, the following expressions hold: 

  
 

    

     
              (5.19) 

  

     
              (5.20) 

The latter, combined with (5.18), leads to the following rewritten expression for 

the co-states dynamics: 

 
   
    

     
    

       
 

      
  

  
 
 

      

 

  (5.21) 

The importance of the choice of cumulated emissions is here demonstrated, since 

the term 
  

     
 would not have vanished, with the choice of specific     emissions 

(5.3) as a state variable. 

Considering (5.21) and that     
      , we have that: 

    
                (5.22) 

The Hamiltonian (5.17) can be now rewritten, having defined     : 

      
 

                     

  
 

                              

  
 

              
 

   
                     

(5.23) 
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The latter new expression for the Hamiltonian (5.23) leads to a new Hamiltonian 

   for the system aimed at the minimization of a weighted sum of fuel and 

emissions. This allows for a new problem definition: 

  

   
 
         

 

 

         

                      

 

 

  
 

                
 

             

(5.24) 

s.t  

        (5.25) 

                                         (5.26) 

             (5.27) 

For the reformulated optimization problem      is not a co-state but a weighting 

factor, and therefore a given parameter. It quantifies the fuel equivalent of a given 

amount of      emissions in a new Lagrangian reformulation. For this reason, the 

authors of [212] have introduced a definition for the equivalent problem (5.24)-

(5.27): Equivalent Emissions Minimization Strategy (EEMS). The equivalence of 

the minimization problem (5.24)-(5.27) to the previous formulation (5.8)-(5.11) is 

guaranteed, since the eliminated state does not appear in any of the other 

equations and it was introduced only to enforce the limit on cumulated emissions, 

by means of a final-state constraint. As a consequence, if the constant equivalence 

factor is known, the same optimal results will be achieved for the redefined 

problem. As a matter of fact, such value is not known a priori. For this reason, a 

causal controller based on the online calculation of the equivalence factor is 

proposed in the following section. 

5.3.2 Derivation of the RDE-ECMS strategy: a causal controller 

The objective of this section is to develop a feedback controller for the online 

control of cumulative     emissions. Before the derivation of the proposed causal 

control framework, the cost function (5.24) can be conveniently rearranged by 

introducing the normalized     mass flow rate  
  
   : 



On-line NOx Emissions Control of Hybrid Vehicles 

117 
 

 
  
     

 

    
 
 

       

 
 

       

 (5.28) 

       
 

 

           
 

 

  
 

                
  
            (5.29) 

where the normalization takes place using the maximum flow rates of fuel and  

    for the given ICE. By means of the rewritten cost functional (5.29), the 

argument of the objective function and of the corresponding Hamiltonian, are now 

expressed by homogenous measuring units. 

5.3.2.1 Equivalent cost function definition 

To achieve the goal of generating a charge and emissions sustaining strategy, two 

terms can be added to the expression (5.29), penalizing deviations from the 

reference values for state-of-charge     , and from the normalized cumulated 

emission      . Thus a new formulation for the cost functional can be obtained: 

        
 

 

          

   
 

 
  
 

           
                     

           
 
  

    
            

      
 
  

     
(5.30) 

leading to the extended Hamiltonian: 

       
 

           
                     

           
 

  

  

                    
            

      
 

  

           

(5.31) 

 which must be minimized by the optimal input sequence: 

                 (5.32) 
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Since the additional terms of the extended Hamiltonian do not depend explicitly 

on the control input, they will be minimized by the same optimal policy   . The 

Hamilton-Jacobi-Bellman equations provide the following expression [22] for the 

optimal co-states vector   : 

        
         

  
 (5.33) 

with          being the optimal cost-to-go function, associated with the optimal 

cost function        , at the time instant   of the total horizon of duration  : 

            
 

   

 

 

                            (5.34) 

The latter optimal cost-to-go function can be substituted with a sub-optimal 

function formed by the sum of different independent cost indexes, as follows: 

                   

                                                             
(5.35) 

where the five terms correspond to:  

                : the additional fuel consumption caused by compensating the 

current state-of-charge deviation;  

                : the additional fuel consumption caused by bringing the 

cumulated     close to the reference level;  

     : a fuel consumption that is supposed to be independent from both the 

state-of-charge and the emissions level, needed to cover the rest of the 

driving mission with the correct reference values; 

       : a term denoting the penalty of SOC deviations from the reference 

value; 

               : a term that denotes the penalty of       deviations from the 

reference value. 
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Cost of saving NOx emissions 

An expression for the additional fuel cost of saving     emissions can be found 

under the hypothesis that the other state   has a much smaller time constant 

than the time horizon considered to bring the cumulated emissions close to the 

reference value (e.g. minutes). 

If this holds, and the parameter      identifies the relationship between fuel 

consumption and     emissions for the given ICE, the associated cost-to-go can 

be expressed as follows: 

                        

                                                                        
(5.36) 

Cost of emissions deviation penalty 

Under the hypothesis that the     controller is able to diminish the error 

between the actual and the reference target value linearly with time, the cost of 

the emissions penalty in the future can be estimated. Firstly, the evolution of the 

error decreasing after the time    is introduced: 

                               

                            
 

  
  

(5.37) 

Now, the total penalty is obtained by integrating on the future trajectory of the 

controlled variable, as follows: 

                 
  
 

   
                             

           
 
  

    

  

 
    
    

  
                     

           
 

  

 

(5.38) 
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Cost of sustaining the battery SOC 

Following the methodology described in [6], the fuel energy used to compensate 

the state-of-charge deviations from the target value can be approximated, by first 

estimating the energy stored in the battery at a certain     , with respect to the 

reference        , as: 

           

       

    

           (5.39) 

Since, in the future, this energy must be compensated using the thermal path, a 

certain amount of fuel will be saved/consumed to discharge/charge the battery. 

Such quantity will clearly depend on the engine efficiency and on the electric path 

efficiency used in the future, which in turn depends on the ICE operating points. 

Moreover, the used ICE operating points will also depend on the cumulated      

emissions, since a second controller acts in parallel, modifying the choice of the 

control inputs to tackle the desired emissions level. As a consequence, the average 

future charging/discharging overall efficiency   , is a function of      : 

                
      

            
 

                             
  

            
   

       

    

           

(5.40) 

where    denotes the fuel lower heating value. 

Cost of the SOC deviation penalty 

Similarly to the previous treatise regarding the emissions deviation, the SOC 

deviation penalty can be expressed by an equation equivalent to (5.37), where the 

time constant    is introduced. This leads to the following integral for the 

calculation of the total penalty: 
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(5.41) 

Total cost and equivalence factors 

The total suboptimal cost-to-go (5.35) can now be expressed, using (5.36)-(5.41): 

                   

           
  

            
   

       

    

            

                                         

                
    
    

  
            

      
 

  

  

           
    
    

  
                     

           
 

  

 

(5.42) 

and the suboptimal co-states can be now calculated: 

      
     

       
  

      

  
 

 
 
 
 
 
 

  
     

 

      
     

 
 
 
 
 

 (5.43) 

The partial derivatives of (5.42) generate the following expressions for the two co-

states (5.43): 

      
      

  
  

         

            
                        (5.44) 

        
      

      
       (5.45) 
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where the following substitutions are adopted: 

   
      

                  
   (5.46) 

   
     

             
   (5.47) 

By analyzing (5.44)-(5.45), the mutual relationship between the co-states is 

evident. 

More in details, the first two terms of (5.45) are formed by a theoretically 

constant term       which instead depends on the operating points occurring in 

the period considered, and by another term, that we suppose to be negligible, 

under the hypothesis that the dynamics of the average charging/discharging 

efficiency does not directly depend on the cumulated emissions. The simplified 

approach followed in this section is to replace the constant equivalent term with 

the sum of        and of an integrator used to adapt it online, during the 

operation, to track the average emissions. 

                                             
     

                              

 

 

                     

      
   

(5.48) 

The previous equation represents a PI controller for the cumulative emissions 

level, which in the online applications will be measured by means of a dedicated 

sensor. The term      can be directly implemented in the cost functional (5.29), 

which solves the equivalent problem (5.24)-(5.27), and its corresponding 

Hamiltonian is expressed by: 

           
 

                     
  
                    

        (5.49) 

The latter can be rearranged to be expressed in terms of powers, by multiplying 

the whole Hamiltonian with the fuel lower heating value   : 
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(5.50) 

where    represents the inner electrochemical battery power and: 

             
              

         
 (5.51) 

The combination of (5.51) and (5.44) leads to a reformulated expression for the 

electrical energy equivalence factor   : 

            
 

         
 

  
         

                        

                          
                                  

(5.52) 

Since the average conversion efficiency    will vary depending on the operating 

points of the components involved (ICE, electric motor, battery), and the 

operating points will vary as a function of the driving cycle and of the     

feedback controller already introduced,   
  is adjusted during operation. A first 

adjustment depends directly on the actual normalized cumulative emission mass 

     , due to the action of the dedicated controller that online adapts     , and 

will be clarified in the next section. The second adaptation is achieved using an 

integrator, with integration time period     , as follows: 

              
                                      

                              

 

 

            

    
   

(5.53) 

Equations (5.48) and (5.53) represent the structure of the desired online causal 

emission and charge-sustaining controller. It is formed by two feedback PI 

controllers, linked together by a relationship between the constant values of the 

co-states   
              . The final structure of the controller is depicted in 

Section 5.3.3. 
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5.3.2.2 Identification of the relationship between co-states 

The goal of this section is to describe the methodology applied to identify the 

desired dependency   
              .  

The key idea is to apply an optimal control method to the optimization problem 

described by the Hamiltonian function (5.50), i.e. DP or Pontryagin's minimum 

principle, with constant values of the weighting factors      and   
 . In this case 

PMP is adopted, since it is more suitable for the present application of forward-

facing vehicle model including more input variables.  

This procedure is applied for several different values of     , in order to identify, 

for each value, the corresponding unique constant equivalence factor   
  that 

ensures charge sustaining conditions.  

The methodology is repeated for various driving scenarios, in this case four 

standard homologation cycles (NEDC, FTP-75, WLTP, LA92).  

The Hamiltonian can be also reformulated by dividing it by         : 

          
 

        
                 

 
   

      
                  

  
 

      
          

    
      

          
  
       

      
          

                             
 
                          

(5.54) 

The introduction of the reformulated weighting factor      for the     emissions 

leads to the following possible cases: 

         

           
                           

             

  (5.55) 

The results of the identification procedure are depicted in Figure 5.3. 
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Figure 5.3: Relationship between the equivalence factors. 

A quadratic interpolating function is chosen to generate a unique relationship 

between the emissions weighting factor and the equivalence factor, to be used for 

all driving scenarios. 

5.3.3 SOC and SNOx controller structure 

Based on the mathematical derivation of the controller presented in the previous 

sections, the desired controller, to be tested in the simulations and in the 

experimental tests in the following sections, is illustrated in Figure 5.4.  

Since the controller is able to control the real driving     emissions, and since it 

is based on the equivalent consumption minimization strategy, the controller is 

referred to as the RDE-ECMS. 
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Figure 5.4: Structure of the charge and emissions sustaining causal controller. 

The proportional gains of the PI controllers then become: 

     
   

      
 

       
  

      
 

(5.56) 

Since both the PI controller outputs can be saturated, the controllers are 

extended with an anti-windup scheme [106, 7]. 

To prevent excessively frequent engine starts and stops that can arise due to the 

application of optimal control based methods, a penalty        for the change of 

the engine on/off state, similarly to the previous formulation (4.7)-(4.8), is here 

introduced as follows: 

  
  

                                
 
   

     

                                                       
(5.57) 

Therefore, an additional heuristic engine on/off comfort function is implemented, 

similarly to the one presented in [109]. In this comfort function, the desired engine 

on/off change request signal from the extended ECMS is not realized 

instantaneously. Instead, it has to remain in the same state, either on or off, for 

at least 1 s until it is transferred to the next level of a series of checks. At the 

next level, an engine on/off change request is only realized if the previously 

requested engine on/off state has remained for at least 5 s in its state. As a 
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consequence, the engine is either on or off for at least 5 s. This hysteresis can only 

be overruled if the throttle is fully depressed. 

Due to these measures, the average number of engine start/stops, in the four 

considered driving cycles, is reduced to a reasonable amount of 2.1 starts per 

minute compared to 4.6 starts per minute, obtained without any measure to 

prevent frequent starts/stops. The relative loss in FE due to the comfort function 

is in average 3.8%, compared to the theoretical value for the FC obtained without 

any comfort function. The minimum engine on/off dwell time amounts to 5 s, in 

almost any case for the four driving scenarios considered. 

5.3.3.1 Calculation of SOC and cumulative NOx reference signals 

The two PI controllers of Figure 5.4 require a proper definition of the reference 

trajectories for the respective controlled variables. The         could simply be a 

constant value representing the desired final state-of-charge, which also coincides 

with the initial value   , to enforce a charge-sustaining constraint. Alternatively, 

the reference value can take into account that the current amount of vehicle 

kinetic and potential energies can be recuperated in the future and stored into 

electrical energy. The latter definition, as previously defined (4.58), is adopted 

here. 

The reference cumulative emissions can be computed in a simple fashion, if one 

knows the desired specific emission level      (5.3), i.e. expressed in [mg/km], 

imposed by the legislation or by a custom control strategy. 

              

 

 

            (5.58) 

5.3.4 On-line control vs. constant-weight control 

Here, a case study is presented in which the benefit of using the RDE-ECMS is 

compared to an ECMS with a constant emission-related equivalence factor      . 

To show that the RDE-ECMS yields a lower FC than a non-adaptive ECMS, 

these two strategies are compared on four different sequences of repeated driving 

cycles, namely the NEDC, the FTP-79, the WLTP, and the LA92. 
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5.3.4.1 NOx-FC Trade-off 

Figure 5.5 shows the trade-off between the fuel consumption and the     

emissions, obtained using charge sustaining    values, for each       

                     value. For each driving cycle, the corresponding curve 

represents the optimal trade-off for the approach presented using (5.57). Any 

causal method based on (5.57) cannot yield results which are to the left or below 

the corresponding trade-off for the given driving cycle. 

 
Figure 5.5: Tradeoff between normalized fuel consumption and NOx emissions as a 

function of the NOx weighting factor for the four driving cycles. 

It can be noted that the LA92 cycle is the most demanding, both for FC and     

emissions. As a consequence, it is taken as the reference driving cycle to compare 

the performances of RDE-ECMS in the following treatise.  

5.3.4.2 Simulation Results 

Assuming that the real driving     emissions have to be lower than a specific 

value, say 1.0 or 100% in this case. Two causal strategies are considered, which 

respect this     limit: 
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1. A non-adaptive PI-controlled ECMS, which is the RDE-ECMS but with a 

fixed value for      ; 

2. The RDE-ECMS presented in Section 5.3.2. 

The non-adaptive ECMS is previously tuned, to respect the     emission limit on 

the worst-case driving cycle, which here is the LA92, while giving the lowest 

possible fuel consumption on all driving cycles. 

The optimized parameters of the non-adaptive PI-controlled ECMS are:   
     , 

  
        and        .  

For the comparison case study, the parameters of the RDE-ECMS are:   
     , 

  
       ,       ,         , and          . 

Note that, for simplicity, the values of the parameters   
    and   

   , for the 

RDE-ECMS, were taken from the non-adaptive ECMS.  

The two other parameters,    and   , are optimized on the NEDC and on the 

WLTP driving cycles, to yield an acceptable reference tracking, namely neither a 

too fast nor a too slow tracking.  

To ensure an unbiased comparison, the initial value for the variable          is 

chosen to be equal to the one of the non-adaptive ECMS. 

The two strategies are applied, each on a sequence of five repetitions of the four 

different driving cycles NEDC, FTP-75, WLTP and LA92. 

Figure 5.6 shows the normalized specific equivalent fuel consumption, the relative 

fuel consumption difference of the RDE-ECMS, compared to the non-adaptive 

ECMS, and the normalized specific equivalent     emissions, for both the non-

adaptive ECMS (“       ”) and the adaptive RDE-ECMS (“      var.”). 
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Figure 5.6: Comparative results of a non adaptive ECMS (gray) and the RDE-ECMS 

(black) on four driving cycles with five repetitions each. 

As depicted in the middle plot of Figure 5.6, the fuel savings of the RDE-ECMS 

amount to 0-7%, compared to the non-adaptive ECMS. On all driving cycles, 

both strategies respect the prescribed     emissions limit, indicated as a red line 

in the subplot on the right-hand side. In the case of the LA92 driving cycle, the 

RDE-ECMS performs very similarly to the non-adaptive ECMS, which is the 

reason why in practice no fuel saving occurs. On all the other driving cycles, the 

RDE-ECMS provides a lower fuel consumption than the non-adaptive ECMS, 

since the RDE-ECMS increases the emission-related equivalence factor       to 

move along the fuel-optimal trade-off. 

Figure 5.7 shows the performance of the RDE-ECMS and of the non-adaptive 

ECMS, compared to the optimal trade-off between the fuel consumption and the 

emissions. 

The non-adaptive ECMS ("diamond marker") achieves practically the identical 

performance as the optimal non-causal solution for       , in terms of fuel 

consumption and emissions. 

The RDE-ECMS ("star marker") achieves a performance that is close to the 

optimal trade-off curve, for the driving cycles FTP-75, WLTP and LA92. For the 

NEDC, there is still a potential to reduce the fuel consumption by about 1.6%, for 

the same amount of     emissions, as calculated with the non-causal ECMS. 

In general, the RDE-ECMS proves to minimize the fuel consumption, while 

tracking a reference     emission level and sustaining the battery state-of-charge. 
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Figure 5.7: Comparative results of the NOx-optimal ECMS (diamond) and the RDE-

ECMS (star); normalized FC-SNOx tradeoff. 

 

5.4 Experimental Results 

An experimental validation of the models and of the method presented in Sections 

3.2-3.3 and 5.3, simulated with the vehicle (b) data listed in Section 3.6, and of 

the results of the simulation case study reported in Section 5.3.4.2, is shown here. 

The goal of this subsection is firstly to show that the RDE-ECMS presented in 

Section 5.3 works also in practice, and secondly, that the quasi-static modeling for 

the fuel consumption and the     emissions is sufficient. 
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5.4.1 Description of the HiL test-bench 

For the experimental validation of the RDE-ECMS, the method presented in 

Section 5.3, is applied both in simulation and in hardware-in-the-loop (HiL) 

experiments. In the HiL experiments, only the engine is used as the real 

hardware. The longitudinal dynamics, as well as the hybrid vehicle components, 

are simulated on a computer. This setup allowed for the measurement of the real 

fuel consumption and of the real     emissions, without requiring the physical 

presence of the entire vehicle. For more details on HiL experiments, interested 

readers are referred to the literature [141, 172, 35]. 

A schematic of the layout for the HiL implemented is given in Figure 5.8. 

 
Figure 5.8: HiL test-bench for the HV emulation, see [141] for details. 

In the HiL experiments here, the desired torque command, which is calculated by 

the energy management controller, is sent to the electronic control unit (ECU) of 

the engine, while the desired engine speed command is sent to the dynamometer 

of the engine test bench. The  emissions are measured using a VDO/NGK 

UniNOx sensor. This sensor is likely to be employed also in real vehicles, due its 

low price and due to its ability to additionally measure the air-to-fuel ratio. The 

fuel consumption is measured by the ECU-internal indication. 
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5.4.2 Results 

The experimental validation is divided into four cases, with three repetitions of 

the same standard homologation cycle each. 

The following setup is used to compare the simulation results to the results 

obtained with the HiL experiments: 

 Driving cycles:  

o NEDC: 

 variable      ; 

 constant      ; 

o WLTP (Worldwide Harmonized Light Vehicles Test Procedure, 

Class 3 Cycle): 

 variable      ; 

 constant      ; 

 reference signal: 100%; 

 SOC reference signal: 60% with speed-dependent correction;  

 Initial condition for the emission-specific equivalence factor:           

(emissions-optimal). In case of constant weight              . 

5.4.3 NEDC cycle 

The results for the NEDC are shown in Figure 5.9, for the ECMS with constant 

     , and in Figure 5.10 for the RDE-ECMS. It shows the vehicle speed, the 

battery SOC, the normalized specific  emissions (normalized [mg/km]), the 

normalized specific fuel consumption (normalized [L/100km]), and the equivalence 

factors of both the     emission and the battery power. 

As visible, the vehicle speed trajectories of the simulation results and of the HiL 

results are identical. 

The SOC trajectories of the simulation and of the HiL results show very good 

matching; both are charge-sustaining at the same SOC reference level. The two 

trajectories are very similar; after an initial transient phase, the trajectories 

become more stable. 

A similar behavior is observed for the specific fuel consumption, which in addition 

exhibits a visible offset. This offset is a consequence of some of the neglected 

dynamics of the engine, e.g. the thermal dynamics. In fact, these effects have an 

influence on the entire behavior of the SOC and of the     control, so that the 
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trajectories of the SOC, the     emissions etc., become different for the results 

obtained with the simulation and with the experiment. However, an offset 

between the trajectories is not a measure to quantify the modeling errors, because 

the trajectories show the actual, uncorrected emissions and the actual, 

uncorrected fuel consumption. For example, an offset of 5% in the trajectories for 

the fuel consumption does not mean that the true fuel consumption is 5% 

different, since there is also a certain offset in the SOC trajectories. 

 
Figure 5.9: Comparative results of the ECMS (without NOx control) simulation vs. HiL 

test bench experimental test on three repetitions of the NEDC cycle. 

A higher final SOC means also higher fuel consumption, and typically higher     

emissions. For an unbiased comparison, the equivalent     emissions and the 

equivalent fuel consumption have to be calculated. Such a comparison is made 

below in Section 5.4.5. 

Considering Figure 5.10, where RDE-ECMS is depicted, the trajectories of the 

weighting factor          are also similar, for both the simulation and the HiL 

experiment. They both start from an initial value of zero and converge towards to 

a value of one, until the specific     emissions approach the reference level. Due 
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to the highway part, which requires a longer use of the engine, the equivalence 

factor       is reduced to save some     emissions. In the subsequent city driving 

part,       approaches again a value of one (fuel-optimal), until in the next 

highway part the value of          is reduced again. Also, the trajectories for the 

equivalence factor      are very close to each other. This is mainly due to the fact 

that the value of      adapts to the instantaneous value of          during the 

cycle. 

 
Figure 5.10: Comparative results of RDE-ECMS simulation vs. HiL test bench 

experimental test on three repetitions of the NEDC cycle. 

5.4.4 WLTP cycle 

The NEDC consists of a factitious speed trajectory, which does not represent real 

driving conditions. Therefore, the vehicle accelerations and speeds involved are 

moderate. As a consequence, the simulation and the HiL experiment are repeated 

on the WLTP driving cycle, which represents a more realistic driving scenario, 

with higher mean speeds and higher vehicle accelerations. 
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Figure 5.11 and Figure 5.12 show the vehicle speed, the battery SOC, the 

normalized specific     emissions (normalized [mg/km]), the normalized specific 

fuel consumption (normalized [L/100km]), and the equivalence factors       

      , and     , for both the     emission and the battery power, respectively. 

 
Figure 5.11: Comparative results of the ECMS (without NOx control) simulation vs. HiL 

test bench experimental test on three repetitions of the WLTP cycle. 

Figure 5.12 shows the time evolution of the equivalence factors          and       

as well, since in Figure 5.11 the value of       is constant, because the online 

emisison control is inactive. As illustrated in the figure, the vehicle speed 

trajectories of the simulation results and of the HiL results coincide. The SOC 

trajectories of the simulation and of the HiL results are similar, both being 

charge-sustaining at around the same final SOC reference level. The two 

trajectories are very similar; after an initial transient phase, the trajectories 

become stable, approaching the desired reference level. A similar behavior is 

observed for the specific fuel consumption, which in addition exhibits a visible 

offset that is explained below. Furthermore, the trajectories of the equivalence 

factor          are also similar for both the simulation and the HiL experiment. 
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They both start from a value of zero and converge towards a value of one (fuel-

optimal), until the specific     emissions approach the desired reference level. 

Due to the highway part, which requires the engine to be used for longer phases, 

the equivalence factor          is reduced to save some emissions. In the 

subsequent city driving part,          again approaches a value of one, until in 

the next highway part the value of       is reduced again. Also, the trajectories 

for the equivalence factor      are very close to each other. This is mainly due to 

the fact that the value of      adapts to the instantaneous value of          

during the cycle. The preliminary conclusion from the comparison of the 

simulation results to the experimental results, is that the RDE-ECMS also works 

in practice. 

 
Figure 5.12: Comparative results of RDE-ECMS simulation vs. HiL test bench 

experimental test on three repetitions of the WLTP cycle. 

The offset of the trajectories of the simulation and of the HiL results, is a 

consequence of some of the neglected dynamics in the engine model of the 

simulation. As previously introduced, the thermal dynamics are not considered in 

the simulation, although in practice they can substantially influence the formation 
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of pollutant emissions. As a matter of fact, such effects have an influence on the 

SOC time evolution and on the     control policy, so that the trajectories of the 

SOC, of the     emissions etc. become different, for the results obtained with the 

simulation and with the experimental setup. Following an approach similar to 

that used in the previous section about NEDC results, for a fair comparison 

equivalent     emissions and equivalent fuel consumption have to be calculated. 

Such a comparison is made below in Section 5.4.5. 

5.4.5 Summary of the experimental tests 

To obtain a fair comparison between the simulation and the experimental results, 

the     emissions and the fuel consumption have to be corrected to account for 

the different levels of the final SOC. Here, the correction is made based on the 

following formulae: 

           denotes the distance-specific, battery-charge-equivalent fuel 

consumption and             is the normalization value for total FC; 

          
 

           
 
   

 

 
 
 

                     

  
 

 
       

 (5.59) 

          is the distance-specific, battery-charge-equivalent emissions and 

           is the normalization value used for the total     emissions; 

         
 

          
 
   

 

 
 
 

   
               

  
 

 
      

 (5.60) 

           and          are the equivalent fuel mass and the equivalent 

    mass, as a function of the final battery charge, respectively; 

          

 
 
 

 
 
   
  

 
 

 
 

   
  

 

   
  

 

         

   
  

 
 
 

   
  

 

   

 
 

         

  

         
  
 

 
 
 

   
         

  
 

 
 
 

          
           

(5.61) 
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     denotes the amount of net energy stored in the battery at the end of 

the driving cycle. 

      
 

 

                   (5.62) 

Figure 5.13 shows a comparison of the SOC-corrected equivalent     emissions 

and the corrected specific fuel consumptions on the two driving cycles, NEDC and 

WLTP, for each with the cases of a constant      and variable         , whose 

trajectories are depicted from Figure 5.9 to Figure 5.12. 

 
Figure 5.13: Summary of comparisons between simulation and HiL results. Equivalent 

NOx emissions and equivalent FC, accounting for SOC deviation. 

Accordingly, the results obtained with the simulations underestimate the results 

obtained with the HiL experiments. The error, in all the simulations compared to 

the experimental data, is well below 5%. Therefore, quasi-static models for the 
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fuel consumption and for the     emissions, are accurate enough for the 

simulation on the NEDC and on the WLTP driving cycles. 

 

5.5 Summary of Results 

This Chapter demonstrates an energy management strategy to account for real 

driving     emissions of a Diesel hybrid electric vehicle. The method is based on 

the equivalent consumption minimization strategy, which is extended with a state 

accounting for the     emissions. As demonstrated in simulation, as well as in 

hardware-in-the-loop experiments, the strategy is able to minimize the fuel 

consumption, while following given reference trajectories for the     emissions 

and for the battery state of charge. On simulations, the strategy proves to 

optimally adjust the trade-off between the fuel consumption and the     

emissions during operation. 

Compared to a conservative non-adaptive strategy, the advantages of the 

proposed methodology, in terms of FC, amount to more than 7% in favor of the 

presented technique. 

The strategy can be employed also in plug-in hybrid electric vehicles, without the 

need to adjust the controller structure, by only modifying the reference trajectory 

for the battery state of charge. 

So far, the presented RDE-ECMS has been applied to warm engine conditions. A 

future evolution of this strategy will be to investigate the control of tailpipe     

emissions for a Diesel HEV, equipped with a selective catalytic reaction (SCR) 

system. This will require a model of the efficiency of the after-treatment system, 

as a function of an additional state represented by the temperature of the SCR 

system. Moreover, a further potential is seen in the optimal design of the 

reference trajectories for the SOC and the     emissions. 
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A.1        

 Parametric Optimization  of a 

Complex Hybrid Vehicle 

 

 

In this first Appendix, a DP procedure applied to a complex HV, capable of being 

operated at numerous modes, is shown. The goal is to assess multiple design 

criteria, such as the choice of electric components, the sizing of the ICE and of 

the HR, the number of gears and the choice of gear ratios adopted. Since the DP 

provides the optimal use of all components for a given scenario, it represents an 

optimal methodology to evaluate the choice of different components, because each 

comparison is done ensuring the best possible utilization of each element. 

In Section A1.1, an overview of the investigations conducted in the following is 

given. The hybrid vehicle system is described in Section A1.2, providing an 

analysis of all possible operating modes of the vehicle. The description of the DP 

model, with the equations involved in the QSS simulation framework, is given in 

Section A1.3, while Section A1.4 illustrates the results of a subset of selected case 

studies. 

 

A1.1 Introduction 

The goal of this Appendix is to demonstrate the application of a multivariable DP 

approach to the optimization of a Complex HV. The system, described in the 

following Section, is a Complex or Series/Parallel hybrid vehicle that allows 

multiple operating modes. From the complete topology several subsystems, such 

as parallel HV, series HV, can be derived, each characterized by the installation 

of different mechanical, thermal and electric components. The overall 

optimization includes the following topologic possibilities: 
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 Series/parallel HV; 

 Series HV; 

 Parallel HV; 

with the following possible gearbox variations: 

 variable number of gears for each gearbox; 

 variable gear ratios; 

two different technologies for the electric motors: 

 Asynchronous motor (AM); 

 Permanent Magnets synchronous Motor (PM); 

and two ICEs investigated: 

 Two cylinders SI ICE; 

 Three cylinders SI ICE; 

Within the set of all possible combinations for the above cited configurations, 

only a small subset is taken, as the set of case studies analyzed and presented in 

Section A1.4. 

 

A1.2 System Description 

The system analyzed in this section is classified as a plug-in Complex HV, 

following the general rules introduced in Section 2.2. It comprises two electric 

motor/generators, mounted on two different shafts, and a small Otto ICE. 

Layout 

The two electric motors are installed on different shafts, and each one is equipped 

with a dedicated GB, as illustrated in Figure A1.1. 
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Figure A1.1: Layout of the Complex Hybrid Vehicle system. 

The secondary shaft of the GBs is common. For this reason, the two GBs are 

represented as they were linked together through a torque coupler (TC) element 

in Figure A1.1. GEN is mechanically connected to the ICE, and two clutches are 

installed, between GEN and GB1 and between EM and GB2, to decouple one or 

the other power paths from the drive train. 

Operating Modes 

The Complex HV analyzed here offers several driving modes (DM). 

It can be operated as a pure series hybrid, a pure parallel hybrid with two 

different electric motors, and a mixed series/parallel hybrid, where one electric 

machine acts as a generator while the other provides positive traction torque. 

The possible traction modes, when the vehicle is at constant speed or it is 

accelerating, are the seven classified in Figure A1.2. 

Note that, during mode (6), the ICE absorbs negative power due to its cranking 

losses, since any additional clutch is installed between the engine and the motor 

GEN, to decouple the two elements. 
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Figure A1.2: Summary of the main operating modes of the Complex HV during Traction. 

The Complex HV offers several possibilities during braking operations as well. 

The four braking DMs are illustrated in Figure A1.3. 
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Figure A1.3: Summary of the main operating modes of the Complex HV during Braking. 

Note that the vehicle is also equipped with traditional mechanical brakes, and 

mode (11) is used to represent every condition when the friction brakes provide at 

least a part of the total power needed to decelerate the vehicle. 

 

A1.3 DP Model 

The vehicle is optimized by means of a DP algorithm, introduced in Section 4.2.1. 

The objective is to minimize the overall fuel mass consumed during a driving 

cycle (4.6). Two DP procedures must be run for each case, since the FC 

calculation for plug-in HVs requires the calculation of a pure electric distance, and 

of a FC on a driving cycle starting from minimum SOC conditions, as described 

in Section A1.4. 

Definition of the system variables 

The DP framework requires the definition of state variables and control inputs 

vectors. The choice made here is the following: 
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  (A1.1) 

Here,    is the state-of-charge,       is the torque split factor,             is the 

mechanical power requested by the GEN at each time,        and        the gears 

selected. No general rule exists to guide the optimal choice of the proper 

variables. They should be the minimum number needed to describe the system 

dynamics, taking into account the well-known curse of dimensionality affecting 

DP. 

In Table A1.1, the driving modes illustrated in Figure A1.2 and Figure A1.3 are 

associated with the corresponding ranges of the control inputs involved. An 

additional mode (0) is added to cover the car stop phases. 

Table A1.1: Summary of the Drive Modes (DM) for the Complex HV. 

DM 

nr. 
DM                

0 Car Stop           

1 ICE only                   

2 
Electric Drive 

EM 
                  

3 Series Hybrid                             

4 Hybrid Traction                                            

5 
ICE only +  

Battery Charging 
                           

6 
Electric Drive 

GEN 
                           

7 

ICE +  

Series/Parallel 

Battery Charging 

                            

8 
EM Regenerative 

Braking 
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DM 

nr. 
DM                

9 

GEN 

Regenerative 

Braking 

                           

10 
Full Regenerative 

Braking 
                              

11 
Mechanical 

Braking 
                     

QSS Vehicle model 

In this subsection, a brief overview of the main governing equations for the 

system modeling is given. Figure A1.4 illustrates the QSS model for the Complex 

HV considered here. 

 
Figure A1.4: QSS Model of the Complex HV. 

Based on the physical causality represented in the schematic of the previous 

figure, a mathematical formulation of the equations needed to properly describe 

the system is given in the following. 
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The traction force and the wheel torques and angular speed and acceleration are 

given by the expressions (3.3)-(3.7). Based on those, and considering a fixed gear 

ratio for the differential, the torque demanded and the current speed and 

acceleration at the TC node can be calculated as follows: 

   
     

     

           
            

 

                   

                     

(A1.2) 

Hence, considering the contribution of the inertias of each GB, the total requested 

torque becomes: 

          
      

            

    
          

 
            

    
          

  (A1.3) 

Having introduced the definition of the torque split factor    , as part of the 

control vector     , the torques demanded to each power path can be computed 

as follows: 

                      

                          
(A1.4) 

Then speeds, accelerations and torques at the EM side can be computed using the 

gear-shift command     : 

        
       

                  
            

 

                             

                               

(A1.5) 



Parametric Optimization  of a Complex Hybrid Vehicle 

149 
 

The friction clutch between the EM and the GB1 is supposed to be actuated 

instantaneously. As a consequence, it can switch between the engaged and the 

opened status within a simulation time step. 

         
                      

                      
  (A1.6) 

Hence, the torque requested to the EM, including the inertia of the corresponding 

clutch and considering that its value depends on the state of the clutch, is the 

following: 

                                         

                          

                            

(A1.7) 

The inner motor torque can now be expressed by the following equation: 

                       (A1.8) 

The electric power delivered/absorbed by the motor       is calculated by means 

of an experimental map (see (3.25)). The power requested from the battery can be 

calculated, once the electric power balance at the power link P is written, 

considering the auxiliary power absorbed        , and the power from/to the 

GEN component        , as follows: 

                             (A1.9) 

The calculation of the SOC evolution is now straightforward and follows the same 

approach previously described in (3.27)-(3.30). 

The ICE path is modeled similarly, with the following equation holding for the 

ICE clutch: 
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(A1.10) 

The ICE clutch is modeled similarly to the model adopted for the EM clutch 

(A1.6): 

         
                      

                      
  (A1.11) 

The total torque, at the ICE and GEN side, can now be computed: 

  
                                                  

       
                                                 

  
                                  

  

                            

(A1.12) 

where   
   

 represents the optimal engine speed selected in pure series hybrid 

operating mode, which of course depends on the mechanical power requested by 

the corresponding generator power           control input, and on the given 

engine FC map. The total mechanical power requested at the engine shaft is now: 

  
       

           (A1.13) 

The theoretical GEN torque requested on the engine crankshaft can now be 

formulated. 

    
     

            

     
 (A1.14) 
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The electrical power demanded/delivered by the GEN component depends on the 

component map (3.25), as a function of the generator speed and torque. 

             
       

          
            

                  
 

(A1.15) 

The inner mechanical power requested to the ICE is given by the following 

equation: 

           
                  (A1.16) 

It follows the definition of the theoretical torque of the ICE: 

    
     

       

     
 (A1.17) 

The definition of control variables in (A1.1) is chosen since it represents the 

minimum set of variables to describe the system. However, they are physically 

correlated. As a consequence, the system model (A1.2)-(A1.17) requires the 

introduction of some additional constraints, to prevent the evaluation of infeasible 

operating conditions during the DP optimization procedure. 

The most relevant condition is related to the fact that the torque provided by the 

ICE is calculated as a consequence of the torque split factor       , and of the 

mechanical power of the generator GEN. When         , and the vehicle is not 

operated in series hybrid mode, the model can assign arbitrary negative torques to 

the ICE. However, the maximum negative ICE torque cannot exceed the speed-

dependent cranking torque, due to mechanical frictions and pumping losses, 

       . 

The effective ICE torque is subjected to the following constraints: 

         
    
                                      

                                  
  (A1.18) 
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The engine on/off state, theoretically defined by the engine start/stop control 

input    , is here simplified as an instantaneous actuation, defined by the 

demanded engine torque. 

            
                         

                         
  (A1.19) 

The torque of the generator on the engine crankshaft is also redefined, taking into 

account the previous relationships: 

        

 
  
 

  
         

     
  
    

     
                                                          

   

    
              

        
  
 

  
             

          
  

  
 

  
   

  
    

     
                                                        

            
     

    (A1.20) 

The power provided by the mechanical brakes, directly mounted on the wheels, 

follows inherently, if    
      : 

        
        

                                    (A1.21) 

It is calculated as it was applied directly on the crankshaft. 

 

A1.4 Case Studies 

In the present subsection, the case studies selected to test the DP optimization 

approach to a Complex HV topology and choice of components, are presented. 

The formulae used in calculation are illustrated, which rely on the regulations for 

plug-in HVs. At the end of this Appendix, some numerical results for the 

simulation study are presented as well. 
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Definition of the case studies 

Among the set of all possible combinations introduced in Section A1.1, only a 

reduced subset is presented here, comprising the most interesting cases. 

The same battery, with a total capacity of 25 Ah, is used for all the investigated 

systems. The analyzed configurations, listed in Table A1.2, are the following ten: 

 Series HV (S); 

 Parallel HV: 

o 2 cylinders ICE: 

 AS mounted on EM shaft (P-1); 

 AS mounted on GEN shaft (P-2); 

o 3 cylinders ICE: AS mounted on GEN shaft (P-3); 

 Series/Parallel HV: 

o 2 cylinders ICE: AS on EM shaft and PM on GEN shaft: 

 3 gears on GB1 and 2 gears on GB2 (SP-1,SP-3:5); 

 3 gears on GB1 and no gears on GB2 (SP-2); 

o 2 cylinders ICE: AS on EM shaft and PM on GEN shaft (SP-6): 

FC calculation for a PHEV 

The calculation of fuel consumption for a plug-in hybrid vehicle is regulated by 

the legislation, and follows specific regulations [191]. The formula is given here. 

       
           

              

       
 (A1.22) 

Where the terms introduced in the equation above represent: 

         
 the FC in the test procedure starting at maximum battery state-

of-charge ([l/100 km]); 

         
 the FC in the test procedure starting at minimum battery state-

of-charge, for the prescribed driving cycle ([l/100 km]); 

    the pure electric distance that the vehicle can cover ([km]), with a SOC 

excursion from the maximum, fully charged value, to the minimum SOC; 

      the average supposed distance between two consecutive battery 

recharges (25 [km]). 
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Hence, the DP optimization for the different HV concepts analyzed here requires 

two distinct runs: 

1. The optimal use of the HV, to maximize the pure electric distance   , 

starting with              ; in case the vehicle is able to travel purely 

electric longer than a threshold distance, the associated         
    

2. The optimal use of the HV to minimize FC starting with               

for a given driving cycle. 

For each calculation, the total number of breakpoints used in the DP algorithm 

must be carefully selected, since the problem is multivariable, and the well-known 

dimensional problems associated with the application of this numerical algorithm 

can easily occur. 

The         
is performed with the following discretization of (A1.1): 

                            

 
 
 
 
 

    
          

    
     

 
 
 
 

  

  
   
 
 

  (A1.23) 

The calculation of    requires a different discretization, since only the EM is used 

to propel the vehicle and to recuperate kinetic energy during braking, optimizing 

the gear selection to operate the vehicle at the highest efficiencies of the electric 

components. The SOC will vary over the entire feasible range in this case, from 

completely charged to totally discharged conditions. As a consequence, an 

increased number of SOC breakpoints is required to attain an acceptable 

resolution. 

                            

 
 
 
 
 

    
          

    
     

 
 
 
 

  

 
 
 
 

  (A1.24) 
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Results 

The numerical results are listed in Table A1.2. 

Table A1.2: Summary of relative numerical results for the case studies analyzed. 
(E)=number of ICE cylinders, (m) = vehicle mass ([kg]), (GBi) = gear ratios of i-th GB. 

(*) SP-2 with no dedicated GB: final drive ratio is indicated. 

Case E EM GEN GB1 GB2 
  

[%] 

         

[%] 

   

[%] 

       

[%] 

S 2 AS PM - [6.5, 3] 103 125 103 125 

P-1 2 AS - [18.5, 7.2, 3.7] [6.5, 3] 104 116 102 116 

P-2 2 - AS [18.5, 6.9, 3.4] - 100 100 103 100 

P-3 3 - AS [15.4, 6.9, 3.4] - 101 108 103 108 

SP-1 2 AS PM [18.5, 7.2, 3.7] [6.5, 3] 107 114 101 116 

SP-2 2 AS PM [18.5, 7.2, 3.7] [5]* 103 105 108 102 

SP-3 2 AS PM [18.5, 9.1, 4.5] [6.5, 3] 107 116 101 118 

SP-4 2 AS PM [18.5, 8.3, 3.7] [6.5, 3] 107 115 101 116 

SP-5 2 AS PM [18.5, 8.7, 4.1] [6.5, 3] 107 115 101 117 

SP-6 3 AS PM [15.4, 6.9, 3.4] [6.9, 3.4] 108 121 100 124 

In the Table above, all the results are normalized with respect to the minimum 

value of each column, set 100%. 

The best overall results can be reached by means of the P-2 configuration, which 

is also the lightest one. 

Considering the SP cases, the best solution is represented by SP-2, where the GB 

on the EM shaft is removed. The latter is also the configuration that covers the 

longest electric distance. 

The following figures depict some of the more relevant signals resulting from the 

calculation of the optimal control sequence performed by means of DP, for the 

SP-5 case. 

Firstly, the time evolutions of SOC (state variable), torque split factor and GEN 

mechanical power demand (control variables), are shown in Figure A1.5. 
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Figure A1.5: Time evolution of state and control variables; SOC, torque split factor and 

GEN mechanical power on a NEDC cycle, SP-5. 

The remaining two control inputs, selected gears of GB1 and GB2, are shown in 

Figure A1.6. 
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Figure A1.6: Time evolution of gear selection for both gearboxes on a NEDC cycle, SP-5. 

Figure A1.7 depicts the time evolution of the torques provided/absorbed by the 

three prime movers forming the power unit, the ICE and the two electric motors. 
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Figure A1.7: SOC evolution (upper plot) and Torques of the electric motors and ICE 

(lower plot) on a NEDC cycle, SP-5. 

The driving modes described in Table A1.1 are depicted in Figure A1.8 for the 

case study analyzed here, SP-5. 
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Figure A1.8: DM on NEDC cycle, SP-5. 

The use of Series mode is very limited here, while mode (7) (ICE and 

series/parallel battery charging) never occurs. 

An interesting analysis concerns the use of gears for each gearbox, affecting the 

ICE and the GEN in case of GB1 and the EM in case of GB2. 

Figure A1.9 shows the frequency distribution plot of the ICE operating points, for 

each gear engaged. 
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Figure A1.9: Frequency distribution of ICE operating points per gear selected, NEDC 

cycle, SP-5. SFC expressed in [g/kWh]. 

This plot enhances the designers to assess the goodness of the gear ratios 

implemented, since the DP algorithm always provides their optimal use for each 

driving mission simulated. 

Similar considerations hold for Figure A1.10 and Figure A1.11, where the 

frequency distributions of the two electric machines are shown. 
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Figure A1.10: Frequency distribution of EM operating points per gear selected, NEDC 

cycle, SP-5. 

In the figure above, it is evident how the second gear of GB2 is never used to 

operate the EM as a generator. 
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Figure A1.11: Frequency distribution of GEN operating points per gear selected, NEDC 

cycle, SP-5. 

Similarly, Figure A1.11 clarifies that the first gear ratio of GB1 is never engaged 

when GEN operates as a motor, while the second gear is seldom adopted in 

generator mode. 
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A.2          

 DP-based Benchmarking of a 

Hybrid Power System 

 

 

This second Appendix presents a theoretical study of how wind power can be 

complemented by hydropower and conventional fossil fuel fired energy systems. 

The problem is addressed with DP. A conceptual framework is provided for a 

hybrid power system, which generates constant power output without the 

intermittent fluctuations that inherently occur when using wind power. The 

hybrid wind-hydro-thermal system guarantees continuous availability of firm 

power to the grid, combining a wind farm and complementary PSH and GTs, see 

Figure A2.1. 

WIND FARM

REVERSIBLE
FRANCIS

GASTURBINE

GRID

 
Figure A2.1: Schematic of the integrated power system. 

Two different commitment strategies are analyzed and compared: (i) an in-house 

"custom" control strategy and (ii) an "optimal" control strategy based on 

Dynamic Programming (DP). 
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A2.1 Hybrid System Description 

Wind farm and load profiles 

To analyze the behavior of the integrated system in different wind conditions, 

different days, representative of a high, medium and low wind power output, are 

considered in the following. Moreover, to investigate the effect of PSH system on 

GTs generation, two different sequences of wind generation are analyzed (Case 

(A) and Case (B)), reported in Figure A2.2 and Figure A2.3 respectively. 

In both considered cases, the overall investigated time period is equal to 4 days. 

These two scenarios are essentially characterized by different positions, inside the 

total considered time span, of the maximum (located within day #1) and 

minimum (within day #3) of wind production. 

Therefore, the expected behavior of the compensating energy sources (GTs and 

Hydro), affected by the residual storage capacity, could be different between Case 

(A) and Case (B), even if the nameplate installed capacity is the same. 
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Figure A2.2: Wind farm power output and load demanded by the grid, Case (A). 
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Figure A2.3: Wind farm power output and load demanded by the grid, Case (B). 

As shown in the previous figures, the constant power output provided to the grid 

is fixed at 300 MW. This value is assumed according to the average Capacity 

Factor (CF) for the selected days. In particular, CF is defined as: 

   
        

            
 (A2.1) 

It expresses the ratio between the actual energy produced with the wind in a 

given time period (  ) and the maximum possible energy (      ), obtained when 

the wind turbines work all the time at the rated power output. For the selected 

days, the average value of CF is 0.32. Thus, the firm power guaranteed to the 

grid is about 32% of the nominal wind power capacity. 

Storage System 

Among all storage technologies for large-scale applications, pump hydro storage 

(PSH) is a mature and diffused technology. 

It provides a technical solution for the grid manager to ensure real time balance 

between production and consumption, allowing the optimal use of the wind 

resources and avoiding unbalanced power in case of overproduction. Moreover, 

PSH makes easier to integrate wind power into the grid, increasing the wind 

energy penetration rate by means of a better control for frequency and voltage. 

The specifications of the assumed PSH system are listed in Table A2.1; a 

reversible variable speed Francis machine is assumed. Pumped storage can 

operate either in pumping or in generating mode, not both. 
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The main advantages of the variable speed configuration are the higher 

efficiencies in turbine mode and the capability to adjust the pump load to the 

network needs. It results in a wider range of regulating capacities: typically 

between 60% and 100% in pumping mode, while between 15% and 100% in 

generation mode. 

Pumped storage is represented here by a water storage reservoir. Penstock losses 

are accounted in the PSH model. The pump and the turbine efficiencies, for the 

sake of simplicity, are assumed to be constant, even at partial load. A maximum 

variation of the reservoir height (i.e. a limitation of the dispatchable volume of 

water between reservoirs) is imposed according to the PSH real operation. The 

limited water height variation imposed is 2 meters. Both pumping and generating 

are subject to ramping and minimum/maximum capacity constraints. A time 

resolution of 8 minutes is taken as the time step for the simulations, guaranteeing 

that the storage is able to switch from full pumping capacity to full generating 

capacity within the so defined fixed time interval. 

The dispatchable volume of water can be transferred in generation mode from the 

upper to the lower reservoir in 11 hours, and vice versa in 10 hours in pumping 

mode at full capacity. 

Table A2.1: Values of the main parameters of the reversible variable-speed Francis pump-
turbine 

Data Pump Turbine 

Maximum Power [MW] 149 163 

Minimum Power [MW] 96.9 24.5 

Volumetric flow rate [m3/s] 69. 7 64.4 

Efficiency [%] 82.9 89.7 

Max. volume inside reservoir [106 m3] 5.00 

Min. volume inside reservoir [106 m3] 2.50 

Dispatchable volume [106 m3] 2.50 

Surface of reservoirs [km2] 1.25 

Max. water height inside reservoir [m] 281 

Allowed water height variation [m] 2.00 
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Gas Turbine models 

To investigate the influence of GTs performance on their capability to 

compensate wind power output fluctuation and variability, both an aero-

derivative (AERO) and a heavy-duty (HD) GT are considered in the present 

study. Both GTs are characterized by their quick ramping regulation and their 

high efficiencies, even at partial load and in case of a fast start. 

Table A2.2 lists the values of the main parameters of the selected gas turbines at 

ISO conditions: 

 LMS 100: a three shafts machine, with 42 bar of PR, a TIT higher than 

1300   and intercooled cycle, is a state-of-art high efficiency machine; 

 SGT6-5000F: a single shaft, with 17 bar of PR, is a modern heavy-duty 

gas turbine, designed for both simple cycle and combined cycle (CC) power 

generation in utility and industrial service. 

The total power provided by the GT units is sufficient to cover the total firm 

power (300 MW) power output, even if no power from the wind is available. 

The LHV efficiencies of the aero-derivative and the heavy duty GTs are plotted 

in Figure A2.6 as function of the GTs load. As shown in figure, the efficiency of 

AERO GT is higher compared to the HD-GT one, both at full and at partial 

load, so that the regulation of the aero-derivative GT should be preferable to the 

heavy duty one, although if the compensating power is extremely high only the 

HD machine can provide it. 

Figure A2.4 and Figure A2.5 show the start-up times and the fuel consumptions 

of the aero and the heavy-duty GTs, respectively. 

While in case of LMS100, fuel consumption data are collected according to real 

field tests, in case of SGT6-5000F, the natural gas consumption during the start-

up procedure is obtained via a linearization between the minimum and the 

maximum values. 
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Figure A2.4: LMS100 and SGT-5000F LHV part-load performance. 
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Figure A2.5: LMS100 Power output and fuel consumption during start-up. 
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Figure A2.6: SGT6-5000F assumed Power output and FC during start-up. 

Table A2.2: Data of the Gas Turbines at ISO conditions. 

Data General Electric 

LMS 100 

Siemens 

SGT6-5000F 

Max. power output [MW] 100 208 

Min. power output  [MW] 50 83.2 

Ramp Rate [MW/min]   50   30 

GT peak efficiency [%] 45.0 38.6 

 

A2.2 Hybrid system modeling 

Two control strategies are used for the power management and unit commitment: 

(i) a custom control strategy and (ii) Dynamic Programming (DP). Both 
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algorithms aim at coordinating the thermal and the hydro systems to guarantee 

firm power to the grid during the overall time period of 4 days. 

Both operating strategies used for the dispatching controller are based on these 

key requirements: (1) the hybrid system must be capable of delivering 300 MW of 

firm power to the grid for all the investigated time period; (2) the goal of both 

strategies is to minimize the natural gas fuel consumption, trying to avoid or to 

minimize overproduction. Specific features of the strategies are reported in the 

following sections. 

Heuristic causal Custom Strategy 

The custom strategy algorithm developed and assumed for the calculation of GTs 

and PHS operation is schematically presented in Figure A2.7. 

The calculation code receives, at each time step  , data load and wind power 

profiles as an input and it provides, as output data, GTs and PSH power profiles 

during the day. 

More in details, according to the flowchart illustrated in Figure A2.7, for each 

time step the custom strategy firstly evaluates the difference between the wind 

power output and the load demanded: 

 If the wind power is lower than the grid request, the water level inside the 

upper reservoir needs to be higher than the minimum value to use the 

hydro turbine; 

 If the hydro turbine cannot be used, because the actual storage level is 

below the minimum value, the gas turbines are turned on to meet the 

requested load; 

 Otherwise, in case of wind overproduction, the surplus of power output can 

be used to pump water from the lower to the upper reservoir; in this case 

the overproduction power output needs to be higher than the minimum 

pump power requested. This is feasible only if the water volume in the 

upper reservoir is lower than the maximum water volume allowed.  

In case of GTs operation, a specific control strategy is adopted to take into 

account GTs limitations in minimum turn down ratio, and different GTs 

efficiencies at part load operation (see Figure A2.4).  

GTs control strategy is implemented by choosing as many units as possible in full 

load, to meet the requested power output. The difference is provided by the units 

that could meet partial load, determined by wind variations. 
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Figure A2.7: "Wind-PSH-GT" Custom Strategy algorithm - block diagram. 
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Dynamic Programming 

To asses and compare the performance of the previously described custom 

management strategy, an optimal control procedure has been developed, based on 

the DP algorithm, see Section 4.2.1.2. 

Throughout this section, the framework of the DP application to the integrated 

energy system is described in details. 

The dynamic system model is completely defined by the choice of the state 

variables vector   , the control inputs vector   , the cost function expression, the 

constraints and the infeasibilities. The state variables and control input vectors, 

at any generic time step  , can be expressed as follows: 

    
     
       
  

    

        

 
 
 
 
 
 
       
         
     
       
       

 
 
 
 
 

  

(A2.2) 

where      is a discrete variable (0 meaning  off and 1 meaning on) that refers to 

the current state of the single energy converter unit (HD, AERO, PSH), whereas  

       indicates its state at the next time stage. This idea, combined with the 

choice of a computational time step    (8 min) that ensures that each of the two 

types of GTs can complete its start-up procedure, allows accounting for the fuel 

consumption amount of the considered power unit. If the turbine is on, the input 

variable      determines the value of the constant power delivered for the entire 

time step duration. This modeling approach, with the use of discrete variables to 

define the power unit states and a relatively large time-step, helps keeping the 

computational time acceptable, while still allowing the model to capture some 

important physical aspects of the problem, such as the light-off consumption and 

the maximum power reached in a single time step when starting from off 

conditions. The alternative choice of utilizing      and        would lead, on one 

hand, to the chance of freely reducing the computational time step, while on the 

other hand it would require a strongly increased number of breakpoints to 

describe such continuous inputs, while ensuring numerical accuracy. In DP, the 
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numerical effort increases exponentially with the number of variables and their 

resolution. A similar state identifier is adopted for the PSH, using       . When 

the pump-hydro-storage system is on, whether it operates in pumping mode or in 

turbine mode, its power is calculated as: 

                               (A2.3) 

where    is the requested load,       and         the HD-GT and AERO-GT 

power outputs respectively and        the calculated pump/hydro power output. 

The water height    dynamics can be calculated, once the volumetric flow         

is determined, thus implying a given volume variation of the stored water mass: 

        

 
 

 
      

          
                   

         

       
                        

  (A2.4) 

                         (A2.5) 

         
           

  
 (A2.6) 

At each stage during the backward DP calculation, an instantaneous cost 

function is evaluated, as the sum of the fuel consumption of each GT, at the 

power rate determined by the corresponding control input, increased by the 

amount of fuel requested by the turbine start-up to reach the current power level, 

if a turbine switch occurs, from 0 to 1: 

   

 
 
 
 

 
 
                                           

    

    

  

                     

                       

    

    

                                    

  (A2.7) 

To prevent the optimal policy from completely discharging the water reservoir, a 

cost must be associated with the value assumed by the energy level of the water 

mass stored at the end of the mission. Indeed, the cost function defined by (A2.7) 
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would be likely to be minimized over the prescribed mission, by a strategy that 

tends to discharge the energy buffer as much as possible, while fulfilling the 

constraints on powers for every power unit. Several techniques have been 

developed to deal with the issues related to problems with hard constraints on the 

final states. In the considered problem, a straightforward approach is 

implemented. The state of energy    associated with the initial water height    , 

and to its relative stored water mass    , is known and can be calculated as: 

                                     (A2.8) 

Similarly, a hydraulic energy amount                                 can 

be associated to every possible value of the final water height state     (with 

        discrete values of   ) in the DP procedure, which is also the first 

computational step of the overall time backward calculation. Under these 

hypotheses, a fuel-equivalent cost     can be attributed to any given water height 

value     at the end of the time horizon, due to the introduction of an equivalence 

factor   , which defines an approximate correspondence between the fuel chemical 

energy and the hydraulic energy: 

            
               

   
 (A2.9) 

The equivalence factor should take into account the efficiencies of the system, 

involved respectively during the charging and the discharging operations. If the 

final energy stored in the hydraulic buffer is lower than the initial one, a certain 

amount of fuel must be taken into account, needed to recharge the storage system 

in future operations, up to the initial value. The opposite condition of 

overcharging at the end-of-mission, is treated by means of similar considerations. 

The outcome of the latter modeling approach is the use of two distinct values for 

  , one concerning the positive and the other one the negative energy imbalance 

throughout the control mission: 

   

 
 
 

 
      

 

                   
                               

     
  

               
                                     

  (A2.10) 
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where the two         terms represent the weighted average efficiencies of the two gas 

turbines. These can be calculated by weighting the instantaneous efficiencies with 

the number of times that the single turbine is actually used. Of course, since these 

values are not known a priori, an iterative procedure must be established, to 

modify the final cost values for each DP run, updating the supposed equivalence 

factors with the actual ones, until a desired threshold is achieved. 

 

A2.3 DP vs. Custom Strategy: results 

The output of the DP can be summarized as a map, supplying the desired 

optimal control inputs vector   
    at each time stage  , and for each value of 

the states vector      . 

The in-house developed Custom strategy is fully causal, meaning that the 

decisions applied at each time only rely on the current system conditions, based 

on heuristic criteria. As a consequence, it is perfectly suitable for real-time 

implementation, since it doesn't require any knowledge of the future evolution of 

the system disturbances, meaning, in the present study, a precise available wind 

power forecast. 

The obtained results are shown for the two considered scenarios, Case (A) and 

Case (B), highlighting the differences between the two applied control strategies 

(DP and Custom). 

The results provided in the following paragraphs are: 

i. The AERO and the HD turbines power output duration curves and 

instantaneous profiles; 

ii. The PSH pump and the PSH turbine power profiles;  

iii. The State Of Charge (SOC) profiles of the PSH;  

iv. The AERO and the HD GTs total fuel consumption including the residual 

PSH imbalance;  

v. The number of AERO and HD GT start-up/shut-down events. 

The obtained duration curves for the GTs power outputs during Case (A) 

scenario are plotted in Figure A2.8 for both strategies, while the Case (B) 

scenario is illustrated in Figure A2.9. 
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Figure A2.8: Duration curves for GTs power output during CASE (A) operation - DP vs. 

Custom Strategy. 
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Figure A2.9: Duration curves for GTs power output during CASE (B) operation - DP vs. 

Custom Strategy. 

More in details, the traces of instantaneous realized GTs powers for the 

simulation of selected days are shown, for Case (A), in Figure A2.10, for the 

Custom and the DP strategies respectively. 
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Figure A2.10: GT and PSH powers for Case (A) - DP vs. Custom strategy. 

 
Figure A2.11: SOC trajectories for Case (A) - DP vs. Custom strategy. 

Figure A2.12 depicts the different SOC trajectories for the two strategies. The 

following figures illustrate the same contents of the two figures above, for Case 

(B). 
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Figure A2.12: GT and PSH powers for Case (B) - DP vs. Custom strategy. 

 
Figure A2.13: SOC trajectories for Case (B) - DP vs. Custom strategy. 
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If the Custom strategy is applied, both the AERO and the HD basically operate 

in part-load conditions. 

Compared to the DP strategy, the HD machine is operated for a longer period of 

time, while the AERO unit operated for a shorter period. 

DP allows minimizing the natural gas consumption with a significant saving 

compared to Custom. No daily limitation in the GTs start-up number has been 

imposed for both control strategies. 

 Table A2.3 compares the number of GTs start ups and natural gas consumption 

for both strategies.  

Table A2.4 provides the calculated value of the hydraulic energy equivalence 

factors for charging (    ) and discharging mode (    ), used to calculate the final 

fuel consumption. The total fuel consumption during the overall time horizon, 

including the fuel equivalent of the hydraulic energy amount stored in upper 

reservoir (see (A2.10)), equals about 534 tons and 618 tons, for the DP and the 

Custom strategy respectively, for Case (A), and about 675 tons and 747 tons for 

Case (B). In both cases, during the overall time horizon, with the DP strategy the 

HD unit is started once, while the AERO is started ten times; in case of the 

Custom strategy, a higher numbers of start-ups is registered in case of the HD 

unit and a similar (Case (A)) or even lower (Case (B)) number of starts, 

compared to the DP, occurs in case of the AERO turbine. 

Table A2.3: Evaluation of GT start events for Case (A) and Case (B) - DP vs. Custom 
Strategy. 

Case (A)  CUSTOM DP 

GTs Start-ups number [-] 
HD 4 1 

Aero 11 10 

Total fuel consumed [ton]  778 685 

Fuel consumed including 

hydraulic energy 

equivalent [ton] 

 618 534 

Case (B)  CUSTOM DP 

GTs Start-ups number [-] 
HD 3 1 

Aero 7 10 

Total fuel consumed [ton]  625 548 

Fuel consumed including 

hydraulic energy 

equivalent [ton] 

 747 675 
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Table A2.4: Final values for s* used to compute the final energy imbalance. 

CASE (A) CUSTOM DP 

charging equivalence factor      [-] 2.28 2.00 

discharging equivalence factor      [-] 3.06 2.69 

CASE (B) CUSTOM DP 

charging equivalence factor      [-] 2.25 2.01 

discharging equivalence factor      [-] 3.03 2.70 
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