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Abstract

We prove the unique existence and exponential decay of global in time classical solutions to the special
relativistic Boltzmann equation without any angular cut-off assumptions with initial perturbations in some
weighted Sobolev spaces. We consider perturbations of the relativistic Maxwellian equilibrium states. We
work in the case of a spatially periodic box. We consider the general conditions on the collision kernel from
Dudynski and Ekiel-Jezewska (Commun. Math. Phys. 115(4):607-629,1985). Additionally, we prove sharp
constructive upper and coercive lower bounds for the linearized relativistic Boltzmann collision operator in
terms of a geometric fractional Sobolev norm; this shows that a spectral gap exists and that this behavior is
similar to that of the non-relativistic case as shown by Gressman and Strain (Journal of AMS 24(3), 771-847,
2011). We also derive the relativistic analogue of Carleman dual representation of Boltzmann collision
operator. Lastly, we explicitly compute the Jacobian of a collision map (p, q) to (cp' + (1-c)p, q) for a fixed cin
(0, 1), and it is shown that the Jacobian is bounded above in p and q. This is the first global existence and
stability result for relativistic Boltzmann equation without angular cutoff and this resolves the open question
of perturbative global existence for the relativistic kinetic theory without the Grad's angular cut-off
assumption.

Degree Type
Dissertation

Degree Name

Doctor of Philosophy (PhD)

Graduate Group
Mathematics

First Advisor
Robert M. Strain

Keywords
Boltzmann Equation, Collisional Kinetic Theory, Non-cutoff, Special Relativity

Subject Categories
Mathematics

This dissertation is available at ScholarlyCommons: http://repositoryupenn.edu/edissertations/1783


http://repository.upenn.edu/edissertations/1783?utm_source=repository.upenn.edu%2Fedissertations%2F1783&utm_medium=PDF&utm_campaign=PDFCoverPages

GLOBAL CLASSICAL SOLUTIONS TO THE RELATIVISTIC
BOLTZMANN EQUATION WITHOUT ANGULAR CUT-OFF

Jin Woo Jang
A DISSERTATION
in
Mathematics

Presented to the Faculties of the University of Pennsylvania in Partial
Fulfillment of the Requirements for the Degree of Doctor of Philosophy

2016

Supervisor of Dissertation

Robert M. Strain, Professor of Mathematics

Graduate Group Chairperson

David Harbater, Christopher H. Browne Distinguished Professor in
the School of Arts and Sciences

Dissertation Committee:

Robert M. Strain, Professor of Mathematics

Philip T. Gressman, Professor of Mathematics

Richard V. Kadison, Gustave C. Kuemmerle Professor of Mathemat-
ics



GLOBAL CLASSICAL SOLUTIONS TO THE RELATIVISTIC BOLTZMANN

EQUATION WITHOUT ANGULAR CUT-OFF

© COPYRIGHT
2016

Jin Woo Jang



Acknowledgments

First and foremost, I would like to thank my advisor Professor Robert M. Strain.
I owe my deepest gratitude to him for suggesting the problem to me and for his
constant support and help throughout my time at Penn. This project would never
have succeeded without his mentorship.

I would also like to thank Professor Philip T. Gressman not only for the time
and effort he spared for me at many points in my graduate career, but also for
the various mathematical insights that I found very helpful. For his thoughtful
advice on my work and future career direction, I am grateful to Professor Richard
V. Kadison, as I am to Professor Yan Guo, Professor Hyung Ju Hwang, Professor
Seok-Bae Yun, Professor Robert Lipshitz, Lechao Xiao, Tak Kwong Wong, and
Professor Ryan Hynd.

I would also like to thank our departmental staff Janet Burns (now retired),
Monica Pallanti, Paula Scarborough, Robin Toney, and Reshma Tanna for making
the department feel like a family to me. Also, I am grateful to our graduate chair

Professor David Harbater for his consistent support and concern. Together they

il



helped me navigate the red tape of bureaucracy.

I would like to thank my friend Sea Moon Cho for his companionship through-
out the long (and continuing) journey of studying mathematics since the freshman
year of our undergraduate careers. I also thank Neel Patel, Hua Qiang, Tong Li,
Soumashant Nayak, Maxim Gilula, Martin Citoler-Saumell, Anna Pun Ying for fun
and productive discussions in mathematics. I thank Brett Frankel, Sebastian Moore,
Torin Greenwood, Benjamin Albert, and Spencer Tofts for making my experience
at Penn enjoyable.

I owe everything to my grandfather Jeong Myung Kang, my grandmother Gyung
Hee Pyo, my father Chung Kyu Jang, my mother Mi Lan Kang, and my brother
Jin Sang Jang. They always had full confidence that I could accomplish all of
my goals. I thank them for their endless support and persistent love. Especially
my grandfather has instilled in me a respect for diligence and scholarship, which
sustained me through the hard times of my study. Finally, I thank my fiancée
Hyemi Lee for being supportive and for being together with me.

Finally, I would like to remark that this research was partially supported by

NSF Grant DMS-1500916.

v



ABSTRACT
GLOBAL CLASSICAL SOLUTIONS TO THE RELATIVISTIC BOLTZMANN

EQUATION WITHOUT ANGULAR CUT-OFF

Jin Woo Jang

Robert M. Strain

We prove the unique existence and exponential decay of global in time classical
solutions to the special relativistic Boltzmann equation without any angular cut-off
assumptions with initial perturbations in some weighted Sobolev spaces. We con-
sider perturbations of the relativistic Maxwellian equilibrium states. We work in the
case of a spatially periodic box. We consider the general conditions on the collision
kernel from Dudynski and Ekiel-Jezewska (Commun Math Phys 115(4):607-629,
1985). Additionally, we prove sharp constructive upper and coercive lower bounds
for the linearized relativistic Boltzmann collision operator in terms of a geometric
fractional Sobolev norm; this shows that a spectral gap exists and that this behav-
ior is similar to that of the non-relativistic case as shown by Gressman and Strain
(Journal of AMS 24(3), 771-847, 2011). We also derive the relativistic analogue of
Carleman dual representation of Boltzmann collision operator. Lastly, we explic-
itly compute the Jacobian of a collision map (p,q) — (0p’ + (1 — 6)p, q) for a fixed
0 € (0,1), and it is shown that the Jacobian is bounded above in p and ¢. This is the

first global existence and stability result for relativistic Boltzmann equation without



angular cutoff and this resolves the open question of perturbative global existence

for the relativistic kinetic theory without the Grad’s angular cut-off assumption.
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Chapter 1

Introduction

1.1 The relativistic Boltzmann equation

In 1872, Boltzmann [12] derived an eqution which mathematically models the dy-
namics of a gas represented as a collection of molecules. This was a model for the
collisions between non-relativistic particles. For the collisions between relativistic
particles whose speed is comparable to the speed of light, Lichnerowicz and Marrot
[38] have derived the relativistic Boltzmann equations in 1940. This is a funda-
mental model for fast moving particles. Understanding the behavior of relativistic
particles is crucial in describing many astrophysical and cosmological processes [37].
Although the classical non-relativistic Boltzmann kinetic theory has been widely
and heavily studied, the relativistic kinetic theory has received relatively less atten-

tion because of its complicated structure and computational difficulty on dealing



with relativistic post-collisional momentums. The relativistic Boltzmann equation

1s written as
PO f =p°0if +cp-Vof =C(f, f), (1.1.1)

where ¢ is the speed of light and the collision operator C(f, f) can be written as

dq/ dq’/ dp’
C(f,h) = —
(f:h) /]R3 q" Jrs ¢° Jrs p°

Here, the transition rate W (p, ¢|p’,¢') is

Wip,qlp', ) [f(p")h(d) — f(p)h(g)].  (1.1.2)

C
W(p.qlp'.q) = 550(9, 0)W (p" + g — p* — ¢*),

where (g, 0) is the scattering kernel measuring the interactions between particles

and the Dirac ¢ function expresses the conservation of energy and momentum.

1.2 Notation

The relativistic momentum of a particle is denoted by a 4-vector representation
pt where p = 0,1,2,3. Without loss of generality we normalize the mass of each
particle m = 1. We raise and lower the indices with the Minkowski metric p, =
guwp”, where the metric is defined as g, = diag(—1,1,1,1). The signature of the
metric throughout this paper is (— + ++). With p € R3, we write p* = (p°,p)
where p® which is the energy of a relativistic particle with momentum p is defined

as p° = y/c%+ |p|2. The product between the 4-vectors with raised and lowered



indices is the Lorentz inner product which is given by
3

P'q. ="+ pigi
i=1

Note that the momentum for each particle satisfies the mass shell condition p*p, =
—c* with p° > 0. Also, the product p*g, is Lorentz invariant.
By expanding the relativistic Boltzmann equation and dividing both sides by p°

we write the relativistic Boltzmann equation as
OF +p-V,.F=Q(F,F)

where Q(F, F) = C(F, F)/p° and the normalized velocity of a particle p is given by

p

- p
p = C— = —/—— .
P 1P/
We also define the quantities s and g which respectively stand for the square of

the energy and the relative momentum in the center-of-momentum system, p+q = 0,

as
s=s(p",¢") = (" +¢")pu +qu) =2(—p"q. +1) >0, (1.2.1)

and

9=90"q") = \/(p“ = ") (Pp — 4u) = \/2(—1?“61# —1). (1.2.2)

Note that s = g2 + 4c%.

Conservation of energy and momentum for elastic collisions is described as

P+ gt = p* 4 g (1.2.3)



The scattering angle 6 is defined by

(" —q")(p, — q,,)

cosf = p )

(1.2.4)

Together with the conservation of energy and momentum as above, it can be shown
that the angle and cos 6 are well-defined [24].

Here we would like to introduce the relativistic Maxwellian which models the
steady state solutions or equilibrium solutions also known as Jiittner solutions.
These are characterized as a particle distribution which maximizes the entropy

subject to constant mass, momentum, and energy. They are given by

ch

e kBT

" dmchpTRy(:)

J(p)

where kg is Boltzmann constant, T is the temperature, and K5 stands for the Bessel
function Ky(z) = % [ dte# (12 — 1)2. Throughout this paper, we normalize all
physical constants to 1, including the speed of light ¢ = 1. Then we obtain that the

relativistic Maxwellian is given by

We now consider the center-of-momentum expression for the relativistic collision
operator as below. Note that this expression has appeared in the physics literature;
see [14]. For other representations of the operator such as Glassey-Strauss coordi-
nate expression, see [I], [27], and [25]. Also, see [49] for the relationship between

those two representations of the collision operator. As in [46] and [14], one can



reduce the collision operator (|1.1.2)) using Lorentz transformations and get

Q) = [ da [ dw vola 0GR — F)ba)L

where vy = v,(p, q) is the Mgller velocity given by

p_apP_|P 4P _9Vs
— - — X 0

P ¢ PO Ol pOgd

(1.2.5)

Comparing with the reduced version of collision operator in [1], [27], and [25], we

can notice that one of the advantages of this center-of-momentum expression of

the collision operator is that the reduced integral ((1.2.5)) is written in relatively

simple terms which only contains the M¢ller velocity, scattering kernel, and the

cancellation between gain and loss terms.

The post-collisional momentums in the center-of-momentum expression are writ-

ten as
, p+q g( @+qyw>
=——+Z(w+(-Dp+q9)—),
p 5 5 (v=1D+aq T
and
,_Ptgq g( @+qyw)
=—— —Z(w+Oy-1Dp+q—-"-).
q 5 5 (v=Dlp+q) TP

The energy of the post-collisional momentums are then written as

0
/O_p _'_q g X

and

(1.2.6)

(1.2.7)



These can be derived by using the conservation of energy and momentum ({1.2.3));
see [48].
For f, g smooth and small at infinity, it turns out [24] that the collision operator

satisfies
/Q(f, g)dp = /pQ(f, g)dp = /pOQ(f, g)dp =0
and

e na+iogpip <o (1.238)

Using (1.2.8), we can prove the famous Boltzmann H-theorem that the entropy
of the system — [ flog fdp dz is a non-decreasing function of ¢. The expression

— flog f is called the entropy density.

1.3 A brief history of previous results in the rel-

ativistic Boltzmann theory

The full relativistic Boltzmann equation appeared first in the paper by Lichnerow-
icz and Marrot [38] in 1940. In 1967, Bichteler [11] showed the local existence of
the solutions to the relativistic Boltzmann equation. In 1989, Dudynski and Ekiel-
Jezewska [20] showed that there exist unique L? solutions to the linearized equation.
Afterwards, Dudynski [I7] studied the long time and small-mean-free-path limits
of these solutions. Regarding large data global in time weak solutions, Dudynski

and Ekiel-Jezewska [19] in 1992 extended DiPerma-Lions renormalized solutions



[16] to the relativistic Boltzmann equation using their causality results from 1985
[18]. Here we would like to mention the work by Alexandre and Villani [I0] on
renormalized weak solutions with non-negative defect measure to non-cutoff non-
relativistic Boltzmann equation. In 1996, Andreasson [I] studied the regularity of
the gain term and the strong L' convergence of the solutions to the Jiittner equi-
librium which were generalizations of Lions’ results [39, [40] in the non-relativistic
case. He showed that the gain term is regularizing. In 1997, Wennberg [52] showed
the regularity of the gain term in both non-relativistic and relativistic cases.

Regarding the Newtonian limit for the Boltzmann equation, we have a local
result by Cercignani [I13] and a global result by Strain [49]. Also, Andreasson,
Calogero and Illner [2] proved that there is a blow-up if only with gain-term in
2004. Then, in 2009, Ha, Lee, Yang, and Yun [33] provided uniform LZ-stability
estimates for the relativistic Boltzmann equation. In 2011, Speck and Strain [44]
connected the relativistic Boltzmann equation to the relativistic Euler equation via
the Hilbert expansions.

Regarding problems with the initial data nearby the relativistic Maxwellian,
Glassey and Strauss [25] first proved there exist unique global smooth solutions to
the equation on the torus T? for the hard potentials in 1993. Also, in the same
paper they have shown that the convergence rate to the relativistic Maxwellian is
exponential. Their assumptions on the differential cross-section covered the case of

hard potentials. In 1995 [26], they extended their results to the whole space and



have shown that the convergence rate to the equilibrium solution is polynomial.
Under reduced restrictions on the cross-sections, Hsiao and Yu [34] gave results
on the asymptotic stability of Boltzmann equation using energy methods in 2006.
Recently, in 2010, Strain [47] showed that unique global-in-time solutions to the
relativistic Boltzmann equation exist for the soft potentials which contains more
singular kernel and decay with any polynomial rate towards their steady state rela-
tivistic Maxwellian under the conditions that the initial data starts out sufficiently
close in L*°.

In addition, we would like to mention that Glassey and Strauss [27] in 1991
computed the Jacobian determinant of the relativistic collision map. Also, we
notice that there are results by Guo and Strain [50, 5I] on global existence of
unique smooth solutions which are initially close to the relativistic Maxwellian for
the relativistic Landau-Maxwell system in 2004 and for the relativistic Landau
equation in 2006. In 2009, Yu [54] proved the smoothing effects for relativistic
Landau-Maxwell system. In 2010, Yang and Yu [53] proved time decay rates in the
whole space for the relativistic Boltzmann equation with hard potentials and for

the relativistic Landau equation.



Chapter 2

Carleman dual representation of

the relativistic collision operator

2.1 Dual representation

In this section, we develop the Carleman representation of the relativistic gain and
loss terms which arise many times throughout this paper represented as an integral

over Eg_p, where the set is defined as:
Er , E{p € B|(0" — p")(gu — 1)) = O}. (2.1.1)

We first derive the Carlelman dual representation of the relativistic gain term.

Initially, suppose that [, dw |09(0)] < oo and that [, dw o¢(d) = 0. Then, the



relativistic gain term part of the inner product (I'(f, h),n) is written as

(T(f,1),m)
/R /R /R /R —sa (4) (p" + ¢" — P q’“)
h(p)V/ T (@ n(p)

where ™ is the delta function in four variables. We will reduce the integral by

evaluating the delta function. Note that we have

/R /R / W /w dq"6(p"pu + 1)3(¢" ), + Du(p’)u(q”)

where u(x) =1 if x > 1 and = 0 otherwise. Then, we obtain that

(TH(f, h),n)
c [ dpf dq " PR N
=5 [ @) | —5fp) [ dp*hip) | dg¥e” = u(p )u(q”)
RrR3 P RrR3 ¢ R4 R4
X 5(p"pu + 1)6(q"q), + 1)so (g, w)d D (p" + ¢ — p* — ¢*).

We reduce the integral fR4 dq'" by evaluating the last delta function and obtain

(L (f h),m)
:g/ d—p/n(p') /R3 %f(q) /]1@4 dp“sa(g,w)h(p)@*wu(po)

RS p/()
xu(g” = p° +p")o(p"pu + 1)0((¢" — p" + ") (qu — 1), + pu) + 1)
The terms in the second delta function can be rewritten as
(¢" =" +P") g — v+ pu) + 1= (¢" = 0")(qu — p,) +2(¢" = p")pu

= 3° + 20" (qu — p),)-

10



Therefore, by evaluating the first delta function, we finally obtain the dual repre-

sentation of the gain term as

(TH(f, h),m)
2.1.2)
c dp’ dq / dmy, s _ 0400 (
= —_— — —_— ——— h
2/R3 p,on(p)/R3 qof(Q) o P 2§0(g,w) (p)e” 2

where the measure dm, is defined as

9%+ 2p*(qu — p;)>

dm = u(p® + a® — 50)S
= u(p’ +q" —p")d( %

We also want to compute the dual representation for the loss term. We start

from the following.

(T'(f, h),m)
/]R3 v /Rs a4 /S2 dw vyf(9) w) (VI (@) @') = v/ T(@)n(p))

/dep/deq /Szd“’ vsf(a) O/ T n@) = /T (@)

Initially, suppose that [, dw |o0(#)| < co and that [, dw 0o(#) = 0. Then, the loss

term vanishes and we obtain

/Rgdp/Rqu/dw vs f(q) w)y/ I (¢ (P

This is the relativistic Boltzmann gain term and its dual representation is shown

above to be the following:

/Ra /R [Ep %80(5g)f(CI)h(p)\/J(Q’)n(p’). (2.1.3)

11




On the geometry EY . (p™ — p*)(q, — p),) = 0 Thus we have g* + §* = ¢°. Note

that
(0" = ¢")(pu — au) = 2™ = " = ¢") (P — qu)
=" =" +p" = ") — P, + 1, — )
= (" = ") (pu —p,) + " — )P, — )
— _g? 4 92.
Since cosf = W, we have that
cosf & ——§2 + §2
77

Define t = =£-+2° Then, we obtain dt = dg( 2+ . Since f dt og(t) = 0, we have

—2+2
[ 0<—§2+@2)@:0
o P+ °\ @2+ '

From the estimation part for the inequality on the set Eg o

we may find a proper

variable w' € H? such that Rf x H? = Ep ,. Then, the integral is now

©°  Aga? —G2 4+ 2
/ dw'/ dg— gg~2 200< _g g ) =0.
B2 0 (9% +3?) 3> +g

Then, we obtain

dm, 500l —5 =5 ) = 0.
g, (G N g+

Therefore by multiplying constant terms with respect to p, we have

/ dm, sa(g,0) 55°®(9)
w0 g sgt®(g)

q—p’

12



Now we subtract this expression from the Carleman representation just writ-
ten for (I'(f,h),n) must equal the usual representation. This will be called the

relativistic dual representation. Thus,
(T(f, h),m)

_ /Rgdp [ / dw vsf(q)h w) (VI @) = T @n®))

I K /E Lp20ls )f( ()

< {h(o)v/T(d) - ;gggg;hm T}

We claim that this representation holds even when the mean value of oy is not zero.

(2.1.4)

Suppose that [, dw |oo(6)| < co and that [, dw 0¢(6) # 0. Define

€

a5(t) = ou(t) = - (®) |

Then, we have f_ll o§(t)dt = 0 vanishing on S?. Now, define

(Ce(f,),m)
— [ v [ da [ dw vt @h@)osteos )V T@e) ~ /T @n(e)
R?) ]R3 SQ
Note that t = cosf. Then,

’<F(f7 h)?ﬂ) - <F€(f7 h)777>|

- /RS dp/R?, dq /S2 dw vy f(q)h(p)®(g) (2.1.5)

1

~(VI(@)n@) — VI (@n(p) ey 6089)1/_ oo(t')dt'|.

1

Here, we briefly discuss some properties under the condition cosf# = 1. By the
definition, we have

cosf =

(P" = "), — q,)
92
13



Thus, if cosf = 1,

' =", —d)=9
= (" = ") Pu — qu)-
Then we have
(" —¢")(p, —pu) = 0.

By the collision geometry (p* — p* )(pL —q,) =0, we have
(" = ") (pu — 1) =5 = 0.

Thus, we get g = 0. Equivalently, this means that

/0

@ =" =" — |~

And this implies that p® = p® and p = p’ because

')? — |p|?

p/0+p0 < ’p/_p|

|p/0 _po‘ —

Therefore, if cos = 1, we have p'* = p* and ¢’* = ¢*. Thus, as ¢ — 0, the difference
term in (2.1.5)— 0 because the integrand vanishes on the set cos = 1. Therefore,

we can call (2.1.4) as the dual representation because if we define

Tyn) ™ [ da [ dwolo.00 0T ~ T,

1ec dq
i) = —< [ X
7h®') p/02/R3q0/E§_p

x {h(p)v/ J(¢')

dm, so(g,0
T22000 1ig

g
_5'e(@)
sg1®(g)

/

h(p' )V J(q)},

14



then

(L(fh)sm) = (Tyn, h)y = (0, Tfh).

2.2 Alternative forms of the collision operator

The collision integral below can be represented in other variables:

/ / / O™+ g" = p =" Alp,q,p)  (2:2.1)
R3 R3 R3 R3

where A has a sufficient vanishing condition so the integral is well-defined.

Here we can write the above integral as one on the set R? x R3 x Eg ', Where
Eg 4 is the hyperplane
By ={p €R*: (0" — ") (D, + ) = O}
We rewrite eq. as

/ /
R R3

where B = B(p, q,p’) is defined as

/5 / —50(g,0)0" (p" + ¢* — p* — ¢")A(p, ¢, 1)

R

= / dO(p*,q")sa(g,0)6W (™ + ¢* — p* — ¢") A", ¢", ")
R4 xR4

where dO(p, ¢'") = dp' *dg' "u(q®)u(p®)d(s — g* — 4)((p* — ¢*)(P* + ¢"*)) and

u(r) =0if r <0 and u(r) = 1 if » > 0. Now we apply the change of variable

—

q" =q" —p".
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Then with this change of variable the integral becomes

b= / do(q", p")so(g, 0)6W (2p" + ¢ — p* — ¢ A", ¢", ")
R4 xR4

where dO(¢", p") = dp' "dg"u(q'y + p°)u(p®)d(s — g* — 4)5(¢" (p" + ¢*)). This
change of variables gives us the Jacobian= 1. Finally we evaluate the delta function

to obtain
B= [ dow)sole. 04 " 5")
R4
where we are now integrating over the four vector p’* and dO(p™) = dp’ *u(q® +

P° = )u(p)d(s — g* —4)o((p* + ¢") (Pu + qu — 2p),)). We conclude that the integral

is given by
B[ 3 7sso(.0)Am.0p) 222
= o(g, .4, 2.
B, 2V
where dm, = dp u(p® + ¢° — p")d (—2\5/5 - ’%) . This is an 2 dimensional
surface measure on the hypersurface Eg;q in R3.

Additionally, we can write the integral (2.2.1]) as one on the set R* x R® x £,

where E;Z’—p is the hyperplane
B, ={qeR*: (p" —p")(p. +qu) = 0}

We rewrite (2.2.1) as

dp dp’
2 ZLp /
/R3 PP /Rs p° (70,7
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where B = B(p, q,p’) is defined as

dq dq’
b= / _0/ =50(g,0)6 (p" + ¢* — p* — ¢")Alp, ¢, )
rR3 @ Jr3 ¢
- /4 L10(¢",¢")s0 (9, 6)0 Y (0" +¢" = p" — ") AW ¢ ")
RAeXR

where dO(¢", ¢") = dg*dg "u(q®)u(¢®)s(s — g> — 4)6((¢" — ¢")(¢" + ¢*)) and

u(r) =0if r <0 and u(r) =1 if » > 0. Now we apply the change of variable

7" =q" —q"
Then with this change of variable the integral becomes

B = / dO(F", ¢")sa(g, 0)6W (p™ + 3 — p") A(p*, ¢*, p™)
R4 xR4

where dO(g*, ¢") = dq "dg"u(7° + ¢°)u(q®)d(s — g% — 4)6(¢*(2¢* + ¢")). This change
of variables gives us the Jacobian= 1. Finally we evaluate the delta function to

obtain
B= [ dole)sole.00A0" " 1")
R4
where we are now integrating over the four vector ¢* and

dO(q") = dg "u(p® — p° 4+ ¢")u(q”)d(s — g — 4)o((p" — p")(2qu + pp — p},)). We

conclude that the integral is given by

dm,
B:/ —Ls0(g,0)Alp, q,p’ 2.2.3
e 00 (223

where drr, = dq u(p® + ¢° — p)d (g + qu(p“Tfp;‘)) . This is an 2-dimensional surface
measure on the hypersurface EZ’*;D in R3.
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We also want to introduce another way of writing the collision operator. The
12-fold integral ([2.2.1)) will be written in 9-fold integral in this section in (p,p’, q)

where we define ¢ as below. We write (2.2.1]) using Fubini as follows

L L L
R3 R3 R3 R3

By adding two delta functions and two step functions, we can express the integral

)W (™ + ¢ — p — ¢")A(p, q, D).

above as follows

=L L

x 50(g,0)0((¢" + ¢")(qu — ¢)8Y (" + ¢* — p* — ¢*)A(p, ¢, D)

/dq / dg™ u(q® + ¢°)u(s — 4)8(s — g° — 4)
R4 R4

where we are now integrating over the 14-vector (p, p’, ¢*, ¢*), u is defined by u(r) =
0if r <0 and u(r) =1if r > 0, and we let g = g(g", ¢*) and s = s(q*, ¢"). We
will convert the integral over (¢, ¢'*") into the integral over ¢* — ¢’* and ¢* + ¢*.

Now we apply the change of variables

“ def n def

=¢"+d" ¢=d"—q"

This will do the change (¢", ¢*) — (q¥, /') with Jacobian = 16. With this change,

the integral I becomes

=L L

X (=4 s, — ¢ g, — 450 (g, 0)6W (" — " — ¢)) A(p,

/R  dag /R dgg u (49)u(—db'gs, —4)0(d¥qy,,)

qs+4q4
5 P
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Then we evaluate the third delta function to obtain

d d / )
I = / D ]?O / gt u(q)u(—qtqs, — )0 (—di'qs,, — 5° — 4)
RrR3 P P R4

O]R3

/ st g
x 3(q! (v}, — p))solg, ) Alp, “,p).

Note that —qtqs, —4 = g% > 0 by the first delta function, and thus we always have

u(—qtqs, —4) = 1. Also, since 5 = §° + 4, we have

w(@d)0(—qtqs, — 57— 4) = u(q))d(—q¥qs, — 5)

w(q?)0((qs°)* — lgs|* — 5)

o 5((]2 Y ’(JS|2 + 5)

NI

Then we finally carry out an integration using the first delta function and obtain

dp/ dp’/ dgs ,
I = & o(a* —
/RS P Jes 77 Jes 210 P 1 5 (¢ (1) — Pu))

qs +4q
X SU(g, 9)14(]9, Tgap/)'

(2.2.4)
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Chapter 3

On the global classical Solutions
to the relativistic Boltzmann

equation without angular cut-off

3.1 Statement of the main results and remarks

3.1.1 Linearization and reformulation of the Boltzmann equa-
tion

We will consider the linearization of the collision operator and perturbation around

the relativistic Jiittner equilibrium state
F(t,z,p) = J(p) + V() f(t, 2, p). (3.1.1)
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Without loss of generality, we suppose that the mass, momentum, energy con-

servation laws for the perturbation f(¢,x,p) holds for all t > 0 as

1
/Rgdp /ngx p | VIWf(tz,p)=0. (3.1.2)
pO

We linearize the relativistic Boltzmann equation around the relativistic Maxwellian

equilibrium state (3.1.1). By expanding the equation, we obtain that

Of +p-Vaof + L(f) =T(f, 1), f(0,2,0) = folz,v), (3.1.3)

where the linearized relativistic Boltzmann operator L is given by

L(f) = = JV2QUNIf) = JPQ(VI )
= [ o [ dwvirto. ) (13T
+ VI = F()VIW) = fF)v J(q’)) J(q),
and the bilinear operator I' is given by

L(f,h) = T PQIVIf, N Ih)
(3.1.4)

- /R3 dq /S2 dw vyo(g,0)\/ J (@) (f(d)h(p) — f(a)h(p)).

Then notice that we have
L(f) = =T(f,V'J) =T(VJ, f).

We further decompose L = N + K. We would call N as norm part and K as
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compact part. First, we define the weight function ¢ = ¢ + (x such that

= (f i -0 575)

(3.1.5)

where

"=,
J

g [ dwvao(e.0)(VT@) VIV

SQ

qu/ dw vyo (g, 6 J(q) — \/J(q/))2

SQ

- /Rs da /Sg dw v0(g,0)(\/J(q) = /I () I (@)

Es)

=

de

= ((p) + Cx(p)-

e,

Then the first piece in I' in (3.1.5)) contains a crucial Hilbert space structure and
this is a similar phenomenon to the non-relativistic case as mentioned in Gressman

and Strain [30]. To see this, we take a pre-post collisional change of variables

(p,q) — (', q) as

.
~ [ v [ da [ dw (o 0)00) = £ TV T
-1 /Rgdp / /Szdw%" 9.0)(f(') — F(p)h)VT( @)/ T ()
—5 [ [ o [ dwvirto.0)() — £6)MG) VT T)
=5 [ [ o [ dwvirlo 000 = @)~ ho) VTV T@),
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Then, we define the compact part K of the linearized Boltzmann operator L as

Kf=Ck(p)f —T(f,V7)
=(r(p)f — g dQ/SQ dw vgo (g, 0)\/ J(q)(f ()N I@) = Fla)/ T (),

where

) [ da [ dwosoto 0)(/T) = VT@DVT@), (317

Then, the rest of L which we call as the norm part N is defined as

Nf =TT, ) - elo)f
= [ da [ dwvaoto )76 = FOINTVT@ + M)

where
) [ dr [ dwosoto 0)(/T) = VT (3.18)

Then, as in (3.1.6)), this norm piece satisfies that

W =5 [ [ o[ dwoseto.0)r6) - 1)V TE)

+ [ el

Thus, we define a fractional semi-norm as

155 [ v [ e [ dw s oto.0)(10) — 1)V T@T@),

This norm will appear in the process of linearization of the collision operator.
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For the first part of the compact piece (K f, f) and the second part of the

norm piece (N f, f), the following asymtotics will be shown in Proposition and

Corollary [4.2.2}

at~y at+y

k@) S %)% and C(p)= (%) 7, (3.1.9)

under our hypothesis on the collision kernel (3.1.10) and (3.1.11) only. They can

be established with the similar machinery as in Section [3.2] 3.3 and Pao [42)]
proved related estimates in non-relativistic case using special function arguments.
This completes our main splitting of the linearized relativistic Boltzmann collision
operator.

We can also think of the spatial derivative of I' which will be useful later. Recall
that the linearization of the collision operator is given by and that the post-
collisional variables p’ and ¢ satisfies and . Then, we can define the

spatial derivatives of the bilinear collision operator I as

aal“(f, h,) = Z C’a’alr(aa—mf’ amh)’

a1 <a

where C, o, is a non-negative constant.

3.1.2 Main hypothesis on the collision kernel o

The Boltzmann collision kernel (g, ) is a non-negative function which only de-
pends on the relative momentum g and the scattering angle #. Without loss of gen-

erality, we may assume that the collision kernel o is supported only when cosf > 0
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throught this paper; i.e., 0 < 0 < 7. Otherwise, the following symmetrization [24]

will reduce the case:

6(97 9) = [U(ga 6) + 0(97 _9)]1c050207

where 14 is the indicator function of the set A.
Throughout this paper we assume the collision kernel satisfies the following

growth/decay estimates:

o(g,0) < (9" + g ")oo(8)
(3.1.10)

a(g,0) 2 (==)g"o0(0)

9
NG
Additionally, the angular function 6 +— o(() is not locally integrable; for ¢ > 0, it

satisfies

<sinf - 0¢(0) <

™
< g 7 €(0,2), VOe (O] (3.1.11)

91+'y

Here we have that a +v > 0 and v < b < % + 7. Note that we do not assume any
cut-off condition on the angular function.

The assumptions on our collision kernel have been motivated from many impor-
tant physical interactions; the Boltzmann cross-sections which satisfy the assump-
tions above can describe many interactions such as short range interactions [22] [43]
which describe the relativistic analogue of hard-sphere collisions, Mgller scatter-
ing [14] which describes electron-electron scattering, Compton scattering [14] which
is an approximation of photon-electron scattering, neutrino gas interactions [15],
and the interactions of Israel particles [35] which are the relativistic analogue of
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the interactions of Maxwell molecules. For explicit representations of the collision
kernels, see Appendix. Conditions on our collision kernel is generic in the sense
of Dudynski and Ekiel-Jezewska [20]. Some of the collision cross-sections of those
important physical interactions have high angular singularities, so the non-cutoff

assumptions on the angular kernel are needed.

3.1.3 Spaces

We will use (-,-) to denote the standard L*(R?) inner product. Also, we will use
(+,-) to denote the L*(T? x R?) inner product. As will be seen, our solutions depend

heavily on the following weighted geometric fractional Sobolev space:
17 (] € () : |flinn < o0},
where the norm is described as

|fFen =

@) = fP)? o oy
flia, Jr/RS dp/RS dp 7 ("p") T 1<

aty
2

where g is the relative momentum between p* and p* in the center-of-momentum

system and is defined as

9=90"p") = \/(p’“ — ") (P, = Pu)

= \/2(=p"pu — 1) = V2(0p° —p/ - p = 1).

(3.1.12)
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Here, we also define another relative momentum between p* and ¢ as

§=g0".a") = /(0" — a*) (v} — 4,)

= /2~ 1) = V2P —p g~ D).

Note that this space I*7 is included in the following weighted L? space given by

aty

s, [ o ) F 1P

p° is a convenient notation, but we do not include the speed of light as a parameter
in our norms as we normalize the speed of light ¢ = 1 throughout this paper.
The notation on the norm |- | refers to function space norms acting on Rg only.

The analogous norm acting on T3 x R is denoted by || - ||. So, we have

1o = A1 f Lroo |12 0ns)-

The multi-indices a = (o', a?, a®) will be used to record spatial derivatives. For
example, we write

aoc — 60(1804260(3

w1 Uy Uy -
If each component of « is not greater than that of «ay, we write a < ay. Also,
a < ap means a < o; and |af < |a;| where |a| = oy + a2 + as.

We define the space HY = HY(T? x R?) with integer N > 0 spatial derivatives

as

11 = 1w poscrsy = D 101 Fa(rswnoy-

lo|<N
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We sometimes denote the norm || f|[3~ as || f]| for simplicity.

We also define the derivative space Iy (T? x R?) whose norm is given by

Hf”%‘ﬁ = Hin‘iﬂ(T?’xH@) = Z Haaﬂﬁm(ﬁxﬂ@)-

lo|<N

Now, we state our main result as follows:

Theorem 3.1.1. (Main Theorem) Fix N > 2, the total number of spatial deriva-

tives. Choose fo = fo(z,p) € HN (T3 x R?) in which satisfies (3.1.9). There

is an 1y > 0 such that if || fol| g~ s xrsy < 10, then there exists a unique global strong
solution to the relativistic Boltzmann equation , in the form , which

satisfies
f(t,z,p) € L([0,00); HY(T? x R*)) N L7((0, 00); INY(T? x R?)).
Furthermore, we have exponential decay to equilibrium. For some fixed \ > 0,

O raxreyy S €] fol v roxrs))-

We also have positivity; F = J +VJf >0 if Fy=J+\Jfy > 0.

3.1.4 Remarks and possibilities for the future

Our main theorem assumes that the initial function has at least N spatial deriva-
tives. The minimum number of spatial derivatives N > 2 is needed to use the
Sobolev embedding theorems that L>(T3) > H?(T3). Note that if the number
of spatial derivatives is N > 4, the strong solutions in the existence theorem
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are indeed classical solutions by the Sobolev lemma [23] that if N > 1+ § then
HN(T?*xR3) C CY(T3xR3). For the lowest number of spatial derivatives, N > 2, we
obtain that the equation is satisfied in the weak sense; however, the weak solution is

called a strong solution to the equation because we show that the solution is unique.

Cancellation estimates. Here we want to record one of the main computa-
tional and technical difficulties which arise in dealing with relativistic collisions.
While one of the usual techniques to deal with the cancellation estimates which
contains |n(p) —n(p’)] is to use the fundamental theorem of calculus and the change
of variables in the non-relativistic settings, this method does not give a favorable
estimate in the relativistic theory because the momentum derivative on the post-
collisional variables and creates additional high singularities which
are tough to control in the relativistic settings. Even with the other different rep-
resentation of post-collisional variables as in [25], it is known in much earlier work
[27] that the growth of momentum derivatives is large enough and this high growth
prevents us from using known the non-relativistic method from [31]. It is also worth
it to mention that the Jacobian which arises in taking the change of variables from
ptou=0p+(1—0)p for some 6 € (0,1) has a bad singularity at some 6 = 0(p, p’).
Even if we take a non-linear path from p to p’, the author has computed that the
Jacobian always blows up at a point on the path and has concluded that there

exists a 2-dimensional hypersurface between the momentums p and p’ on which the
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Jacobian blows up. We deal with this difficulty by isolating the term |n(p) — n(p')|
in one integral in the sense of the Cauchy-Schwarz inequality and bounding the
integral from above in terms of the norm ||~ and the extra factor 2’%, which is

a favorable factor for the case £ > 0. See Section [3.3

Non-cutoff results. Regarding non-relativistic results with non-cutoff assump-
tions, we would like to mention the work by Alexandre and Villani [10] from 2002
on renormalized weak solutions with non-negative defect measure. Also, we would
like to record the work by Gressman and Strain [29] [30] in 2010-2011. We also want
to mention that Alexandre, Morimoto, Ukai, Xu, and Yang [4, @, [7, [8, [9] obtained a
proof, using different methods, of the global existence of solutions with non-cutoft
assumptions in 2010-2012. Lastly, we would like to mention the recent work by the
same group of Alexandre, Morimoto, Ukai, Xu, and Yang [5] from 2013 on the local
existence with mild regularity for the non-cutoff Boltzmann equation where they
work with an improved initial condition and do not assume that the initial data is
close to a global equilibrium.

We also want to remark that Theorem is the first global existence and
stability proof in the relativistic kinetic theory without angular cutoff conditions

and this solves an open problem.

Future possibilities: We believe that our method can be useful for making
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further progress on the non-cutoff relativistic kinetic theory. Note that our kernel
assumes the hard potential interaction. We can use the similar methods to prove
another open problem on the global stability of the relativistic Boltzmann equations
for the soft potentials without angular cutoff. We will soon address in a future
work the generalization to the soft potential interaction which assumes —b+ v < 0
and —% < —b+ v in a subsequent paper [36]. For more singular soft potentials
—b+~v < —%, we need to take the momentum-derivatives on the bilinear collision
operator Jgl’ which is written in the language of the derivatives of the post-collision
maps of and and the estimates on those terms need some clever
choices of splittings of kernels so that we reduce the complexity of the derivatives.
This difficulty on the derivatives is known and expected in the relativistic kinetic
theory, for the representations of the post-collisional momentums in the center-of-
momentum expression in and contain many non-linear terms.
Furthermore, we expect to generalize our result to the whole space case R2 by
combining our estimates with the existing cut-off technology in the whole space.
It is also possible that our methods could help to prove the global existences and

stabilities for other relativistic PDEs such as relativistic Vlasov-Maxwell-Boltzmann

system for hard potentials without angular cut-off.
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3.1.5 Outline of the article

In the following section, we first introduce the main lemmas and theorems that are
needed to prove the local existence in Section (3.6}

In Section |3.2] some size estimates on single decomposed pieces will be intro-
duced. We start by introducing our dyadic decomposition method of the angular
singularity and start making an upper bound estimate on each decomposed piece.
Some proofs will be based on the relativistic Carleman-type dual representation
which is introduced in the Appendix. Note that some proofs on the dual represen-
tation require the use of some new Lorentz frames.

In Section[3.3] we estimate the upper bounds of the difference of the decomposed
gain and loss pieces for the k£ > 0 case.

In Section [3.4] we first split the main inner product of the non-linear collision
operator I' which is written as a trilinear form. Then, we use the upper bound
estimate on each decomposed piece and the upper bound estimates on the difference
terms that were proven in the previous sections to prove the main upper bound
estimates.

In Section [3.5] we use the Carleman dual representation on the trilinear form
and find the coercive lower bound. We also show that the norm part (Nf, f) is
comparable to the weighted geometric fractional Sobolev norm | - |;.

In Section [3.6, we finally use the standard iteration method and the uniform

energy estimate for the iterated sequence of approximate solutions to prove the
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local existence. After this, we derive our own systems of macroscopic equations and
the local conservation laws and use these to prove that the local solutions should
be global by the standard continuity argument and the energy estimates.

In the Appendix, we derive the relativistic Carleman-type dual representation
of the gain and loss terms and obtain the dual formulation of the trilinear form

which is used in many places from the previous sections.

3.1.6 Main estimates

Here we would like to record our main upper and lower bound estimates of the inner
products that involve the operators I', L, and N. The proofs for the estimates are

introduced in Section [3.2] through [3.5]

Theorem 3.1.2. We have the basic estimate

(LR ml S 1 leelhlrz Inlres
2

Lemma 3.1.3. Suppose that |a| < N with N > 2. Then we have the estimate

[ QTS5 1), 0%n) | S ([~ ([P g [10% ]| e

Lemma 3.1.4. We have the uniform inequality for K that

(K S, )] < €lflfes + Cel 172

where € is any positive small number and C. > 0.
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Lemma 3.1.5. We have the uniform inequality for N that

[N NS 11T

Lemma 3.1.6. We have the uniform coercive lower bound estimate:

(NS ) 2N f e
Lemma and Lemma together implies that the norm piece is compa-
rable to the fractional Sobolev norm /%7 as
(N ) 2 | flfon

Finally, we have the coercive inequality for the linearlized Boltzmann operator

L:

Lemma 3.1.7. For some C > 0, we have

<Lf7 f) Z ‘fl%a,'y - C|f|%2

Note that this lemma is a direct consequence of Lemma [3.1.4] and Lemma [3.1.6

because L = K + N.

3.2 Estimates on the single decomposed piece

In this chapter, we mainly discuss about the estimates on the decomposed pieces of
the trilinear product (I'(f, h),n). Each decomposed piece can be written in two dif-
ferent representations: one with the usual 8-fold reduced integral in [ dp [ dq [ dw
and the other in Carleman-type dual representation as introduced in the Appendix.
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For the usual 8-fold representation, we recall (3.1.4)) and obtain that

(T (1))
_ / dp / g / dw v,0(g,0)n(p)v/T(@) (F()h(@) — F(@)h(p))

:T+—T,

where the gain term 7', and the loss term 7_ are defined as

T, (f.hn) def/ddp/gdq/Szdw ve0(g,0)n(p)\/J(q) f(d
R R
def/ dp/ dq/ dw vyo(g,0)n(p)\/J(q)f(q
R3 R3 s2

In this chapter, we would like to decompose 7', and 7T_ dyadically around the
angular singularity as the following. We let {xx}?2 . be a partition of unity on
(0,00) such that |x;| < 1 and supp(xx) C [27%71,27%]. Then, we define o,(g,0) =
o(g,0)xx(g) where § = g(p*,p™). The reason that we dyadically decompose around

g is that we have 6 ~ % for small §. Then we write the decomposed pieces T% and

TF as

T (f. hym) deffsdp/gdq/ dw vgor(g, 0)n(p)\/ J(q) f(d
R R

Tk (f,h,n dEf/ dp/ dq/ dw veok(g,0)n(p)v/ J(q) f(q
R3 R3 s2

For some propositions, we utilize the Carleman-type dual representation and

(3.2.1)
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write the operator 7', on the set Eg_p, as

rina =S [ B [ S [ ST ),

g3 P R3 P°

—p/

where the set Ef;fp, is defined as (2.1.1) in the Appendix. We also take the dyadic

decomposition on those integral above. Then, we define the following integral

det C dp’ , d
T o) 2 / P o) / @) /E —w M), (322)

3 p/O

where

def

~ et S0(g,0)

Gr = (@),  a= gl "), 7= g™, q").

Thus, for f,h,n € S(R?), where S(R?) denotes the standard Schwartz space on R3:

k=—o00

Now, we start making some size estimates for the decomposed pieces T% and Tf.

Proposition 3.2.1. For any integer k, 1, and m > 0, we have the uniform estimate:

!Tf(ﬁhm)l52k7|f|L2_m|h|L'g nlez, - (3.2.3)

a+’y

Proof. The term T* is given as:

T5(f, h,n) /Rddp/Rddq/Sdeak g, w)vs f(q)h(p)\/ J(@)n(p (3.2.4)

where ox(g,w) = o(g,w)xx(g). Since cosf = 1 — 23—;, we have that g = gsin g.

Therefore, the condition g ~ 27* is equivalent to say that the angle  is comparable
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to 27%g~1. Given the size estimates for (g, w) and the support of x, we obtain

/ dw o4 (g,w) S (" +g7) / dw oo(cos 0)xx(7)
S2 S2
27}6971

<(g*+g7" / dfoysin 6
2

7k71g71

b S 1
S(9"+9g do

,kflg,

(3.2.5)

S (" +g 2"y

Thus,

TRl 27 [ dp [ dala™ g el @B T@ o)

def

=1 + Is.

Here, I; and I, corresponds to g**7 and ¢~**" part respectively. Note that a+~ > 0

and —b+ v < 0. We first estimate I;. Since g S /p%¢® and v, S 1, we obtain

a+’y
1152'”/3dp/3dQ(p0q Q)||h(p)|\/ T (q)n(p)
R R

By the Cauchy-Schwarz inequality,

w2 ([ dp [ da PGPV T

N[

X (/RS dp [n(p)P(") /RS dqr/T(q)(¢°)"" )2 e
Since s dg\/J(q)(¢°)""" =~ 1, we have
2 ([ ap [ dg QPP T 6 )}
<[ o))} (3.2.7)

S2flp2,, Bl g2

a+w

\n]Lz for my; > 0.

37



For 15, we have

=2 [ dp [ dog @I T@

Since g > drzal apq —b+ v < 0, this is

\/p0q°
I, $ 2% /3 dp/3 dq p — a7 (0°¢°) = 1 £ (@) |h(p) [/ T (@) In(p)
R R

With the Cauchy-Schwarz inequality,

([ dp [ dalr@PInG)PVI@E) T 6 )
><(/Rgdpln(p)l2(p0)l( " (p /dqx/ q)lp — )z,

Since [gs dgr/J(q)|p — q|™ = (p°)™ if m > —3 and 2(—b+~) > —3, we have

1

([ dp [ dalr@PIG)PV It T @)
x ( / dp In(p) ("))

52’”|f|L2 |h|L2 |77|L2 for some my > 0.
3 (=b+ 5 (—b+7)

This completes the proof. n

Before we do the size estimates for Tf terms, we first prove a useful inequality

as in the following proposition.

Proposition 3.2.2. Suppose that the set Ep s defined as in . On the set

Ep

g—p» WE have that

dm e N_9_ B qo
/ —5-9(0) 7 x(9) S 274 (3.2.8)
EP D p



where dm, is the Lebesque measure on the set Ef]’_p, and is defined as

9>+ 2p"(qu — pD)
27 ’

dm, = dpu(p” +¢" — p’”)é(
where § is the delta function in four variables, and u(zx) = 1 ifx > 1 and 0 otherwise.
Proof. We first introduce our 4-vectors p* and p* defined as

P =p" —p" and p" =p* — ¢".

Then, notice that the Lorentzian inner product of the two 4-vectors are given by

7D, =g and §'p, = §°.

Similarly, we define some other 4-vectors which will be useful:
P = pt + p* and p* = p'* + ¢
The product is then given by
—p"p, =s and —p''p, =5

Note that the four-dimensional delta-function occuring in the measure is derived

from the following orthogonality equation

" = ") pu+q,) =0

which tells that the total momentum is a time-like 4-vector orthogonal to the space-
like relative momentum 4-vector. This orthogonality can be obtained from the
following conservation laws

P gt =t g
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We start with expanding the measure as

e dmp ., _\_o_
= / —£5(9) 7> " xk(9)
ngp’ p
d G 420" (4 = P\ o o
= [ Bt + o =6 ( ) 0 )
R3 P 29

where u(x) =1 if > 1 and 0 otherwise.

Here, the numerator in the delta function can be rewritten as

7+ 2p"(qu — p),)

= (¢" —p" +20")(qu — P,,)

= ¢"qu + ", — 20" qu + 2p"q. — 29D,
= 2(p"p, — p"qu + p"q — P'P,)

=2(p" — ") (P, — qu)-

Now, define p = p — p’ € R? and p° = p® — p'® € R. We denote the 4-vector
p* = (p°,p) = p* — p'*. We now apply the change of variables p € R? — p € R3.
Note that our kernel I will be estimated inside the integral of [ % i Z% in the next
propositions and this change of variables is indeed (p',p) — (p/,p) = (p/,p — P').

With this change of variables the integral becomes

_ dﬁ 0 0 ﬁu(p,/u B q#) —\—2—7 =
I = /RS 53 0 u(p” +q )5(T>(g) Xk (9)-

The remaining part of this estimate will be performed in the center-of-momentum
system where p + p’ = 0; i.e., we take a Lorentz transformation such that p* =
(v/3,0,0,0) and p* = (0,p) = (0, Px, Py, P»)- (This technique is similar to the ones
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found in [14] and [49].) Note that this gives us that |p| = g. Also, we choose the
z-axis parallel to p € R®. Then, we have p, = p, = 0 and p, = §. Additionally, we

introduce a polar-coordinates for p, taking the polar-axis along the z-direction:

P = |p|(sin 6 cos ¢, sin 6 sin ¢, cos ).

Note that g and the measure ]ﬁ’;w are Lorentz invariant because

dp
130 + pIO

=2dp"u(p’ + p°)6 (9P, + 20"p),)

=2dp"u(p’ +p*)o((P" + ") (B + p},) + 1)

and these are Lorentz invariant. Then the measure of the integral is now
dp = [p|2d|pld(cos 6)de = g2dgd(cos 0)do

We now write the terms in the delta function in these variables and perform the

integration with respect to cos. The delta function is now written as

2 ~2

5(%) = 5(2|p||ﬁ| COSQ) g d(cos ) = 9—5(6086).

G2 g ~ 2|pl|p] ~ 2glp’ — ¢

After we evaluate the integral by reducing this delta function, we obtain that our

integral is now

~2 ~2 o]

o _ g g _N—1— _
I=/ dg(g)” "xx(g - = dg(g)” "xx(9)-
0 (9) ( )2p“kﬂp’—-q\ 2p°1p" —4q| Jo (@) @)

We recall the inequality that § < |p’ — ¢| and that § < /p°¢°. Using this

inequality and the support condition of y, we obtain that the integral is bounded

I < £ - d—(—)flfv (9) < ok q_o
~ p/o 0 g g Xk g ~ p/o'
41
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This completes the proof for the proposition. n

We are now ready to estimate the operator Tj‘f. This is more difficult and requires

more refined techniques because it contains post-collisional momentums.

Proposition 3.2.3. Fiz an integer k. Then, we have the uniform estimate:

ITEC, hem)] S 29 f Lzl Pl e

a+’Y

7|2 (3.2.9)

a+’Y

Proof. By taking a pre-post change of variables, we obtain from (3.2.1)) that the

term Tf is equal to

Tk (f, hym) / dp/ dq/ dw oi(g,w)ve f(q)h(p)/ (¢ )n(p (3.2.10)
r3  Jr Js2
where o (g, w) = (g, w)xx(g). Thus,

TE(f, hym)]

S [ [ da [ dwie+ g sowa @l @RI TD )

def

=1 + I».

Here, I; and I corresponds to ¢® and ¢~ part respectively. We estimate I, first.

By the Cauchy-Schwarz inequality;,

1

0 /
s ([ [ da [ aw o208 P Tn) )
( / dp / Iq / dw vsg~"00xk(8)g~ @) P/ T@) () )
R3 R3 S2

= [21 : I22-
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For I, we split the region of p’ into two: p"¥ < %(p0 +¢°) and p° > %(po +q°).
If p° < 10° 4+ ¢°), " 4+ ¢° — ¢° < 3(p° + ¢°) by conservation laws. Thus,

—¢° < —1(®° + ¢°) and J(¢') < \/J(p)\/J(q). Since ( (=b+7) < 1 and the

exponential decay is faster than any polynomial decay, we have

S /T(g) < 7))

for any fixed m > 0.

On the other region, we have p > Z(p° + ¢°) and hence p” ~ (p° + ¢°) because
P < (0°+¢%).

Also, we have (p0)2(-0t7) < (p9)2(=0+7) because —b + v < 0. Thus, we obtain

1
(=b+7) \/— 5 —b+7)

Note that oo(f) ~ 6777 = (%)_2_7 because opsinf ~ #~1=7 and cosf = 1 — 25—3.

Similarly, we have that oo(f) ~ (%)*2*7. After computing dw integral as in (3.2.5

in both cases above, we obtain

g ([ o [ S @R PTG )

< ([ [ a2 1r@PnmPe) >)

S22 7 |fle2|hlr2

N

—biy

by the Cauchy-Schwarz inequality.
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Now we estimate I,. Note that v, = go—\gi. Then, by (3.2.5

b— v
Izz—(/ dp/ dq/ dw vyg~ooxk(9)g " In(p) >/ I (@) (P"°) )
R3 R3 S2
1
.\ 2
( [an] s 2’w ) '>|2\/J<q'><p'°>bz)
R3 R3

By a pre-post change of variables, we have

g /7
[22 N (/RS dp / dq/ /(}//_0 k~y 2( b+’y ‘ /0 )

Since g(p™, ¢'*) < 24/p0¢° and s = g + 4, we have

gVs _ 9" @)V g

plO q/O o p/() q/O

U¢:

Since g > Z=2L and —b+ v < 0,

Nl

I a [ dy 2’”p_q’2 bﬂ PPV I(@) (")
2 S - P - q (p0g0) b+
Note that (¢°)*=7\/J(¢") < +/J*(¢) for some o > 0. Thus,

s J ) \*
Lo < d l2k’y N2 (,./0 g(b—’y)/ d /
2 S (/}Rg " 2% ()" (") I e
< ( [ a0 2 P ) “’*”)2
R3
‘77|L2

bty
=ty

Together, we obtain that

I 5 2’”|f|L2|h|L2 |77|L2
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Now, we estimate I;. By the Cauchy-Schwarz inequality,

s ([ o [ o[ oo O g o TGN )
% (/W dp /R3 dg /s2 dw vyg°ooxk ()7 h(P) P/ T (@) (P°)

= [11 ' [12-

=

D=

w7
2
N———

For I,5, we first take a pre-post change of variables and use the Carleman dual
representation as in the Appendix. Note that ¢ ~ g and s ~ 5 on the set
E?_, because the identity on the set g> = g* + g% gives g 2 §* and the assumption
that oo vanishes for 6 € (7, 7| gives cos# > 0 which hence gives g% < 23°. Also, we

recall that o¢(0) ~ 07277 ~ (3) 277, Then we use Proposition to obtain
112 (/ / 2k7~ ~2a+27|h | \/_ /0 \/_0)
~ \Jre 97 Jre
We further use § < /p9¢° and 5 < p°¢° to conclude that

I 5 (QM/RSdp ") h)? /Rgdq ()t J@)

<2 2 |2

a+’Y

(NI

For Iy, we split the region of p/ into two as before: p° < L(p° + ¢°) and
P > (0% + @), I p° < 3(0° + ¢°), we have that —¢° < —3(p” + ¢°) and

q) < +/J(p)\/J(q). Then we obtain

aty

for any fixed m > 0. On the other region, we have p© > %(po + ¢°) and hence
p° = (p°+¢°) because p < (p°+¢°). In this case, we have \/@(po)‘”% < (p/O)%"/Jrl
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because a + v > 0. Thus, we obtain

In both cases, we obtain that

n s ([ o [ o [ oD )P0 )

By the Carleman dual representation as in Appendix, the last upper bound is

GLYw L3 LpCm”g?ﬁfﬂ<n|<n<fﬂ“WVaémzu>

§>+2p* (q.—p),)
2g

[V

where dm, = dp - u(p® + ¢° — p) - 5(
Note that o9(f) = 67277 ~ (£)7>"" and g ~ § on the set £}

By the inequality (3.2.8) and s ~ 5 < p'%¢", we have

iy s ovald) L [ dry e ot
[ Tt o [ Bt ae)s S 200

q—p

Then, we obtain
Ill < / / /)|2(p/0) [HW 2k7p/0q0>%

ﬂWL@%fﬂmn@mmm% (3:2.12)

ky
S22 | fleelnlez,
=

by the Cauchy-Schwarz inequality. Thus,

I3 2]”|f|L2|h|L2 |77|L2

This completes the proof. O
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3.3 Cancellation with hard potential kernels

Our goal in this section is to establish an upper bound estimate for the difference
T J’f — T* for the case that k > 0. We would like it to have a dependency on the
negative power of 2¥ so we have a good estimate after summation in k. Note that
k > 0 also implies that g < 1.

Firstly, we define paths from p’ to p and from ¢ to ¢. Fix any two p,p’ € R3

and consider « : [0,1] — R? given by
k(0) = Op + (1 —0)p'.
Similarly, we define the following for the path from ¢’ to ¢;
Kg(0) = 0g + (1 - 0)q.

Then we can easily notice that x(0) + k,(0) =p' +¢ =p+q.

We define the length of the gradient as:

IV|'H (p) = max sup

0<5<s Ix|<1

(x-V)'H(p)|, i=0,12, (3.3.1)

where y € R? and || is the usual Euclidean length. Note that we have |V|'H = |H|.
Now we start estimating the term |7 —T*| under the condition g < 1. We recall

from (3.2.4) and (3.2.10) that [(TF — T%)(f, h,n)| is defined as

(TF = TE)(f. )l

/]R?’ o /Rs dq /S2 dw o(g, w)vs f (@) T (@ n(p') = /T (@)n(p))
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The key part is to estimate |/ J(¢")n(p’) — /J(@)n(p)|.

We have the following proposition for the cancellation estimate:

Proposition 3.3.1. Suppose 1 is a Schwartz function on R3. Then, for any k > 0

and for 0 < v < 2 and m > 0, we have the uniform estimate:

(T = TE)(f, hm)]

B (=3)
<20 2)k|f|L3m|h|L2a#|77|L3L+T7 +22 k|f|L2,m|h|LiF|77|I“’“"

We observe that the weighted fractional Sobolev norm |7« is greater than or

equal to |n| 2, Therefore, the direct consequence of this proposition is that
2

(v—

3)
= Y f Lz, Akl (0lren. (3.3.2)

(T = TE)(f. hym)| S max{2072F, 2

Proof. Note that 0 < v < 2. We want our kernel has a good dependency on 2% so
we end up with the negative power on 2 as 200=2* Note that under § < 1, we have
P ~ p? and ¢° ~ ¢°. Thus, it suffices to estimate \/J(¢)n(p") — +/J(q)n(p) only.

We now split the term into three parts as

V(@) = VI (@)n(p)
=V J(¢)(n(@) — n(p)) + n(p) <\/J(C]') — V(@) = (VVI) () (d — Q))

+n(p) ((Vﬁ)(Q) (d - Q)>

=1+ IT + III.

(3.3.3)
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We estimate the part II first. By the mean-value theorem on v/J, we have

VI@) = VI(@) = (d = q) - (VVI)(rg(61))

for some 6, € (0,1). Now with the fundamental theorem of calculus, we obtain

01
(VVT)(ka(01)) — (VVT)(g) = ( D(vﬁ><f~eq<e'>>de') (1) — ).

0
where D(V+/J) is the 3x3 Jacobian matrix of Vv/.J. With the definition on |V|

from (3.3.1), we can bound the modulus of part I by
01
1< ool al| ([ DTV 00)08") - (1) = )
01
< !n(p)IIQ'—QHHq(Gl)—ﬂ/ MRZICA (3.3.4)
0
01
<l o [ IVPV I (0))a
Note that |V|>VJ < v/ J and that |¢ — q] < 9(¢" ¢*")\V°¢° = §/°¢° =~

275 /%0, Also, we have that (¢°¢°)VJ(r,(0")) < (J(q)J(¢')) for sufficiently
small e. Thus, the estimate for the integral with this kernel II follows exactly the
same as in the proposition for |[T%| as in , , and (3.2.7)), and we get the
first term in the right-hand side of the proposition.

For part ITI, we consider the integral (7% ;;; —T* ;1) in the center-of-momentum
frame p + ¢ = 0 with the Lorentz transformation A such that A(p* + ¢) =

(1/5,0,0,0)" where we recall that s is defined as in (1.2.1). We recall that the
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. k k . .
difference (TY j; — 1% ) is given as

(T% 110 = T r)

def/ dp/ dq/ dw vgoy(g, w) f(q p) (VA J (¢ —q) (3.3.5)
R3 R3 S2

[ dp dq

= R3@h(p)n(p) — flq ) dw gv/soi(g, w) (Vv J(

R3 ¢

By writing (p — p') - (VV/J)(q) as
(p—7) (VVI)(g) = ®" —p")(VV).lq)

with (V/J)"(¢) = (0, (Vv J)(q)), we observe that the integrand and the measures
are Lorentz invariant. Also, note that our cosf which was defined in is now

redefined as
AP =", —a) _ B
92 P

cosf = -w

where p is defined by A(p* — ¢*) = (0,p)" and we have used g = |[A(p" — ¢")| = ||
Then the symmetry of o with respect to w around the direction % forces all
components of p — p’ to vanish except the component in the symmetry direction.

Therefore, we may replace p — p’ with

in the expression for (p —p') - (Vv/J)(q). Since we have (p* — p™)(p!, — q,) = 0, the

“w

vector further reduces to

5@ =" —1) g
P g '

S
s

50



Hence we obtain

S 2—21@9—1'

Thus we must control the following integral

22 [ o) [ S0 [ dv oo ul(VIVI@). (339

3P

Note that /s < p°¢®. Thus, we obtain that

|T-|]f,IH - Tf,IH' 5 20 2)k|f|L2 |h|L2

a+"/

|77|L2

a+’Y

by following exactly the same argument as in (3.2.5)), (3.2.3)), and (3.2.7)).

For the part I, we define 7(p, p’) = n(p') —n(p). Since g < 1, we have ¢° ~ ¢’° and
this gives that there is some uniform constant ¢ > 0 such that \/J(¢') < (J(q))°.

Thus, we have

T8, =T <

/nwdp/ dq/S dw vyor,(g, w) f (@) h(p)ii(p, )/ J (¢)

R3 2

L)

<

[ dw ol ) F @M@ 0)|

2

=

Now, we use the Cauchy-Schwarz inequality and obtain

il < ([ [ o [ vt wlsFRR <>>) o

X (/R3 dp/RB dq/S2 dw v¢ak(g,w)Wp’p,)lQ(J(q))c) 3

The first part on the right-hand side is bounded by 2% |flzz [hlee " for some m > 0
2
as in (3.2.6) and (3.2.7). For the second part, we rewrite this 8-fold integral as the

o1



following 12-fold integral:

/RS w /R3 4 /Sz dw vgor (g, w)|n(p,p')[*(J(q))°

/ dp/ dCI/ dp/ dq' so(g,w)xx(9)|7(p, p)|?
R3 R3 R3 R3

x (J(q))6W (" + ¢" — p" — ¢").

Asin , we reduce this integral to the integral on the set Eq , as the following;:

/ dp / dq / ay / dq' s0(g,w)xx(3)|ii(p, )2
R3 R3 R3 R3

x (J(q))6W (" + ¢" — p" — ¢*)

dp/ dp // dmy, e Ao .
— sol(g, , J
LS L] e (9.0)%(0) 0. )"0 (@)

p/

W 7 o
N, 0?5, .
g,0 PSP &8+ (g
/]1{3 p° /]Ra 0 /E;, . 29(] )Xk(g) g3+ g ( (Q))

3 dp p/ dm _ ﬁpap, 2 c
< 276+ /_/— /E —%scf(g,e)xk(g)‘(gs—ﬂ”(t](q)) lo<i

P Jrs p ,png

HEH) [n() = np)I? ot
' /R /1[@3 /Eq 2gq g,Q)X (g) L(—]3+,y (J<Q)) 1g§1-

By following the proof of Proposition in the different Lorentz frame ¢+ p’ = 0

-\ T2
and recalling that o(g,w) < (g% + g %) oo(w) =~ (g* + g7°) (g) , we obtain

a+'y

1 dm,
— c <L 2k7 /0
T ., e WO £ 276

Therefore, the second part of the right-hand side of (3.3.7)) is bounded above by

(/RS v /Rf‘" dq /sz dw w50 (g, w)lﬁ(p,p’)IQ(J(Q))c) %

0 /0 oty In(p') — U(P)‘z _3k
(/RB P /Rs 'y g* lg<i ) <272 s
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Therefore, we finally obtain that

(v—3)

‘T—&]:I - T]—C,I‘ <27z k‘f‘LQ_m’h’L’iﬂWlm-
2

Together with the previous estimates on part II and III, we obtain the proposition.

]

3.4 Main upper bound estimates

In this section, we finally establish the main upper bound estimates with the hard
potential collision kernel.
We first make an upper bound estimate for the trilinear product (I'(f, h),n).

We consider the dyadic decomposition of gain and loss terms as the following.

o0

k=—0c0 (341)

=5 + S
We first compute the upper bound for the sum S;. In this sum, we note that

k>0 and 0 <y < 2. Then, by (3.3.2)), we obtain

> _ (y=3)
|S2|S,kzrn&u{{T7 Dk 273 ’“}IfILz_mlh!inylnhw
=1

S |f’L2_m’h’L2a+7 11| 7e.n-
2
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For the sum S, we note that 22:700 287 < 1. Then, by 1} and (3.2.3)), we

obtain that

0
151 S Z 2k7|f’L%m’h’L2 7] 2

aty aty
k= —o00 2 2

5|f’L3m’h’L2 7l L2

aty aty
2 2

Thus, we can collect the estimates on S; and Sy and conclude that

(TR, m S ez, Bl [nlea (3.4.2)

This proves Theorem |3.1.2, Note that this immediately implies Lemma by
taking the spatial derivatives on the functions.
Here we also would like to mention a proposition that is used to prove other

further compact estimates. Let {ej}}%, consist of the following elements:

, (%ﬁ) . (343)

1<i<3 1<i<;j<3

V7, (%’ﬁ) VI (nVd)
p 1<i<3
We will see in (3.6.8) that this is the basis for the hydrodynamic part Pf.

Proposition 3.4.1. Let {e¢;}}2, be the basis for the hydrodynamic part Pf defined

as in . Then we have that

(Tl f). M| |f\L2;%l|h|1am (3.4.4)
and that
’<F(f> el)a h)’ Sj ‘f‘L2|h|1a7“/' (345)

Additionally, for any m > 0, we have

‘(F(fa h)ael>‘ ,S |f’L2_m|h’L2_ .

m

(3.4.6)
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Proof. For (3.4.4)), we expand the trilinear form as in and the proof follows

the same lines as the proof of (3.4.2)). Here, we use Sobolev embeddings on the L2-
norm of ¢; to bound it by L*°-norm with some derivatives which are also bounded
uniformly.

For (3.4.5)), we write the trilinear form as the sum

oo -1
fael :Z f?ela )+ Z (Tf_Tﬁ)(ﬁ@lﬂ?)
k=0 k=—00
£S5+ 9.

For the sum S, we obtain from ([3.2.3)) and (§ - ) that
TE(f erm)| + | TE(f e, m)] S 2% flezlnlee
aty

On the other hand, if £ > 0, we observe (3.3.2]) and obtain that

)

(TF = TH)(f,er,m)| S max{2072% 272 F} £l 12 |nfjen.

This gives the upper bound for the sum Sy since 0 < vy < 2.

Lastly, we prove (3.4.6). We write the trilinear form as the sum

-1

(D(f ) en) = Y (TE = TE)(f hoe) + Y (TE =T (f,hye)
k=0 k=—00
=5+ Se.

If ¢; is defined as in , then both Tk and T* have rapid decay in both p and ¢

variables in (3.2.10]) and (3.2.4)). By applying Cauhy-Schwarz inequality, we obtain

T by en)l + I TECf by el S 290 flpz Rlie

%)



and this gives our upper bound for S;. For Sj, we note that e; has rapid decay

because |e;(p)| < p°+/J(p) < J(p)z79 for any choice of ¢; in the basis and

for sufficiently small € > 0. Then, instead of decomposing the cancellation term as

in (3.3.3), we do the following decomposition:

J(@e®) — VI (d)elr)
=V J() (@) —alp) = (Ve)p) - (0 —p))
+alp) (VIW) = VI@) = (VWD) - (4 ~ )
+VI(@)(Ve) D) - (0 = p) +e)(VVI)() - (¢ — q)

def

=D1+ Dy + D3+ Dy.

We follow the part II estimate as (3.3.4)) for Dy and Dy, and we follow the part III

estimate as (3.3.5)) for D3 and Dy. Then we obtain that for any m > 0
(TF = TE)(fohyen)] S 2072 fl2 |hlp2

for k > 0 case. We use this for getting the upper bound for S; because v — 2 < 0.
This complete the proof.

]

Note that (3.4.4) implies Lemma Also, this proposition further implies

the following lemma:

Lemma 3.4.2. We have the uniform estimate

(ORISR IZES (3.4.7)
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We obtain this lemma from ((3.4.5)) and the estimate on (x(p) as in (3.1.9). Note
that this lemma implies Lemma [3.1.4] by letting h = f. More precisely, we use that

the upper bound of the inequality in the lemma is bounded above by

[flezlflran < €l flfes + Cel f72-

Then we obtain Lemma [3.1.4]

3.5 Main coercive estimates

In this section, for any schwartz function f, we consider the quadratic difference
arising in the inner product of the norm part Nf with f. The main part is to
estimate the norm |f|% which arises in the inner product and will be defined as

follows.

f15 =

oo
R3

/
[ v / dq / dw v,0(9,0)(f () — 1)/ T@I@) e

>

| — DN~

Note that if § < 1, we have ¢° ~ ¢° as well as p° ~ p.

VI (@) J(q') below as \/J(q)J(¢') = e~ for some uniform constant C' > 0.

By the alternative Carleman-type dual representation of the integral operator as

Thus, we can bound

in (2.2.4), we may write the lower bound of the norm as an integral of some kernel
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K(p,p') as

122 / K / dw 000, 0)(F() — F(0)Pe T e,
dp

P — f(p)*15<1
|q |2 +3 pu))sa(gae)‘?_cqlo
0 s — f0)* 131 K (p, ),

where the kernel K (p,p’) is defined as

K(p,p) ¥ — pu))so(g,0)e 0", (3.5.1)

R3 4/ |QS|2 qS

Our goal in this section is to make a coercive lower bound of this kernel and hence

the norm |f|p. First of all, the delta function in 1)) implies that (p* —p*)(p), —

pu +2q,,) = 0. Then this implies that

200" = p")q,, — pu) = 20"q,, — 20" Py — 20" q,, + 20"y
= 2p"q, — 2p"q, — p"Vpu — PP, + PM'pu + "D,
H H H Iz H u
= (p" = ") (D), — pu +2q,) = 0.
Then, we obtain that
7+ 3 =" =), —pu) = 200" = ") (d, — pu) + (" — ") (g, — Pu)

Y
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and we have 52+ g2 = ¢’ on this hyperplane as expected where ¢’ = g(p'*, ¢'*). Note
that, from the assumptions on the collision kernel, we have o(¢’,0) = ®(¢')oo(0)

and

1 1 g\ 2t
ol0) > g g (‘) '

9
Thus,

Together with this, we have

K(pp) = Dsa(g) (L) e

9
/

g 2“1"‘/ _ 10 g/ -
))5(§> e %Ql

dqs
——0(¢¥(p), — p
s /]qs? + 5 weor
dgs
z | ———0d,—»p
S RVA R weor

Y qr), — p)e
qs\D,, — Pu))€ -
VR P
dQS o —Cq'° gl4+a+’y
Z /RB q,o 5(qs (p,u _pu>>6 g2+,y )

where the first inequality is from the assumption on the collision kernel (3.1.10))
that ®(¢') = \/igg“ and that s = ¢ +4 > ¢°, and the last inequality is by that

V0gsl? +5 < ¢ if g <1 by the geometry.

Here, we have the following lower bound for the kernel K (p,p’).

Proposition 3.5.1. If g < 1, the kernel K(p,p’) is bounded uniformly from below

as

(p°)

K(p.p') 2 s



With this proposition, we can obtain the uniform lower bound for the norm |f|g

as below.

Thus, the proof for our main coercive inequality is complete because we have that

!f!m +1f15 2 1S lfen

Proof. Here we prove Proposition [3.5.1. We begin with

dqs
K(p,p') 2 /RS 0

144-a+
70(]/0 g v

q /
(¢4 (P, — pu))e =

First, we take a change of variables from ¢, = p’ — p + 2¢' to ¢. Then we obtain

that
. d / , . , c Ogl4+a+'y
Kip.t) 2 [ 500 — 205, — e L
R3 ¢ )
dq/ 2 T (o] —Cq'° g/4+a+’y
= [ S 506 + 24, = e T

Now we take a change of variables on ¢’ into polar coordinates as ¢’ € R* — (r, 0, ¢)
and choose the z-axis parallel to p’ — p such that the angle between ¢’ and p’ — p is
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equal to ¢. Then we obtain that

K(p,p) /dq’O/ dr/ d@/ d¢ r* sin ¢

/4+a+'y

x D06+ 20 (0~ PO 1= (")

(3.5.2)

The terms in the first delta function in can be written as

9> +2¢"(p, —pu) = 3* = 2¢°(0° = °) +2¢ - (p — p)

=g° —2¢°(p"° — p°) + 2r|p’ — p| cos ¢.

Also, note that the second delta function is

0(r* +1—(¢")") = o((r — V() = D(r + V(¢")? — 1))

because r > 0. Now we reduce the integration against r using this delta function

and get

K(p,p) >/Ood ! /27T o /7r do LOP ! sin ¢ g’4+“+7€7cq,0
pp)Z | dd” | MW o =
x 0(g* — 2¢"° (p" — p") + 24/(¢°)2 — 1|p’ — p| cos @).

Now, let v = cos ¢. Then, dv = —sin ¢ d¢ and the integration is now rewritten as

8} 27 1 02 _q 14+a+-y ,
/) Z/ dq/0/ d@/ dv (q ) 972 e—CqO
1 0 1 2 (q/O)Z -1 g +

x 0(g> = 2¢°(p"° — p°) + 2/(¢°)* — 1|p’ — plv).
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Note that

6<§2 o 2q/0(p/0 - p0> +9 /<q10)2 _ Hp/ _ p|U)

B 1 6( g 2q/0( /0 pO) )
2\/(q°)* = 1lp" = p 2¢/(q°)? = 1lp" = pl
§°=2¢°(p"°—p°)

24/(q'%)2~1]p'—p|

by removing this delta function and get

o 2w /4+a+7 a0
—Lq
K.p) / dq/ d0|p -l 7

d+a+t
> / dg®e=C1" 4 o
~ 1 gS-i-’yq/O

/0 10 |44+a+

> = 10 _—Cq'° |p
N/l dg”e 73+ ( /q/Op/0)4+a+’yq/0 (3.5.3)

We remark that < 1. Then we further reduce the integration on v

1 00 , /0 __ /0|4+a+y
27 2 a+fy dqloe_cqo |p qS |a+'y
G+ (p0) e (¢°)3+"
(p/0)4+a+’y 1 (p/0)2+”+T7
g3 <p/o)2+“§—7 B

where q = p +¢' —p and the second inequality is by |p p' la—¢'| < g(¢", ") =g,

q/0 qO

the third inequality is by A < ¢/, and the last equivalence is by

/0 /O

/0 10 |4+a+
—q | Y

& _ /0 |p a
/1 dlg®)e T Ty = W

for any k£ € R. This proves the proposition.

Note that Lemma has been proven in this proof above.
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3.6 Global existence

3.6.1 Local existence

In this section, we use the estimates that we made in the previous sections to show
the local existence results for small data. We use the standard iteration method
and the uniform energy estimate for the iterated sequence of approximate solutions.

The iteration starts at fO(¢,z,p) = 0. We solve for f™*!(¢,z,p) such that

(O +p- Vot N) "+ Kfm=TD(f™ ™),  f™0,z,p) = folz,p). (3.6.1)

Using our estimates, it follows that the linear equation (3.6.1)) admits smooth solu-
tions with the same regularity in "V as a given smooth small initial data and that
the solution also has a gain of L*((0,T); Ix"). We will set up some estimates which

is necessary to find a local classical solution as m — oo.

We first define some notations. We will use the norm || - ||y for || - ||z~ for
convenience and also use the norm || - |[; for the norm || - [|;a~. Define the total
norm as

M(f(t) = If O + /0 drl|f(7)Il7.

We will also use |f|ja for (Nf, f).

Here we state a crucial energy estimate:

Lemma 3.6.1. The sequence of iterated approzimate solutions { f™} is well defined.

There exists a short time T* = T*(||foll%) > 0 such that for ||fo||% sufficiently
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small, there is a uniform constant Cy > 0 such that

sup sup M (f™(r)) < 2Col|foll%-

m>00<r<T*
Proof. We prove this lemma by induction over k. If k£ = 0, the lemma is trivially
true. Suppose that the lemma holds for k& = m. Let f™*! be the solution to the

linear equation (3.6.1)) with given f™. We take the spatial derivative 0% on the

linear equation (3.6.1)) and obtain
(at +]§ . Vx)aaferl 4 N(aafm+1) + K(aafm) — 8ar(fm’ ferl).

Then, we take a inner product with 9% f™*!. The trilinear estimate of Lemma m
implies that

1d
50" igne + 110%™ a4+ (K@), 0% ™)

= (0°T(f™, /™), 0% ™) S Il ™17
We integrate over ¢ we obtain
1 SWANID) ' 1 2
10" gz + [ drlior e s
t
+ [ artwe s, onm) (36.2)
0

t
< 0" Rl + € [ arli il

N[ —

From the compact estimate (3.4.7), for any small € > 0 we have

A dT(K(@O‘fm), aaferl)

t 1 t
<Oy [ arlor @+ G o [ darllo @l
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We use this estimate for (3.6.2]) and take a sum over all the derivatives such that

la] < N to obtain

M (1) <Collfol 7 + 2Cos<ugtM(fm“(T)) sup MU2(f"(r))

0<r<t

t t
20y, [ arlim ol + 2 [ arlile
0 0 (3.6.3)

<Collfolfy +2C sup M(f7(r)) sup MY2("(7)

0<r<t

+2C1, t sup M(f™(7))+2¢ sup M(f™(7)).

0<r<t 0<r<t

Then by the induction hypothesis on M (f™ (7)), we obtain that
M(™1(8) <Collolly + 203G fullw sup M(F™(7)
+ 4C'0C'l+et||fo|\12q +2¢ sup M(f™(71))
2 0<7<t

<Col| follzr +2Cv QCOHfOHHOiugtM(me(T))

+4CoCy T follz + 2¢ sup M(f™+(7)).
2 0<7r<t¢

Then we obtain that

(1 —2e — 2C/2Cy|| fol|m) OqutM(fm“(t)) < (Co +4CoC1 T)|| fol -

Then, for sufficiently small €, T* and || fo||z, we obtain that

sup M (f™+1(t)) < 2Col| fol -

0<r<t
This proves the lemma by the induction argument. O]
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Now, we prove the local existence theorem with the uniform control on each

iteration.

Theorem 3.6.2. For any sufficiently small My > 0, there exists a time T* =
T*(My) > 0 and My > 0 such that if || fo||% < M, then there exists a unique solution
f(t,z,p) to the linearized relativistic Boltzmann equation on [0, T*) x T3 xR3
such that

S M(f(t)) < Mo.

Also, M(f(t)) is continuous on [0,T*). Furthermore, we have the positivity of the

solutions; i.e., if Fo(x,p) = J + VJfy >0, then F(t,z,p)=J+ ﬁf(t,x,p) > 0.
Proof. Existence and Uniqueness. By letting m — oo in the previous lemma, we
obtain sufficient compactness for the local existence of a strong solution f(¢,z,p) to
(3.1.3]). For the uniqueness, suppose there exists another solution A to the (3.1.3))
with the same initial data satisfying supy<;<p- M (h(t)) < €. Then, by the equation,
we have

{0,+p Vol (f —h)+L(f —h) =D(f —h, f) +T(h, f — h). (3.6.4)

Then, by Sobolev embedding H?*(T?) C L*(T?) and Theorem [3.1.2, we have

(T = h, /) +T(h, f = h)}, [ = h)]
SHall ezl lf = PllZes
+I1f = hllze N azreallf = hllzes

:Tl -+ TQ.
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For T, we have
t t
[ armin) < ve [ arllfn) - molf.
0 0
because we have supy<,<p- M(h(t)) < e. For Ty, we use the Cauchy-Schwarz in-

equality and obtain

/Ot dr Ty(1) </€ ( sup ||f(7) — h(T)H%g@ /Ot drllf(r) — h<7)||§m>1/2

0<7<t

<ve( sup 117 =l + | () o)l )

0<r<t

because f also satisfies supg<;<p« M (f(t)) < €. For the linearized Boltzmann oper-

ator L on the left-hand side of (3.6.4), we use Lemma to obtain

(L(f = h)o f = h) < cllf = Pller = CILf = hll T2 xps)

for some small ¢ > 0. We finally take the inner product of (3.6.4) and (f — k) and

integrate over [0,¢] x T? x R? and use the estimates above to obtain

1 t
1P =y, + e [ arl£7) = B

<ve (sup l1Fr) = hCrI, + [ () - bl )

0<7<t 0
t
2
+ [ arl ) = ooy
By the Gronwall’s inequality, we obtain that f = h because f and h satisfies the
same initial conditions. This proves the uniqueness of the solution.
Continuity. Let [a,b] be a time interval. We follow the simliar argument as in

(3.6.2) and (3.6.3) with the time interval [a, b] instead of [0, ¢] and let f™ = f™*! = f
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and obtain that
M) = M@ = IO = 5l @I+ [ dr Il

< ([ arirmi) (1+ s aeiren).

As a — b, we obtain that |M(f(b)) — M(f(a))| — 0 because || f||7 is integrable in
time. This proves the continuity of M.

Positivity. For the proof of positivity of the solution, we recall the paper [3]
where we see the positivity of strong solutions to the non-relativistic Boltzmann
equations without angular cut-off with the initial data f, € HM for M > 5 and
with moderate singularity 0 <~ < 1. Similar to this proof, we consider the cut-off
approximation F'° to the relativistic Boltzmann equation except that the kernel o
has been replaced by o, where the angular singularity has been removed and o, — o
as € — 0. We obtain that F© is positive. If our initial data is nice enough to be
in HM for M > 5, we conclude that F = J + v/Jf > 0 using the compactness
argument from the uniqueness of the solution. If our initial solution is not regular
enough, then we use the density argument that H is dense in H(T? x R3) and the
approximation arguments and the uniqueness to show the positivity. If the angular
cutoff is more singular as 1 < v < 2, then the positivity can be obtained by using
higher derivative estimates and following the same compactness argument as in the

case with lower singularity. O
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3.6.2 Global existence

In this section, we would like to derive the systems of macroscopic equations and
balance laws with respect to the coefficients appearing in the expression for the
hydrodynamic part Pf and prove an coercive inequality of the microscopic part
{I — P}f. With this coercivity estimates for the non-linear local solutions to the
relativistic Boltzmann system, we will show that these solutions must be global
with the standard continuity argument and by proving energy inequalities. We will
also show rapid time decay of the solutions.
For the relativistic Maxwellian solution J, we have normalized so that

Jgs J(p)dp = 1. Here we introduce the following notations for the integrals:

Mo = / P Jdp, Moo = / WP Tdp, M = / (p1)*Tdp,
R3 ]R3 R3

2 2,2 4
p1 P1P2 P1
Mo= [ “Jdp, M= Jdp, Ay = Jd
10 /R3 po D, 12 /IRS (p0)2 D, 11 /IR;% (p0)2 P,

i
A1oo = / Jdp.
100 - (po)z

We also mention that the null space of the linearized Boltzmann operator L is

given by the 5-dimensional space

N(L) = Span{\/j, pl\/j, p2\/7, p3ﬁ7 poﬁ}.

Then we define the orthogonal projection from L?(R3) onto N(L) by P. Then we

can write Pf as a linear combination of the basis as

Pf = (.Af(t, x) + Z Bl (t,x)p; + C/ (2, x)po) VI (3.6.5)

=1
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where the coefficients are given by

fRs fp\/jdp Cf _ f]R3 f(poﬁ - >\O\/7)
Ai ’ Aoo — A3 '

A = 5 fVTdp — e, Bl =
Then we can decompose f(t,z,p) as
f=Pf+{l—P}f (3.6.6)

We start from plugging the expression (|3 into . Then we obtain
{0045 Va}Pf = -0 — PYf — (p- Vot D{I = PY +T(f,f).  (36.7)
Note that we have expressed the hydrodynamic part Pf in terms of the microscopic
part {/ — P} f and the higher-order term I". We define an operator [ = —(p-V,+ L)

here. Using the expression (3.6.5) of Pf with respect to the basis elements, we

obtain that the left-hand side of the (3.6.7)) can be written as
3 . 3
DAV +> 0i(A+ Cpo)%ﬁ + 0,Cp°VT + Z O BipiV T
i=1 '

+ZaB \F+ZZaszp”\/_

i=1 i#j

where 0; = 0,,. For fixed (¢, ) we can write the left-hand side with respect to the

following basis, {e}}2,, which consists of

V7, (p_ﬁ) PV (nVT) (pp_pﬁ)  (368)

0
p 1<i<j<3

Then, we can rewrite the left-hand side as

3 3
OAVI+> aiA]%\/? +0,Cp°V T + Z(&C +0,B;)pVJ
i=1 i
3

+3°3 (1 - 6,)0.8 +aB)p;pJ\/_.

=1 j=1
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By a comparison of coefficients, we obtain a system of macroscopic equations

A = —0mgy + 1, + G,
OiA = —=0miq + liag + Gia,
0,C = —0m. + 1.+ G,, (3.6.9)
0;C + OB; = —0ymye + lic + Gy,
(1= 6;5)0:B; + 0;B; = —0ymy; + li; + Gij,
where the indices are from the index set defined as D = {a, ia, ¢, ic,ij|1 <i < j <3}
and my,, ,, and G, for p € D are the coefficients of {I — P}f, I{I — P}f, and
L'(f, f) with respect to the basis {e;}+2, respectively.
We also derive a set of equations from the conservation laws. For the perturba-

tion solution f, we multiply the linearized Boltzmann equation by v/J, p;v/J, p°v/J

and integrate over R? to obtain that
at/ f\/jder/ p-VaofVJdp=0
R3 R3
o [ FVapdp+ [ 5Vt Vipdp =0 (3.6.10)
R3 R3
0, f\/jpodp—l—/ P VaufVJpdp = 0.
R3 R3
These hold because 1, p;, p° are collisional invariants and hence
[ et nar= [ at.pmdo= [ QU.oap =0
R3 R3 R3

We will plug the decomposition f = Pf+{I — P}f into (3.6.10). We first consider
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the microscopic part. Note that

1 1

3
vl — N g
[pevdi=PyT| | dr > [ Bot-rivi| g |

P’ p’

P P

3 7 3 a

:Zaj/w{z—za}fﬁ 2 dp=">0;({I-P}f,VJ wrs ).
j=1 g=1
P 0
(3.6.11)
Also, we have that
1 1

at/ U-PyVil o, |=aw-ryrvi| o, =0 (612

p p

On the other hand, the hydrodynamic part Pf = (A + B - p+ Cp°)V/J satisfies

1 1
at/ 5 Pf\/idp+/ p-VoPVI| | dp
]R3 R?’
P° P°
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A+B-p+Cp°
:at/R3 Api + B pp; +Cplp; | VIdp
Ap° + B pp® + C(p°)*
FA+B-p+Cp°)

3

+Z/ 9| PLi(A+B-p+Cp°) V.Jdp (3.6.13)

R3 pY

j=1
piA+ B pp; + Cp’p;

Or A + Ng0:C MoV, - B
= MO, B; T X0 A+ \0,C
A0t A + Agg0:C MV, B

Also, we have that L(f) = L{I — P}f. Together with ({3.6.10)), (3.6.11)), (3.6.12)),

and (3.6.13)), we finally obtain the local conservation laws satisfied by (A, B,C):

DA + NOC + MoV, - B= -V, - ({I — P}, \/7]%,

PP
0

MOB 4 AgVoAd + \V.C = —V, - ({I — Py, .

2

)\OatA + )\ooatc + /\1V$ . B - O

Comparing the first and the third conservation laws, we obtain

oA (1= 38 ) 49,5 (ho = 300) = =9, ({1 - P VI,

)\00 )\00

MOB + AoVad + M V,C = —V, - ({I — P}, ﬁ%% (3.6.14)

A A

No—22)9C+ (Mo — L) V.- B= -V, ({T - P}f,VIL).
Ao Ao p°

We also mention that we have the following lemma on the coefficients A, B, C

by the conservation of mass, momentum, and energy:
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Lemma 3.6.3. Let f(t,z,p) be the local solution to the linearized relativistic Boltz-
mann equation which is shown to exist in Theorem which satisfies the

mass, momentum, and energy conservation laws . Then we have

At w)dz — /

T

B;i(t,z)dx = / C(t,x)dx =0,
T3 3 T3

where 1 € 1,2, 3.

We also list two lemmas that helps us to control the coefficients in the linear

microscopic term [ and the non-linear higher-order term I'.

Lemma 3.6.4. For any coefficient l,, for the microscopic term [, we have

Dol S D I - P}3“f||L2  (T3xR3)-

neD la|<N

Proof. In order to estimate the size for H¥~! norm, we take
OU{I = P}f) er) = =(p- Va({I = P3O f), ex) — (LH{I = P}O"f), ex).
For any || < N — 1, the L?-norm of the first part of the right-hand side is
16 V.l = PYr ey S [ dedpleall{T - P}9.0° 57
S L= P}V. aafHL2 | (T3xR?)
Similarly, we have

ILAT = PYor ), el S [[ 17 = PO Fles,, V7Tl

u+’Y

S I - P}anaflliiyarsxu@)-

This completes the proof. n

74



Lemma 3.6.5. Let ||f||3 < M for some M > 0. Then, we have

D NGy S VM Y 1o f||L2 , (T3xR3)-

neD la|<N

Proof. In order to estimate the size for H¥=! norm, we consider (I'(f, f), ex).

BA5), for any m > 0,

KOG el S Y 3 |0 flaz, Jo £z |

la|<N-1a1<a

Sz, my Y 1072

a+"/
la|l<N

S VM Z |0 f||L2 , (T3XR3)

la|<N

L3

This completes the proof.

[]

These two lemmas above, the macroscopic equations, and the local conservation

laws will together prove the following theorem on the coercivity estimate for the

microscopic term {I — P}f which is crucial for the energy inequality which will

imply the global existence of the solution with the continuity argument.

Theorem 3.6.6. Given the initial condition fo € H which satisfies the mass, mo-

mentum, and energy conservation laws and the assumptions in Theorem

we can consider the local solution f(t,x,p) to the linearized relativistic Boltz-

mann equation (| . Then, there is a constant M > 0 such that if

IF O < Mo,

75



then there are universal constants 6 > 0 and C > 0 such that

d
Y T = PO fll7an(8) 2 6 Y |1PO*f[Fur (1) — C%’

lo|<N lo|<N
where I(t) is the interaction potential defined as
I(t)= Y {0+ + 121}
lal<N-1
and each of the sub-potentials 12(t), I{(t), and I3(t) is defined as
3

IS (t) = Z 0,0°m;,0“ A(t, z)dx

3
ilT

Z > / 9;0%m,;0°Bdz,

i=1 j#i

3
12(t) = / (V- 0°B)o*C(t,x)dr + | 0,0°mi0°C(t, z)da.
T3 X T3

Proof. Since Pf = A+ B-p+Cp°, we have that
|PO* f(#)][7ar S NOA®)|[72 + [10°B(t)][72 + [[0°C(1)]]7-

Thus, it suffices to prove the following estimate:

10" A7 + 110°BO) 77y + 110°CO)[I77n

dI(t
S 2= POl +M Y 10Ol 48
lo|<N =R la|<N
(3.6.15)
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Note that the term M -,y 10“f(t)|[3.  can be ignored because we have
< 2
2

DRI ||L2 < D IPOFWIE + Y I{ =P fll

|| <N la|<N =R || <N

SN0 AW Iy +110°BOry + 10°CONEpy + D I = PY*F(D)II7

la|<N
Therefore, with sufficiently small M > 0, will imply Theorem W
In order to prove , we will estimate each of the 9% derivatives of A, B,C
for 0 < |a| < N separately. Later, we will use Poincaré inequality to estimate the
L?norm of A, B,C to finish the proof.
For the estimate for A, we use the second equation in the system of macroscopic
equations which tells 0,4 = —0ymi, + lig + Gia. We take 0;0“ onto this

equation for |a| < N — 1 and sum over ¢ and obtain that
3
A" A= (0:0:0Miq — 0,0 (Lia + Gia)).
i=1
We now multiply %A and integrate over T3 to obtain
g3
IVO" All}> < 110%(lia + Gia)ll 12| VO* A2 + o N7 | 0:0mi, 0 A(t, x)dw
i=1 7T
3
=Y | 0:0°mi 0,0 A(t, x)da
” T3
We define the interaction functional
3
= Z 0;0“m;, 0% A(t, x)dx
- T3

For the last term, we use the first equation of the local conservation laws (3.6.14))
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to obtain that
3
3o 100r ma00r At a)lde < CIIV - 0°BI + Cll{T - PYVOrfIE;
TS 1 ot

for any ¢ > 0. Together with Lemma and Lemma [3.6.5] we obtain that

IVO* AllL, —¢lIV - 0°Bl|L

g (3.6.16)
SC Y IHT-PYoflis, + S8+ M 3 1021,
2 ‘04|§N 2

la|<N

For the estimate for C, we use the fourth equation in the system of macroscopic
equations (3.6.9) which tells 0;,C + 0,8; = —0yme + lie + Gi.. We take 0;0% onto

this equation for || < N — 1 and sum over i and obtain that
d 3
—AJ*C = %(V -0°B) + Z(@ﬁi@amm — 0;0%(lic + Gic)).

i=1

We now multiply 9%C and integrate over T® to obtain

Ivoec|f?, < % / (V- 0°B)o*C(t, x)dx — / (V - 8°B)3,0°C(t, x)dx
T3 T3
d 3
+ 110%(lie 4 Gio)l| 22| VO“C|| 12 + EZ 5 8,0°m;.0°C(t, x)dx

i=

3
= | 90°mi0,0°C(t, x)da.
=1 7 T?
We define the interaction functional
3
o) = / (V- ByrCt s+ [ 0:0"miorC(t, x)dz.
T3 — J13
We also use the third equation of the local conservation laws ([3.6.14]) to obtain that
3
/ Z 10,0°m;.0,0°C(t, x)|dx < ||V - 0*B||72 + Ce|[{I — PYVO“f|3.
T =1 : =B
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for any ¢ > 0. Together with Lemma and Lemma [3.6.5, we obtain that

IVo*Cllz, — CIIV - 0°Bll7:

e (3.6.17)

bl

SC Y I - PYoflly

la|<N

+M Y 1077

a[<N kS

For the estimate for B, we use the last equation in the system of macroscopic
equations which tells (1 — 0,;)0;B; + 0;B; = —0ym; + l;; + G;;. Note that
when ¢ = j, we have

Also, if 7 # j, we have
&-Bj -+ @BZ = —8tmij + lij + Gl]
We take 0;0% on both equations above for |a| < N — 1 and sum on j to obtain

AO*B; = —0,0,0°B; + 20,0°l;; + 20,0 G

+ 3 (~0:0°l; — 0,0°G; + 0,0y + 9;0° Gy — 9,0;0%myy).
JF#

We now multiply 0“B; and integrate over T? to obtain
(6% d (0% (0% (6% (6%

+ Z ||8a(lu + Gu)HL%-
neD
We define the interaction functional
3
[;(t) = — Z Z/ 8j8amij8al’)’idm.
i=1 j#i YT
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We also use the second equation of the local conservation laws (3.6.14)) to obtain
that

ZZ / 10;07m;;0,0°Bi(t, )| d

i=1 j#i

C(IV - 0" Allze + [V - 9°Cl[12) + Cc| {T = PYVO £l

for any ¢ > 0. Together with Lemma and Lemma |3.6.5) we obtain that

VOBl — C(IV - 0" Al + ||V - 0°C| 33)
fo (3.6.18)
SCe 32 T = PY Tl + g+ M 3 N7

aty
la]<N la]<N

Choose sufficiently small ¢ > 0. Then, (3.6.16]), (3.6.17)), and (3.6.18) implies that

VA5 HIVB[fy - + [IVCI[

HN 1
il (3.6.19)
<Y IRI- P}a‘*fHLz ot MY ||a‘*f||L2

la|<N la|<N

On the other hand, with the Poincaré inequality and Lemma [3.6.3] we obtain

that

2
AP 5 (19411 +| [ Ateos] ) =194 £ 5 101

|| <N

This same estimate holds for b and c¢. Therefore, the inequality (3.6.15)) holds and

this finishes the proof for the theorem. m

We now use this coercive estimate to prove that the local solutions from the
Theorem [3.6.2 should be global-in-time solutions by standard continuity argument.
We will also prove that the solutions have rapid exponential time decay.
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Before we go into the proof for the global existence, we would like to mention a
coercive lower bound for the linearized Boltzmann collision operator L which also

gives the positivity of the operator:

Theorem 3.6.7. There is a constant 6 > 0 such that

(Lf, f) > 61{I — P}f[2un.

Proof. By following [41] with our assumptions on the relativistic long-range collision

kernel and using that g > =4l " we can obtain that
-_ /quO )

(Lf.f) 2 BI{T = PYT5,

The positive constant d; is explicitly computable. Also, by Lemma [3.1.7, we have

(Lf, f) > | flian = Clf|7:
for some C' > 0. If we suppose that f = {I — P}f, then we can conclude that
(Lf, [) = 0a(Lf, f) + (1 = 62)(LS. f)
> 0ol f[far — COf [Tz + (1 = 62)00| I
2

for any 0, € (0,1). Note that we have |f|7, > [f]7.. By choosing d; > 0 sufficiently
2

small, we obtain the theorem. O

Now, we define the dissipation rate D as

D= 31100

lo|<N
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We will use the energy functional £(t) to be a high-order norm which satisfies

E(t) = D 110°F(t)l]72 (05 xms): (3.6.20)

lo|<N
This functional will be precisely defined during the proof. Then, we would like to

set up the following energy inequality:

CE(t)+Dlt) < CVEDD().

We will prove this energy inequality and use this to show the global existence.

Proof. (Proof for Theorem ) We denote D = Dy and £ = &,. By the definitions
on interaction functionals, there is a sufficiently large constant C” > 0 for any C" > 0

such that

1Ol zzmy < (C"+ DI Oy — CTE) SO0

Note that C” doesn’t depend on f(t,x,p) but only on C’ and I. Here we define the

energy functional £(t) as
E(t) = (C" + DIFOlLzmy — C'T(1).

Then, the above inequalities show that the definition of £ satisfies .

Recall the local existence Theorem [3.6.2] and Theorem [3.6.6| and choose M, <1
so that both theorems hold. We choose M; < % and consider initial data £(0) so
that

5(0) < M, < Mo.
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From the local existence theorem, we define T' > 0 so that
T = sup{t > 0|E(t) < 2M,}.

By taking the spatial derivative 0% onto the linearized relativistic Boltzmann equa-

tion , integrating over (z,p), and summing over «, we obtain

Lt Wizuy + Y (LO*f,0°F) = Y (O°T(f, f),0°f). (3.6.21)

la|<N la|<N

2dt

By the estimates from Lemma [3.1.3], we have

3" (0°T(f, ), 0°F) S VED.

la|<N
Since our choice of M; satisfies £(t) < 2M; < M,, we see that the assumption for

Theorem [3.6.6|is satisfied. Then, Theorem [3.6.6| and Theorem tells us that

S (Lo f,0%F) = 8|{I = P} [
la|<N
0C dI(t)

o
> L= P+ o S 1P 1 () — 25

la|<N

Let ¢ = min{$, 53 } and let C" = 6C. Then, we have

&lg‘

- (1133 = C'T®) +6'D S VED.

N | —

We multiply (3.6.21) by %” and add this onto the last inequality above using the

positivity of L to conclude that

%E)Jré”D < CVEM)D(t
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6”2 My

for some C' > 0. Suppose M; = min{w, 2

}. Then, we have

%&t) +0"D(t) < CVEMD(t) < CV2MD(t) < %”D(t). (3.6.22)

Now, we integrate over t for 0 <t < 7 < 7T and obtain
5// T
0

Since £(7) is continuous in 7, £(7) < M; if T' < co. This contradicts the definition
of T" and hence T" = oo. This proves the global existence.
Also, notice that £(t) < D(t). This and the equation (3.6.22) show the expo-

nential time decay. O
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Chapter 4

Further upper bound and

coercivity estimates

In this chapter, we compute the upper bound estimates of (x(p) and ((p) and the

lower bound coercivity estimate of {(p). Recall from (3.1.7) and (3.1.8)) that (x(p)

and ((p) are defined as

Gelp) [ da [ duwvoola0)(/TT0) =TV T@
and
)™ [ da [ dw vt 0)/Ta) = VTG

Obtaining the asymptotics (3.1.9)) is crucial for the estimates for the inner product
with the norm part (Nf, f) and the one with the compact part (K f, f) of the

linearized Boltzmann collision operator.
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4.1 Upper bound estimates

We first show the upper bound estimates for (x(p) and ((p). More precisely, we

have the following proposition for (x:

Proposition 4.1.1.

k()] S (%)=

Also, we have the following upper bound estimate for (:

Proposition 4.1.2.

a+’Y

Cp) S ()

Proof. (Proof for Proposition [4.1.1) We let {x;};2_., be a partition of unity on
(0,00) such that |y;| < 1 and supp(x;) € [2751,27Y. Then, we define o(g,6) =

a(g,0)x:(g) where g = g(p*, p'*). Define

_ / g / dwvy01(9.0)(VT(@) = VIV I

If I <0, we can write
k) S [ da [ dwvala+ 970000 VI +VT)
RB SQ
since 0(g,0) < (9° + g %) o0(0) and |\/J(q) —/J(¢)| < |\/J(q) + /J(¢)]- Then,
¢k (p \</dq/dwv¢g + 9 "o (0)xi(g <\/ )+ J(q )

For the part with \/J(q)J(¢'), we use v/J(¢') <1 and v, < 1 to obtain that
[ a [ v el + 4700V T T)
R

S/RB dq ((poqo)g Ip gl j) VI dw o0(0)x1(9).

(4.1.1)

(p°q°) 2
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For the last inequality, we used % < g < v/p°¢°. Then we use
P q

27l
_ 1 o
/S2 dw oo(0)xi(g) =~ /2[1 91+7d6 =g < QIv(pOQO)Z

to obtain that the first part of ¢k (p)| is bounded above by

2”(/}1{3 \/_+/ dq(p°¢") = [p — q| J(Q)>~

Use the inequality that [o, dglp — ¢|~"J(¢q)¢ = (p°)~" for some ¢ > 0 and b < 3 to
conclude that the first part of |CL(p)| is bounded above by 217(p°)“z"
For the rest part of [CL (p)|, we use a dual representation to write the rest of the

integral as
dm,, ,
/ T (4% + g oo(0)xi(3) T (d), (4.12)
R3 q
where

EY_ = {p € RP|(p" — p")(d, — pu) =0}

and dmy is the Lebesgue measure on the set Eé’//fp and is defined as

+ 2p'
dry = dp'u(p® + ¢° — p°)3 (9 D <~ pu)>

29
Here § = g(p*,¢™) and u(z) = 1 if £ > 1 and 0 otherwise. By following the proof
for Proposition with the roles of p and p’ and the roles of ¢ and ¢’ are reversed

respectively, we obtain that

A,y q’O
/ C —23(3) ) S 27 =
EP p
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Since we further have g ~ § and 0y(0) ~ (§> , (4.1.2) is bounded above as

20 / / dﬂp oo (0)xa(9)7(d)

1 q° gttt ~ byl
5_0 _0 Y ‘I‘g +’Y+)
pP” Jrs
< & [ oy (woyr 4 2200
pO R3 pq) 27
a+v
S0,

where the last inequality is by [os d¢'|p — ¢'|7"77J(¢')° = (p) ="+ for some ¢ > 0.

Therefore, we finally obtain that if [ < 0,

~

C(p) S 27 (")

On the other hand, if [ > 0, then we have § < 1 and we obtain ¢° ~ ¢’°. Then

we further split the integral into three parts as the following:

:/deq/gg dw vs01(9,0)(v/T(q) — VI @)VI (@)
_/Rg dq/§2 dw vy01(g,0) (/T (q) — /I (¢))?
+/Rgdq/82dwv¢a,(g,9)(\/J —VI(q) = (VVI) (@) (g - )) J(q)
+/Rs dq/S2 dw vs01(g,0)(VVI)(q) - (¢ — )V I (q)

def

=L+ 1+ Is.

For the part I;, we use mean-value theorem to write

VI@) = VI@) = (a—q) (VVI)(0g+ (1 —0)q)
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for some 6 € (0,1). Note that
(VVI)ba+ (1= 00 S (J@) () < J(@)?

for some small € > 0. Thus,

s [ do [ dwvsn(o0)la - g PUI)
/Rs dg /S dw vy01(9,0)5*(¢°0°)(J (9))*

<27 2Z/R3dq/82dwv¢al 9,0)(J(9))"

<2l72p)2

where the last inequality is by the same argument as .

For the part Iy, we use the same argument as the one for part II in and
to obtain the same result.

For the part I3, we follow the same argument as the one for part III in (3.3.5)
and without having the functions f, n, and h. Therefore, if [ > 0, we finally

have

+y

G (0)] S 2072007

Consequently, we sum up the decomposed pieces over [ and obtain

Ck(p)] S (0°)°F.

We similarly show the upper bound estimate for {(p) as the following.
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Proof. (Proof for Proposition 4.1.2)) As in the previous proof for (, we decompose

the function dyadically around the singularity. We define

o) [ da [ dw (s 0)/T@) - VI

If [ > 0, this is bounded above by 202 (p°)“z" by the same argument as the

one for part I; of (L (p) estimate above.

If I < 0, we observe that (\/J(q)—+/J(¢"))* S max{J(q), J(¢)}. It J(q) > J(¢),

it suffices to estimate the following:

/dq/ dw vgo,(g,0)J(q).
R3 S2
aty

This estimate is already done in 1} and we obtain that ¢!(p) < 2(p°) 2. If

J(q) < J(¢), it suffices to estimate the following:

/dq/ dw vgo,(g,0)J ().
R:  Js?
aty

This is equal to (4.1.2) and we obtain that ¢!(p) < 217(p%)“z".

Finally, we sum up the decomposed pieces over [ and obtain

aty

Cp) S ()= .

This completes our proofs for the upper bound estimates.

4.2 Lower bound coercivity estimate

In this section, we would like to obtain the following coercivity estimate on (:
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Proposition 4.2.1.

a+7

Cp) Z (") 2

Together with Proposition [1.1.2] we obtain the following equivalence:

Corollary 4.2.2.

Proof. (Proof for Proposition 4.2.1)) {(p) is defined as

P [ di [ dwoseto 0)(/T) VT

We write this as an integral on the set R? x E?,  where the set Eg;q is defined as

ptq
EL, = {d € R(¢" — p")(pu + qu) = O}

Then we use a dual representation to write the integral as

¢(p) QP/IR / dﬁq\/_am (VT(q) = V(@)

where dm, is the Lebesgue measure on the set E?,  and is defined as

p+q

We first observe that o(g,0) 2 “=g%0o(0) ~ £

(0,1) such that

(VJI(q) =V () =

L) el (0 + (-0

>~ =

> ~(¢° = ¢°)2e e "
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by the mean-value theorem. Therefore, we have

a+v+3
¢p) 2 i/ e / W & (0 — e
~ pO R3 qO q q/O gQ-{-’y

p+q

By writing the integral with respect to dq’ as the integral with respect to dg¢’* by

having extra delta function, the last lower bound is equal to

1 dq —¢° / 10 ot S+ 2qlu (pu + Qy)
— — dq* o(q* 1)o
po /VR3 qO € /R4 q u(q ) (q qM + ) 2\/5

ga+'y+3 0
g2—+7(q0_q/0)26 q )

We use /s > g and §72 < (¢°¢°)2*" to decrease the last lower bound further as

1 dg  _p .

Pl [ da a0+ 08 s+ 20+ 0,)
(qO - q/0)2 —q'0
(g3

Here we write d¢’ integral in [, dg*u(q") using polar coordinates (¢ € R® —

/Iood(q’o)/Ooodr/O%dG/OquerSin¢

and choose the z-axis parallel to p + ¢ such that the angle between ¢’ and p + ¢

(r,0,¢)) as

is equal to ¢. Then we follow a similar estimate as in (3.5.2)) and (3.5.3)), and use

[2d(q®)e 9" (¢° — ¢°)? ~ (¢")? for some C' > 0 to obtain that

()2 = / 1 e*qoga”*‘*—mo)2
~ 0 *
P° Jrs (q0)2+2 lp + q|

We observe that a + v +4 > 0 and use g > LO‘"O to obtain that

\/r'q
1

> | dge|p— g+t S—
C(p) ~Y po (po)%+2 /vR3 q |p Q| |p+q|<go)§+7+1
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Here we note that [p+¢| < 2max{p°, ¢°} < p°¢°. Then we write

for some small € > 0 to obtain

— € 0 a
(D)2 ey [ dae 09— g
R3

at
~ 4(p0)a+7+4 = (]90) T

This completes the proof for the lower bound coercive estimate for ((p).
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Chapter 5

On the Derivative of the

Relativistic Collision Map

5.1 Introduction

We consider a pair of relativistic particles with momenta p and ¢ that collide and
diverge with post-collisional momenta p’ and ¢’. Using the Center-of-Momentum
expression, we can represent the post-collisional variables p’ and ¢’ as and
(1.2.7). In this chapter, we are interested in the Jacobian of the collision map
(p,q) — (u,q) where u is defined as u = 6p' + (1 — #)p for some 6 € (0,1). The
Jacobian will be computed explicitly and it will be shown that the Jacobian is

bounded above in the variable p and gq.
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In this chapter, our goal is to compute

ou
det (a—p)

where u = 0p' + (1 — 6)p for some § € (0,1). Recall that the post-collisional

momentum in the center-of-momentum expression is defined as

JaetP+q g (p+Q)‘w>

=t (wt+(y=Dp+q)——"

p 5 2( (v=1(p+q) P
where

(ot Vs lptal

Vs o Vsl + a4 V)

Notice that (7 — 1) > 0 from the construction.

5.2 The Jacobian of the collision map

We first state our main results:

Proposition 5.2.1. The Jacobian determinant det (‘g—;‘) s equal to

det (%) = A*+ PA* + P (5.2.1)
p

where A € (1 —6,1) is defined as

w0y, 0 (v —1p+aq) - w
A=0 2)+2( p+aP )

and Py and Ps are defined as in and and satisfy that
0 1
9

95



Since A € (1 —6,1), we obtain the following corollary:

Corollary 5.2.2. The Jacobian determinant det <g—;> s bounded above as

det <@)) §q0 (1+1>.
dp g

A similar work on the relativistic Jacobian has been done by Glassey and

Strauss [27] in 1993 with Glassey-Strauss coordinates without using the center-

of-momentum system. More precisely, they showed that

op;
ZZJ: /s2 { ’ dq;

Proof. (Proof for Proposition [5.2.1)) Now we compute the derivative

a4,
dq;

.

baw s 0,

= (1= 0)5; + 02

for any choices of 7,7 € {1,2,3}. We observe that

op, 1 < dg g
- Oy + 7w+ (v — 1)(pi + q

(p+q)-w
lp+ q|?

8]?]_2
(p+q) w

0 (p+q)-w
T o e TR t w)g, (ﬁ@o T \/§>) )

Here,
5 P )
= 2%8%(_@0 — ") +1p—qf)
= %(—2(2?0 - qo)g%j +2lp — |a|%_p—qu)
= 3(_@0 - qo)}% +(pj — ¢))
= é(z—ng Qj)
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Also, we have

A ( (p+q -w )

Ip; \Vs(p° + ¢° + /)

w0+ a4 VE) = (0t a) - wg- (Vs + ¢+ V)
- s(0° + ¢ + /5)?

Note that we have

0 0
o D)
J J
1 9
:2—\/5%((29 +¢°)? = Ip+4q)
1 op" dlp + q|
= ——(2(p° + NI _ 9 +q|———
2\/5( (p Q)apj Ip + ¢ o, )
1
7((1? +Q) —(pj + ;)
1 qo
:7<p0pj_QJ>
Then we obtain that
0 0, 0 8\/_ op° | 04/s
—(Vs("+¢"+ /s +¢"+5) + Vs(m—
apj(\/_(p ¢ +Vs)) = o, —— (" +¢"+ Vs) \/_(a] Gp])
0
q P2 Vs
= (Epj —C]j)T+ pO
Therefore,
api:(1+1g (p+q)-w )513
Ip; 27 V/s(0° + ¢° + /s)
1.4 ( (p+Q)-w>
Dlwi+ (v =D + @) 75—
1 w;
 (ptq-w (P2 s
20+ b+ P W\ T Gt ) e
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Putting all these together, we can write:

816,‘
3pj

= Aéw + Bp,-pj + qu'qj‘ + Dpiqj + Eqipj + ijwj + quwj + Hwipj + Iwiqj,

where the scalars are

(p+q) -w )) _a-4 4t (Q(V—l)(erq)-w)’

A=1-0)+-(1 Z
( HQ( +g\/§(p°+q°+¢§ 2)+2 lp+q|?

(p+q -w 0.0 , 0 2 07,0, 0 2
B = 7(¢"s(0’ + " +Vs) = g* (0" + ¢* + 2V/s5) — g%s
29p0(P° + ¢° + /5)2s2 sl ) | ) )
+q)w
C = (p+4) (=s(” + "+ Vs) + (0" + " + 2V/5))

29(p° + ¢° + \/5)%s

F= . G=F
2V/s(p° + ¢° + /5)
0
—= q 5 I = —i
2gp° 29
Notice that (1 —6) < A < 1 because
(p+4q)-w
€ (—1,1).
ETETEvO RS
We will use this to compute the determinant of the matrix ® = (®;;) where ®;; =
du;
Ip;”

We first decompose the pre-collisional vector p as below:

p=(p - ww+wx(pxw).

Define @ = %. Then, @ € S* and w L w.

Also, define w & ;ig‘. Then, @ € S* and @ L w and @ L w. Thus, {w,w,w} is

98



an orthonormal basis for R3. Then, we can decompose g as below:
q=(q-ww+wx(¢Xxw)
=(qg-w)w+ (wx(gxw)) w)w+wx ((wx(¢gxw))xw)
= (¢-ww+ (¢-w)o + (¢ D)@
= aw + b + cb.
Similarly, write:

p=@ ww+wx (pxw)=(p-ww+|px ww= dw+ ew.

Notice that a® + b? + ¢ = |q|* and d? + €% = |p|*.

Then, we can rewrite the matrix element ®;;:
q)ij = Adm + B’wiwj —+ C/U_)Z‘U_)j + D/'LZ]ﬂI}j + E/wl'U_Jj + F/'LUﬂI}j
+ G/wiw]' + leﬂbj + [/’(I)iw]' + leiwj,
where

B' = Bd® + Ca® + Dad + Fad + Fd+ Ga+ Hd + Ia
C' = Be* + Cb* + Dce + Ece

D' =(Cc

E' = Bde + Cab+ Dbd + Eae + He + Ib

F' = Cac+ Dcd + Ic
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G’ = Bde + Cba + Dae + Ebd + Fe + Gb
H' = Cbe + Dce
I'=Cac+ Ecd + Ge

J' = Cbc + Ece.

Since {w,w,w} forms a basis for R3, the determinant of @ is equal to:

A+B FE F
det(®)=| ¢ A+C H
I J A+ D

Subtracting (Column 3)x 2 from (Column 1) and subtracting (Column 3)x?2 from

(Column 2) gives

®;y = A+ Bd®> + Ead+ Fd+ Ga+ Hd
®y = Bde + Ebd+ Fe + Gb
a
@31 = ECd—{—GC- -A
C
@12 = Bd€+Ea€+H€
Pyy = A+ Be? + Ebe

b
(1)32 = Fce—-A
c

There is no change on Column 3 by this column reduction. Notice that this reduc-

tion does not change the determinant.
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Now, subtracting (Column 2)x¢ from (Column 1) gives

d bd
@11:A+Fd+GCL, @21:—EA+F6+GZ7, @31:(;—2)A+GC

C

Now, we subtract (Row 3)x ¢ from (Row 1) and (Row 3)x?2 from (Row 2) respec-

tively. Then, we have the matrix elements to be:

abd  a?
(I)H:(l_%—i_c_?)A—i_Fd
ab d b3
Py =(———— —")A+F
2 (c2 e 626) the
bd
gy = (= — 2)A + Ge
ce ¢

b
1y = = A+ Bde + He
C

b2
@22 == (]. + 2)A+ BGZ

e
b
@32 =—-A + FEce
Cc
a
q)13 = ——A+DCd—|—[C
C
b
@23 =—-A + Dce
Cc

By3 = A+ Cc.

We do one more row reduction: (Row 1)-(Row 2)x 2. This gives

CL11A CL12A + He (I13A + Ic

det(®) = | gy, A+ Fe agA -+ Be? axA+ Dee

as A+ Ge azpA+ Ece assA+ Cc?
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where

abd a®> abd d* b d?

ann=1l-——+=—-——+=+ ==
e 2 e €2 (2e?
ab d b3
ol = —5 — — — ——
2 e Cc’e
bd «a
as = — — —
ce ¢
ab d b
Qg = —F5 — — — —(—
2 e c?
b2
CL22:1—|——2
c
b
a3z = ——
c
bd a
a13 = — — —
ce ¢
b
a9y = ——
c
CL33:1.

Since B = E,C = D,and G = F, we can do one more row reduction: (Row 2)-(Row

3)x <. This gives

2 e c2e 2 2
b be R
(1)22 = (1 + g -+ E)A d:f G/22A
b € def
Doz = (_E - E)A = a9 A

Finally, we have

CLHA a12A + He CL13A + Ic

det(®) =| 4, A ahy A ahy A

astA+ Ge azpA+ Ece agsA+ Cc?
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where, with L = ae — bd,

Alp|* + L2 , L(b+e)—cd L
ay = ——55—, |y = ag = ——
c2e? 21 c2e ’ e
bL — 2d b? 24+b b
& p + ¢+ ve
12 = 026 5 Aoy = 62 P azg = ——,
L , b+e
13 = ——, Qy3 = — ,  aszz = 1.
ce c

Then the determinant is

det(®) = A(a11A(ayA + Cctah, — ayaznA — ayyEce)
— (a1pA + He)(dy A+ abCc® — dhgaz A — ayGe)

+ (a13A + Ic)(ahazA + ay Ece — ayyasi A — ay,Ge)).

Here we further reduce the determinant. First, notice that

b? + 2 + be b, b+e
/

N N | v

) 2 + ( c)( c

) =1+ asza.

Thus,

/ / _

Also, we have

/ / o
Qg1 — (93A31 =

c?e c ce e
and
Lib+e)—c*d —b b +be —-L a
(51 A5 — Q031 = e el ( = +1)- — .
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Then the determinant is now

det(®) = A(a11 A(A + Cc?ay, — ahyEce)
d !/ 2 !/
— (a10A + H6>(_EA + a5, Cc” — ayGe)
+ (a13A + Ic)(%A + aly Ece — ay,Ge))
d a
= (a1 + a1~ + ay3—) A°
e c
+ (a1105,Cc* — ayahs Ece + Hd — ajpah, Cc?
+ a1pahyGe + Ta + ayzay, Ece — ajzab,Ge) A
+ (—dhCHc?e + ahsGHcee + dy [Ec’e — aby IGe*) A

EPAY+ PA% + PA.

We compute P first.

d a
P =a + a12g + CL13E

Alpl?+ L*  bdL — *d*  Lae
c2e? + c2e? 22

1
= @(C262 + L? + L(bd — ae))

1
= @(C%@Q + L2 — LZ)

=1.
Now let’s simplify P;

2 / / !/ /
Py =Cc*(anayy, — arzay,) + Ece(aizay, — anays)

/ /
+ GC(G12G23 — CL13(L22) + —
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Firstly,

/ /!
A11099 — Q12097

= é((fﬂpl2 + L?)(b° + ¢* + be) — (bL — c*d)(L(e + b) — ¢*d))

1
= @(CZL(IP\Q — d?) + 0*AE|p|* + b (|pPe + 2Ld) + *(L* + Lde))

1
= 1+ 55 (*Ipl* + b(lp|e + 2Ld) + L* + Lde)

1
=1 + ﬂ(b2€2 + |p|2b€ + 82(12 + ezad - bd26)
cee

1
@(|Q|2€2 + be? + e*ad)

1
= §(|q|2+be+ad).
We also have

/ /

= s (—L2(e+0) + LPd + (ol + L*)(b + )

= @(L&d + bc?|p|* + 2 |p|%e)
1

= @(c%lea — bPd® + 1702|p|2 4+ |p|2e)

1
= -(ad+be +[pf).
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Lastly,

/ /
A12G93 — A13099

= (L~ Ed)(—b— ) + LI+ + be))

e

1
- @((?d(b +e) + Lc?)

1
- @(Cde + *de + c*ea — c*bd)
a—+d
c

Thus, we have

1 0
Py = C(ad + be + |q|?) + E(ad + be + |p|?) + G(a + d) + %(%d —a).

We have that

P9 W 4000 4 4 VE) - VA + VE)

B-—p-L 3
" 29(p° + 4 + V/5)%s2
C(a+d)(y =12 20,0
— 2gp° |p+qf* (1) —g @+ va)
and
o (p+q) -w 00,0 " 2 /3
C=D 2g(p0+q0+\/§>28%( 40" + "+ Vs) + 4°V/'s)
C(at+d) (=12 >
Ty g DA
and
o g _ (r=Dyg

2V "+ s) 20p g
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Let us reduce Ps.

O

Py =C(ad + be + |q|*) + E(ad + be + |p|*) + G(a + d) + 219( d — a)
P
(7_1)2<p+Q)w 2 0 2 0
= + ad + be —4p°(y +1
o (U] g — 4y + 1))

+ (Ip]* + ad + be)(4¢° (v + 1) — ¢*(¢" + V/s))
Ip+ql2pogg lp+q|! (qod—poa))
(v—=1) (v—=1)?* a+d
(=1t q-w
2gp°|p + q|*
+ 4y +4 - ) (IpI*¢° — |aI*°) — ¢*Ip|*V/s
N Ip + QIng N Ip+ q|* (qod—poa)>
(y—1) (v—=12 a+d

_(=12p+q)w
2gp°|p + q|*

+ Wy +4-0)0" - )1 +°¢") — &lp|*Vs

|p+Q\2pogg+ lp+ql* (qod—poa))
(y—1) (vy—=12 a+d

V=1 +q) -w
SO TED Y (14— ad = )6 — )y + 4 )

_|_

((ad + be)(4a" = 1)+ 1) + 320" = ¢°) = ¢*V5)

((ad +be)((¢” = 1) (47 +4 = ¢%) = *V5)

_|_

— (ad + be + |p|*)g°V/s

N Ip+(J\2pogz+ lp+ql* (qod—poa)>
(v—1) (v=12 a+d /
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Thus, we obtain that

(v—12(p+q -w
2gp°|p + q|*

— (ad + be + |p|*)g*V/s (5.2.2)

p+q? o5, Ip+4q (qod—poa))

Py = (1459 = ad = be) (1 = ") (47 + 4 ¢7)

+

O +(7—1)2 a+d

Here, we note that |al, [b], |c| < ¢° and |d|, |e| < p°. Since we also have g < /s <

/%", we can conclude that |P| < ¢ (1 + é) _
We now simplify Ps.
Py = —dyCHc*e + ahyGHcee + dy [ Ec’e — ab,IGc?
= ay*e(IE — CH) + G(dyyHce — ahIc?)

= (abe — bde + ae* — *d — b*d)(IE — CH) — G((b+e)He + I(b* + ¢* + be))

Notice that

0
[E—CH=—2p_ 1
2g 2gp°
1 ¢ (a+d)gys(y—172 ¢
=5 (=05~ 0 7 +05)
290 T p 2p P+ 4 p
(a4 d)(y—1)*/s
4POp+qt
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Finally,

d)(y —1)?
p, e+ D0 )\/g(abe—bdeJran—ch—bzd)

Aplp + q|*
=D (°(—be — €*) + p°(b* + & + be))
100 + g2 Y
(1) ((a + d)(abe — bde + ae? — c*d — b*d)
A4p°p + g? P4+ /s

+be(py — ¢°) + p°(lg — a®) — (Ip|* — d?))

_ (=1 1
P+ P’ + "+ /s

((e*a — bde + abe — b*d — ¢*d)(a + d)

+ (" + ¢+ Vs) (P (be + |qI* — a®) + ¢°(—=be — [p* + d?)))

_ (=1 1
4P°lp+qlP " +q° + /s

(L1 + I»)
Here, we have

I, = (e*a — bde + abe — b*d — ¢*d)(a + d)
= (a® = d*)(ad + be) + (a* = &)((p°)* = 1) + (ad + &) ((?°)* = (¢")?)

= (a®* — d*)(ad + be — 1) + (p°)*(a® + ad) — ¢*(ad + d?)
and

L= (0" +¢" + Vs) (0 (be + |qf* — a®) + ¢°(=be — [p* + d*)) = (0° + 4" + V/5) 5.
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Then,

I + I, =v/s13 + (ad + be)(a® — d* + (p”)? — (¢°)?) — (a® — d?)
+(°)1al* = (a)?lpl + °¢° (= Ipl* + d* + |g|* — a®)
=Vsls + (ad + be — p¢")(a® — &* + (p")* = (¢")°)
—(a® = &) + (")?lal® = (@*)?Ip)?
=VsI3 + (1+p°¢" — ad — be)(d* — a® — (p°)* + (¢")?)

=513 + (1 4+ p°¢° — ad — be)(—e* + b* + c2).

Therefore, we get

(v—1)?° 2y(,0 _ 0 0.0 0_ 2,12, 2
Py = W(ﬁ((be% )" =¢")+ (1+p"¢" —ad —be)(V/sp’ —e* +b° +%)).
(5.2.3)
By Cauchy-Schwarz inequality, it can be shown that
(1+p°¢° — ad — be) > 1.
O

Remark that P, and P; are not independent of A because both still contain the

term % which is equal to 2(A — 1+ £). Let K = %. Since

o datd -1 ((p+q)-w)y

Ip + q? (P° + ¢° + /5)\/s’

| K| is bounded by 1. Then we can write the Jacobian as a cubic polynomial in K

as in the following proposition:
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Proposition 5.2.3.

0
det (3_u> = DiK? + DyK* + D3K + Dy
p
where | K| <1, |Dy| < ¢° and |Ds, |Ds|, | Dy| < %,

Thus, we obtain the following corollary:

Corollary 5.2.4.

(mt<99)'5q0<1+1>.
dp g

Proof. (Proof for Proposition|5.2.3)) Let’s rewrite the constant coefficients A through

I and the coefficients P, and P; in terms of K.

0. 0
A=(1-)+2K
( Q+2
2 0 .
2p0g2s Ip+ q?

C:D:K-1@4+£&:ﬁ)
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Now, express P, in terms of K.
0

Py =C(ad + be + |q|*) + E(ad + be + |p|*) + G(a + d) + %(}%d —a)

(7 - 1) 0.0 0 0 2
_ T rn R _ _
<2Ip+q|2p0g2{( +p°q" —ad—be)(p” —q")(4y+4—g°)
~(ad+be+ RIVE} +2) + (L~ 0
2 2g p°

:2P21K+P22

For P;, we have

d)(y —1)?
(a +4p()]’(;+ q|21 \/g(abe — bde + ae* — 2d — b*d)
(v=1) o b 2 02 1 21 p
4p0|p—|—q|2(q (—be —e”) + p”(b° + ¢ + be))
-1
:H <K(abe — bde — ae* — d — b*d)
F A be = ) B0+ ¢ b))
(abe — bde — ae?® — c*d — b*d) P
Ap°(p° + ¢° + V/s)g
L (@ (zbe = ) + (B + ¢ + be))
Ap°(p° + ¢° + V/5)/5

dZQfP?,1K+P32

P =
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Now, the determinant is

det(q)) :A3 + A2P2 + AP3

(08 2 (1 )

+(a- g) + gK) (Py K + Pyo)

:<(Q)3 + P21(€)>K3 + (Q(l - Q)(% +2Py) + g(Pm(g) + P31)>K2

2 2 2 272
0.,0 0 0 0 0
+ (30 =35+ (1= 5P+ 001 = )P+ (1= 5)Pu + 5Pn) K

+ ((1 — g)3 + Pyy(1 — g)Q + Pyl - g)>

= D1K3+D2K2 +D3K+D4

Since we have |Py| < ¢° and | Py, | P31l | Ps2| < %, we obtain that |D;| < ¢° and

|Dal, | Ds|, | Ds| < % and this completes the proof. O
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Chapter 6

Appendix

6.1 On the relativistic collsional scattering angle

Consider the center-of-momentum expression for the collision operator. Under the

expression, note that

(p+q) - w
Ip+ ¢|?

=gw+ s —¢)(v-1(p+q)

P—q¢=gw+g(y-1)p+q)

Ip + q|?
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Thus, w can be represented as

1 / ! /0 /0
w=—p ¢ = Vs(p" -¢")v-Dp+)7—73
g( ( )(v = 1)( )|p+q|2)
_1 / / 10 10 P +q
—g(p q— 0" —q )p0+q0+\/5)

fan

_ p/ o q/)<p/0 + qu + \/g) _ <p/() _ q/O)(p/ + q/)
9 +q° + V)
(Vs +2¢") = (/s +20%)q"

9@ +¢° +V/s)
On the other hand,
cosg— P~ Q”)gp; — 4
g
_ =)0 ")+ —a) ' — )
92
(- G+ )+ 0= ) o+ - D+ T
1 o o 9 02 02 (p+q) - w
= ?<—(p —q )(ﬁw-(erq)Hg(p—q) ~w+g(p —q )\/g(pOJrqur\/g))
= 0 +1q0 /5 ( — " =)+ +Vsw- (p+q)
FVED— ) '+ + V5w (p+ ) — o))
== Pw-p+ )+ p—a) wp’ + ¢ +5)
9"+ ¢° +/5)
_ (Vs 20 = (Vs +20%q
9(0° +° + V/s)
=k-w.
Note that |k| = 1. This expression on cosf gives us the intuition on the rela-

tionship between cos 6 expressed as the Lorentzian inner product of 4-vectors and

that expressed as the usual Euclidean inner product of 3-vectors. Thus, we can
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see that even in the relativistic collisional kinetics, the geometry can be expressed
by using the usual 3-vectors and the usual Fuclidean inner product with the above

translation.

6.2 Grad angular cut-off assumptions on the rel-

ativistic scattering kernel

In many papers, we suppose that the collision scattering kernel o(g,w) takes the

form of a product in the relative momentum and the scattering angle as:
o(g,w) = ®(g)oo(cosh). (6.2.1)

Grad [28] announced a cut-off condition for the angular function og(cosfl) which
requires that the function og(cosf) is bounded. Afterwards, people started con-
sidering more lenient conditions and the L'(S?) bound has become popular which

states

/ op(cost)dw < 0. (6.2.2)
S2

We remark that our angular kernel defined as in (3.1.11]) is not integrable and does

not assume any cut-off.
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6.3 Assumptions on the relativistic scattering ker-

nels from physics literature

In this section, we would like to introduce some different assumptions on the rela-
tivistic scattering kernels o(g,#). As we have seen in the previous section, Grad’s
angular cut-off conditions play important roles for the classical theory. Similarly,
they are also important in the relativistic kinetic theory and we will see some scat-

tering kernels from the physics literature.

6.3.1 Short Range Interactions [22], [43]

This is an analogue of the hard-sphere case in the Newtonian case. In this case, for
short range interactions,

o = constant

or

so = constant.

Then, we can check that this satisfies Grad’s angular cut-off condition because it is

bounded.

6.3.2 Mpoller Scattering [14]

This is an approximation of electron-electron scattering.

9 1 (2u? -1 2ut—w?-1/4 1

o — B L —1)2
a(g,0) TOUQ(UZ 12 sinif sin20 + 4(u )%
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— s —
where u = 52~ and 1 = .

6.3.3 Compton Scattering [14]

This is an approximation of photon-electron scattering.

1 &1 — cosh)?

o(g,6) = %r%(l e+ e 1 — (1—£/2)(1 — cost)

1— 1601 — cost) >
)

+

2,2
where § =1 — ™=,

6.3.4 Neutrino Gas [15]

In this case, the differential cross section does not depend on 6:

GQ
0(979) = WQQ,

where G is the weak coupling constant and h is Planck’s constant. Similarly, the

angular function is bounded so it satisfies the Grad cut-off condition.

6.3.5 Israel Particles [35]

This is the analogue of the Maxwell molecules cross section in the Newtonian theory:

,om b(0)
291+ (g/me)?’
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