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ABSTRACT

¢-HIT POLYNOMIALS HAVE ONLY REAL ROOTS

Li-Ping Mo

James Haglund

We prove that Garsia and Remmel’s ¢-hit polynomials for Ferrers boards have
only real roots for fixed ¢ > 0. This generalizes previous results by Haglund, Wagner
and Ono [4] and Savage and Visontai [5]. We also extend the main recursion in [5]
to hit polynomials for certain classes of Ferrers boards, which include the multiset

Eulerian polynomials.
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Chapter 1

Introduction

A board is any subset of the n-by-n array, {(i,7)}1<ij<n, of cells; here we use the
“matrix coordinates”, so (i,7) is on the ith row from top and the jth column from
the left. A placement C' of k (non-attacking) rooks on a board B is a subset of B
with cardinality k such that no two cells in C' share a row or a column, and we denote
the set of all such placements by Py(B). The kth rook number of B, ry(B), is the
cardinality of Py(B), or in other words, the number of ways of placing k£ non-attacking
rooks on B.

Let P, be the set of all n! placements of n rooks on the entire n-by-n array. For
any placement C' € P,,, we set hg(C) = #B N C = number of rooks in C' that are on
B. The hit polynomial HP(x) is the generating function of the statistic hp on P,:

HP (x) =) ") (1.1)

CePy

The coefficient of z* in HP(z) is called the kth hit number of B, and it is the number



of ways of placing n rooks on the n-by-n array such that there are exactly k rooks on
B.

There is a basic relation between rook numbers and hit polynomials (see for ex-
ample [1], Section 2):

Theorem 1.1. For any board B,

n

HP (x) = ri(B)(n — k)l(x — 1", (1.2)

k=0

A Ferrers board is a board B such that any cell above or to the right of a cell in B is
also in B. Any Ferrers board is uniquely determined by its weakly increasing sequence
of column lengths (cq, ..., c,). See Figure 1.1 for the Ferrers board corresponding to
the sequence (0,1,1,2,3). For a Ferrers board, there is a direct relation between its
sequence of column lengths and its rook numbers.

Theorem 1.2. Given Ferrers board B with column lengths ¢1 < ... < ¢,, we have

Y r(B)x(z —1)...(x —n+k+1) :ﬁ(x—i—ci—i—f—l). (1.3)
k=0 i=1

A combinatorial proof of this theorem can be found in Sec. 2.4 of [6]. The idea of
the proof is to consider B*, the Ferrers board with column lengths (¢; + z, ..., ¢, + ).
! Both sides of the equation count r, (B?).

Since 1,z,z(x — 1), ...,z(x — 1)...(x — n + 1) are linearly independent, it follows

from (1.3) that two Ferrers boards with column lengths (¢4, ..., ¢,,) and (¢}, ..., ¢,) have

'Rook numbers do not depend on n; hence we do not require ¢, + 2 < n here. The stricter
definition of a Ferrers board we use (where the longest column is at most n) is usually referred to

as an admissible Ferrers board in the literature.



Figure 1.1: Ferrers board corresponding to (0, 1, 1, 2, 3).

identical rook numbers (and hence identical hit polynomials because of (1.2)) iff the
two multisets {¢; —i+1},21_, and {¢; — i+ 1},—;__, are the same. For example, the
two boards (0, 1, 1, 2, 3) and (0, 0, 1, 2, 4) have identical rook and hit polynomials
since they both give the multiset {0%, (—1)®}. We say such two Ferrers boards are
Ferrers equivalent. (See also [6], Sec. 2.4). For two boards in general, we say they are
equivalent if they have the same hit polynomial. For example, permuting the rows
(or columns) of a board results in an equivalent board.

In their paper [3], Garsia and Remmel developed g-analogs of the rook numbers
and hit polynomials for Ferrers boards. These reduce to the usual rook numbers and
hit polynomials when ¢ is set to 1. The g-rook numbers are defined as r(B,q) =

S @) where inv(C) is the number of cells on B that do not hold a rook, is
CePy(B)

not directly above a rook in C', and is not to the right of a rook in C'. (See Figure 1.2)

They were then able to prove a g-version of Theorem 1.2 for their ¢g-rook numbers:

Theorem 1.3. Given Ferrers board B with column lengths ¢; < ... < ¢,, we have for

3



A A

Figure 1.2: Computation of invg(C). From each rook (represented by the plus sign),
we cross off all cells above it and all cells to the right of it. There are two cells of B

remaining, so invg(C) = 2.

r €N,

n n

> m(B,)lzlle — 1) e —n+k+1] =[]z +c—i+1] (1.4)

k=0 i=1
where [a] denotes 1 4+ q+ ... +¢* L.
This is Equation 1.3 in [3], and the proof uses the same technique as the proof of
Theorem 1.2. The two sides of the equation now count r,(B?, q).

The following version of g-hit polynomial appears in [3]:

Qp(,q) =Y ro k(B )" k)11 — 2¢")..(1 - zq"), (1.5)

for any Ferrers board B. As in [1], we will reverse the order of coefficients of Qg(z, q)

as a polynomial in  and define
HB(x,q) = Zrk(B, Q)n —k)l(z — ¢ ") . (x — ¢") = 2"Qp(z7, q). (1.6)
k=0

Note that (1.6) reduces to (1.2) when g = 1.

4



Corollary 1.4. The q-rook numbers r(B,q) and the q-hit polynomial H? (x,q) of a
Ferrers board B are uniquely determined by the column lengths c1, ...,c, of B. Conse-

quently, equivalent Ferrers boards have identical q-rook numbers and q-hit polynomial.

Proof. The ry(B,q) part follows from (1.3) and that 1, [z], [z][x — 1], ... are linearly

independent. (See Section 1, [3].) The HZ(x,q) part then follows from (1.6). O

In the same paper [3], Garsia and Remmel derived the following identity for the

g-hit polynomials:

QB(UC,Q)
(1—2)(1 —xq)...(1 — zq")

Ytk +al ikt —n+1] =

k>0

(1.7)

There are combinatorial interpretations of HZ(z, q), for example via the £ statistic
in [1]. This statistic will be defined in Chapter 4.

The first main result of this paper, whose proof will be given in Chapter 3, is

Theorem 1.5. Let B be a Ferrers board in the n-by-n array, and let ¢ > 0. Then

Qp(x,q) and HB(x,q) have only real roots.

The ¢ = 1 case states that the ordinary hit polynomials HZ(z,1) have only real
roots for any Ferrers board B; this was known (see [4], Theorem 1).

The hit polynomials have a natural interpretation in terms of permutations. We
identify S,, with P, by sending the permutation ¢ = oy03...0, € S,, to the place-
ment C(o) = {(1,01),(2,02),...,(n,0,)}. Then we can also talk about hp(o) =

hp(C(0)) = #{i|(i,0;) € B}. We then have H?(z) = > z"#). In particular,

O'GSn



when the board B is the upper triangular board with column lengths (0,1,..,n — 1),
we get hp(o) = exc(o) := #{i € [1,n]|o; > i}, the excedance statistic.

The Fulerian polynomials are defined as

E,(z) = Z gdes(@) (1.8)

O'ESn

where if 0 = 01...0,, des(o) := #{i € [1,n — 1]|o; > 0;41}. There is a well-known
bijection ¢ : S, — S, that takes des to exc; see for example [6], Sec 1.3. Given
0 = 0103...0n, € S,, we mark any element that is larger than all elements to its left.
We insert left parentheses before these elements, and right parentheses as appropriate,
and then view it as a new permutation ¢’ € S, in cycle notation. We set ¢(o) = (o).
For example, if 0 = 41352 € S5, then o' = (413)(52), and so ¢(0) = (431)(52) =
45132. One property of ¢ is that for any i such that o; > 0,41, we have ¢(0); = o;

where j := 0;,1. In particular we have des(o) = exc(¢(0)), so

E,(z) = Z (@) (1.9)

UES’n

is also the generating function for exc. Hence Eulerian polynomials are a special case

of hit polynomials:
Theorem 1.6. Let B be the upper triangular board. Then E,(x) = HBZ(z).

Proposition 1.7. For any Ferrers board B contained in the upper triangular board,

we have

HE(z) = ) aten@), (1.10)

O'ESTL

where desp(o) := #{i € [1,n — 1]|(0s41,0:) € B}.

6



b1 d1

b2 dz

b

dk

Figure 1.3: The board B, (b1, aq; b, as; ...; bg, ax).

There are many generalizations of the Eulerian polynomials. For any r > 1, we

define the r-Eulerian polynomials ET(x) = > 2% where des,(0) := #{i €
O’GSn

[1,n —1]|o; > 0,41 +r}. We also define the multiset Fulerian polynomial Ey(z) =
S 295) for any multiset M = {1%, ... k®}. Here Sy is the set of multiset per-
€S

mutations, i.e. distinct ways of writing ay 1’s, ..., and a; k’s in a row.

Definition 1.8. For 2% b, = S2F a; = n, let B,(by,a1;ba,a9;...; b, ax) be the

board shown in Figure 1.3. When we want to focus on the board itself without

mentioning n, we also write the above as B(—, aq; by, ag; ...; bg_1, ag_1; bx, —).

Remark 1.9. Any Ferrers board can be expressed as B, (b1, ai; ...; by, ax) for some k

and some by, ...,b > 1 and aq,...,a,_1 > 1, and we will assume this to be the case



Figure 1.4: Board associated with the r-Eulerian polynomials.

whenever we write specify an arbitrary Ferrers board as B, (b1, ai; ...; b, ax). When a

board is expressed this way, it contains (n,n) iff ax = 0.

By Proposition 1.7, the r-Eulerian polynomial is the hit polynomial for the board

B(r,1;1,1;..1,1;1,r). (See Figure 1.4)

Definition 1.10. Suppose M = {1, .., k%} and n = #M = a; + ... + a. We define

B(M) = Bn(alaal;a2aa2; m?alcyak)-

Proposition 1.11. Ey(z) = ——HZ™(z).

al...ag!
Proof. Given o = 0y...0,, € S, for each i € [1,n], there is a unique j = j(i) € [1, k]
such that o; € [a1+ ...+ aj_1 +1,a1 + ... +a;]. Set ®(0) = j(1)7(2)...j(n) € Sp. The
map ® is a!...a;! to one, and desp()(0) = des(®(o)). We sum over all o € S, to

obtain HE(M)(x) = ayl...ap' Ep(x). O

In Savage and Visontai’s paper [5], they defined the s-Eulerian polynomials E,(f) (x)



for any sequence of positive integers s = (51, Sa, ...). Let J,,(s) = [0, 5, —1] x...x[0, §,,—

1], and for any element (eq,...,e,) € J,(s) (such an element is called an s-inversion

sequence), its ascent statistic is defined as asc(ei, ...,e,) = {i € [0,n — 1][¢ < z—i}

In particular, J,(1,...,n) can be identified with .S, in such a way that asc corresponds

to des; namely, for ¢ = 01...0, € S,, we associate with it (ej,...,e,) € J,(1,...,n)

where e; = #{j < i such that o, > 0;}. The s-Eulerian polynomials are defined

as Er(zS) (x) = Z( )a:“sc(e), and they include the usual Eulerian polynomials as the
ecJn(s

s = (1,...,n) case. Savage and Visontai showed that many Eulerian-like polynomials

are special cases of the s-Eulerian polynomial.

Definition 1.12. We set E;S)(:L') = Y %) and let E be the row vector

)
e€Jn(s)
en=1

(B8 (x), BS)(2)..., BEL _(2)].

Theorem 1.13 (Lemma 2.1 in [5]). E&(z) = E® (2)A(z), where A = A(x) is the

Sp_1-by-5, matriz whose ith column starts with [(Z_lg)%} copies of x from the top,

and all 1’s below them.

Definition 1.14. A (1,z)-Ferrers matriz of shape B is a matrix whose entries are
x and 1, and the z’s in which form the Ferrers board B in the top right corner. We
also write (a, b)-Ferrers matrix, where the expressions a and b take the place of 1 and

x respectively.

It is clear that the transition matrices A(x) in Theorem 1.13 are all (1, x)-Ferrers

matrices.



Theorem 1.15. Let Ay, A, ..., be 1-by-my, mq-by-mso, ..., (1,z)-Ferrers matrices.

Then the sum of entries in the row vector AiAs...A, is a polynomial with only real

T00tS.

We will give a brief proof of Theorem 1.15 in Chapter 2 using results from [5]

and [2]. In particular, when the transition matrices Aj, As, ... have shapes as in

Theorem 1.13, we obtain that the s-Eulerian polynomials have only real roots. This

is [5], Theorem 1.1.

The following two definitions are hit polynomial versions of Definition 1.12. In

particular, Definition 1.17 reduces to the s = (1,2, 3, ...) case of Definition 1.12 when

B is the upper triagular board. (See Remark 1.18)

Definition 1.16. For any Ferrers board B in the n x n array, let

HE(2) = 3 2,
CePy,
(i,n)eC

If ¢, is the length of the longest column of B, we define

Hf(:c) = [chnﬂ(x), ...,an(:z:),Hfl(x), .., HB (x)].

n,Cn,

Definition 1.17. For any Ferrers board B in the n x n array, let

ﬁlfj(m): Z 2 (@),
CeP,
(n,5)eC

and let H?(z) = []:Ifn(x), o ]:Ifl(x)]

Remark 1.18. The ¢ map before Theorem 1.6 satisfies the following:

10
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e If i follows n in o, then ¢(0); = n.
o If 0, = i, then ¢(0), =i.

In view of Proposition 1.7, when B is contained in the triangular board, we have

(

Hfi(@ = > zdes8@)  fori=1,...,n—1
ocESH
1 follows n in o

HY,(x) = > el (1.14)
ogESK

Hf,i(@ = > zl8)  fori=1,..,n.
o€Sy
\ on=1

We will adopt the following shorthand throughout the paper:

Definition 1.19. For any Ferrers board B = B, (b1, a1; by, as; ...; by, ax), we set s; =
a;+ ...+ a; and t; = by + ... + b; for i € [0, k]. In particular sg = tg =0, s, = tx, = n.
The board of size n — 1 we obtain from B by removing its last row and last column

will be denoted By.

The following two theorems mirror Theorem 1.13, and will be proved in Chapters 4
and 5 using a Ferrers equivalence argument. The transition matrices A and A are

shown in Figure 1.5.

Theorem 1.20. Suppose B = By,(b1,a1;ba,a9;...;bg, ax) is a Ferrers board with

bi,ar, > 1. If either
by >1land s; 1 <t;—ap+1<s; foralliellk—1]

or
bp=1land s; 1 <t; —ap_1—ap+1<s;foralliel[lk—1],

11



ak n b n

b:

n-1 ak1 b1

bi-1 ax-1

Figure 1.5: The (n — 1)-by-n (1, z)-Ferrers matrices A and A in Theorems 1.20 and
1.21, respectively. The shapes of the Ferrers boards in A and A are flipped versions

of each other.
then HE(z) = HY | (x)A, where A is the (n — 1)-by-n (1, z)-Ferrers matriz of shape

B(_7bl§a17b2§ oy A2, b1 ag_1, —)-

Theorem 1.21. Let B be the Ferrers board By(by,aq;...;b,ar). Suppose either
bi,ar > 1, or both by =1 and ar > 1. Suppose further that t; 1 < s; 1 +a, —1<t;
for alli € [1,k—1]. Then HE = H? A where A is the (n — 1)-by-n (1, x)-Ferrers

matriz with shape B(—, ag_1;br_1, ax_2; ...; ba, a1; by, —).

There are versions of Theorems 1.20 and 1.21 for ¢-hit polynomials, and we will
state and prove them in Chapters 4 and 5.
A Ferrers board B contained in the upper triangular board can be associated with

the Dyck path forming its boundary (See Figure 1.6).

Proposition 1.22. If B is contained in the upper triangular board, and when viewed

as a Dyck path, By has weakly decreasing peaks, and the heights of the valleys of By

12



\

7

AN

Figure 1.6: A board contained in the upper triangular board and its associated Dyck

path.

(in order: vy, ...,v;) satisfy v; < vy +1 for all i < i', we can apply Theorem 1.20 (and
its q-version Theorem 4.2) recursively and write H2(z) as a product of (1, x)-Ferrers

matrices.

Proposition 1.23. If B is contained in the upper triangular board, and when viewed
as a Dyck path, B has weakly increasing valleys, and the heights of the peaks of B (in
order: py,...,px) satisfy p; > py — 1 for all i < i', we can apply Theorem 1.21 (and
its q-version Theorem 5.2) recursively and write HZ (z) as a product of (1, z)-Ferrers

matrices.

Boards that satisfy both Dyck path criteria in Propositions 1.22 and 1.23 in-
clude B(r, 1;1,1;...; 1,7), the boards associated with the r-Eulerian polynomials, and
B(ay,ai;az, as;...;a, a) when aq > ... > ay, associated with the multiset Eulerian

polynomials. We will look at these special cases in Chapter 6.

13



Chapter 2

Properties of interlacing

polynomials

We will use material from Fisk’s book [2] on interlacing polynomial. First we start

with some notation:

Definition 2.1 ([2], Equation 1.1.1). For polynomials f(z), g(x) with only real roots,

let a; < ... < a, be the roots of f, and b; < ... < b, be the roots of g. We write

g f ifm=n and a; < b <ay < <..<aqa,<b,

g<f ifm=n+1 andb <a; <b <..<a, <b,.
We always list multiple roots that many times. Whenever we write g < f or g< f, we
are assuming f and g have only real roots. The two relations < and < are interlacing

relations. We write g < fifg<< forg< f.

The following proposition from [2] gives us a way to locate the roots of a linear

14



combination of two interlacing polynomials, and will form the core of the proof of

Theorem 1.5:

Proposition 2.2 ([2], Corollary 1.30). Suppose F < G, both F and G are monic,

and o, B, + B are non-zero. Let H = oF + BG. Then

H > F if B and o + B have the same sign;
H < F if B and a + B have opposite signs;
H < G if a and a + B have the same sign; and
H > G if a and a + B have opposite signs.
Suppose instead that F' < G (with no restriction on leading coefficients). Then F <+

H + G if a and B have the same sign, and F — H < G if they have opposite signs.

Remark 2.3. Since multiplying a polynomial by a constant does not alter its roots,
the condition that both F' and GG are monic can be relaxed to that they have the same

leading coefficient.

Corollary 2.4. If F < G, then F + F + G < G.

A stronger form of interlacing can be defined for row vectors of polynomials.

Definition 2.5 (Compare [2] Def. 3.3). A row vector of polynomials in R[z] with
positive coefficients, v(z) = [fi(z), ..., fm(2)], is saided to be mutually interlacing if
fi = f; for all ¢ < j. In other words, each f; has only real roots (ordered 0 > a;; >

a2 > ...), and the roots of all m polynomials are ordered as follows:

02> ami 2 ... 2011 2 Qa2 .. 2 Q12 2 Q3 2> .



This sequence is cut off at some point, and all roots after that point are nonexis-

tent.

Proposition 2.6. If A is an m-by-n (1, z)-Ferrers matriz and v is a mutually inter-
lacing row vector of length m, then w(zx) := v(z)A(zx) is also a mutually interlacing

row vector. In other words, (1,x)-Ferrers matrices preserve mutual interlacing.

Proof. A proof appears in Section 2 of [5], and the proof below is very similar to it.
This is also a special case of [2], Proposition 3.72.

Suppose v(z) = [f1(x), ..., fm(x)]. For any 0 < k <1 <m, it suffices to show that
zF} +F2+F3 — k) +LUF2+F3,

where Fy = f1+ ...+ fi, Fo = fro1 + ...+ fi, and F5 = fi.1 + ... + fi. Repeated
application of Corollary 2.4 gives us f; — Fy — fi, fro1 — F» — f, and fi .1 —
F3 — f,,. Looking at the ordering of the roots, we find that [F}, Fy, F3] is a mutually
2

interlacing row vector.

Suppose the jth largest root of Fj is 7"§ for : = 1,2,3. Then we have
0> >0 >r >r5 > ..

Since Fy — F3, we have ©F; < F3. Let p; > po > ... be the roots of xF; + F3. By

Corollary 2.4, we have

0>pr>ri>r>r >py>r5> ..

2This assumes 0 < k < [ < m. The case k = [ is trivial; the cases k = 0 and/or | = m must be

dealt with separately, but the same argument works so we will omit them.

16



From here we see Fy — xF) + F5 and xFy < xF; + F5. Let 71 > 7, > ... be the

roots of xFy + F, + F3, and 7 > 7, > ... be the roots of xF} + xF, + F3. T'wo more

applications of Corollary 2.4 yield

Now it is clear that zF} + F» + F3 — xFy + v F5 + F;. O

Proposition 2.7 ([2], Lemma 3.5). Let v(z) = [fi(x), ..., fm(x)] be a mutually inter-
lacing row vector. Then fi(x)+ ... + fu(x) has only real roots. In fact, the same can
be said for any nonnegative linear combination of fi, ..., and fu, i.e. ¢1fi(x) + ... +

Cmfm () for any ¢; > 0.

Proof of Theorem 1.15. The first term A, is a 1-by-m; (1, z)-Ferrers matrix, which
is a mutually interlacing row vector. Since Ay, As, ... are (1, x)-Ferrers matrices, by
Proposition 2.6 A;A,...A,, is a mutually interlacing row vecter. By Proposition 2.7,

the sum of the entries in A;A,...A,, is a polynomial with only real roots.

17



Chapter 3

Proof of Theorem 1.5

We will start with one of the recursions for Qp(x,¢) in [3] that tells us how to add a
column to B. They proved the following result by noting that the summand in the

left-hand side of (1.7) vanishes for any k < n — ¢,:

Proposition 3.1 (Lemma 2.7 in [3]). Let B = (cy, ..., ¢,) be the Ferrers board with

column lengths 0 < ¢; < ... < ¢, <n—1, and let By = (c1,...,¢n_1). Then

Qp (33, q) _ e pen—ntl QBO (JJ, Q)
(1—33)...(1—an) - 6((1—%)..(1—%(]"1)) , (3.1)

where 6 = 0, s the q-derivative operator:
The g-derivative is linear and satisfies 6™ = [n]z"!. It also has a product rule:

Proposition 3.2. For u = u(z),v = v(zx), we have 6(uv) = véu + u(qr)dv.

18



Notation. In this chapter, we will often omit the ¢ argument from polynomials.
We will sometimes omit x as well. Hence Qp = Qp(z) = Qp(z, q).
Suppose ¢ > 1. Let B and B’ be as in Lemma 3.1. Set R(z,q) = 2 ""'Qp,(, q)

and R = 2 "Qp. We can then rewrite (3.1) as

R R
(1—@mﬂ—xw)_5ﬂ—xyu—xw4y (3.3)

We can compute directly that

1 [n]

o = . 3.4
(1—z)..1—2z¢") (1 —2)...(1 —xq¢") (3.4)
Using Proposition 3.2 with u = W, v = R, we get
R (1—-2)0R+ [n|R
o = . 3.5
(1—2)..(1—2¢Y) (1—-2)..(1—-2x¢") (3:5)
Hence
R=[n]R — (z — 1)JR. (3.6)

Lemma 3.3. Let B be as in Proposition 3.1, and R and R be as above. Suppose
R(qx) < R(z). Then R(qz) < R(x). Equivalently, suppose Qp,(qr) < Qp,(x); then

Q(gr) < Qp(x).

Proof. Let m = deg,(R). If m = 0, then R = [n]R; neither R or R has any root and
the Lemma holds. Hence we may assume m > 0.

Suppose the roots of R are r,, < 7,1 < ... <7y. Then R(gqr) < R(z) implies

19



T1

Since ¢ > 1, r; < " implies 1 < 0. By defintion of 4,

z(q — 1)dR = R(qx) — R(z). (3.7)
We apply Proposition 2.2 with G = R, F = %, = —1,a = ¢™ and obtain

xR < R and 6 R < R(qx). (This is [2], Theorem 8.8)
Suppose the roots of R are p,,—1 < ... < p;. Then the roots of R, R(qz), and 6 R
(all negative) are ordered weakly from smallest to largest as follows.

T'm Tm—1 ) ™
Tmy — Pm—1,Tm—1, y ooy P2, T2, —5 P1, 71, —
q q q q

In particular, we see that (z — 1)0R < R.

Let az™ be the leading term of R. Then a[m]z™ is the leading term of (z — 1)dR.
We apply Proposition 2.2 to (3.6) with F' = %, G = R,a = —|m|, 8 = [n] and
obtain R < R and (x —1)0R < R. 3 Let Tm < ... < 71 be the roots of R. These
roots fit into the picture as follows:

- T'm ~ T'm—1 ~ T2 - 1
Tms T'm, ?7 Pm—15Tm—-1,Tm—-1, y ooy P2, T2, T2, E) P1,71,T1, E

L <7 < Oford = 1,..,m—1. This implies ;1 < fi;l <

We have 71 <riq < <
7 < 0, and hence R(qxr) < R(x). This proof is inspired by Chapter 8 of [2] (and
the first half of this proof appears in it), where the set of polynomials f satisfying

f(z) < f(gx) and the g-derivative are studied. O

3Here m < n because m = deg(R) < deg(Qp,) <n — 1.
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Proposition 3.4. Fiz ¢ > 1. For any Ferrers board B, we have Qp(qr) < Qp(z).

Both Qp(z,q) and HZ(x,q) have only real roots.

Proof. The proof is by induction. If the board is empty in an n-by-n array, then Q)g
is a constant times 2", and the assertions are true. Given a Ferrers board B in n-by-n
array, we suppose that for all boards B’ in an array smaller than n-by-n, and for all
boards B’ in the n-by-n array with less cells than B, we have Qp/(qr) < Qp/(x). Let
B = (c1,..,¢cp). f e, <n—1,let B =By = (c1,....,¢n_1). By Lemma 3.3 and the
induction hypothesis, we obtain Qp(qr) < Qp(z). If ¢, =n, set B' = (0, ¢1, ...y Cr1).
Since Qp = 1Qp (we can get this from Lemmas 2.1 and 2.3 in [3]), the induction
hypothesis implies Qp(gr) < Qp(x).

We have proved Qp(qr) < @p(x), and in particular Qp(x) has only real roots.
Since HZ(x) = 2"Qp(x™!), the nonzero roots of HZ and Qp are inverses of each

other. Hence HZ also has only real roots. ]

Now suppose 0 < ¢ < 1. We start with (3.3), but this time we apply Proposition 3.2

with u = R,U = W We get

R = [n]R(qx) — (¢"x — 1)dR. (3.8)

Lemma 3.5. If R(qz) > R(z). Then R(qz) > R(z)

Proof. Let m = deg(R). As in the ¢ > 1 case, we may assume m > 0. Suppose the
roots of R are 7, <11 < ... <ry. Then R(qx) > R(z) implies

T T
Ly << <y
q q
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Since ¢ < 1, % < ry implies 1 < 0. We apply Proposition 2.2 to (3.7) with F =

,a=—1,=¢™ and obtain 20 R < R and 26 R < R(qz).

R.G = Bl
? qm
Let p—1 < ... < pp be the roots of §R. Then the roots of R, R(qz), and (1—xq¢™)0R

(all negative) are as follows, from smallest to largest:
T2 1
y T2, 01, —»T1
q

T'm
— 'my Pm—1, -+, P2,

q
In particular (¢"z — 1)0R < R(qx). If R has leading term ax™, then R(qx) has
and (¢"z — 1)0R has leading term aq"[m]z™. Therefore R(qx)

leading term aq™x™
(¢"x — 1)d R have the same leading coefficient. We apply Proposition 2.2 to
= —[mlg"™™ = [n—m] — [n]

qm—n
and *o
q;;}n (¢"z —1)0R, B = [n],«

(3.8) with G = R(qx), F =
and obtain R > (¢"z — 1)6R and R > R(qz). Let 7, < ... < 7, be the roots of R

We then have
T'm T2 .
7T2,p1,7"1, Earl

Tm, s "'ms Pm—1,Tm—1, -+, P2, 72,

In particular 7,1 < ”T“ <rig1 <7 fori=1,...m—1. Hence 7;;

R(qz) > R(x).
The rest of the argument is identical to the ¢ > 1 case, except that < is replaced

with >. We get
Proposition 3.6. Fiz 0 < ¢ < 1. For any Ferrers board B, we have Qp(qr) >

Qp(x). Both Qp and HP have only real roots.
Combine Propositions 3.4 and 3.6 and we have proved Theorem 1.5. As stated in

the introduction, the ¢ = 1 case was known; we can also obtain the ¢ = 1 case from
22



the ¢ > 1 case using that limits of real-rooted polynomials have only real roots ([2],
Lemma 1.40).

When B is the upper triangular board (0,1,...,n — 1), we have Qp(z,q) =
> ves, gles(@)+1gmai(@) - the MacMahon-Carlitz q-Eulerian polynomials. To obtain
this, we can combine Equations 1.2, 1.9, 1.10, and 1.12 from [3]. It was shown in

[5], Theorem 5.4 that the g-Eulerian polynomials have only real roots for g > 0.
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Chapter 4

Proof of Theorem 1.20

In Dworkin’s paper [1], they found an explicit statistic {g defined on P,, and showed

that HP(z,q) = CZ 2he(@gts(©)  which is a refinement of (1.1). Here B is any
€Pn

skyline board B, which is obtained from a Ferrers board via a permutation on the

columns. Given a placement C € P,, we compute £5(C') as follows. We say a cell is

canceled if either there is a rook on it, or it is to the right of a rook. Put a circle on

any uncanceled cell on B below a rook (on B); on any uncanceled cell on B above a

rook off B; and on any uncanceled cell off B below a rook off B. We define {5(0) to

be the number of circles we get this way. See Figure 4.1 for an example.

Definition 4.1. Let HP(z,q) = > a"5@¢*s(©) We define H?(z, q) the same

way we defined HZ(z) in Definition 1.16.

We will prove the following g-version of Theorem 1.20 in this chapter:
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\J

Figure 4.1: Computation of 5. Here {5(0) = 6.

Theorem 4.2. Let B be as in Theorem 1.20, and let s;, t; and By be as in Defini-
tion 1.19. Then

H(z, q) =H£‘°1<§,q>A< )D, (4.1)

x
q

where A(%) is the (n — 1)-by-n (1, 7)-Ferrers matriz of shape
B(—,bi; a1, ba; ag, bs; ... ag—1, —),

and D is the diagonal matriz with ¢+, ...,¢" 1, g 1t ... g htsitn-l

—t2+s1+n —t2+s2+n—1
)

q s e, @S2t gt skatn=l doym the diagonall
Let Iy = [sx—1 + 1,n], and let [; = [s;_1 + 1,s;] for i € [1,k — 1].
Definition 4.3. For i € [1,k — 1], let

B; = Bn71(b1,a1; wibicr, @13 by ag — 150y, @iy gy, ag—1; by — 17ak)

be the board we obtain by removing the jth row and the nth column from B for any
j € I;. Let B be the board obtained by removing the leftmost cell from each of the
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bottommost n — 1 — ¢; rows of the board By. See Figure 4.2 for the board B® when

by >1and s;_1 <t;,—ap+1<s,.

Lemma 4.4. If B satisfies the conditions in Theorem 1.20, then B; and B' are

Ferrers equivalent forv=1,....)k — 1.

Proof. We will combine equal column lengths and write, for example, (3°) for five
consecutive columns of length 3.

The column lengths of B; are (¢q,...,¢,-1) =
(Obl, 31{2, 333, - sfi_l, (s; — 1)b"+1, (Siv1 — 1)b"+2, ey (Sp—2 — 1)1”“—1, (Sp—1 — 1)b’“_1).

Suppose by > 1 and s,_1 <t; —a, + 1 < s;. From Figure 4.2, the column lengths

of B are (d},...,c, 1) :=

b1 _ba b3 b; biv1 biyo br—1  bp—2
(07, 87%,89%, oy siiq, ti —ap + 1,8, 800 s, s,

Comparing the two sequences, we see that

a—-l+1=¢—-1+1 for [ € [1,;]
(4.2)

a—l+l=c,—(U+1)+1 forlet;+1,n—2]

Finally,
na—n—1)+1l=—ap=ti—ar+1—(t;+1)+1=c,;1 — (t; +1)+ 1.

Hence the multisets {¢; —i+1};=1 -1 and {¢; —i+1}i=1, ,—1 are the same, and so

B; and B’ are Ferrers equivalent.
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b1

di
b. .
bi
di
-+ — — B
bi+1
n-1-t T
b1
dk-1
‘7 77777 —_ — —
bi-2
ax-1

Figure 4.2: The board B* in the b, > 1 case. The condition s;_; < t; —a, +1 < s; is
necessary for this to be an accurate depiction of B, namely the odd column (in gray)
appears between the two horizontal segments of lengths b; and b;.;. To obtain B’
from B*, we permute the columns of B’ so the gray column becomes the last column,

with the ordering of all other columns unchanged.
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On the other hand, suppose b, =1 and s;_1 < t; —ax_1+ar+1 < s;. The column

lengths of B® are now
b1 ba b3 b; bit1 bito bp_1—1
(07, 877,89, oy Siq by — ap—y — ap + 1,87 8,000 8 ).

One can check similarly that this gives the same multiset as the one for B°.

O

Let ¢ € [0,k — 1] and j € I;. Let P,; C P, be the subset of placements that
have a rook at (j,n). There is a bijection between Ce P, ;and C € P,_; simply via

removing the jth row and the nth column from C.

Lemma 4.5. With j € I; and C, C' as above, we have

hB(C) :hB0<C) fori =0

(4.3)
hp(C) = hp,(C)+1 forie [1,k—1]
and
£5(C) = €5, (C) + 7 —1— hp,(C) fori =0
(4.4)
€5(C) =¢5,(C)—ti+j—14+n—1—hg(C) forie[l,k—1]
In other words,
HE(z,q) = ¢ H" (2, q) for j € Iy
(4.5)

HP (x,q) = a:q*tﬁj*l*”*lHBil(%,q) forj e I;,i € [1,k—1]

n

Proof. The first part is clear, since hg(C) = hg,(C) + 1 if (j,n) is on B, otherwise

hg(C) = hg,(C).
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n-1

(.n)

IV

I1I

t

Figure 4.3: Regions I, II, III and IV. The vertical line that seperates I from II, and
IIT from IV, contains the vertical segment of the boundary of B inside the jth row.

Regions I and III lie outside the board B.

Now we look at £&. We assume i € [1,k — 1] for now. Define the regions I, II, III,
IV as in Figure 4.3. We also define I’ as the rectangular region that is above the jth
row and to the left of II.

The contribution to SB(C’) outside the jth row and the nth column is exactly
¢p,(C). Furthermore, the nth column contributes nothing to £5(C), since all cells on
that column get canceled when we compute £p. Hence £p(C) = &€p,(C) + number
of circles on the jth row.

By defintion of &, the number of circles on the jth row = #I + #II + #III, here
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we abbreviate the number of rooks of C' in I as #I, and so on. But since each row
and column has exactly one rook, we have #Il = j — 1 — #I'=j — 1 — (t; — #IV) =
#IV—t; + 7 — 1. Hence
the number of circles on jth row = #I+ #III+ #IV —¢t,+5—1 (46)
=n—1—hp(C)—t;+j—1. |
Hence £5(C) = ¢, (C)—ti+j—1+n—1—hg(C).
Now suppose instead ¢ = 0. The regions II and III disappear. Now the number

of circles on the jth row = #I = j — 1 — hp,(C). Hence £5(C) = €5, (C) +j — 1 —

hisy (C). O

For i € [1,k — 1], let B' be the skyline board obtained from By by removing the
bottommost n — 1 —¢; cells from the rightmost (i.e. (n —1)th) column. Since B* and
B differ by a column permutation (See description under Figure 4.2), B;, B' and B’
are all equivalent boards. By Corollary 1.4, we have H” (z,q) = H?' | (z,q).

Hence (4.5) can be rewritten as

HY(v,q) =¢"H" (%,q) for j € Iy
(4.7)
HE(w,q) = wq - HE (2q) forj € i€ [1k — 1]

We still need to express HP' | (z,¢) in terms of Hffu(x’ q). To combine the by > 1
and b, = 1 cases, let ¢ = ¢,,_1(By) = the length of the longest column of By. In other
words, ¢ = s;_1 if by > 1, and ¢ = s,_o if b, = 1.

Lemma 4.6. Fori € [1,k — 1], we have HE' | (x,q)

c—(n—1—t;) c

n—1
= > H5—01,l($a Q)+ > Hf—ol,l(w? q) + % > Hfgl,l(*’[a q)
l=c+1 =1 I=c—(n—1—t;)+1
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Proof. Since we get B by removing the cells {(l,n — 1)}56[6_@_1_“)“70] from By, we

have for any C' € P,_; such that (I,n — 1) € C,

hg,(C) =hg(C)+1 ifl€efc—(n—1—1t)+1,(

(4.8)
hp,(C) = hg(C) otherwise.
Also, £5,(C) = €5 (C) for all C. This implies
. LHP (x,q) forlefc—(n—1—1t;)+1.
H,”(x,q) =
Hffu(x,q) foriejc+1,n—1orle[l,c—(n—1—1)]
(4.9)
_. n—1 _
The lemma then follows from H | (x,q) = 3 H, . O
i=1
It follows from (4.7) and Lemma 4.6 that
( n—1 [
HE () = @7 5 HE )+ S BRG] forj e dy
B ) 1 n—1 B c—(n—1—t;) B
§ HZ @) = S BRG] (4.10)
=c+ =
oy HPE) for j € Li € [1,k —1]
L I=c—(n—1—t;)+1 m

This describes a recurrence relation between HE(z, ¢) and H? (2

o q), which can

be written in the form of a matrix. Referring back to the definition of these row vec-
tors (Definition 1.16), we see that H? (x, q) = Hfﬂl(ﬁ, q)A(%)D, where the diagonal
matrix D collects the powers ¢! and ¢~%*+"~1 Tt can then be checked that the
matrices A(7) and D are as stated in Theorem 4.2.

A subboard of B is the first m rows and m columns of B, considered as a board

in the m-by-m array, for some m < n. To apply Theorem 4.2 recursively to a board
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A AN

Figure 4.4: Left: the Dyck path By and its last peak p. Right: the set of all last

peaks as we progressively truncate Bj.

B, we need all the subboards of B to satisfy the conditions in Theorem 1.20 if the
subboard were to replace B.

Suppose B is contained in the upper triangular board. Note that the last peak of
By as a Dyck path is at height ap — 1 if by > 1, and height az 1 + ap — 1 if by = 1.
The inequalities t; — s;_1 > ax — 1 and t; — s; < ax — 1 mean that each peak (of By)
is at least as high as the last peak, and each valley is at most as high as the last
peak, respectively. When we look at a subboard B’ of B, we truncate the Dyck path,
and the corresponding last peak of (B’)y moves to the left as we progressively look
at smaller subboards. See Figure 4.4 for all the last peaks we get this way, marked
as red dots. The Dyck path criterion in Proposition 1.22 is the same as saying that
every peak of By is at least as high as any red dot to the right of it, and every valley
of By is at most as high as any red dot to the right of it. In this case we can express

HP”(x,q) as a matrix product by applying Theorem 4.2 recursively.
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Chapter 5

Proof of Theorem 1.21

We define a flipped version of Dworkin’s ¢ statistic, denoted &, for any board B that
can be obtained from a Ferrers board via a permutation on the rows (a row-skyline
board). See Figure 5.1 for the computation of §~ ; it is simply Figure 4.1 flipped across
the anti-diagonal. Since the transpose of a Ferrers board is equivalent to the board

itself, we have H2(z,q) = S ahe(©@)fs(0) 4
CeP,

Definition 5.1. Let H,(z,q) = 3 25O £5(0)  We define H3(z, ¢) similar to
CeP,
(i,n)eC

how we defined HZ () in Definition 1.17.

Theorem 5.2. Let B be the Ferrers board By,(by,as; ...; by, ax), and let s;,t;, and By

be as in Definition 1.19. Suppose either by,ar > 1, or both b, = 1 and ar > 1.

“In this chapter, we will take this as the definition of HZ (x, ¢). This is different from the definition
of HB(x,q) in Chapter 4 for skyline boards, but the two definitions coincide when B is a Ferrers

board.
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Figure 5.1: The computation of &.
Suppose further that t;—y < s;_1 +ar, — 1 <t; for alli € [1,k—1]. Then
HP(z,q) = H? AD, (5.1)
where A is the (n — 1)-by-n (¢"~ =%, xq~%)-Ferrers matriz with shape
B(—, ar—1; b1, ar—2; --; ba, a1; b1, —),

and D is the n-by-n diagonal matrix with

tk—Sk—1 t—1t1l—Sk—1. tk—1—Sk—2 tg—otl—sk—2. . l1 1
(¢ s 1 q s a5 q)

down the diagonal.

Let B’ is B with the jth column and nth row removed. For C' € P,, (n,j) € C, let
C" € P,_1 be C with the jth column and nth row removed. Since a; > 1, the board
B does not reach the nth row. Hence hg(C) = hp/(C"). When we compute £5(C),
the entire jth column is canceled, and on the nth row there is a circle in every cell to
the left of (n,7), and no circle to the right of (n, j). Hence 5(C) = €x/(C") +j — 1,
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which implies

ﬁfj(%él): Z th(C)qu(C)
CePy,
(n,j)eC

_ g Z () e (C) (5.2)

C'EP,
= ¢"'H” \(2,9)
Suppose j € I;, where I; = [t;_1 + 1,#;] for i = 1,...,k. The board B’ is Ferrers

equivalent to the board
B* =B, 1(bi,a1;...;bi—1, 015821 Fap —tiog — 1,1t — s —ap + 1, a3

biy1, Qig1s -3 bp—1, ap—1;0, — 1, — 2);

see Figure 5.2. (In the by, = 1,a; > 1 case, B* ends in ...; by_1,ax_1 + a; — 2 instead.)

If by,ar > 1, then By = B,,_1(b1,a1;...;0 — 1,ap — 1). If b =1 and a; > 1, then
By = B,—1(b1,aq;...; b9, ax_2; bg_1,ax—1 + a — 1). In both cases, The board B* is
equivalent to B” = ByU{(n —1,s;-1 + ag), ..., (n —1,n — 1)} through a permutation

on the rows.

Lemma 5.3. Let C € P,_1, (n—1,1) € C. Then if l > s;_1 + ay, then

hig (C) = h, (C) + 1

(5.3)
Epr(C) = E&p,(C) + 1 —ap — si1
On the other hand if | < s;_1 + ay, then
hpr(C) = hp,(C)
(5.4)

€/ (C) = €5, (C) +n — ag — si—1.
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n-1 n-1

b: k : bs k :
bi-1 ¢ bi
H —————— - S
.t =, (bﬁ 11
| :
\
-2

Figure 5.2: The equivalent Ferrers boards B’ and B*. If we divide B’ (shown on the
left) into three regions as shown, where region II is within a single column, we can
obtain the other board by moving these three pieces around: namely region I does
not move at all, region III moves one step down and one step to the right, and region
IT becomes a row of the same length and is placed between the two. The resulting
board B* (shown on the right) is a Ferrers board iff the length of region II lies weakly
between the length of the top row of region III and the length of the bottom row of
region I. This condition simplifies to t;_1 < s;_1 +ar — 1 < t;. To obtain B” from
B*, move region II all the way down to the (n — 1)th row, and shift region III up one

step. Regions I and III combined in this way is the board Bj.
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o, T, O, s,
st e I I

« P € P »
artSii-1 N-ak-Si-1 ak+Sia-1 N-ak-Si-1

Figure 5.3: Comparison of 5 g and 5 Bo-

Proof. See Figure 5.3. The plus sign is the rook at (n — 1,1). If I > s;_1 + a (shown
on the left), the circles in dotted red at (n—1,1), ..., (n—1, ax+s;_1 — 1) contribute to
€5,(C) but not £5+(C). If j < s;_1+ay, (shown on the right), the circles in dotted blue

at (n—1, a5+ Sk_1), ..., (n— 1, a, + s,_1 — 1) contribute to £z+(C) but not £z, (C). O

This implies

n—1 Ssi—1+ar—1
H”) = wg'moemsi Z HnBEl,l LA [ Z HnBEl,l] : (5.5)
I=1

l=s;_1+ay

Combining (5.2), (5.5), and the fact that B’ and B” have the same ¢-hit polyno-

mials, we get for any ¢ € [1,k] and j € [,
HnBij (x’ Q) = xqj_ak_&ﬂ [HnBEl,n—l + ot HnBEl,si—l-l—ak] (5 6)

j—14+n—ap—s;_1[ 7B 7B
+q] ok I[Hngl,si_l—o—ak—l + "'+Hn31,1]‘

This agrees with the description of the matrices A and D in Theorem 5.2.
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Figure 5.4: The board B as a Dyck path. We place a red dot one step down (and to
the left) from all last peaks we get by truncating B progressively.

Suppose B is contained in the upper triangular board. When we view B as a
Dyck path, ap — 1 is one lower than the height of last peak. The requirement that
tii1 <si1+a,—1<t; forie [l,k—1] mean that every peak of B is at least as high
as a — 1, and every valley of B is at most as high as ay — 1. To apply Theorem 1.21
recursively, every peak of B needs to be as least as high as any red dot to the right
of it (See Figure 5.4), and every valley of B needs to be as most as high as any red

dot to the right of it. This implies Proposition 1.23.
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Chapter 6

Special Cases

We look at some implications of Theorems 1.20, 1.21, and Propositions 1.22, 1.23.

When B = Bg(2,2;...;2,2), we have

1l 2z =z x
11 2 «x
1 =z 1l 2 2 =z «x
ka(x)=(1 1) 11 2 -~ (6.1)
1 =z =z 1 11 x =
1111
1 11 z =

Through Proposition 1.11, this product is equivalent to the matrix product asso-
ciated with the s-inversion sequence s = (1,1,3,2,5,3,...), appearing in Section 3.8
of [5]. The partial products, which are row vectors, have two interpretations. By
Theorem 1.20 and Propositon 1.22, they are [Hy} oy, Ha} o H3j 1, ..., Hyj o). By

Theorem 1.21 and Proposition 1.23, the partial products are also
[H2B;c,2k7 ch,Qkfh ceey HZB;c,l] - 2k_1[EngV17 Eliuv El]c\{h Eli\{h ceey E{\/Iv E{WL (62)

39



where M = {12,... . k?} and EM = Y gdeso),
O’dESMh
o ends with ¢

Analogous results hold for any multiset M = {1%, ... k®*} with a1 > ... > ay,
although H and H give different matrix products in general. Since permuting the
multiplicities (a;); gives equivalent Ferrers boards, there are matrix product expres-

sions for all multiset Eulerian polynomials.

When B = B,(2,1;1,1;...;1,1;1,2), we have

B _
H,/(z) = ( HP,, HP HE .. HP _, )
11 2z =«
11 =z (6.3)
= ( 1 1 ) 1 1 » «x
11 =«
1 11 x
where HE. = 3> 2% for j € [I,n—1] and H}, = > x*(); and
’ oES, ’ g€Sy
j follows n op=n
)= 78 7B /7B
W)=\ B, HE .. HP
1l 2 » =z
1+ =z (6.4)
= ( 11 ) 11 2 =z
1 11
1 1 11

where [:Ifj = Y 29209 for j € [1,n]. Analogous results hold for

oESy
on=j

B = B,(r,1;1,1;...;1,1; 1,r), for all » > 1.
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