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Dielectric Elastomer Composites: Macroscopic Behavior and Instabilities

Abstract
Dielectric Elastomers (DEs) are an interesting class of active materials that can exhibit coupled electrical and
mechanical behaviors, for example they can respond to an external electric field by changing their shape or
size. This unique property is known as electrostriction, and makes such materials promising candidates for a
wide range of practical applications, and therefore there is a need for the design of DEs with enhanced
electromechanical couplings. In this work we investigate the possibility of enhancing the electrostriction by
making composites consisting of one or more family of filler phases in a soft dielectric host.

We use homogenization techniques to obtain estimates for the effective response of such DECs under general
electrical and mechanical loading conditions. Next, we use the homogenization estimates developed in this
work to investigate the effect of various microstructural parameters on the overall response of DECs. We also
study failure of DECs as characterized by dielectric breakdown and/or the onset of material instabilities. Two
types of material instabilities will be considered: Loss of Positive Definiteness (LPD) and Loss of Ellipticity
(LE). Finally, we attempt an optimal design for the microstructure of DECs with enhanced electromechanical
couplings, which are capable of achieving large electrostrictive strains before the failure. Our results show that
composites consisting of a very small concentration of rigid circular fibers with vanishing contrast in the
dielectric properties can achieve the largest electrostrictive strains before failure.

Finally, we attempt to study DECs in the post-bifurcated deformation regime. This is important since after the
composite loses strong ellipticity, the solution of the homogenization problem may bifurcate into a lower
energy (with generally softer mechanical response) solution, which is different from the pre-bifurcated
solutions. This raises the interesting possibility of operating DECs in their softer post-bifurcated deformation
regimes to further increase the maximum achievable electrostrictive strains.

Degree Type
Dissertation

Degree Name
Doctor of Philosophy (PhD)

Graduate Group
Mechanical Engineering & Applied Mechanics

First Advisor
Pedro Ponte Castañeda

Keywords
Bifurcation, Composites, Dielectric Elastomers, Homogenization Theory

Subject Categories
Engineering Mechanics | Mechanical Engineering

This dissertation is available at ScholarlyCommons: http://repository.upenn.edu/edissertations/1302

http://repository.upenn.edu/edissertations/1302?utm_source=repository.upenn.edu%2Fedissertations%2F1302&utm_medium=PDF&utm_campaign=PDFCoverPages


DIELECTRIC ELASTOMER COMPOSITES: MACROSCOPIC

BEHAVIOR AND INSTABILITIES

Morteza Hakimi Siboni

A DISSERTATION

in

Mechanical Engineering and Applied Mechanics

Presented to the Faculties of the University of Pennsylvania

in

Partial Fulfillment of the Requirements for the

Degree of Doctor of Philosophy

2014

Supervisor of Dissertation:

Pedro Ponte Castañeda, Professor
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ABSTRACT

DIELECTRIC ELASTOMER COMPOSITES: MACROSCOPIC BEHAVIOR AND

INSTABILITIES

Morteza Hakimi Siboni

Pedro Ponte Castañeda

Dielectric Elastomers (DEs) are an interesting class of active materials that can ex-
hibit coupled electrical and mechanical behaviors, for example they can respond to an
external electric field by changing their shape or size. This unique property is known
as electrostriction, and makes such materials promising candidates for a wide range
of practical applications, and therefore there is a need for the design of DEs with
enhanced electromechanical couplings. In this work we investigate the possibility of
enhancing the electrostriction by making composites consisting of one or more family
of filler phases in a soft dielectric host.

We use homogenization techniques to obtain estimates for the effective response of
such DECs under general electrical and mechanical loading conditions. Next, we
use the homogenization estimates developed in this work to investigate the effect of
various microstructural parameters on the overall response of DECs. We also study
failure of DECs as characterized by dielectric breakdown and/or the onset of material
instabilities. Two types of material instabilities will be considered: Loss of Positive
Definiteness (LPD) and Loss of Ellipticity (LE). Finally, we attempt an optimal design
for the microstructure of DECs with enhanced electromechanical couplings, which are
capable of achieving large electrostrictive strains before the failure. Our results show
that composites consisting of a very small concentration of rigid circular fibers with
vanishing contrast in the dielectric properties can achieve the largest electrostrictive
strains before failure.

Finally, we attempt to study DECs in the post-bifurcated deformation regime. This is
important since after the composite loses strong ellipticity, the solution of the homog-
enization problem may bifurcate into a lower energy (with generally softer mechanical
response) solution, which is different from the pre-bifurcated solutions. This raises the
interesting possibility of operating DECs in their softer post-bifurcated deformation
regimes to further increase the maximum achievable electrostrictive strains.
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Chapter 1

Introduction

Electrostriction consists in the deformation of matter in response to externally applied

electric stimuli, and it was first observed by Röntgen back in 1880 (Bar-Cohen 2004).

Electro-Active Polymers (EAPs) are an interesting class of materials exhibiting this

unique property (Bar-Cohen 2004, Carpi et al. 2010, Brochu & Pei 2010), and a large

body of research has been dedicated in recent years to the development of EAPs

with superior electromechanical properties. Being the closest man-made material to

biological muscles, EAPs are also referred to as artificial muscles (Pelrine et al. 1998,

Bar-Cohen 2004, Brochu & Pei 2010, Carpi et al. 2010). EAPs are now widely used

in different industrial applications as actuators and sensors (Bar-Cohen 2004, Carpi

et al. 2010). Other application areas for EAPs include active vibration damping in

the automotive industry (Sarban et al. 2009), energy conversion (Ren et al. 2007),

haptic devices (Ozsecen et al. 2010), tunable optical devices (Aschwanden & Stemmer

2006) and many others.

EAPs can be categorized into two main groups depending on the activation mech-

anism: field-activated and ionic EAPs. The coupled electro-elastic behavior in field-

activated EAPs is the result of electrostatic forces between opposite charges created

inside the dielectric (or on its outer boundaries) in the presence of external electric

fields. Maxwell-type stresses are simple examples for this type of interactions (Cheng

& Zhang 2008, Bar-Cohen 2004). Figure 1.1 shows a simple actuator consisting of a

field-activated EAP sample sandwiched between two electrodes. As can be seen in
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Figure 1.1: Schematics of a simple field-activated EAP deformed by Maxwell-like
stresses. (left) Shows the accumulation of the free/bound charges on the electrodes
and the development of Coulomb attraction between them, and (right) shows the
deformed state in which the elastic forces counteract the Coulomb forces.

this figure, upon the application of an electric potential positive and negative charges

accumulate on the electrodes. The Coulomb interactions among these charges cause

the EAP to deform into a new state until the electrostatic forces are equilibrated

with the elastic forces. On the other hand, the electromechanical coupling in ionic

EAPs is the consequence of the diffusion of mobile ions (Park et al. 2008, Bar-Cohen

2004) in an external electric field. Figure 1.2 shows a simple actuator consisting of

an ionic EAP sample. As shown in this figure, the distribution of Cations (positive

Figure 1.2: Schematics of a simple ionic EAP deformed in the presence of an electric
field because of the redistribution of ions (Cations in this example). (top) Shows
the EAP with a uniform distribution of ions, and (bottom) shows the EAP in the
presence of the electric field in which the Cations are concentrated near the Anode.

ions) in the EAP sample is initially uniform. Upon the application of the electric

field Cations in the sample move towards the Anode causing the density of positive

charges to increase near the Anode and decrease near the Catode. As a result of this
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the positive ions on one side of the sample experience larger repulsive forces compared

to the other side, which in turn causes the sample to bend.

In this work we focus our attention to Dielectric Elastomers (DEs), which are an

important class of field-activated EAPs with huge potential applications (Cheng &

Zhang 2008) in different industries. As shown in Fig. 1.3, a simple dielectric elastomer

actuator can be made by sandwiching a thin layer of dielectric elastomer between

two compliant electrodes. When stimulated by an external voltage, the dielectric
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Figure 1.3: A simple dielectric actuator made out of the dielectric elastomer speci-
men sandwiched between two layers of conductive grease as the electrodes. (a) The
actuator in the absence of electric fields, and (b) the actuator after the application of
the electric fields.

elastomer contracts along the thickness while expanding its area (Bar-Cohen 2004,

Carpi et al. 2010, Brochu & Pei 2010). Actuators that are capable of producing

large electrostrictive strains are highly desirable for practical applications (Pelrine

et al. 1998, Bar-Cohen 2004). The electrostrictive strains that have been reported for

elastomers are usually fairly modest (in the order of 10% or less) (Sundar & Newnham

1992, Zhenyi et al. 1994, Carpi et al. 2008), while the operating electric fields are

very large (in the order of 107V/m). Furthermore, the performance of dielectric

actuators operating at high voltages is severely restricted by dielectric breakdown, or

an electromechanical (pull-in) instability followed by the dielectric breakdown (Stark

& Garton 1955, Zhao & Suo 2008, Brochu & Pei 2010).

To remedy these limitations on the performance of DEs, different approaches

have been proposed in the literature. Recently, the effect of the pre-stretch (Carpi

et al. 2008) on the response and failure of thin ideal dielectrics, has been investi-
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gated (Huang, Li, Foo, Zhu, Clarke & Suo 2012, Lu et al. 2012). This approach

often involves stretching the dielectric elastomer by means of external (dead) loads in

specific directions before applying the electric potential. However, the prescription of

the dead load tractions often involves additional structural components, which may

not be feasible in applications (e.g., see Fig. 1.4 for the experimental setup of Huang,

Li, Foo, Zhu, Clarke & Suo (2012)).

(a) (b)

Figure 1.4: The experimental sample used in the work of Huang, Li, Foo, Zhu, Clarke
& Suo (2012) for the experiments studying the effect of pre-stretch. (a) The specimen
before the application of the dead load, and (b) the specimen after the application
of the dead load. Note that the dead load is applied to the sample by means of the
crocodile connectors and fixed-mass weights. The pictures in this figure are from the
paper by Huang, Li, Foo, Zhu, Clarke & Suo (2012).

Another approach to improve the performance of dielectric actuators is to add

one or more filler phases, which may have different elastic and electric properties, to

a soft elastomeric host in order to make composites, known as Dielectric Elastomer

Composites (DECs). As shown in schematic 1.5, the filler materials with different

electric properties develops electric polarization in the presence of external electric

fields. The polarized inhomogeneities then experience electrostatic forces, due to

the dipole interactions among them (Shkel & Klingenberg 1998), and/or torques,

due to the interactions with the external electric field (Landau et al. 1984, Siboni

& Ponte Castañeda 2013). Theses forces/torques can then be translated into (po-

tentially large) macroscopic deformations in the composite material, provided that

the elastomeric host is chosen to be soft enough. The potential of this approach has

been demonstrated recently in a series of experimental works. Thus, for example,
4



Figure 1.5: Schematics showing the dipolar interactions in DECs. (left) Shows the
dipolar forces among the polarized inhomogeneities, causing the sample to undergo
pure shear upon the application of the electric field, and (right) shows the dipolar
torques experienced by polarized inhomogeneities, causing the sample to undergo
simple shear.

Huang & Zhang (2004) have studied two-phase all-polymer composites consisting

of poly(vinylidene fluoride-trifluoroethylene-chlorofluoro-ethylen) (or P(VDF-TrFE-

CTFE), for short) as the matrix phase and polyanilie (or PANI, for short) conduct-

ing polymeric particles as the inclusion phase. They have been able to demonstrate

significant improvements for electrostrictive strains of the composite near the perco-

lation limit for the concentration of PANI particles (also see Huang et al. 2004, for a

similar study for all organic three-component composites).

On the theoretical side, micromechanical approaches have been used to investigate

the effective electro-active properties of DECs with various microstructures, making

use of the classical small-strain formulation of electroelasticity (Landau et al. 1984).

Thus, Shkel & Klingenberg (1998) have provided estimates for the deformation-

dependent permittivity, as well as the electrostriction of isotropic dielectric solids.

They used a mean-field approach to estimate the dipolar interactions at the mi-

croscopic level, and their analytical model for the effective deformation-dependent

permittivity is in good agreement with their experiments (Shkel & Klingenberg 1998)

for certain polymeric materials. On the other hand, Li & Rao (2004) and Rao & Li

(2004) developed a micromechanical approach, which uses the “uniform field” concept

of Benveniste & Dvorak (1992) to provide estimates for the effective electrostrictive

coefficients of polymer-matrix composites with aligned and randomly oriented ellip-

soidal inclusions. However, it was recognized (Li et al. 2004) that the effect of the field

5



fluctuations in the matrix phase, ignored in these works, could be important. More

recently, Tian et al. (2012) have developed a rigorous method to compute the effective

electro-elastic properties of composites in terms of coupled moments of the electro-

static and elastic fields in the composite. They also provided results for sequentially

laminated composites, where such coupled moments could be computed explicitly.

In the context of finite deformations, the state of the art for DECs is less advanced.

Making use of the classical formulations of finite-strain electroelasticity (Toupin 1956),

deBotton et al. (2007), Bertoldi & Gei (2011) and Rudykh & deBotton (2011) have

obtained analytical estimates for the effective response and stability of DECs with

layered microstructures at finite strains. More recently, Lu et al. (2012) have inves-

tigated soft dielectrics stiffened by long fibers. In their model, the effect of the fibers

on the overall properties of the compound material is neglected and the fibers are

assumed to constrain the deformation of the elastomeric matrix in the direction of

the fibers in such a way that the sample is only allowed to undergo (2D) plane-strain

deformations. Their experimental investigation of the problem demonstrates signifi-

cant improvements for the maximum achievable electrostrictive strain before dielectric

breakdown, consistent with earlier findings of Bolzmacher et al. (2006). The recent

work of Lu et al. (2012) suggests that constraining the kinematics of an ideal dielec-

tric into 2D plane-strain deformations eliminates the possibility of electromechanical

instabilities typically observed in dielectrics subjected to equal biaxial loadings un-

der general 3D conditions (Lu et al. 2012), hence enabling them to undergo larger

stretches before dielectric breakdown.

The first objective of this work is to develop homogenization frameworks for the

effective response of DECs with general particulate microstructures. Thus, in the

context of infinitesimal deformations we propose a homogenization framework, which

is capable of incorporating the effect of electric torques and particle rotations, in ad-

dition to dipolar interactions (Siboni & Ponte Castañeda 2013). It is remarked that

unlike dipolar interactions which have no effect in the dilute limit for the concen-

tration, we expect the electrostatic torques to have non-trivial effects even at dilute

particle concentrations. We also demonstrated that the effective electrostrictive stress

6



for a DEC undergoing infinitesimal strains can be directly related to the first deriva-

tive of the effective deformation-dependent permittivity of the composite with respect

to the macroscopic strain, which is consistent with the small-strain theory of Landau

et al. (1984). In the context of finite deformations, we propose a homogenization

theory for particulate DECs with random or periodic microstructures, also account-

ing for particle rotations due to the dipolar forces and torques (Ponte Castañeda &

Siboni 2012).

Motivated by the findings of Lu et al. (2012), the second objective of this work is

to apply the general homogenization theory for particulate DECs to fiber-constrained

DECs. In particular we consider soft DEs stiffened by very hard (or rigid), aligned

fibers in order to enforce 2D plane-strain conditions. However, unlike the recent work

of Lu et al. (2012), where the fibers only act as structural elements to enforce the

2D plane-strain conditions, we take into account the effect of the fibers—through

the disturbances in the local fields caused by them—on the overall electromechanical

response of DECs. Thus, estimates will be obtained for the effective response of

fibrous DECs undergoing finite deformations.

The third objective of this work is to investigate the possible development of

electro-mechanical instabilities in DECs. The focus is on “material” instabilities

that are intrinsic to the DECs, as characterized by their “macroscopic” or homoge-

nized constitutive properties, and which involve macroscopically uniform fields. Thus,

“structural” instabilities that are dependent on the geometry of the specimen, such

as buckling, barreling, or wrinkling, will not be considered here. In particular, we

will study loss of (incremental) positive definiteness (LPD) and loss of strong ellip-

ticity (LE) of the electroelastic energy density. In the purely mechanical context

(i.e., in finite elasticity), uniqueness and stability are characterized by the positive

definiteness of a certain “exclusion” incremental energy functional (Hill 1957, Og-

den 1997). In particular, it is known that loss of positive definiteness (LPD) is a

necessary and sufficient condition for bifurcation under all-around dead loads (Hill

1967, Ogden 1997). On the other hand, loss of strong ellipticity signals the possible

development of localized shear bands under displacement boundary conditions (Hill
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1962, Rice 1976). Hill & Hutchinson (1975) investigated the bifurcation behavior

of a broad class of incompressible, orthotropic solids subjected to plane-strain ten-

sion loadings. In addition, Ogden (1985) investigated the bifurcation and stability

of homogeneous deformations in the plane-strain deformation of incompressible, hy-

perelastic solids subjected to dead-load tractions, including a global analysis of the

problem. The works of Hill & Hutchinson (1975) and Ogden (1985) demonstrate

that, under all-round dead loading, a variety of instability modes can occur while

the energy-density function of the material is still strongly elliptic. However, it is

known that the presence of an electric field can affect the onset of such instabilities

in homogeneous ideal dielectric elastomers, when subjected to dead-load tractions.

In particular, Zhao & Suo (2007) showed that the application of an electric field

alone can lead to (snapping) instabilities of the maximum-load type in homogeneous

dielectrics undergoing 3D equal bi-axial deformations. They further demonstrated

that, the application of an equal bi-axial traction loading to the ideal dielectric can

delay (or even completely remove) such instabilities. A more complete formulation

of the stability and uniqueness problem in electroelasticity, generalizing the approach

of Hill (1957) in finite elasticity and making use of the work of Dorfmann & Ogden

(2010b), was initiated by Bertoldi & Gei (2011). Several authors have also begun

to study instabilities in heterogeneous active materials. Building on earlier work for

the purely mechanical problem (Geymonat et al. 1993), Bertoldi & Gei (2011) in-

vestigated loss of positive definiteness, as well as loss of strong ellipticity for DECs

with layered microstructures, while Rudykh & deBotton (2011) studied the loss of

strong ellipticity for such composites. In our work, we investigate the instabilites in

fibrous DECs as characterized by the loss of positive definiteness and loss of strong

ellipticity. We intend to complement the earlier works on the topic by providing a

hopefully more complete discussion of the nature of the bifurcation modes for loading

paths consisting of dead mechanical tractions in the presence of electric fields. To

have a full picture for the response of fibrous DECs before failure, we also investigate

the effect of dielectric breakdown on the overall performance of such composites.

The final objective of this work, is to obtain estimates for post-bifurcated response
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of DECs and explore the possibilities therein. In particular, we would like to know

whether it would be possible to operate DEC samples in their post-bifurcated–and

often softer–deformation regime, and therefore achieve large electrostrictive strains

by small changes in the electric fields.

The rest of this dissertation is divided into two parts: theory and applications.

In the theory part of the dissertation we provide the necessary background materials

on electreo-elasticity and homogenization. In the applications part we apply the

general homogenization theory to sample application problems and report/discuss

our findings. More details about the content of different chapters in each part are

provided next.

In Chapter 2 we provide the background material on electroelasticity. In partic-

ular, we provide a thermodynamically consistent formulation for the governing and

constitutive equations of electro-active materials in the absence of magnetic fields and

motion. Both Lagrangian and Eulerian forms of the formulation will be provided for

completeness. We also provide the incremental governing equations for EA materials

in both Eulerian and push-forward forms, which are necessary for the stability analysis

of such materials. Finally, we discuss material instabilities and dielectric breakdown

(in the macroscopic sense) in EA materials with a given potential, which will later

be applied to the effective potential of the DECs to study the onset of instabilities or

failure in DECs.

Chapter 3 is concerned with the homogenization theory for electro-active com-

posites. We start this chapter by providing a general variational formulation for the

constitutive response of DECs, generalizing Hill’s energy approach (Hill 1967) in the

purely mechanical context. We then apply the general theory to a certain class of

composites, namely two-phase composites with particulate microstructures. More

specifically, we consider two-phase composites with periodic or random microstruc-

tures. For both periodic and random two-phase composites we first describe the initial

microstructure of the composite and its evolution under general electro-mechanical

loading conditions. Then, we introduce a partial decoupling strategy (generalizing the

partial decoupling approximation of Ponte Castañeda & Galipeau (2011)), in order to
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obtain the effective total energy of the DECs, with known microstructures and phase

properties. In our decoupling strategy the total effective energy is the sum of the

purely mechanical and purely electrostatic effective energies of the composite, which

are linked together via some additional microstructural parameters. These additional

microstructural parameters are then obtained by using an outer minimization. This

decoupling strategy enables us to use available estimates for the purely mechanical

effective energy of the composites along with Hashin-Shtrikman type estimates for

the effecitve electrostatic energy, in order to obtain the effective total energy of the

composite.

Chapter 4 provides a general framework for obtaining the effective response of

DECs in the limit of infinitesimal deformations. More specifically, we show that

the macroscopic total stress of a DEC can be obtained in terms of its deformation-

dependent effective permittivity, consistent with earlier theoretical results (Landau

et al. 1984, Shkel & Klingenberg 1998). We provide a simple, yet powerful tool which

can be applied to DECs with generally different microstructures (i.e., laminated,

fiber-reinforced, or particulate composites). In particular, in this chapter we focus

our attention to DECs with particulate microstructures. Thus, we consider two-phase

DECs consisting of aligned rigid inclusions distributed randomly in an “ideal dielec-

tric” linear-elastic matrix (Zhao & Suo 2008). The inclusions are further assumed

to have ellipsoidal shape and linear anisotropic dielectric behavior, and to be dis-

tributed with “ellipsoidal symmetry” (Ponte Castañeda & Willis 1995). Using the

general framework developed in this work, we then provide estimates for the effective

coupled electro-mechanical response of the above-described class of DECs, in the limit

of infinitesimal deformations. We also provide some sample application problems to

illustrate the theory developed in this chapter, and to investigate the effect of various

microstructural parameters on the overall electro-active response of DECs.

In chapter 5, we will obtain homogenization estimates for the effective (macro-

scopic) response of fiber-constrained DECs undergoing finite deformations. More

specifically, we consider DECs consisting of one family of aligned rigid fibers which

are distributed with “elliptical symmetry” (Ponte Castañeda & Willis 1995) in an
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ideal dielectric matrix. We then use available estimates (e.g., Lopez-Pamies & Ponte

Castañeda 2006a) for the purely mechanical response of such composites at finite

strains, along with a partial decoupling strategy/approximation (Ponte Castañeda &

Siboni 2012) to estimate the effective electro-active response of such DECs. Hav-

ing obtained an estimate for the effective response of the fiber-reinforced DECs, we

then investigate the effect of different microstructural parameters on the response

and possible failure of such composites, including susceptibility to electromechanical

instabilities (through loss of positive definiteness), localization instabilities (through

loss of ellipticity), and dielectric breakdown. The framework developed in this chapter

also makes possible the development of a procedure for the optimal design of DECs

capable of achieving large electrostrictive strains before failure. We also provide an

example application to illustrate the theory developed in this chapter, and to inves-

tigate the effect of various microstructural parameters on the overall response and

stability of fiber-constrained DECs.

In chapter 6, we further investigate the possible development of electro-mechanical

instabilities in fiber-constrained DECs of the class described in chapter 5. The fo-

cus is on “material” instabilities that are intrinsic to the DECs, as characterized

by their “macroscopic” or homogenized constitutive properties, and which involve

macroscopically uniform fields. Thus, “structural” instabilities that are dependent

on the geometry of the specimen, such as buckling, barreling, or wrinkling, will not

be considered. In particular, we will study loss of (incremental) positive definiteness

(LPD) and loss of strong ellipticity (LE) of the electroelastic energy density. This

chapter is intended to complement the earlier works on the stability of DECs (de-

Botton et al. 2007, Bertoldi & Gei 2011, Rudykh & deBotton 2011) by providing a

hopefully more complete discussion of the nature of the bifurcation modes for loading

paths consisting of dead mechanical tractions in the presence of electric fields.

in chapter 7 we provide an explicit expression for the purely mechanical effective

energy of fiber-constrained composites with prescribed in-plane rotations for the rigid

fibers. This will be done by introducing a new variational problem in which the

effects of external body couples are accounted for by means of uniform eigen-stress
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fields for the fiber phase. Estimates for the new variational problem will be readily

obtained using the “second-order” homogenization framework of Lopez-Pamies &

Ponte Castañeda (2006b).

Chapter 8 is concerned with the effective response of DECs under non-aligned

loading conditions. In particular in this chapter we make use of the partial decoupling

strategy (PDS), introduced in earlier chapters, in order to study the response of DECs

under general non-aligned loading conditions. Furthermore, we compare the response

of DECs as obtained by the partial decoupling strategy with the corresponding results

obtained by the partial decoupling approximation, to check the range of validity of

such approximations. Finally, using the newly obtained PDS energies we obtain

instability regions (regions corresponding to the loss of positive definiteness and the

loss of ellipticity) for aligned DECs under aligned loadings and compare them with

the corresponding results provided in chapter 5 and 6.

Finally, in chapter 9 we conclude this dissertation by providing a summary of

what has been done in each chapter and our findings.

Unless otherwise mentioned, the following notations are used throughout this

document for convenience. Scalars are denoted by italic Roman, a, or Greek letters, α;

vectors by boldface Roman letters, b; second-order tensors by boldface italic Roman

letters, C, or boldface Greek letters, σ; and fourth-order tensors by bared letters, P.

Where necessary, conventional index notation is adopted e.g., bi, Cij and Pijkl are the

Cartesian components of the vector b, second order-tensor C and fourth-order tensor

P, respectively.
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Part I: Theory
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Chapter 2

Background Materials on

Electroelasticity

As their name suggests electro-active materials are defined as materials exhibiting

coupled electrical and mechanical behaviors. Characterizing the constitutive behavior

of electro-active materials requires a model for the interaction of the electric fields

and matter. Modeling the response of deformable bodies to electric fields (or in

general, to electromagnetic fields) has been a challenging scientific issue (e.g., see

Maxwell 1873), and, as a consequence, different formulations have been proposed in

the literature, which do not seem consistent at first glance. Despite the fact that

there exist different formulations, it can be shown that under certain assumptions, all

these formulations are equivalent (see, for example Hutter et al. 2006). We further

emphasize that modeling the behavior of active materials at the continuum level

requires a thermodynamically consistent constitutive description. The foundations

for such a description were laid down by the pioneering work of (Toupin 1956), and

since then a lot of progress has been made in the continuum description of electro-

active materials. Modern developments on the topic include the works of Dorfmann

& Ogden (2005), Mcmeeking & Landis (2005), Dorfmann & Ogden (2006), Suo et al.

(2008). In this chapter, we present a brief summary of the governing/constitutive

equations that are required for the purposes of this work. The rest of this chapter

is organized as follows. In section 2.1 we provide the governing equations of electro-
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elasto-statics in the absence of magnetic fields and current densities. In section 2.2

we provide a general form for the constitutive equations of a EA materials in terms of

an energy density function (or potential). Section 2.3 is concerned with incremental

governing equations of electroelasticity in both Lagrangian and push-forward forms.

Finally, in section 2.4, we investigate the failure mechanisms in EA materials. In

particular, we consider material instabilities (i.e., loss of positive definiteness and loss

of strong ellipticity) as well as dielectric breakdown.

2.1 Governing equations

The response of a deformable electro-sensitive material can be described by the the-

ory of electro-elasto-statics (e.g. Toupin 1956, Eringen & Maugin 1990, Kovetz 2000).

Consider a homogeneous electro-elastic material occupying, in the absence of electric

fields and mechanical loadings, a volume Ω0 in the reference configuration. Under the

application of electric fields and mechanical loadings, a material point X in the refer-

ence configuration moves to a new x in the deformed configuration of the specimen,

denoted by Ω. For simplicity we exclude the possibility of gaps and/or interpene-

tration regions in the material throughout this chapter. This assumptions can be

enforced by taking the map x (X), which takes the material forms from the refer-

ence configuration to the deformed one, to be continuous and one-to-one. Then, the

deformation gradient tensor F = Gradx (with Cartesian components Fij = ∂xi/∂Xj)

characterizes the deformation of the material, and it is such that J = detF > 0. Fi-

nally, the material satisfies the conservation of mass equation, such that the material

density in the deformed configuration becomes (in local form) ρ = ρ0/detF , where ρ0

denotes the material density in the reference configuration.

The equilibrium equations in Eulerian and Lagrangian forms are given by

divT + ρ f = 0, and DivS + ρ0f0 = 0, (2.1)

respectively, with div and Div being the divergence operators in the deformed (i.e.,
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with respect to x) and reference (i.e., with respect toX) configurations. In expressions

(2.1), T is the total Cauchy stress tensor, S = JTF −T is the (first) Piola-Kirchhoff

stress tensor, and f and f0 are the given mechanical body force distributions in the

deformed and reference configurations, respectively. The conservation of angular

momentum requires symmetry of the Cauchy stress, i.e.,

T = T T , or equivalently SF T = FST . (2.2)

The deformation gradient F and stress tensor S (or T ) may be discontinuous across

material interfaces, but satisfy the jump conditions

JF K = a⊗N, and JSKN = 0 (or JT Kn = 0) , (2.3)

where a is a vector which can be determined from the solution of the problem, and

N (or n) is the normal to the interface in the reference (deformed) configuration.

It is important to emphasize that unlike the mechanical body forces (couples),

which are externally prescribed, the electric body forces (couples) are manifestations

of the electric fields that develop in the material, and therefore, need to be determined

from the solution of the coupled electro-elastic problem. Therefore, for the purposes

of the present investigation, we include the effects of electric body forces (couples)

in the total stress. For this reason, the stresses T and S defined above, also include

the electric effects, as it becomes clearer later on when we introduce the constitutive

relations. Different formulations in which all or part of the electric contributions are

described in terms of a body force or body couple in the above equilibrium equations

are also available in the literature (Hutter et al. 2006), but such formulations are not

considered here.

The true (or Eulerian) electric field e and electric displacement field d must satisfy

Maxwell’s equations, which, for quasi-static conditions, and in the absence of magnetic

effects, are given by

curle = 0, and divd = q, (2.4)
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where q is the prescribed charge density (per unit volume in Ω), and curl and div

are the usual differential operators (with respect to x). The Lagrangian form of the

above equations is given by (Dorfmann & Ogden 2005)

CurlE = 0, and DivD = Q, (2.5)

where E = F Te, D = JF −1d and Q = Jq are the “pull-back” versions of the true

electric field e, electric displacement field d and charge density q. The jump conditions

for the electric fields are

JEK ×N = 0 (or JeK ×n = 0) , and JDK ⋅N = Σ (or JdK ⋅ n = σ) , (2.6)

where Σ (or σ) is the prescribed charge per unit area in the reference (deformed)

configuration.

2.2 Constitutive equations

The constitutive behavior of a homogeneous electro-elastic material has been de-

scribed in many different ways (see Kovetz 2000, Hutter et al. 2006). However, the

form developed by Dorfmann & Ogden (2005) (see also Suo et al. 2008) is most con-

venient for our purposes here. Thus, we introduce an energy-density function, or

a potential W (F ,D), such that the first Piola-Kirchhoff stress and the Lagrangian

electric field may be obtained by

S = ∂W
∂F
(F ,D) , and E = ∂W

∂D
(F ,D) . (2.7)

The energy function W satisfies objectivity such that W (QF ,D) = W (F ,D), for
all proper orthogonal tensors Q, which implies that W (F ,D) = W (U ,D), with

F =RU being the polar decomposition of F .

It is also useful to introduce the Eulerian energy-density function w (F ,d) =
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W (F ,D = JF −1d) /J , such that

W (F ,D) = Jw (F ,d) . (2.8)

It can then be shown that the Cauchy stress T and the true electric field e are given

by

T = ∂w
∂F

F T + (w − e ⋅ d)I + e⊗ d, and e = ∂w
∂d
(F ,d) . (2.9)

Objectivity in this context implies that w (QF ,Qd) = w (F ,d), for all proper or-

thogonal tensors Q, or that w (F ,d) = u(F TF ,F Td), for some appropriately chosen

function u. Using this it can be shown (see Kovetz 2000, for a similar calculation)

that

T = 2F ∂u

∂F TF
F T + (u − e ⋅ d)I + 2e⊗s d, (2.10)

where the symbol ⊗s is used to denote the symmetric dyadic product. Note that

(2.10) makes it evident that the total Cauchy stress, as given by (2.9), is symmetric.

For materials with (internal) incompressiblity constraints (i.e. C (F ) = detF −1 =
0) a hydrostatic pressure term is introduced in the expression for the Piola-Kirchhoff

stress (Ogden 1997) while the expression for the Lagrangian electric field remains

unchanged. Thus, for such materials equations (2.7) are updated as follows

S = ∂W
∂F
(F ,D) − pF −T , and E = ∂W

∂D
(F ,D) . (2.11)

The corresponding Eulerian equations (2.9), become

T = ∂w
∂F

F T − pI + (w − e ⋅ d)I + e⊗d, and e = ∂w
∂d
(F ,d) , (2.12)

where w is defined as before with the replacement J = 1.
In this work we are mainly concerned with deriving macroscopic forms for the

potentials of heterogeneous EA materials starting from the constitutive behavior of

the phases. Hence, next we provide specific forms of the functions W (or w) for the

matrix and inclusion phases. In this work, it will be assumed that the matrix, labeled
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with the superscript “1,” is made of a dielectric elastomer, while the inclusions, la-

beled with the superscript “2,” are made of much stiffer materials. The inclusions are

assumed to be very stiff (rigid) compared to the soft elastomeric matrix. In fact, as

it will become clearer later on, the inclusions are desired to have high dielectric coef-

ficients for stronger electro-elastic couplings. However, naturally appearing materials

(e.g., ceramics) with high dielectric coefficients also tend to be very stiff mechanically.

As a consequence, and for simplicity, the inclusions will be assumed to be perfectly

rigid in this work.

2.2.1 Dielectric elastomer matrix phase

For simplicity, the matrix phase is an “ideal dielectric elastomer” (Mcmeeking &

Landis 2005, Zhao & Suo 2008) with a linear dielectric response described by the

isotropic permittivity ε(1) that is taken to be independent of the deformation. Thus,

the matrix material will be described here by an energy-density function (in the

reference configuration) W (1) of the form

W (1) (F ,D) =W (1)
me (F ) +W (1)

el
(F ,D) , (2.13)

where W
(1)
me (F ) is the usual (purely) mechanical stored-energy function of the elas-

tomer andW
(1)
el (F ,D) is the electrostatic part of the stored-energy function. For the

purely mechanical stored energy we adopt the (incompressible) Gent (1996) model as

specified by

W
(1)
me (F ) = −µ(1)J(1)m

2
ln(1 − I − d

J
(1)
m

) with J = detF = 1, I = tr (F TF ) (2.14)

where d specifies the dimension of the problem (i.e., d = 2 for 2D plain-strain problems

and d = 3 for 3D problems), µ(1) is the shear modulus of the elstomer and J
(1)
m , which

specifies the limiting value for I − d, is the lock-up parameter. Note that the above

purely mechanical energy density reduces to the (incompressible) Neo-Hookian model
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as J
(1)
m →∞. The electrostatic stored energy of the ideal dielectrics can be written as

W
(1)
el (F ,D) = 1

2ε(1)J
(FD) ⋅ (FD) , (2.15)

in the reference configuration. The Eulerian form of the above electrostatic energy

function, as defined by w
(1)
el (d) =W (1)

el (F , JF −1d)/J , is
w
(1)
el (d) = 1

2ε(1)
d ⋅ d, and therefore e = ε(1)−1d. (2.16)

which is consistent with the assumption that the dielectric response of the material

is linear and independent of the deformation in the current configuration (i.e., ε(1) is

a constant).

The total Cauchy stress, as defined by (2.9), for the above special form of the

electro-active potential can be rewritten in the following more compact form

T = Tme + T el, (2.17)

where

Tme = ∂W (1)
me

∂F
F T − pI and T el = 1

ε(1)
[d⊗ d − 1

2
(d ⋅ d)I] (2.18)

are respectively the “purely mechanical” and “electrostatic” stresses in the material.

Note that when the material is vacuum with permittivity ε0, the electrostatic stress

reduces to the Maxwell stress

TM = ε0 [e⊗ e − 1

2
(e ⋅ e)I] . (2.19)

For this reason, the electrostatic stress T el is sometimes referred to as the Maxwell

stress in the material, and it is divergence free, just like the Maxwell stress TM .

Finally, note that the decomposition provided in connection with expression (2.17)

may not be generalized for all materials. For example, it will be shown later in this

work that a composite made of a matrix material with constitutive behavior of the

type (2.17) and rigid dielectric inclusions will not possess a constitutive response of
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this form (and will, in fact, include additional terms coupling the deformation and

electric fields in a non-trivial manner).

2.2.2 Rigid, polarizable particles

The behavior of the material in this case can be described by the energy function

W (2) (F ,D) =W (2)
me (F ) +W (2)

el (D) . (2.20)

The rigidity constraint is enforced by requiring W
(2)
me to be zero when F is a pure

rotationR(2), and infinity otherwise. The electrostatic part of the energy for materials

with linear dielectric behavior is taken to be of the standard form

W
(2)
el (D) = 12D ⋅ E(2)

−1
D, (2.21)

where E(2) is a constant, second-order tensor defining the anisotropic permittivity

(or dielectric constant) of the material. Note that, because of objectivity, the ten-

sor E(2) has to be independent of the deformation (or rotations for the special case

of rigid particles), and is therefore a constant in the reference configuration. The

corresponding energy function in the current configuration takes the form

w
(2)
el
(R(2),d) = 1

2
d ⋅ ε(2)−1d (2.22)

where we have used objectivity, as well as the fact that for rigid materials F =R(2).
In the above equation ε(2) =R(2)E(2)R(2)T denotes the permittivity in the deformed

configuration and depends on the rotation of the particle R(2). Using (2.9), the

Eulerian electric field e inside the rigid phase becomes

e = ε(2)−1d, (2.23)

while the total stress becomes indeterminate. It is also important to mention that

the second-order tensors E(2) and ε(2) are positive definite, which is consistent with
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the assumed convexity of the energy functions W (2) (F ,D) and w(2) (F ,d) in D and

d, respectively.

To obtain appropriate boundary conditions for the above-described electroelastic-

ity problem one may use the jump conditions (2.3) and (2.6), taking into account the

fact that neither the electric fields nor the stresses are zero outside the electro-elastic

specimen, even if the specimen is surrounded by empty space (or vacuum). This is due

to the fact that vacuum holds electric fields, and therefore also the (self-equilibrated)

Maxwell stress, as pointed out by Dorfmann & Ogden (2005) and Bustamante et al.

(2009).

2.3 Incremental formulation

In this section we provide the incremental governing equations of electroelasticity

in both “Lagrangian” and “push-forward” forms. This is especially useful for the

stability analysis of dielectric elastomers. The details for the development of such in-

cremental equations can be found in the recent work of Dorfmann & Ogden (2010a).

In the following, we only provide the necessary background information for the pur-

poses of this chapter.

2.3.1 Lagrangian form

Given the static equilibrium state of the system as characterized by the deformation

gradient F and (Lagrangian) electric displacement field D, an (electromechanical)

increment to this state can be obtained by superimposing a small (or incremental)

displacement ẋ (X, t) and a small (incremental) electric displacement field Ḋ (X, t)
to the current state of the system. Note that here, the incremental quantities are

marked by the overdot.

The incremental form of the governing equations (2.1)2 and (2.5) can then be

written as

Curl Ė = 0, Div Ḋ = 0, and Div Ṡ = ρ0ẋ,tt, (2.24)
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where Ė and Ṡ are the increments in E and S , respectively. Note that here we are

assuming dead loads (i.e., constant body force and charges as the material deforms)

such that ḟ0 = 0 and Q̇ = 0.
The incremental constitutive equations for unconstrained materials can be ob-

tained by linearizing (2.7) with respect to the increments. Thus, we get

Ṡ = A0Ḟ +Γ0Ḋ, and Ė = Γ0T Ḟ +M 0Ḋ, (2.25)

where the fourth-order tensor A0 (the incremental (or tangent) elasticity at fixed D),

the third-order electromechanical coupling tensor Γ0, and the second-order tensor

M 0 (the inverse of the permittivity at fixed F ), are known as the incremental “elec-

troelastic moduli” of electro-active materials. They are obtained from the second

derivatives of the energy function via

A0
ijpq ∶= ∂2W

∂Fij∂Fpq
, Γ0T

pij = Γ0
ijp ∶= ∂2W

∂Fij∂Dp

, and M0
ij ∶= ∂2W

∂Di∂Dj

, (2.26)

and satisfy the following symmetries

A0
ijpq = A0

pqij and M0
ij =M0

ji. (2.27)

Similarly, the incremental constitutive equations for materials with internal in-

compressiblity constraints can be obtained by linearizing (2.11) with respect to the

increments. Thus, we get

Ṡ = A0Ḟ +Γ0Ḋ + pF −T Ḟ TF −T − ṗF −T , and Ė = Γ0T Ḟ +M 0Ḋ, (2.28)

where the moduli tensors are defined as before.

23



2.3.2 The “push-forward” form

One can also rewrite the above incremental equations in the deformed configuration

via the “push-forward” versions of the increments

Ṫ ∶= J−1ṠF T , ḋ ∶= J−1F Ḋ, and ė ∶= F −T Ė, (2.29)

so that the incremental equilibrium equations in the deformed configuration become

curl ė = 0, div ḋ = 0, and div Ṫ = ρu̇,tt, (2.30)

where u is the incremental displacement when written with respect to the deformed

position x, i.e.,

u ∶= ẋ (X = x−1 (x) , t) , and x−1 () is the inverse of the map x () . (2.31)

It is important to emphasize that equations (2.30) are definitions but not identities.

Finally, the push-forward versions of the constitutive equations for unconstrained

materials can be written as

Ṫ = AH +Γḋ and ė = ΓTH +M ḋ, (2.32)

where H ∶= grad u = Ḟ F −1, and

Akmln ∶= J−1FmiFnjA0
kilj, Γijt ∶= FipF −1qt Γ0

pjq, and Mkl ∶= JF −1ik F −1jl M0
ij , (2.33)

which satisfy the symmetry properties

Akmln = Alnkm, Γijt = Γjit, and Mkl =Mlk. (2.34)

Likewise, the push-forward constitutive equations for incompressible materials can be

written as

Ṫ = AH +Γḋ + pHT − ṗI and ė = ΓTH +M ḋ, (2.35)
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where the push-forward moduli are defined in (2.33).

2.4 Failure mechanisms in EA materials

To provide a complete picture for the analysis of (homogeneous or heterogeneous)

electro-active materials, we need to address different failure mechanisms in such ma-

terials. This is especially important for the design of new materials with superior

performance characteristics. In this work we consider three different failure mecha-

nisms, namely Loss of Positive Definiteness (LPD) or loss of convexity, Loss of strong

Ellipticity (LE) of the electroelastic energy, and dielectric breakdown. The first two

can be recognized as “material” instabilities and they are best described in terms of

incremental electroelastic moduli tensors of the EA material.

2.4.1 Material instabilities in dielectric elastomers

In this section we recall some results concerning the stability of dielectric elastomers

(DEs) with given energy-density functions. Even though the stability prescriptions

will be presented for homogeneous DEs, they can also be used for DECs, provided that

a “macroscopic” energy-density function is available for such heterogeneous materials.

In principle, instabilities could also take place at the “microscopic” level, but given the

expected heterogeneity in the local fields inside the DECs, this possibility will not be

considered in this work. Instead, we focus our attention only on intrinsic “material”

instabilities, as defined by the homogenized or macroscopic constitutive relations for

the DECs. Thus, geometry-dependent “structural” instabilities, such as buckling,

barreling, or wrinkling, will not be considered here. In particular, two types of electro-

mechanical instabilities will be considered: loss of positive definiteness (LPD), or loss

of local convexity, and loss of strong ellipticity (LE). These instabilities are best

described in terms of the electro-elastic incremental moduli, as defined in section 2.3,

which also summarizes the incremental electroelasticity problem (Dorfmann & Ogden

2010a) for completeness.

Loss of positive definiteness. As already mentioned, a generalization of the exclu-
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sion functional of Hill (1967) for electroelasticty was provided by Bertoldi & Gei (2011)

(see also Zhao et al. 2007). Based on this criterion, Bertoldi & Gei (2011) argued

that the critical bifurcation condition for all-around dead-load tractions/charges on

the boundary reduces to loss of positive definiteness of the incremental electroelastic

moduli, as defined by (2.26), thus providing a natural generalization of corresponding

results for the purely elastic case (Hill 1967, Ogden 1997). More specifically, when

the material is incompressible (as is the case in this work), for a given loading path

(as determined by ps, Fs, Ds, where s is the loading parameter), the onset of the

instability is determined when the “exclusion” condition

Q0 = Ḟ ⋅A0
sḞ + pstr [(Ḟ F −1)2] + 2Ḟ ⋅Γ0

sḊ + Ḋ ⋅M 0
s Ḋ > 0 (2.36)

is first violated for at least one non-zero, critical pair (Ḟ , Ḋ), where Ḟ satisfies

the incompressibility condition tr (Ḟ F −1s ) = 0. In the above equation, the dotted

quantities denote the increments, while A0
s, Γ

0
s, and M 0

s are the electroelastic moduli

defined in (2.26), evaluated at F = Fs and D = Ds. The above quadratic form can

also be written in push-forward form as

Q = Q0/J =H ⋅AsH + 2H ⋅Γsḋ + ḋ ⋅Msḋ + pstr [H2] , (2.37)

where H ∶= gradu = Ḟ F −1 denotes the gradient of the incremental displacement,

defined in (2.31).

As pointed out by Hill (1967) in the purely mechanical context, the primary

“eigenstates” associated with condition (2.36) can manifest themselves in essentially

two ways. If the loading path is precisely orthogonal to the eigenmodal direction, a

bifurcation is possible with or without exchange of stability. On the other hand, if

the loading path is not of this special type, then a maximum, or limit load behavior is

observed. In this work, we will refer to these two types of modes as “non-aligned” and

“aligned,” respectively. The second type of instability has been confirmed experimen-

tally (Stark & Garton 1955, Lu et al. 2012), as well as theoretically (Zhao et al. 2007)

for ideal dielectrics under 3D equal bi-axial loading conditions, where a maximum
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is observed in the voltage. The existence of the maximum for the voltage is known

to lead to the possibility of snapping behavior, followed by dielectric breakdown in

voltage-controlled experiments (Zhao & Suo 2010). Loss of positive definiteness has

also been studied for heterogeneous dielectrics with layered microstructures (Bertoldi

& Gei 2011). Our goal in this work will be to consider, in some detail, the loss of

positive definiteness of fibrous DECs subjected to bi-axial traction and prescribed

charges on the surface (see chapter 6 for more details).

Loss of strong ellipticity. Generalizing earlier work for the purely mechanical case

(Triantafyllidis & Maker 1985, Geymonat et al. 1993, Michel et al. 2010a), Bertoldi

& Gei (2011) argued that loss of strong ellipticity of homogenized electro-elastic

energy coincides with the onset of long-wavelength (or macroscopic) instabilities.

Thus, in this work we will make use of loss of strong ellipticity to detect the possible

development of localization instabilities in DECs. The loss of strong ellipticity in the

context of electroelasticity is characterized by the loss of positive definiteness of the

generalized electromechanical acoustic tensor (see Dorfmann & Ogden 2010a, for the

definition). In particular, for incompressible electro-active materials, the generalized

electromechanical acoustic tensor is given by

γ̂ (n) = Q̂ (n) − R̂ (n)M̂−1R̂T (n) , (2.38)

where the tensors Q̂, R̂ and M̂ are specific projections of the incremental mod-

uli of the electro-active material onto the plane perpendicular to the unit vector n.

Specifically,

Q̂ (n) = ÎQ (n) Î, with Qij (n) ∶= Aipjqnpnq
R̂ (n) = ÎR (n) Î, with Rij (n) ∶= Γpijnp
M̂ = ÎMÎ,

(2.39)

where Î ∶= I − n⊗n is the relevant projection operator. Thus, when the condition

m ⋅ γ̂ (n)m > 0, (2.40)
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ceases to hold (for any unit vector m satisfying the incompressibility condition n ⋅m =
0) for the first time, the material loses strong ellipticity. The vector n at which the

tensor γ̂ (n) loses positive definiteness, characterizes the normal to a localization plane

(often referred to as the shear band). For composites with random microstructures,

in the purely mechanical context, these instabilities are known to be the first to occur

under prescribed displacement boundary conditions (Geymonat et al. 1993, Michel

et al. 2010a). However, as we will see later on, they may also be the first to occur

under dead load conditions for special types of loadings, since while loss of positive

definiteness does not necessarily imply loss of ellipticity, the converse is always true

and the two may happen simultaneously in some cases. In this connection, it is rele-

vant to remark that in the purely mechanical context the loss of ellipticity condition

may be obtained by checking the exclusion condition against rank-one (incremental)

deformations of the form Ḟ = f (X ⋅B)a⊗B, where f is an arbitrary function of its

argument, and a and B are constant vectors (see Ogden 1997, for more details).

It is important to emphasize that, in this work, we will restrict our attention to

loss of positive definiteness and loss of strong ellipticity in the homogenized response

of the dielectric composite materials. (In principle, these conditions could also be

applied locally at the level of the phases, but the “microscopic” fields inside the phases

would be expected to be nonuniform, in which case the computation of the instability

conditions would be much more difficult.) For this reason, the instabilities associated

with the homogenized response are referred to as “macroscopic” instabilities, i.e.,

they are manifested in the material at length scales comparable to the size of the

specimen. In addition, it is noted that the above conditions for LPD and LE can be

further simplified for the purely mechanical case to obtain more explicit conditions

for the onset of instabilities (see Appendix A for more details).

2.4.2 Dielectric breakdown

Dielectric breakdown corresponds to the instantaneous increase in the conductivity of

dielectric insulators that happens when the magnitude of the electric field inside the

dielectric reaches a critical value. Dielectric breakdown causes irreversible damages to
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the EA material, and therefore must be avoided in applications. The safe operation

of EA materials is ensured by requiring the maximum electric field in the material to

be less than the breakdown field, denoted by eB, i.e.

max
sample
∣e ∣ < eB. (2.41)

This may be easily enforced for homogeneous EA samples where uniform fields can

be assumed in most applications. For heterogeneous samples, however, one has to

account for field magnifications due to the presence of heterogeneities. As it will be

seen later on, the presence of heterogeneities can reduce the overall breakdown field

of EA composites by a large factor.

2.5 Concluding remarks

In this chapter we have provided an overview for the governing equations of elec-

troelasticity and constitutive response of homogeneous dielectric elastomers. The

formulation used here for describing the governing equations is based on a total stress

which includes both the mechanical and electrostatic surface forces. The constitu-

tive response of dielectric elastomers were described via a potential energy which is

assumed to be a function of the deformation gradient and the Lagrangian electric dis-

placement field. We have also provided the incremental equations of electroelasticity

along with conditions for predicting material instabilities and failure of electro-active

materials.
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Chapter 3

A Coupled Homogenization

Framework

Effective medium theories have been used to model the behavior of DECs with vari-

ous microstructures at both finite and infinitesimal deformations. For example, Shkel

& Klingenberg (1998) have provided estimates for the deformation-dependent per-

mittivity, as well as the electrostriction of isotropic dielectric solids. They used a

mean-field approach to estimate the dipolar interactions at the microscopic level, and

their analytical model for the effective deformation-dependent permittivity is in good

agreement with their experiments (Shkel & Klingenberg 1998) for certain polymeric

materials. Similarly, Li & Rao (2004) and Rao & Li (2004) have developed a microme-

chanical approach, which uses the “uniform field” concept of Benveniste & Dvorak

(1992) to provide estimates for the effective electrostrictive coefficients of polymer-

matrix composites with aligned and randomly oriented ellipsoidal inclusions. More

recently, Tian et al. (2012) have developed a rigorous method to compute the effective

electro-elastic properties of composites in terms of coupled moments of the electro-

static and elastic fields in the composite. They also provided results for sequentially

laminated composites, where such coupled moments could be computed explicitly.

In the context of finite deformations, the state of the art for DECs is less advanced.

For example, deBotton et al. (2007), Bertoldi & Gei (2011) and Rudykh & deBotton

(2011) have obtained analytical estimates for the effective response and stability of

30



DECs with layered microstructures at finite strains by making use of the classical for-

mulations of finite-strain electroelasticity (Toupin 1956). In this chapter we provide

a general homogenization theory for the coupled electro-elastic behavior of DECs. In

particular, in section 3.1 we provide a variational formulation for the effective energy

of DECs, generalizing the energy method of Hill (1972). In section 3.2 we consider

two-phase DECs with random microstructures. More specifically, we describe the

initial microstructure of the composite and its evolution. Then we introduce the par-

tial decoupling strategy for obtaining the effective total electrostatic energy in terms

of the effective purely mechanical energy and the effective (deformation-dependent)

electrostatic energy. Finally, we provide Hashin-Schtricman type estimaes for the

effective (deformation-dependent) permittivity of two-phase DECs with random mi-

crostructures , which may in turn be used along with availabe estimates for the purely

mechanical energy to obtain the effect total energy of DECs. Section 3.3 provides

the corresponding developments in the context of two-phase DECs with periodic mi-

crostructures.

3.1 The variational formulation

We consider a specimen Ω0 (in the reference configuration) made of the electro-active

composite, which consists of N homogeneous phases, occupying sub-domains Ω
(r)
0 in

Ω0. The distribution of the phases is described by the characteristic functions Θ
(r)
0

(r = 1, ...,N), such that Θ
(r)
0 is equal to 1 for X ∈ Ω(r)0 and zero otherwise. Similarly,

the specimen in its deformed configuration can be described by the characteristic

functions Θ(r) (r = 1, ...,N), such that Θ(r) (x) = 1 for x ∈ Ω(r) and zero otherwise,

where Ω(r) is the sub-domain of Ω (the deformed configuration of the specimen) that

is occupied by phase r. Throughout this work, the electro-active composites are

assumed to satisfy the separation of length scales hypothesis. In other words, it is

assumed that the length scale at which the characteristic functions Θ
(r)
0 vary (also

referred to as the microscopic scale) is very small compared to the the size of the

specimen Ω0 (or the macroscopic scale).

31



In this section, we develop a homogenization framework for the above-described

electro-active composites with general microstructures in the quasi-static finite strain

regimes. The basic idea is to generalize the heuristic approach of Hill (1972) in finite

elasticity. Toward this goal, boundary conditions are prescribed that are consistent

with “macroscopically uniform” fields in the composite. Here we enforce the condi-

tions

x = F̄X, and D ⋅N = D̄ ⋅N, on ∂Ω0, (3.1)

where F̄ and D̄ are a prescribed, constant tensor and vector, respectively, and N is

the outward unit normal to the boundary of the composite specimen ∂Ω0. It then

follows, by means of the divergence theorem, that the macroscopic averages (over Ω0)

for the deformation gradient and electric displacement fields are given by

⟨F ⟩0 = F̄ , and ⟨D⟩0 = D̄, (3.2)

where ⟨⋅⟩0 has been used to denote a volume average in the reference configuration.

This shows that F̄ and D̄ can be interpreted as the macroscopic, or average, defor-

mation gradient and electric displacement field in the composite Ω0. Note that it

is also possible to specify the electric field, or the traction on the boundary of the

specimen. However, the boundary conditions (3.1) are preferred here since they lead

to minimum-type variational formulations for the homogenization problem, because,

as mentioned earlier, the associated potentials W are convex in D and polyconvex in

F .

Given the boundary conditions (3.1) and the assumed separation of length scales,

it is expected on physical grounds that the composite material will behave like the

homogeneous medium with effective, or homogenized energy function W̃ . Following

the “energy” method of Hill (1972) for purely elastic composites, we define the ho-

mogenized potential for the electro-active composite as the volume average of the

energy stored in the composite under application of the boundary conditions (3.1),
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namely,

W̃ (F̄ , D̄) = min
F ∈K(F̄ )

min
D∈D0(D̄)

⟨W (X,F ,D)⟩0, (3.3)

where W (X,F ,D) is defined in terms of the uniform phase potentials W (r) (F ,D)
via

W (X,F ,D) = N

∑
r=1

Θ
(r)
0 (X) W (r) (F ,D) , (3.4)

and where

K(F̄ ) = {F ∣ ∃ x = x (X) with F = Gradx in Ω0, x = F̄X on ∂Ω0} , (3.5)

and

D0 (D̄) = {D ∣ DivD = 0 in Ω0, D ⋅N = D̄ ⋅N on ∂Ω0} (3.6)

are, respectively, sets of admissible deformation gradients and electric displacement

fields that are compatible with the boundary conditions (3.1).

It can be readily shown (see Bustamante et al. 2009) for a more general version

of this variational principle including contributions from the surrounding vacuum)

that the Euler-Lagrange equations associated with the variational problem (3.3) are

precisely the equilibrium equation (2.1)2 (with f0 = 0) and the Maxwell’s equations

(2.5). (Note that the energy contributions of the inhomogeneous terms, f0, Q, and Σ,

are ignored since they have been assumed to vary on the macroscopic length scale, and

have no effect on the homogenization problem.) Therefore, the minimizers (assuming

that they exist) of the above problem are also solutions of the electro-elastic problem

(described in the previous section) with boundary conditions (3.1). To the best of

our knowledge, there exist no rigorous mathematical results for the existence of the

minimizers for the above variational problem. However, as was recently argued by

Ponte Castañeda & Galipeau (2011) for the analogous magneto-elasticity problem,

it will be assumed here that the minimizers of the variational problem (3.3) exist

at least for constitutive behaviors of the type discussed in chapter 2 for the ideal

dielectric matrix and rigid particles.

For composites with periodic microstructures, or for random composite made out
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of periodic repetitions of a representitive volume element (RVE), the general varia-

tional problem (3.3), can be equivalently written in terms of a periodic variational

problem. Thus, let us denote the building block (or the elementary unit cell) of the

composite by U0 in the reference configuration. For purely elastic composites in the

finite-deformation regime, it is known (Braides 1985, Müller 1987) that the solution

of the homogenization problem (3.3), although periodic, need not have the same pe-

riod as the elementary unit cell U0. Thus, while it is expected that the minimum

energy solution may be initially periodic on one cell, after a certain level of loading,

the solution may develop microscopic (or pattern changing) instabilities and bifur-

cate into other solutions that may be periodic on a larger unit cell (or a super cell)

qU0 containing several elementary unit cells (see further below for more details). In

such cases, the lowest value for the energy is obtained by “cooperative” interaction

among several unit cells, after a certain level of loading. Therefore, the variational

problem (3.3) for the effective energy of the electro-active composite with periodic

microstructures under arbitrary loading conditions may be written in the form

W̃ (F̄ , D̄) =min
q

W̃ qU0 (F̄ , D̄) , for q = (q1, q2, q3) ∈ N3, (3.7)

where

W̃ qU0 (F̄ , D̄) = min
u′∈qU#

0

min
A′∈qU#

0

{ 1

∣qU0∣ ∫qU0 W (X; F̄ +∇u′, D̄ +∇×A′) dX} (3.8)

is the effective energy associated with the super-cell qU0. In this last expression, u′

andA′ are qU0-periodic fluctuation functions, such that the deformation gradient and

electric displacement trial fields are given by F = F̄ +Gradu′ and D = D̄ + CurlA′.
Note that the minimizations over the sets of qU0-periodic displacement and vector

potential fluctuation fields (i.e., u′ and A′ ∈ qU#
0 ) in expression (3.8) is equivalent to

minimizations over the admissible sets (3.5) and (3.6) in expression (3.3).

Having defined the effective electro-elastic energy W̃ (F̄ , D̄) of the composite,

it can be shown by means of appropriate generalization of Hill’s lemma (see, for
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example, Castañeda & Suquet 1997) that the average stress and average electric

field, determined by S̄ = ⟨S⟩0 and Ē = ⟨E⟩0, are given by

S̄ = ∂W̃
∂F̄

, and Ē = ∂W̃
∂D̄

, (3.9)

respectively. As mentioned earlier, F̄ and D̄ correspond to the average (or macro-

scopic) deformation gradient and electric displacement fields in the composite. There-

fore, expression (3.9) provides the macroscopic, or homogenized constitutive relations

for the composite. In other words, similar to the local energy functions W (r), which

characterize the response of the constituent phases, the effective energy function W̃ ,

as defined by (3.3), completely describes the macroscopic response of the electro-

active composite. Note that although, in general, energy will be stored (via the

electric field) in the free space surrounding the specimen, as it is shown above, only

the energy stored inside the specimen (i.e., W̃ ) needs to be considered in the homog-

enization problem. In addition, it is noted that W̃ is objective, which can be easily

verified by making use of the objectivity of the phase potentials.

The Eulerian counterparts of the above effective constitutive equations for electro-

active composites can be obtained in terms of the volume averages, denoted by ⟨⋅⟩,
of the true mechanical and electrical fields over the deformed configuration Ω of the

composite. Thus, we define T̄ = ⟨T ⟩, d̄ = ⟨d⟩ and ē = ⟨e⟩, which can be shown to

satisfy the following relations:

T̄ = J̄−1S̄ F̄ T , ē = F̄ −T Ē, and d̄ = J̄−1F̄ D̄. (3.10)

Furthermore, we define the effective Eulerian energy-density function w̃ (F̄ , d̄) =
W̃ (F̄ , J̄ F̄ −1d̄) /J̄ . It then follows from equation (3.10)1 that the average Cauchy

stress is given by

T̄ = ∂w̃
∂F

F T + (w̃ − ē ⋅ d̄)I + ē⊗ d̄. (3.11)

Note that T̄ is symmetric, which can be shown from objectivity using arguments

completely analogous to those used in connection with equation (2.10) to show the
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symmetry of the local stress tensor T . Also, it is easy to show, by means of (3.10)2,

that

ē = ∂w̃
∂d̄

. (3.12)

We remark that, we are not aware of mathematically rigorous results for the ex-

istence of solutions of the variational problem (3.3) (or (3.7) in the periodic case).

However, at least for the material models discussed in Section 2.2 for the elastomeric

matrix and rigid inclusion phases, which ensure quasi-convexity in F (for fixedD) and

convexity in D (for fixed F ), together with appropriate growth conditions, for the lo-

cal potential W , it would be expected that results generalizing those of Müller (1987)

and Geymonat et al. (1993) for purely mechanical systems should hold. Naturally,

non-unique solutions would be expected to arise as a consequence of the possible de-

velopment of “microscopic” and “macroscopic” instabilities (e.g. Michel et al. 2010a)

as the deformation progresses.

In the next section, building on earlier works (Ponte Castañeda & Galipeau 2011,

Ponte Castañeda & Siboni 2012), we propose a “partial decoupling strategy” in order

to decouple the mechanical and electrostatic effects for electro-active composites with

periodic and random microstructures. This will allow us to express the solution of

the variational problem (3.3) (or (3.7) in the periodic case) for the effective stored-

energy function of the electro-active composite in terms of the solutions of “purely

mechanical” and “electrostatic” problems, coupled only through a finite set of mi-

crostructural variables, corresponding to the particle positions and orientations in

the deformed configuration, which may be obtained by means of a finite-dimensional

optimization process.

3.2 Homogenization estimates for two-phase par-

ticulate DECs with random microstructures

We consider a composite consisting of a random distribution of rigid, dielectric inclu-

sions firmly embedded in an ideal dielectric elastomer matrix. The matrix is assumed
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to be isotropic (both mechanically and electrically) and is capable of undergoing finite

strains, as described by relations (2.13) and (2.15). For simplicity and ease of expo-

sition, all the inclusions are assumed to be identical, but with arbitrary ellipsoidal

shapes and general anisotropic dielectric properties, as characterized by relations

(2.20) and (2.21). It is further assumed that the above-described electro-active com-

posite has a stress-free configuration in the absence of deformation and electric fields

(i.e., when F = I and D = 0), and that its mechanical behavior for small deformations

is characterized by the conventional theory of linear elasticity. Under these condi-

tions, we may expect a unique solution to the Euler-Lagrange equations associated

with the variational problem (3.3), at least for sufficiently small deformations and

electric fields (i.e., in the neighborhood of F = I and D = 0). However, after a certain

amount of loading, this solution may become unstable and bifurcate (Geymonat et al.

1993) into a different (lower energy) solution.

In the following subsections, we will describe the initial microstructure of the com-

posite in the reference configuration, the corresponding evolution of the microstruc-

ture, and finally a “partial decoupling” strategy to simplify the calculation of the ef-

fective stored-energy function of the composite (3.3) in the pre- and post-bifurcation

regimes.

3.2.1 Initial microstructure

As depicted in Fig. 3.1 (left), the initial microstructure of the composite is obtained

by a random distribution of aligned identical inclusions with ellipsoidal shapes, as

defined by

I0 = {X ∣X ⋅ (ZI
0)−2X ≤ 1} . (3.13)

Here the symmetric second-order tensor ZI
0 characterizes the shape and orientation

of the inclusions in the reference configuration. Then, letting Θ
(2)
0 (X) denote the

characteristic function of a single ellipsoidal inclusion, and the random set {Xα}
denote the random positions of the inclusion centers, the characteristic function of
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Figure 3.1: The random microstructure of two-phase particulate DECs in the refer-
ence (left) and deformed (right) configurations.

the inclusion phase may be written as follows

Θ
(2)
0 (X) =∑

α

ΘI
0 (X −Xα) = ∫

Ω0

ΘI
0 (X −Z)ψ0 (Z) dZ, (3.14)

where ψ0 (Z) ∶=∑α δ (Z −Xα) is the random density generated by the set of random

point {Xα}. The probability density functions (PDFs) corresponding to the particle

locations in the composite can then be obtained in terms of the ensemble averages

of the random density ψ0 (Z). Thus, letting ⟪⋅⟫0 denote the ensemble average in the

reference configuration, the PDF of finding and inclusion located at Z is defined by

pI0 (Z) ∶= ⟪ψ0 (Z)⟫0 , (3.15)

while the joint PDF of finding a pair of inclusions located at Z and Z′ (Z ≠ Z′) is

defined by

pII0 (Z,Z′) ∶= ⟪ψ0 (Z)ψ0 (Z′)⟫0 − ⟪ψ0 (Z)⟫0 δ (Z −Z′) . (3.16)

It is remarked here that in general higher order PDFs can also be defined in order to

describe the microstructure of the composite more accurately (see Milton 2001, for

more details on higher order statistics). However, in this work we will make use of
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Hashin-Shtrikman type homogenization estimates that are capable of accounting for

microstructural details of the composite up to the two-point probabilities. Thus, to

avoid the complications associated with higher order statistics, in this study we will

only consider the effects of the first- and second- order PDFs defined above.

We assume that the composite is statistically isotropic (Milton 2001), such that

pI0 (Z) is independent of the location, i.e.,

pI0 (Z) = pI0, (3.17)

where pI0 denotes the number density of the inclusions in the reference configuration.

Under the assumption of statistical isotropy the volume fraction of the inclusion phase

in the reference configuration can be shown to be uniform and is given by

cI0 = pI0 ∣Ω0∣ . (3.18)

Furthermore, we assume that the joint probability pII0 (Z,Z′) is invariant under arbi-
trary translations, i.e.,

pII0 (Z,Z′) = pII0 (Z −Z′) , (3.19)

and encompasses “ellipsoidal symmetry” (Ponte Castañeda &Willis 1995). Therefore,

it will be assumed that pII0 depends on Z−Z′ via the combination ∣ZD
0 (Z −Z′)∣, where

ZD
0 is a symmetric second-order tensor characterizing the shape of the “distributional

ellipses”

D0 = {X ∣X ⋅ (ZD
0 )−2X ≤ 1} . (3.20)

Note that in this context, statistical isotropy corresponds to the special case where

ZD
0 = I. It is worthwhile to mention that in practice distribution of the inclusions can

exhibit independent angular and radial behaviors. However, for cases where the initial

distribution can be approximated as being ellipsoidal, simple analytical estimates may

be obtained for the effective response of the composite, as will be seen later on, and

hence the reason for the assumption of ellipsoidal symmetry.
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3.2.2 Evolution of the microstructure

As depicted in Fig. 3.1, under the application of deformation and electric displace-

ment fields, as described by the boundary conditions (3.1), the microstructure is

expected to evolve in such a way that the particle positions and orientations, as well

as the shape and size of the distribution, change with the applied deformation and

electric field. Note that the particles will not change their size and shape, as they are

rigid, but that their volume fraction can change, if the matrix material is compress-

ible. Assuming that the matrix is capable of undergoing non-isochoric deformations

(i.e., J̄ = det F̄ ≠ 1), the volume fraction of the inclusion phase in the deformed

configuration cI , is given by

cI = ∣Ω(2)∣/∣Ω∣ = cI0/J̄ , (3.21)

where we have used the fact that ∣Ω(2)∣ = ∣Ω(2)0 ∣ and ∣Ω∣ = J̄ ∣Ω0∣.
Under the application of the macroscopic mechanical and electrostatic loadings

F̄ and D̄, the rigid inclusions are expected to change position and orientation, but

their shape remains unchanged. Therefore, the microstructure of the composite in

the deformed configuration is described by the deformed characteristic function

Θ(2) (x) = ∫
Ω
ΘI (x − z)ψ (z)dz, (3.22)

where ΘI (x) is the characteristic function of the single rotated inclusion, i.e.,

I = {x ∣ x ⋅ (ZI)−2 x ≤ 1} , with ZI =RITZI
0R

I . (3.23)

Here RI denotes the rigid rotation of the inclusions and ψ (z) denotes the random

density associated with the set of random points {xα}, which characterize the lo-

cations of the particle centers in the deformed configuration. It is emphasized here

that both RI and {xα} are expected to depend in a complicated manner on the local

deformation gradient F , which in turn is a function of F̄ and D̄. Dealing with the

evolution of the microstructure in its full generality proves to be a very difficult task.
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For this reason and in the spirit of developing simple homogenization estimates, the

following simplifying assumptions will be made.

First, we assume that all the inclusions will rotate by the average rotation of the

inclusion phase, denoted here by R̄(2), i.e.,

RI = R̄(2), for all inclusions. (3.24)

Note that for random distributions, individual inclusions will experience slightly dif-

ferent local fields and are expected to undergo slightly different rotations. Such slight

misorientations from the average rotation R̄(2) may be incorporated into the homog-

enization estimates by means of an orientation distribution function, as was done by

Racherla et al. (2010). Such generalizations are ignored in our work for simplicity.

Secondly, we assume that the evolution of the distribution is solely determined

by the macroscopic mechanical loading, F̄ , and is independent of the macroscopic

electrostatic loading. Thus, it will be assumed here that the deformed joint prob-

ability density function pII (z − z′) encompasses ellipsoidal symmetry, and therefore

it depends on z − z′ via the combination ∣ZDT (z − z′)∣. Here ZD is a second-order

tensor describing the deformed ellipsoidal shape of the distribution, i.e.,

D = {x ∣ x ⋅ (ZDTZD)−1 x ≤ 1} , with ZD = F̄ZD
0 . (3.25)

Similar to the inclusions, the evolution of the distribution is expected to depend on

both the mechanical and electrostatic loadings, via the local deformation gradient.

Therefore, in the context of random composites the deformed joint PDF is expected

to depend on both F̄ and D̄, especially for large volume fractions of the inclusions.

In addition, the joint PDF may also depend on higher-point statistics. As it was

mentioned earlier, such higher-point statistics are ignored here since the estimates

that are used in this work only account for two-point statistics, and hence the reason

for the simplifying ad hoc assumption that the distribution of the inclusion remains

ellipsoidal in the deformed configuration.

41



3.2.3 The partial decoupling strategy and approximation

In this section we provide a partial decoupling strategy to find the effective electro-

elastic response of DECs described above. As we have seen in section 2.2, the potential

energy for the ideal dielectric matrix and rigid inclusions can be split into a purely

mechanical contribution W
(r)
me (F ) and an electrostatic contribution W

(r)
el
(F ,D). By

making use of the corresponding decompositions for W (1) and W (2) in expression

(3.4) for the local energy of the composite, we obtain

W (X,F ,D) =Wme (X,F ) +Wel (X,F ,D) , (3.26)

where

Wme (X,F ) = 2

∑
r=1

Θ
(r)
0 (X)W (r)

me (F ) and Wel (X,F ,D) = 2

∑
r=1

Θ
(r)
0 (X)W (r)

el
(F ,D) .
(3.27)

Substituting the decomposition (3.26) into expression (3.3) for the homogenized po-

tential, we obtain

W̃ (F̄ , D̄) = min
F ∈K(F̄ )

min
D∈D0(D̄)

{⟨Wme (X,F )⟩0 + ⟨Wel (X,F ,D)⟩0} , (3.28)

where the admissible sets K(F̄ ) and D0 (D̄) are defined as before, and ⟨⋅⟩0 denotes

the volume average in the reference configuration. It is observed that the first term on

the right side of (3.28) is independent of the electric displacement field D. Therefore,

we can rewrite the variational problem (3.28) as follows

W̃ (F̄ , D̄) = min
F ∈K(F̄ )

{⟨Wme (X,F )⟩0 + W̃el (D̄;F )} , (3.29)

where

W̃el (D̄;F ) = min
D∈D0(D̄)

⟨Wel (X,F ,D)⟩0 (3.30)

is the homogenized electrostatic energy for a given (fixed) deformation field F . It is

important to emphasize that both terms on the right side of (3.29) depend on the
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trial deformation field F , and therefore the mechanical and electrostatic energies are

coupled together and cannot be separated, in general. Thus, to make the depen-

dence of W̃el (D̄;F ) on the deformation more transparent, it is useful to rewrite the

homogenized electrostatic energy in the current configuration, i.e.,

W̃el (D̄;F ) = J̄ w̃el (d̄;F ) , (3.31)

where J̄ = det F̄ and

w̃el (d̄;F ) = min
d∈D(d̄)

⟨Θ(1) (x)w(1)
el
(d) +Θ(1) (x)w(2)

el
(R̄(2),d)⟩ . (3.32)

In the above expression w
(1)
el

and w
(2)
el

are given by (2.16) and (2.22), respectively, ⟨⋅⟩
is used to denote the volume average in the current configuration, and

D(d̄) = {d ∣ divd = 0 in Ω, d ⋅n = d̄ ⋅n on ∂Ω} (3.33)

is the admissible set for the Eulerian electric displacement field d.

Given the assumptions of subsection 3.2.2 for the evolution of the microstructure,

it can be seen that the deformed characteristic functions Θ(1) (x) and Θ(2) (x) only
depend on the macroscopic deformation F̄ and the average rotation of the inclusions

R̄(2). Therefore, it is observed that by writing the homogenized electrostatic energy

of the composite in its “more natural” Eulerian form the explicit dependence of

w̃el on the local trial field F disappear. In other words, the homogenized Eulerian

electrostatic energy is seen to depend on the deformation only via the macroscopic

deformation F̄ , which determines the shape of the distribution ellipses in the current

configuration, and the average rotation of the inclusions R̄(2), i.e.,

w̃el (d̄;F ) = w̃el (d̄, F̄ ; R̄(2)) . (3.34)

Now by using the results (3.29) and (3.34), the variational problem (3.28) can be
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rewritten as follows

W̃ (F̄ , D̄) = min
R̄(2)
{W̃me (F̄ ; R̄(2)) + J̄w̃el (d̄, F̄ ; R̄(2))} , (3.35)

where

W̃me (F̄ ; R̄(2)) = min
F ∈K′(F̄ ,R̄(2))

⟨Wme (X,F )⟩0 . (3.36)

In this last expression, K′ (F̄ , R̄(2)) denotes the set of admissible deformations inside

the matrix phase that satisfy the affine condition on the boundary of the specimen, as

given by (3.1)1, and the prescribed rigid body motions at the interface of the inclusions

with the matrix, as given by the rotation R̄(2). It is seen that the variational problems

(3.32) and (3.36) are decoupled from each other, for the given rotation of the the

inclusions, which is in turn obtained form the outer minimization in (3.35). For this

reason we refer to (3.35) as the “partial decoupling strategy”.

In summary, expression (3.35) for the effective energy W̃ (F̄ , D̄) along with ex-

pressions (3.32) and (3.36) for w̃el and W̃me, show that for a given rotation R̄(2), the

inner elastic and electrostatic problems can be solved independently of each other.

Having solve these two decoupled variational problems, the outer minimization in

(3.35) can be performed to obtain the equilibrium rotation R̄(2) as a function of the

macroscopic loading F̄ and D̄, as well as the effective potential W̃ (F̄ , D̄) for the

DEC.

As it is clear from equation (3.35), performing the outer minimization, requires

the knowledge of explicit expressions in terms of the prescribed rotation R̄(2) for both

W̃me and w̃el. While this is relatively simple for the electrostatic part of the effective

energy w̃el, obtaining such explicit expressions for the effective mechanical energy,

is more difficult. For this reason, it is advantageous to make use of the “partial

decoupling approximation” of Ponte Castañeda & Galipeau (2011), which makes use

of the solution of the purely mechanical problem to obtain approximate estimates for

the above general problem. Thus, letting R̄
(2)
m denote the minimizer of the purely
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mechanical problem

W̃me (F̄ ) = min
R̄(2)

W̃me (F̄ , R̄(2)) , (3.37)

it follows from (3.35) that

W̃ (F̄ , D̄) ≤ W̃me (F̄ ; R̄
(2)
m ) + J̄w̃el (d̄, F̄ ; R̄

(2)
m ) . (3.38)

Note that the right side of the inequality (3.38) can be treated as an estimate for

the effective energy W̃ (F̄ , D̄), which can be shown to become more accurate as the

magnitude of the elastic interactions becomes large compared to the electrostatic in-

teractions. Such conditions are expected to be met for small electric fields or for

(mechanically) stiff matrix materials. A more rigorous argument for the above state-

ment will be provided later on in this thesis. Finally, it is worthwhile to mention that

the inequality (3.38) becomes an equality for the special case of DECs with aligned

microstructure and under aligned mechanical and electrostatic loading conditions.

This is because of the fact that under aligned loading conditions and when the mi-

crostructure of the composite is also aligned with the loading, the average rotation of

the inclusions is zero (i.e., R̄(2) = I).

3.2.4 Hashin-Shtrikman estimates for the effective electro-

static energy of two-phase random DECs

In this subsection we provide Hashin-Shtrikman type estimates for the effective elec-

trostatic energy of DECs with random microstructures. Assuming that an estimate

is available for the effective purely mechanical energy of the composite, the partial

decoupling strategy of the previous subsection can then be used to obtain the effective

(coupled) electro-active energy of the composite.

The purely electrostatic homogenization problem (3.32) associated with w̃el for

the electric behavior of the phases given by (2.16) and (2.22), reduces to

w̃el (d̄, F̄ ; R̄(2)) = min
d∈D(d̄)

⟨1
2
d ⋅ ε−1 (x) (d)⟩ = 1

2
d̄ ⋅ ε̃−1d̄, (3.39)
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where ε̃ is the homogenized permittivity of the composite in the deformed configura-

tion. In (3.39), ε (x) is the local permittivity, and it is given by

ε (x) = ε(1)I +Θ(2) (x) (ε(2) − ε(1)I) (3.40)

where

ε(1)I = E(1) and ε(2) = R̄(2)E(2) R̄(2) T , (3.41)

denote the permittivity of the matrix and inclusion phases in the deformed config-

uration. Note that here, as described earlier in chapter 2, E(1) and E(2) are fixed

(independent of the deformation) tensors corresponding to permittivities of the ma-

trix and inclusion phases, respectively. It is also emphasized that here R̄(2) is treated

as a given (fixed) rotation tensor.

Estimates for the effective permittivity of two-phase composites, defined by (3.39)

with the constitutive behavior (3.40), and random microstructures with ellipsoidal

symmetry, as described in section 3.2.2, can be obtained (Ponte Castañeda & Willis

1995) as follows

ε̃ = ε(1)I + cI [(ε(2) − ε(1)I)−1 +P ]−1 . (3.42)

Here, cI is the (current) volume fraction of the particles, and the microstructural

tensor P is given (Ponte Castañeda & Willis 1995) by

P = P I − cIPD, (3.43)

where P I and PD are Eshelby type microstructural tensors that encode the effect of

the shape and distribution of the inclusions. For inclusions with general ellipsoidal

shape, these microstructural tensors are given by

P I = detZI

4πε(1) ∫∣ξ∣=1 ξ⊗ξ ∣ZIξ∣−3 dS and PD = detZD

4πε(1) ∫∣ξ∣=1 ξ⊗ξ ∣ZDξ∣−3 dS. (3.44)
It is emphasized that expression (3.42) for ε̃ depends on the deformation via

the dependence of the shape tensors ZI and ZD, and the permittivity ε(2) on the
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deformation, as it is evident from equations (3.23), (3.25), and (3.41). Therefore, it

is useful to define

P̂0 (Ū) ∶=RpP̂ I
0R

pT − c0P̂D
0 (Ū) , (3.45)

such that

P = 1

ε(1)
R̄P̂0 (Ū) R̄T (3.46)

to make the dependence of the P -tensor on the deformation, more transparent. In

(3.45) the new Eshelby tensors P̂ I
0 and P̂D

0 (Ū) are defined as follows

P̂ I
0 = detZI

0

4π ∫∣ξ∣=1 ξ ⊗ ξ ∣ZI
0ξ∣−3 dS and P̂D

0 = detZD
0

4π ∫∣ξ∣=1 ξ ⊗ ξ ∣ZD
0 Ūξ∣−3 dS,

(3.47)

and the rotation tensor Rp ∶= R̄T R̄(2) on the right side of (3.45) characterizes the

relative rotation of the fibers with respect to the macroscopic rotation R̄.

Using (3.46) and (3.41), the load dependent effective permittivity ε̃, as given by

(3.42), can be rewritten as follows

ε̃ (F̄ ; R̄(2)) = R̄Ẽ (Ū ; R̄(2)) R̄T , (3.48)

where

Ẽ (Ū ; R̄(2)) = ε(1)I + cI0
J̄
[Rp (E(2) − ε(1)I)−1RpT + P̂0 (Ū ,Rp) /ε(1)]−1 . (3.49)

As it is clear from (3.49), the deformation dependent permittivity Ẽ (Ū ; R̄(2)), de-
pends on the deformation via J̄ , the relative particle rotation Rp, and finally, the

microstructural tensor P̂0 (Ū ,Rp).
In conclusion, it follows the fully Lagrangian estimate

W̃el (F̄ , D̄; R̄(2)) = 1

2J̄
D̄ ⋅ [Ū Ẽ−1 (Ū ; R̄(2)) Ū] D̄, (3.50)

for the effective (Lagrangian) electrostatic potential of the composite, for a given

rotation R̄(2). Assuming that the corresponding estimate for W̃me (F̄ ; R̄(2)) is also

47



known, the effective electro-active energy of the composite is obtained via

W̃ (F̄ , D̄) = min
R̄(2)
{W̃me (F̄ ; R̄(2)) + W̃el (F̄ , D̄; R̄(2))} . (3.51)

The stationary condition associated with the above minimization problem results in

the following equation
∂W̃me

∂R̄(2)
+ ∂W̃el

∂R̄(2)
= 0, (3.52)

which can be solved for the equilibrium rotation of the inclusions as a function of the

macroscopic deformation F̄ and macroscopic electric displacement field D̄, i.e.,

R̄
(2)
eq = R̄(2)eq (F̄ , D̄) . (3.53)

Finally, using (3.9), the macroscopic (Lagrangian) electric field Ē and Piola-

Kirchhoff stress S̄ corresponding to effective potential (3.51) can be obtained as

follows

Ē = ∂W̃
∂D̄
= ∂W̃el

∂D̄
(F̄ , D̄; R̄(2))∣

R̄(2)=R̄(2)eq (F̄ ,D̄)
, and S̄ = ∂W̃

∂F̄
= S̄me + S̄el. (3.54)

In the above equation

S̄me = ∂W̃me

∂F̄
(F̄ ; R̄(2))∣

R̄(2)=R̄(2)eq (F̄ ,D̄)

S̄el = ∂W̃el

∂F̄
(F̄ , D̄; R̄(2))∣

R̄(2)=R̄(2)eq (F̄ ,D̄)

(3.55)

are, respectively, the purely mechanical (i.e., in the absence of electric fields) and

electrostatic contributions of the (total) macroscopic Piola-Kirchhoff stress. Note

that the derivatives in equations (3.54) and (3.55) are taken while holding R̄(2) fixed.

The corresponding Eulerian expressions for the macroscopic total stress and electric

field are provided in Appendix E.
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3.3 Homogenization estimates for two-phase par-

ticulate DECs with periodic microstructures

In this subsection, we present the corresponding homogenization estimates for two-

phase DECs with periodic microstructures. As before, the constitutive properties of

the matrix and inclusion phases are described by relation (2.13) and (2.15), respec-

tively, and all the inclusion are assumed to be identical, with arbitrary ellipsoidal

shapes. We recall that, unique solutions are expected for the Euler-Lagrange equa-

tions associated with the variational problem (3.3), at least for sufficiently small

deformation and electric fields (i.e., in the neighborhood of F = I and D = 0). Be-

cause of this, the solution of the variational problem is expected (Marcellini 1978) to

be periodic with the same period as the elementary unit cell in the deformed configu-

ration. After a certain amount of loading, this one-cell periodic solution may become

unstable and bifurcate (Geymonat et al. 1993), in such a way that the deformation

of the material will continue to be periodic, but on a larger unit cell (composed of

possibly many elementary unit cells).

In the following subsections, we will describe the microstructure in the reference

configuration, the corresponding evolution of the microstructure in both pre- and

post-bifurcation regimes, and finally the corresponding periodic “partial decoupling

strategy” for the calculation of the effective stored-energy function of periodic DECs

in the pre- and post-bifurcation regimes.

3.3.1 Initial microstructure

As depicted in Fig. 3.2 (left), the initial microstructure of the composite is obtained

by periodic repetition of a unit cell U0. Throughout this chapter, it is assumed that U0
is a parallelepiped defined by the lattice vectors Li (i = 1,2,3) in the reference configu-

ration. For two-phase composites, the above microstructure is precisely characterized

by periodic characteristic functions Θ
(r)
0 (X) (r = 1,2), where the dependence on the
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Figure 3.2: The periodic microstructure of two-phase particulate DECs in the refer-
ence (left) and deformed (right) configurations.

position vector X is fully determined by the unit cell U0, such that

Θ
(r)
0 (X) = Θ(r)0 (X + p1L1 + p2L2 + p3L3) for all p1, p2, p3 ∈ Z. (3.56)

For future use, the reference reciprocal lattice (RL) vectors Kr are defined by

Kr = 2π Ls ×Lt
L1 ⋅ (L2 ×L3) , (3.57)

where (r, s, t) are the three even permutations of (1,2,3).
Each unit cell U0, contains a single ellipsoidal inclusion, I0, located at its geometric

center. Therefore, the characteristic function of the inclusion phase (r = 2) can be

written as

Θ
(2)
0 (X) = ∑

p1,p2,p3∈Z
ΘI

0 (X + p1L1 + p2L2 + p3L3), (3.58)

where ΘI
0 denotes the characteristic function of a single ellipsoidal inclusion, as defined

by

I0 = {X ∣X ⋅ (ZI
0)−2X ≤ 1} (3.59)

in terms of the symmetric, second-order tensor ZI
0 .

It is important to note that with the above microstructure we would expect the

homogenized results to depend on the volume fraction of the particles in the reference

configuration cI0 = ∣I0∣ / ∣U0∣, the shape and orientation of the inclusions, described by
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ZI
0 , and the shape of the unit cell U0, described by the lattice vectors Li (i = 1,2,3)

or, alternatively, the RL vectors Kr (r = 1,2,3).

3.3.2 Evolution of the microstructure

Under the application of deformation and electric displacement fields, as described by

the boundary conditions (3.1), the microstructure of the DEC is expected to evolve

in such a way that the particle positions and orientations, as well as the shape and

size of the unit cell, change with the applied deformation and electric field. Since

the particles are rigid, their size and shape remains unchanged, but their volume

fraction may change, if the matrix material is compressible. As already mentioned,

the deformation of the composite should remain periodic on the elementary unit cell

U0, at least for small enough values of the applied loading. For this reason, we first

describe the evolution of the microstructure in the pre-bifurcation regime.

The deformed one-cell periodic structure, as depicted in Fig. 3.2 (right), is de-

scribed by the characteristic functions

Θ(r) (x) = Θ(r) (x + p1l1 + p2l2 + p3l3) , for all p1, p2, p3 ∈ Z, (3.60)

where li (i = 1,2,3) are the deformed lattice vectors. It follows from the assumed

one-cell periodicity of the solution that these deformed lattice vectors can be related

to the reference lattice vectors via the following identities

li = F̄Li for i = 1,2,3. (3.61)

Note that li, as given by (3.61), completely characterize the evolution of the shape of

the unit cell as well as the position of the particle centers. On the other hand, the

deformed RL vectors kr are given by

kr = 2π ls × lt
l1 ⋅ (l2 × l3) , (3.62)

where (r, s, t) are again the three even permutations of (1,2,3). Using (3.61) it can
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be readily shown that

kr = F̄ −TKr for r = 1,2,3. (3.63)

which relate the RL vectors in the deformed configuration to their reference counter-

parts. Assuming that the matrix is capable of undergoing non-isochoric deformations

(i.e., J̄ = det F̄ ≠ 1), the volume fraction of the inclusion phase in the deformed config-

uration cI = ∣I∣ / ∣U ∣, is given by cI = cI0/J̄ . Here, we have used the identity ∣U ∣ = J̄ ∣U0∣
(this can be easily shown by using (3.61) to relate the lattice vectors in the deformed

configuration to their reference counterparts), as well as the fact that the inclusions

are rigid.

Excluding the possibility of pattern-changing instabilities, each unit cell U in the

deformed configuration, will contain only one inclusion (denoted by I in the deformed

configuration) at its geometric center. Therefore, the characteristic function of the

inclusion phase (r = 2) in the deformed configuration Θ(2) (x) can be written as

Θ(2) (x) = ∑
p1,p2,p3∈Z

ΘI (x + p1l1 + p2l2 + p3l3), (3.64)

where ΘI denotes the characteristic function of a single rotated inclusion in the de-

formed configuration, as given by

I = {x ∣ x ⋅ (ZI)−2 x ≤ 1} , with ZI = R̄IZI
0 R̄I T . (3.65)

Here, R̄I denotes the rotation of the inclusions and will depend on the macroscopic

deformation F̄ as well as the macroscopic electric displacement field D̄.

In connection with the above result for the evolution of the microstructure, it is

important to emphasize that since the macroscopic deformation F̄ is prescribed by

the boundary conditions, and therefore, is known a priori, the deformed unit cell U ,
and therefore, the location of the particle centers in the deformed configuration are

known without the need to solve the coupled electro-elastic problem. However, the

particle rotations R̄I have to be determined from the solution of the electro-elastic

problem in terms of the applied deformation F̄ and electric displacement field D̄.
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Having described the evolution of the microstructure in the pre-bifurcation one-

cell periodic regime, we now proceed to describe the corresponding evolution of a

super-cell qU0 in the post-bifurcation regime.

F̄ , D̄ F̄ , D̄

1 ⋅L1

2 ⋅L2

qU0

1 ⋅ l11 ⋅ l1

2 ⋅ l22 ⋅ l2

qUqU

c̄
1

q

c̄
2

q

R̄
1

q

R̄
2

q

Figure 3.3: Initial, 1×1-cell periodic microstructure (top), and two possible 1×2-cell
periodic, post-bifurcated microstructures (bottom).

As depicted in Fig. 3.3, the evolution of the shape of the super-cell qU0 in the

post-bifurcated regime can be completely described by

qil
i = F̄ (qiLi) for i = 1,2,3 (no sum), (3.66)

where qili, for given q1, q2, q3, are the lattice vectors of the deformed super-cell qU .
Therefore, the q-cell periodic microstructure of the composite in the deformed con-

figuration can be described by the characteristic functions Θ
(r)
q (r = 1,2), such that

Θ
(r)
q (x) = Θ(r)q (x + p1q1l1 + p2q2l2 + p3q3l3) , for all p1, p2, p3 ∈ Z. (3.67)
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It is important to emphasize that, unlike the one-cell periodic case where the particles

all undergo the same rotations in the deformed configuration and their center locations

are completely determined by the deformed unit cell, the particles in the super-

cell may acquire different orientations and their positions will no longer be directly

determined by the macroscopic deformation of the super-cell. For this reason, in

addition to the evolution of the shape of the super-cell, as described by (3.66), we

have to take into account these extra microstructural parameters when dealing with

multi-cell periodic cases. These extra microstructural variables will be described

here by a set of second-order orthogonal tensors R̄K
q and vectors c̄Kq corresponding,

respectively, to the rotations and displacements of all the inclusions (K = 1, ...,Nq) in

the super-cell qU0 (see Fig. 3.3).

3.3.3 The partial decoupling strategy and approximation

In this subsection, we implement the decoupling strategy for the variational problem

(3.8) associated with the super cell qU0. Then, the results will be specialized to the

one-cell problem in order to obtain an estimate for pre-bifurcation effective energy.

Thus, similar to the random case, the position-dependent potential W of the

periodic composite, as defined by (3.4), can be split into two parts, such that

W (X,F ,D) =Wme (X,F ) +Wel (X,F ,D) , (3.68)

whereWme (X,F ) andWel (X,F ,D) are given in expressions (3.27), except that now

the corresponding periodic characteristic functions are used. Therefore, using the fact

that Wme is independent of D, the variational statement (3.8) can be rewritten as

W̃ qU0 (F̄ , D̄) = min
u′∈qU#

0

{ 1∣qU0∣ ∫qU0 Wme (X; F̄ +∇u′) dX + W̃ qU0
el
(D̄; F̄ +∇u′)} ,

(3.69)

where

W̃
qU0
el
(D̄; F̄ +∇u′) = min

A′∈qU#
0

{ 1∣qU0∣ ∫qU0 Wel (X; F̄ +∇u′, D̄ +∇ ×A′) dX} (3.70)
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is the homogenized potential associated with the local potential Wel (X,F ,D), for a
fixed trial field F (X) = F̄ + ∇u′. It is important to note that both Wme and W̃

qU0
el

on the right-hand side of (3.69) depend on the trial deformation field F (X), and
therefore, the mechanical and electric energy terms are coupled together and can not

be interpreted as independent contributions in the total electro-mechanical energy.

However, as it was the case in the context of random DECs, it is useful to rewrite the

homogenized electrostatic energy in the current configuration, such that

W̃
qU0
el
(D̄;F (X)) = J̄ w̃qU

el
(d̄;F (X)) , (3.71)

where J̄ = det F̄ and

w̃
qU
el
(d̄;F ) = min

a′∈qU#
{ 1∣qU∣∫qUΘ(1)q (x)w(1)el (d̄+∇×a′) +Θ(2)q (x)w(2)el (R̄K

q , d̄+∇×a′)dx} .
(3.72)

In this expression, w
(1)
el and w

(2)
el are given by (2.16) and (2.23), respectively, and

a′ denotes the periodic fluctuation of the electric vector potential in the deformed

configuration. In addition, qU denotes the super cell, and the Θ
(r)
q (x) (r = 1,2)

represent the q-cell periodic characteristic functions of the phases in the deformed

configuration. Note that the motions of the rigid particles in the super cell qU are

fully determined by translation vectors c̄Kq of the particle centers, and rotation tensors

R̄K
q (cf. Fig. 3.3). Therefore, the characteristic functions Θ

(r)
q will depend on the

shape of the super cell qU , as well as on the above-defined translation vectors and

rotation tensors.

It should be emphasized at this stage that writing the electric energy in its “more

natural” Eulerian form (3.72) makes the explicit dependence on the deformation

F (X) in the Lagrangian description (3.70) disappears. In other words, the electric

energy w̃qU
el
(d̄;F (X)) depends on the deformation field F (X) only via the macro-

scopic deformation F̄ , which determines the shape of the deformed super cell qU ,
and the positions and orientations of the rigid particles in the super cell, as given by
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the vectors c̄Kq and tensors R̄K
q , i.e.,

w̃
qU
el
(d̄;F (X)) = w̃qU

el
(d̄, F̄ ; c̄Kq , R̄

K
q ) . (3.73)

Now, using the results (3.71) and (3.73), the variational problem (3.69) can be

rewritten as

W̃ qU0 (F̄ , D̄) = min
c̄Kq ,R̄

K
q

{W̃ qU0
me (F̄ ; c̄Kq , R̄

K
q ) + J̄ w̃qU

el
(d̄, F̄ ; c̄Kq , R̄

K
q )} , (3.74)

where

W̃ qU0
me (F̄ ; c̄Kq , R̄

K
q ) = min

u′∈qU#†
0

⎧⎪⎪⎨⎪⎪⎩
1

∣qU †
0 ∣ ∫qU†

0

Wme (X; F̄ +∇u′) dX⎫⎪⎪⎬⎪⎪⎭ . (3.75)

In this last expression, qU#†
0 denotes the set of qU0-periodic fluctuation functions for

the displacement field in the elastic matrix excluding the rigid inclusions (in their

reference configuration), with prescribed rigid body motion on their boundaries, as

determined by c̄Kq and R̄K
q .

In conclusion, expression (3.74) for W̃ qU0 (F̄ , D̄), together with (3.72) and (3.75)

for w̃qU
el and W̃

qU0
me , respectively, show that, for a given set of translation vectors

c̄Kq and rotations tensors R̄K
q , the inner elastic and electric problems can be solved

independently of each other. Then, the outer minimization problem (with respect to

c̄Kq and R̄K
q ) may be performed in order to obtain the effective potential W̃ qU0 (F̄ , D̄)

for the electro-active composite, as well as the equilibrium displacements and rotations

of the inclusions in the super cell. We refer to expression (3.74) as the “partial

decoupling strategy” for periodic DECs.

Performing the outer minimization in the variational problem (3.74) requires the

knowledge of explicit expressions, in terms of c̄Kq and R̄K
q , for the effective potentials

W̃ qU0
me and w̃qU

el
. In most cases, such explicit expressions are not easily obtained. How-

ever, using the solution of the purely mechanical problem, it is possible to generate

approximate results for the above outer minimization problem.

Thus, letting c̄Kqm and R̄K
qm denote the particle translations and rotations in the
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purely mechanical problem

W̃ qU0
me (F̄ ) = min

c̄q,R̄q

W̃ qU0
me (F̄ ; c̄q, R̄q) , (3.76)

it follows from (3.74) that

W̃ qU0 (F̄ , D̄) ≤ W̃ qU0
me (F̄ ; c̄Kqm, R̄

K
qm) + J̄ w̃qU

el
(d̄, F̄ ; c̄Kqm, R̄

K
qm), (3.77)

which provides an estimate for the effective electro-active potential W̃ qU0 (F̄ , D̄).
The exact result (3.74), or the estimate (3.77) for the super-cell problem can then

be used, via (3.7), to estimate the overall effective potential of the electro-active

composite W̃ (F̄ , D̄) in the post-bifurcation regime.

Before the onset of any macroscopic or microscopic instabilities, the overall effec-

tive potential W̃ is expected to be given by the effective one-cell periodic potential,

as defined by

Ŵ (F̄ , D̄) = W̃ U0 (F̄ , D̄) = min
u′∈U#

0

min
A′∈U#

0

{ 1∣U0∣ ∫U0 W (X; F̄ +∇u′, D̄ +∇ ×A′) dX} ,
(3.78)

where U#
0 denotes the set of all one-cell periodic fluctuation functions for u′ (or A′).

For small strains and small electric displacement fields (i.e., near F̄ = I and D̄ = 0),
it is expected that

W̃ (F̄ , D̄) = Ŵ (F̄ , D̄) . (3.79)

However, as the macroscopic loadings (F̄ and D̄) increase, eventually we will have

W̃ (F̄ , D̄) < Ŵ (F̄ , D̄). Therefore, it is important to find a set of values for the

macroscopic deformation and electric displacement fields, such that the condition

(3.79) holds. Hence the reason for obtaining the one-cell periodic effective potential

Ŵ . Since the composite remains one-cell periodic in the pre-bifrucation regime each

unit cell U will contain only one inclusion. Therefore, the translation of the particle

will be known a priori (since the particle will remain at the center of the unit cell

U) and the rotation of the particle will be equal to the average rotation of all the
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particles and is denoted by R̄(2). Therefore, we have that

W̃ (F̄ , D̄) = Ŵ (F̄ , D̄) =min
R̄(2)
{Ŵme (F̄ ; R̄(2)) + J̄ ŵel (d̄, F̄ ; R̄(2))} , (3.80)

where Ŵme and ŵel are effective one-cell potentials for the purely mechanical and

purely electric problems for a fixed R̄(2), as determined by

Ŵme (F̄ ; R̄(2)) = min
u′∈U#†

0

⎧⎪⎪⎨⎪⎪⎩
1

∣U †
0 ∣ ∫U†

0

Wme (X; F̄ +∇u′) dX⎫⎪⎪⎬⎪⎪⎭ , (3.81)

and

ŵel (d̄, F̄ ; R̄(2)) = min
a′∈U#

{ 1∣U ∣∫UΘ(1)(x)w(1)el (d̄+∇×a′)+Θ(2)(x)w(2)el (R̄(2), d̄+∇×a′)dx} ,
(3.82)

respectively. Here, the Θ(r) (r = 1,2) are the one-cell periodic characteristic functions
of the phases in the deformed configuration, as described earlier in Section 3.3.2, U
is the unit cell in the deformed configuration, and U †

0 is the unit cell in the reference

configuration excluding the inclusion with the prescribed rigid body motion on the

inner boundary (interface of the elastic matrix and the rigid inclusion), as determined

by R̄(2).

Therefore, following the same procedure as for the q-cell periodic case, the overall

effective potential of the composite (before the onset of microscopic instabilities) can

be approximated as

W̃ (F̄ , D̄) = Ŵ (F̄ , D̄) ≤ Ŵme (F̄ ; R̄
(2)
m ) + J̄ ŵel (d̄, F̄ ; R̄

(2)
m ), (3.83)

where R̄
(2)
m is the minimizer of the purely mechanical, one-cell, periodic problem

Ŵme (F̄ ) = min
R̄(2)

Ŵme (F̄ ; R̄(2)) . (3.84)

It should be emphasized that the rotation R̄
(2)
m minimizing the energy in this expres-

sion for Ŵme is precisely the rotation that would be induced in the purely mechanical
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problem under an applied deformation F̄ (allowing the particle to rotate freely).

The estimate (3.83) for the macroscopic potential Ŵ (or (3.77) for W̃ qU0) is given

in terms of two complementary contributions: the purely mechanical macroscopic

potential Ŵme (or W̃ qU0
me ) in the reference configuration and the purely electrostatic

macroscopic potential ŵel (or w̃
qU
el ) in the deformed configuration. However, these

two contributions are only partially decoupled, since the electrostatic effective energy

depends on the deformation field via F̄ and potentially the rigid body rotation and

translation of the inclusions in the unit cell. For this reason we will refer to expression

(3.83) (or (3.77)) as the “partial decoupling” approximation.

3.3.4 Hashin-Shtrikman estimates for the effective electro-

static energy of two-phase periodic DECs

The partial decoupling strategy/approximation introduced previously is especially

useful when an estimate is available for the purely mechanical homogenization prob-

lem. Thus, assuming the availability of such an estimate for the purely mechanical

effective energy, in this subsection we provide the Hashin-Shtrikman estimates for

the electrostatic effective energy of DECs with periodic microstructures. This will be

done for the one-cell periodic pre-bifurcation regime, for simplicity.

The purely electrostatic homogenization problem (3.82) associated with ŵel for

the electric behavior of the phases given by (2.16) and (2.22), reduces to

ŵel (d̄, F̄ ; R̄(2)) = min
a′∈U#

⟨1
2
(d̄ +∇ × a′) ⋅ ε−1 (x) (d̄ +∇× a′)⟩

U
= 1
2
d̄ ⋅ ε̃−1d̄, (3.85)

where ε̃ is the homogenized permittivity of the composite in the deformed configura-

tion. In (3.85), ε (x) is the periodic local permittivity, and it is given by an expression

similar to (3.40), i.e.,

ε (x) = ε(1)I +Θ(2) (x) (ε(2) − ε(1)I) (3.86)

where Θ(2) (x) is now the periodic characteristic function for the inclusion phase, as
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given by (3.64).

Estimates for the effective permittivity of two-phase composites, defined by (3.85)

with the constitutive behavior (3.86), and one-cell periodic microstructures, as de-

scribed in section 3.3.2, can be obtained by generalizing the “linear comparison”

method of Ponte Castañeda & Willis (1995) for periodic composites , as follows

ε̃ = ε(1)I + cI [(ε(2) − ε(1)I)−1 +P ]−1 . (3.87)

Here, cI is the (current) volume fraction of the particles, and the microstructural

tensor P is given (Nemat-Nasser & Hori 1993) (see also Nemat-Nasser et al. 1982)

by the following infinite sum

P = 1

ε(1)
∑
ξ≠0

1

∣ξ∣2 (ξ ⊗ ξ) g (ξ)g (−ξ) , (3.88)

where

ξ = n1k
1 + n2k

2 + n3k
3 for all ni ∈ Z. (3.89)

are the RL points in the deformed configuration, and g (ξ) is the volume average

of eix⋅ξ over one inclusion. For an ellipsoidal inclusion with shape tensor ZI in the

deformed configuration, g (ξ) is given (see Nemat-Nasser & Hori 1993) by

g (ξ) = 3

η3
(sin η − η cos η) , where η = ∣Zξ∣ . (3.90)

Note that the above microstructural tensor depends on the deformation via the RL

lattice points ξ, as well as the shape tensor of the rigid inclusion in the deformed

configuration ZI . Therefore, it is useful to rewrite the above expression for the

electrostatic microstructural tensor P in terms of its reference counterpart P0 and

the macroscopic loading, F̄ and D̄.

Using (3.63), it can be shown that the deformed RL points are related to their

reference counterparts via

ξ = F̄ −Tξ0, where ξ0 = n1K
1 + n2K

2 + n3K
3 (3.91)
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are the reference RL points corresponding to ξ. In addition, assuming that the

rotation of the particles R̄(2) is specified, ZI can be written in terms of its reference

counterpart ZI
0 , via (3.65)2. Therefore, (3.88) can be rewritten as follows

P = 1

ε(1)
R̄P̂0 (Ū ,Rp) R̄T , (3.92)

where

P̂0 = Ū−1
⎧⎪⎪⎨⎪⎪⎩∑ξ0≠0

1

∣Ū−1ξ0∣2 (ξ0 ⊗ ξ0) g (ξ0) g (−ξ0)
⎫⎪⎪⎬⎪⎪⎭ Ū

−1. (3.93)

In the above equation

g (ξ0) = 3

η3
(sin η − η cos η) , where η = ∣ZI

0R
pT Ū−1ξ0∣ . (3.94)

In obtaining the above expression for P̂0, we have used the polar decomposition

F̄ = R̄ Ū as well as the definition Rp = R̄T R̄(2) for the relative rotation.

Using (3.92) and (3.41), the load dependent effective permittivity ε̃, as given by

(3.87), can be rewritten as follows

ε̃ (F̄ ; R̄(2)) = R̄Ẽ (Ū ; R̄(2)) R̄T , (3.95)

where

Ẽ (Ū ; R̄(2)) = ε(1)I + cI0
J̄
[Rp (E(2) − ε(1)I)−1RpT + P̂0 (Ū ,Rp) /ε(1)]−1 , (3.96)

which is seen to be exactly identical to (3.49), with the only difference that now P̂0

is given by (3.93).

Similar to the random case, the fully Lagrangian estimate for electrostatic energy

is given by

Ŵel (F̄ , D̄; R̄(2)) = 1

2J̄
D̄ ⋅ [Ū Ẽ−1 (Ū ; R̄(2)) Ū] D̄, (3.97)

for a given (fixed) rotation R̄(2). Assuming that the corresponding estimate for

Ŵme (F̄ ; R̄(2)) is also known, the effective one-cell periodic electro-active energy of
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the composite is obtained via

W̃ (F̄ , D̄) = min
R̄(2)
{Ŵme (F̄ ; R̄(2)) + Ŵel (F̄ , D̄; R̄(2))} . (3.98)

The stationary condition and constitutive relations associated with the above energy

can be shown to be exactly identical to those of random two-phase DECs, as given

by equations (3.52)-(3.55), where now the one-cell periodic energies Ŵme and Ŵel are

used in the corresponding expressions.

3.4 Concluding remarks

In this chapter, we have proposed a homogenization framework for DECs at finite

strains. In addition, this framework has been used to develop constitutive models

for electro-active composites consisting of initially aligned, rigid dielectric particles

distributed randomely or periodically in a dielectric elastomeric matrix. Assuming

that the dielectric properties of the elastomer phase are isotropic and independent of

the deformation, a decoupling strategy has been proposed. The strategy consists in

writing the electro-elastic homogenization problem in terms of a “purely mechanical”

homogenization problems in the reference configuration and a “purely electrostatic”

homogenization problem in the deformed configuration, coupled only through a set

of kinematic parameters describing the details of the microstructure in the deformed

configuration (e.g., the particle positions and orientations within the appropriately

defined unit cell in the deformed configuration in the periodic case). We have also

shown that these results may be simplified further by taking the set of the kinematic

parameters to be given by the solution of the purely mechanical problem when the

microstructure is allowed to evolve freely as a result of the the imposed deformations.

Such an approximation, also known as the “partial decoupling” approximation (first

introduced by Ponte Castañeda & Galipeau 2011, in the context of magneto-elastic

composites), is expected to become more accurate in the “stiff matrix” limit (i.e.,

when the matrix stiffness is large compared to the electric effects, so that the addi-
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tional rotations due to the presence of the electric fields are negligible compared to the

rotations induced by the deformation). Furthermore, as mentioned above the partial

decoupling approximation is exact for the special case of aligned composites under

aligned loading conditions. Finally, in the context of periodic composites we have

provided the generalizations of the above-mentioned approach in the post-bifurcation

regime, where the composite develops deformation patterns that are periodic on mul-

tiple cells.

The new estimates for the DECs developed in this chapter rely on corresponding

estimates for the purely mechanical behavior of such material systems consisting of

elastomers reinforced by aligned rigid inclusions. Such estimates may be obtained

by means of the “second-order” linear comparison homogenization methods (Ponte

Castañeda & Tiberio 2000, Lopez-Pamies & Ponte Castañeda 2006b) for compos-

ites with periodic (Brun et al. 2007, Michel et al. 2010b) or random (Lopez-Pamies

& Ponte Castañeda 2006b) microstructures. In this chapter, estimates for the elec-

trostatic energies have been obtained by adaptation of the Hashin-Shtrikman-type

estimates of Ponte Castañeda et al. (1992) for random composites and Nemat-Nasser

et al. (1982) for periodic composites. The resulting estimates lead to deformation-

dependent predictions for the effective dielectric permittivity of the DECs, giving rise

to “extra” stresses beyond the purely mechanical stress and the Maxwell-like stress

in the composite. In other words, the macroscopic electromechanical response of the

composite is not that of an “ideal dielectric” (Zhao & Suo 2008), even when the ma-

trix material is assumed to be an ideal dielectric itself. This phenomenon has been

linked to the deformation-induced configurational changes in the microstructure (i.e.,

change in the concentration or orientation of the inclusions or changes in the shape

of the distribution) of the DEC. In this context, it is also relevant to note that the

results of this chapter can be helpful in identifying the underlying microscopic mech-

anisms associated with the macroscopic behavior of electro-active composites. This

in turn opens up the possibility of optimizing the relevant microstructural parame-

ters to design DECs with enhanced properties (e.g., larger electrostrictive strains and

controlled field-actuated stiffness), as will be seen later on in upcoming chapters.
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Part II: Applications
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Chapter 4

DECs in the limit of infinitesimal

deformations

In this chapter, we provide estimates for the effective response of Dielectric Ealstomer

Composites (DECs) consisting of aligned ellipsoidal inclusions of a stiff dielectric ma-

terial which are distributed randomly in an soft elastomeric matrix with “ellipsoidal”

two-point statistics. The derivation of the results for the electro-mechanical response

assumes linearized deformations, but includes non-linear (quadratic) terms in the

electric fields. We investigate three different physical mechanisms contributing to

the macroscopic electro-mechanical response of the composite: the intrinsic effect of

the particles on the Maxwell stress, the inter-particle (dipole) interactions which are

accounted for by evaluating the effect of the changes in the “shape” of the two-point

probability functions with the deformation, and the effect of particle rotations and

torques when the geometric and/or anisotropy axis of the particles are not aligned

with the applied electric field. Several illustrative examples are provided to empha-

size the relative importance of the different effects on the overall electrostriction of

the composites for infinitesimal deformations. In particular, we provide results for

the “compliant electrode” boundary conditions that are widely used in applications.

We show that inter-particle interactions are synergistic with the intrinsic effect of the

particles on the Maxwell stress, leading to significant enhancements in the electro-

mechanical coupling of the DECs, especially at high particle concentrations. On
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the other hand, the effect of electric torques on non-aligned particles is generally

deleterious for electrostriction. The rest of this chapter is organized as follows. Sec-

tion 4.1 provides a general framework for anisotropic electro-elastic materials in the

context of infinitesimal deformation (Landau et al. 1984) by appropriately lineariz-

ing a thermodynamically consistent finite strain theory (Toupin 1956, Kovetz 1990,

Hutter et al. 2006). In section 4.2 we introduce the general homogenization frame-

work for DECs (Ponte Castañeda & Siboni 2012) in the infinitesimal deformation

regime. Section 4.3 is concerned with the development of explicit estimates for the

macroscopic response of two-phase DECs with random microstructures under general

coupled electro-mechanical loading conditions. In section 4.4 we provide some sample

applications to illustrate the theory developed in this chapter, and to investigate the

effect of various microstructural parameters on the overall electro-active response of

DECs.

4.1 Infinitesimal electroelasticity

Making use of the thermodynamically consistent, finite-deformation formulation of

Chapter 2, here we obtain a suitably linearized theory (Landau et al. 1984) for

anisotropic deformable dielectrics with zero or negligible piezo-electric coupling.

The deformation of a homogeneous electro-active material under the simultaneous

action of mechanical and electrostatic loads is described by a continuous one-to-one

map x = x (X) between the (material) points in the reference (X) and deformed

(x) configurations. In the infinitesimal limit, such deformations can be character-

ized by the displacement gradient ∇u, where u ∶= x −X denotes the infinitesimal

displacement. This displacement gradient can be decomposed into a symmetric part,

ǫ = 1
2 (∇u +∇uT), and an antisymmetric part, ω = 1

2 (∇u −∇uT). They correspond,

respectively, to the infinitesimal strain and rotation tensors.

The set of equations governing the Eulerian electric field e and electric displace-

ment filed d are given by the Maxwell’s equations (2.4) and the jump conditions

(2.6). Similarly, the equations governing the (total) Cauchy stress T , are given by
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the conservation of linear and angular momentum equations (2.1) and (2.2), and the

jump condition (2.3)2. As it was mentioned earlier in Chapter 2, the total Cauchy

stress T also includes the electrostatic effects (see further below for more details).

It is important to emphasize that the jump conditions for the electric fields and

total stress can also be used at the interface of the specimen and the surrounding

empty space to obtain appropriate boundary conditions for the problem. However,

in doing so, one has to recognize that neither the electric fields nor the total stress

are zero in the vacuum. In fact, it is well known that vacuum can carry the so-called

Maxwell stress

TM
0 = ε0e⊗ e − ε02 (e ⋅ e)I, (4.1)

which is self-equilibrated (i.e., divTM
0 = 0). Therefore, the boundary condition for

the stress can be written as

JT Km + tex = 0, (4.2)

where tex denotes the externally applied mechanical traction on the boundary of the

specimen. In case of having a prescribed displacement on the boundary, the same

expression as in (4.2) can be used to obtain the external mechanical traction required

to maintain that displacement.

The above set of governing equations is completed by introducing appropriate

constitutive relations (Landau et al. 1984) for e and T in terms of d and ∇u. As

shown in Appendix C, they can be obtained by suitably linearizing the corresponding

constitutive relations for finite deformations. In particular, the electric constitutive

equation may be written in the form

e = ε−1 (ǫ,ω)d, (4.3)

where

ε (ǫ,ω) = E0 +ωE0 − E0ω + Sǫ (4.4)

is the permittivity in the deformed configuration, which can be seen to depend on

both the strain ǫ and the rotation ω. In this expression, E0 is the permittivity of the
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material in the reference (undeformed) configuration, and the fourth-order tensor S

is defined by

Sijkl = ∂Eij (ǫ)
∂ǫkl

∣
ǫ=0

, (4.5)

where E (ǫ) is the “strain-dependent permittivity” in a fictitious frame that rotates

with the material, as defined by expression (C.6). Note that S satisfies the symmetry

properties Sijkl = Sjikl = Sijlk.
In the absence of electric fields, the mechanical response of the material is deter-

mined by the following expression for the “purely mechanical” stress

Tme = Cǫ, (4.6)

where C is the standard elasticity modulus tensor, satisfying the usual major and

minor symmetry relations. On the other hand, to describe the electro-mechanical

response of the material under small deformations, we introduce a reference dielectric

coefficient ε, a reference shear modulus µ and a reference electric field of magnitude

e, and define the dimensionless parameter

κ = εe2
µ
, (4.7)

serving to characterize the relative strengths of the electric and mechanical effects.

Then, under the assumption that κ is small, such that κ ∼ ∣ǫ∣, it is shown in Appendix

C that the total stress can be written in the form

T = Tme +T el, (4.8)

where Tme is the purely mechanical stress given by (4.6) and T el is the “electro-

static” stress determined by equation (C.10). The electrostatic stress can, in turn,

be decomposed into two parts (Krakovsky et al. 1999, Lee et al. 2005), namely,

T el = TM + T es, (4.9)
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where

TM = 1
2
(e⊗ d+d⊗ e) − 1

2
(e⋅d)I, and T es = −1

2
S†(e⊗ e) , (4.10)

are respectively the “Maxwell” and “electrostrictive” contributions to the total stress.

Intuitively, the Maxwell contribution can be associated to the attractive forces be-

tween the opposite charges that are produced on the surface of the dielectric (or the

conducting electrodes attached to it). On the other hand, the electrostrictive contri-

bution is associated with dipole and other interactions intrinsic to the material, as

already pointed out by Lee et al. (2005). The importance of these two contributions

will be discussed in more detail later in this chapter.

It should be emphasized that the electric fields appearing in the above equation

for the total stress are Eulerian variables, which depend on the deformation. In the

limit of infinitesimal deformations, the Eulerian and Lagrangian descriptions of the

electric field and electric displacement field are of course identical to zeroth order in

the strain. However, as shown in Appendix C, the electromechanical coupling tensor

S arises from the correction terms, and therefore the difference between the Eulerian

and Lagrangian descriptions cannot simply be ignored.

4.2 Homogenization framework for the infinitesi-

mal deformation limits

Like before we consider an electro-active composite specimen (Ω0 in the reference con-

figuration) consisting of two or more homogeneous phases that satisfies the assump-

tions of separation of length scale. Our goal here is to obtain effective constitutive

equations of such composites in the limit of infinitesimal deformations. Toward this

goal, and consistent with macroscopically uniform fields inside a given “representative
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volume element” of the composite, we prescribe the following boundary conditions

u = ǭX + ω̄ X, X on ∂Ω0

d ⋅m = d̄ ⋅m, x on ∂Ω,
(4.11)

where ǭ and ω̄ are respectively uniform symmetric and antisymmetric second-order

tensors, while d̄ is a uniform vector. Note that the displacement boundary condition

(4.11)1 is prescribed in the reference configuration, while the electric boundary con-

dition (4.11)2 is given in the deformed configuration. Using the boundary conditions

(4.11), it can be shown (via the divergence theorem) that

⟨ǫ⟩0 = ǭ, ⟨ω⟩0 = ω̄, and ⟨d⟩ = d̄, (4.12)

where ⟨⋅⟩0 and ⟨⋅⟩ denote the volume averages in the reference (i.e., over Ω0) and

deformed (i.e., over Ω) configurations. In other words, ǭ, ω̄ and d̄ can be thought of

as the (uniform) macroscopic strain, rotation and electric displacement, respectively.

Other types of boundary conditions could be used to define the homogenization prob-

lem which do not alter the final homogenized results, but they are not discussed here

for brevity.

Given the above boundary conditions and the fact that the microstructure of the

composite satisfies the separation of length scales hypothesis, it can be argued (Ponte

Castañeda & Siboni 2012) that the composite behaves “effectively” as a homogeneous

electro-active material of the type discussed in the previous section. Therefore, defin-

ing the macroscopic electric field and total stress in the composite by ē = ⟨e⟩ and
T̄ = ⟨T ⟩, respectively, the macroscopic constitutive relations for the composite are

given by

ē = ε̃−1 (ǭ, ω̄) d̄
T̄ = C̃ǭ − 1

2
(d̄ ⋅ ē)I + 1

2
(d̄⊗ ē + ē⊗ d̄) − 1

2
S̃† (ē⊗ ē) (4.13)

where C̃ denotes the effective stiffness of the composite, which is independent of

the electric and deformation fields, and ε̃ (ǭ, ω̄) denotes the effective deformation-
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dependent permittivity of the composite, as defined by

ε̃ (ǭ, ω̄) = Ẽ0 + ω̄Ẽ0 − Ẽ0ω̄ + S̃ǭ, (4.14)

where Ẽ0 is the effective permittivity of the DEC in the reference configuration and

S̃ is the corresponding effective electromechanical coupling tensor, which, as already

mentioned, can be obtained by first determining the effective strain-dependent per-

mittivity, as defined by (C.6), and then using the definition (4.5).

Note that, as it was the case for the homogeneous case, to be consistent with the

assumptions of infinitesimal deformations the size of the electric fields has to be such

that the parameter κ̃ = εē2

µ
is small and the condition κ̃ ∼ ∣ǭ∣ holds. Furthermore, all

the electric fields in the expression for the macroscopic total stress, (4.13)2, have to

be computed in the reference configuration.

For completeness, we also remark that the above-described homogenization frame-

work is consistent with the small strain and rotations limit of the more general homog-

enization framework provided in Chapter 3 for finite strains, as expected. In addition,

the effective constitutive relations (4.13) are consistent in form with the recent work

of Tian et al. (2012), which provides a homogenization framework for small strains

and rotations. In particular, consistent with (4.13), the corresponding expressions

in this reference for the effective response do not contain piezoelectric contributions.

(Note that such piezoelectric effects may be expected when the inclusions are ferro-

electric exhibiting permanent polarizations.) On the other hand, the corresponding

expression for the effective electromechanical coupling tensor S̃ provided in Tian et al.

(2012) is given in terms of the strain and electric field concentration tensors, instead

of the derivative of the effective strain-dependent permittivity given in this work.

However, although this remains to be shown rigorously, it is expected that these two

results should be equivalent since the strain correction to the effective permittivity

involves terms that are quadratic in the electric field and linear in the strain.
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4.3 Estimates for two-phase DECs with random

particulate microstructure

Here, we obtain explicit estimates for the effective constitutive response of DECs in

the limit of infinitesimal deformations, including the effective stiffness and permittiv-

ity and the effective electro-active behavior.

4.3.1 Initial microstructure and constitutive behavior of the

phases

We consider a two-phase DEC consisting of a matrix phase, denoted by the superscript

“1”, which could be electrically susceptible and an inclusion phase, denoted by the

superscript“2”. The concentrations of the matrix and inclusion phases in the reference

configuration are thus given by

c
(1)
0 = 1 − c0 and c

(2)
0 = c0, (4.15)

respectively. The inclusions are randomly distributed in the matrix, but are assumed

to have identical ellipsoidal shape and orientation, so that they are geometrically

characterized by ellipsoids I0, defined in (3.23) in terms of the shape tensor ZI
0 . In

addition, the inclusions are assumed to be very stiff (rigid) compared to the soft

elastomeric matrix. In fact, as it will become clearer later on, the inclusions must

have high dielectric coefficients in order for the DECs to exhibit large electro-active

coupling. However, naturally appearing materials (e.g., ceramics) with high dielec-

tric coefficients also tend to be very stiff mechanically. As a consequence, and for

simplicity, the inclusions will be assumed to be perfectly rigid in this work.

The inclusions are distributed with “ellipsoidal symmetry” (Ponte Castañeda &

Willis 1995). Therefore, as mentioned earlier, the two-point probability function for

finding the centers of two inclusions separated by a vector z depends on z only through

the combination ∣(ZD
0 )−T z∣, where ZD

0 is a symmetric, second-order tensor serving to

define a “distributional ellipsoid” D0, as defined by (3.20).
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Next we provide explicit forms for the constitutive equations of the matrix mate-

rial as well as the dielectric inclusions in the infinitesimal context. Such constitutive

equations can be obtained by appropriately linearizing the more general finite defor-

mation expressions (2.13) and (2.20) of Chapter 2.

Linear dielectric and elastic matrix phase: It will be assumed in this chapter

that the matrix has linear dielectric and elastic behavior. Furthermore, we assume

that the dielectric properties of the matrix are isotropic and independent of the defor-

mation. Such dielectrics are known in the literature as “ideal dielectrics” (Mcmeeking

& Landis 2005, Zhao & Suo 2008). While for some materials it may be necessary to

account for strain-dependent permittivities, for many others such effects may be safely

neglected. As shown in Table 4.1, for the VBH elastomer (Wissler & Mazza 2007,

Zhao & Suo 2008) the “intrinsic” electrostrictive effects (due to strain-dependent per-

mittivities) are relatively small (i.e., less than 3%) at small strains compared to the

Maxwell effects. Also note that for this specific elastomer the intrinsic electrostriction

Material ε(1)[F/m] µ(1)[MPa] 3ǫ/κ(1)
VHB elastomer:

Maxwell stress only 4.68ε0 4.73 × 10−2 1.000
Maxwell & electrostrictive stresses 4.68ε0 4.73 × 10−2 0.973

P(VDF TrFE):

Maxwell stress only 68.5ε0 1.33 × 102 1.000
Maxwell & electrostrictive stresses 68.5ε0 1.33 × 102 1.579

Table 4.1: Electrostrictive strain ǫ (normalized by κ(1) = ε(1)e2/µ(1)) for VHB elas-
tomer (Wissler & Mazza 2007) and P(VDF TrFE) polymer (Li & Rao 2004). Results
are presented using the “ideal dielectric” approximation accounting only for Maxwell
stresses (Zhao & Suo 2008), as well as for a more general model incorporating strain-
dependent permittivities (Li & Rao 2004, Zhao & Suo 2008).

has an adverse effect, and therefore reduces the total electrostrictive strain. For com-

parison purposes, we also included the results of Li & Rao (2004) for P(VDF TrFE),

where the additional effects due to the intrinsic electrostriction of the material could

not be neglected.

Thus, in this work the dielectric constitutive response of the matrix will be as-
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sumed to be given by

e = ε(1)−1d, (4.16)

where ε(1) denotes the constant (and isotropic) permittivity of the material. On the

other hand, the total Cauchy stress for the ideal dielectric can be written in the form

(4.8), where

Tme= C(1)ǫ, and T el=TM = 1

ε(1)
[d⊗ d − 1

2
(d ⋅d)I] . (4.17)

In the first expression, C(1) is a fully symmetric, fourth-order tensor representing the

elasticity of the material, which for isotropic mechanical behavior can be written in

terms of the shear modulus (µ(1)) and the Poisson’s ratio (ν(1)) of the material. It

should be remarked that the form (4.17) for the total stress is rather special in that it

does not contain an electrostrictive component (i.e., T es=0 in expression (4.9) — cf.

Tian et al. (2012), for example). Indeed, as it will be shown later on in this chapter,

composites consisting of ideal dielectric matrices and rigid dielectric inclusions will

exhibit a non-trivial effective electrostrictive component.

Rigid dielectric inclusions: A rigid material can only undergo a rigid displacement

(a translation and a rotation). Therefore, in the limit of infinitesimal deformations,

the displacement gradient for rigid materials reduces to a uniform infinitesimal rota-

tion, i.e.,

∇u = ω(2), (4.18)

while the total stress becomes indeterminate (from the constitutive relation) inside

such inclusions.

In the current configuration, the electric constitutive behavior for rigid materials

simplifies to

e = ε(2)−1d, (4.19)

where ε(2) is the (generally anisotropic) permittivity of the material in the current

configuration. This permittivity in the current configuration is related to the corre-

74



sponding permittivity in the reference configuration, E
(2)
0 , via

ε(2) (ω(2)) = E(2)0 +ω(2)E(2)0 − E(2)0 ω(2), (4.20)

where terms of order (ω(2))2, or higher are ignored.

It should be emphasized here that because κ, as determined by expression (4.7),

has been assumed to be small, it is expected that dielectric nonlinearities will not play

a role for the matrix, or inclusions. In this sense, the assumption of linear dielectric

behavior of the matrix and inclusion phases is consistent.

4.3.2 Evolution of the microstructure

Using the fact that the inclusions are rigid, the concentration of the inclusions in the

deformed configuration is given by

c(2) = c(2)0 (1 − trǭ) , (4.21)

where terms of order ∣∇u∣2 or higher are ignored.

As mentioned earlier, the rigid inclusions can, in general, undergo infinitesimal

rotations. Given their identical shapes and orientations in the reference configuration,

it seems reasonable to assume, for simplicity, that they will rotate with the average

rotation in the inclusion phase (Ponte Castañeda & Galipeau 2011), as determined

by the skew, second-order tensor ω̄(2). Therefore, in the deformed configuration

inclusions are described by the deformed ellipsoid I , as given by (3.23), in terms of

the deformed shape tensor given by

ZI = (I + ω̄(2))T ZI
0 (I + ω̄(2)) . (4.22)

Under general electrostatic and mechanical loading of the system, the average

particle rotation can be decomposed as

ω̄(2) (ǭ, ω̄, d̄) = ω̄(2)me (ǭ, ω̄) + ω̄(2)el
(ǭ, ω̄, d̄) . (4.23)
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where ω̄
(2)
me (ǭ, ω̄) is the “purely mechanical” rotation (i.e., the rotation in the absence

of the electrostatic loadings) which depends solely on the macroscopic strain and

rotation tensors. On the other hand, ω̄
(2)
el
(ǭ, ω̄, d̄) is the extra rotation due to the

presence of the electric fields, which, in general, can depend on both mechanical and

electrostatic loadings. However, in the limit of infinitesimal deformations (i.e. when

κ̃ ∼ ∣ǭ∣), the extra rotation due to the presence of the electrostatic fields must be

independent of the macroscopic deformation (this can be shown by expanding ω̄(2)

to the first order in the dimensionless parameter κ̃ and then neglecting terms of order

κ̃2 or higher). Therefore, we can conclude that

ω̄(2) (ǭ, ω̄, d̄) = ω̄(2)me (ǭ, ω̄) + ω̄(2)el
(d̄) . (4.24)

Although it is possible to obtain an explicit expression for the extra electrostatic

rotation (e.g., see Siboni & Ponte Castañeda 2012), in the analyses that follow only the

derivative of ω̄(2) with respect to the deformation will be needed, and as a consequence

it will not be necessary to obtain detailed expressions for ω̄
(2)
el
(d̄).

As mentioned earlier in section 3.2.2, the evolution of the distribution is expected

to depend in general on both the mechanical and electrostatic loadings, especially for

large inclusion concentrations, where the strong mechanical and electrostatic interac-

tions cannot be neglected. However, for consistency with the type of estimates that

will be used in this work, and also for simplicity, we assume here that the distribution

of the inclusions remains “ellipsoidal” in the deformed configuration, such that the

distributional ellipsoid evolves solely as a consequence of the macroscopic deformation

(Ponte Castañeda & Galipeau 2011).

Given the above assumptions, the ellipsoidal distribution of the inclusions in the

deformed configuration is described by the deformed distributional ellipsoid D, as
given by (3.25) with the deformed shape tensor

ZD = (I + ǭ + ω̄)ZD
0 . (4.25)
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4.3.3 Estimates for the effective behavior of two-phase par-

ticulate DECs

In this subsection we provide estimates for the effective behavior of DECs in the

limit of infinitesimal deformations. First, we provide explicit expressions for the

effective stiffness, as well as for the average purely mechanical rotation of the particles.

Next, we obtain the effective permittivity of DECs in the deformed configuration and

also the effective strain-dependent permittivity. Finally, the effective electro-active

behavior of DECs will be obtained using the theory described above.

Effective elastic behavior of DECs

As discussed earlier, in the limit of infinitesimal deformations and in the absence of

electric fields, the effective elastic response of DECs is characterized by the effective

elasticity tensor C̃ of the composite. For composites reinforced with rigid particles,

and exhibiting the above-described type of particulate microstructures consisting of

aligned ellipsoidal inclusions (described by the shape tensor ZI
0) that are distributed

with ellipsoidal symmetry (described by ZD
0 ), Ponte Castañeda & Willis (1995) de-

veloped the following estimate for the effective stiffness tensor

C̃ = C(1) + c0 [PI0 − c0PD0
]−1 , (4.26)

where C(1) is the stiffness of the matrix, and PI0 and PD0
are mechanical microstruc-

tural tensors respectively depending on the particle and distribution shape tensors

ZI
0 and ZD

0 . They are given by

PI0 ijpq = detZI
0

4π ∫∣ξ∣=1 ξqξjK
−1
ip (ξ) ∣ZI

0ξ∣−3 dS, (4.27)

where Kip (ξ) = C (1)

ijpqξjξq, and a similar expression for PD0 with ZI
0 replaced by ZD

0 .

More explicit expressions for these microstructural tensors are provided in Appendix

D for the special case of spheroidal inclusions. The estimate (4.26) may be viewed as

a generalization of the dilute estimates of Eshelby (1957) to incorporate the effect of

77



two-point interactions among the particles. It also reduces to the Hashin & Shtrik-

man (1963) lower bound when the shape of the inclusions and distributions are both

spherical.

For future reference, it is also noted that a corresponding expression (Kailasam &

Ponte Castañeda 1998) for the average rotation of the particles is also available

ω̄
(2)
me = ω̄ +W(2)ǭ, (4.28)

where

W(2)=− [RI0(PI0)−1− c0RD0
(PI0)−1][I − c0PD0

(PI0)−1]−1, (4.29)

is a fourth-order tensor, known as the rotation concentration tensor, and satisfies

the symmetry properties W
(2)
ijkl = W (2)

ijlk = −W (2)
jikl. In equation (4.29), the fourth-

order tensors RI0 and RD0 are also mechanical microstructural tensors, closely related

to PI0 and PD0 and serving to characterize the rotation of the inclusions and the

distributional ellipsoid, respectively (see Appendix D for explicit expressions for these

tensors in the special case of spheroidal inclusions).

Effective permittivity of DECs

Next we provide an explicit expression for the effective permittivity of the composite

in the deformed configuration. We then linearize the obtained expression to first order

in the deformation gradient to generate a corresponding expression of the form (4.14)

for the effective permittivity of the composite, along with explicit expressions for Ẽ0

and S̃.

We begin by noting that estimates for the effective permittivity ε̃ of two-phase

particulate DECs with ellipsoidal microstructures described by the shape tensors ZI

and ZD can be obtained (Ponte Castañeda & Willis 1995) as follows

ε̃ (ǭ, ω̄) = ε(1)I + c [(α(2))−1 − cPD]−1 , (4.30)
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where

α(2) = [(ε(2) − ε(1)I)−1 +PI]−1 (4.31)

has been introduced for convenience. In equations (4.30) and (4.31), ε(2) denotes the

permittivity of the inclusions, while PI and PD denote the electric microstructural

tensors characterizing the geometry of the inclusions and their distribution, all in the

deformed configuration. The above estimate for the effective permittivity provides a

generalization of the well-known Maxwell-Garnett approximation (Garnett 1904), to

which it reduces when the shape of the inclusions and the distribution are both spher-

ical (isotropic). It also recovers the appropriate Hashin-Shtrikman bound (Hashin &

Shtrikman 1962) in this special case. In addition, it is important to recall that cer-

tain geometric constraints (on the shape and concentration of the inclusions and the

distributional ellipsoids) have to be satisfied for the above estimate to be valid (see

Ponte Castañeda & Willis 1995, for more details).

The symmetric second-order tensor PI is given by

PI = detZI

4πε(1) ∫∣ξ∣=1 ξ ⊗ ξ ∣ZIξ∣−3 dS (ξ) , (4.32)

and PD is given by the same expression except that ZI is replaced by ZD. Given the

dependence of the shape tensors ZI and ZD on the deformation (discussed earlier),

one can relate the microstructural tensors in the deformed configuration to their

reference counterparts, i.e.,

PI = PI0 + ω̄(2)PI0 −PI0ω̄(2), (4.33)

and

PD = P̂D0 + P̂D1 ǭ + (trǭ) P̂D0 + ω̄P̂D0 − P̂D0ω̄, (4.34)

where PI0 is the reference electric microstructural tensor of the inclusions with ZI
0

instead of ZI in expression (4.32)1, P̂D0 is the reference distributional electric tensor,

given by the same expression (4.32) with ZI replaced by ZD
0 . On the other hand,
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P̂D1 , which encodes the corrections due to the change in the distribution, is given by

P̂D1=−32
detZD

0

4πε(1) ∫∣ξ∣=1ξ ⊗ ξ ⊗ [ξ′⊗ξ+ξ⊗ξ′] ∣ZD
0 ξ∣−5dS (ξ) , (4.35)

where ξ′ ∶= ZDT

0 ZD
0 ξ. Finally, it is important to mention that equations (4.33)-(4.35)

are the linearized versions of the corresponding expressions in the context of finite

deformations provided in previous chapter (see also Ponte Castañeda & Galipeau

2011).

Next, given the transformation rule (4.20) for the permittivity of the inclusions,

and expression (4.33) for the inclusion microstructural tensors, it is evident that α(2),

defined in equation (4.31), transforms as follows

α(2) =A(2) + ω̄(2)A(2) −A(2)ω̄(2), (4.36)

where

A(2) = [(E(2)0 − ε(1)I)
−1 +PI0]

−1
, (4.37)

denotes the reference counterpart of α(2).

Then, substituting the expression (4.36) for α(2), along with the expressions (4.33)

and (4.34) for the microstructural tensors, into (4.30), we confirm that ε̃ (ǭ, ω̄) is of
the form given by expression (4.14), where

Ẽ0 = ε(1)I + c0 [(A(2))−1 − c0P̂D0]
−1
, (4.38)

is the effective permittivity of the DEC in the reference configuration and

S̃ijmn = −δmnK̃ij + K̃il (P̂D1
)
lkmn
K̃kj

+ 1

c0
K̃il {(A(2))−1lsW (2)

skmn −W (2)
ltmn
(A(2))−1

tk
} K̃kj (4.39)

is the electromechanical coupling tensor. Recall that S̃ is defined in terms of the

strain-dependent permittivity Ẽ via its linearized approximation Ẽ (ǭ) = Ẽ0 + S̃ǭ. In
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this expression, we have also used the short-hand notation

K̃ = (Ẽ0 − ε(1)I) , (4.40)

and the components of the fourth-order tensor W(2) are determined by expression

(4.29).

Effective electro-active behavior of DECs

The macroscopic dielectric response of the DEC is given by

d̄ = ε̃−1ē, (4.41)

where ε̃ is defined in (4.14) with Ẽ0 and S̃ given by (4.38) and (4.39), respectively.

Similarly, it is a simple matter to obtain the macroscopic total stress from expression

(4.13)2. The result can be written in the form

T̄ = T̄me + T̄M + T̄ es, (4.42)

where

T̄me = C̃ǭ,
T̄M = 1

2
(d̄⊗ ē + ē⊗ d̄) − 1

2
(d̄ ⋅ ē)I, and

T̄ es = 1
2
(ē ⋅ p̄′)I−1

2
P̂

†
D1
(p̄′⊗p̄′)− 1

c0
W(2)†(q̄′⊗a p̄′) ,

(4.43)

are, respectively, the mechanical, Maxwell and electrostrictive contributions to the

total stress. In these expressions, it is recalled that C̃ is the macroscopic elasticity of

the DEC, given by expression (4.26), W(2) is the rotation concentration tensor, given

by (4.29), and P̂D1 is the electric microstructural tensor associated with changes in

the ellipsoidal distribution of the particles, given by (4.35). In addition, p̄′ and q̄′ are

related to the macroscopic polarization with respect to the matrix material1 (instead

1Note that in electromagnetism theory the polarization in a dielectric is defined by p = d − ε0e.
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of vacuum), and are given by

p̄′ = d̄ − ε(1)ē and q̄′ = (A(2))−1 p̄′, (4.44)

while the symbol ⊗a is used to denote the antisymmetric dyadic product. Note that

T̄ es is the consequence of the electro-elastic coupling arising in the composite from the

presence of dielectric inclusions. (Recall that the matrix material has been assumed

to be an ideal dielectric with T es = 0; cf. (4.17).) For the above specific microstruc-

ture, the terms on the right of equation (4.43)3 can be respectively attributed to the

change in the volume, the change in the distribution and the electrostatic torques

that particles may experience. Also note that, as was mentioned earlier, the electric

fields in the above equations are Eulerian variables, and therefore depend on the de-

formation. However, the corrections (due to the deformation) of the electric fields on

the total macroscopic stress, as given by expressions (4.9) and (4.10), can be shown

to be of higher order, and thus can be ignored in the computations. It is emphasized,

once again, that such corrections are crucial nevertheless for the computation of the

tensor S̃ appearing in these expressions.

Next, we provide explicit expressions for the effective properties of DECs with

special microstructures.

Transversely isotropic DECs with non-aligned loadings. Here we simplify the above

general results to obtain explicit expressions for the effective response of two-phase

DECs with transversely isotropic symmetry under non-aligned loading conditions.

Toward this goal, we take the inclusions and the distribution to be spheroidal (ellip-

soids of revolution) with the same aspect ratios wI0 = wD0 ∶= w and symmetry axes,

as defined by the unit vectors nI0 = nD0
∶= n. The corresponding shape tensors can

then be written as

ZI
0 = ZD

0 = w ⋅ ρ + 1 ⋅ γ, (4.45)

where

ρ = n⊗n and γ = I − n⊗ n, (4.46)
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are projection tensors characterizing the projections onto the symmetry axis n, and

the plane perpendicular to it. Furthermore, inclusions are electrically anisotropic

with the transversely isotropic permittivity

E
(2) = E(2)r ρ + E(2)s γ, (4.47)

where the subscripts “r” and “s” have been used to denote axial and transverse com-

ponents, respectively. In addition, for simplicity and consistency with the properties

of actual elastomers, we assume that the matrix is made out of an incompressible

ideal dielectric elastomer with permittivity ε(1) and shear modulus µ(1).

Given the above microstructure and constituent properties, the effective stiffness

of the composite is obtained from expression (4.26) as follows

C̃ = 2µ̃pE[3] + 2µ̃nE[4] + 2µ̃aE[a], (4.48)

where

µ̃p=µ(1)+ c0

1−c0
1

4mp
p

, µ̃n=µ(1)+ c0

1−c0
1

4mp
n

, and µ̃a=µ(1)+ c0

1−c0
1

4mp
a

, (4.49)

are the effective transverse, axisymmetric, and longitudinal shear moduli, respectively.

In the above expressions, the fourth-order tensors E[α] (α = 3,4, a) and the constants

m
p
p, m

p
n and mp

a are defined in Appendix D.

The effective permittivity of the composite in the reference configuration, as de-

termined by equation (4.38), becomes transversely isotropic, and can therefore be

written as

Ẽ0 = Ẽ0rρ + Ẽ0sγ, (4.50)

where

Ẽ0r = ε(1) + c0ε(1) (E(2)r − ε(1))
ε(1) + (1 − c0) (1 − h) (E(2)r − ε(1))

, (4.51)
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and

Ẽ0s = ε(1) + c0ε(1) (E(2)s − ε(1))
ε(1) + (1 − c0) (h2)(E(2)s − ε(1))

(4.52)

are respectively the effective axial and transverse permittivities. On the other hand,

the effective strain-dependent permittivity does not exhibit transversely isotropic

symmetry for non-aligned loading conditions, and therefore no further simplifica-

tions can be made without the knowledge of the macroscopic strain. However, the

fourth-order tensor S̃, defined by equation (4.39), is a material property which ex-

hibits transversely isotropic symmetry. It can therefore be written as

S̃ = 2 (k̂ppK̃2
s − K̃s)E[1] + (n̂pK̃2

r − K̃r)E[2] + 2m̂p
pK̃2

sE
[3]

+ [2m̂p
n − r

4c0m
p
n

((A(2))−1
r
− (A(2))−1

s
)] K̃rK̃sE[4]

+ (l̂pK̃2
r − K̃r)E[5] + (l̂′pK̃2

s − K̃s)E[6],
(4.53)

where K̃α = Ẽ0α − ε(1) for (α = r, s) and the difference

(A(2))−1
r
− (A(2))−1

s
= 2 − 3h (w)

2ε(1) − E(2)0r − E(2)0s

(E(2)0r −ε(1))(E(2)0s −ε(1))
(4.54)

depends on the anisotropy of the inclusions. In equation (4.53), the fourth-order

tensors E[α] (α = 1,⋯,6), the electric microstrucural tensor coefficients (2k̂pp ,n̂p, 2m̂
p
p,

2m̂p
n, l̂p, l̂′p), the rotation coefficient r, 2mp

n, and the function h (w) are given in

Appendix D.

The electrostatic contribution to the total macroscopic stress depends on the di-

rection of the electric field in the composite. Letting the macroscopic electric field

be given by ē = ēn′, we can define the orthonormal coordinate system {n,k, t}, such
that k ∶= (n × n′) / ∣n × n′∣ and t ∶= n × k. Then the electrostatic contribution to the

total macroscopic stress T̄ el can be witten in the form

T̄ el = T̄ el
nnn⊗n + T̄ el

tt t⊗ t + T̄ el
kkk⊗ k + T̄ el

nt (n⊗ t + t⊗n) , (4.55)
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where

T̄ el
nn = (K̃r + Ẽ0r − n̂pK̃2

r) ē2n/2 + (K̃s − Ẽ0s − l̂′pK̃2
s) ē2t /2

T̄ el
tt = (K̃r − Ẽ0r − l̂pK̃2

r) ē2n/2 + [K̃s + Ẽ0s − (k̂pp + m̂p
p) K̃2

s] ē2t /2
T̄ el
kk = (K̃r − Ẽ0r − l̂pK̃2

r) ē2n/2 + [K̃s − Ẽ0s − (k̂pp − m̂p
p) K̃2

s] ē2t /2
T̄ el
nt = {Ẽ0r + Ẽ0r − [2m̂p

n − r

4c0m
p
n

((A(2))−1
r
− (A(2))−1

s
)]} ēnēn/2.

(4.56)

In these last expressions, ēt = ē ⋅ t and ēn = ē ⋅n are the projection of the macroscopic

electric field onto the t and n directions, respectively.

Transversely isotropic DECs with aligned loadings. If in addition to the transversely

isotropic symmetry for the microstructure of the DECs, we assume that the loading

conditions are also aligned with the microstructure more explicit expressions for the

effective constitutive response of the DECs can be generated. Thus, we take the

macroscopic electric field to be given by ē = ēn, and the macroscopic strain to be

given by ǭ = ǭrρ− 1
2 ǭrγ. Note that ǭ is coaxial with the shape tensors (4.45), and also

that, because of incompressibility, ǭs = −1
2 ǭr. Then, it can be shown that the effective

strain-dependent permittivity of the DECs is transversely isotropic, such that

Ẽ (ǭ) = [Ẽ0r + (Ẽ0r − ε(1))2 (n̂p − l̂p) ǭr]ρ
+ [Ẽ0s + (Ẽ0s − ε(1))2 (l̂′p − k̂pp) ǭr]γ, (4.57)

where Ẽ0r and Ẽ0r are respectively the axial and transverse components of the effective

permittivity in the reference configuration, as determined by equations (4.51) and

(4.52). In the above equation k̂pp, n̂p, l̂p and l̂′p, which depend on the aspect ratio of

the inclusions (or the distribution), are given in Appendix D.

The macroscopic electrostatic stress T̄ el is also transversely isotropic for aligned

loading conditions, so that

T̄ el = T̄ el
r ρ + T̄ el

s γ, (4.58)

where

T̄ el
r = [−ε(1)2 + Ẽ0r −

n̂p

2
(Ẽ0r − ε(1))2] ē2, (4.59)
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and

T̄ el
s = [−ε(1)2 − l̂

p

2
(Ẽ0r − ε(1))2] ē2 (4.60)

are respectively the axial and transverse components of T̄ el.

Initially isotropic DECs. For the special case of two-phase DECs with electrically

isotropic spherical inclusions, which are embedded with spherical symmetry in an

ideal dielectric elastomer matrix, the rotation concentration tensor W(2) vanishes

identically, and therefore simplified expressions for the effective permittivity and the

electrostatic stress can be generated. Thus, denoting the permittivity of the matrix

and its shear modulus by ε(1) and µ(1), respectively, and the permittivity (in the ref-

erence configuration) of the inclusions by E(2) = E(2)I, the effective strain-dependent

permittivity of the DECs can be written as

Ẽ (ǭ) = Ẽ0I + a1ǭ + a2 (tr ǭ)I. (4.61)

In this expression,

Ẽ0 = ε(1) + 3c0ε(1) (E(2) − ε(1))
3ε(1) + (1 − c0) (E(2) − ε(1)) (4.62)

denotes the effective (isotropic) permittivity of the DEC in the reference configuration,

and the coefficients a1 and a2 are respectively given by

a1 = −2
5

(Ẽ0 − ε(1))2
ε(1) , and a2 = −1

3

(Ẽ0 − ε(1)) (Ẽ0 + 2ε(1))
ε(1) + 2

15

(Ẽ0 − ε(1))2
ε(1) . (4.63)

It is important to mention here that our result for the effective strain-dependent per-

mittivity of initially isotropic DECs, as given by (4.61) and (4.63), agrees exactly

with the result of Lee et al. (2005) for an isotropic distribution of spherical inclu-

sions. However, the expression (4.62) for the effective permittivity in the reference

configuration is different from the corresponding result in Lee et al. (2005) due to the

fact that different methods have been used to estimate the effective properties.
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The macroscopic electric stress for such composites is given by

T̄ el = Ẽ0ē⊗ ē − Ẽ0
2
(ē ⋅ ē)I − 1

2
[a1ē⊗ ē + a2 (ē ⋅ ē)I] , (4.64)

where the first two terms on the right are recognized as the Maxwell stress in an

ideal dielectric material with permittivity Ẽ0, and the other two are consequences of

the change in the permittivity as the composite deforms. As expected, the form of

the above expression for the macroscopic electric stress is also in agreement with the

corresponding forms in Landau et al. (1984), Shkel & Klingenberg (1996).

DECs in the dilute concentration limit. In cases for which the concentration of the

inclusion phase is sufficiently small, so that inter-particle interactions can be ignored,

one may neglect terms of order c20 and higher in the expressions for the effective

constitutive response of the DECs to obtain the corresponding dilute estimates. For

example, the effective macroscopic total stress in the limit of dilute concentrations

becomes

T̄ = C̃dilε̄ + T̄ el, where C̃dil = C(1) + c0 (P(2)I0 )−1 (4.65)

denotes the effective stiffness (in the dilute limit) and

T̄ el= 1

ε(1) [−
1

2
(d̄⋅d̄)I+ d̄⊗d̄ + (d̄⋅p̄′)I− d̄⊗s p̄′]

− 1

ε(1) (P
(2)
I0 )

−1
R
(2)†
I0 (p̄′ ⊗a d̄) ,

(4.66)

which is in agreement with finite strain results, when simplified for the limit of in-

finitesimal deformations and dilute concentrations (see Ponte Castañeda & Siboni

2012, for more details).

4.4 Results and discussion

In this section we investigate the response of two-phase, particulate DECs under

the sole application of electric fields. More specifically, we study electrostriction in

DEC samples subjected to a direct potential difference (∆V ), which is applied via
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a pair of electrodes which are in perfect contact with the composite specimen. The

electrodes are assumed to be made of electrically conducting grease (as opposed to

metallic conductors), and therefore they do not impose any mechanical constraints

on the deformation of the sample. In addition, we will assume that the electrodes

are perfect conductors in such a way that all the electric fields are identically zero in

their interior.

As shown in Fig. 4.1(a), we consider a thin DEC sample, such that its height,

which is aligned with the X2 axis of the laboratory axes {X1,X2,X3}, is much smaller

than the other two dimensions. More specifically, we assume that the height of the

sample, denoted by d, is much smaller than its characteristic length in the X3-X1

plane, denoted by l (i.e., d ≪ l). Given the condition d ≪ l, we may expect to have

uniform fields almost everywhere inside the composite except in the close vicinity

of the side surfaces where fringing effects may occur. In fact, a straightforward

numerical simulation suggests the existence of a “boundary layer” in this area with

characteristic length lb ∼ d where the electric fields are not uniform. In any event,

in the developments that follow we take the macroscopic electric field inside the

composite and away from the boundary layer to be a constant vector in the X2

direction, i.e. ē = ēÊ2, where ē = ∆V /d. It is remarked that such an approximation

becomes more accurate as the ratio d/l decreases. In addition, we assume that there

are no externally applied mechanical tractions on the boundaries (i.e. the interfaces

with the electrodes and the surrounding vacuum) of the sample.

In this work, for simplicity, we will only consider two-phase DECs with trans-

versely isotropic symmetry. Also for simplicity, the inclusions are assumed to be

electrically isotropic with permittivity E(2) = E(2)I, and, as shown in Fig. 4.1(b), of

spheroidal shape characterized by an aspect ratio wI0 = w and with symmetry axis

nI0 = n. They are distributed with “spheroidal” symmetry with the same shape as

the inclusions (i.e. wD0
= w and nD0

= n) in an incompressible ideal dielectric matrix

with permittivity ε(1) and shear modulus µ(1). In addition, we take the symmetry

axis of the DEC, which coincides with the symmetry axis of the inclusions n, to be
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Figure 4.1: (a) A thin DEC sample which is in perfect contact with two electrodes
made out of conducting grease. (b) Geometry of the inclusions in the reference
configuration. Here the solid line denotes the boundary of the inclusion and the
dashed line denotes the distributional ellipsoid.

in the X1-X2 plane such that

n = cosψÊ1 + sinψÊ2, (4.67)

where the angle ψ serves to characterize the initial orientation of the microstructure

in the X1-X2 plane.

4.4.1 The effective permittivity and stiffness of DECs

To facilitate the discussion of the results pertaining the effective coupled electro-active

properties of the DECs, we first provide some results for their effective dielectric

permittivity and effective mechanical stiffness.

Figure 4.2 shows the dependence of the transverse and axial components of the

effective permittivity on the concentration of the inclusion phase. As shown in this

figure, the values of the effective permittivity range between the permittivity of the

matrix (for c0 = 0) and the permittivity of the inclusions (for c0 = 1). Note that for

the case of prolate inclusions the axial component of the permittivity is always larger

than the transverse component, while for oblate inclusions the opposite is true. On
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Figure 4.2: Plots for the transverse (Ẽ0s) and axial (Ẽ0r) components of the effective
permittivity of the DEC as a function of the concentration of the inclusions, for
different values of the aspect ratio. In these plots E(2)/ε(1) = 100.
the other hand, for spherical inclusions, when the DEC is initially isotropic, the axial

and transverse components of the permittivity are of course identical
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Figure 4.3: Plots for the effective transverse (µ̃p), longitudinal (µ̃n) and axisymmetric
(µ̃a) shear moduli of the DEC as a function of the concentration of the inclusions, for
different values of the aspect ratio. Note that in the limit when c0 → 1 all the shear
moduli of the DEC tend to infinity since the inclusion phase is assumed to be rigid.

Figure 4.3 shows the corresponding plots for the transverse, longitudinal and ax-

isymmetric shear moduli of the DEC as a function of the concentration of the inclu-

sions. As can be seen in this figure, composites consisting of oblate (w < 1) inclusions
have the largest transverse shear modulus, while composites with prolate (w > 1)

inclusions have the largest longitudinal shear modulus. Note that in the limit when

c0 → 1, the composite becomes mechanically rigid with all their shear moduli becom-

ing unbounded.
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4.4.2 The effective electro-active properties of DECs

This section is concerned with the effective electro-active properties of DECs. More

specifically, we are interested in the electrostriction (i.e., the total strain that is ob-

served in the DEC sample in the direction of the applied electric field).

Given the fact that there are no externally applied mechanical tractions on the

boundaries of the specimen, the general traction boundary condition (4.2) can be

specialized as follows. At the interface of the sample and the electrodes we have

T̄m = 0, (4.68)

where m is the unit normal to the interface and T̄ is the macroscopic total stress

inside the sample. Note that since all the electric fields vanish inside the electrodes

the Maxwell stress is identically zero, and it is for this reason that it does not appear

in equation (4.68). The traction boundary conditions on the side surfaces are in

general more complicated due to the fringing effects. However, recalling that the

fringing effects occur only within a boundary layer with characteristic length lb (∼ d),
which is much smaller than the size of the sample l, it is possible to show (again by

resorting to a straightforward numerical simulation) that such fringing effects can be

ignored, and to make use of the “equivalent” boundary condition

T̄m′ = 0, (4.69)

where, once again, T̄ is the total macroscopic stress inside the specimen and m′ is the

unit normal to the side surfaces of the sample. The two conditions (4.68) and (4.69)

simply imply that for the specific setup shown in Fig. 4.1(a) the total macroscopic

stress has to be zero inside the DEC specimen, i.e.,

T̄ = 0. (4.70)

In other words, the deformation of the composite specimen, far from the boundary

layer, is such that the elastic part of the total stress cancels out, exactly, the electro-
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static stress that is developed inside the sample due to the presence of the electric

field.

With the above assumptions for the microstructure of the DEC and the given

boundary conditions, it can be easily argued that the macroscopic strain is uniform

away from the boundary layer and it has the form

ǭ =
⎛
⎜⎜⎜⎜
⎝

ǭ11 ǭ12 0

ǭ12 ǭ22 0

0 0 ǭ33

⎞
⎟⎟⎟⎟
⎠
, (4.71)

where ǭii (i = 1,2,3) are the normal strains and ǭ12 is a shear strain. Note that since

the inclusions are rigid and the matrix is incompressible the composite itself will be

effectively incompressible in such a way that trǭ = 0. Then, using the condition (4.70)

on the total macroscopic stress, together with the explicit expressions for the total

macroscopic stress provided in the previous section, we can determine the components

of the macroscopic strain for the given microstructure and loading conditions. In the

following, results are provided for composites with transversely isotropic symmetry

under both aligned and non-aligned loading conditions. Furthermore, we investigate

the effect of different microstructural parameters, including the geometric and dielec-

tric properties of the inclusions and their concentration, on the electrostriction of

DECs (i.e. ǭ22 in our case).

Transversely isotropic DECs under aligned loading

We start with a transversely isotropic DEC under aligned loading conditions (i.e.

ψ = 90○). For this specific case, the symmetry axis of the composite is aligned with

the direction of the macroscopic electric field (i.e., n = Ê2), and it follows that the

electrostatic contribution to the total macroscopic stress is transversely isotropic with

the symmetry axis being along theX2 direction. Consequently, the macroscopic strain

becomes coaxial with the microstructure and exhibits the same symmetry.

Thus, using the fact that the total stress T̄ vanishes inside (and away from the

boundary layer) of the DEC, and the fact that the material is incompressible, it is
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easily found that

ǭ22 = −2ǭ11 = −2ǭ33 = − T̄ el
22 − T̄ el

11

3µ̃a
, (4.72)

where T̄ el
11 and T̄ el

22 are the relevant components of the electrostatic stress, and µ̃a is

the effective longitudinal shear modulus of the DEC.

The difference T̄ el
22−T̄ el

11 can be further decomposed into two contributions as follows

T̄ el
22 − T̄ el

11 = T̄M
22 − T̄M

11 + T̄ es
22 − T̄ es

11 , (4.73)

where
T̄M
22 − T̄M

11

ε(1)ē2 =1 +
c0

(∆ε/ε(1))−1+(1−c0) (1−h)
(4.74)

and

T̄ es
22 − T̄ es

11

ε(1)ē2 =
6w2(1−h)−3h

4(w2−1) c20

[(∆ε/ε(1))−1+(1−c0) (1−h)]
2 (4.75)

are the contributions due to the Maxwell and electrostrictive stresses, respectively. In

these expressions, ∆ε ∶= E(2)−ε(1) and the parameter h is defined in (D.9). Physically,

the Maxwell component (T̄M
22 − T̄M

11) accounts for the attractive forces between the

oppositely charged electrodes. Note that the Maxwell component is proportional to

the axial component of the effective permittivity (i.e. Ẽ022 for the specific example

of this section). On the other hand, the electrostrictive component accounts for the

dipole-dipole interactions and is proportional to the quantity (Ẽ022 − ε(1))2. This last
observation can be understood by recalling that in the presence of the electric fields

the dielectric inclusions become polarized and that the dipole-dipole interactions are

proportional to the size of the dipoles squared.

It is important at this stage to recall that the electrostrictive strain is non-zero

even in the absence of dielectric particles (i.e. when c0 = 0). This strain, which we

denote by ǫm, is given by

ǫm = −1
3

ε(1)
µ(1) ē

2. (4.76)

The strain ǫm is produced in the ideal dielectric matrix due to the Maxwell stress in

the expression for the total stress, and is compressive.
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In the following, we first investigate, in some detail, the relative importance of the

Maxwell and the electrostrictive stresses on the electrostriction of DECs. We then

consider the effect of different microstructural parameters on the electrostriction of

DECs. The results will be shown normalized by the electrostrictive strain in the

matrix material, i.e., by ǭ22/ǫm, in order to show the improvements in the effective

electromechanical couplings over the ideal dielectric matrix.
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ǭ 2
2
/ǫ m

Maxwell contribution
Electrostrictive contribution
Total strain (electrostriction)

(b)

Figure 4.4: Plots for the different contributions to the electrostrictive strain (elec-
trostriction) of DECs consisting of spherical (w = 1) inclusions with permittivityE(2)/ε(1) = 100. (a) Results for the Maxwell and electrostrictive stress, as well as for
the total electrostatic stress, as a function of the concentration, and (b) results for
the corresponding contributions to the electrostriction.

Figure 4.4 shows results for the Maxwell and electrostrictive contributions to the

stress, as well as the total electrostatic stress, along with the corresponding plots

for the strains, for DECs consisting of spherical (w = 1) inclusions with dielectric

permittivity E(2)/ε(1) = 100. As shown in Fig. 4.4(a), for small volume fractions (i.e.

c0 ≲ 0.7 in this case) the Maxwell effect is larger than the electrostrictive effect, while

for larger volume fractions (i.e. c0 ≳ 0.7) the electrostrictive effect becomes much

larger than the Maxwell effect.

As mentioned earlier, the Maxwell stress accounts for the attractive force between

the oppositely charged electrodes. This attractive force is proportional to the amount

of charge on the electrodes which can be shown to be proportional to the effective
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permittivity of the DEC. Therefore, the Maxwell stress increases with increasing the

volume fraction of the highly dielectric inclusions. Note that the Maxwell stress is

non-zero in the absence of inclusions (i.e., for the pure matrix) since even for this

case there will be charges on the electrodes when the potential difference is applied.

On the other hand, the electrostrictive stress is the result of the interactions between

the polarized inclusions. As a consequence, it vanishes in the absence of dielectric

particles (i.e., when c0 = 0). It can be shown that the dipole-dipole interactions are

inversely proportional to the third power of the relative distance of dipoles (Shkel

& Klingenberg 1998). Hence, for small volume fractions (c0 ≲ 0.7 in this case) this

effect is very weak, since the particles are far apart from each other. For higher

concentrations (c0 ≳ 0.7), however, this effect becomes very significant due to the fact

that the particles are now closer to each other.

Figure 4.4(b) shows the plots for the strains corresponding to the Maxwell and

electrostrictive contributions to the stress along with the total strain (i.e., the elec-

trostriction). Note that the plots in this figure are simply obtained by dividing the

plots in Fig. 4.4(a) by the effective longitudinal shear modulus of the DEC. As

shown in this figure, for small volume fractions, the total strain is mainly the result

of the Maxwell stress, while for larger volume fractions (i.e., as c0 → 1) the dominant

contribution is due the electrostrictive stress. However, the material also becomes

mechanically rigid as c0 → 1, and therefore the strain tends to zero in this limit. As

a consequence, the maximum electrostriction is achieved for a relatively high concen-

tration (c0 ∼ 0.96); it is larger than the strain in the homogeneous matrix under the

same electric field by a factor of 6.

Thus far we have shown the importance of the electrostrictive part of the total

stress for the overall electrostriction of the DECs, especially at large volume fractions.

Next, we explore, in some detail, the effect of the various microstructural parameters

on the electrostriction of DECs under aligned loading conditions.

Figure 4.5 shows results for the electrostriction as a function of the concentration

of the inclusion phase for different values of E(2), and for both spherical and prolate

spheroidal shapes of the inclusions. As depicted in Fig. 4.5(a) for spherical inclusions
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Figure 4.5: Plots for the electrostriction of a DEC with transversely isotropic sym-
metry under aligned loading conditions as a function of the concentration of the
inclusions, for different values of the permittivity of the inclusions. (a) Results for
spherical (w = 1) inclusions and (b) for prolate (w = 3) spheroidal inclusions.
and for finite, but large enough values of E(2), the electrostriction increases monotoni-

cally to a maximum with increasing concentration, eventually decaying to zero due to

the fact that the DEC becomes rigid in the limit as c0 → 1. For smaller values of E(2),
the mechanical stiffening effect of the rigid inclusions overwhelms the electrostatic

effects, and therefore the composite exhibits no enhancement in the electro-active

behavior compared to the pure matrix. Figure 4.5(b) shows the corresponding plots

for the case of prolate spheroidal inclusions. As seen in this figure, the trends are

more or less similar to the previous case. In addition, it is observed from these figures

for both spherical and prolate spheroidal shapes for the inclusions that the largest

strains are achieved in the limit as E(2) →∞.

Figure 4.6 shows the electrostriction as a function of the concentration for different

values of the aspect ratio of the inclusions. Figure 4.6(a) shows results for E(2)/ε(1) =
100. For w ≥ 1, it can be seen that the electrostriction increases with increasing

volume fraction of the inclusions until a maximum value, and then tends to zero

with further increases in the volume fraction, again due to the mechanical stiffening

effect of the rigid particles. For w < 1, on the other hand, more complicated trends

are observed. For the specific examples provided in Fig. 4.6(a), the electrostriction
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Figure 4.6: Plots for the electrostriction of a DEC with transversely isotropic sym-
metry under aligned loading conditions as a function of the concentration of the
inclusions, for different values of the aspect ratio. (a) Results for E(2)/ε(1) = 100 and
(b) for E(2)/ε(1) →∞.

decreases to a minimum, then increases to a maximum and finally decays to zero

as the concentration of the inclusion phase further increases to 100%. Also, as can

be seen in Fig. 4.6(b) for infinite permittivity of the inclusions, high electrostrictive

strains can be achieved for both prolate and oblate shapes for sufficiently large volume

fraction of the inclusion phase.

Figures 4.7(a) and (b) show the effect of the inclusion aspect ratio on the elec-

trostriction for two different concentrations, c0 = 0.5 and c0 = 0.75, respectively. The

main observation in this figure is that for finite values of E(2) the electrostriction

tends to zero as w → 0 or w → ∞, exhibiting a maximum for some prolate value of

the aspect ratio w that increases monotonically with increasing values of E(2). Note

that in the limit as E(2) → ∞ the maximum value for the electrostriction shifts to

w → ∞. In this context, it is helpful to recall that the results corresponding to the

limit as E(2) →∞ have been obtained by first taking the limit as the particles become

rigid, and then taking the limit as E(2) →∞. As a consequence, proper care must be

exercised in the interpretation of the results of this limiting case. In fact, the curve

for E(2) →∞ should be interpreted as a limiting envelope for the family of curves for

finite, fixed values of E(2). In practical terms, the results of these figures show, for
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ǭ 2
2
/ǫ m

E(2)/ε(1) = 10E(2)/ε(1) = 100E(2)/ε(1) = 1000E(2)/ε(1) = 10000E(2)/ε(1) →∞

(b)

Figure 4.7: Plots for the electrostriction of a DEC with transversely isotropic symme-
try under aligned loading conditions as a function of the aspect ratio of the inclusions,
for different values of E(2)/ε(1). (a) Results for c0 = 0.5 and (b) for c0 = 0.75.
example, that for E(2)/ε(1) = 100 strains in the order of 2.5ǫm can be achieved for 50%

volume fraction of rigid dielectric inclusions with an aspect ratio w ∼ 2, or strains

of order 4ǫm for 75% volume fraction of rigid dielectric inclusions with aspect ratio

w ∼ 3.
The results shown in the prior figures suggest that the addition of highly dielec-

tric particles can significantly enhance the effective electromechanical properties of

DECs. Furthermore, it has been shown that there are “optimal” values of the con-

centration c0, for fixed values of E(2)/ε(1) and w (see Fig. 4.5), and of the aspect

ratio w, for fixed values of E(2)/ε(1) and c0 (see Fig. 4.7), for which the electrostric-

tion reaches maximum values. It is then natural to look for global maxima for the

electrostriction at each value of E(2)/ε(1). Fixing the ratio E(2)/ε(1), we can search

for the values for c0 and w (denoted by c∗0 and w∗) for which the electrostriction

is largest. Thus, Fig. 4.8(a) shows the maximum electrostriction achievable in the

aligned case as a function of the ratio E(2)/ε(1), while Fig. 4.8(b) shows the optimal

values c∗0 and w∗. In this context, it should be noted that the addition of particles

with small dielectric permittivity (i.e. E(2)/ε(1) ≲ 10) does not lead to improvements

in the overall electrostriction of the composite. However, for particles with higher di-
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Figure 4.8: The maximum electrostriction achievable in the aligned case. (a) Maxi-
mum electrostriction as a function of the ratio E(2)/ε(1), and (b) concentration c∗0 and
aspect ratio w∗ at which the maximum occurs.

electric permittivity, large electrostrictive strains can be achieved for the right choices

for the microstructural parameters. In fact, as can be deduced from Fig. 4.8, the

electrostriction continues to increase (in a nearly linear fashion) for large values of

the dielectric coefficient of the inclusion phase. Interestingly, the optimal value c∗0 of

the inclusion volume fraction tends to be closer and closer to 100%, suggesting some

sort of percolation phenomenon (recall that the microstructures for the special type

of homogenization estimates used in this work do not percolate until 100% concen-

tration of the inclusion phase). On the other hand, the corresponding optimal value

w∗ of the inclusion aspect ratio also tends to a limiting value, which is approximately

1.3.

Transversely isotropic DECs under non-aligned loading

In this subsection, we consider two-phase, transversely isotropic DECs under non-

aligned loading conditions (i.e. 0 ≤ ψ < 90○). For this more general case, the symmetry

axis of the composite is not aligned with the direction of the macroscopic electric field

and the electrostatic contribution to the total stress is no longer transversely isotropic.

In fact, as has already been shown in the previous section, T̄ el can be written in the
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form given by equation (4.55) with respect to the orthonormal coordinate system

defined by the unit vectors {t,n,k}, where k = Ê3 in this case. Given the expression

for T̄ el and the fact that the total macroscopic stress vanishes inside the composite,

it can be shown that

ǭ = ǭttt⊗ t + ǭnnn⊗ n + ǭ33k⊗ k + ǭnt (n⊗ t + t⊗ n) , (4.77)

where

ǭnn = −[Ẽ0r + 1
2
(l̂p − n̂p) K̃2

r] sin2ψ

3µ̃a
ē2 +
[− Ẽ0s2 + 1

2 (k̂pp − l̂′p) K̃2
s] cos2ψ

3µ̃a
ē2,

ǭtt = +(−Ẽ0s + m̂
p
pK̃2

s) cos2ψ
4µ̃p

ē2 − ǭnn
2
, ǭ33 = −(−Ẽ0s + m̂

p
pK̃2

s) cos2ψ
4µ̃p

ē2 − ǭnn
2
, and

ǭnt = (Ẽ0r + Ẽ0s − 2m̂
p
nK̃rK̃s) sin (2ψ)

8µ̃n
ē2 +

r ((A(2))−1r − (A(2))−1s ) K̃rK̃s sin (2ψ)
32c0m

p
nµ̃n

ē2.

(4.78)

Note that the components of the strain with respect to the laboratory coordinate

system {X1,X2,X3}, in terms of the strains given in equation (4.78), can be easily

obtained as follows

ǭ11 = ǭtt sin2ψ + ǭnt sin 2ψ + ǭnn cos2ψ
ǭ22 = ǭtt cos2ψ − ǭnt sin 2ψ + ǭnn sin2ψ

ǭ12 = (ǭnn − ǭtt) sinψ cosψ − ǭnt cos 2ψ.
(4.79)

Figure 4.9 shows the effect of changing the orientation of the inclusions ψ on the

electrostriction. Figure 4.9(a) shows the electrostriction as a function of the aspect

ratio for c0 = 0.75, while Fig. 4.9(b) shows the corresponding plots for c0 = 0.9. The

main observation form these figures is that for fixed concentrations, the maximum

electrostriction is achieved for aligned (i.e. ψ = 90○) microstructures. Another im-

portant observation can be made pertaining the limits w → 0 and w → ∞, which

correspond, respectively, to laminated and fiber-reinforced composites. As shown

in these figures, for aligned microstructures (see the solid lines in Fig. 4.9), the

electrostriction vanishes identically for the above limits. This can be explained by
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ǭ 2
2
/ǫ m

ψ = 0○
ψ = 22.5○
ψ = 45○
ψ = 67.5○
ψ = 90○

(a)

0

1

2

3

4

5

6

7

8

9

10

0.001 0.01 0.1 1 10 100 1000
 

 

w
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Figure 4.9: Plots for the electrostriction of a DEC with transversely isotropic sym-
metry under non-aligned loading conditions as a function of the aspect ratio of the
inclusions, for different orientations ψ. (a) Results for c0 = 0.75, and (b) for c0 = 0.9.
In these plots E(2)/ε(1) = 250.
recalling that the inclusion phase is rigid and the matrix phase is incompressible, and

therefore the DEC becomes effectively rigid in the limits where w → 0 or w → ∞.

On the other hand, for non-aligned cases (i.e. ψ ≠ 90) the electrostriction will be

non-zero for laminated (or fiber-reinforced) DECs even when the inclusion phase is

rigid. This is due to the fact that for laminated (or fiber-reinforced) composites under

non-aligned loading conditions, there are shear modes of deformation available to the

DEC which result in the non-trivial electrostriction observed in Fig. 4.9 for small (or

large) values of the aspect ratio. It is noted that for non-aligned loading conditions

the shear component of the macroscopic strain ǭ12 is non-zero, and therefore, ǭ22 plot-

ted in Fig. 4.9 do not represent the maximum stain. However, we have confirmed that

the general picture does not change significantly if we plot the maximum principal

strain instead of ǭ22.

4.5 Concluding remarks

In this chapter we have developed a general homogenization framework for DECs

in the limit of infinitesimal deformations. The framework has been used to obtain

101



estimates for the effective response of two-phase DECs with random particulate mi-

crostructures. Our results show that the addition of highly dielectric yet stiff particles

can enhance the electromechanical response of DECs, for appropriate choices of the

relevant microstructural parameters. This is not a trivial result since the addition of

highly dielectric but stiff particles to the dielectric elastomer matrix increases both

the overall permittivity and the stiffness of the DEC. While a higher overall permit-

tivity leads to an increased attractive force between the electrodes, the higher stiffness

limits the overall electrostrictive strains that can be achieved. Consistent with the

early theoretical results for electrostriction (Landau et al. 1984, Shkel & Klingenberg

1998), the framework developed in this work expresses the effective electromechanical

coupling of the composite in terms of the derivative of the permittivity with respect

to the strain, also incorporating the effect of particle rotations. In addition, it ac-

counts for dipolar interactions between particles, as well as for the nonlinear coupling

between the electric and mechanical fields. For these reasons, the new framework is

expected to produce more accurate estimates than earlier estimates (Li & Rao 2004,

Rao & Li 2004), especially when the field fluctuation in the matrix phase become

significant (Li et al. 2004). On the other hand, while the framework developed in

this work should be equivalent to the recently developed homogenization framework

of Tian et al. (2012), the alternative expression for the electromechanical coupling

in terms of the strain-dependent permittivity (instead of third moments of the elec-

tric and mechanical fields) has allowed the computation of such coupling constants

for composites with general distributions of ellipsoidal inclusions, which is something

that has not yet been possible with the formulation of Tian et al. (2012).

The specific estimates developed in this work are based on homogenization esti-

mates of Ponte Castañeda & Willis (1995) for the effective stiffness and permittivity

of a certain class of random particulate microstructures consisting of aligned ellip-

soidal inclusions of a stiff dielectric material distributed in an soft elastomeric matrix

with “ellipsoidal” two-point statistics. For the special case of spherical particles and

isotropic (spherical) distributions, the estimate for the effective permittivity reduces

to the well-known Maxwell-Garnett approximation (Garnett 1904), while both es-
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timates for the effective permittivity and elasticity are known to be rigorous lower

bounds (Hashin & Shtrikman 1962, 1963) for the class of statistically isotropic mi-

crostructures in this case. In addition, for the case of rigid, perfectly conducting in-

clusions, the estimates do not “percolate” until 100% concentration of the inclusions,

which suggests that the estimates are more appropriate for polydisperse microstruc-

tures, such as the Hashin (Hashin & Shtrikman 1962) composite-sphere assemblage

microstructure, than for monodisperse microstructures.

Be that as it may, our results show that the electrostriction under “soft elec-

trode” conditions is compressive, and becomes strongest when the electric field is

aligned with the long axis of the particles. This is because when the particles are

not aligned with the field they tend to reorient themselves with the field producing

a tensile contribution to the overall stretch which tends to oppose the compression

applied by the electrodes. The results also show that for a fixed, sufficiently large

dielectric coefficient for the particles (compared to that of the matrix) the strongest

electrostriction is achieved for certain optimal values of the particle concentration

(0 < c∗0 < 1) and aspect ratio (1.2 < w∗ < 1.6). Moreover, it was found that the dipole

interactions tend to become dominant (over the intrinsic effect of the particles on

the Maxwell stress) at sufficiently large particle concentrations, and this is why the

optimal particle concentration c∗0 tends to be fairly high. In addition, it was found

that the electrostriction increases monotonically with the dielectric coefficient of the

particles (in fact, linearly, for large values of the particle dielectric coefficient), with

the optimal values of the particle concentration and aspect ratio tending to 100%

and ∼ 1.3, respectively. This result is consistent with earlier findings (Huang et al.

2004), which suggest that the strongest electrostrictive effect occurs near percolation

of the inclusion phase. However, as already noted, the estimates used in this work

do not “percolate” until reaching 100% of the inclusion phase, and in this sense the

results are consistent. On the other hand, high particle volume fractions would tend

to produce dielectric breakdown of the elastomeric matrix phase, and it would be

expected that lower concentrations of the inclusion phase should be used in practical

applications.
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In any event, the results of this chapter serves to provide some guidelines for the de-

sign of DECs with optimal electrostriction, at least for the special class of particulate

microstructures used here. The general theory could also be used in combination with

other types of homogenization estimates, such as the effective medium approximation

(Bruggeman 1935), that would be perhaps more realistic for systems that percolate

at a lower concentration of the inclusion phase. The theory could also be generalized

to account for nonlinear susceptibilities for the matrix and inclusion phases, mak-

ing use of corresponding results for nonlinear dielectrics (Ponte Castañeda 2001), as

well as for finite deformations, using similar ideas for magnetorheological elastomers

(Ponte Castañeda & Galipeau 2011). Finally, it should be noted that in the appli-

cations considered in this chapter we have ignored the possible strain-dependence for

the permittivity of the matrix. Although for elastomeric materials this effect would

be expected to be small and can be safely neglected, for other materials it may be

necessary to account for this effect.
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Chapter 5

Fiber-constrained DECs: Finite

Deformation Response and

Stability Analysis at Zero External

Tractions

As mentioned earlier in chapter 1, the behavior of soft dielectrics stiffened by long

fibers, have been studied recently by Lu et al. (2012) suggesting that constraining

the kinematics of an ideal dielectric into 2D plane-strain deformations eliminates the

possibility of electromechanical instabilities typically observed in dielectrics subjected

to equal biaxial loadings under general 3D conditions (Lu et al. 2012), hence enabling

them to undergo larger stretches before dielectric breakdown. Motivated by this find-

ing, in this chapter we will consider DECs reinforced by very stiff, aligned fibers

in order to enforce 2D plane-strain conditions. However, unlike the recent work of

Lu et al. (2012), where the fibers only act as structural elements to enforce the 2D

plane-strain conditions, here we take into account the effect of the fibers—through

the disturbances in the local fields caused by them—on the overall electromechani-

cal response of DECs. This will be done by using the homogenization framework of

chapter 3 for coupled electro-elastic problems (see Ponte Castañeda & Siboni 2012,

105



for more details). In particular, we will develop estimates for the effective response

of fiber-constrained DECs undergoing finite deformations. More specifically, we con-

sider fibrous DECs consisting of a dielectric elastomer matrix phase constrained to

undergo plane-strain deformations by means of aligned, long, rigid-dielectric fibers of

elliptical cross section that are also aligned but randomly distributed in the transverse

plane. We then use available estimates (e.g., Lopez-Pamies & Ponte Castañeda 2006a,

Avazmohammadi & Ponte Castañeda 2013) for the purely mechanical response of such

composites at finite strains, along with the partial decoupling strategy/approximation

to estimate the effective electro-active response of such DECs. Having obtained an

estimate for the effective response of the fiber-reinforced DECs, we then investigate

the effect of different microstructural parameters on the response and possible failure

of such composites, including susceptibility to electromechanical instabilities (through

loss of positive definiteness), localization instabilities (through loss of ellipticity), and

dielectric breakdown. The framework developed here also makes possible the devel-

opment of a procedure for the optimal design of DECs capable of achieving large

electrostrictive strains before failure. The rest of this chapter is organized as follows.

Section 5.1 is concerned with the development of explicit estimates for the response

of two-phase DECs with fibrous microstructures under aligned loading conditions. In

this section, we first discribe the initial microstructure of the DECs and its evolution.

Estimate for the effective mechanical and electrostatic energies will be provided next.

Then, as argued in chapter 3, the effective total energy of the DEC is obtained us-

ing the partial decoupling approximation/strategy, and finally, we will specialize the

general failure criteria described in chapter 2 for the fiber-constrained DECs under-

going 2D plane-strain deformations. In section 5.2 we provide an example application

to illustrate the theory developed here, and to investigate the effect of various mi-

crostructural parameters on the overall response and stability of fiber-constrained

DECs.
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5.1 DECs consisting of long aligned fibers under

aligned in-plane loadings

5.1.1 Initial microstructure

As shown in Fig. 5.1, we consider a two-phase DEC consisting of a matrix phase, de-

noted by the superscript “1”, and an inclusion phase, denoted by the superscript“2”.

The matrix phase is assumed to be an ideal dielectric elastomer with the constitutive

response of the form (2.13). The inclusion phase consists of one family of rigid aligned

cylindrical particles (or fibers) with the constitutive response of the form (2.20). The

concentrations of the matrix and inclusion phases in the reference configuration are

denoted, respectively, by

c
(1)
0 = 1 − c0 and c

(2)
0 = c0. (5.1)
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Figure 5.1: Schematic representation of two-phase fibrous DECs with random mi-
crostructures. (a) A DEC consisting of very long fibers, embedded firmly in an ideal
dielectric matrix. (b) The microsructural information of the composite in the refer-
ence and deformed configurations.

The fibers (in the reference configuration) are aligned with the X3 direction of

the laboratory axis {X1,X2,X3} and are assumed to be very long such that their

geometry is completely described by the shape of their cross-sections. In this work
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we consider elliptical shapes for the cross-section of the fibers as characterized by

I0 = {X = (X1,X2) , such that ∣Z0
−TX∣ ≤ 1} , (5.2)

where Z0 is a second-order tensor describing the shape (in the reference configuration)

of the fibers.

Finally, we assume that the fibers are distributed with “elliptical symmetry”

(Ponte Castañeda & Willis 1995). This means that the two-point probability function

for finding two fibers separated by a vector Z = (Z1,Z2) depends on Z only through

the combination ∣(D−T
0 Z)∣, where D0 is a symmetric, second-order tensor serving to

define a “distributional ellipse” in the reference configuration via

D0 = {X = (X1,X2) , such that ∣D0
−TX∣ ≤ 1} . (5.3)

Note that statistical isotropy can be achieved by setting D0 = I, such that the two-

point probability function depends on Z only via ∣Z∣, and the distributional ellipse

becomes a circle. In this chapter, for simplicity, we assume that the shape of the

distributional ellipses in the reference configuration is identical to the shape of the

fibers such that D0 = Z0.

5.1.2 Evolution of the microstructure

Note that since the fibers are rigid the deformation along the fibers (i.e., the X3

direction) is identically zero, and therefore the kinematics of the fiber-constrained

DECs can be described by 2D plane-strain deformations in the plane perpendicular

to the long axes of the fibers (i.e., X1-X2 plane).

The rigid fibers can, in general, undergo rotations in the X1-X2 plane. Given their

identical cross-sections in the reference configuration, it seems reasonable to assume,

for simplicity, that they will rotate with an average rotation denoted by the angle

ψ̄(2). Therefore, in the deformed configuration fibers are described by the shape of
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their cross-sections via

I = {x = (x1, x2) , such that ∣Z−Tx∣ ≤ 1} , (5.4)

where Z is the deformed counterpart of Z0, given by

Z = R̄(2)Z0R̄
(2)T with R̄(2) =

⎡⎢⎢⎢⎢⎢⎣
cos ψ̄(2) − sin ψ̄(2)
sin ψ̄(2) cos ψ̄(2)

⎤⎥⎥⎥⎥⎥⎦
(5.5)

Note that ψ̄(2) will in general depend on both the macroscopic deformation and the

macroscopic electric fields. However as mentioned earlier under the assumptions of

the partial decoupling approximation, ψ̄(2) will be determined from the solution of

the purely mechanical homogenization problem, that is, we will take

ψ̄(2) ≈ ψ̄(2)me (5.6)

where the purely mechanical fiber orientation ψ
(2)
me will be given in the next subsection.

Similar to the fibers, the evolution of the distribution is expected to depend in

general on both the mechanical and electrostatic loadings. As pointed out by Ponte

Castañeda & Siboni (2012) in the context of DECs with periodic microstructures,

the shape of the unit cell is expected to be controlled by the macroscopic deforma-

tion, at least up to the possible development of an instability. On the other hand,

in the context of random microstructures, the above-defined two-point correlation

functions would be expected to depend in a complicated way on the macroscopic

fields, especially for large fiber concentrations. In addition, the two-point correlation

functions would be expected to depend on higher-point statistics. However, given

that the homogenization estimate that we will use below to estimate the macroscopic

electrostatic response of the DECs makes use of only two-point correlation functions,

in this work, we will make use of the ad hoc simplifying assumption that the inclu-

sions remains distributed with “elliptical” symmetry in the deformed configuration,

such that the distributional ellipses evolve solely as a consequence of the macroscopic
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deformation (see Ponte Castañeda & Galipeau 2011, for an analogous assumption in

the context of magneto-active elastomers).

Given the above assumptions, the elliptical distribution of the inclusions in the

deformed configuration is described by the deformed distributional ellipse

D = {x = (x1, x2) , such that ∣D−Tx∣ ≤ 1} , (5.7)

where

D = F̄D0, (5.8)

is the distributional shape tensor in the deformed configuration.

The incompressibility of the matrix phase along with the rigidity of the fibers

imply overall incompressibility for the DECs considered in this chapter. Therefore,

the concentration of the phases remain unchanged as the deformation progresses, such

that

c(1) = c(1)0 = 1 − c0, and c(2) = c(2)0 = c0 (5.9)

5.1.3 Estimates for the effective mechanical energy

An explicit expression for the effective mechanical energy of fiber-reinforced compos-

ites consisting of incompressible matrices and rigid aligned fibers may be obtained

from the recent work of Lopez-Pamies & Ponte Castañeda (2006a). Given the in-

compressiblity of the matrix phase and rigidity of the fibers, it is obvious that the

composite can only undergo pure shear in the X1-X2 plane. Recall that the macro-

scopic deformation F̄ can be decomposed as follows

F̄ = R̄Ū , (5.10)

where R̄ denotes the macroscopic rotation, Ū is the right-stretch tensor. When

referred to an underlying coordinates system (e.g., the laboratory axis {X1,X2}), the
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macroscopic rotation R̄ can be represented by the matrix

[R̄] =
⎡⎢⎢⎢⎢⎢⎣
cos ψ̄ − sin ψ̄
sin ψ̄ cos ψ̄

⎤⎥⎥⎥⎥⎥⎦
, (5.11)

while the right-stretch tensor Ū can be diagonalized as follows

[Ū] = [Q̄] [Λ̄] [Q̄]T , where [Q̄] =
⎡⎢⎢⎢⎢⎢⎣
cos θ̄ − sin θ̄
sin θ̄ cos θ̄

⎤⎥⎥⎥⎥⎥⎦
, and [Λ̄] =

⎡⎢⎢⎢⎢⎢⎣
λ̄1 0

0 λ̄2

⎤⎥⎥⎥⎥⎥⎦
. (5.12)

Here the angle ψ̄ denotes the macroscopic in-plane rotation , θ̄ denotes the (in-plane)

loading angle, and λ̄1 ∶= λ̄ and λ̄2 ∶= λ̄−1 are the principal stretches corresponding to

the macroscopic deformation F̄ . Note that the incompressibility of the composite is

enforced by the above choices for the principal stretches.

For the composites described earlier in this section and the above loading param-

eters the purely mechanical effective energy W̃me (F̄ ) is given by Lopez-Pamies &

Ponte Castañeda (2006a) as follows

W̃me (F̄ ) = W̃me (λ̄, θ̄) = (c0 − 1) µ(1)Jm
2

ln [1 − Î − 2
Jm
] , (5.13)

where

Î = c0 (1 + λ̄2)
2 + [1 + 2 (c0 − 2) c0λ̄2 + λ̄4]w + c0 (1 + λ̄2)2w2

(1 − c0)2 λ̄2w
− c0 (λ̄

4 − 1) (w2 − 1)
(1 − c0)2 λ̄2w

sin (ϕ̄) sin (ϕ̄ − 2θ̄) − 2c0 (1 + λ̄2) (1 +w2)
(1 − c0)2 λ̄w

cos (ϕ̄) .
(5.14)

In the above equation

ϕ̄ ∶= ψ̄(2)me − ψ̄, (5.15)

denotes the relative (in-plane) rotation of the fibers (with respect to the macroscopic

rotation ψ̄), and satisfies the following identity

2λ̄ (1 +w2) sin (ϕ̄) − (λ̄2 − 1) (w2 − 1) sin [2 (ϕ̄ − θ̄)] = 0. (5.16)
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In other words, equation (5.16), along with the definition (5.15), can be solved to

obtain the average rotation of the fibers, ψ̄
(2)
me , in the purely mechanical problem.

5.1.4 Estimates for the effective electrostatic energy

In this subsection, we obtain the electrostatic contribution to the effective energy for

the fiber-constrained DECs. This task is best done by first computing the electrostatic

energy in the deformed configuration and then transforming it back to the reference

configuration. Hashin-Shtrikman type estimates for the electrostatic energy of a DEC

(in the deformed configuration) with elliptical fibers (as described by the shape tensor

Z) which are distributed with elliptical symmetry (as described by the distributional

shape tensor D) can be obtained by following the work of Ponte Castañeda & Willis

(1995). Thus, the effective electrostatic energy of the DECs can be written as

w̃el (F̄ , d̄) = 1
2
d̄ ⋅ ε̃−1d̄, where ε̃ (F̄ ) = ε(1)I + c(2) [(ε(2) − ε(1)I)−1 +P ]−1 (5.17)

is the deformation dependent homogenized permittivity of the composite with the

local permittivity

ε (x) = ε(1)I +Θ(2) (x) (ε(2) − ε(1)I) . (5.18)

In the above expressions, ε(1) is the permittivity of the matrix, and

ε(2) = R̄(2)E(2)R̄(2)T (5.19)

is the permittivity of the fibers in the deformed configuration. The second-order

tensor P is given by

P = P I − c(2)PD, (5.20)

where P I and PD are Eshelby type microstructural tensors that encode the effect of

the shape and distribution of the fibers, respectively. They are given by

P I = detZ

2πε(1) ∫∣ξ∣=1 ξ ⊗ ξ ∣Zξ∣−2 dS, and PD = detD

2πε(1) ∫∣ξ∣=1 ξ ⊗ ξ ∣Dξ∣−2 dS. (5.21)
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It is emphasized that expression (5.17) for ε̃ depends on the deformation via

the dependence of the shape tensors Z and D, and the permittivity ε(2) on the

deformation, as it is evident from equations (5.5), (5.8), and (5.19). Therefore, it is

useful to define

P̂0 (Ū) ∶=RpP̂ I
0R

pT − c0P̂D
0 (Ū) , (5.22)

such that

P = 1

ε(1) R̄P̂0 (Ū) R̄T (5.23)

to make the dependence of the P -tensor on the deformation, more transparent. In

(5.22) the new Eshelby tensors P̂ I
0 and P̂D

0 (Ū) are defined as follows

P̂ I
0 = detZ0

2π ∫∣ξ∣=1 ξ ⊗ ξ ∣Z0ξ∣−2 dS and P̂D
0 = detD0

2π ∫∣ξ∣=1 ξ ⊗ ξ ∣D0Ūξ∣−2 dS,
(5.24)

and the rotation tensor Rp (Ū) ∶= R̄T R̄(2) on the right side of (5.22) characterizes the

relative rotation of the fibers with respect to the macroscopic rotation R̄. When re-

ferred to the underlying laboratory axis {X1,X2}, the relative rotation is represented

by

[Rp (Ū)] =
⎡⎢⎢⎢⎢⎢⎣
cos ϕ̄ − sin ϕ̄
sin ϕ̄ cos ϕ̄

⎤⎥⎥⎥⎥⎥⎦
, (5.25)

where ϕ̄ = ψ̄(2) − ψ̄ is the relative in-plane rotation of the fibers with respect to

the macroscopic rotation. Note that in the computations that follow we make the

substitution ψ̄(2) ≃ ψ̄(2)me in accordance with the partial decoupling approximation,

discussed earlier.

Substituting (5.22) along with (5.19) into (5.17)2, we obtain

ε̃ (F̄ ) = R̄Ẽ (Ū) R̄T , (5.26)

where

Ẽ (Ū) = ε(1)I + c0
J̄
{Rp (E(2) − ε(1)I)−1RpT + 1

ε(1) P̂0 (Ū)}
−1

(5.27)

is the effective permittivity in a coordinate system that is rotated by the macroscopic
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rotation. Then, the effective electrostatic energy W̃el (F̄ , D̄) = w̃el (F̄ , d̄) /J̄ , can be

obtained as follows

W̃el (F̄ , D̄) = 1

2J̄
D̄ ⋅ [Ū Ẽ−1 (Ū) Ū] D̄. (5.28)

The above estimate for the effective electrostatic energy and the estimate (5.13) for

the effective mechanical energy can be used to obtain the effective electromechanical

energy of the composites via expression (3.38).

5.1.5 Constitutive response of the DECs

Having the explicit expressions for W̃me and W̃el, one can compute the effective con-

stitutive response of the DECs by following the prescriptions of section 3. Thus, it is

obtained that

Ē = ∂W̃el

∂D̄
, and S̄ = S̄me + S̄el, (5.29)

where

S̄me = ∂W̃me

∂F̄
− p̄F̄ −T and S̄el = ∂W̃el

∂F̄
(5.30)

are, respectively, the purely mechanical (i.e., in the absence of the electric fields)

and electrostatic contributions to the macroscopic Piola-Kirchhoff stress. It is noted

that the hydrostatic pressure term −p̄F̄ −T on the right side of equation (5.30)1 ac-

counts for the overall incompressibility of the composite. The corresponding Eulerian

expressions for the macroscopic total stress and electric field are provided in E.

5.1.6 Failure analysis of the fiber-constrained DECs under

aligned loading conditions

Here, we provide explicit conditions for characterizing the onset of instabilities in

fiber-reinforced DECs undergoing 2D plane-strain deformations, by specializing the

more general conditions of section 2.4.

Loss of convexity of the homogenized energy. As was the case for the homogeneous
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electro-active materials, the loss of convexity in DECs can be characterized by the loss

of positive definiteness (LPD) of the effective electroelastic energy of the DECs. Such

conditions in general depend on the loading path, and therefore simplified expressions

may not be obtained without the knowledge of the loading path. In the next section

of this chapter, we focus our attention on aligned loadings of the type specified by

the macroscopic fields

[F̄ ] =
⎡⎢⎢⎢⎢⎢⎣
λ̄ 0

0 λ̄−1

⎤⎥⎥⎥⎥⎥⎦
and D̄ = D̄Ê2. (5.31)

Thus, the loss of convexity criterion will be provided next for loadings of the form

(5.31).

Recall that the increments for the 2D plane-strain problem can be characterized

by the vector

δ ∶= (u1,1, u1,2, u2,1, ḋ1, ḋ2) , (5.32)

where ui,j (i, j = 1,2) are the components of the (incremental) displacement gradient

and ḋi (i = 1,2) are the components of the incremental electric displacement. (Note

that u2,2 = −u1,1, due to the incompressibility conditions.) Thus, the positive defi-

niteness of the quadratic form (2.37) can be determined by evaluating the sign of the

eigenvalues of the Hessian

Hij ∶= ∂2Q
∂δi∂δj

. (5.33)

When at least one of the eigenvalues vanishes for the first time, in a given loading

path, the material loses convexity. We refer to the eigenvector corresponding to the

vanishing eigenvalue as the (eigen-) mode of instability. For the aligned loadings of the

form (5.31), two modes can be recognized for the loss of convexity: aligned and non-

aligned modes. For the aligned mode, the eigenvector corresponding to the vanishing

eigenvalue is parallel to the loading direction (i.e., only the u1,1 and ḋ2 components

of δ are non-zero), while for the non-aligned mode, the eigenvector corresponding to

the vanishing eigenvalue is precisely orthogonal to the loading direction (i.e., only

the u1,2, u2,1, and ḋ1 components of δ are non-zero). As pointed out by Hill (1967)
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in the purely mechanical context, when the eigenmodal directions have a projection

along the loading directions, as it is the case for the aligned modes here, a maximum

or limit load behavior is expected. On the other hand, when the eigenmodes are

orthogonal to the loading directions, as it is the case for the non-aligned modes here,

a bifurcation is possible.

It is worthwhile to mention that in the absence of external mechanical tractions,

the conditions for the possible development of aligned loss of convexity modes have

been considered by Zhao et al. (2007) for ideal dielectrics and by Bertoldi & Gei

(2011) for laminated EAPCs, leading to the conditions that

∂2W̃

∂λ̄2
= 0, or

∂2W̃

∂λ̄2
× ∂

2W̃

∂D̄2
2

= ( ∂2W̃

∂λ̄∂D̄2

)
2

. (5.34)

The non-aligned mode, however, will correspond to other types of instabilities not

discussed in the works mentioned above. Such non-aligned instability modes in the

absence of external tractions correspond to a trivial rotational instability that can be

safely ignored (see Truesdell & Noll 2004, for more details). On the other hand, when

the external tractions are non-zero, the non-aligned modes may not be ignored, as will

be discussed elsewhere. It should be emphasized that here we are mainly interested

in cases with zero external tractions, where the aligned LPD modes are the only ones

that are relevant. However, the non-aligned LPD modes will also be included in the

discussion of the results, for completeness.

Loss of strong ellipticity of the homogenized energy. The loss of strong ellipticity

of DECs can be characterized by the loss of positive definiteness of the generalized

acoustic tensor defined by (2.38), where the incremental moduli are obtained from

the second derivatives of the homogenized energy W̃ as opposed to W . Under the

assumption of 2D plane-strain deformations with aligned microstructures, and under

aligned loading conditions of the form (5.31), the condition (2.40) can be further

simplified. Thus, the DEC can be shown to be strongly elliptic when the polynomial

a∗6ξ
6 + a∗4ξ4 + a∗2ξ2 + a∗0 = 0, (5.35)
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has no real roots. The coefficient in (5.35) are given (Rudykh & deBotton 2011) by

a∗6 ∶= Ã2121M̃22 − Γ̃2
122

a∗4 ∶= Ã2121M̃11 + [Ã1111 + Ã2222 − 2 (Ã2112 + Ã2211)]M̃22 − (Γ̃112 + Γ̃121)2

a∗2 ∶= [Ã1111 + Ã2222 − 2 (Ã2211 + Ã2112)] M̃11 + Ã1212M̃22 + 2Γ̃121 (Γ̃112 + Γ̃121)
a∗0 ∶= Ã1212M̃11 − Γ̃2

121,

(5.36)

where the components of the effective electromechanical moduli (Ã, Γ̃, M̃) are defined

by expressions similar to (2.33) and (2.26), except that W is replaced by W̃ . It is

remarked that loss of strong ellipticity implies loss of convexity but the opposite is

not necessarily true.

Dielectric breakdown of the DEC. The condition for the safe operation of a general

electro-active material is given by inequality (2.41). Therefore, the breakdown occurs

for a DEC when the equality in (2.41) holds. The maximum electric field for the class

of DEC of interest here under aligned loadings of the form (5.31) is expected to take

place at the top of the fibers. This critical value may be easily obtained by noting

that the Hashin-Shtrikman-type estimates used in this work for the electric fields are

uniform inside the fibers. Thus, the vertical component (in the X2 direction) of the

electric field inside the fibers is given by

ē(2) = ε(1)ē
ε(1) + (E(2) − ε(1))( 1

1+w − c(2)0
λ̄2

λ̄2+w)
. (5.37)

where ē is the corresponding vertical component of the macroscopic electric field.

Then, the electric field in the dielectric elastomer immediately outside and on

top of the fibers can be obtained by means of the jump condition for the electric

displacement, i.e., E(2)ē(2) = ε(1)e(1)max, so that the maximum value of the electric field

is given by

e
(1)
max = E(2)ē

ε(1) + (E(2) − ε(1)) ( 1
1+w − c(2)0

λ̄2

λ̄2+w)
. (5.38)

In the following sections, use will be made of expression (5.38), together with the

inequality (2.41), to estimate the overall electric strength of the DECs.
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5.2 Results and discussion

In this section, we investigate the effective response and possible failure instabilities

in the fiber-constrained DECs with elliptical microstructures discussed earlier, under

aligned loadings of the form (5.31). Toward this end, we consider a dielectric actuator,

consisting of a fiber-constrained DEC that is in perfect contact with two electrodes.

The electric field is applied to the DEC sample by means of a direct potential differ-

ence (∆V ) between the electrodes, which are made of electrically conducting grease

(as opposed to metallic conductors), so that the deformation of the DEC is not con-

strained by them. Finally, we assume that the electrodes are perfect conductors such

that all the electric fields are identically zero inside them.

X1

X2

X3
fibrous DEC

compliant electrode
∆
V
=
0

l0

d0

h0

(a) reference

∆
V
=
v

l = l0
d = λ̄d0

h = h0/λ̄

(b) deformed

Figure 5.2: Schematic representation of a dielectric actuator made out of a thin
DEC layer sandwiched between two compliant electrodes. (a) The actuator in the
reference configuration (∆V = 0), and (b) the actuator in the deformed configuration
(∆V = v ≠ 0).

As shown in Fig. 5.2(a), we consider a dielectric actuator, which is aligned with the

laboratory axis {X1,X2,X3} in its undeformed state (i.e., when ∆V = 0). We assume

that the height of the sample is small compared to its width and depth, such that h0 ≪
d0, l0. The microstructure of the DEC consists of one family of identical cylindrical

fibers with their longest axis parallel to the X3 direction. The fibers are assumed

to have a general elliptical cross-section aligned with the coordinate axis in the X1-

X2 plane, see Fig. 5.3(a). Thus, their geometry (in the reference configuration) is

characterized by the aspect ratio of the cross section, denoted by w = bi0/ai0. The initial
distribution of the fibers in the reference configuration has elliptic symmetry with the

same shape as the fiber cross-sections, such that wd0 = bd0/ad0 = w. For simplicity,
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the fibers are assumed to have an isotropic dielectric response, characterized by the

permittivity E(2) = E(2)I, and the matrix phase is assumed to be an incompressible

ideal dielectric elastomer with permittivity ε(1) and a mechanical response of the Gent

form (2.14) with shear modulus µ(1) and strain-locking parameter Jm.

X1

X2

ai0

ad0 bi 0

bd 0

I0
D0

(a) reference

X1

X2

ai0

ad bi 0

bd

I
D

(b) deformed

Figure 5.3: Microstructural details of the fiber-constrained DEC in the (a) reference
and (b) deformed configurations.

As shown in Fig. 5.2(b), upon the application of the potential difference ∆V = v,
the actuator is expected to deform into a new configuration characterized by the

macroscopic deformation gradient specified by (5.31)1. Given the assumptions dis-

cussed in the context of the evolution of the microstructure in section 5.1.2, it would

be expected that the microstructure of the DEC would remain aligned under the

specific loading conditions of this section, at least up to the possible onset of any

macroscopic instabilities. (In particular, this means that the average orientation of

the fibers would be expected to remain aligned, while the orientation of specific fibers

may differ from the average.) In addition, the geometry of the fibers in the deformed

configuration is characterized by the same aspect ratio w, since the fibers are assumed

to be rigid (see Fig. 5.3(b)). For simplicity, as mentioned in the previous section, we

assume that the distribution of the fibers evolves with the macroscopic deformation,

and therefore maintains its elliptical symmetry in the deformed configuration, with
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current aspect ratio given by

wd = bd
ad
= λ̄−1 bd0
λ̄ ad0

= λ̄−2w. (5.39)

Given that the height of the sample is much smaller than its width, we can assume

uniform macroscopic electric fields everywhere inside the composite specimen except

near the side surfaces where fringing effects are expected to occur. In fact, as already

pointed out by Siboni & Ponte Castañeda (2013), a straightforward numerical sim-

ulation demonstrates the existence of a boundary layer with characteristic thickness

lb ∼ h0 in the vicinity of the samples side surfaces, where the electric fields are not

uniform. Thus, in the limit as h0/d0 becomes small, we can take the Eulerian electric

field to be macroscopically uniform inside the sample in its deformed state, such that

ē = ēÊ2, where ē = v/h. Unless stated otherwise, we assume that there are no exter-

nally applied mechanical tractions on the boundaries of the actuator. Note that here

h = h0/λ denotes the deformed height of the sample, as depicted in Fig. 5.2(b).

As shown before in the context of infinitesimal strains, under the electrode bound-

ary conditions the total macroscopic stress in the DEC is identically zero such that

T̄ = 0. (5.40)

Taking into account the overall incompressibility of the composite, equation (5.40)

further simplifies to

T̄11 − T̄22 = 0 and T̄12 = 0, (5.41)

which can be used to determine the macroscopic stretch λ̄ as a function of the voltage

v.

For the above-mentioned perfectly aligned case, we can split the components of

the total stress as

T̄11 − T̄22 = (T̄me
11 − T̄me

22 ) + (T̄ el
11 − T̄ el

22) and T̄12 = T̄me
12 + T̄ el

12. (5.42)
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The mechanical contributions to the total stress are given by

T̄me
11 − T̄me

22 = λ̄ ∂W̃me

∂λ̄
and T̄me

12 = 0, (5.43)

where
∂W̃me

∂λ̄
= µ(1) [(c0 +w + c0w2) (λ̄4 − 1) − (c0 + c0w2) (λ̄3 − λ̄)]

λ̄3w (1 − c0) [1 − (Îa − 2) /Jm]
. (5.44)

In the above equation Îa is obtained by making the replacements θ̄ = ϕ̄ = 0 in expres-

sion (5.14) for Î. Similarly, the electrostatic contributions are given by

T̄ el
11 − T̄ el

22 = λ̄ ∂W̃el

∂λ̄
and T̄ el

12 = 0, (5.45)

where
∂W̃el

∂λ̄
= −⎡⎢⎢⎢⎢⎣

Ẽ22
ε(1) +

c0λ̄2w

(λ̄2 +w)2
( Ẽ22
ε(1) − 1)

2⎤⎥⎥⎥⎥⎦
ε(1)λ̄Ē2. (5.46)

In the above equation, Ē ∶= v/h0 is the average nominal (Lagrangian) electric field

and

Ẽ22 (λ̄) = ε(1) + c0 [ 1E(2) − ε(1) + 1

ε(1) (
1

1 +w −
c0λ̄2

λ̄2 +w)]
−1

(5.47)

is the (principal) effective permittivity of the composite in the direction of the applied

electric field (X2).

Corresponding results for an ideal dielectric elastomer with Gent-type mechanical

response, under the assumption of 2D plane-strain deformation, may be obtained by

setting c0 = 0 in the above equations. Thus, for the pure elastomer matrix, we have

that

T̄me
11 − T̄me

22 = µ(1) (λ̄2 − λ̄−2)
1 − (λ̄2 + λ̄−2 − 2) /Jm , and T̄ el

11 − T̄ el
22 = T̄M

11 − T̄M
22 = −ε(1)λ̄2Ē2. (5.48)

For comparison purposes, we also include the corresponding results for 3D equal

biaxial loading of the ideal dielectric, as shown in Fig. 5.4. They are given by (see
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Lu et al. 2012, for example)

T̄me
11 − T̄me

22 = µ(1) (λ̄2 − λ̄−4)
1 − (2λ̄2 + λ̄−4 − 3) /Jm

, and T̄ el
11 − T̄ el

22 = T̄M
11 − T̄M

22 = −ε(1)λ̄4Ē2. (5.49)

h0

l0
l0

h0/λ̄2

l0 × λ̄
l0 × λ̄ ∆V = v

Undeformed Deformed

Figure 5.4: Schematics for an ideal dielectric under the 3D equal biaxial loading
conditions, in the reference (left) and current (right) configurations.

In the following subsection, we present results for the effective response and failure

of fiber-constrained DECs under the soft electrode boundary conditions described

above. We start by comparing the response of the fiber-constrained DECs with the

response of the homogeneous ideal dielectrics (under both 2D plane-strain and 3D

equal biaxial loading conditions). Then we investigate the effect of the concentration,

aspect ratio, and permittivity of the fibers on the behavior and stability of DECs.

Next, we discuss briefly the effect of a very specific form of external mechanical

tractions on the response and failure of DECs. Finally, we optimize the microstructure

to achieve the maximum possible electrostriction before any of the failure criteria are

met for the composite.

5.2.1 Effective response of the DECs

In this subsection, we discuss the main characteristics of the overall response of DECs

consisting of aligned rigid fibers with permittivity E(2) = E(2)I, and Gent-type ideal

dielectric matrices with permittivity ε(1), shear modulus µ(1) and strain-locking pa-

rameter Jm. Figure 5.5 shows the effective electromechanical response of the fiber-

constrained DECs with different fiber concentrations, including the special case when

c0 = 0 corresponding to plane deformations of the pure elastomer matrix. In addi-

tion, results for an ideal dielectric subjected to the 3D equibiaxial loading condition
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of Fig. 5.4 are included in Fig. 5.5 for comparison purposes. Figure 5.5(a) shows

the mechanical stress and the electrostatic stress (normalized by Ē2) as functions of

the lateral stretch λ̄. Figures 5.5(b) and 5.5(c) respectively show the macroscopic

(Lagrangian or nominal) electric and electric displacement fields, both as a function

of the lateral stretch λ̄. Finally, Fig. 5.5(d) shows the macroscopic electric field as a

function of the macroscopic electric displacement. This last plot is simply obtained

by replacing λ̄ in Fig. 5.5(b) with D̄ (λ̄) in Fig. 5.5(c).
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Figure 5.5: The effective response of fiber-constrained DECs with different concen-
trations, as well as the response for an ideal dielectric under the 3D loading condition.
(a) The mechanical and electrostatic stresses as functions of the lateral stretch, (b)
the nominal electric field as a function of the lateral stretch, (c) the nominal electric
displacement as a function of the lateral stretch, and (d) the nominal electric field as
a function of the nominal electric displacement. In this figure Jm = 100, w = 2, andE(2)/ε(1) = 1000.
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We start our discussion of the results by comparing the response of the pure

(matrix) ideal dielectric for the 2D (i.e., when c0 = 0) and 3D loading conditions. As

shown in Fig. 5.5(a), the difference between the mechanical stresses for the 2D and 3D

setups is relatively small for all values of λ̄. The difference between the electrostatic

stresses (normalized by Ē2), however, is very significant for large values of λ̄. This

is due to the fact that in the 3D setup the thickness of the sample reduces at a

faster rate (by a factor of λ̄−2 compared to λ̄−1 for the 2D setup) as the deformation

progresses. Therefore, at fixed λ̄, the 3D setup requires a much smaller Ē (or applied

voltage) to satisfy the equilibrium condition. Another important observation here is

the non-monotonic behavior of the Ē-λ̄ curve for the 3D setup, as can be seen in Fig.

5.5(b). It is well known (Zhao & Suo 2007) that in a voltage-controlled experiment

the material may experience an electromechanical instability at the maximum in the

response curve shown in Fig. 5.5(b). Note that the points in the response curve

after the maximum are not stable (as will be discussed in more detail below). Thus,

at the maximum point, a further increase in the applied voltage forces the sample

to “snap” to a stable branch with a much larger lateral stretch. This in turn may

result in a dramatic increase in the electric field inside the sample, causing the sample

to undergo dielectric breakdown. On the other hand, as noted by Lu et al. (2012),

this non-monotonic behavior is not observed for the 2D case. Therefore, one may be

able to safely increase the voltage up to the breakdown of the material and achieve

higher strains. However, this would require a mechanism to constrain the material

to 2D plane-strain deformations. While this may be achieved by means of external

structures, it may not be feasible from the applications point of view. Another method

for achieving the 2D plane-strain deformations, which has been proposed recently (see

Lu et al. 2012, for example), is to make use of stiff fibers to constrain the deformation

of the material along the fiber directions. Recent experimental and theoretical studies

(Huang, Lu, Zhu, Clarke & Suo 2012, Bolzmacher et al. 2006) show the potential

usefulness of this approach.

As shown in Fig. 5.5(a), the addition of the fibers makes the composite mechani-

cally stiffer and therefore, at a given stretch, composites with higher concentrations
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carry larger (in magnitude) mechanical stresses. The magnitude of the electrostatic

contribution to the total stress also increases with increasing the concentration. As

can be seen in Fig. 5.5(b), the Ē-λ̄ curves for composites with small concentra-

tions are similar to that of the homogeneous matrix under the assumption of 2D

plane-strain deformations. For higher concentrations, more complex behaviors are

observed. Thus, when the concentration is high enough, a non-monotonic response

for the nominal electric field as a function of the stretch may be seen (e.g., in Fig.

5.5(b), see the curve for c0 = 0.355). This can be explained by means of the dipole

interactions between the polarized fibers. It is well-known that the dipole interac-

tions are inversely proportional to the third power of the average distance between

the dipoles in 3D (see Shkel & Klingenberg 1998). Similarly, one can show that the

interactions between long fibers are inversely proportional to the second power of the

average distance between the fibers. At low concentrations, the fibers are far apart

from each other and the interactions are small. As the concentration increases, the

average distance between the fibers decreases, and the dipole interactions become

more significant. Hence, despite the fact that the presence of rigid fibers makes the

composite mechanically stiffer, composites with higher concentrations of the fibers

often require less voltage to attain a given lateral stretch.

As shown in Fig. 5.5(c), unlike the corresponding results for the nominal electric

field, the results for the nominal electric displacement are monotonic for all values of

the concentration, as well as for the ideal dielectric under the 3D loading conditions.

Recall that the electric displacement corresponds to the amount of charge accumu-

lated on the electrodes. Therefore, in charge-controlled experiments (Keplinger et al.

2010) one may be able to achieve any stretch without developing electromechanical

instabilities, due to the one-to-one relationship between the electric displacement and

the macroscopic stretch. There are also studies suggesting the possibility of phase

transitions in charge-controlled experiments when a non-monotonic response is ob-

served for the nominal electric field as a function of the macroscopic stretch, despite

the fact that the nominal electric displacement is monotonic (see Zhao et al. 2007,

Zhou et al. 2008, for more details). In any event, in the discussions to follow, we
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focus our attention on voltage-controlled conditions, which seem to be more relevant

in applications.

Finally, as can be seen in Fig. 5.5(d), the Ē-D̄ curves are non-monotonic when the

concentration of the fibers is large enough (see the plot for c0 = 0.355), and also for

the matrix under the 3D loading conditions. This is easily explained by recalling the

non-monotonic behavior of the Ē-λ̄ curves and the monotonic behavior of the D̄-λ̄

curves. Once again, it is noted that the portions of the Ē-D̄ curves with negative

slope correspond to unstable states, as will be seen further below.

Thus far we have discussed the main characteristics for the effective response of

DECs and compared them with the response of ideal dielectrics under both 2D and

3D loading conditions. We have also identified the dipole interactions as the main

mechanism for the electromechanical couplings in fiber-constrained DECs. In the

following subsections, we investigate the effect of different microstructural parame-

ters on the response and stability of fiber-constrained DECs the electrode boundary

conditions in more detail.

5.2.2 The effect of the fiber volume fraction

Figure 5.6 shows the response curves for DECs with different concentrations of circular

fibers, along with the corresponding failure regions. The microstructural features of

the composite are specified in the figure. Figure 5.6(a) shows the voltage (recall

that the applied voltage is proportional to the nominal electric field) as a function of

the macroscopic stretch. As can be seen in this figure for small concentrations the

curves are monotonic, while for larger concentrations non-monotonic behaviors are

observed. Also note that a much smaller voltage is required to keep the sample at

equilibrium for large (but smaller than the lock-up) stretches. As mentioned earlier,

larger volume fractions lead to a significant reduction in the average distance between

the fibers, and therefore enhance the dipole interactions between them. Finally, as

the concentration of the fibers increases the composite locks up earlier, as expected.

The rest of the plots in Fig. 5.6 depict the effect of the concentration on failure

of the DECs. Thus, in Figs. 5.6(b)-5.6(d), the non-convex regions associated with
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Figure 5.6: The response and failure of DECs consisting of circular fibers. (a) The
response curves for different concentrations, and the failure regions for (b) c0 = 0.0,
(c) c0 = 0.25, and (d) c0 = 0.5. In this figure Jm = 100, w = 1, and E(2)/ε(1) = 1000.
the aligned eigenmodes are shaded by the color green with dash-dotted boundaries,

the non-convex regions associated with the non-aligned eigenmodes are shaded by

the color blue with dashed boundaries, and the non-elliptic regions are shaded by the

color red with solid boundaries. Note that the boundary of each of the instability

regions signals the possible onset of the corresponding failure mode. In addition, the

breakdown curves are shown for three different values of the (normalized) electric

strength of the matrix, e∗B ∶= eB/√µ(1)/ε(1).
Figure 5.6(b) shows the failure regions for the ideal dielectric matrix. As shown

in this figure, the boundary of the non-convex domain associated with non-aligned
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modes coincides exactly with the response curve of the ideal dielectric. As mentioned

earlier, in the absence of external mechanical tractions, such non-aligned instability

modes correspond to trivial rotational instabilities that can be safely ignored. The

non-convex domain associated with the aligned modes, on the other hand, never in-

tersects the response curve of an ideal dielectric under 2D loading conditions, and

therefore for an ideal dielectric in the absence of external tractions the first failure

encountered is the dielectric breakdown. Thus, the ideal dielectric can attain rel-

atively large electrostriction before breakdown. However, as mentioned earlier, in

order to achieve plane-strain deformations, it is necessary to use rigid fibers to con-

strain the deformation of the sample in one direction (X3 in our case). As shown

in Fig. 5.6(c) for moderate concentrations (c0 = 0.25) of circular fibers, the failure

regions are qualitatively similar to those of the homogeneous ideal dielectric. The

main difference, however, is that the addition of dielectric fibers dramatically reduces

the overall electric strength of the DEC. This is due to the field magnifications inside

the matrix in the vicinity of the highly dielectric fibers. Thus, as shown in Fig. 5.6(d)

for high enough concentrations (c0 = 0.5), the response curve crosses into the aligned

non-convex domain. In this connection, it should be recalled that the response curve

crosses the non-convex region for the first time when the maximum voltage is reached.

The eigenmode for the instability at the intersection of the response curve and the

non-convex region (also for all the point on the boundary of the non-convex region) is

of the aligned type, as discussed earlier. This type of instability in the purely mechan-

ical context typically corresponds to a “maximum load” instability in samples under

dead loads (e.g., see Hill 1967). The portion of the response curve that falls into the

non-convex region has negative slope suggesting an electromechanical instability (as

mentioned earlier). An important consequence of this is that, in a voltage-controlled

experiment, increasing the voltage beyond the maximum value in the response curve

causes the sample to snap into the stable branch of the response curve. However, the

sample experiences breakdown while snapping into the stable branch, which may be

undesirable in applications. Finally, for sufficiently high concentrations, non-elliptic

regions appear in the picture, although the response curve never crosses into the non-
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elliptic region for the specific case shown in Fig. 5.6(d). However, it is remarked

that the boundary of the non-elliptic region corresponds to the onset of localization

instabilities in the DECs. In the specific example shown here the acoustic tensor

γ̂ (n) vanishes for n = Ê2, which means that the plane of the band is parallel to the

electrodes. In this connection, it should also be noted that the elliptic region falls

completely within the non-convex region for the composite shown in Fig. 5.6(d). In

other words, loss of strong ellipticity implies loss of convexity, but the converse is not

necessarily true, as already mentioned.

5.2.3 The effect of the fiber aspect ratio

Figure 5.7 shows the response curves for DECs consisting of elliptical fibers with the

longer (in-plane) axis parallel to the field direction X2, together with the correspond-

ing failure regions. The microstructural details of the composite are specified in the

figure. Figure 5.7(a) shows the voltage-stretch curves for different values of the aspect

ratio. As can be seen in this figure, as the aspect ratio of the fibers increases, less

voltage is required to keep the sample in equilibrium at a given stretch. This can

be explained by noting that fibers with elongated cross-sections in the direction of

the applied electric field (X2) attain higher polarizations, which in turn results in

stronger dipole interactions. Therefore, for composites with w > 1, larger stretches

may be achieved with smaller electric fields. However, as was the case for composites

with high concentrations of circular inclusions (before locking up), the non-monotonic

behavior observed for large fiber aspect ratios may also result in electromechanical

instabilities, as will be discussed in more detail below.

As shown in Figs. 5.7(b)-5.7(d), increasing the aspect ratio while keeping the

volume fraction fixed has qualitatively the same effect on the DEC failure regions

as increasing the volume fraction for a fixed aspect ratio, except that a new loss

of ellipticity region is now observed near the zero-voltage axis, consistent with the

results of Lopez-Pamies & Ponte Castañeda (2006a) for the purely mechanical case.

We emphasize that this newly developed loss of ellipticity region falls exactly on top

of a non-convex region of the non-aligned type. Finally, it should be noted that,
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Figure 5.7: The effect of the fiber aspect ratio on the response and failure of fiber-
constrained DECs. (a) The response curves for different aspect ratios, and the failure
regions for (b) w = 1, (c) w = 3, and (d) w = 4.5. In this figure Jm = 100, c0 = 0.2, andE(2)/ε(1) = 1000.
for all the cases considered in these figures, the critical (first) failure mechanisms to

be observed as the voltage is increased is the dielectric breakdown. Although the

fiber aspect ratio significantly affects the other failure mechanisms, its effect on the

dielectric breakdown controls the largest amount of stretch that can be generated by

the application of a potential difference, with the result that increasing aspect ratios

lead to breakdown failure at smaller overall stretches.

Thus far we have shown that for composites consisting of fibers with w > 1,

where the longer (in-plane) axis is aligned with the field direction, the main limiting

factor for the performance is breakdown or the snap-through followed by dielectric
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breakdown. In the following we consider cases where w < 1 (i.e., fibers with the

longer axis perpendicular to the field direction). Note that such DECs require higher

voltages to achieve a desired stretch. However, the reduction in the overall breakdown

field of the composite is less severe in the case of “flat” (i.e., w < 1) fibers. Therefore,
we are able to operate the composite at higher voltages and achieve higher strains.
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Figure 5.8: The effect of fiber aspect ratio on the response and failure of fiber-
constrained DECs. (a) The response curves for different aspect ratios, and the failure
regions for (b) w = 1/2, (c) w = 1/8, and (d) w = 1/16. In this figure Jm = 100,
c0 = 0.05, and E(2)/ε(1) = 1000.

Figure 5.8 shows the corresponding results for composites consisting of a small

concentration of fibers (c0 = 5%) with w ≤ 1. In this case, the dipole interactions are

small, and as can be seen in Fig. 5.8(a), higher voltages are required to achieve a

given stretch for composites consisting of fibers with w < 1. This is easily understood
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by recalling the stiffening effect of fibers with w < 1 (note that in the limit as w → 0

the fibers tend to rigid layers and the composite becomes effectively rigid due to the

incompressibility of the matrix). The corresponding failure domains for DECs with

different aspect ratios (w < 1) are shown in Figs. 5.8(b)-5.8(d), where it can also be

seen that the response curves are always monotonic and the critical failure mechanism

is again the dielectric breakdown. It is emphasized that a small concentration of flat

fibers minimizes the adverse effect of the dielectric breakdown while constraining

the composite to plane-strain conditions. This, in turn, enables the composite to

withstand higher voltages and attain larger strains. Finally, for small enough aspect

ratios the composite may lose ellipticity in purely electric loading paths (i.e., when

λ̄ = 1 is held fixed and Ē > 0 is increased). This is because of the destabilizing effect

of the torque exerted on the fibers by the electric field. More precisely, for cases when

w < 1 (i.e., when the longer in-plane axes of the fibers is perpendicular to the field) a

small perturbation in the orientation of the fibers may cause them to rotate toward

stable configurations.

5.2.4 The effect of the fiber permittivity

Figure 5.9 shows the response curves for DECs consisting of circular fibers with differ-

ent permittivities, along with the corresponding failure regions. The microstructural

details of the composite are specified in the figure. Figure 5.9(a) shows the voltage-

stretch curves for different values of the ratio E(2)/ε(1). As shown in this figure, as

the ratio increases, less voltage is required to keep the sample in equilibrium at a

given stretch. This can be explained by noting that fibers with higher permittivi-

ties attain higher polarizations, which in turn results in stronger dipole interactions.

Therefore, composites with E(2)/ε(1) > 1 may achieve larger stretches with smaller

electric potentials. However, the maximum achievable stretch is limited by the same

failure mechanisms discussed earlier. Thus, as shown in Figs. 5.9(b)-5.9(d), when the

effects of the dielectric breakdown are taken into account, composites with vanishing

dielectric contrast (i.e., when E(2) = ε(1)) can achieve the largest stretch before failing.

For composites with non-zero contrasts in the dielectric properties of the phases, the
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Figure 5.9: The effect of the fiber permittivity on the response and failure of fiber-
constrained DECs. (a) The response curves for different permittivity of the fibers,
and the failure regions for (b) E(2)/ε(1) = 0.01, (c) E(2)/ε(1) = 1, and (d) E(2)/ε(1) = 100.
In this figure Jm = 100, c0 = 0.1, and w = 1.
maximum attainable stretch before dielectric breakdown decreases due to the field-

magnification effects. Note, however, that the reduction in the maximum achievable

stretch is less severe for cases with E(2)/ε(1) < 1, as can be seen in Fig. 5.9(b).

5.2.5 The effect of external mechanical tractions

Here we briefly consider the effect of aligned (with the coordinate axis) external

tractions of the form

T̄11 = t̄1 ≥ 0, and T̄22 = t̄2 = 0, (5.50)
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on the response and failure of a DEC with finite concentration of fibers with cir-

cular or elliptical cross-sections. For such tractions, we can easily modify (5.41) to

obtain the new response curve of the composite. While the non-elliptic regions and

the breakdown curves are independent of the loading conditions, the non-convex re-

gions may, in general, depend on the external loading. However, for the (dead-load)

tractions of the form (5.50), the non-convex regions, too, remain unchanged.
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Figure 5.10: The effect of the external mechanical tractions of the form t̄1 ≥ 0 and
t̄2 = 0 on the behavior of fiber-constrained DECs. (a) The response curves along with
the failure regions for a composite consisting of circular (w = 1) fibers with c0 = 0.5,
and (b) the response curves along with the failure regions for a composite consisting
of elliptical (w = 2) fibers with c0 = 0.3. In this figure Jm = 100, E(2)/ε(1) = 1000, and
the electric strength of the matrix is e∗B = 7.5.

Figures 5.10(a) and 5.10(b) show the response curves and the corresponding fail-

ure regions for composites consisting of circular (w = 1) and elliptical (w = 2) fibers,
respectively. In both cases, the response curves in the absence of the external trac-

tion cross into the aligned non-convex domains, and therefore can develop electrome-

chanical instabilities as the voltage is increased. As the traction t̄1 increases, the

response curves tend to fall completely within the stable domain. Therefore, it can

be concluded that a positive traction in the X1 direction has an stabilizing effect

on fiber-constrained DECs. The stabilizing effect of the (dead-load) tractions has

also been reported for ideal dielectrics under equal biaxial loading conditions (see for

example Zhao & Suo 2010, Lu et al. 2012). However, it is noted that the response
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curve may cross the non-elliptic region for high values of the traction (e.g., in Fig.

5.10(b) see the curve corresponding to t̄1 = 7.93µ(1)). Finally, note that even though

the maximum attainable stretch increases for samples under external tractions, the

portion of the deformation achieved solely by the application of the electric potential

(or the eletrostrictive strain) is still relatively small. In fact, it is smaller than for

the non-pre-stretched case. For this reason, this option will not be pursued further

in this work.

5.2.6 Optimization of the microstructure

In the previous sections, we have investigated the effects of microstructural parameters

on the performance of fiber-constrained DECs. We have demonstrated that increasing

the concentration or aspect ratio of the fibers enhances the electromechanical coupling

in the DECs due to dipole interactions. However, the performance (i.e., the maximum

achievable strain) of DECs with high concentrations or aspect ratios was shown to

be severely restricted by dielectric breakdown, due to the field magnification effects

of fibers. For this reason, we have also provided results for the effect of contrast in

the dielectric properties of the fiber and matrix phases. According to our results, the

adverse effect of the fibers on the overall breakdown field of the composite is minimized

(or absent altogether) for small (or vanishing) contrast in the dielectric permittivities

of the phases. It is remarked that, at zero contrast, the overall breakdown field for

the composite reduces to the breakdown field of the homogeneous matrix. Inspired

by the above findings, we attempt next an optimal design for the microstructure of

fiber-constrained DECs in order to achieve the largest possible electrostriction before

failure.

Figure 5.11 displays the effects of the microstructural parameters w and E(2)/ε(1)
on the “terminal” stretch of DECs, as determined by the dielectric breakdown. More

specifically, Figs. 5.11(a) and 5.11(b) show the terminal stretch as a function of the

aspect ratio for c0 = 0.01 and c0 = 0.1, respectively, while Figs. 5.11(c) and 5.11(d)

show the terminal stretch as a function of the ratio E(2)/ε(1) for c0 = 0.01 and c0 = 0.1,
respectively.
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Figure 5.11: The effect of the microstructure on the terminal stretch as obtained by
the dielectric breakdown. Results for the ideal dielectic under both 2D (plane-strain)
and 3D (equal biaxial) loading conditions are also shown for comparison purposes.
Results for the terminal stretch as a function of the aspect ratio for different values of
the permittivity are given in plot (a) for c0 = 0.01 and in plot (b) for c0 = 0.1. Results
for the terminal stretch as a function of the permittivity ratio for different values of
the aspect ratio are given in plot (c) for c0 = 0.01 and in plot (d) for c0 = 0.1. In this
figure Jm = 100 and e∗B = 5.

As can be seen in Figs. 5.11(a) and 5.11(b), composites consisting of circular (i.e.,

w = 1) fibers with zero contrast in the dielectric permittivities (i.e., E(2)/ε(1) = 1)

can attain the largest electrostrictive strains before undergoing dielectric breakdown.

Thus, the DECs with circular cross-section fibers and vanishing dielectric contrast

achieve nearly 100% of the matrix stretch for 1% fiber volume fraction, while they

achieve nearly 75% of the matrix stretch for 10% volume fraction. It is also observed
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from these figures that for DECs with non-zero dielectric contrast the maximum

stretch is achieved for w ≠ 1, depending on the values of the other two microstructural

parameters. For example, for c0 = 0.1 and E(2)/ε(1) = 0.1 the maximum stretch of

λ̄maxt ≃ 3.26 is achieved for elongated (in the direction of the applied electric field)

elliptical fibers with aspect ratio w ≃ 4.64, while for c0 = 0.1 and E(2)/ε(1) = 10

the maximum stretch of λ̄maxt ≃ 3.08 is achieved for flat fibers with aspect ratio

w ≃ 0.19. Note that the electric fields at which these maximum stretches are achieved

are Ēmax/√µ(1)/ε(1) ≃ 1.38 when E(2)/ε(1) = 0.1, and Ēmax/√µ(1)/ε(1) ≃ 1.24 when

E(2)/ε(1) = 10. For the same concentration (c0 = 0.1) of circular fibers, the electric

field necessary to achieve the maximum stretch is Ēmax/√µ(1)/ε(1) ≃ 1.26.
On the other hand, as can be seen in Figs. 5.11(c) and 5.11(d), λ̄t is highly

sensitive to changes in the ratio E(2)/ε(1) in the neighborhood of the optimal value (i.e.,

E(2)/ε(1) = 1). Therefore, it is very important in practical applications to try to match

as closely as possible the dielectric properties of the fiber and matrix phases, while

still maintaining a significant stiffness contrast between the soft elastomer and the

stiffer fibers, so as to effectively constrain the overall deformation in the out-of-plane

direction. In this connection, Table 5.1 shows the dielectric and stiffness properties

of commercially available materials satisfying the above-mentioned conditions for the

design of DECs that are capable of achieving large field-induced stretches.

Material ε/ε0 µ[MPa]
Matrix:

VHB 4910 (by 3M) 4.5 − 4.8 0.1 − 3.0
Fibers:

Nylon 6 2.6 − 38.0 17 − 4100
Nylon 66 3.0 − 14.0 40 − 3900

Table 5.1: Candidate materials for the soft matrix and for the stiff fibers that may
be chosen to satisfy the zero dielectric contrast ( E(2)/ε(1) ∼ 1) and infinite stiffness
contrast (µ(2)/µ(1) →∞) conditions. The properties for the matrix material are taken
form Carpi et al. (2008) and the properties for the fiber materials are taken from the
website www.matweb.com.

Finally, it should be emphasized that even though smaller concentrations of fibers

lead to larger overall electrostriction, the fiber concentration has to be sufficiently
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large for the fibers to be able to support the stresses necessary to enforce the 2D

plane-strain constraint. Thus, the optimal concentration will also depend on the

tensile strength of the fibers.

5.3 Concluding remarks

In this chapter we have obtained homogenization estimates for the electromechanical

response of fiber-constrained DECs consisting of one family of aligned rigid dielec-

tric fibers firmly embedded in an ideal dielectric matrix. Toward this end, we have

used the decoupling strategy/approximation of Ponte Castañeda & Siboni (2012),

together with analytical estimates of Lopez-Pamies & Ponte Castañeda (2006a) for

the purely mechanical response of fiber-reinforced composites at finite strains. Using

the homogenization estimates obtained in this work, we have thoroughly investigated

the effects of microstructural parameters, such as the concentration and aspect ratio

of the fibers, as well as of the dielectric contrast, on the overall response of DECs.

In particular, we have shown that increasing the volume fraction or aspect ratio (in

the direction of the applied field) of the fibers significantly enhances the electrome-

chanical coupling in fiber-constrained DECs, due to the effects of dipolar interactions.

Therefore, DECs consisting of high concentrations of fibers or large aspect ratios for

the fibers require, in general, smaller voltages to achieve a given deformation state.

In addition, we have investigated the effect of microstructure on the stability and

failure of fiber-constrained DECs. It has been shown that while low concentrations

of fibers, serving to constrain the deformation in the plane transverse to the fibers,

can be used to prevent the development of electromechanical instabilities, sufficiently

high concentrations of fibers can lead to the generation of such instabilities, which

are manifested by a snap-through behavior, similar to that observed in pure dielectric

elastomers undergoing more general 3D deformations. In addition, it has been found

that high fiber concentrations and/or large fiber aspect ratios can lead to a dramatic

reduction on the overall breakdown field that the DEC can withstand, due to the

field-magnification effect of the fibers. As a consequence, dielectric breakdown has
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been identified as the main limiting factor in the performance of these fiber-reinforced

DECs.

For this reason, we have also considered the effect of the fiber permittivity on

the macroscopic response and failure instabilities in these DECs. According to our

theoretical predictions, composites with smaller contrasts in the dielectric constant of

the phases can actually achieve higher overall electrostrictive strains before failure. In

fact, for composites with vanishingly small dielectric contrast, the overall breakdown

field becomes that of the pure matrix phase, and as a consequence such composites

can withstand larger applied electric fields and achieve larger electrostrictive strains.

We have also considered the effect of externally applied mechanical tractions on

the response and stability of DECs. Our results show that the application of external

tractions in the direction perpendicular to the applied electric field (and to the fibers)

can be used to reduce, or eliminate altogether the possible development of electrome-

chanical (or snap-through) instabilities, characterized by loss of positive definiteness

with aligned eigenmodes, in agreement with similar findings for homogeneous ideal

dielectrics under 3D equal-biaxial loading conditions (Lu et al. 2012). However, al-

though the terminal stretch before breakdown increases with increasing traction, the

portion of the stretch that is solely due to the electric potential (i.e., the electrostric-

tion) is still relatively small. In this context, it is also important to note that for

composites consisting of elliptical fibers with the longer (in-plane) axis aligned with

the electric field, the mechanical traction cannot be increased arbitrarily since the

composite may experience shear localization instabilities, as determined by the loss

of strong ellipticity condition. This suggest the possibility of using electric fields to

control the onset of these instabilities, which may be desirable in certain applications.

The effect of external mechanical tractions will be studied in more details in the next

chapter.

Inspired by the above findings for the effect of the various material and microstruc-

tural parameters, we have developed a systematic procedure for the optimal design of

DECs that are capable of achieving large electrostrictions—in excess of 100% strain—

before failure. Due to the severe restrictions imposed by dielectric breakdown, com-
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posites consisting of a very small concentration of rigid circular fibers with vanishing

contrast in the dielectric properties can achieve the largest electrostrictive strains. It

is emphasized, however, that although smaller fiber concentrations result in larger

electrostrictive strains, the concentration of the fibers cannot be arbitrarily small. In

fact, there exists a critical value for the concentration, which depends on the tensile

strength of the fiber material, to ensure that the fibers do not break and the constraint

of 2D plane-strain deformations is satisfied for the DECs. The optimized microstruc-

tures suggested by our analytical model are found to be generally consistent with

recent experimental findings of Lu et al. (2012) and Bolzmacher et al. (2006).
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Chapter 6

Fiber-constrained DECs: Finite

Deformation Response and

Stability Analysis at Non-zero

(Dead) External Tractions

In the previous chapter we investigated the effective response and stability of fiber-

constrained DECs under the electrode boundary conditions (i.e., when the external

mechanical tractions are identically zero and a potential difference is applied across

the DEC sample via the compliant electrodes). In this chapter we investigate the

possible development of instabilities in a certain class of dielectric elastomer compos-

ites (DECs) subjected to all-around dead electromechanical loading. Like before, the

DECs consist of a dielectric elastomer matrix phase constrained to plane-strain de-

formations by means of aligned, long, rigid-dielectric fibers of elliptical cross section

that are also aligned but randomly distributed in the transverse plane. The focus

in this chapter is on “material” instabilities that are intrinsic to the DECs, as char-

acterized by their “macroscopic” or homogenized constitutive properties, and which

involve macroscopically uniform fields. Thus, “structural” instabilities that are de-

pendent on the geometry of the specimen, such as buckling, barreling, or wrinkling,
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will not be considered here. In particular, we will study loss of (incremental) posi-

tive definiteness (LPD) and loss of strong ellipticity (LE) of the electroelastic energy

density. In the purely mechanical context (i.e., in finite elasticity), uniqueness and

stability are characterized by the positive definiteness of a certain “exclusion” incre-

mental energy functional (Hill 1957, Ogden 1997). In particular, it is known that

loss of positive definiteness (LPD) is a necessary and sufficient condition for bifurca-

tion under all-around dead loads (Hill 1967, Ogden 1997). On the other hand, loss

of strong ellipticity signals the possible development of localized shear bands under

displacement boundary conditions (Hill 1962, Rice 1976). Hill & Hutchinson (1975)

investigated the bifurcation behavior of a broad class of incompressible, orthotropic

solids subjected to plane-strain tension loadings. In addition, Ogden (1985) investi-

gated the bifurcation and stability of homogeneous deformations in the plane-strain

deformation of incompressible, hyperelastic solids subjected to dead-load tractions,

including a global analysis of the problem. The works of Hill & Hutchinson (1975) and

Ogden (1985) demonstrate that, under all-round dead loading, a variety of instability

modes can occur while the energy-density function of the material is still strongly

elliptic. However, it is known that the presence of an electric field can affect the

onset of such instabilities in homogeneous ideal dielectric elastomers, when subjected

to dead-load tractions. In particular, Zhao & Suo (2007) showed that the application

of an electric field alone can lead to (snapping) instabilities of the maximum-load

type in homogeneous dielectrics undergoing 3D equal bi-axial deformations. They

further demonstrated that, the application of an equal bi-axial traction loading to

the ideal dielectric can delay (or even completely remove) such instabilities. A more

complete formulation of the stability and uniqueness problem in electro-elasticity,

generalizing the approach of Hill (1957) in finite elasticity and making use of the

work of Dorfmann & Ogden (2010b), was initiated by Bertoldi & Gei (2011). Insta-

bilities in heterogeneous active materials have also been studied recently by several

authors. For example, building on earlier work for the purely mechanical problem

(Geymonat et al. 1993), Bertoldi & Gei (2011) investigated loss of positive definite-

ness, as well as loss of strong ellipticity for DECs with layered microstructures, while
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Rudykh & deBotton (2011) studied the loss of strong ellipticity for such composites.

In this chapter, we investigate the instabilites in fibrous DECs of the class described

in the previous chapter, as characterized by the loss of positive definiteness and loss of

strong ellipticity. We hope to complement the earlier works on the topic by providing

a more complete discussion of the nature of the bifurcation modes for loading paths

consisting of dead mechanical tractions in the presence of electric fields. The rest of

this chapter is organized as follows. In section 6.1 we describe the problem of a fiber-

constrained DEC under the dead electromechanical loading conditions. In sections

6.2 and 6.3 we study DECs with (initially) isotropic microstructions and DECs with

anisotropic microstructures, respectively. Finally in section 6.4 we study the effect of

microstructural parameters on the instabilities of DECs under dead electromechanical

loads.

6.1 Instability analysis of fiber-constrained DECs

under aligned dead loadings

In this section, we consider DECs that are constrained by aligned rigid fibers of

elliptical cross section and subjected to all-around dead mechanical loads and charges.

Motivated by possible applications as dielectric actuators, we assume that the surface

charges are applied by means of “soft electrodes” (e.g., conducting grease), which are

in perfect contact with the DEC sample, so that the electric displacement field is

applied to the DEC sample via the surface charges +σ and −σ on the electrodes, as

depicted in Fig. 6.1.

As depicted in Fig. 6.1(a), it is assumed that fibers in the undeformed state of the

DEC (i.e., in the absence of mechanical tractions and surface charge densities) are

aligned with the laboratory axis, as defined by {X1,X2,X3}. More specifically, the

cylindrical fibers have their long axis parallel to the X3 direction, while their elliptical

cross-sectional shape is aligned with the coordinate axis in the X1-X2 plane and has

aspect ratio w = bi0/ai0, as shown in Fig. 5.3(a). In addition, the fibers are distributed
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l = λ̄l0
h = h0/λ̄

s̄2
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Figure 6.1: Schematic representation of a dielectric actuator made out of a thin DEC
layer sandwiched between two compliant electrodes. (a) The actuator in the reference
configuration with initial dimensions l0 by h0, and (b) the actuator in the deformed
configuration with current dimensions l0λ̄ by h0/λ̄, after application of the nominal
tractions s̄1 and s̄2, and the surface charge density σ.

with elliptical symmetry with the same initial shape as the fiber cross-sections (i.e.,

wd0 = bd0/ad0 = w). For simplicity, the matrix is assumed to be an incompressible ideal

dielectric with permittivity ε(1) and mechanical response of the Gent type (2.14) with

shear modulus µ(1) and strain-locking parameter Jm, while the rigid fibers are assumed

to have a linear isotropic dielectric response with isotropic permittivity E(2) = E(2)I.
We are interested in the stability behavior of the DECs under the application of

all-around dead loads and charges. As depicted in Fig. 6.1(b), the nominal external

traction s̄ex, labelled here s̄, for simplicity, is given by

s̄ =
⎡⎢⎢⎢⎢⎢⎣
s̄1 0

0 s̄2

⎤⎥⎥⎥⎥⎥⎦
N, (6.1)

where s̄1 and s̄2 are prescribed independently of the deformation. Correspondingly,

an electric displacement field is prescribed by means of surface charge densities −σ
and +σ on the top and bottom electrodes, respectively. In practical applications, it

is common to use thin samples, such that h0/l0 ≪ 1. Therefore, it is reasonable to

assume that the stress and electric displacement fields are (macroscopically) uniform

everywhere inside, except perhaps near the side surfaces where fringing effects are

expected to occur (see Siboni & Ponte Castañeda 2013, for more details). Note that,

due to the presence of the conducting electrodes all the electric fields, and therefore

the Maxwell stress, are identically zero in the region surrounding the DEC sample.
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Thus, the traction jump condition (2.3) reduces to

S̄N = s̄, (6.2)

where S̄ denotes the macroscopic nominal stress inside the DEC and s̄ is the exter-

nally applied mechanical traction defined in (6.1). Given the above assumptions, the

macroscopic Piola-Kirchhoff (nominal) stress S̄ inside the DEC sample—before any

instabilities—can be shown to be given by

S̄ =
⎡⎢⎢⎢⎢⎢⎣
s̄1 0

0 s̄2

⎤⎥⎥⎥⎥⎥⎦
. (6.3)

The Lagrangian (nominal) electric displacement field will be aligned with the

vertical direction (as defined by the unit vector Ê2), and therefore given by

D̄ = D̄ Ê2, (6.4)

where D̄ is prescribed by means of the surface charge densities independently of the

deformation. It is important to note in this context that thin samples are prone

to wrinkling instabilities in the X1-X3 plane under compressive tractions in the X1

direction. As mentioned earlier in the text, the focus of the current study is on

intrinsic “material” instabilities, and therefore such structural bifurcation modes will

not be considered here.

On account of the material symmetry of the DECs and of the “aligned” character

of the traction (6.1) and electric displacement (6.4), the DEC sample is expected to

deform—at least up to the possible onset of an instability—into a new configuration

described by the (macroscopic) deformation gradient

[F̄ ] =
⎡⎢⎢⎢⎢⎢⎣
λ̄ 0

0 λ̄−1

⎤⎥⎥⎥⎥⎥⎦
, (6.5)

where use has been made of the incompressibility of the material. Correspondingly,

145



it is assumed that (on the average) the rigid fibers (of fixed aspect ratio w) in the

DEC remain aligned with the applied fields up until the onset of the first macroscopic

instability (see Fig. 5.3(b)). In addition, consistent with equation (5.8), the distri-

bution of the fibers evolves with the macroscopic deformation and therefore remains

elliptical and aligned with the loading, such that the deformed distribution aspect

ratio is given by

wd = bd
ad
= λ̄−1 bd0
λ̄ ad0

= λ̄−2w. (6.6)

It is also remarked for later use that the Cauchy tractions are of the form

t̄ =
⎡⎢⎢⎢⎢⎢⎣
t̄1 0

0 t̄2

⎤⎥⎥⎥⎥⎥⎦
n, (6.7)

where t̄1 = s̄1λ̄ and t̄2 = s̄2/λ̄.
Given the traction boundary conditions (6.1) (or equivalently (6.7)), the macro-

scopic constitutive equations (5.29) and (5.30) can be used to determine the macro-

scopic stretch λ̄ and Lagrange multiplier p̄ as functions of the applied tractions t̄1

and t̄2, and the macroscopic electric displacement field D̄. For the above-mentioned

perfectly aligned loading case, and up to the possible development of an instability,

we have that

t̄1 − t̄2 = λ̄ ∂W̃me

∂λ̄
+ λ̄ ∂W̃el

∂λ̄
and 2p̄ = −(t̄1 + t̄2) + Ã1212 + Ã2121 − Ã1221, (6.8)

where
∂W̃me

∂λ̄
= µ(1) [(c +w + cw2) (λ̄4 − 1) − (c + cw2) (λ̄3 − λ̄)]

λ̄3w (1 − c) [1 − (Îa − 2) /Jm]
(6.9)

and
∂W̃el

∂λ̄
= −⎡⎢⎢⎢⎢⎣

ε(1)

Ẽ22 +
cλ̄2w

(λ̄2 +w)2
(1 − ε

(1)

Ẽ22 )
2⎤⎥⎥⎥⎥⎦
ε(1)−1 λ̄−3D̄2. (6.10)

In these equations, Îa is obtained by making the replacements θ̄ = ϕ̄ = 0 in expression

(5.14) for Î, and the components of the effective moduli Ã are obtained by expressions
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(2.33) and (2.26) W being replaced by W̃ . In addition,

Ẽ22 (λ̄) = ε(1) + c [ 1

E(2) − ε(1) +
1

ε(1) (
1

1 +w −
cλ̄2

λ̄2 +w)]
−1

(6.11)

is the principal macroscopic permittivity of the composite in the direction of the

applied electric displacement (i.e., the X2 direction). The macroscopic constitutive

equations (5.29) can also be used to determine the macroscopic electric field

Ē = Ē Ê2, with Ē = Ẽ22D̄. (6.12)

Given the above preliminaries, we are now ready to investigate the possible onset

of loss of convexity and of strong ellipticity in the fiber-constrained DECs subjected

to aligned dead-load traction/charge conditions. We also explore the effect of the

relevant microstructural variables (aspect ratio and concentration of the fibers) on

the onset of instabilities (or in general shape of the failure regions) for such DECs.

For the “principal” solution described by expressions (6.1) through (6.12), the loss

of convexity and strong ellipticity conditions can be simplified further as discussed

next.

Loss of convexity of the incremental homogenized energy. As already mentioned in the

previous section the increments for plane-strain problems can be defined by the vector

δ, defined in (5.32), in terms of the components of the incremental displacement

gradient and incremental electric displacement. Then we argued that the positive

definiteness of the quadratic form (2.37) can be determined by evaluating the sign

of the eigenvalues of the Hessian defined in equation (5.33). Thus, we have shown

that the DEC loses convexity when at least one of the eigenvalues first vanishes in a

given loading path. Two types of modes have been identified for the loss of convexity:

aligned and non-aligned modes. For the aligned modes, the eigenvector corresponding

to the vanishing eigenvalue is “aligned” with the direction of the loading (i.e., only

the u1,1 and ḋ2 components of δ are non-zero), while for the non-aligned modes, the

eigenvector corresponding to the vanishing eigenvalue is orthogonal to the loading
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(i.e., only the u1,2, u2,1, and ḋ1 components of δ can be non-zero). By making use

of expressions (6.8), it can be shown that the stability criteria for the aligned LPD

modes can be written as

∂2W̃

∂λ̄2
− 2λ̄−2t̄2 > 0, and (∂

2W̃

∂λ̄2
− 2λ̄−2t̄2) ∂

2W̃

∂D̄2
2

− ( ∂2W̃

∂λ̄∂D̄2

)
2 > 0, (6.13)

so that an aligned instability will take place when one of the conditions in (6.13) is first

violated. Note that the above condition reduce to the conditions (5.34) of chapter 5,

in the absence of external tractions (i.e., when t̄2 = 0). If the first inequality is violated,

the instability is purely mechanical and corresponds to a turning point in the nominal

tractions. On the other hand, when the second inequality is violated, the instability

is electro-mechanical and generally corresponds to a maximum in the nominal electric

field. In particular, when t̄2 = 0, these conditions reduce to corresponding conditions

first identified by Zhao et al. (2007) for ideal dielectrics and by Bertoldi & Gei (2011)

for laminated DECs. The non-aligned modes, however, will correspond to other

types of bifurcation instabilities apparently not considered in the earlier works. As

we will see below, such non-aligned bifurcation instabilities can take place before the

aligned limit-point-type instabilities in many cases. Finally, it is noted that more

explicit expressions are given in A for the loss of convexity instabilities in the purely

mechanical context. Such results are of course entirely consistent with the results of

Hill (1967) and Ogden (1985) for the purely mechanical cases.

Loss of strong ellipticity of the homogenized energy. Recall that the conditions for

the loss of strong ellipticity are independent of the loading conditions. Therefore, for

the special case of aligned composites under alignded loading conditions, the strong

ellipticity of the homogenized energy (or its violation) is determined, by evaluating

the roots of the polynomial (5.35).

As it was the case in the previous chapter, in the results presented in the fig-

ures below, the “non-convex” regions associated with “aligned” instability modes are

shaded by the color green with dash-dotted boundaries, while the non-convex regions

associated with “non-aligned” bifurcation modes are shaded by the color blue with
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solid boundaries. For completeness, the “non-elliptic” regions, which are shaded by

the color red with dashed boundaries, are also shown in the figures. It is emphasized

here that the boundaries of the unstable regions signal the onset of the correspond-

ing instabilities. For simplicity, we use dimensionless forms for the plots, where the

normalization factors depend on the properties of the matrix phase. In particular, we

use here the dimensionless quantities

t̄

µ(1) ,
D̄√

µ(1)ε(1)
, and

Ē√
µ(1)/ε(1)

to denote, respectively, the normalized traction, electric displacement field, and elec-

tric field. For comparison purposes, sample normalization factors are provided in

Table 6.1 for typical elastomers used in practical applications. Note that for a spe-

Material ε(1)/ε0 µ(1)[MPa]
√
µ(1)ε(1)[C/m2]

√
µ(1)/ε(1)[MV/m]

VHB 4910 (by 3M) 4.7 1.6 8.2 × 10−3 196
Natural Rubber 2.6 0.6 3.5 × 10−3 156

Table 6.1: Typical soft dielectric elastomers and the corresponding normalization
factors. The properties for VHB 4910 are taken form Carpi et al. (2008) and the
properties for Natural Rubber are taken from the website www.matweb.com.

cific matrix material, one can calculate the normalization factors, and therefore obtain

the range for the external stimuli associated with instabilities by referring to the nor-

malized results in the plots that follow.

6.2 Isotropic DECs and comparison with homoge-

neous ideal dielectrics

We start our discussion by comparing the results for a homogeneous ideal dielectric

(i.e., c = 0) to that of a DEC with (initially) isotropic microstructure (i.e., w = 1

and c = 0.3). Thus, Fig. 6.2 shows the failure regions in the space of principal

Cauchy tractions, t̄1 vs. t̄2, for different values of the normalized electric displacement

D̄/√ε(1)µ(1).
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Figures 6.2(a) and 6.2(b) show results for D̄ = 0 (i.e., the purely mechanical case).

As can be seen from these figures, the stability region is roughly a band bounded

by two hyperbolic-looking curves that closely hug the t̄1 and t̄2 axes. Note that

the stability maps are symmetric with respect to the line t̄1 = t̄2 in the absence of

electric fields, consistent with the isotropic behavior of the material. In particular,

it is observed that the response remains stable for uniaxial tension along either axis.

It is also remarked that the stable region is significantly larger (in area) for the

case of isotropic composites compared to that of the ideal dielectric. This somewhat

counter-intuitive observation can be explained by recalling that the addition of rigid

fibers to the pure matrix significantly enhances the overall stiffness, and therefore the

composite can sustain higher stresses before the onset of instabilities.

For the isotropic cases with no applied electric fields shown in Figs. 6.2(a) and

6.2(b), the first instabilities take place by loss of positive definiteness (LPD) and in-

volve non-aligned modes corresponding to bifurcation instabilities that are orthogonal

to the loading path and consist of infinitesimal rotations superimposed on shears at

45○ to the loading directions. In these figures (and in the figures that follow) the

modes are shown schematically by means of icons at sample points on the boundary

of the instability regions. As can also be seen from the figures, the boundary of the

instability region corresponding to the aligned LPD modes is entirely engulfed by the

outer non-aligned LPD region, except for the critical point t̄1 = t̄2 = t̄c > 0, where

the two regions just touch. At this special point, which corresponds to equibiaxial

tension and has been considered in a detailed local and non-local analysis by Og-

den (1985), there is a symmetry-breaking bifurcation where the rotationally invariant

principal solution (with macroscopic stretch λ̄ = 1) suddenly allows for a pure shear

(λ̄ ≠ 1) at an indeterminate angle. Note that the instability takes place at a critical

t̄c ≈ 2µ(1) for the ideal dielectric and t̄c ≈ 4µ(1) for the specific composite shown in

the figure. Interestingly, non-aligned instabilities can also take place for compres-

sive loadings, including when one of the principal tractions is tensile. However, the

point at the origin where t̄1 = t̄2 = 0 is special. At this point, the instability mode

for both the ideal dielectric and the isotropic DEC is an incremental deformation of
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the form (u1,2 = −u2,1), which corresponds to a special rotational mode that can be

safely ignored (Truesdell & Noll 2004). As we move away from this point along the

boundary of the inner non-aligned LPD region, the mode of the instability evolves

into a compound one consisting of combinations of an infinitesimal rotation and a

pure shear at 45○ angle. Furthermore, the pure shear changes sign as we go from one

side of the point t̄1 = t̄2 = 0 to the other side. Finally, it is noted that, for these purely

mechanical loadings, explicit expressions are given in A. In particular, the boundary

of the aligned region (denoted by the dash-dot line) corresponds to the violation of

condition (A.9), while the boundary of the non-aligned region (denoted by solid lines)

corresponds to the violation of conditions (A.11).

Figures 6.2(c) and 6.2(d) show the corresponding results when a non-zero electric

displacement field is applied (in the X2 direction). It is observed that the presence of

the electric field breaks the symmetry of the unstable region about the symmetry line

t̄1 = t̄2, and results in the closing of the stable band along the t̄2 axis. In particular,

different from the previous purely mechanical cases, the materials can now become

unstable on loading paths of the type t̄1 = 0 and t̄2 = t̄ > 0. (Note that due to

the stiffening effect of the rigid fibers, the onset of instabilities for loading paths of

the form t̄1 = const. and t̄2 = t̄ > 0 occurs at larger values of the traction t̄2 for the

composite, compared to the ideal dielectric matrix.) The unaligned mode at the onset

of this instability is a simple shear along the X2 direction (with u2,1 ≠ 0), accompanied

by a non-zero increment in the electric displacement along the X1 direction (with

ḋ1 ≠ 0), which is represented by a (solid) arrow in the corresponding icon. For the

critical point t̄1 = t̄2 = t̄c > 0, we again observe two modes for the instabilities. A

non-aligned mode consisting of a pure shear at 45○ accompanied by an increment in

the electric displacement field in the X1 direction, and an aligned mode consisting

of a pure shear aligned with the coordinate axes and an increment in the electric

displacement field in the X2 direction. Similar to the previous case, the instability

modes for all the other points on the boundary of the non-aligned region with non-

symmetric loading (i.e., t̄1 ≠ t̄2) consist of a pure shear at 45○ and an infinitesimal

rotation, along with an increment in the electric displacement in the X1 direction.
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Figure 6.2: This figure shows the stability and various instability regions (on the

t̄1-t̄2 plane) for isotropic cases. (a) Ideal dielectric and D̄/√ε(1)µ(1) = 0, (b) initially
isotropic composite and D̄/√ε(1)µ(1) = 0, (c) ideal dielectric and D̄/√ε(1)µ(1) = 0.5,
and (d) initially isotropic composite and D̄/√ε(1)µ(1) = 0.5. In this figure Jm = 100,
and for the composite c = 0.3, w = 1, and E(2)/ε(1) = 1000.
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However, the special rotational instability persists for t̄1 = t̄2 = 0 as the electric field

D̄ is increased. Note that such loading paths are neutrally stable. Finally, it should

also be noted that while the isotropic DECs are strongly elliptic for all tractions when

the electric field vanishes, they may lose strong ellipticity for sufficiently high electric

fields (not shown in the figures).

6.3 DECs with anisotropic microstructures

Figure 6.3 shows the stability and various instability regions for DECs with aligned

elliptical fibers as a function of the Cauchy tractions, t̄1 vs. t̄2, for different values of

the electric displacement field D̄, which is again applied in the vertical (X2) direction.

In these figures, the aspect ratio and concentration of the fibers are fixed (w = 2,

c = 0.355) and the long in-plane axis of the fibers is along the vertical direction and

therefore aligned with the applied electric field.

As observed in Fig. 6.3(a) for the purely mechanical case (D̄ = 0), the failure

regions are no longer symmetrically distributed relative to the equibiaxial loading line,

as a consequence of the anisotropy induced by the elliptical fibers. Compared to the

prior results for circular fibers (w = 1) shown in Fig. 6.2(b), the following observations

can be made. First, the stability region now closes up along the t̄1 axis, while the

corresponding area along the t̄2 axis is left largely unchanged. Second, the boundary

of the stability region is still determined by the onset of unaligned LPD instabilities.

However, while the aligned LPD region no longer coincides with the unaligned LPD

boundary for equibiaxial loading—the aligned LPD region now being fully contained

within the outer unaligned LPD region—the non-aligned LPD region now touches

on the boundary of a new loss of strong ellipticity (LE) region for uniaxial tension

along the horizontal direction. Thus, for uni-axial tension along the X1 direction, the

DEC loses positive definiteness and strong ellipticity at the same time (t̄2 = 0 and

t̄1 = t̄c > 0). These LE instabilities, which were first observed by Lopez-Pamies &

Ponte Castañeda (2006a), take place when the tangent shear modulus transverse to

the long axis of the fibers vanishes and correspond to localization bands with shear
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Figure 6.3: This figure shows the stability and various instability regions (on the

t̄1-t̄2 plane) for different values of the electric displacement. (a) D̄/√ε(1)µ(1) = 0, (b)
D̄/√ε(1)µ(1) = 1.15, (c) D̄/√ε(1)µ(1) = 3.45, and (d) D̄/√ε(1)µ(1) = 5.75. In this figure
w = 2, c = 0.355, Jm = 100, and E(2)/ε(1) = 1000.
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along the X1 direction, as illustrated by the icon in the figure. On the other hand,

the mode of the unaligned LPD branch corresponds to a simple shear also aligned

with the X1 direction.

As the electric displacement field D̄ is progressively increased in Figs. 6.3(b) to

6.3(d), the following observations can be made. First, for relatively small values of

D̄, the stability region closes up along the t̄2 axis, leading to a closed (i.e., bounded)

stability domain, but then for larger values of D̄, it opens up along the t̄1 direction.

Second, the LE instability region shifts to the right and eventually disappears with

the opening of the stability region along the t̄1 direction. Third, the aligned LPD

region, which was completely engulfed by the unaligned LPD region for D̄ = 0, starts
to shift down and to the left in the figure, first touching the unaligned LPD region

near the equibiaxial loading line, but then partially overtaking it as D̄ is further

increased, and eventually enclosing the unloaded state t̄1 = t̄2 = 0. In connection

with this last observation, it is important to emphasize that limit load instabilities

are therefore to be expected for a mechanically unloaded sample at sufficiently large

electric displacement fields. It is also interesting to observe that the application of

an electric field along the fiber direction can generate electric torques that tend to

stabilize the fibers against possible rotations, and thus delays the instability for tensile

loading along the X1 direction (see Galipeau & Ponte Castañeda 2013, for similar

observations in the context of magneto-active elastomers). The instability modes for

several representative points are shown in these plots. Note that the modes in the

presence of an electric field may include increments in the relevant components of the

electric displacement field (i.e., in the X1 direction for non-aligned modes and in the

X2 direction for the aligned modes).

Figure 6.4 shows the corresponding results for DECs consisting of elliptical fibers

with their long axis perpendicular to the applied electric displacement field, which

is still being applied along the X2 direction (i.e., w < 1). Figure 6.4(a) shows the

results for the purely mechanical case (i.e., when D̄ = 0). As can be seen from this

figure, the stability and various instability regions are similar to those of the Fig.

6.3(a) except that the role of the tractions t̄1 and t̄2 is interchanged. This is to be
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expected from the symmetry of the problem and implies that the LE instability is

now encountered for uni-axial tension along the X2 direction, and that the normal

to the shear band is in the X1 direction. Figures 6.4(b) to 6.4(d) depict the effect of

increasing electric displacement D̄ (still applied in the X2 direction) on the various

failure regions. The following observation can be made. First, as D̄ increases, the
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Figure 6.4: This figure shows the stability and various instability regions (on the

t̄1-t̄2 plane) for different values of the electric displacement. (a) D̄/√ε(1)µ(1) = 0, (b)
D̄/√ε(1)µ(1) = 1.15, (c) D̄/√ε(1)µ(1) = 3.45, and (d) D̄/√ε(1)µ(1) = 5.75. In this figure
w = 1/2, c = 0.355, Jm = 100, and E(2)/ε(1) = 1000.
stability region becomes more tightly aligned with the t̄1 axis, meaning that for given
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t̄1 smaller values of t̄2 are allowed. Second, the aligned LPD region shifts a bit down

and to the left, but never quite catches up with the stability region, so that the first

instability cannot be of the aligned type for these cases with w < 1. Third, the LE

region initially shifts down slightly, making it easier for such instabilities to take place

for tensile loadings along the X2 direction, but then shifts up for larger values of D̄,

eventually tending to disappear. This is due to the fact that fibers tend to align

their larger (in-plane) axis with the external field and are therefore electrostatically

unstable when a field is applied in the transverse direction (along the X2 direction

here). However, for sufficiently large fields, the compressive Maxwell stresses (in the

vertical direction), which increase with the square of the field and tend to stabilize

the fibers against rotations, preclude the LE instabilities from taking place. In any

case, the LE region becomes completely surrounded by the unaligned LPD region and

therefore the first instability is always of the unaligned LPD type for prescribed all-

around dead loads. (If displacement boundary conditions were to be applied instead,

then it would be expected that the LE instabilities could be critical.) An important

implication of all these observations is that for w < 1 the behavior is completely stable

for uniaxial tensile loads in the horizontal direction. This is unlike the case of w > 1,
where instabilities are expected for uniaxial tension along the X1 direction either at

low enough values of the fields, or at sufficiently high values of the field.

6.4 The effect of microstructural parameters on

the stability

In this subsection we investigate the effect of the volume fraction of the fibers and

their aspect ratio on the stability of fiber-constrained DECs. For simplicity, and

consistent with practical applications for dielectric actuators, we will consider only

uni-axial loadings along the X1 direction (i.e., t̄1 ≠ 0 and t̄2 = 0), in the presence of

non-zero electric displacement fields in the X2 direction. Once again, it is recalled

that for thin actuators, compressive tractions (t̄1 < 0) would be expected to lead to
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(structural) wrinkling instabilities, which are outside of the scope of this work.

Figure 6.5 shows D̄ vs. t̄1 maps of the stability and various instability regions for

different values of the fiber aspect ratio. As can be deduced from Fig. 6.5(a), for

DECs consisting of fibers with w = 1/4, the material is stable when

t̄1 ≥ 0 for all D̄ ≥ 0. (6.14)

In this context, it should be noted that such DECs are neutrally stable when no

traction is applied to the boundary, i.e., when t̄1 = 0. (Recall that this situation

corresponds to special rotational modes mentioned earlier.) However, as soon as a

negative traction is applied to the material, the behavior becomes unstable triggering

unaligned LPD modes. It is also important to mention that for the cases where

w < 1, the DECs may lose strong ellipticity for sufficiently negative tensions (or

compressions). Figure 6.5(b) shows the corresponding results for DECs with circular

fibers (w = 1). Similar to the previous case, all the points on and above the t̄1 = 0 line

are stable. It is also observed that the material is always strongly elliptic in this case.

On the other hand, as can be seen in Fig. 6.5(c), for DECs consisting of elliptical

fibers with w > 1 (w = 2 for the specific DEC in this figure), the material may lose

ellipticity for a critical t̄1 = t̄c1 > 0, when the electric displacement field is smaller

than a certain limiting value (D̄c/√ε(1)µ(1) ≈ 1.2 for the case shown here). It is also

observed that the critical traction t̄c1 increases with increasing electric displacement

field up to a critical value D̄c, beyond which (for D̄ > D̄c) the composite is always

strongly elliptic. Once again this is due to the stabilizing effect of the electrostatic

torques on the fibers when their larger (in-plane) axis is aligned with the applied

electric field. For a larger aspect ratio (w = 4), as shown in Fig. 6.5(d), the behavior

for small values of D̄ is similar to that for the previous case (w = 2), although the

LE region is slightly larger with LE being observed for slightly lower values of t̄1 and

slightly larger values of D̄. However, for larger values of D̄, it can be seen that the

DEC can not only lose ellipticity again (at sufficiently large values of D̄), but it can

also exhibit aligned LPD instabilities for moderate values of D̄ and t̄1. We will come
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Figure 6.5: This figure shows the stability and various instability regions (on the
D̄-t̄1 plane) for different values of the aspect ratio of the fibers. (a) w = 1/4, (b)
w = 1, (c) w = 2, and (d) w = 4. In this figure c = 0.2, Jm = 100, and E(2)/ε(1) = 1000.
back to this point at the end of this section.

Figure 6.6 shows the corresponding stability and instability regions on maps of D̄

vs. t̄1, for different values of the fiber concentration for composites with aspect ratio

w = 2. As shown in this figure, there is always a value for the electric displacement field

below which the material can lose strong ellipticity at a critical traction t̄1 = t̄c1 > 0.
Similar to the previous case this critical traction increases with increasing electric

field, due to the stabilizing effect of the electrostatic torques on the fibers. It is

also important to mention that for a fixed electric displacement (below the limiting

value), the critical traction t̄c1 increases with increasing the concentration. Again,

this can be explained by noting that composites with higher concentrations are much

stiffer. Therefore, even though composites with higher concentrations lose ellipticity

159



0 2 4 6 8 10
-10

-5

0

5

10

D̄/√ε(1)µ(1)

t̄ 1
/µ
(1)

(a)

0 2 4 6 8 10
-10

-5

0

5

10

D̄/√ε(1)µ(1)
t̄ 1
/µ
(1)

(b)

0 2 4 6 8 10
-10

-5

0

5

10

D̄/√ε(1)µ(1)

t̄ 1
/µ
(1)

(c)

0 2 4 6 8 10
-10

-5

0

5

10

D̄/√ε(1)µ(1)

t̄ 1
/µ
(1)

(d)

Figure 6.6: This figure shows the stability and various instability regions (on the D̄-t̄1
plane) for different values of the concentration. (a) c = 0.1, (b) c = 0.2, (c) c = 0.3,
and (d) c = 0.355. In this figure w = 2, Jm = 100, and E(2)/ε(1) = 1000.
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at smaller stretches, the critical tractions are larger for higher concentrations. Finally,

it is observed that for the even larger concentrations shown in Figs. 6.6(c) and 6.6(d),

the aligned LPD instability region extends beyond the t̄1 axis. This means that, for

sufficiently high fiber concentrations, the DECs may become unstable under traction-

free conditions by simply increasing the applied electric displacement field.

Figure 6.7 presents results for DECs subjected to increasing electric field D̄ under

fixed (dead) nominal tractions s̄1 = t̄1/λ̄ and s̄2 = 0 for two different aspect ratios:

w = 4.5 (figures on left) and w = 1/4.5 (figures on right). As can be seen from Figs.

6.7(a) and 6.7(c) for w = 4.5, the application of the electric field D̄ (along the long

axis of the fibers) results in increasing stretch λ̄ along the X1 direction for all values

of the pre-stress s̄1, while the Cauchy tractions can increase, or decrease depending

on whether s̄1 is positive or negative. For zero pre-stress, the behavior is (neutrally)

stable up to the point where the aligned LPD region is crossed corresponding to a

maximum load type behavior, as depicted by the green cross on the corresponding

nominal electric field Ē curve shown in Fig. 6.7(e). As the nominal traction is

increased (s̄1/µ(1) = 1), the onset of the maximum is delayed, as can be seen in

Fig. 6.7(e), but a shear localization instability, labelled with red circles, is actually

possible when the fixed nominal traction path first crosses the LE instability region

on the right. As the nominal traction is increased further s̄1/µ(1) = 2), the DEC can

actually become unstable at zero applied electric field (D̄ = 0), since the material

exhibits purely mechanical instabilities of the shear localization type. However, the

figure also suggest that the application of an electric field can actually stabilize the

material (by leaving the LE region on the left) up until a sufficiently large value, at

which the LE region on the right is traversed. Alternatively, application of negative

tractions, independent of whether or not an electrical field is applied, immediately

leads to unstable behavior. On the other hand, as can be seen from Figs. 6.7(b),

6.7(d) and 6.7(f) for w = 1/4.5, when the fibers are orthogonal to the applied electric

field, the behavior is completely stable for zero or positive values of the nominal

traction s̄1, while it becomes unstable for compressive values (s̄1 < 0). Also, as shown
in Fig. 6.7(f), the points where the fixed nominal traction paths cross the aligned
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Figure 6.7: This figure shows the response of DECs under constant nominal tractions
in the X1 direction, s̄1 = t̄1/λ̄ and s̄2 = t̄2 = 0. (a) Instability regions and constant s̄1
curves on the D̄ − t̄1 plane for w = 4.5, (b) instability regions and constant s̄1 curves
on the D̄− t̄1 plane for w = 1/4.5, (c) instability regions and constant s̄1 curves on the
D̄−λ̄ plane for w = 4.5, (d) instability regions and constant s̄1 curves on the D̄−λ̄ plane
for w = 1/4.5, (e) Ē-D̄ curves for different values of s̄1 for w = 4.5, and (f) Ē-D̄ curves
for different values of s̄1 for w = 1/4.5. In this figure c = 0.2, Jm = 100, E(2)/ε(1) = 1000,
and the symbols “×” and “•” denote the intersection of the corresponding response
curve with the boundary of the aligned and elliptic regions, respectively.
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LPD regions still correspond to maxima on the Ē versus D̄ plots, but the behavior

is already unstable, as just pointed out. Finally, it should be noted that the results

shown in Fig. 6.7(c) are qualitatively similar to results presented by Bertoldi & Gei

(2011) for laminated dielectric elastomer composites. This is not too surprising in

view of the fact that layered microstructures can be recovered from our results in the

limit as w → ∞. However, because of the randomness of the microstructure in our

DECs, “microscopic” periodic modes (Geymonat et al. 1993) are not relevant here.

6.5 Concluding remarks

In this work we have carried out a preliminary investigation on the possible de-

velopment of instabilities in a certain class of fiber-constrained dielectric elastomer

composites subjected to all-around dead electromechanical loading under plane-strain

conditions. Three types of “material” instabilities were considered: loss of positive

definiteness (LPD) with “aligned” eigenmodes, loss of positive definiteness with “non-

aligned” eigenmodes, and loss of strong ellipticity (LE). Loss of positive definiteness

simply corresponds to the loss of local convexity of the homogenized electro-elastic

stored-energy function for the DECs (Bertoldi & Gei 2011). For the aligned cases,

the (local) convexity is lost for increments that are aligned with the loading direction,

and typically manifest themselves as “limit load” behavior either in the mechanical or

electrical response, while for the non-aligned case the convexity is lost for increments

that are orthogonal to the loading direction, and could correspond to bifurcations from

the principal solution. The loss of strong ellipticity, on the other hand, corresponds

to loss of positive definiteness of the electromechanical acoustic tensor (Dorfmann &

Ogden 2010a) and manifests itself by the onset of highly localized shear band insta-

bilities. Loss of ellipticity normally takes place after loss of convexity, but the two

can occur simultaneously for special circumstances.

Our results show that the stability of the DECs depends sensitively on the loading

conditions (i.e., the applied tractions on the sample and electric displacement fields

in the X2 direction) and is also affected by the microstructure of the DECs (i.e., the
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volume fraction of the fibers and their aspect ratio). It is worth mentioning that for

the range of tractions considered in our work, the strain-locking parameter does not

have a significant effect on the onset of instabilities. According to our results, only

the first two types of LPD instabilities are normally observed for DECs with in-plane

isotropic microstructures, corresponding to randomly distributed fibers of circular

cross-section, including as a special case the ideal dielectric matrix phase. However,

anisotropy of the in-plane microstructure—in the form of fibers of elliptical cross sec-

tion that are aligned with the loading directions—allows for the possible development

of shear localization instabilities under conditions involving compressive electrome-

chanical stresses along the long (in-plane) axis of the fibers. More specifically, it

is found that the non-aligned LPD instabilities typically precede aligned LPD and

LE instabilities, especially for in-plane isotropic microstructures, but aligned (limit

load) LPD and LE instabilities can also be critical for composites with anisotropic

microstructures. In this context, it should be noted that the possible development

of non-aligned LPD bifurcation instabilities appears to have been ignored in prior

analysis of the problem for ideal dielectric (Zhao & Suo 2007, Zhao et al. 2007) and

layered dielectrics (Bertoldi & Gei 2011, Rudykh & deBotton 2011). Fortunately,

however, such instabilities can usually be avoided by orienting the long (in-plane)

axis of the fibers parallel to the tensile stress direction and orthogonal to the applied

electric field. It should also be noted that our work can be considered a generalization

of the plane-strain works of Huang, Li, Foo, Zhu, Clarke & Suo (2012) for (isotropic)

ideal dielectric elastomers and of Bertoldi & Gei (2011) for (anisotropic) layered di-

electrics in that both limits can be recovered in principle by taking the elliptical cross

section of the fibers to be circular (w = 1) or flat (w = 0), respectively. (In the first

case, the fiber concentration c must also be taken to be infinitesimal to compare with

the corresponding results of Huang, Li, Foo, Zhu, Clarke & Suo (2012)). Our work

also provides new results in the purely mechanical context for all-around dead trac-

tions of the fiber-reinforced elastomers with non-circular (i.e., elliptical) cross section,

where the in-plane response is orthotropic (Hill & Hutchinson 1975). Thus, our work

also provides a specific example generalizing the results of Ogden (1985) for in-plane
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isotropic response, although a global analysis was not attempted here.

Finally, it should be noted that the results of this chapter can be generalized

in at least two ways. First, compliant fibers could be used instead of rigid fibers

in order to reduce the overall stiffness of the DECs while taking advantage of the

dipolar interactions between the fibers. Second, particulate DECs consisting of rigid

spheroidal inclusions could also be considered by making use of the purely mechanical

effective energy of such composites obtained in a recent work by Avazmohammadi &

Ponte Castañeda (2013). Such generalizations are beyond the scope of this work and

will be pursued elsewhere. In addition, it should be recalled that dielectric breakdown

must be considered in the design of microstructures for optimal performance (Bertoldi

& Gei 2011, Siboni & Ponte Castañeda 2014). This will be left for future work, but

based on the recent results of Siboni & Ponte Castañeda (2014) for mechanically

unloaded dielectric elastomer composites, we anticipate that dielectric breakdown

will also play an important role in curtailing the range of allowable electric fields for

mechanical loaded systems, especially when large contrasts in the dielectric properties

of the constituents are involved.
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Chapter 7

Purely Mechanical Problem with

Prescribed Rotation for the

Inclusion Phase

In the previous two chapters we have studied the fiber-constrained DECs with aligned

microstructures under aligned electromechanical loading conditions. For such cases

we have argued that the torque applied on the dielectric inclusions is identically zero,

and thus the effective total energy has been obtained by simply adding the purely

mechanical and (deformation-dependent) electrostatic energies. This observation has

significantly simplified the procedure for obtaining the effective electrostatic energy

of aligned DECs.

For the more general non-aligned cases, it is well-known that the dielectric in-

clusions experience non-zero torques in the presence of electric fields (Landau et al.

1984, Siboni & Ponte Castañeda 2012). Such non-zero electrical torques may cause

the inclusions to undergo extra rotations (in addition to the rotations caused by the

mechanical deformations) in the presence of electric fields. When the relative strength

of the electrostatic and elastic fields are comparable, so are the relative magnitude of

the extra electrostatic rotations and the purely mechanical rotations. For this rea-

son, the extra rotations caused by the electrostatic torques may not be ignored and

one has to make use of the more general Partial Decoupling Strategy of section 3.2.
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It is recalled that the PDS scheme of section 3.2 applies to DECs with particulate

microstructures consisting of rigid inclusions firmly embedded in an ideal dielectric

matrix. For this specific class of DECs we have shown in section 3.2 that the effective

energy may be obtained by the following miminization problem

W̃ (F̄ , D̄) = min
R̄(2)
{W̃me (F̄ ; R̄(2)) + W̃el (F̄ , D̄; R̄(2))} . (7.1)

As it is evident from the above equation, obtaining the effective electro-elastic en-

ergy via the above minimization problem requires explicit expressions for the energies

W̃me (F̄ ; R̄(2)) and W̃el (F̄ , D̄; R̄(2)). Recall that W̃me (F̄ ; R̄(2)) corresponds to the

effective purely mechanical energy of a composite under the macroscopic mechani-

cal load, denoted by F̄ , and prescribed (average) rotations on the inclusion phase.

Similarly, W̃el (F̄ , D̄; R̄(2)) corresponds to the effective electrostatic energy of the

composite under the macroscopic electromechanical load, denoted by F̄ and D̄, and

prescribed rotations for the inclusions.

In this chapter we provide a general procedure for obtaining the effective mechan-

ical energy of two-phase composites consisting of one family of rigid inclusions in an

elastomeric matrix, where the rotation of the inclusions is prescribed a priori. Then

explicit expressions will be obtained for fiber-reinforced composites undergoing 2D

deformations in the plane perpendicular to the long axes of the fibers. The results

of this chapter can be thought of as the generalization of the second-order results of

Lopez-Pamies & Ponte Castañeda (2006a), in which the fibers are freely evolving as a

consequence of the macroscopic mechanical loading, characterized by F̄ . The explicit

expressions obtained in this chapter will be readily used in the following chapter to

obtain the effective energy of fiber-constrained DECs under general non-aligned elec-

tromechanical loading conditions by using the above-described decoupling strategy.

The rest of this chapter is organized as follows. In section 7.1 we describe the varia-

tional problem concerned with the effective purely mechanical energy W̃me (F̄ ; R̄(2))
and explain our solution procedure. In section 7.2 we introduce a new variational

problem in which the phase energies are modified to account for constant per phase
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eigen-stresses. We also establish a relationship between such eigen-stresses and the

externally applied body couples. Section 7.3 is concerned with applying the second-

order homogenization framework of Lopez-Pamies & Ponte Castañeda (2006b) to the

new variational problem with eigen-stress. Finally, in section 7.4 we make use of the

estimates obtained for the new variational problem, in order to obtain the correspond-

ing estimates for composites with prescribed (average) rotations for the inclusions.

7.1 Problem formulation and solution procedure

As mentioned earlier in section 3.2 the effective mechanical energy of two-phase com-

posites with specified (average) rotations for the rigid inclusions, denoted here by

R̄(2), can be obtained via the following variational problem

W̃me (F̄ ; R̄(2)) = min
F̄ ∈K′(F̄ ,R̄(2))

⟨Wme (X,F )⟩0 (7.2)

where ⟨⟩0 denotes the volume average in the reference (undeformed) configuration

and the local energy density in terms of phase energies is given by

Wme (X,F ) =Θ(1) (X)W (1)
me (F ) +Θ(2) (X)W (2)

me (F ) . (7.3)

In (7.2), K′ (F̄ , R̄(2)) denotes the set of admissible deformation maps, x (X), that
satisfy the affine displacement condition on the boundary of the specimen, i.e.,

x = F̄X for X ∈ ∂Ω0, (7.4)

and rigid body rotations in the inclusion phase, i.e.,

F (X) = R̄(2) for X ∈ Ω(2)0 . (7.5)

Recall that in the standard variational problem for obtaining the effective energy
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of two-phase composites, as given by

W̃me (F̄ ) = min
K(F̄ )
⟨Wme (X,F )⟩0 , (7.6)

the inclusions are allowed to evolve (or rotate in the rigid case) “freely”, and their evo-

lution is the consequence of the macroscopic deformation F̄ (e.g., see Lopez-Pamies

& Ponte Castañeda 2006b, Lopez-Pamies & Ponte Castañeda 2006a, for the details

of obtaining the evolution). Unlike the standard variational problem (7.6), where

the inclusions are free to evolve, the rotation of the inclusions in (7.2) is set to a

desired value, denoted here by R̄(2). Note that, in practice, the desired (average)

rotation R̄(2) for the inclusion phase may be achieved by the application of external

body couples (e.g., the electrostatic torques experienced by the dielectric inclusions

in DECs when an electric field is present). In other words, there is a correspondence

between the rotation R̄(2) and the torque applied on the inclusion phase.

Solving the variational problem (7.2) requires generating trial displacement fields

that are in the admissible set K′ (F̄ , R̄(2)). This proves to be a difficult task given

the random nature of the microstructure in the problem at hand. For this reason

we choose to obtain the solution of problem (7.2), indirectly, by solving a new vari-

ational problem. In particular, given the one-to-one correspondence between the

rotation R̄(2) in (7.2) and the external body couples applied on the inclusion, we will

consider a homogenization problem in which the affine displacement (7.4) is applied

on the boundary of the specimen, while and external body couple is applied on the

inclusions. It is emphasized that for this newly defined problem the trial deforma-

tion fields no longer need to satisfy the condition (7.5), but have to be compatible

with rigid rotations in the inclusion phase. Furthermore, the effect of the external

body couples applied on the inclusion phase will be accounted for by introducing

a uniform eigen-stress for the inclusion phase2. The main advantage of using an

2The variational formulations of a continuum in the presence of an external body couple c0 (X)
can be written (e.g., see equation (29) in Merlini 1997) as

∫
Ω0

δWme (F ,X) dV = ∫
Ω0

ax [δFF −1] ⋅ c0 (X)dV, where (ax[A])k ∶= −
1

2
ǫijkAij .

169



eigen-stress formulation (instead of directly using body couples) is that the resulting

variational problem can be cast into a form exactly similar to the standard prob-

lem (7.6), but with appropriately modified phase energies. This will in turn enable

us to conveniently apply the available “second-order” homogenization prescriptions

(Lopez-Pamies & Ponte Castañeda 2006b, Lopez-Pamies & Ponte Castañeda 2006a),

in order to obtain homogenization estimates for the problem at hand.

In the following we first introduce a new variational problem with modified ener-

gies for the phases to account for the effect of eigen-stresses. Using ideas from the

theory of continuum mechanics, we then explain the connection between the eigen-

stresses and body couples. Having established such connections we then proceed to

the solutions of the new variational problem using the “second-order” framework of

Lopez-Pamies & Ponte Castañeda (2006b). Finally, recalling that there exists a one-

to-one correspondence between the body couples applied on the inclusion phase and

the (average) rotation R̄(2), we obtain the solution of the original variational problem

(7.2).

7.2 A variational problem with eigen-stress and

the connection with body couples

In this section we define a new variational problem in terms of the modified phase

energies. The modified energies are obtained by adding a linear term to the original

energy in order to account for the effect of (external) eigen-stresses on each phase.

This will be done for general N -phase composites, first, and then specializations to

two-phase composites will be provided. For simplicity, we drop the subscript “me”

for the purely mechanical energies in the rest of this section.

Thus, the new variational problem is defined as follows

W̃∗ (F̄ ) = min
F ∈K(F̄ )

⟨W∗ (F ,X;M)⟩ , (7.7)

However, for convenience, in this work we make use of an eigen-strain formulation to account for
the effects of external body couples.
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where the modified energy W∗ is defined by

W∗ (F ,X;M) ∶=W (F ,X) +M (X) ⋅F (7.8)

and M (X) is a constant per phase tensor field (or eigen-stress), which can be related

to the body couples. This can be easily shown by first noting that the Euler-Lagrange

equations associated with (7.7) can be written as

DivS∗ = 0 in Ω0, or divT∗ = 0 in Ω, (7.9)

where

S∗ ∶= ∂W∗/∂F and T∗ ∶= J−1S∗F T , (7.10)

are, respectively, the (first) Piola-Kirchhoff and Cauchy stresses associated with the

modified energy (7.8). Next we make use of the integral form for the equilibrium of

angular momentum for an arbitrary body part, as given by

∫
∂B0

x×(S∗N)dS = ∫B0 ρ0c0 (X)dV, and ∫
∂B

x×(T∗n)ds = ∫B ρc (x)dv, (7.11)
in the reference and current configurations, respectively. Here, B0 denotes the arbi-

trary body part in the reference (undeformed) configuration with unit outward normal

N, while B denotes the corresponding body part in the current (deformed) config-

uration with unit outward normal n. Using an appropriate form of the divergence

theorem and the fact that the domain of integration in integrals of (7.11) is arbitrary,

it follows that

S∗F T −FST
∗ = ρ0C0 (X) , or T T

∗ − T∗ = ρC (x) (7.12)

where

C0
mn (X) ∶= −εmnic0i (X) and Cmn (x) ∶= −εmnici (x) , (7.13)

are, respectively, anti-symmetric second-order tensors corresponding to the vector of
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body couple in the reference configuration, c0 (X), and in the deformed configuration,

c (x).
Now to see the connection between the eigen-stresses and body couples, we make

the replacement

S∗ = S +M (X) where S ∶= ∂W
∂F

, (7.14)

into (7.12)1. Thus, the following relationship between the local eigen-stress M (X)
and the local body couple C0 (X) is obtained, i.e.,

M (X)F T −FMT (X) = ρ0C0 (X) , (7.15)

where we have used the objectivity of the potentialW (F ,X) to make the replacement

SF T −FST = 0. The corresponding Eulerian form of (7.15) can also be obtained as

follows

m (X) −mT (X) = ρC (x) , where m (x) ∶= J−1M (x)F T , (7.16)

such that

T∗ = T +m (x) . (7.17)

In other words, the eigen-stress M (x), when written in the Eulerian form, corre-

sponds to the anti-symmetric part of the the Cauchy stress and is equal to the body

couple.

It is emphasized here that unlike M (X), which is taken to be uniform within each

phase of the composite, the local body couple C0 (X) will not in general be uniform

within each phase of the composite due to the potential dependence of the local

deformation gradient F on X. However, as will be seen later on, the homogenization

estimates used in this work predict uniform deformation fields in the inclusion phase

(i.e., F (X) = F̄ (2) for X ∈ Ω(2)0 ), and for such cases the body couple corresponding to

the uniform eigen-stress in the inclusion phase turns out to be uniform. Finally, note

that in the variational problem (7.7) the admissible deformations need not satisfy the

condition (7.5), but have to be compatible with rigid rotations of the inclusions.
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7.3 Second-order estimates for the new variational

problem

An estimate for the solution of the non-linear variational problem (7.7), can be ob-

tained by using the “second-order” homogenization method (Lopez-Pamies & Ponte

Castañeda 2006b, Lopez-Pamies & Ponte Castañeda 2006a). The basic idea behind

the “second-order” method is to make use of an appropriately chosen linear compar-

ison composite (LCC) with the same microstructure as the non-linear composite to

obtain an estimate for the variational problem (7.7). Details of the “second-order”

homogenization method can be found in Lopez-Pamies & Ponte Castañeda (2006b),

Lopez-Pamies & Ponte Castañeda (2006a).

Given the fact that the form of the new variational problem (7.7) is exactly identi-

cal to the problem addressed in the aforementioned papers, estimates for (7.7) may be

conveniently obtained by replacing W (F ,X) by the modified energy W∗ (F ,X;M)
in the appropriate expressions of Lopez-Pamies & Ponte Castañeda (2006b). Thus,

as argued by Lopez-Pamies & Ponte Castañeda (2006b), the “principal” solution (be-

fore the onset of instabilities) associated with the variational problem (7.7) can be

obtained via the stationary problem

Ŵ∗ (F̄ ) = stat
F ∈K(F̄ )

N

∑
r=1
c
(r)
0 ⟨W (r)

∗ (F ;M (r))⟩(r) , (7.18)

where the constitutive properties of each phase are taken to be uniform and as usual

K(F̄ ) denotes the set of admissible deformation gradients, satisfying the affine bound-

ary condition on the boundary of the specimen. Following the prescriptions of Lopez-

Pamies & Ponte Castañeda (2006b), an estimate for the principal solution is obtained

as follows

Ŵ∗ (F̄) ≈ stat
L(s)
{Ŵ∗T (F̄ ;F (s),M (s),L(s)) +

N

∑
r=1
c
(r)
0 V

(r)
∗ (F (r),M (r),L(r))} . (7.19)

In the above equation Ŵ∗T is the homogenized energy of an LCC with the same
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microstructure as the non-linear composite but with the following linear local energy

W∗T (F ,X;M) = N

∑
r=1

Θ(r) (X)W (r)
∗T (F ;M (r)) , (7.20)

where the phase energies are given by

W
(r)
∗T (F ) ∶=W (r)

∗T (F (r)) + L(r)∗ (F (r)) ⋅ (F −F (r))
+ 1

2
(F −F (r)) ⋅L(r) (F −F (r)) , where L(r)∗ (F ) ∶= ∂

∂F
W
(r)
∗ (F ) .

(7.21)

In the above expressions for the phase energies, F (r) and L(r) are, respectively, refer-

ence deformation gradients and moduli tensors for each phase that will be determined

from the analysis that follows. Note that the linear phase energies W
(r)
∗T , defined in

(7.21), correspond to fictitious linear thermoelastic materials with constitutive re-

sponse of the form

S∗ = L(r)∗ (F (r)) +L(r) (F −F (r)) . (7.22)

The corrector functions V
(r)
∗ on the right side of (7.19) account for the non-linearity

of the phase energies, and they are defined by

V
(r)
∗ (F (r),M (r),L(r)) ∶= stat

F̂ (r)
{W (r)

∗ (F̂ (r)) −W (r)
∗T (F̂ (r))} . (7.23)

Estimates for the effective energy of general N phase linear thermoelastic composites

may be obtained by using the work of Ponte Castañeda & Tiberio (2000). As will

be seen later on, in this work we are interested in two-phase particulate composites,

and for this special class such estimates for the LCC can be easily obtained by ap-

propriate generalizations of Levin (1967) relations. Such generalizations along with

other necessary calculations pertaining two-phase linear thermoelastic composites are

provided in Appendix F.

Next, using the stationary conditions associated with (7.19) and (7.23), the effec-

tive energy of the non-linear composites with local energies of the formW∗ (F ,X;M)
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is obtained as follows

Ŵ∗ (F̄ ) = N

∑
r=1
c
(r)
0 {W (r)

∗ (F̂ (r)) + L(r)∗ (F (r)) ⋅ (F̄ (r) − F̂ (r))} . (7.24)

The stationary conditions associated with equations (7.19) and (7.23) read, respec-

tively, as follows

∂Ŵ∗T
∂L(r) + c

(r)
0

∂V
(r)
∗

∂L(r) = 0. (7.25)

L(r)∗ (F̂ (r)) − L(r)∗ (F (r)) = L(r) (F̂ (r) −F (r)) , (7.26)

The condition (7.25) can be further simplified to obtain

C
(r)
F = (F̂ (r) −F (r)) ⊗ (F̂ (r) −F (r)) − (F̄ (r) −F (r)) ⊗ (F̄ (r) −F (r)) (7.27)

where C
(r)
F ∶= ⟨(F − F̄ (r)) ⊗ (F − F̄ (r))⟩(r) is the fluctuation of the deformation gra-

dient in phase r.

7.3.1 Specialization to two-phase particulate composites con-

sisting of compliant phases

In this section we specialize the general results, obtained in previous subsections,

for the case of two-phase particulate composites with random microstructures, as

described in section 3.2. Thus, assuming that M (X) is identically zero in the matrix

phase, i.e.,

M (X) =
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

0 for X ∈ Ω(1)0

M (2) for X ∈ Ω(2)0

, (7.28)

the local energy (7.8) for the special case of two-phase particulate composites reduces

to

W∗ (F ,X;M (2)) = Θ(1) (X)W (1) (F ) +Θ(2) (X)W (2) (F ) +Θ(2) (X) (M (2) ⋅F ) .
(7.29)
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Substituting the local energy (7.29) into (7.24), the effective non-linear energy of

two-phase composites is obtained as follows

Ŵ∗ = (1 − c0) {W (1) (F̂ (1)) + L(1) (F (1)) ⋅ (F̄ (1) − F̂ (1))}
+ c0 {W (2) (F̂ (2)) + L(2) (F (2)) ⋅ (F̄ (2) − F̂ (2)) +M (2) ⋅ F̄ (2)} ,

(7.30)

where

L(r) (F (r)) ∶= ∂W (r)
∂F

(F (r)) for r = 1,2. (7.31)

Next we provide prescriptions for the calculation of the unknowns F̄ (1), F̄ (2), F̂ (1),

and F̂ (2). To this end we note that for two phase composites the average of the

deformation gradient over phase one, F̄ (1), in terms of F̄ (2) can be obtained as follows

F̄ (1) = 1

1 − c0 (F̄ − c0F̄
(2)) . (7.32)

The average F̄ (2) for the special case of two-phase particulate composites may be

obtained by substituting

T (1) ∶= L(1) (F (1)) −L(1)F (1) and T (2) ∶= L(2) (F (2)) −L(2)F (2) +M (2) (7.33)

in expression (F.15) of Appendix F. Thus, we get

F̄ − F̄ (2) = (1 − c0)P [L(1) (F (1) − F̄ (2)) +M (2) − L(1) (F (1)) + L(2) (F (2))] , (7.34)

where the microstructural tensor P is defined in Appendix F, and encodes information

about the details of the microstructure. In obtaining this last expression we have

used the fact that the fluctuation of the deformation gradient in the inclusion phase

is identically zero (i.e., C
(2)
F = 0), because of the Hashin-Shtrikman type estimates

used in the computation of the effective energy for linear two-phase thermoelastic

composites (see Appendix F for more details).

To obtain the unknowns F̂ (1) and F̂ (2), we make use of the stationary conditions

(7.25) and (7.26). First, we note that C
(2)
F = 0, and therefore the stationary condition
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(7.27) for phase two implies

F̂ (2) = F̄ (2). (7.35)

Using (7.35), the stationary condition (7.26) for r = 2, can be shown to lead to an

equation to the effect that the modulus L(2) of phase two in the LCC is given by the

tangent modulus of nonlinear phase two, evaluated at F (2). On the other hand, for

r = 1 it reduces to

L(1) (F̂ (1)) − L(1) (F (1)) = L(1) (F̂ (1) −F (1)) . (7.36)

Finally, the stationary condition (7.25) for phase one of the composite can be further

simplified by using the prescriptions of Lopez-Pamies & Ponte Castañeda (2006b) for

the modulus tensor L(1). Thus, the the modulus tensor L(1) will be taken to have the

following form

L
(1)
ijkl = Q(1)rmQ(1)jn Q(1)sp Q(1)lq R(1)ir R(1)ks L∗mnpq, (7.37)

where it is assumed that L∗ has only nine independent components, denoted here by

lα (α = 1,2,⋯,9). Then the stationary condition (7.25) for r = 1 reduces to

(F̂ (1) −F (1)) ⋅ ∂L
(1)

∂lα
(F̂ (1) −F (1)) = 2

1 − c0
∂Ŵ∗T
∂lα
∣
F (1)

. (7.38)

The right side of the above equation can be computed (see Lopez-Pamies & Ponte

Castañeda 2006b, for more details) as follows

2

1 − c0
∂Ŵ∗T
∂lα
∣
F (1)
= 1

1 − c0 (F
(1) − F̄ ) ⋅ ∂L

(1)
∂lα

(F (1) − F̄ )

− c0

1 − c0 (F
(1) − F̄ (2)) ⋅ ∂L

(1)
∂lα

(F (1) − F̄ (2))

− c0

(1 − c0)2
(F̄ − F̄ (2)) ⋅ [P−1 ∂P

∂lα
P−1] (F̄ − F̄ (2))

(7.39)

In summary, for a given M (2), equations (7.34), (7.36), and (7.38) can be solved to

obtain the components of F̂ (1) and F̄ (2), and the moduli lα (α = 1,2,⋯,9).
In the analysis that follow the reference deformation gradients F (1) and F (2) are
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taken to be equal to F̄ and F̄ (2), respectively.

7.3.2 Specialization to two-phase particulate composites con-

sisting of rigid inclusions

The above general results for two-phase particulate composites with compliant phases

can be easily specialized for the case of composites with rigid inclusions, Thus, for

two-phase composites reinforced by a rigid inclusion phase, the effective energy (7.30),

reduces to

Ŵ∗ = (1 − c0) {W (1) (F̂ (1)) + L(1) (F̄ ) ⋅ (F̄ (1) − F̂ (1))} + c0M (2) ⋅ R̄(2), (7.40)

where we used the fact that F̂ (2) = F̄ (2) = R̄(2) for the rigid phase. The evolution

equation (7.34) for the average particle rotations can also be further simplified (Lopez-

Pamies & Ponte Castañeda 2006b, Lopez-Pamies & Ponte Castañeda 2006a) as follows

(1 − c0) [(R̄(2))T M (2) − (M (2))T R̄(2)] = ⋯
+ (R̄(2))T [(Q − (1 − c0)L(1)) (F̄ − R̄(2))] − [(Q − (1 − c0)L(1)) (F̄ − R̄(2))]T (R̄(2))
+ (1 − c0) [(R̄(2))T L(1) (F̄ ) − (L(1) (F̄ ))T R̄(2)] ,

(7.41)

where Q ∶= P−1. In obtaining the above identity we have used the fact that (see

Lopez-Pamies & Ponte Castañeda 2006b, for more details)

[(R̄(2))T L(2) (F̄ (2)) − (L(2) (F̄ (2)))T R̄(2)] = 0, (7.42)

when the particles become rigid.

7.3.3 Specialization to fiber-reinforced composites undergo-

ing 2D plane-strain deformations

When the composite is constrained to undergo 2D plane-strain deformations the above

general results can be further simplified. Thus, assuming that the deformation of the
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composite is constrained to remain in the X1-X2 plane of the laboratory axes, it can

be argued (see Lopez-Pamies & Ponte Castañeda 2006a, for more details) that only

six in-plane components of L∗ enter the calculations, namely, L∗1111 ∶= l1, L∗2222 ∶= l2,
L∗1212 = L∗2121 ∶= l3, L∗1122 ∶= l4, and L∗1221 ∶=√(l1 − l3) (l2 − l3) − l4. We emphasize that

as pointed out by (Lopez-Pamies & Ponte Castañeda 2006a) the above choices for

the six independent components of L∗ are not unique. Next, given an underlying

coordinate system (e.g., the laboratory axes {X1,X2,X3}) the macroscopic 2D plane-

strain deformation of the composite in the X1-X2 plane can be represented as follows

[F̄ ] = [R̄] [Ū] and [Ū ] = [Q̄] [Λ̄] [Q̄]T , (7.43)

where

[R̄] =
⎡⎢⎢⎢⎢⎢⎣
cos ψ̄ − sin ψ̄
sin ψ̄ cos ψ̄

⎤⎥⎥⎥⎥⎥⎦
, [Q̄] =

⎡⎢⎢⎢⎢⎢⎣
cos θ̄ − sin θ̄
sin θ̄ cos θ̄

⎤⎥⎥⎥⎥⎥⎦
, and [Λ̄] =

⎡⎢⎢⎢⎢⎢⎣
λ̄1 0

0 λ̄2

⎤⎥⎥⎥⎥⎥⎦
. (7.44)

Here the angle ψ̄ denotes the macroscopic in-plane rotation of the sample, θ̄ denotes

the in-plane loading angle, and λ̄1 and λ̄2 denote the principal in-plane stretches. In

the case of rigid inclusions F̄ (2) = R̄(2) takes the following form in the underlying

coordinate system

[R̄(2)] =
⎡⎢⎢⎢⎢⎢⎣
cos ψ̄(2) − sin ψ̄(2)
sin ψ̄(2) cos ψ̄(2)

⎤⎥⎥⎥⎥⎥⎦
, (7.45)

where ψ̄(2) denotes the average in-plane (equilibrium) rotation of the inclusions.

With the above choices for the components of L∗ and the following definition for

the second-order tensor Y

Y ∶= Q̄TR̄T (F̂ (1) − F̄ ) Q̄ (7.46)

the fluctuation equation (7.39) for the special case of 2D plane-strain deformations
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can be re-written as follows

Y 2
11 + 2f1Y12Y21 = 2

1 − c0
∂Ŵ∗T
∂l∗1

∶= k1
Y 2
22 + 2f2Y12Y21 = 2

1 − c0
∂Ŵ∗T
∂l∗2

∶= k2
Y 2
11 + Y 2

22 + 2f3Y12Y21 = 2

1 − c0
∂Ŵ∗T
∂l∗3

∶= k3
2Y11Y22 − 2Y12Y21 = 2

1 − c0
∂Ŵ∗T
∂l∗4

∶= k4,

(7.47)

where the following definitions have been used

f1 ∶= ∂L∗1221
∂l∗1

, f2 ∶= ∂L∗1221
∂l∗2

, and f3 ∶= ∂L∗1221
∂l∗3

. (7.48)

Equations (7.47) can be solved for Y11 and Y22 as follows

Y11 = ± f1k4 + k1√
4f 2

1k2 + 2f1k4 + k1
and Y22 = ± 2f1k2 + k4/2√

4f 2
1k2 + 2f1k4 + k1

. (7.49)

Note that the combinations Y12Y21 and Y 2
12 + Y 2

21 can then be uniquely determined

in terms of Y11 and Y22. Next, each of the two solutions in (7.49) can be used to

obtain F̂ (1) = F̄ + R̄Q̄Y Q̄T , which in turn can be substituted into the stationary

condition (7.26) to obtain four non-linear equations for the five unknowns of the

problem, namely l1, l2, l3, l4, and ψ̄(2). These four equations along with equation

(7.41) for the evolution of the microstructure form a closed system of five non-linear

equations which can be solved for the five unknowns, mentioned earlier.

The above expression can be significantly simplified for the limit when the matrix

phase becomes incompressible. For such limits we can make use of the asymptotic

analysis of Lopez-Pamies & Ponte Castañeda (2006a) to obtain an analytical expres-

sion for the effective energy Ŵ∗ in the incompressibility limit. Thus, after performing

the asymptotic analysis (refer to Appendix G for more details), we obtain the follow-
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ing estimate for the effective energy

Ŵ∗ (F̄ ) = Ŵ∗ (λ̄1, θ̄;M (2)) = (1 − c0) g(1) (Î(1))
+ c0 (M (2)

11 +M (2)
22 ) cosϕ0 − c0 (M (2)

12 −M (2)
21 ) sinϕ0,

(7.50)

where

Î(1) = c0 (1 + λ̄21)
2 + [1 + 2 (c0 − 2) c0λ̄21 + λ̄41]w + c0 (1 + λ̄21)w2

(1 − c0)2 λ̄21w
− c0 (λ̄

4
1 − 1) (w2 − 1)
(1 − c0)2 λ̄21w

sin (ϕ0) sin (ϕ0 − 2θ̄) − 2c0
(1 + λ̄21) (1 +w2)
(1 − c0)2 λ̄1w

cos (ϕ0) .
(7.51)

In the above expressions ϕ0 = ψ̄(2) − ψ̄ denotes the relative rotation of the fibers with

respect to the macroscopic rotation and satisfies the identity

τ̄12 = ĝ′ (1 + λ̄21)
wλ̄21 (1 − c0)

[2λ̄1 (1 +w2) sinϕ0 − (λ̄21 − 1) (w2 − 1) sin (2ϕ0 − 2θ̄)] , (7.52)

where the definition

τ̄12 ∶= (M (2)
12 −M (2)

21 ) cosϕ0 + (M (2)
11 +M (2)

22 ) sinϕ0 (7.53)

has been used for conciseness.

7.4 Estimates for the effective purely mechanical

energy for given rotation of the fibers

Thus far, we have obtained an explicit estimate for the effective energy of two-phase

composites with rigid fibers and modified phase energies of the form (7.8). The results

for incompressible composites undergoing 2D deformations in the plane perpendicular

to the long axes of the fibers are summarized in expression (7.50) for the effective

energy Ŵ∗ (F̄ ;M (2)) and expression (7.52) for the evolution of the microstructure.

In this section we make use of the above result in order to obtain an estimate for
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the effective energy of fiber-reinforced composites when a macroscopic deformation

is specified on the boundary and (average) in-plane rotations are prescribed for the

fibers.

Thus, we note that the effective energy Ŵ∗ (F̄ ) obtained in the previous section

can be interpreted as the (total) potential energy, that is the strain energy stored in

the matrix phase with potentialW (F ) under the combined actions of the macroscopic

deformation F̄ and eigen-stress M (2), plus the work done by the eigen-stress M (2).

To see this more clearly, let us denote the minimizer of the variational problem (7.7),

by F ∗, such that

F ∗ (X) = F (X) forX ∈ Ω(1)0 and F ∗ (X) = R̄(2) forX ∈ Ω(2)0 (7.54)

where

[R̄(2)] ∶=
⎡⎢⎢⎢⎢⎢⎣
cos ψ̄(2) − sin ψ̄(2)
sin ψ̄(2) cos ψ̄(2)

⎤⎥⎥⎥⎥⎥⎦
. (7.55)

Substituting F ∗ (X), given above, into the right side of equation (7.7) and simplifying

the resulting expression, we obtain

Ŵ∗ (F̄ ) = ⟨W (F ∗,X)⟩0 + c0M (2) ⋅ R̄(2). (7.56)

Note that the first term on the right side of (7.56) corresponds to the (effective) energy

stored in the composite when macroscopic deformation is applied on the boundary

and (average) rotations R̄(2) are specified for the fibers, i.e.,

⟨W (F ∗,X)⟩0 = Ŵ (F̄ ; R̄(2)) . (7.57)

Furthermore, and as mentioned earlier, the second term on the right side of (7.56)

corresponds to the work done by the eigen-stress M (2). Therefore, to obtain an

expression for Ŵ (F̄ ; R̄(2)) we can simply solve (7.56), i.e.,

Ŵ (F̄ ; R̄(2)) = Ŵ∗ (F̄ ) − c0M (2) ⋅ R̄(2) = (1 − c0) g(1) (Î(1)) , (7.58)
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where Î(1) is given by (7.51). It is important to emphasize that the final expression for

Ŵ (F̄ ; R̄(2)), obtained above, is exactly identical to the corresponding expression in

Lopez-Pamies & Ponte Castañeda (2006a), except that now the relative in-plane ro-

tation of the fibers is prescribed, and therefore need not satisfy the evolution equation

(30) in Lopez-Pamies & Ponte Castañeda (2006a).

7.5 Concluding remarks

In this chapter we have provided a general homogenization framework for the effec-

tive (purely mechanical) response of particulate composites with prescribed rotations

(or equivalently body couples) for the inclusions phase. The newly developed ho-

mogenization framework takes advantage of a uniform eigen-stress on the inclusion

phase to account for the effects of external body couples, and results in a new vari-

ational problem with modified phase energies. Using the fact that the form of the

new variational problem is exactly identical to the standard problem addressed in

Lopez-Pamies & Ponte Castañeda (2006b), we were able to obtain homogenization

estimates for the new variational problem by replacing the standard phase energies

with the modified phases energies in appropriate expressions of Lopez-Pamies & Ponte

Castañeda (2006b).

Next, we have provided explicit expressions for the effective energy and microstruc-

ture evolution of elastomers reinforced by very long rigid fibers under 2D plane-strain

deformations when a uniform eigen-stress is prescribed on the fibers. Thus the ef-

fective energy of such composites under macroscopic mechanical deformations and

prescribed eigen-stress on the fiber phase is obtained by expression (7.50), while the

in-plane rotation of the fibers is obtained by expression (7.52). Note that in the

absence of external eigen-stresses (i.e., when the fibers are free to rotate), the above-

mentioned expression reduce to the corresponding expressions in Lopez-Pamies &

Ponte Castañeda (2006a), as expected.

Finally, we have obtained explicit expressions for the effective energy of fiber-

constrained composites with prescribed in-plane rotation for the fibers, as given by
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(7.58). The effective energy (7.58) is seen to be exactly identical to the correspond-

ing result in Lopez-Pamies & Ponte Castañeda (2006a) (cf. equation (27) in that

reference), with the only difference that the rotation of the fibers need not satisfy

the evolution equation. This special property is not in general expected to be the

consequence of the “second-order” homogenization procedure or an exclusive feature

of fiber-constrained composites undergoing 2D plane-strain deformations, and may as

well hold for more general cases. Whether this special property continues to hold for

more general cases remains to be proven more formally in future works. However, it is

worthwhile to mention that by using this special property we can conveniently obtain

homogenization estimates for composites with prescribed evolution for the microstruc-

ture, given that the corresponding estimates are available when the microstructure of

the composite is freely evolving as a result of the macroscopic loading.
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Chapter 8

Fiber-constrained DECs: Finite

Deformation Response and

Instabilities Under Non-aligned

Loading Conditions

In this chapter we obtain the effective electromechanical response of fiber-constrained

DECs under general non-aligned loading conditions. For such cases the average in-

plane rotations of the fibers are no longer zero. Recall that the fibers may undergo

in-plane rotations as a consequence of non-aligned mechanical or electrostatic loads.

Obtaining the effective response of DECs under general non-aligned conditions re-

quires the use of the Partial Decoupling Strategy (PDS) of section 3.2, as given by

equations (3.51). In the context of fiber-constrained DECs of chapters 5 and 6, the

partial decoupling strategy may simply be rewritten as follows

W̃ (F̄ , D̄) =min
ψ̄(2)
{W̃me (F̄ ; ψ̄(2)) + W̃el (D̄, F̄ ; ψ̄(2))} , (8.1)

where W̃me (F̄ ; ψ̄(2)) and W̃el (D̄, F̄ ; ψ̄(2)) are, respectively, the purely mechanical and

electrostatic effective energies for a given (in-plane) rotation of the fibers, denoted here

by ψ̄(2). For the perfectly aligned cases of chapters 5 and 6, the in-plane rotations of
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the fibers could be easily argued to be identically zero (i.e., ψ̄(2) = 0) at least up-to

the point of possible development of instabilities, and therefore there was no need

to deal with the general form (8.1) for the effective total energy. For such cases the

effective energy is conveniently obtained via

W̃ (F̄ , D̄) = W̃me (F̄ ) + W̃el (D̄, F̄ ) , (8.2)

where one can use available estimates for the effective purely mechanical energy and

Hashin-Shtrikman type estimate for the effective electrostatic energy. We refer to the

estimate (8.2) for the perfectly aligned case as the “principal” solutions (see chapter

5 for details of obtaining such solutions). For the general case of non-aligned DECs

and when the matrix material is stiff enough (compared to the size of the electrostatic

interactions), we argued that one may be able to use the Partial Decoupling Approxi-

mation (PDA) of section 3.2 to estimate the evolution of the microstructure by using

the solution of the purely mechanical problem, and therefore obtain the approximated

solution

W̃ (F̄ , D̄) ≃ W̃me (F̄ ; ψ̄
(2)
me ) + W̃el (D̄, F̄ ; ψ̄

(2)
me ) , (8.3)

for the effective energy of DECs under non-aligned conditions. Here ψ̄
(2)
me is the (in-

plane) rotation of the fibers, obtained form the purely mechanical homogenization

problem. The approximation (8.3) significantly simplifies the analysis of the DECs,

since, once again, it enables the use of available purely mechanical estimates. How-

ever, such an approximation becomes less accurate as the matrix phase becomes softer

(compared to the size of the electrostatic interactions).

The first objective of this chapter is to use the general form (8.1) in order to

obtain the effective response of DECs under non-aligned loading conditions, which

are expected to be valid for both soft and stiff matrix phases. We will also compare

the effective response of DECs under non-aligned conditions as obtained by the PDA

and PDS schemes, and provide a quantitative measure for the range of validity of the

former.

The second objective of this chapter is to re-evaluate the instability regions for
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DECs under aligned loading conditions of chapters 5 and 6 by making use of the more

accurate effective energy obtained via the PDS scheme3. Note that even though the

effective energy is not expected to change in the perfectly aligned case when using the

more accurate PDS results, the second derivatives of the energy with respect to F̄

and D̄ (used in the evaluation of the instability conditions) may change. Therefore,

using the “principal” solutions of chapters 5 and 6, and the newly obtained effective

energy, we re-calculate the instability regions of aligned DECs and compare them

with the previous results.

8.1 Effective response of DECs under non-aligned

loading conditions

Obtaining the effective response of DECs via the above decoupling strategy requires

the computation of the mechanical and electrostatic energies on the right side of

expression (8.1) for given loadings, F̄ and D̄, and in-plane rotation of the fibers,

ψ̄(2). Explicit expressions for these energies will be provided next.

8.1.1 Effective mechanical energy for a given in-plane rota-

tion of the fibers

An explicit expression for the effective purely mechanical energy of fiber-constrained

composites, as defined by the variational problem

W̃me (F̄ ; ψ̄(2)) = W̃me (λ̄, θ̄; ψ̄(2)) = min
F ∈K′(F̄ ,ψ̄(2))

⟨Wme (F ,X)⟩ (8.4)

is provided in chapter 7. Thus, as shown in Fig. 8.1, we consider a reinforced

elastomer consisting of a single family of rigid cylindrical fibers with elliptical cross-

sections, that are distributed with elliptical symmetry in the plane perpendicular to

3Recall that in the above-mentioned sections we studied the DECs with aligned microstructures
under aligned electromechanical loading conditions. In particular, we investigated the effective
response as well as instabilities by using the “principal” solution.
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the long axes of the fibers. The initial orientation of the fibers is characterized by the

angle β (measured form the positive X1 direction in a counter-clock-wise fashion) in

the reference configuration. As shown in the figure we assume that in the deformed

X1

X2

β
β + ψ̄(2)

F̄

Figure 8.1: Schematics describing the variational problem (8.4). (left) Microstructure
of the composite in the reference configuration, and (right) microstructure of the
composite in the deformed configuration with prescribed rotation ψ̄(2) for the fibers.

configuration the in-plane rotation of the fibers, ψ̄(2), is prescribed. The effective

purely mechanical energy of the above-described composite when the matrix phase

is an (incompressible) Gent elastomer with stored energy of the form given by (2.14)

may be obtained as follows

W̃me (F̄ ; ψ̄(2)) = W̃me (λ̄, θ̄; ψ̄(2)) = (c0 − 1) µ(1)Jm
2

ln[1 − Î − 2
Jm
] , (8.5)

where

Î = c0 (1 + λ̄2)
2 + [1 + 2 (c0 − 2) c0λ̄2 + λ̄4]w + c0 (1 + λ̄2)2w2

(1 − c0)2 λ̄2w
− c0 (λ̄

4 − 1) (w2 − 1)
(1 − c0)2 λ̄2w

sin (ϕ) sin (ϕ + 2β − 2θ̄) − 2c0 (1 + λ̄
2) (1 +w2)

(1 − c0)2 λ̄w
cos (ϕ) ,

(8.6)
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and ϕ denotes the relative rotation of the fibers with respect to the macroscopic

rotation, as defined by

ϕ ∶= ψ̄(2) − ψ̄. (8.7)

The loading parameters λ̄, θ̄, and ψ̄ in the above expressions characterize the macro-

scopic 2D (in the X1-X2 plane) deformation

[F̄ ] = [R̄] [Q̄] [Λ̄] [Q̄]T , (8.8)

where

[R̄] =
⎡⎢⎢⎢⎢⎢⎣
cos ψ̄ − sin ψ̄
sin ψ̄ cos ψ̄

⎤⎥⎥⎥⎥⎥⎦
, [Q̄] =

⎡⎢⎢⎢⎢⎢⎣
cos θ̄ − sin θ̄
sin θ̄ cos θ̄

⎤⎥⎥⎥⎥⎥⎦
, and [Λ̄] =

⎡⎢⎢⎢⎢⎢⎣
λ̄ 0

0 λ̄−1

⎤⎥⎥⎥⎥⎥⎦
. (8.9)

It is remarked here that expression (8.5) for the effective purely mechanical energy of

fiber-reinforced composites with prescribed rotations (ψ̄(2)) for the fibers is exactly

identical (in form) with the corresponding expression when the fibers are allowed to

rotate freely (see equations (5.13) and (5.14) in chapter 5), with the only difference

that now the relative rotation ϕ need not satisfy the evolution equation (5.16) and

must be treated as an independent variable.

8.1.2 Effective electrostatic energy for a given in-plane rota-

tion of the fibers

Estimates for the effective electrostatic energy of DECs with a given in-plane rotation

of the fibers have already been obtained in subsection 5.1.4. For completeness we

summarized the final results in the following. Thus, the effective electrostatic energy

of the DEC may be written as follows

W̃el (λ̄, θ̄, D̄; ψ̄(2)) = 1
2
D̄ ⋅ [Ū Ẽ−1 (Ū ; ψ̄(2)) Ū] D̄, (8.10)
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where the effective deformation-dependent permittivity is given by

Ẽ (Ū ; ψ̄(2)) = ε(1)I + c0
J̄
{Rp (E(2) − ε(1)I)−1RpT + 1

ε(1) P̂0 (Ū)}
−1
. (8.11)

In this last expression for the effective permittivity

[Rp] =
⎡⎢⎢⎢⎢⎢⎣
cosϕ − sinϕ
sinϕ cosϕ

⎤⎥⎥⎥⎥⎥⎦
with ϕ = ψ̄(2) − ψ̄. (8.12)

It is emphasized, once again, that here ψ̄(2) is treated as an independent variable.

8.1.3 Equilibrium rotation of the fibers under general non-

aligned loading conditions

Having obtained explicit expressions for the effective mechanical and electrostatic

energies in terms of the in-plane rotation of the fibers ψ̄(2), we can use (8.1) in order

to obtain the equilibrium in-plane rotation of the fibers under the simultaneous action

of mechanical and electrostatic effects. Thus, for a given macroscopic deformation

F̄ and electric displacement D̄ the equilibrium rotation, denoted here by ψ̄
(2)
eq , is the

minimizer of the following problem

W̃ (λ̄, θ̄, D̄) =min
ψ̄(2)

W̃ (λ̄, θ̄, D̄; ψ̄(2)) , (8.13)

where

W̃ (λ̄, θ̄, D̄; ψ̄(2)) ∶= W̃me (λ̄, θ̄; ψ̄(2)) + W̃el (λ̄, θ̄,D; ψ̄(2)) . (8.14)

Therefore, we can easily conclude that

W̃ (λ̄, θ̄, D̄) = W̃ (λ̄, θ̄, D̄; ψ̄(2) = ψ̄(2)eq ) , (8.15)
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where the equilibrium rotation ψ̄
(2)
eq satisfies the stationary condition

∂

∂ψ̄(2)
W̃ (λ̄, θ̄, D̄; ψ̄(2))∣

ψ̄(2)=ψ̄(2)eq

= 0. (8.16)

Note that the equilibrium rotation would in general depend on mechanical loading

parameters λ̄ and θ̄, as well as the electrostatic loading parameter, D̄, as it is evident

from equation (8.16).

It is emphasized that the energy W̃ (λ̄, θ̄, D̄; ψ̄(2)) may in general be non-convex in

ψ̄(2), and therefore the (stationary) condition (8.16) is not sufficient for determining

the equilibrium value for ψ̄(2). In general, ψ̄
(2)
eq has to satisfy the following conditions

for a global minimum

∂

∂ψ̄(2)
W̃ (λ̄, θ̄, D̄; ψ̄(2))∣

ψ̄(2)=ψ̄(2)eq

= 0, and

W̃ (λ̄, θ̄, D̄; ψ̄
(2)
eq ) ≤ W̃ (λ̄, θ̄, D̄; ψ̄(2)) for all ψ̄(2).

(8.17)

Other solutions of the stationary condition (8.17)1, if they exist, would correspond to

local minima or maxima of the effective rotation-dependent energy W̃ (λ̄, θ̄, D̄; ψ̄(2))
(see further below for more details).

8.1.4 Constitutive relations for fiber-constrained DECs un-

der non-aligned loading conditions

Having obtained the effective energy, as given by (8.15) we may then obtain the

constitutive relations of the DECs under non-aligned conditions by means of relations

(2.11), or their Eulerian equivalents. This requires the computation of the derivatives

of the effective energy with respect to the macroscopic deformation gradient F̄ and

macroscopic electric displacement field D̄, which will be provided in the following.

For the energy functions of the form given by equation (8.15), the macroscopic

Cauchy stress may be conveniently obtained in terms of the derivatives of the energy
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function with respect to the loading parameters λ̄ and θ̄. Thus, we can show that

T̄ = 2R̄T̄BR̄
T − p̄I, (8.18)

where p̄ is the pressure-like Lagrange multiplier accounting for the overall incompress-

ibility of the DEC, and T̄B is the Biot-like stress defined by

T̄B ∶= ∂

∂λ̄
W̃ (λ̄, θ̄, D̄; ψ̄

(2)
eq ) × [Ū ∂λ̄

∂C̄
Ū] + ∂

∂θ̄
W̃ (λ̄, θ̄, D̄; ψ̄

(2)
eq ) × [Ū ∂θ̄

∂C̄
Ū] . (8.19)

Here C̄ = F̄ T F̄ = Ū 2 is the right Cauchy-Green tensor and

[ ∂λ̄
∂C̄
] = 1

2λ̄

⎡⎢⎢⎢⎢⎢⎣
cos2 θ̄ sin θ̄ cos θ̄

sin θ̄ cos θ̄ sin2 θ̄

⎤⎥⎥⎥⎥⎥⎦
, [ ∂θ̄

∂C̄
] = λ̄2

2 − 2λ̄4
⎡⎢⎢⎢⎢⎢⎣
sin 2θ̄ − cos 2θ̄
− cos 2θ̄ − sin 2θ̄

⎤⎥⎥⎥⎥⎥⎦
. (8.20)

Finally, the derivatives of the effective energy with respect to the loading parameters

λ̄ and θ̄ can be evaluated as follows

∂

∂ḡ
W̃ (λ̄, θ̄, D̄) = ∂

∂ḡ
W̃ (λ̄, θ̄, D̄; ψ̄

(2)
eq ) + ∂

∂ψ̄
(2)
eq

W̃ (λ̄, θ̄, D̄; ψ̄
(2)
eq ) × ∂ψ̄

(2)
eq

∂ḡ

= ∂

∂ḡ
W̃ (λ̄, θ̄, D̄; ψ̄

(2)
eq ) for ḡ ∈ {λ̄, θ̄} .

(8.21)

In obtaining the second line we have used the stationary condition (8.17)1. In sum-

mary, equations (8.18) and (8.19) along with the derivative of the energy with respect

to λ̄ and θ̄ given by (8.21) will be used in this work to compute the effective macro-

scopic stress inside DEC samples. Similarly, we can obtain the macroscopic electric

field of the composite as follows

Ē = ∂

∂D̄
W̃ (λ̄, θ̄, D̄) = ∂

∂D̄
W̃ (λ̄, θ̄, D̄; ψ̄

(2)
eq ) + ∂

∂ψ̄
(2)
eq

W̃ (λ̄, θ̄, D̄; ψ̄
(2)
eq ) × ∂ψ̄

(2)
eq

∂D̄

= ∂

∂D̄
W̃ (λ̄, θ̄, D̄; ψ̄

(2)
eq ) ,

(8.22)

where the stationary condition (8.17) is used, once again, in order to arrive at the

second line.
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Figure 8.2: Schematics of the non-aligned setup in the reference (a) and deformed
(b) configurations.

Next we will investigate different aspects of the new estimate obtained in this

chapter in the context of fiber-constrained DECs, defined previously in chapter 5.

In particular, in subsection 8.2.1 we study the equilibrium rotation of the fibers for

given F̄ and D̄, while in subsection 8.2.2 we study the response of DECs under the

electrode boundary conditions. We also compare the results obtained via the partial

decoupling strategy (PDS) of this section, with the corresponding results obtained

via the partial decoupling approximation (PDA), and provide a quantitative measure

for the range of validity of the PDA scheme. Finally, in subsection 8.2.3 we study the

instability maps for the perfectly aligned case when the more accurate PDS energy

is used for the computations of the second derivatives.

8.2 Results for non-aligned DECs

8.2.1 Equilibrium rotation of the fibers

As mentioned earlier, due to the non-convex nature of the energy W̃ (λ̄, θ̄, D̄; ψ̄(2)),
the solution of the stationary condition (8.17)1 for the equilibrium rotation, may not

be unique for a given loading. To further illustrate this, in the following we consider

an example in which the mechanical and electrostatic loads are not aligned with each

other or with the symmetry axis of the fibers. Thus, as can be seen in Fig. 8.2, we
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consider a DEC under generally non-aligned conditions, where the initial orientation

of the fibers is characterized by the angle β. The loading conditions are as follows

D̄ = D̄Ê2 and [F̄ ] = [Ū] = [Q̄] [Λ̄] [Q̄]T , (8.23)

where

[Λ̄] =
⎡⎢⎢⎢⎢⎢⎣
λ̄ 0

0 λ̄−1

⎤⎥⎥⎥⎥⎥⎦
and [Q̄] =

⎡⎢⎢⎢⎢⎢⎣
cos θ̄ − sin θ̄
sin θ̄ cos θ̄

⎤⎥⎥⎥⎥⎥⎦
(8.24)

with λ̄ and θ̄ being the loading parameters. It is emphasized that the true electric

displacement field is obtained using the transformation rule d̄ = J−1F̄ D̄ as follows

d̄ = [sin θ̄ cos θ̄ (λ̄ − λ̄−1) D̄] Ê1 + [(λ̄ sin2 θ̄ + λ̄−1 cos2 θ̄) D̄] Ê2, (8.25)

and is not in general aligned with the X2 direction.

We begin the discussion of our results by considering the perfectly aligned case.

Thus, Fig. 8.3 shows the effective energy as a function of the in-plane rotation of the

fibers ψ̄(2) for different values of the electric displacement D̄/√ε(1)µ(1) = 0,1,2,3,4,5.
As can be seen in Fig. 8.3(a) at no deformations (i.e., when λ̄ = 1) the energy W̃ is

minimized for ψ̄
(2)
eq = ψ̄(2) = 0, independent of the value of the macroscopic electric

displacement field. As we increase the macroscopic stretch this trend continues to

hold for both λ̄ = 1.5 and λ̄ = 2.0, for the specific example shown in Fig. 8.3. For

larger stretches, however, a more complicated behavior is observed, as can be seen in

Fig 8.3(d) for λ̄ = 2.5. For the specific example shown in this figure, we observe that

the effective energy W̃ is non-convex for D̄/√ε(1)µ(1) = 0,1,2,3, while it becomes

convex for larger values of the electric displacement field. The fact that the effective

energy for the purely mechanical case (D̄ = 0), or for cases where the electric fields are
relatively small, is non-convex for large values of the macroscopic stretch (in this case

λ̄ = 2.5), implies that the composite has lost strong ellipticicty (as will be seen later).

Next, recalling the stabilizing effect of the electric fields for cases when the larger in-

plane axis of the fibers is aligned with the fields, we can readily justify the observation

that for large enough values of D̄ the effective total energy becomes convex.
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Figure 8.3: This figure shows the dependence of the effective energy W̃ (λ̄, θ̄, D̄; ψ̄(2))
on the in-plane rotation of the fibers for β = 0○, θ̄ = 0○, and different values of the
electric displacement field. The minima of the energy for each case are marked by
the symbol “●”. (a) λ̄ = 1.0, (b) λ̄ = 1.5, (c) λ̄ = 2.0, and (d) λ̄ = 2.5. In this figure
w = 2, Jm = 100, c = 0.2, and E(2)/ε(1) = 1000.

Figure 8.4 shows the results for DECs with β = 0, when a pure shear deformation,

characterized by the macroscopic stretch λ̄, is applied at an angle θ̄ = 30○. For the

purely mechanical cases, we observe that the equilibrium rotations are negative (i.e.,

fibers undergo clock-wise rotation) and they increase in magnitude as the macroscopic

stretch becomes larger. As the Lagrangian electric displacement field, D̄, increases

the equilibrium rotation decreases (becomes more negative) monotonically for all val-

ues of λ̄ shown in this figure. This can be explained by noting that the equilibrium
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Figure 8.4: This figure shows the dependence of the effective energy W̃ (λ̄, θ̄, D̄; ψ̄(2))
on the in-plane rotation of the fibers for β = 0○, θ̄ = 30○, and different values of the
electric displacement field. The minima of the energy for each case are marked by
the symbol “●”. (a) λ̄ = 1.0, (b) λ̄ = 1.5, (c) λ̄ = 2.0, and (d) λ̄ = 2.5. In this figure
w = 2, Jm = 100, c = 0.2, and E(2)/ε(1) = 1000.
electrostatic orientation of the fibers is determined by the direction of the true electric

displacement field. As explained earlier (see equation (8.25) for more details) under

non-aligned loading conditions the true electric displacement field may have a com-

ponent in the X1 direction, despite the fact that the Lagrangian electric displacement

field is taken to be in the X2 direction. For the specific example of Fig. 8.4 the

direction of the true electric displacement is such that it causes negative rotations in

the fibers.
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Figure 8.5 shows the corresponding results for DECs with β = 60○, under a pure

shear deformation, characterized by the macroscopic stretch λ̄, applied at θ̄ = 30○.

Note that for this specific example the mechanical loading (pure shear at 30○) tends

0

2

4

6

8

10

4

5

3

2

1

0

−π/2 0 π/2
ψ̄(2)

W̃

λ̄ = 1.0

(a)

0

1

2

3

4

5

6

�

8

9

4

5

3

2

1

0

−π/2 0 π/2
ψ̄(2)

W̃

λ̄ = 1.5

(b)

0

2

4

6

8

10

12

14

5

3

2

1

0

−π/2 0 π/2
ψ̄(2)

W̃

λ̄ = 2.0

(c)

2

4

6

8

10

12

14

16

18

20

4

5

3

2

1

0

−π/2 0 π/2
ψ̄(2)

W̃

λ̄ = 2.5

(d)

Figure 8.5: This figure shows the dependence of the effective energy W̃ (λ̄, θ̄, D̄; ψ̄(2))
on the in-plane rotation of the fibers for β = 60○, θ̄ = 30○, and different values of the
electric displacement field. The minima of the energy for each case are marked by
the symbol “●”. (a) λ̄ = 1.0, (b) λ̄ = 1.5, (c) λ̄ = 2.0, and (d) λ̄ = 2.5. In this figure
w = 2, Jm = 100, c = 0.2, and E(2)/ε(1) = 1000.
to rotate the fibers in the positive direction, while the electrostatic loading (electric

displacement field in the X2 direction) tends to rotate the fibers in the negative direc-

tion. Thus, as can be seen in Fig. 8.5(a), in the absence of mechanical loadings (i.e.,

when λ̄ = 1) the equilibrium rotation of the fibers is always negative and its magni-

197



tude increases by increasing the electrostatic loading. This shows the tendency of the

fibers to align themselves with the external electric fields. Figure 8.5(b) shows the

corresponding results for the case where both mechanical and electrostatic loadings

are present at the same time. As can be seen in this figure when λ̄ = 1.5 and D̄ = 0,
the equilibrium rotation of the fibers is in the positive directions. As the electric dis-

placement field increases, up-to a critical value, the equilibrium rotation of the fibers

increases while staying on the positive side. For values of the electric displacement

field larger than this critical value, the effective energy becomes non-convex with the

global minimum on the negative side. Thus increasing the electric displacement be-

yond this critical value causes the orientation of the fibers to suddenly jump form

the positive side to the negative side. For larger values of the deformation (i.e., for

λ̄ = 2,2.5) the fibers always tend to attain positive rotations even after the effective

energy becomes non-convex, see Figs. 8.5(c) and 8.5(d).

In summary, we observe that the interplay between the mechanical and elec-

trostatic effects determines the equilibrium rotation of the fibers in a DEC under

generally non-aligned conditions. Depending on the specific parameters chosen, the

electrostatic and elastic effects may tend to reorient the fibers in opposite direc-

tions, and therefore as the electric fields increase form zero to a large value while the

macroscopic stretch is held fixed, the equilibrium rotation of the fibers may undergo

a sudden jump from a state more favorable when the mechanical effects are more

significant to another state when the electrostatic effects become more significant.

8.2.2 Effective response

In this subsection we study the effective response of DECs under generally non-aligned

loading conditions as obtained by the partial decoupling strategy (PDS) described

earlier in this chapter. We also provide the corresponding results obtained by means

of the partial decoupling approximation (PDA) as well as the “principal” solutions of

chapter 5 and 6 (in the perfectly aligned cases) for comparison purposes.

Thus, for the purposes of this subsection we consider a dielectric actuator made

out of a DEC sample with initially non-aligned (with the coordinate axes) microstruc-
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ture, as can be seen in Fig. 8.6. In the absence of external tractions and after the

β
∆
v
=0

(a)

−ψ̄(2)

+ψ̄(2)

∆
v
=v 0

(b)

Figure 8.6: Schematics of a dielectric actuator made out of a DEC with non-aligned
(with the coordinate axes) microstructure sandwiched between two compliant elec-
trodes. (a) The actuator in the reference configuration and (b) the actuator in the
deformed configuration (i.e., after the application of the voltage). Note that the
external tractions are assumed to be zero.

application of the voltage, the composite is expected to undergo an in-plane defor-

mation of the form

F̄ =
⎡⎢⎢⎢⎢⎢⎣
F̄11 F̄12

0 1/F̄11

⎤⎥⎥⎥⎥⎥⎦
, (8.26)

where

F̄11 =
√
1 + (λ̄4 − 1) cos2 θ̄

λ̄

F̄12 = sin θ̄ cos θ̄ (λ̄3 − λ̄−1)√
1 + (λ̄4 − 1) cos2 θ̄

.

(8.27)

On the other hand, due to the presence of the conducting electrodes, the Eulerian

and Lagrangian electric fields are aligned with the X2 direction, such that

ē = F̄11v0

h0
Ê2 and Ē = v0

h0
Ê2, (8.28)

where h0 denotes the height of the sample in the reference configuration. Note that

both the Eulerian and Lagrangian electric displacement fields will have a component

in the X1 direction when β ≠ 0, π/2, since for such cases the principal axes of the

effective permittivity are no longer aligned with the coordinate axes.

As discussed earlier in the previous subsection at certain points in a given load-
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ing path the effective energy of the composite may become non-convex. For such

non-convex energies the stationary condition (8.17)1 can at most have three distinct

solutions. In the following results, the stationary value corresponding to the global

minimum of (8.15) will be used to compute the effective response of DECs. Results

will be provided for both PDA and PDS schemes as well as the principal solution of

chapters 5 and 6, for comparison purposes.

We begin our discussion by considering the perfectly aligned case (i.e., β = 0○).
Thus, Fig. 8.7, shows the effective response of a DEC consisting of fibers with aspect

ratio w = 2 under the perfectly aligned conditions. Figures 8.7(a) and 8.7(b) show the

Lagrangian electric and electric displacement fields as functions of the stretch λ̄, while

Figs. 8.7(c) and 8.7(d) show the corresponding results for the loading angle θ̄ and

the shear component of the macroscopic deformation, F̄12. Finally Figs. 8.7(e) and

8.7(f) show the evolution of the microstructure as determined by the in-plane rotation

of the fibers ψ̄(2) or the relative rotation ψ̄(2) − ψ̄. As can be seen in these figures,

up-to a certain deformation (λ̄ = λ̄Br ≃ 2.2 for the specific example shown here), the

response of the DEC obtained via the PDA scheme (the red solid curves) coincides

exactly with the principal solution (black dashed curves). For larger deformations,

however, the response obtained by the PDA scheme branches out (from the principal

solution) into a lower energy solution. Recall that in the PDA scheme the rotation of

the fibers are obtained from the solution of the purely mechanical problem, and for

large values of the deformation (λ̄ ≳ 2.2 for the specific example shown in this figure)

such solutions are known to bifurcate. In fact, the purely mechanical energy can be

shown to be non-convex with two local minima at ψ̄
(2)
eq = ±ψ∗, corresponding to the

additional PDA branches seen in the figures. Note that even though the two branches

corresponding to ψ̄
(2)
eq = ±ψ∗ are different in their microstructural states, as can be seen

in Figs. 8.7(e) and 8.7(f), they have the same Ē-λ̄ (or D̄2-λ̄) response curves, as can

be seen in Figs. 8.7(a) and 8.7(b). It is also worthwhile to mention that the branching

of the PDA results always happens after the loss of strong ellipticity of the purely

mechanical energy. As will be seen in the next subsection, for the specific DEC of

Fig. 8.7, loss of ellipticity of the purely mechanical energy happens for λ̄ = λ̄LE ≃ 1.88,
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Figure 8.7: The response of a DEC with β = 0○ under the electrode boundary
condition and zero external tractions. (a) Electric field, (b) electric displacement
field, (c) loading angle, (d) F̄12, (e) equilibrium rotation, and (f) relative rotation as
functions of λ̄. In this figure Jm = 100, E(2)/ε(1) = 1000, and w = 2, c = 0.2.

201



which is seen to be smaller than λ̄Br. On the other hand, the response of the DEC as

obtained by the PDS scheme (solid blue curves) never bifurcates from the principal

solution, at least for the range of stretches shown in the figure, due to the stabilizing

effect of the electric fields (recall that particles tend to align their longer in-plane axis

with the external electric fields).

Figure 8.8 shows the corresponding results for a DEC consisting of fibers with

aspect ratio w = 3. As can be seen from these figures the branching of the PDA

response curves from the principal solution occurs at a smaller stretch (λ̄ = λ̄Br ≃ 1.7
for the example shown in this figure). This can be explained by noting that fiber-

constrained composites consisting of fibers with larger aspect ratios are mechanically

less stable under the pure shear loading conditions considered here. The loss of

ellipticity for the purely mechanical energy of the composite considered in Fig. 8.8

happens for λ̄ = λ̄LE ≃ 1.5, which is seen to be smaller than the branching stretch.

For the DEC considered in Fig. 8.8 the PDS response curves branch out into a

lower energy solution, as well. Note that even though the differences between the

PDS and principal solutions in Figs. 8.8(a) and 8.8(b) are very small, the branching

of the PDS solution can be easily observed in Figs. 8.8(c)-8.8(f). As can be seen in

the figures, the branching of the PDS results happens at larger stretches (compared

to the PDA results) due to the stabilizing effects of the electric fields. Furthermore,

the branching of the PDS solutions is seen to happen more smoothly. Finally, unlike

the PDA results, for which the branching happens after the loss of ellipticity of the

purely mechanical energy, the branching of the PDS results happens before the loss

of ellipticity of the principal solution. For the specific DEC shown in this figure, the

branching of the PDS response curves occurs for λ̄ = λ̄Br ≃ 2.75 while the principal

solution loses ellipticity for λ̄ = λ̄LE ≃ 3.0. Recall that in a displacement-controlled

experiment loss of ellipticiy is known to be the first instability observed. The fact

that the branching of the PDS results happens before the loss of ellipticity of the

principal solution suggests that the material may be undergoing a different type of

instability due to the unconventional electrode boundary conditions considered in our

problem. Understanding the nature of the instabilities resulting in the branching of
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Figure 8.8: The response of a DEC with β = 0○ under the electrode boundary
condition and zero external tractions. (a) Electric field, (b) electric displacement
field, (c) loading angle, (d) F̄12, (e) equilibrium rotation, and (f) relative rotation as
functions of λ̄. In this figure Jm = 100, E(2)/ε(1) = 1000, and w = 3, c = 0.2.
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the PDS solutions requires a more through investigation of the instabilities under the

electrode boundary condition and will be addressed in future works.

Figure 8.9 shows the results for DECs with β = 22.5○, while Fig. 8.10 shows the

zoomed in versions. As shown in Figs. 8.9(a) and 8.9(b) the response of the DECs

as obtained by the PDA scheme is initially in good agreement with the response

obtained by the more accurate PDS scheme. This suggests that for small values

of the fields (i.e., when the mechanical effects are dominant) the PDA scheme can

provide accurate estimates for the effective response of the DECs. However, as the

electric fields increase, and therefore the electrostatic effects become dominant, the

PDA scheme loses its accuracy. In fact, as can be seen from Fig. 8.10(b), one can

define

κ ∶= 1

µ(1) ×
D̄2

2

ε(1) (8.29)

as a measure for the relative strength of the electrostatic and mechanical effects.

When κ≪ 1, the mechanical effects are stronger (relative to the electrostatic effects),

and therefore the difference between the response curves, as obtained by the PDA

and PDS schemes, are negligible. On the other hand, when κ ≳ 1 the electrostatic

effects are comparable with or stronger than the mechanical effects, and therefore the

difference between the PDA and PDS schemes may not be ignored.

It is emphasized that at the microstructre level the two schemes result in different

solutions, even for very small electric fields (i.e., when κ≪ 1). In particular, as can be

seen in Figs. 8.9(c)-8.9(f) (or the corresponding zoomed in versions), according to the

PDA results the fibers tend to undergo positive in-plane rotations, while according

to the PDS results the fibers tend to undergo negative rotations. Note that when

using the PDA scheme the fiber rotations are determined by the purely mechanical

problem. (Recall that in the purely mechanical problem fibers tend to align their

longer in-plane axes with the direction of the larger principal stretch, i.e., the X1

direction for the example shown here.) For the specific example of Figs. 8.9 and

8.10, this causes the fibers to undergo positive rotations in the purely mechanical

problem, and therefore the rotation of the fibers as determined by the PDA scheme is
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Figure 8.9: The response of a DEC with β = 22.5○ under the electrode boundary
condition and zero external tractions. (a) Electric field, (b) electric displacement
field, (c) loading angle, (d) F̄12, (e) equilibrium rotation, and (f) relative rotation as
functions of λ̄. In this figure Jm = 100, E(2)/ε(1) = 1000, and w = 2, c = 0.2.
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Figure 8.10: Zoomed in version of Fig. 8.9. (a) Electric field, (b) electric displacement
field, (c) loading angle, (d) F̄12, (e) equilibrium rotation, and (f) relative rotation as
functions of λ̄. In this figure Jm = 100, E(2)/ε(1) = 1000, and w = 2, c = 0.2.

206



positive. On the other hand, when using the PDS scheme the rotations are obtained

from the coupled electromechanical problem in which both mechanical and electrical

effects are present. In particular, in the presence of both mechanical and electrical

loadings, there exist at most two favorite orientations for the fibers; a mechanical

orientation and an electrostatic orientation. The mechanical orientation characterizes

the tendency of the fibers for aligning their longer in-plane axes with the direction

of the larger principal stretch (i.e., X1 direction for the example shown here), while

the electrostatic orientation characterizes the tendency of the fibers for aligning their

longer axes with the direction of the applied electric field (i.e., X2 direction for the

example shown here). Thus, the equilibrium orientation of the fibers is the result of

the complex interplay between these two effects. For the specific example of Figs. 8.9

and 8.10, the electrostatic orientation turns out to be the more favorable one, and

therefore when using the PDS scheme fibers tend to undergo negative rotations, even

for very small fields.

Figures 8.11 and 8.12 show the corresponding results for a DEC with β = 45○. As

can be seen from the figures both PDA and PDS responses are qualitatively similar

to the corresponding results for DECs with β = 22.5○. However, when β = 45○ the

magnitude of the fiber rotations as obtained by the PDA scheme are smaller than

the corresponding values for DECs with β = 22.5○. This can be explained by noting

that in the purely mechanical problem fibers tend to align their longer axes with

the X1 direction, and therefore smaller initial misalignment with the X1 direction

(i.e., larger β) results in a smaller rotation. On the other hand, when β = 45○, the
magnitude of the fiber rotations as obtained by the PDS scheme is larger than the

corresponding values for DECs with β = 22.5○. This is due to the fact that in the PDS

scheme the rotations are determined by the direction of the applied electric fields (i.e.,

X2 direction), and therefore a larger misalignment with this direction (i.e., larger β)

results in a larger electrostatic torque and consequently a larger rotation.

Figures 8.13 and 8.14 show the corresponding results for a DEC with β = 67.5○.
Note that the magnitude of the fiber rotations as obtained by the PDA scheme is

very small for this case due to the very small misalignment of the fibers with the X1
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Figure 8.11: The response of a DEC with β = 45○ under the electrode boundary
condition and zero external tractions. (a) Electric field, (b) electric displacement
field, (c) loading angle, (d) F̄12, (e) equilibrium rotation, and (f) relative rotation as
functions of λ̄. In this figure Jm = 100, E(2)/ε(1) = 1000, and w = 2, c = 0.2.
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Figure 8.12: Zoomed in version of Fig. 8.11. (a) Electric field, (b) electric dis-
placement field, (c) loading angle, (d) F̄12, (e) equilibrium rotation, and (f) relative
rotation as functions of λ̄. In this figure Jm = 100, E(2)/ε(1) = 1000, and w = 2, c = 0.2.
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Figure 8.13: The response of a DEC with β = 67.5○ under the electrode boundary
condition and zero external tractions. (a) Electric field, (b) electric displacement
field, (c) loading angle, (d) F̄12, (e) equilibrium rotation, and (f) relative rotation as
functions of λ̄. In this figure Jm = 100, E(2)/ε(1) = 1000, and w = 2, c = 0.2.
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Figure 8.14: Zoomed in version of Fig. 8.13. (a) Electric field, (b) electric dis-
placement field, (c) loading angle, (d) F̄12, (e) equilibrium rotation, and (f) relative
rotation as functions of λ̄. In this figure Jm = 100, E(2)/ε(1) = 1000, and w = 2, c = 0.2.
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direction (i.e., the direction of the larger principal stretch). On the other hand, the

rotations as obtained by the PDS scheme are very large when β = 67.5○, due to the

very large misalignment between the fibers and the X2 direction (i.e., the direction

of the applied electric fields).

Figure 8.15 shows the corresponding results for DECs with β = 90○ and w = 2.

As can be seen in this figure, the response of the DEC as obtained by the PDA

scheme coincides exactly with the principal solution. Recall that in the PDA scheme

the rotation of the fibers is obtained from the purely mechanical problem. Thus, for

DECs with β = 90○ (i.e., when the longer axes of the fibers is aligned with the X1

direction), the rotation of the fibers is identically zero. For this reason, the PDA

results are exactly identical to the principal solution, when β = 90○.
The PDS results coincide with the principal solution up-to a certain deforma-

tions (λ̄ = λ̄Br ≃ 2.4, for the example shown here). As the deformation progresses

beyond this value, the PDS solution branches out into two lower energy solutions

with identical electric fields but different microstructural details. These new lower

energy solutions correspond to cases where the in-plane rotations of the fibers are

approximately equal to ±π2 , as can be seen in Fig. 8.15(e). This is easily explained

by recalling the tendency of the fibers to reorient their longer in-plane axes with the

external electric fields.

Finally, Fig. 8.16 shows the corresponding results for a DEC with β = 90○ and w =
3. It is seen from this figure that the branching of the PDS solutions happens earlier

(for the specific example shown here the branching happens for λ̄ = λ̄Br ≃ 1.9). This

is due to the fact that fibers with larger aspect ratios experience larger electrostatic

torques, and therefore are (electrostatically) less stable.

Thus far we have studied the response of DECs with both aligned and non-aligned

microstructures as obtained by the PDA and PDS schemes. We have shown that

both PDA and PDS solutions branch out from the principal solution for the perfectly

aligned case (i.e., when β = 0○), while only the PDS solutions branch out from the

principal solution when β = 90○. As mentioned earlier the branching of the PDA

solutions is seen to happen after the onset of the loss of ellipticity for the purely
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Figure 8.15: The response of a DEC with β = 90○ under the electrode boundary
condition and zero external tractions. (a) Electric field, (b) electric displacement
field, (c) loading angle, (d) F̄12, (e) equilibrium rotation, and (f) relative rotation as
functions of λ̄. In this figure Jm = 100, E(2)/ε(1) = 1000, and w = 2, c = 0.2.
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Figure 8.16: The response of a DEC with β = 90○ under the electrode boundary
condition and zero external tractions. (a) Electric field, (b) electric displacement
field, (c) loading angle, (d) F̄12, (e) equilibrium rotation, and (f) relative rotation as
functions of λ̄. In this figure Jm = 100, E(2)/ε(1) = 1000, and w = 3, c = 0.2.
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mechanical energy, and therefore corresponds to an instability of the shear band type.

On the other hand, the branching of the PDS solutions for the electrode boundary

conditions considered here, is seen to happen before the onset of loss of ellipticity

for the principal solution, and therefore does not necessarily correspond to a shear

band type instability. In the following subsection, we investigate in more details the

instabilities using the more accurate PDS scheme.

8.2.3 Instabilities

In chapter 5 we have studied instabilities for DECs with aligned microstructures un-

der aligned loading conditions. In this subsection we investigate such instabilities

for the principal solution of aligned DECs under aligned loading conditions by using

the more accurate PDS effective energies. In particular, the components of the effec-

tive electromechanical moduli (which are used in the instability conditions) will be

computed by using the effective energies obtained by the PDS scheme.

Figure 8.17 shows the principal solution along with the (newly computed) in-

stability regions for DECs with different aspect ratios, while Fig. 8.18 shows the

corresponding results as computed by the prescriptions of chapter 5, for comparison

purposes. Note that the aligned LPD regions are exactly identical to the correspond-

ing results provided in chapter 5, as can be seen in Figs. 8.17 and 8.18. This is due to

the fact that the second derivatives of the effective energy when computed along the

loading directions are the same for the new PDS calculations and old calculations of

chapter 5. On the other hand the non-aligned LPD and LE regions, as shown in Fig.

8.17, change dramatically from the corresponding calculations of chapter 5, shown in

Fig. 8.18, when using the more accurate PDS energy to compute the electromechan-

ical moduli of the DEC. Note that the non-aligned LPD and LE conditions involve

second derivatives of the effective energy in directions orthogonal to the macroscopic

loading directions, and such derivatives may change dramatically when using the new

PDS energies.

To better understand the difference between the results shown in Figs. 8.17 and

8.18, it is useful to look at the behavior of Ã1212 as a function of λ̄ for different
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Figure 8.17: This figure shows the response curve (normalized voltage vs λ̄) along
with the instability regions as computed by using the new PDS effective energies. (a)
w = 2, (b) w = 2.5, (c) w = 3, and (d) w = 3.5. In this figure c = 0.2, Jm = 100, and
E(2)/ε(1) = 1000.

216



1 1.5 2 2.5 3 3.5 4

0

0.5

1

1.5

λ̄

Ē
√ µ
(1)
/ε(

1
)

(a)

1 1.5 2 2.5 3 3.5 4

0

0.5

1

1.5

λ̄
Ē
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Figure 8.18: This figure shows the response curve (normalized voltage vs λ̄) along
with the instability regions as computed by the prescriptions of chapter 5. (a) w = 2,
(b) w = 2.5, (c) w = 3, and (d) w = 3.5. In this figure c = 0.2, Jm = 100, and
E(2)/ε(1) = 1000.
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macroscopic electric displacement fields D̄ = D̄2Ê2. Thus, Fig. 8.19 shows the moduli
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Figure 8.19: This figure shows the behavior of Ã1212 as computed by the prescriptions
of chapter 5 (dashed black line) and the new PDS scheme (solid black line). The non-

elliptic regions are shown for comparison. (a) D̄2/
√
µ(1)ε(1) = 0, (b) D̄2/

√
µ(1)ε(1) = 1,

(c) D̄2/
√
µ(1)ε(1) = 2, and (d) D̄2/

√
µ(1)ε(1) = 3. In this figure c = 0.2, w = 2, Jm = 100,

D̄1 = 0, and E(2)/ε(1) = 1000.
component Ã1212 as obtained by the prescriptions of chapter 5 and the new PDS

prescriptions. Note that the onset of an LE instability can be recognized when the

moduli component Ã1212 becomes zero. As can be seen in Fig. 8.19(a), in the absence

of electric fields Ã1212 becomes negative (for the first time) at λ̄LE ≂ 1.7, for both

calculations. However, it is seen that for larger values of the stretch (i.e., λ̄ ≳ 2.2)
Ã1212 as computed by the prescription of chapter 5 become positive, while Ã1212 as

computed by the new PDS scheme remains negative. Similar trends are observed for
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D̄2/
√
µ(1)ε(1) = 1, as shown in Fig. 8.19(b). As can be seen in Figs. 8.19(c) and

8.19(d), for larger values of the applied electric displacement (i.e., D̄2/
√
µ(1)ε(1) =

2,3), Ã1212 as computed by the prescriptions of chapter 5 never becomes negative.

Therefore, for certain ranges of the applied voltage fiber-constrained DECs under

the electrode boundary conditions never lose ellipticity according to the calculations

of chapter 5 (e.g., the DEC shown in Fig. 8.18(c) never loses ellipticity for fixed

Ē/√µ(1)/ε(1) = 0.5). On the other hand, Ã1212 as computed by the PDS scheme

becomes negative for large enough values of λ̄, even for relatively large applied fields.

For this reason, according to the new calculations the principal solution is seen to

lose ellipticity for large stretches (e.g., the DEC shown in Fig. 8.17(c) loses ellipticiy

for λ̄ ≃ 4.0 at fixed Ē/√µ(1)/ε(1) = 0.5).
It is emphasized here that one-sided derivatives are used in the old calculations of

chapter 5 for the computation of the 2nd derivatives of the energy. Such an interpre-

tation results in positive values for the second 2nd derivatives (or curvatures) of the

energy when the energy develops a kink. For this reason, the modulus component

Ã1212, as computed by the prescriptions of chapter 5, becomes positive (again) as the

deformation progresses (see Figs. 8.19(a) and 8.19(b)). For the same reason Ã1212, as

computed by the prescription of chapter 5, never becomes negative for larger values

of the field, as can be seen in Figs. 8.19(c) and 8.19(d). On the other hand, in the

new calculations we consider a more correct “sub-differential” interpretation for the

2nd derivatives, which provide negative values for the curvature when the energy de-

velops a kink. Therefore, Ã1212 as computed by the new prescriptions always becomes

negative for large enough deformations.

Finally, Fig. 8.20, shows the instability regions in the t̄1-t̄2 plane for different values

of the electric displacement field in the X2 direction. As can be seen in Figs. 8.20(a)

and 8.20(b), when the applied field is zero or small (i.e., for D̄/√ε(1)µ(1) = 0,1.15),
the instability regions are qualitatively similar to the corresponding results of chap-

ter 6. On the other hand, when the applied fields are larger (i.e., for D̄/√ε(1)µ(1) =
3.45,5.75), the non-aligned LPD regions are seen to be different from the correspond-

ing results of chapter 6, as shown in Figs. 8.20(c) and 8.20(d). As mentioned earlier,
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Figure 8.20: This figure shows the stability and various instability regions (on the
t̄1-t̄2 plane), as computed by the new PDS scheme, for different values of the electric

displacement. (a) D̄/√ε(1)µ(1) = 0, (b) D̄/√ε(1)µ(1) = 1.15, (c) D̄/√ε(1)µ(1) = 3.45,
and (d) D̄/√ε(1)µ(1) = 5.75. In this figure w = 2, c = 0.355, Jm = 100, and E(2)/ε(1) =
1000.
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this is due to the fact that the non-aligned LPD condition involves second deriva-

tives of the effective energy in directions perpendicular to the macroscopic loading

directions, and such derivatives are expected to change when using the new PDS

scheme.

8.3 Concluding remarks

In this chapter we have studied the effective response and evolution of the microstruc-

ture for fiber-constrained DECs under general non-aligned loading conditions. We

have considered both the PDA scheme, in which the rotations are obtained from

the solution of the purely mechanical problem, and the PDS scheme, in which the

rotations are obtained via the more general conditions (8.17). We have also stud-

ied instabilities for perfectly aligned DECs under aligned loadings by using the more

accurate PDS energies.

Our results show that both PDA and PDS schemes bifurcate from the principal

solution for cases where β = 0○. For such cases, we have seen that the branching of the

PDA solutions happens after the loss of ellipticity of the purely mechanical energy,

and therefore can be recognized as a shear-band type instability. On the other hand,

we have seen that the branching of the PDS results when β = 0○ happens after the loss
of ellipticity of the principal solution. Thus, we have argued that the branching of

the PDS solutions might be a signal for a different type of instability which happens

before the loss of strong ellipticity of the principal solution, due to the electrode

boundary conditions considered here. For cases where β = 90○, our results show that

the PDS solutions bifurcate from the principal solution, due to the tendency of the

fibers to align their longer in-plane axes with the direction of the applied field.

Finally, it is worthwhile to mention that the effective response of non-aligned

DECs, as obtained in this chapter, may be used to obtain the effective response of

DECs in the post-bifurcated deformation regime, which may be consisting of lam-

inated microstructures with equal and opposite orientations for the fibers in each

layer (Avazmohammadi & Ponte Castañeda 2014). As depicted in Fig. 8.21, as the
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loading increases on a given loading path, the DEC follows the principal solution,

in which all the fibers are aligned with each other, until the onset of an instability

(e.g., loss of ellipticity). Increasing the loads beyond the onset of this instability, may

Pre-Bifurcation

Figure 8.21: Schematics for a DEC sample developing shear band instabilities as the
load increases, and a candidate form for the post-bifurcated solution which consists
of a two-scale layered microstructure.

cause the initially aligned fibers to reorient themselves in such a way that a lower

energy configuration is achieved. As mentioned in the introduction, this opens up

the possibility of operating DECs in their post-bifurcated (and mechanically softer)

deformation regimes to achieve higher electrostrictive strains.
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Chapter 9

Closure

In this thesis we have developed a coupled homogenization framework for the effec-

tive response and stability of dielectric elastomer composites at finite deformations

when subjected to coupled electromechanical loading conditions. Our homogeniza-

tion framework is based on a partial decoupling strategy in which the general coupled

electroelastic problem is split into a purely mechanical and an electrostatic problem

which are linked together by a set of kinematical parameters–serving to character-

ize the evolved microstructure of the composite. The framework developed here is

capable of accounting for (mechanical or electrical) inter-particle interactions. More

importantly, the decoupling strategy introduced in this work enables us to accurately

capture the effect of extra rotations due to the electrostatic torques exerted on the

inhomogeneities by the external electric fields.

After reviewing the background materials of electroelasticity in chapter 2, in

chapter 3, we have proposed the coupled homogenization framework for electro-

elastic composite materials at finite strains. Furthermore, this framework has been

used to develop constitutive models for electro-active composites consisting of initially

aligned, rigid dielectric particles distributed randomly or periodically in a dielectric

elastomer matrix. A decoupling strategy has been proposed in this chapter for DECs

with ideal dielectric matrix phases. The strategy consists in writing the electro-

elastic homogenization problem in terms of a “purely mechanical” homogenization

problem in the reference configuration and a “purely electrostatic” homogenization
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problem in the deformed configuration, coupled only through a set of kinematical pa-

rameters serving to describe the deformed microstructure of the DECs. For random

composites or for periodic composites with a single inclusion in each unit-cell the

only kinematical parameter which couples the purely mechanical and electrostatic

problems is the rotation of the particles. For periodic DECs with more than one

inclusion per unit-cell (e.g., in the post-bifurcation deformation regime) the set of

kinematical parameters includes the new positions and orientations of all the inclu-

sions in the unit-cell. For DECs with random microstructures, and before the onset

of instabilities, the effective behavior is determined by expression (3.35) for the ef-

fective electro-elastic energy, in terms of the mechanical energy function (3.36) of a

composite with prescribed particle rotations and given deformation on its boundary,

and the corresponding electrostatic energy (3.50) in the deformed configuration. The

corresponding expression for periodic DECs with only one inclusion in the unit cell

(i.e., before the onset of instabilities), are given by (3.80), while the corresponding

results for cases where each unit cell includes more than one inclusion are given by

(3.74). These results may be simplified further by taking the particle rotations to

be given by the solution of the corresponding purely mechanical problems when the

particles are allowed to rotate freely with the imposed deformation. Such a “partial

decoupling” approximation (first introduced by Ponte Castañeda & Galipeau 2011,

in the context of magneto-elastic composites) has been shown recently by Siboni &

Ponte Castañeda (2012) to be exact for infinitesimal deformations in the “stiff ma-

trix” limit (i.e., when the matrix stiffness is large compared to the electric effects, so

that the additional rotations due to the presence of the electric fields are negligible

compared to the rotations induced by the deformation).

The new estimates for the DECs developed in chapter 3 rely on corresponding

estimates for the purely mechanical behavior of such material systems consisting of

elastomers reinforced by aligned rigid inclusions. Such estimates may be obtained

by means of the “second-order” linear comparison homogenization methods (Ponte

Castañeda & Tiberio 2000) for both random and periodic composites (Lopez-Pamies

& Ponte Castañeda 2006b, Brun et al. 2007, Michel et al. 2010b). On the other
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hand, estimates for the electrostatic energy function in the deformed configuration

are obtained in this chapter by adaptation of the Hashin-Shtrikman-type estimates

for random or periodic DECs (Ponte Castañeda & Willis 1995, Nemat-Nasser et al.

1982) with linear dielectric behaviors for the inclusion phase. The resulting estimates

lead to deformation-dependent predictions for the effective dielectric permittivity of

the DECs, giving rise to “extra” stresses beyond the purely mechanical stress and the

Maxwell-like stress in the composite. In other words, the macroscopic electromechani-

cal response of the composite is not that of an “ideal dielectric elastomer” (Zhao & Suo

2008), even when the matrix material is assumed to be an ideal dielectric elastomer

itself. We argue in this chapter that this phenomenon is linked to the deformation-

induced configurational changes in the microstructure of the DEC. Thus, it has been

found that changes in the volume fraction, distribution (i.e., the shape of the unit

cell in the periodic case and the shape of the distributional ellipsoids in the random

case), and orientation of the inclusions, all contribute to the electrostrictive stresses

developed in DECs. While the distributional changes have an effect of order quan-

tity squared in the initial volume fraction of the particles on the macroscopic stress,

changes in the particle orientation induced by the applied deformation can be of order

volume fraction, and therefore more significant for small concentrations. (This last

observation is important because larger particle volume fraction although enhancing

the electro-mechanical coupling in the composite also leads to a stiffer overall mechan-

ical response for the composite, and therefore does not necessarily lead to improved

actuation capabilities.)

In chapter 4 we have developed a general homogenization framework for DECs

in the limit of infinitesimal deformations. The framework has been used to obtain

estimates for the effective response of two-phase DECs with random particulate mi-

crostructures. Our results show that the addition of highly dielectric yet stiff particles

can enhance the electromechanical response of DECs, for appropriate choices of the

relevant microstructural parameters. This is not a trivial result since the addition of

highly dielectric but stiff particles to the dielectric elastomer matrix increases both

the overall permittivity and the stiffness of the DEC. While a higher overall permit-

225



tivity leads to an increased attractive force between the electrodes, the higher stiffness

limits the overall electrostrictive strains that can be achieved. Consistent with the

early theoretical results for electrostriction (Landau et al. 1984, Shkel & Klingenberg

1998), the framework developed in this work expresses the effective electromechanical

coupling of the composite in terms of the derivative of the permittivity with respect

to the strain, also incorporating the effect of particle rotations. In addition, it ac-

counts for dipolar interactions between particles, as well as for the nonlinear coupling

between the electric and mechanical fields. For these reasons, the new framework is

expected to produce more accurate estimates than earlier estimates (Li & Rao 2004,

Rao & Li 2004), especially when the field fluctuation in the matrix phase become

significant (Li et al. 2004). On the other hand, while the framework developed in this

chapter should be equivalent to the recently developed homogenization framework

of Tian et al. (2012), the alternative expression for the electromechanical coupling

in terms of the strain-dependent permittivity (instead of third moments of the elec-

tric and mechanical fields) has allowed the computation of such coupling constants

for composites with general distributions of ellipsoidal inclusions, which is something

that has not yet been possible with the formulation of Tian et al. (2012).

The specific estimates developed in chapter 4 are based on homogenization esti-

mates of Ponte Castañeda & Willis (1995) for the effective stiffness and permittivity

of a certain class of random particulate microstructures consisting of aligned ellip-

soidal inclusions of a stiff dielectric material distributed in an soft elastomeric matrix

with “ellipsoidal” two-point statistics. For the special case of spherical particles and

isotropic (spherical) distributions, the estimate for the effective permittivity reduces

to the well-known Maxwell-Garnett approximation (Garnett 1904), while both es-

timates for the effective permittivity and elasticity are known to be rigorous lower

bounds (Hashin & Shtrikman 1962, 1963) for the class of statistically isotropic mi-

crostructures in this case. In addition, for the case of rigid, perfectly conducting

inclusions, the estimates do not “percolate” until 100% concentration of the inclu-

sions, which suggests that the estimates are more appropriate for polydisperse mi-

crostructures, such as the Hashin (Hashin & Shtrikman 1962) composite-sphere as-
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semblage microstructure, than for monodisperse microstructures. Our results show

that the electrostriction under “soft electrode” conditions is compressive, and be-

comes strongest when the electric field is aligned with the long axis of the particles.

This is because when the particles are not aligned with the field they tend to reorient

themselves with the field producing a tensile contribution to the overall strain which

tends to oppose the compression applied by the electrodes. The results also show that

for a fixed, sufficiently large dielectric coefficient for the particles (compared to that of

the matrix) the strongest electrostriction is achieved for certain optimal values of the

particle concentration (0 < c∗0 < 1) and aspect ratio (1.2 < w∗ < 1.6). Moreover, it was

found that the dipole interactions tend to become dominant (over the intrinsic effect

of the particles on the Maxwell stress) at sufficiently large particle concentrations,

and this is why the optimal particle concentration c∗0 tends to be fairly high. In addi-

tion, it was found that the electrostriction increases monotonically with the dielectric

coefficient of the particles (in fact, linearly, for large values of the particle dielectric

coefficient), with the optimal values of the particle concentration and aspect ratio

tending to 100% and ∼ 1.3, respectively. This result is consistent with earlier findings

(Huang et al. 2004), which suggest that the strongest electrostrictive effect occurs

near percolation of the inclusion phase. However, as already noted, the estimates

used in this chapter do not “percolate” until reaching 100% of the inclusion phase,

and in this sense the results are consistent. On the other hand, high particle volume

fractions would tend to produce dielectric breakdown of the elastomeric matrix phase,

and it would be expected that lower concentrations of the inclusion phase should be

used in practical applications. In any event, the results of this chapter should serve to

provide some guidelines for the design of DECs with optimal electrostriction, at least

for the special class of particulate microstructures used in this work. The general

theory could also be used in combination with other types of homogenization esti-

mates, such as the effective medium approximation (Bruggeman 1935), that would

be perhaps more realistic for systems that percolate at a lower concentration of the

inclusion phase.

In chapter 5 we have obtained homogenization estimates for the electromechani-
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cal response of fiber-constrained DECs consisting of one family of aligned rigid dielec-

tric fibers firmly embedded in an ideal dielectric matrix. Toward this end, we have

used the decoupling strategy/approximation of Ponte Castañeda & Siboni (2012),

together with analytical estimates of Lopez-Pamies & Ponte Castañeda (2006a) for

the purely mechanical response of fiber-reinforced composites at finite strains. Using

the homogenization estimates obtained in this work, we have thoroughly investigated

the effects of microstructural parameters, such as the concentration and aspect ratio

of the fibers, as well as of the dielectric contrast, on the overall response of DECs.

In particular, we have shown that increasing the volume fraction or aspect ratio (in

the direction of the applied field) of the fibers significantly enhances the electrome-

chanical coupling in fiber-constrained DECs, due to the effects of dipolar interactions.

Therefore, DECs consisting of high concentrations of fibers or large aspect ratios for

the fibers require, in general, smaller voltages to achieve a given deformation state.

In addition, we have investigated the effect of microstructure on the stability and

failure of fiber-constrained DECs. It has been shown that while low concentrations

of fibers, serving to constrain the deformation in the plane transverse to the fibers,

can be used to prevent the development of electromechanical instabilities, sufficiently

high concentrations of fibers can lead to the generation of such instabilities, which

are manifested by a snap-through behavior, similar to that observed in pure dielectric

elastomers undergoing more general 3D deformations. In addition, it has been found

that high fiber concentrations and/or large fiber aspect ratios can lead to a dramatic

reduction on the overall breakdown field that the DEC can withstand, due to the

field-magnification effect of the fibers. As a consequence, dielectric breakdown has

been identified as the main limiting factor in the performance of these fiber-reinforced

DECs. For this reason, we have also considered the effect of the fiber permittivity on

the macroscopic response and failure instabilities in these DECs. According to our

theoretical predictions, composites with smaller contrasts in the dielectric constant of

the phases can actually achieve higher overall electrostrictive strains before failure. In

fact, for composites with vanishingly small dielectric contrast, the overall breakdown

field becomes that of the pure matrix phase, and as a consequence such composites
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can withstand larger applied electric fields and achieve larger electrostrictive strains.

We have also considered the effect of externally applied mechanical tractions on

the response and stability of DECs. Our results show that the application of ex-

ternal tractions in the direction perpendicular to the applied electric field (and to

the fibers) can be used to reduce, or eliminate altogether the possible development

of electromechanical (or snap-through) instabilities, characterized by loss of positive

definiteness with aligned eigenmodes, in agreement with similar findings for homo-

geneous ideal dielectrics under 3D equal-biaxial loading conditions (Lu et al. 2012).

However, although the terminal stretch before breakdown increases with increasing

traction, the portion of the stretch that is solely due to the electric potential (i.e.,

the electrostriction) is still relatively small. In this context, it is also important to

note that for composites consisting of elliptical fibers with the longer (in-plane) axis

aligned with the electric field, the mechanical traction cannot be increased arbitrarily

since the composite may experience shear localization instabilities, as determined by

the loss of strong ellipticity condition. This suggest the possibility of using electric

fields to control the onset of these instabilities, which may be desirable in certain

applications.

Inspired by the above findings for the effect of the various material and microstruc-

tural parameters, we have developed a systematic procedure for the optimal design of

DECs that are capable of achieving large electrostrictions—in excess of 100% strain—

before failure. Due to the severe restrictions imposed by dielectric breakdown, com-

posites consisting of a very small concentration of rigid circular fibers with vanishing

contrast in the dielectric properties can achieve the largest electrostrictive strains. It

is emphasized, however, that although smaller fiber concentrations result in larger

electrostrictive strains, the concentration of the fibers cannot be arbitrarily small. In

fact, there exists a critical value for the concentration, which depends on the tensile

strength of the fiber material, to ensure that the fibers do not break and the constraint

of 2D plane-strain deformations is satisfied for the DECs. The optimized microstruc-

tures suggested by our analytical model are found to be generally consistent with

recent experimental findings of Lu et al. (2012) and Bolzmacher et al. (2006).
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In chapter 6 we have carried out a preliminary investigation on the possible

development of instabilities in a certain class of fiber-constrained dielectric elastomer

composites subjected to all-around dead electromechanical loading under plane-strain

conditions. Three types of “material” instabilities were considered: loss of positive

definiteness (LPD) with “aligned” eigenmodes, loss of positive definiteness with “non-

aligned” eigenmodes, and loss of strong ellipticity (LE). Loss of positive definiteness

simply corresponds to the loss of local convexity of the homogenized electro-elastic

stored-energy function for the DECs (Bertoldi & Gei 2011). For the aligned cases,

the (local) convexity is lost for increments that are aligned with the loading direction,

and typically manifest themselves as “limit load” behavior either in the mechanical or

electrical response, while for the non-aligned case the convexity is lost for increments

that are orthogonal to the loading direction, and could correspond to bifurcations from

the principal solution. The loss of strong ellipticity, on the other hand, corresponds

to loss of positive definiteness of the electromechanical acoustic tensor (Dorfmann

& Ogden 2010a) and manifests itself by the onset of highly localized shear band

instabilities. Loss of ellipticity normally takes place after loss of convexity, but the

two can occur simultaneously for special circumstances.

Our results show that the stability of the DECs depends sensitively on the loading

conditions (i.e., the applied tractions on the sample and electric displacement fields

in the X2 direction) and is also affected by the microstructure of the DECs (i.e., the

volume fraction of the fibers and their aspect ratio). It is worth mentioning that for

the range of tractions considered in our work, the strain-locking parameter does not

have a significant effect on the onset of instabilities. According to our results, only

the first two types of LPD instabilities are normally observed for DECs with in-plane

isotropic microstructures, corresponding to randomly distributed fibers of circular

cross-section, including as a special case the ideal dielectric matrix phase. However,

anisotropy of the in-plane microstructure—in the form of fibers of elliptical cross sec-

tion that are aligned with the loading directions—allows for the possible development

of shear localization instabilities under conditions involving compressive electrome-

chanical stresses along the long (in-plane) axis of the fibers. More specifically, it
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is found that the non-aligned LPD instabilities typically precede aligned LPD and

LE instabilities, especially for in-plane isotropic microstructures, but aligned (limit

load) LPD and LE instabilities can also be critical for composites with anisotropic

microstructures. In this context, it should be noted that the possible development

of non-aligned LPD bifurcation instabilities appears to have been ignored in prior

analysis of the problem for ideal dielectric (Zhao & Suo 2007, Zhao et al. 2007) and

layered dielectrics (Bertoldi & Gei 2011, Rudykh & deBotton 2011). Fortunately,

however, such instabilities can usually be avoided by orienting the long (in-plane)

axis of the fibers parallel to the tensile stress direction and orthogonal to the applied

electric field. It should also be noted that our work can be considered a generalization

of the plane-strain works of Huang, Li, Foo, Zhu, Clarke & Suo (2012) for (isotropic)

ideal dielectric elastomers and of Bertoldi & Gei (2011) for (anisotropic) layered di-

electrics in that both limits can be recovered in principle by taking the elliptical cross

section of the fibers to be circular (w = 1) or flat (w = 0), respectively. (In the first

case, the fiber concentration c must also be taken to be infinitesimal to compare with

the corresponding results of Huang, Li, Foo, Zhu, Clarke & Suo (2012).) Our work

also provides new results in the purely mechanical context for all-around dead trac-

tions of the fiber-reinforced elastomers with non-circular (i.e., elliptical) cross section,

where the in-plane response is orthotropic (Hill & Hutchinson 1975). Thus, our work

also provides a specific example generalizing the results of Ogden (1985) for in-plane

isotropic response, although a global analysis was not attempted here.

We have found that for uni-axial tension loadings in the X1 direction, the presence

of an electric displacement field in the X2 direction has no effect on the stability of

DECs with w ≤ 1 (see Figs. 6.2 and 6.4, for example). For DECs with w > 1, however,
the effect of the electric displacement field on the stability is more complicated, as

shown in Fig. 6.3. In particular, we have shown that for such composites the onset

of first instability is delayed for larger values of the electric displacement field up to

a limiting value. For values of the electric displacement field beyond the limiting

value, the composites is shown to remain stable as the traction t̄1 = t̄ > 0 increases.

Therefore, one can say that for small and moderate fields, the presence of an electric
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displacement field has an stabilizing effect on DECs. On the other hand, large electric

displacement fields can have a destabilizing effect on the DEC. In fact, we have shown

that the specific DEC considered in Fig. 6.3 can become unstable (via an aligned

instability mode) by only increasing the electric displacement field at zero external

tractions.

For uni-axial tension loadings in theX2 direction, we have shown that the presence

of an electric displacement field in the X2 direction always has destabilizing effects

on the DECs. The first instability observed on such a loading path depends on the

microstructure. More specifically, for isotropic DECs (and also for the homogeneous

ideal dielectrics) the first instability observed is the loss of positive definiteness with

a non-aligned eigenmode, as shown in Fig. 6.2. Similar to the isotropic composites,

the first instability for DECs consisting of elliptical fibers with w > 1 is loss of pos-

itive definiteness. The mode for the instability, however, depends on the intensity

of the electric field. More specifically, for smaller fields the first instability is of the

non-aligned type (see Fig. 6.3(b), for example), while for larger fields the first insta-

bility encountered is of the aligned type (see Figs. 6.3(c) and 6.3(d), for example).

For DECs consisting of elliptical fibers with w < 1, the first instability on uni-axial

tension loadings in the X2 direction is loss of positive definiteness with a non-aligned

eigenmode, independent of the magnitude of the electric displacement field. At zero

field, however the first instability encountered on the above-mentioned loading path

is of the shear band type, as can be seen in Fig. 6.4(a).

For symmetric loadings of the form t̄1 = t̄2 = t̄ > 0, our results show that the

presence of an electric displacement field has a destabilizing effect independent of the

microstructure, such that the magnitude of the critical (symmetric) traction at the

bifurcation point decreases by increasing the electric displacement field. For isotropic

DECs the first instability encountered is the loss of positive definiteness. As shown

in Fig. 6.2 both aligned and non-aligned modes happen at the same time when an

isotropic DEC loses positive definiteness for the first time. For this reason any linear

combination of these two eigenmodes is also an eigenmode for instability. For the

purely mechanical case (i.e., in the absence of the electric fields) this implies that the

232



incremental deformation at this critical point is a pure shear in the X1-X2 plane with

an arbitrary angle (consistent with the findings of Ogden 1985). Similarly, when an

electric displacement field is present, the increments generally consist of a pure shear

and an electric displacement with one arbitrary parameter which specifies their orien-

tation in the X1-X2 plane. For DECs consisting of elliptical fibers with w > 1, the first
instability encountered on a symmetric loading path is loss of positive definiteness,

however, the eigenmode depends strongly on the intensity of the electric displacement

field. In particular, as can be seen in Fig. 6.3, for small electric displacement fields

the first instability has a non-aligned eigenmode, while for large enough fields the

first instability encountered on a symmetric loading path has an aligned eigenmode.

Finally, our results show that composites consisting of elliptical fibers with w < 1 al-

ways lose positive definiteness with a non-aligned mode on a symmetric loading path,

as shown in Fig. 6.4.

Our results also show that composites with a fixed concentration of fibers with

larger aspect ratios lose ellipticity for a smaller critical traction t̄1 = t̄c1 > 0, when

the electric displacement field is held fixed below a limiting value. Furthermore, as

can be seen in Fig. 6.5, composites consisting of fibers with large aspect ratios may

lose positive definiteness (via the aligned modes) by increasing the electric displace-

ment field, while the traction t̄1 is held fixed. On the other hand, our results show

that for a fixed aspect ratio w > 1, DECs with larger concentration of rigid fibers

can withstand larger tractions in the X1 direction before the onset of shear bands.

Similar to the DECs consisting of fibers with large aspect ratios, DECs consisting of

large concentrations of fibers may become unstable (via the aligned modes) by just

increasing the electric displacement field, while the traction t̄1 is held fixed (see Fig.

6.6, for example).

Finally, our results indicate that the points on the boundary of the aligned regions

correspond to a maximum in the electrostatic response (characterized by the nominal

electric field as a function of the nominal electric displacement) of DECs when the

external nominal traction is held fixed (refer to Fig. 6.7, for the details). This result

can be considered as the generalization of the corresponding observation for and ideal
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dielectric under 3D equal-biaxial dead (nominal) tracitons considered by Zhao & Suo

(2007).

In particular, it was found out that, at a fixed applied electric field, composites

with higher volume fraction of fibers can actually sustain higher levels of applied

tractions before failure, while composites containing fibers with higher aspect ratios

tend to become unstable at lower levels of applied tractions. Moreover, our analysis

indicate that application of an electric field always tends to destabilize the DECs when

subjected to a tensile traction aligned with the field direction. However, application

of an electric field perpendicular to the tensile traction may have a stabilizing or

destabilizing effect depending on the shape of fibers. For the case of circular fibers

(w = 1), we found that the composite under a tensile traction remains stable when an

electric filed is applied perpendicular to the traction axis. For the case of elongated

fibers (w > 1), the results indicate that macroscopic instabilities characterized by the

LE of the homogenized behavior may develop when the traction transverse to the

long axis of particles reaches a critical value t̄cr. In this case, although application of

an electric fields with small magnitudes along the long axis of the fibers can prevent

development of macroscopic instabilities, sufficiently higher magnitudes of the electric

field may drive instabilities associated with the LPD of the homogenized behavior even

for the case of zero traction (t̄1 = 0). We showed that these inabilities correspond to

the maximum in E in the D̄ − Ē response curve, similar to finding in homogeneous

ideal dielectrics subjected to 3-D tractions and an electric field (Suo’s paper). In

contrast, for the case of flat fiber (w < 1), it was found out that application of an

electric field perpendicular to the long axis of the fibers can never destabilize the

composite, when subjected to a tensile load along the long axis of the fibers.

In chapter 7 we have provided an explicit expression for the effective purely me-

chanical response of fiber-constrained composites with prescribed in-plane rotations

for the fibers. This was done by introducing a new variational problem with modified

phase energies to account for the effects of external body couples. The final expression

for effective energy of two-phase composites consisting of incompressible Gent matrix

phases and rigid fibers undergoing 2D plane-strain deformations is given in (7.58).
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This expression was seen to be identical in form with the corresponding expression in

Lopez-Pamies & Ponte Castañeda (2006a), with the only difference that the rotation

of the fibers in (7.58) is prescribed. We have also argued that the above property is

not an exclusive feature of the problem addressed in this chapter, and may as well

hold for other cases.

In chapter 8 we have studied DECs under non-aligned loading conditions by

using the partial decoupling approximation (PDA) and partial decoupling strategy

(PDS) schemes. Our results for the effective response of non-aligned DECs under the

electrode boundary condition show that for small fields the differences between the

PDA and PDS response curves are negligible, while for larger fields such differences

are more significant. We have also studied the instabilities for aligned DECs under

the electrode boundary condition using the new PDS effective energy to compute the

second derivatives of the energy (required for the evaluation of the instability criteria),

and compared them with the corresponding results of chapters 5 and 6. Our results

show that the aligned LPD regions remain unchanged when using the new PDS energy,

while the non-aligned LPD and LE regions undergo dramatic changes. The results

of this chapter for non-aligned cases are necessary to obtain the effective response of

DECs in the post-bifurcated deformation regimes, which are expected to consist of

two-scale layered microstructures (see Avazmohammadi & Ponte Castañeda 2014, for

the corresponding problem in the purely mechanical context).
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Appendix A

Incremental stability conditions:

purely mechanical case

In this appendix, we consider the incremental stability of the orthotropic DECs sub-

jected to aligned purely mechanical loadings (i.e, D̄ = 0) under plane-strain conditions.

For this special case, the incremental stability condition (2.37) simplifies to

Q = (A1111 +A2222 − 2A1122 + 2p)H2
11 +A1212H

2
12 +A2121H

2
21 + 2 (A1221 + p)H12H21 > 0,

(A.1)

where the Hij = ui,j (i, j = 1,2) denote the components of the displacement gradient.

In obtaining (A.1) we used the fact that the non-aligned components of the tangent

moduli tensor are identically zero (A1112 = A1121 = A2212 = A2221 = 0) for aligned load-

ings. The quadratic form Q is positive definite if all the eigenvalues of the associated

Hessian matrix, defined in (5.33), are positive. Thus, the necessary and sufficient

conditions for the positive definiteness of Q are

0 < (A1212 +A2121) ±
√
(A1212 −A2121)2 + [2 (A1221 + p)]2, and

0 < A1111 +A2222 − 2A1122 + 2p.
(A.2)
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Defining the shear moduli

µ ∶= 1
2
(A1212 +A2121) and µ∗ ∶= 1

4
[2µ +A1111 +A2222 − 2 (A1122 +A1221)] , (A.3)

conditions, (A.2) can be shown to be equivalent to

2µ∗ > µ − (A1221 + p) , µ > 0, and 2µ >√(A1212 −A2121)2 + [2 (A1221 + p)]2.
(A.4)

We remark that µ and µ∗ are the same shear moduli introduced by Hill & Hutchin-

son (1975) to characterize the incremental response of a general class of initially

orthotropic, incompressible solids subjected to aligned plane-strain loading. This can

be verified by comparing the incremental constitutive relations (2.28) with the corre-

sponding relations provided by equation (2.6) of Hill & Hutchinson (1975). Further-

more, comparison of relation (2.28) with relation (2.6) of Hill & Hutchinson (1975)

reveals the following relations between the Cauchy tractions t1, t2 and the pertinent

components of the tangent moduli tensor

t1 − t2 = A2121 −A1212, and t1 + t2 + 2p = 2µ − 2A1221. (A.5)

Making use of the above relations, inequalities (A.4) can be rewritten as

4µ∗ > t1 + t2, µ > 0, and 2µ (t1 + t2) > t21 + t22, (A.6)

which can be shown to be equivalent to

4µ∗ > t1 + t2 > 0, and 2µ > t21 + t22
t1 + t2 . (A.7)

These exclusion conditions were obtained by Hill & Hutchinson (1975) when con-

sidering the incremental stability of the above-mentioned class of orthotropic solids

subjected to aligned, in-plane tractions t1 and t2 (see equation (3.9) in Hill & Hutchin-

son (1975)).
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For the special case of isotropic hyperelastic solids with stored-energy function

W (λ), the shear moduli µ and µ∗ in (A.3) can be written as

µ = 1
2

λ4 + 1
λ4 − 1 × λ

dW

dλ
= 1

2

λ4 + 1
λ4 − 1 (t1 − t2) and µ∗ = λ

4
(dW
dλ
+ λd

2W

dλ2
) , (A.8)

respectively. Substituting these two expressions into the conditions (A.7), we obtain

λ(dW
dλ
+ λd

2W

dλ2
) > t1 + t2, and (A.9)

t1 + t2 > 0, λ4 + 1
λ4 − 1 (t1 − t2) >

t21 + t22
t1 + t2 . (A.10)

These conditions are equivalent to those provided by Ogden (1985) for the case of

initially isotropic incompressible solids subjected to in-plane tractions t1 and t2. More

specifically, condition (A.9) can be seen to be identical with condition (29) of Ogden

(1985). Also, the two conditions in (A.10) can be equivalently expressed as

t1 + λ2t2 > 0 and
t1 − λ2t2
λ2 − 1 > 0, (A.11)

which are identical to conditions (30) and (31), respectively, in Ogden’s paper. In

this regard, note that the Biot stresses t
(1)
1 and t

(1)
2 used in Ogden’s conditions are

related to the Cauchy stresses via the identities t
(1)
1 = t1/λ and t

(1)
2 = λ t2.

Finally, returning to the case of orthotropic hyperelastic solids, we emphasize

that the stability conditions (A.4) depend, in general, on the pressure p, which can

be determined from traction boundary conditions. For instance, for the special case

of a uniaxial tension test in the X1 direction (i.e., when t2 = 0), the pressure p can be

determined from relations (A.5), together with (A.3)1, as follows

p = A1212 −A1221. (A.12)

Substituting p from (A.12) into the conditions (A.4) for positive definiteness, it follows
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that

A1212 > 0, A2121 > A1212, and
1

2
(A1111 +A2222) − (A1122 +A1221) +A1212 > 0.

(A.13)

For comparison purposes, we recall the strong ellipticity conditions for an incom-

pressible hyperelastic solid under aligned loading conditions. They are given by (Hill

1979)

A1212 > 0, A2121 > 0, and
1

2
(A1111 +A2222) − (A1122 +A1221) +

√
A1212A2121 > 0.

(A.14)

It is interesting to note that conditions (A.13) for the incremental stability of the

DECs under purely mechanical uniaxial tensile loadings are more restrictive than

conditions (A.14) for the strong ellipticity of the composite material.

For a stored-energy function of the form W (λ, θ), the pertinent traces of the

instantaneous moduli tensor A can be expressed as

A1212 = λ

(λ4−1)2 [(λ
4−1) ∂

∂λ
+ λ3 ∂

2

∂θ2
]W, A2121 = λ4

(λ4−1)2 [λ (λ
4−1) ∂

∂λ
+ ∂2

∂θ2
]W,

(A1111+A2222) − 2 (A1122+A1221) = λ

(λ4−1)2 [λ (λ
4−1)2 ∂

2

∂λ2
− 2 (λ4−1) ∂

∂λ
− 2λ3 ∂

2

∂θ2
]W,

(A.15)

where all derivatives are evaluated at θ = 0 (i.e., the aligned loading condition.)

Making use of the above moduli traces, the stability conditions (A.13) reduce to

(λ4 − 1) ∂W
∂λ
+ λ3∂

2W

∂θ2
> 0, ∂W

∂λ
> 0, and

∂2W

∂λ2
> 0, (A.16)

Similarly, making use of (A.15), the strong ellipticity conditions (A.14) may be written
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as

(λ4 − 1)∂W
∂λ
+ λ3∂

2W

∂θ2
> 0, λ(λ4 − 1)∂W

∂λ
+ ∂

2W

∂θ2
> 0,

1

2
[λ(λ4 − 1)2∂

2W

∂λ2
− 2(λ4 − 1)∂W

∂λ
− 2λ3∂

2W

∂θ2
]

+ λ√λ [λ(λ4 − 1)2 (∂W
∂λ
)
2

+ λ3 (∂
2W

∂θ2
)
2

+ (λ8 − 1)∂W
∂λ

∂2W

∂θ2
]

1
2 > 0, (A.17)
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Appendix B

The single inclusion problem

This appendix deals with the problem of an isolated, rigid inclusion with linear-

magnetic behaviour embedded in a linear-elastic matrix. Under the hypothesis of

infinitesimal deformations, an analytical expression is obtained for the equilibrium

rotation of the magnetic inclusion under general magneto-mechanical loading condi-

tions. The results show that the inclusion undergoes an ‘extra’ rotation due to the

presence of the non-aligned magnetic fields (even in the absence of mechanical load-

ings). Moreover, this extra rotation is found to depend on the shape of the inclusion,

as well as on its magnetic anisotropy. Thus, the extra rotation increases monoton-

ically to an asymptote with increasing magnetic anisotropy of the inclusion, while,

for the fixed magnetic behavior of the inclusion, the extra rotation increases up to a

maximum with increasing aspect ratio, and then decays to zero. It is remarked that,

even though the results of this chapter are for the magnetic problem, they can be

easily translated into the corresponding results in the electro-active case.

B.1 Introduction

The problem of an isolated inclusion in an infinite surrounding matrix, also known

as the single-impurity problem, is a central problem in the theory of composite ma-

terials, and other heterogeneous media. In the context of linear elasticity, a general

solution for a single ellipsoidal inclusion of one material embedded in a matrix of a
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second material was provided by Eshelby in a highly-cited paper (Eshelby 1957) . The

main feature of this solution—which was known much earlier in the context of elec-

trostatics (e.g. Maxwell 1873) —is that the stress and strain fields are uniform inside

the ellipsoidal inclusion. This feature has made possible the development of dilute

and effective medium theories for composites containing random distributions of such

inclusions (Willis 1981) . Because of this, generalizations of Eshelby’s solution, and

of some of the methods that are based on it, have been developed for magneto-elastic

composites with piezomagnetic coupling in recent years (e.g. Benveniste 1992, Dunn

& Taya 1993, Huang et al. 1998).

This work is concerned with magneto-elastic systems of a different type, involving

coupled behavior through the Maxwell stress. It is well-known (e.g. Landau et al.

1984) that an externally applied magnetic field gives rise to forces and torques on

magnetically susceptible particles. When such particles are embedded in an elastic

matrix (even if it is not itself magnetically susceptible), the externally applied mag-

netic field can generate stress and strain fields in the matrix material, as a consequence

of the forces and torques that are transmitted by the particles to the surrounding ma-

trix. These stresses and strains can combine with corresponding stresses and strains

arising solely from purely mechanical sources to produce interesting coupled magneto-

elastic behavior, such as magnetostriction. In this connection, it should be noted that

the magnitude of the Maxwell stresses that are generated in the matrix material are

quadratic in the magnetic field and can therefore be significant for large values of the

fields (even if the effect is limited by the magnetic saturation of the particles).

Magnetorheological elastomers, which consist of very stiff magnetic inclusions em-

bedded in relatively soft elastic matrices (Ginder et al. 1999, 2002, Guan et al. 2008),

are composite materials which attempt to exploit the above described mechanism

to generate large field-induced (i.e. magnetostrictive) strains. These materials are

examples of ‘smart’ materials, which can be useful in many applications as actuators

and sensors, as well as artificial analogues of muscles. Recent papers by Borcea &

Bruno (2001) and Yin et al. (2006) have addressed the effects of dipole forces between

particles, and their implications for the constitutive behavior of such materials. In
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addition, Liu et al. (2006) have generated variational estimates for elastic-matrix com-

posites with a dilute concentration of a certain type of (deformable) magnetostrictive

particles. However, it appears that, to date, no systematic attempts have been made

to describe the effects of the magnetic torques that would be expected to develop

when the particles have a geometric shape and/or magnetic anisotropy. To this end,

we develop in this appendix, building on the work of Eshelby and others, an analytical

solution for a single, rigid inclusion with linear, anisotropic magnetic behavior that

is embedded in a non-magnetic, linear-elastic matrix.

The appendix is organized as follows. Section B.2 provides a quick review of

magneto-elasticity, where we present the governing equations, as well as the consti-

tutive equations for the two special classes of materials involved: rigid materials with

linear magnetic behavior and elastomers with linear elastic, non-magnetic behavior.

In addition, the problem for the magnetic ellipsoidal inclusion in an elastic matrix is

formulated, and the general strategy for solving the problem in terms of two auxil-

iary problems in magnetostatics and linear elasticity is introduced. In Section B.3 we

address the magnetostatics problem of the single rigid inclusion with linear magnetic

behavior in the deformed configuration, by means of the integral equation formula-

tion of Willis (1977). Furthermore, we obtain an explicit formula for the force and

torque exerted on the inclusion by the external magnetic field. Section B.4 is devoted

to the elasticity problem of a single rigid inclusion in an infinite elastic matrix under

the combined action of an externally applied deformation and a prescribed rotation

of the inclusion (Walpole 1991) . Using the results of Section B.3 and Section B.4

for the magnetic and mechanical inclusion problems, together with the fact that the

Maxwell stress in the surrounding elastic matrix is self-equilibrated, we obtain an

expression in Section B.5 for the equilibrium rotation of a rigid inclusion with general

ellipsoidal shape and magnetic anisotropy in an infinite elastic matrix under both

mechanical and magnetic loading of the system. More specifically, we show that, in

the presence of an external magnetic field, the inclusion can undergo an extra rota-

tion in addition to the Eshelby-type, mechanically driven rotation. In Section B.6

an analytical expression is obtained for the in-plane rotation of the isolated inclusion
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under appropriate loading conditions, and the results are analyzed for some special

cases. In addition, the analytical results are compared with the results of a simple

finite element (FE) analysis for some two-dimensional examples. Finally, we conclude

the appendix in Section B.7 with a brief discussion of the results and possible future

applications.

B.2 Problem formulation

Magneto-elastic materials are defined as materials exhibiting coupled magnetic and

mechanical behaviors. Characterizing the constitutive behavior of magneto-elastic

materials requires a model for the interaction of the magnetic fields and matter.

Modeling the response of deformable bodies to magnetic fields (or in general, to elec-

tromagnetic fields) has been a challenging scientific issue (see, for example, Maxwell

1873), and, as a consequence, different formulations have been proposed in the liter-

ature, which do not seem consistent at first glance. Despite the fact that there exist

different formulations, it can be shown that under certain assumptions, all these for-

mulations are equivalent (see, for example, Hutter et al. 2006). In the following, we

present a brief summary of the governing equations that are required for the purposes

of this appendix (see Kovetz 1990, Hutter et al. 2006, for more general formulations).

B.2.1 Governing equations

Under application of mechanical and magnetic loadings a typical magneto-elastic

material deforms from its original, reference configuration to a new, current config-

uration. This deformation can be parametrized by a continuous map, x = x (X),
which is a one-to-one correspondence between the position of material points in the

reference configuration, X, and in the current configuration, x. In the infinitesi-

mal limit, such deformations can be characterized by the displacement gradient ∇u,
where u ∶= x −X denotes the infinitesimal displacement. Its symmetric part, with

Cartesian components ǫij = 1
2 (ui,j + uj,i), and antisymmetric part, ωij = 1

2 (ui,j − uj,i),
correspond respectively to the infinitesimal strain and rotation tensors.
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In the absence of electric and relativistic effects, as well as external current den-

sities, Maxwell’s equations for the case of static magnetic fields are given by

div b = 0, and curl h = 0, (B.1)

where b and h are the magnetic induction and magnetic fields, respectively. In the

classical theory of electromagnetism for magnetizable materials, it is standard to

introduce the magnetization, denoted by m, such that

m = 1

µ0

b −h. (B.2)

Neglecting inertial and external forces, the conservation of linear and angular

momentum for a homogeneous, magneto-elastic material may be written as

div T = 0, and T T = T , (B.3)

where T is the total stress, including magnetic effects. In the presence of material

interfaces (between two different phases in a composite), the following set of jump

conditions has to be satisfied: JuK = 0, JT Kn = 0, JbK ⋅ n = 0, and JhK × n = 0, where
n is the unit normal to the interface in the current configuration.

The above set of governing equations is completed by appropriate constitutive

relations between the pairs, b and T , and h and ∇u. As already mentioned, in this

investigation, a rigid magnetically linear inclusion is embedded in a linear-elastic,

magnetically insensitive material. Their constitutive responses are described as fol-

lows (Kovetz 1990, Hutter et al. 2006).

Magnetically impermeable, linear-elastic materials. For elastic materials, which

are not susceptible to magnetic fields, the magnetization is always zero. Therefore,

for this class of materials, the constitutive behavior reduces to

b = µ0h and T ∶= T el + TM, (B.4)
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where µ0 is the permeability of vacuum, and T el and TM denote the “purely mechan-

ical” and Maxwell stresses, given respectively by the expressions

T el = C(1)ǫ, and TM = b⊗b
µ0

− b ⋅ b
2µ0

I. (B.5)

In the first of these equations, C(1) is the stiffness of the material, which in general is

a fully symmetric, fourth-order tensor, but for isotropic material behavior reduces to

an isotropic tensor depending only on the elastic shear modulus, µel, and the Poisson’s

ratio, ν.

Rigid magnetic materials. A rigid material can only undergo a rigid displacement

(a translation and a rotation). Therefore, in the context of infinitesimal deformations,

the displacement gradient in the rigid particles is given by an infinitesimal rotation,

i.e.

∇u = ω̄(2), (B.6)

while the total stress is indeterminate.

In the current configuration, the magnetic response of the rigid material will be

taken to be described by the relation

b = µ(2)h, (B.7)

where µ(2) is the magnetic permeability of the material. This linear model is ap-

propriate for diamagnetic and paramagnetic materials. However, it should be noted

that the analysis may be generalized for nonlinear responses of the type that may

be exhibited by a soft ferromagnetic material (with small hysteresis). We will come

back to this point in the concluding remarks. It should also be noted (see e.g., Ponte

Castañeda & Galipeau 2011) in the context of expression (B.7) that the permeability

in the current configuration µ(2) is related to the corresponding permeability in the

reference configuration M (2) via

µ(2) =M (2) + ω̄(2)M (2) −M (2)ω̄(2), (B.8)
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where terms of order (ω̄(2))2 and higher have been neglected because of the small

deformation approximation.

B.2.2 Solution procedure

We consider a single rigid magnetic inclusion, denoted by Ω0, embedded in an infinite

elastic, and non-magnetic matrix, occupying R3/Ω0. For the inclusion, we assume a

general ellipsoidal shape in the reference configuration Ω0 = {X ∶ ∣Z−T0 X∣ ≤ 1}, where
Z0 is a symmetric, second-order tensor representing the shape of the inclusion. In ad-

dition, we assume a general, anisotropic, reference permeability tensor, M (2), for the

magnetic behavior of the inclusion. The rigid inclusion in the presence of mechanical

and magnetic loadings is expected to undergo an infinitesimal rotation until reaching

an equilibrium point at which the infinitesimal rotation is ω̄
(2)
e (see Fig. B.1). It is

important to note that even in the absence of the external magnetic fields the inclu-

sion may undergo an infinitesimal rotation (see Eshelby 1957). Since the inclusion is

(a) (b)

h̄ u = ǭx + ω̄x

ω̄
(2)
e

ΩΩ0

Figure B.1: Schematic of the single inclusion’s magneto-elasticity problem. (a) The
reference configuration, and (b) the deformed configuration.

rigid, its shape in the deformed configuration is characterized by Ω = {x ∶ ∣Z−Tx∣ ≤ 1},
where, on account of the small rotations involved, the shape tensor Z in the current

configuration is related to the corresponding reference shape tensor Z0 by

Z = Z0 + ω̄(2)Z0 −Z0ω̄
(2). (B.9)
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To determine the equilibrium rotation of the inclusion, we note that for static

equilibrium, the global versions of the conservation laws of linear and angular mo-

mentum must be satisfied for any part of the body. In particular, for the domain Ω

enclosing the rigid particle with boundary surface ∂Ω, we have that the total force f

and torque l on Ω must vanish identically, or

f = 1

V
∫
∂Ω

Tn dS = 0, and l = 1

V
∫
∂Ω

x × Tn dS = 0, (B.10)

where T is the total stress defined in the previous section (which includes both me-

chanical and magnetic contributions), V is the volume of the inclusion and n is the

unit outward normal to ∂Ω.

Noting that the inclusion Ω is surrounded by the matrix material (i.e., the surface

∂Ω in equation (B.10) is just outside the inclusion, and therefore in the matrix), the

stress T in the total force and torque integrals correspond to the total stress in the

matrix which is given by equation (B.4) in terms of the elastic stress, T el, and the

Maxwell stress, TM, as defined by equations (B.5). In conclusion, equation (B.10)

can be rewritten as

f el + fmg = 0, and lel + lmg = 0, (B.11)

where f el and fmg, and lel and lel denote the “elastic” and “magnetic” components of

the forces and the torques (per unit volume) acting on the inclusion due to the elastic

matrix and the magnetic field, respectively. They are given by the same integrals as

in (B.10) with T being replaced by T el (or TM) for the elastic (or magnetic) force

and torque.

Independent of the rotation of the inclusion, the elastic and magnetic forces acting

on it will turn out to vanish (as will be discussed in more detail below). Thus, equation

(B.11)1 is automatically satisfied. On the other hand, for an arbitrary rotation of the

inclusion, ω̄(2), both elastic and magnetic torques in equation (B.11)2 can be thought

of as functions of the rotation (i.e. lel = lel (ω̄(2)) and lmg = lmg (ω̄(2))). Noting that

the sum of these two torques must be zero at equilibrium, the following equation for
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the equilibrium rotation of the inclusion is obtained

lel (ω̄(2)) + lmg (ω̄(2)) = 0, for ω̄(2) = ω̄(2)e . (B.12)

As will be shown in more detail in Section B.3, it is possible to obtain the magnetic

fields for a given rotation of the inclusion, ω̄(2), independent of the deformation field

in the matrix. Having the solution for the magnetic fields, the magnetic torque can be

obtained as a function of ω̄(2) in terms of the Maxwell stress tensor (B.5), evaluated

immediately outside the inclusion, by means of the integral appearing in (B.10)1 with

T replaced by the Maxwell stress TM.

Similarly, as will be shown in Section B.4, since the matrix is not responsive to the

magnetic fields, for the given rotation of the inclusion, ω̄(2), the elasticity problem

can be solved independent of the magnetic fields. Moreover, the elastic torque applied

on the inclusion can be obtained in terms of the same integral appearing in (B.10)1

with T replaced by the elastic stress T el = C(1)ǫ (x) (for x ∈ ∂Ω).
In the following two sections, the magnetic and elastic problems described above

will be solved independently in order to determine the elastic and magnetic torques

acting on the inclusion. Then, the equilibrium rotation of the inclusion under com-

bined mechanical and magnetic loadings will be determined by means of (B.12).

B.3 Rigid magnetizable inclusion in an external

magnetic field

In this section, we address the solution of the magnetostatic problem consisting of

a magnetic inclusion (denoted by Ω in the deformed configuration) placed in an

external magnetic field, h̄, which is the field in the absence of the inclusion, or simply

the magnetic field at infinity. Recalling equations (B.1) and (B.2), the magnetostatic
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problem reduces to the following boundary value problem

µ0∇2φ + µ0∇ ⋅m = 0 x ∈ R3,

φ→ h̄ ⋅ x ∣x∣→∞, (B.13)

where φ is the magnetic potential, such that h = ∇φ, and where m is the magnetiza-

tion, given by

µ0m = (µ(2) − µ0I)∇φ, when x ∈ Ω, (B.14)

and zero otherwise.

There are well-known solutions for the case of isotropic permeability tensors and

simple geometries, such as spheres (Reitz & Milford 1962) and ellipsoids (Landau

et al. 1984) . For the general case of anisotropic magnetic properties, it is possible to

rewrite the governing equations of magnetostatics (i.e. the Maxwell’s equations) in

an integral equation form analogous to the Eshelby problem in elasticity (see Willis

1977) in order to find the magnetic fields. The main advantage of the integral equation

approach is the compact form of the solution, inside and outside of the inclusion, for

the most general case of anisotropic magnetic behaviors and ellipsoidal shapes of the

inclusion. Therefore, by application of the procedure of (Willis 1977) to deal with

anisotropic magnetic behavior for the inclusions, it can be shown that for ellipsoidal

shapes of the inclusion, the magnetization, magnetic field and magnetic induction are

constant inside the inclusion and therefore equal to their averages, i.e.

m̄(2) = α(2)h̄, h̄(2) = β(2)h̄, and b̄(2) = µ(2)β(2)h̄, (B.15)

where µ(2) is the permeability of the inclusion, and α(2) and β(2) are symmetric,

second-order tensors denoting the magnetization and magnetic field concentration

tensors, respectively, and are given by

α(2) = µ−10 {(µ(2) − µ0I)−1 +P }
−1
, and β(2) = {I +P (µ(2) − µ0I)}−1 . (B.16)

Here the second-order, symmetric tensor P describes the magnetic microstructural
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tensor of the inclusion and is defined by

P ∶= detZ
4πµ0

∫∣ξ∣=1 ξ ⊗ ξ ∣Zξ∣−3 dS. (B.17)

Note that it depends only on the magnetic properties of the matrix (i.e. µ0) and

shape of the inclusion. It is also important to note that the above results are given

in the current configuration which differs from the reference configuration by a rigid

rotation, as already mentioned in the previous section.

The net force and torque on the inclusion due to the magnetic field can be deter-

mined via the Maxwell stress tensor as explained in Section B.2 b , i.e.

fmg = 1

V
∫
∂Ω

TMn dS, and lmg = 1

V
∫
∂Ω

x × (TMn) dS, (B.18)

where TM is given by equation (B.5) with b denoting the magnetic field just outside

the inclusion. For the single inclusion problem, it is given by (see Reitz & Milford

1962, for the details)

b (x) = µ0h̄ − µ0

4π ∫x′∈Ω {
m̄(2)
r3
− 3 (m̄

(2) ⋅ r)r
r5

} dx′, r = x − x′. (B.19)

After a long, but straightforward calculation (Landau et al. 1984) , it can be shown

that the force and torque (per unit volume) exerted on the inclusion by the magnetic

field are given by

fmg = 0 and lmg = µ0m̄
(2) × h̄. (B.20)

Note that the magnetic force on the inclusion vanishes as expected. On the other

hand, using expression (B.15)1, and the fact that the torque is an axial vector, we

can write the components of the torque in terms of a skew-symmetric, second-order

tensor, τmg, such that the Cartesian components of lmg read

l
mg

i = ǫijkτmg

kj , with τmg = −µ0

2
{(α(2)h̄) ⊗ h̄ − h̄⊗ (α(2)h̄)} . (B.21)

To make the dependence of τmg (or equivalently lmg) on the rotation of the inclu-
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sion more explicit, we note that the magnetization concentration tensor α(2), which in

the current configuration is given by (B.16)1, can be written in terms of its reference

counterpart, A(2), and the rotation, ω̄(2), as follows

α(2) =A(2) + ω̄(2)A(2) −A(2)ω̄(2), (B.22)

where

A(2) = µ−10 {(M (2) − µ0I)−1 +P0}
−1
, (B.23)

and P0 is given by the same expression (B.17), except that Z should be replaced by

Z0, as defined in (B.9).

Then, substituting (B.22) into (B.21)2, and ignoring higher order terms in ω̄(2),

we obtain the result

τmg (ω̄(2)) = τmg
0 + µ0

2
T ω̄(2), (B.24)

where τ
mg
0 denotes the magnetic torque in the reference (unrotated) configuration of

the inclusion and is given by

τ
mg
0 = −µ0

2
{(A(2)h̄) ⊗ h̄ − h̄⊗ (A(2)h̄)} , (B.25)

and where the Cartesian components of the fourth-order tensor T are given by

Tijst = δisA(2)tq h̄qh̄j − δjsA(2)tq h̄qh̄i + h̄ih̄tA(2)js − h̄j h̄tA(2)is . (B.26)

Note that they satisfy the symmetries Tijkl = −Tjikl = −Tijlk.

B.4 Rigid ellipsoidal inclusion in an infinite elastic

matrix

In the previous section, we found the torque produced by an external magnetic field

on the rigid inclusion Ω, as a function of its rotation (i.e., lmg (ω̄(2))). In this section,

we would like to obtain the corresponding torque applied by the surrounding elastic
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medium on the inclusion as a function of the rotation ω̄(2). Toward this goal, it is

first noted that the Maxwell stress TM , as given by (B.5), is divergence-free for a

non-magnetic matrix. This can be easily shown by means of the Maxwell’s equations,

given by (B.1), and the fact that for a non-magnetic material b = µ0h. Therefore, the

magnetic fields do not appear explicitly in the equilibrium equation, and we can solve

for the displacement field in the matrix independent of the magnetic fields. Thus, for

the infinite elastic matrix with stiffness tensor C(1), subjected to an affine displace-

ment boundary condition at infinity, and an arbitrary rotation ω̄(2) just outside the

inclusion, we have the following “purely mechanical” boundary value problem (BVP)

for the displacement field u in the elastic matrix material:

div (C(1)∇u) = 0 x ∈ R3/Ω0,

u (x)→ ǭx + ω̄x ∣x∣→∞,
u (x) = ω̄(2)x x ∈ ∂Ω0,

(B.27)

where ǭ is a constant symmetric second-order tensor denoting the macroscopic strain

and ω̄ is a constant antisymmetric second-order tensor representing the macroscopic

rotation of the system.

For the special case of ǭ = ω̄ = 0, the BVP (B.27) has been solved by making use

of an orthogonal ellipsoidal coordinate system (Kachanov et al. 2002) . On the other

hand, for ω̄ = 0 and ω̄(2) not prescribed, it reduces to the well-known Eshelby problem

which can be solved by using the so-called simple set of imaginary cutting, straining

and welding operations, as described by (Eshelby 1957). The above more general

problem has been addressed by Walpole (1991) . For completeness, the solution for

the above BVP is briefly summarized in the last section B.8 of this appendix.

Thus, it is shown in this appendix that the “mechanical” traction T eln on the

surface of the inclusion is given by

T eln = (σ + τ )n, (B.28)

where σ and τ are respectively symmetric and skew-symmetric, second-order tensors,
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given by

σ = P−1ǭ − P−1Q{S −RP−1Q}−1 (ω̄ − ω̄(2) −RP−1ǭ) ,
τ = {S −RP−1Q}−1 (ω̄ − ω̄(2) −RP−1ǭ) , (B.29)

where P, Q, R and S are mechanical microstructural (Eshelby) tensors, defined by

relations (B.48) and (B.47). Note that the stress is indeterminate inside the rigid

inclusion, and hence the need for the traction on the boundary of the inclusion in

order to compute the force and torque exerted by the surrounding elastic medium on

the inclusion. Then, by means of expressions of the form (B.18) (with Tmg replaced

by T el), it can be shown that the elastic force is zero (i.e. f el = 0) and that the torque

(per unit volume) exerted by the surrounding elastic medium on the inclusion is given

by

leli (ω̄(2)) = ǫijkτkj, (B.30)

where τ is given in terms of ω̄(2) by equation (B.29)2.

B.5 Equilibrium rotation of inclusion in an infinite

elastic matrix subjected to an external mag-

netic field

It is recalled from Section B.2 b that the magnetic and elastic torques must add up to

zero at equilibrium. Thus, substituting the magnetic and elastic torque from expres-

sions (B.21)1 and (B.30), respectively, into equation (B.12), the following equation

for the equilibrium rotation, ω̄
(2)
e is obtained

τmg (ω̄(2)) + τ (ω̄(2)) = 0, for ω̄(2) = ω̄(2)e , (B.31)

where τmg and τ are given in terms of the particle rotation ω̄(2) by expressions (B.24)

and (B.29)2, respectively. Therefore, solving for the equilibrium rotation we obtain
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the result

ω̄
(2)
e = (I − µ0

2
VT)

−1
(ω̄ −RP−1ǭ +Vτmg

0 ) , (B.32)

where V ∶= {S −RP−1Q} and it is recalled that τ
mg
0 denotes the magnetic torque

exerted on the inclusion in its reference configuration. It is important to note that

ω̄
(2)
e depends linearly on ǭ and ω̄ and quadratically on the external magnetic field h̄.

Introducing dimensionless parameter

κ = µ0h̄2

2µel

, (B.33)

serving to characterize the relative strength of the magnetic versus the elastic effects,

and the dimensionless variables

T̂ = T/h̄2, V̂ = µelV, and τ̂
mg
0 = 2τmg

0 / (µ0h̄
2) , (B.34)

the following asymptotic result is obtained for the equilibrium rotation

ω̄
(2)
e = ω̄ −RP−1ǭ + κ V̂ [τ̂mg

0 + T̂ (ω̄ −RP−1ǭ)] + O (κ2) , (B.35)

which is valid for κ ≪ 1. In this connection, it should be noted that κ ≪ 1 is the

typical situation in applications. Indeed, in most of the recent experimental studies

on two-phase, magnetorheological composites, the choices of the materials and the

actuating fields are such that the largest value of κ is in the order of 0.1 (see Ginder

et al. 1999, 2002, Guan et al. 2008, , where the elastic matrix is made of silicon or

natural rubber with a shear modulus of 1.0 − 1.2MPa, and the magnetic induction

fields are of magnitude 0−1.2T ). In any case, it is useful to distinguish three different

limiting cases in reference to the above expressions for the particle rotation:

Case 1 : κ is small compared to ∣ǭ∣ and ∣ω̄∣. In this limit, terms of order one or

higher in the parameter κ can be neglected, compared to the zeroth-order term, and

the equilibrium rotation of the inclusion is given by the (purely mechanical) Eshelby
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result

ω̄
(2)
e = ω̄ −RP−1ǭ. (B.36)

Clearly, this case corresponds to situations where the matrix is so stiff compared to

the strength of the magnetic field that the rotation of the inclusion is independent of

the magnetic field.

Case 2 : κ is of the same order as ∣ǭ∣ and ∣ω̄∣. In this case the second- and higher-

order terms in equation (B.35) can be neglected, and the equilibrium rotation of the

inclusion is given by

ω̄
(2)
e = ω̄ −RP−1ǭ + κV̂τ̂mg

0 . (B.37)

It is important to emphasize that the small- strain and rotation assumptions that are

implicit in this linearized deformation approximation essentially require that κ be at

most of the same order as ∣ǭ∣ and ∣ω̄∣, for otherwise the resulting particle rotation and

associated strain distributions would violate the small deformation approximation.

In addition, it is evident from expression (B.37), which depends on the magnetic

torque τ̂
mg
0 in the reference configuration that in this limit the differences between

the reference and deformed configuration become irrelevant, as far as the computation

of the equilibrium rotation ω̄
(2)
e is concerned.

Case 3 : nearly aligned magnetic fields. For the special cases where the magnetic

field is almost aligned with the inclusion (or its magnetic anisotropy axes), the equi-

librium rotation of the inclusion would be infinitesimally small, independent of the

parameter κ. Therefore, for these special cases the general expression (B.32) should

be used to obtain the equilibrium rotation of the inclusion.

B.6 Applications for in-plane particle rotations

In this section, the general results of the previous section are specialized for magnetic

loading applied on a plane of symmetry of the inclusion (with ǭ = ω̄ = 0), so that the

rigid inclusion undergoes an in-plane rotation. For simplicity, the matrix is assumed

to be isotropic with stiffness tensor C(1), depending on the elastic moduli, µel and
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ν, and the rigid, ellipsoidal inclusion to be magnetically anisotropic with magnetic

permeability µ, such that the principal permeabilities are µ′1, µ
′
2 and µ

′
3. As depicted

in Fig. B.2, the geometric axes of the inclusion, defined by {x1, x2, x3}, are initially

aligned with the laboratory axes, characterized by {X1,X2,X3}, but rotate about

the X3-axis by an angle φ under the magnetic loading h̄, which in turn is applied

on the X1 −X2 plane at an angle ψ0 relative to the X1 axis. Note that in order for

the rotation of the particle to remain in the plane (so that x3 = X3), the magnetic

axes of the inclusion, defined by {x′1, x′2, x′3}, must be oriented such that x′3 = x3 = X3.

For some generality, however, we assume that the magnetic axes may differ from the

geometric axes by an angle θ (about the x3 axis). Finally, we label the semi-axes of

the ellipsoidal inclusion in the 1, 2, and 3 directions, a, b and c, respectively.

(a) (b)

x1

x1

x2 x2

X1X1

X2X2

x′1x′1
x′2

x′2

θθ

ψ0φ

h̄

Figure B.2: Schematic representation of the in-plane rotation of the particle under
magnetic loading. (a) The inclusion in the reference configuration and (b) the in-
clusion in the current configuration (after application of the external magnetic field
h̄). Note that here the coordinate systems {x1, x2, x3} and {x′1, x′2, x′3} defining the
geometric and magnetic axes of the inclusion are fixed on the rigid inclusion and are
such that x′3 = x3.

Under the above-mentioned hypotheses with the external magnetic fields h̄ being

applied on the X1 −X2 plane at an angle ψ0 relative to the X1 axis, it can be shown

that the only non-zero components of the antisymmetric magnetic moment tensor,

τ̂mg
0 , in equation (B.37) are

(τ̂mg
0 )21 = −(τ̂mg

0 )12 = 12(A(2)11 −A(2)22 ) sin (2ψ0) −A(2)12 cos (2ψ0), (B.38)

where A
(2)
ij are the components of the magnetization concentration tensor defined

by expression (B.23). On the other hand, it follows from expression (B.37) for ω̄
(2)
e

258



that the in-plane particle rotation φ = (ω̄(2)e )
21

is given by φ = 2κV̂2121 (τ̂mg
0 )21, where

V̂2121 = Ŝ2121 − Q̂2
2121/P̂2121 is the relevant component of the fourth-order tensor V̂ =

µel {S −RP−1Q}, defined earlier. Then, substituting expression (B.38) for (τ̂mg
0 )21 into

this expression for φ, it can be readily shown that

φ = κα

cos ξ
sin (2ψ0 − ξ) , (B.39)

where

α = (A(2)11 −A(2)22 ) V̂2121, and tan ξ ∶= A
(2)
12

A
(2)
11 −A(2)22

. (B.40)

Note that the equilibrium particle rotation φ is periodic on the magnetic field angle

ψ0, with period π. It is also linear on the dimensionless parameter κ, and therefore

quadratic in the magnetic field h̄ and inversely proportional to the shear modulus µel.

In addition, it depends on both the “mechanical” microstructural tensors , P,Q,R,

and S (through V̂), as well as on the corresponding “magnetic” microstructural tensor

P0 (through A), and therefore also depends on the Poisson’s ratio ν, the magnetic

permeabilities µ′1, µ
′
2 and µ

′
3, the particle shape, as determined by a, b and c, and the

orientation of the magnetic axis relative to the geometric axes, as specified by θ. In

an effort to elucidate the dependence of the inclusion rotation on all these variables

and parameters, results will be provided next for cylindrical inclusions of elliptical

cross-section aligned with the x3 axis, and for spheroidal inclusions with their axis of

symmetry lying in the rotation plane.

B.6.1 Cylindrical (2D) inclusions

We begin by considering cylindrical inclusions with elliptical cross-section of aspect

ratio w = a/b, and with in-plane (principal) magnetic permeabilities, µ′1, µ
′
2, and

generally non-aligned magnetic axes, as determined by θ. As shown in Fig. B.3, the

theoretical results are also compared to numerical results obtained using the general

purpose FEM software COMSOL. These numerical simulations have been carried out

for a square cell of finite length L. The length L is chosen in the following manner.
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We start with length L0 (∼ 4 × a for the above specific example). Then we double

the length until the condition φn+1−φn
φn

< 0.0001 is satisfied, where φn and φn+1 are

respectively the equilibrium rotations when L = Ln and L = Ln+1 = 2Ln.
(a) (b)

ψ0

φ
κ

ψ0

φ
κ

θ = 0○
θ = 40○
θ = 90○

(1)

(2)

(3)

00 π/4π/4 π/2π/2 3π/43π/4 ππ

−0.4−0.4

−0.2−0.2

00

0.20.2

0.40.4

Figure B.3: Analytical predictions (lines) and FE results (symbols) for the equilibrium
rotation φ as a function of the magnetic loading angle ψ0. (a) Cylindrical inclusion
with aligned magnetic and geometric axes (θ = 0○) for three different cases: (1) circular
cross-section and principal permeabilities µ′1/µ0 = 10 and µ′2/µ0 = 2, (2) elliptic cross-
section with aspect ratio w = a/b = 2 and isotropic permeability µ′1/µ0 =µ′2 /µ0 = 10,
and (3) elliptic cross-section with aspect ratio w = 2 and principal permeabilities
µ′1/µ0 = 10 and µ′2/µ0 = 2. (b) Cylindrical inclusion with aspect ratio w = 2 and
principal permeabilities µ′1/µ0 = 10 and µ′2/µ0 = 2, for θ = 0○, θ = 40○, and θ = 90○.

In Fig. B.3(a), results are shown for θ = 0○ corresponding to aligned geometric and

magnetic axes, such that the largest axis of the elliptical inclusion (if it is not circular)

is always aligned with the largest principal permeability (if the magnetic properties

of the inclusion are not isotropic). Results are presented for three cases: (1) circular

cross-section (w = 1) and principal permeabilities µ′1/µ0 = 10 and µ′2/µ0 = 2, (2) elliptic
cross-section with aspect ratio w = a/b = 2 and isotropic permeability µ′1/µ0 =µ′2 /µ0 =
10, and (3) elliptic cross-section with aspect ratio w = 2 and principal permeabilities

µ′1/µ0 = 10 and µ′2/µ0 = 2. The main observation from the results presented in this

figure is that the particle always tends to align the magnetic axis with the largest

permeability (if not magnetically isotropic), or its largest geometric axis (if it is

isotropic) with the applied magnetic field (i.e. φ > 0 for 0 < ψ0 < π/2). Note also

that the particle rotation φ is periodic in ψ0, with period π, as already mentioned in

connection with equation (B.39), and that φ = 0 when the magnetic field is aligned

260



with the particle axes (ψ0 = 0, π/2 or π). The second important observation is that

the particle shape and magnetic anisotropy have a synergistic effect for these case

when the largest geometric axis is aligned with the largest principal permeability.

Thus, the amplitude of the particle rotation is largest for case (3) above.

In Fig. B.3(b), results are shown for elliptical particles with fixed aspect ratio

w = 2 and magnetic permeabilities µ′1/µ0 = 10 and µ′2/µ0 = 2, for three values of θ

between 0 and π/2. Note that changing θ changes the components A
(2)
ij , and therefore,

α and ξ in equation (B.39). For θ = 0○, the magnetization concentration tensor A(2) is

diagonal (i.e. A
(2)
12 = 0), which implies that ξ = 0, consistent with what is shown in the

figure. For 0○ < θ < 90○, we have A
(2)
12 ≠ 0 which results in a non-zero ξ, and therefore,

a phase shift in the plot for the equilibrium rotation of the inclusion. Finally, for

θ = 90○, the magnetic concentration tensor is diagonal which again implies that ξ = 0;
however, α < 0 for the specific choice of the parameters in Fig. B.3. Consequently, the

inclusion no longer tends to align its largest geometric axis with the applied field, but

instead prefers, for this specific choice of parameters, to align its largest magnetic axis

with the applied field, resulting in φ < 0 for 0 < ψ0 < π/2. In this case the magnetic

and geometric effects oppose each other and the amplitude of the resulting particle

rotation is also the smallest. In this connection, it should be noted that when θ = 90○
it is possible to choose w ≠ 1, µ′1 and µ′2 ≠ µ′1 such that the equilibrium rotation of

the inclusion is zero for all values of ψ0.

For a more detailed analysis of the effect of inclusion shape or magnetic behavior,

we focus our attention on θ = 0○ since in this case ξ = 0 and the equilibrium rotation

simplifies to

φ = ακ sin (2ψ0) . (B.41)

Then, the effect of the shape and magnetic behavior on the rotation of the cylindrical

inclusion with aspect ratio w = a/b, and magnetic permeabilities, µ′1, µ
′
2, is completely

described by α. We consider the following two cases:

Case 1: Cylindrical inclusion with circular cross-section (w = 1) and anisotropic

permeability (µ′1 ≠ µ′2). Then, the amplitude coefficient α, as given by expression
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Figure B.4: The effects of magnetic anisotropy and inclusion shape on the magnitude
of the particle rotation in an aligned external magnetic fields. (a) The coefficient αcir

for different values of the parameter µ
′
2/µ0 as a function of µ

′
1/µ0 , and (b) the coefficient

αell for fixed permeability µ/µ0 = 10, and different values of the Poisson’s ratio of the
matrix.

(B.40)1, simplifies to

αcir (µ′1/µ0, µ′2/µ0) = 12 (
µ′1/µ0 − 1
µ′1/µ0 + 1

−
µ′2/µ0 − 1
µ′2/µ0 + 1

) .

Note that for this special case there is no dependence on the Poisson’s ratio of the

matrix ν. Plots of αcir as a function of µ
′
1/µ0 , for fixed values of µ

′
2/µ0 , are shown in Fig.

B.4(a). It can be seen that αcir increases monotonically with increasing the magnetic

anisotropy, µ
′
1/µ0 , and saturates for large values of µ

′
1/µ0 . In addition, note that the

graphs corresponding to the larger values of µ
′
2/µ0 , can be obtained by translations in

the negative vertical direction.

Case 2: Cylindrical inclusion with aspect ratio w = a/b and isotropic in-plane magnetic

behavior (µ′1 = µ′2 = µ). The coefficient α in this case reduces to

αell (µ/µ0 ,w, ν) = w − w/4(1−ν)
(w + 1)2 − w/(1−ν)

(w2 − 1) (µ/µ0 − 1)2
(w + µ/µ0) (1 + µ/µ0w) ,

which does depend on the Poisson’s ratio ν. Plots of αell as a function of w, for

µ/µ0 = 10, are shown in Fig. B.4(b). In this figure, it can be seen that αell increases

up to a maximum, and then decays to zero as the aspect ratio is further increased
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(for w > 1). This is due to the fixed displacement boundary condition at infinity, and

the fact that as the aspect ratio tends to infinity the rigid inclusion approaches the

boundary. Note that αell (w) = −αell (1/w), due to the symmetry of the problem.

B.6.2 Spheroidal (3D) inclusions
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Figure B.5: The effect of anisotropy, due to the magnetic behavior and shape of the
inclusion, on the response of the single inclusion to the external magnetic field. (a)
The coefficient αsph as a function of µ

′
1/µ0 for different values of the parameter µ′2/µ0

and (b) the coefficient αsrd for fixed permeability µ/µ0 = 10, and different values of
the Poisson’s ratio of the matrix.

In this subsection, we consider spheroidal (c = b) inclusions of aspect ratio w = a/b
with aligned magnetic and geometric axes (θ = 0○) in the plane of the rotation. In

this case, the equilibrium rotation also satisfies the relation (B.41) with α serving to

describe the amplitude of the particle rotation as a function of the various geometric

and material parameters. For simplicity here, we consider the following two cases:

Case 1: Spherical inclusion (w = 1) with anisotropic permeability (µ′1 ≠ µ′2). In this

case, the coefficient α reduces to

αsph (µ′1/µ0 , µ′2/µ0) = 1

2
(
µ′1/µ0 − 1
µ′1/µ0 + 2

−
µ′2/µ0 − 1
µ′2/µ0 + 2

) ,

which is independent of the Poisson’s ratio of the matrix ν. As it is shown in Fig.

B.5(a), similar to the cylindrical inclusion with circular cross-section case, αsph in-

creases monotonically with increasing the magnetic anisotropy, µ
′
1/µ0 , and saturates
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for large values of µ
′
1/µ0 .

Case 2: Prolate spheroidal inclusion with aspect ratio w = a/b > 1 and isotropic in-

plane magnetic behavior (µ′1 = µ′2 = µ). The coefficient α for this case can be written

as

αsrd (µ/µ0,w, ν) = (Ŝ2121 − Q̂
2
2121

P̂2121

) (µ/µ0 − 1)2 (P̂22 − P̂11)
[1 + P̂11 (µ/µ0 − 1)] [1 + P̂22 (µ/µ0 − 1)]

,

where

P̂11 = w
k2
{sinh

−1 k
k

− 1

w
} , P̂22 = w

2k2
{w − sinh−1 k

k
} ,

P̂2121 = w

8k4
{(1 − ν) k

4 + (2 + ν)k2 + 3
(1 − ν)w − 1 + ν

1 − ν k sinh
−1 k − 3

1 − ν
sinh−1 k

k
} ,

Q̂2121 = w

8k2
{3 sinh

−1 k
k

− k
2 + 3
w
} , Ŝ2121 = w

8k2
{sinh

−1 k
k

+ k
2 − 1
w
} .

In these expressions, k =√w2 − 1, where w = a/b is the aspect ratio of the spheroid. As
shown in Fig. B.5(b) (for w > 1), and similar to the elliptical particle, αsrd increases

up to a maximum and then decays to zero with increasing the aspect ratio. However,

for the spheroidal particles, the results for oblate (w < 1) spheroidal inclusions and

the corresponding ones for prolate inclusions (w > 1) do not satisfy the symmetry

relation αsrd (w) = −αsrd (1/w) for w < 1, because oblate and prolate spheroids are

geometrically different. Nonetheless, the general shape of the curve for oblate inclu-

sions is similar to that of prolate inclusions, except for the sign of the rotation, of

course.

B.7 Concluding Remarks

In this appendix, we have addressed the magneto-elasticity problem of a single rigid

inclusion with linear magnetic behavior embedded in a non-magnetic, and linear-

elastic matrix. The main result is given by equation (B.32), which shows that the

magnetic torque induced by an externally applied magnetic field will affect the overall

rotation of the ellipsoidal inclusion embedded in a matrix that is being subjected to
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a remotely applied deformation, as long as the inclusion is not both spherical and

magnetically isotropic, and provided that the magnetic field is not aligned with one

of its geometric, or magnetic axes.

To shed some light on the range of validity of the resulting expression for the

equilibrium rotation of the inclusion, an asymptotic expansion in terms of the di-

mensionless parameter κ = µ0h̄2/2µel, serving to describe the relative strengths of the

magnetic and elastic fields, was obtained (see equation (B.35) in Section B.5). It is

shown that in order to be consistent with the assumption of infinitesimal deforma-

tions the parameter κ can be at most of the order of the displacement gradient (i.e.

κ ∼ ∣∇u∣). Because of this, it is possible to neglect second-order terms in κ in the

expression for the equilibrium rotation of the inclusion.

The effect of magnetic anisotropy and inclusion shape on the particle rotation is

investigated in some detail for both cylindrical (2D) and spheroidal (3D) inclusions,

subjected to an in-plane magnetic field. The dependence of the particle rotation on

the orientation of the applied magnetic field is found to be sinusoidal with period

π, and it vanishes when the field is aligned with the symmetry axes of the particle,

when both the magnetic and geometric axes coincide, and for some other intermediate

orientations, when they are not. In addition, it is shown that the amplitude of the

magnetically induced rotation monotonically increases and asymptotes to a constant

value with increasing magnetic anisotropy of the inclusion. On the other hand, for

magnetically isotropic inclusions with non-spherical shape, the equilibrium rotation

increases up to a maximum, and then decays to zero, as the aspect ratio is increased.

The results of this appendix can be used to determine the effective behavior of

magnetorheological composites consisting of a dilute concentration of rigid, magnetic

inclusions distributed randomly in a non-magnetic elastomeric matrix in the small-

deformation limit. The details of such a study are beyond the scope of this appendix

and are left for a future publication. Furthermore, the results of this appendix provide

some justification for the “stiff matrix” approximation in the work of Ponte Castañeda

& Galipeau (2011) , which consists in the approximation that the particles are con-

vected by the purely mechanical deformation in the limit when κ≪ 1. Indeed, when
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a magnetorheological composite is subjected to finite strains, the additional rotations

of the particles due to the applied magnetic fields would still be expected to be of

order κ, and therefore small, compared to the mechanically driven particle rotations,

which can be large compared to κ.

It should also be noted that the results of this appendix can be easily “trans-

lated” into corresponding results for the analogous problem of a stiff dielectric inclu-

sion embedded in a soft dielectric matrix with a different dielectric coefficient which

is assumed to be isotropic and deformation independent. Thus, identifying h with

the electric field, b with the electric displacement, and µ0 and µ(2) with the dielec-

tric coefficients of the matrix and inclusion, respectively, expression (B.25)—with an

appropriate reinterpretation of A(2)—will correspond to the electric torque of the

particle, while expression (B.35) will provide the rotation of the particle under the

combined action of electric and mechanical loadings.

Finally, it is remarked that the results of this work for the particle rotation in a

linear-elastic matrix under the action of a magnetic field could be generalized in at

least two ways. First, the constitutive behavior of the particles could be taken to

be non-linear, corresponding to ferromagnetic behavior, and second, the constitutive

response of the elastomeric matrix material could be taken to be neo-Hookean, or

some other suitably chosen hyperelasticity model to account for finite strains and

rotations. The first would require generalization of the magnetostatic problem de-

scribed in Section B.3 of this appendix to include nonlinear magnetization, which can

be accomplished by application of the ‘linear comparison’ methods developed by Cas-

taneda (1992) in the analogous context of nonlinear dielectric behavior (see also Ponte

Castañeda et al. 1992). The second is a little more challenging and would require

generalization of the elastic problem described in Section B.4 for the torque required

to produce a finite rotation of the particle in the hyperelastic matrix. This could also

be accomplished, at least in principle, by suitable application of the ‘second-order’

homogenization methods of Ponte Castañeda & Tiberio (2000) and Lopez-Pamies &

Ponte Castañeda (2006b) for hyperelastic composites. These possible generalizations

are under investigation and will be dealt with elsewhere.
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B.8 Solution of the BVP (B.27)

To find the solution of the BVP (B.27), we consider an auxiliary problem in which

the whole space, R3, is filled with the elastic matrix material (see Fig. B.6). In this

case, a part of the homogeneous body, P0, which is geometrically the same as the

inclusion but made up of the elastic matrix phase, undergoes a constant strain and

a constant rotation due to the boundary condition (B.27)2. To account for the fact

that the strain in the actual rigid inclusion vanishes, it is necessary to apply a surface

traction on the boundary of P0 as follows

s1 = −σ (x′)n′, x′ ∈ ∂P0, (B.42)

where σ (x′) is a divergence-free symmetric second-order tensor defined inside P0. On

the other hand, to satisfy the boundary condition (B.27)3 and account for the rigid

body rotation of the actual inclusion, it is required to apply a body torque distribu-

tion inside P0 (i.e., l = l (x′) for x′ ∈ P0). However, to make the formulation more

symmetric, instead of specifying the body torque to enforce the boundary condition

(B.27)3, we define a surface traction s2 on the boundary of P0 as follows

s2 = −τ (x′)n′ x′ ∈ ∂P0, (B.43)

where τ (x′) is a divergence-free, skew-symmetric, second-order tensor defined in P0.

Therefore, finding the solution of the BVP (B.27), shown schematically in Fig. B.6(a),

is equivalent to finding the solution of the auxiliary problem depicted in B.6(b) with

σ and τ chosen such that

ǫ (x) = 0, and ω (x) = ω̄(2), x ∈ P0. (B.44)

Moreover, since the boundary conditions of the general BVP (B.27) are satisfied, the

displacement field of the auxiliary problem, described above, is guaranteed to be the

solution of (B.27) by the uniqueness theorem of elasticity (Love 1944) .
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(a) (b)

u = ǭx + ω̄xu = ǭx + ω̄x

ω̄(2)

Ω0

s1 = −σn
s2 = −τn

P0

Figure B.6: Schematic of the problem given by the BVP (B.27). (a) The original
problem, and (b) the auxiliary problem.

Using the linearity of the problem, the total displacement field for the above aux-

iliary problem can be divided into three parts. The first part is an affine displacement

due to the boundary condition (B.27)3 at infinity. Then, there is the displacement

field due to the surface traction s1 which can be found by integration (over ∂P0) from

the solution of the concentrated force problem in an infinite elastic matrix (or the

Green’s tensor function of elasticity). Finally, there is the displacement field due to

the traction s2. Noting that the surface traction s2 has a similar structure to s1, its

contribution to the total displacement can be found by following the same procedure.

It is important to note that, due to its singular character, the Green’s function in the

above computation has to be treated as a generalized function. However, to avoid

the difficulties of dealing with such functions, it is useful to deploy the plane-wave

decomposition of the delta function to generate alternative representations (in terms

of the acoustic tensor) for the Green’s function (see e.g., Willis 1977). Details for the

calculations involved can be found in the works of Willis (1981) and Walpole (1991);

the important results are summarized next.

Thus, it can be shown that the constraints (B.44) for inside the inclusion can be

satisfied for constant σ and τ , i.e.

σ (x′) = σ, and τ (x′) = τ , x′ ∈ P0. (B.45)

Therefore, the infinitesimal strain and rotation tensors for x ∈ P0 are uniform and
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equal to

ǫ = ǭ − Pσ −Qτ , and ω = ω̄ −Rσ − Sτ , (B.46)

where the fourth-order microstructural tensors P, Q, R and S are defined by

Pijpq =X(ij)(pq), Rijpq =X[ij](pq), Qijpq =X(ij)[pq], and Sijpq = X[ij][pq] (B.47)

in terms of

Xijpq = detZ0

4π ∫∣ξ∣=1 ξqξjK
−1
ip (ξ) ∣Z0ξ∣−3 dS, (B.48)

and depend only on the shape of the inclusion, through Z0, and on the elastic prop-

erties of the matrix, through the acoustic tensor Kip (ξ) = C(1)ijpqξjξq. Note that P and

R are the usual Eshelby tensors characterizing the particle rotations in the small-

strain/small-rotation limit, in the absence of external torque. On the other hand, Q

and S, which are such that Qijkl = Rklij, serve to account for the additional rotation

of the inclusion due to the external torque.

Applying the constraints (B.44), the following system of equations is obtained

ǭ = Pσ +Qτ , and ω̄ − ω̄(2) = Rσ + Sτ , (B.49)

which can be inverted for σ and τ to yield the results in expressions (B.29). Having

obtained expressions for σ and τ , it is now a simple matter to compute the total

traction needed to produce the above-mentioned deformation in the auxiliary problem

via s = s1 + s2 = −(σ + τ )n. This is of course the negative of the “mechanical”

traction required to produce the needed rotation ω̄(2) of the rigid particle in the

original problem, as is given by expression (B.28) in terms of σ and τ .
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Appendix C

Derivation of the linearized

constitutive equations for

electro-active materials

In this appendix, we provide a derivation of the constitutive response of a general ho-

mogeneous electro-active material in the limit of infinitesimal deformations by appro-

priately linearizing a thermodynamically consistent finite-strain formulation (Toupin

1956, Kovetz 1990, Hutter et al. 2006). The general form of the constitutive equa-

tions for a homogeneous electro-active material can thus be obtained by means of

an energy-density (or potential) function w (F ,d), where F ∶= ∂x (X) /∂X is the

deformation gradient. Then, the electric field and the total (Cauchy) stress for the

material with potential w (F ,d) are given by

e = ∂w
∂d

, and T = ∂w
∂F

F T + (w − d ⋅ e)I + e⊗ d. (C.1)

The objectivity of the potential requires that w (QF ,Qd) = w (F ,d) for any or-

thogonal matrix Q. This implies (Kovetz 1990) that w is a function of F TF , F Td,

i.e.,

w = ŵ (F TF ,F Td) . (C.2)
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Therefore, by using the chain rule, equations (C.1), in terms of the modified potential

ŵ, can be rewritten as

e = F ∂ŵ

∂F Td
, and T = 2F ∂ŵ

∂F TF
F T + (ŵ−d ⋅ e)I + e⊗d+d⊗ e. (C.3)

Note that the stress T , given by (C.3)2, is obviously symmetric, as expected.

For small but finite deformations, linear-electrical response, and in the absence of

piezo-electric effects, we can assume a general form for w as follows

w (F ,d) = 1
2
E ⋅ CE + 1

2
d ⋅ ε−1 (F )d, (C.4)

where E = (F TF − I) /2 is the Green (or Lagrangian) strain tensor, C is the stiffness

of the material and ε (F ) is the corresponding (deformation-dependent) permittivity.

Without loss of generality, C may be taken to be a constant (i.e., independent of

the deformation and electric fields), fully symmetric, fourth-order tensor, while ε (F )
is taken to be a symmetric, second-order tensor, characterizing the coupling of the

electric and elastic effects. Alternatively, in terms of the modified potential, we can

write

ŵ(F TF ,F Td)= 1
2
E ⋅ CE + 1

2
F Td ⋅ (U−1E−1(E)U−1)F Td, (C.5)

where we have made use of the polar decomposition F = RU to decompose the

deformation gradient into a rotation R and a stretch U = (F TF )1/2, and we have

introduced the “strain-dependent permittivity”

E (E) =RT ε (F )R. (C.6)

Note that E(E) physically corresponds to the permittivity of the medium in a ficti-

tious frame of reference that rotates with the material (particles).

We can then use equations (C.3) to obtain explicit expressions for the electric field

e and the total stress T corresponding to the potential described above. These expres-

sions can then be linearized to obtain the constitutive equations of the electro-active
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materials in the limit of infinitesimal deformations. The result for the deformation-

dependent electric constitutive equation is given by expression (4.4), where E0 = E (0)
is the permittivity of the material in the reference (undeformed) configuration, and

the electromechanical coupling constant S is given also in terms of E by expression

(4.5).

On the other hand, the total stress inside the electro-active materials in the limit

of infinitesimal deformations is found to be of the form (4.8), where Tme = Cǫ and

T el= 1
2
(e⊗d+d⊗ e) − 1

2
(e ⋅ d)I + 1

2
D†(d⊗ e) . (C.7)

Here the fourth-order tensor D is given by

D
†
mnij = Dijmn = −E−10ipSpjmn, (C.8)

and satisfies the symmetry property Dijmn =Dijnm. Note that in expression (4.8) for

T , terms of order ∣∇u∣2 and ∣∇u∣ ∣d∣2 or higher are ignored in order to be consistent

with the general form (C.4) for the potential w. For the same reason, terms of order

∣∇u∣2 or higher are ignored in expression (4.3)2 for ε.

It is noted that the result for the total stress provided by equation (4.8) is in

agreement with the results of Landau et al. (1984). However, it should be emphasized

that Landau et al. (1984) treat the effect of the macroscopic rotation as an additional

contribution to the free energy, whereas in this work the effect of the macroscopic

rotation is directly accounted for in the linearization of the potential energy w (or

ŵ).

It is important to emphasize that the result (4.8) is only valid for infinitesimal

deformations. Therefore, the electric fields appearing on the right side of equation

(4.8) cannot be arbitrarily large since they may result in large deformations. As

discussed in section 4.4.2, the boundary conditions that are widely used in practical

applications of DECs, require the total stress T = Cǫ + T el inside to vanish (see

(4.70)). In order to obtain a measure for the size of the electric fields that are

consistent with the assumption of the infinitesimal deformations, we introduce the
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dimensionless parameters

Č = 1

µ
C, ď = 1

εē
d, and ě = 1

ē
e, (C.9)

where µ, ε and ē are appropriately chosen reference values for the shear modulus,

permittivity and the electric field, respectively. Now equation (4.70) can be rewritten

as Čǫ + κŤ el = 0, where Ť el is given by (C.7) with e and d being replaced by ě and

ď, respectively, and satisfies Ť el ∼ O(1), and where the dimensionless parameter κ,

defined by expression (4.7), serves to characterize the strength of the electrostatic

effects relative to the elastic effects. It then becomes clear from equation (4.7) that

unless κ is of the same order as the strain (i.e., κ ∼ ∣ǫ∣), the assumption of infinitesimal

deformations will be violated.

It is also important in this context to recall that d and e (or similarly ď and ě) are

Eulerian variables, which, in general, depend on the deformation. However, for cases

where κ ∼ ∣ǫ∣, they can be replaced by their Lagrangian (referential) counterparts.

This is due to the fact that Eulerian and Lagrangian variables differ at most by

correction terms that are of first order in the strain, which translate into terms of

order κ2, or higher in the corresponding expressions for the total stress. The fact that

all the electric fields in the expression for the total stress have to be computed in the

reference configuration allows further simplification of the expression for the electric

part of the total stress as follows

T el=−1
2
(e⋅d)I + 1

2
(e⊗d+d⊗ e) − 1

2
S†(e⊗ e) . (C.10)

In the above result for the electric contribution to the total stress, the tensor S only

depends on E (ǫ) via equation (4.5). Thus, the the constitutive relations (i.e., effective

permittivity and the total stress) for a general electro-active material can be obtained

solely in terms of the strain-dependent permittivity E (ǫ).
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Appendix D

Microstructural tensors for

spheroidal inclusions

The mechanical (or electric) microstructural tensors P and R (or P and P̂) for the

special case of spherical inclusions with symmetry axis along the unit vector n exhibit

transversely isotropic symmetry. For this reason, it is useful to define two elementary

second-order tensors

ρ = n⊗n and γ = I − n⊗ n, (D.1)

such that a general transversely symmetric second-order tensor σ can be written

as σ = σrρ + σsγ, where σr and σs are the axial and transverse components of σ,

respectively.

A general transversely isotropic fourth-order tensor can then be expressed (Walpole

1981) in terms of four fully symmetric fourth-order tensors E[α] (α = 1,⋯,4), two ad-

ditional tensors with minor symmetries E[5] and E[6], and another tensor F with

symmetry properties Fijkl = Fijlk = −Fjikl. They are defined, in terms of ρ and γ, as

274



follows

E
[1]
ijkl ∶= 1

2γijγkl, E
[2]
ijkl ∶= ρijρkl,

E
[3]
ijkl ∶= 1

2 (γikγjl + γjkγil − γijγkl) ,
E
[4]
ijkl

∶= 1
2 (γikρjl + γilρjk + γjlρik + γjkρil) ,

E
[5]
ijkl ∶= ρijγkl, E

[6]
ijkl ∶= γijρkl, and

Fijkl ∶= 1
4 (−γikρjl − γilρjk + γjlρik + γjkρil) .

(D.2)

For future use, the auxiliary tensor E[a] is also defined as follows

E[a] = 1
3
E[1] + 2

3
E[2] − 1

3
(E[5] +E[6]) . (D.3)

It is easily observed that the first four of the tensors in (D.2) are projections, i.e. they

satisfy

∑4
α=1E[α] = I,

E[α]E[α] = E[α] for α ∈ {1,⋯,4} ,
E[α]E[β] = 0 for α ≠ β ∈ {1,⋯,4} .

(D.4)

Also it can be shown that the following relations hold

E[a]E[a] = E[a],

E[a]E[α] = E[α]E[a] = 0 for α ∈ {3,4} ,
FE[α] = F for α = 4, and 0 otherwise.

(D.5)

It can then be shown (Ponte Castañeda & Willis 1995) that for the special case

of spheroidal inclusions with aspect ratio w and symmetry axis n, together with

incompressible matrices with shear modulus µ(1),

P = 2mp
pE
[3] + 2mp

nE
[4] + 2mp

aE
[a] and R = rF, (D.6)

where

m
p
p = 3h(w)−2w2

16(1−w2)µ(1) , m
p
n = [(1+w2)(2−3h(w))]

8(1−w2)µ(1) ,

m
p
a = 3[h(w)−2w2+2w2h(w)]

8(1−w2)µ(1) , and r = 3h(w)−2
2µ(1) ,

(D.7)
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for w ≠ 1 and

mp
p =mp

n =mp
a = 1

10µ(1) and r = 0, (D.8)

for w = 1. The function h (w) is given by

h (w) =
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

w[arccos(w)−w√1−w2]
(1−w2)3/2 w < 1

2/3 w = 1
w[w√w2−1−arccosh(w)]

(w2−1)3/2 w > 1
. (D.9)

The corresponding electric microstructural tensors are given by

P = prρ + psγ
P̂ = 2k̂ppE[1]+ n̂pE[2]+ 2m̂p

pE[3] + 2m̂p
nE[4]+ l̂pE[5]+ l̂′pE[6]

= (2k̂pp, n̂p,2m̂p
p,2k̂

p
n, l̂p, l̂′p) in short,

(D.10)

where

pr = 1−h(w)
ε(1) , ps =h(w)

2ε(1) ,

k̂pp = 2m̂p
p = 3h(w)−2w2

4(w2−1)ε(1) , n̂p =3w2h(w)−3w2+1
(w2−1)ε(1) ,

l̂p = l̂′p/w2 = 2−3h(w)
2(w2−1)ε(1) , 2m̂p

n =(1+w2)(2−3h(w))
2(w2−1)ε(1) ,

(D.11)

for w ≠ 1. For spherical inclusions we have

Pij = 1

3ε(1) δij and P̂ijkl = −1
5ε(1) (δijδkl + δikδjl + δilδjk) . (D.12)

Note that the correction tensor P̂ is defined only for the distribution while the

other microstructural tensors are defined for both inclusions and the distribution.

Therefore, when computing the microstructural tensors for the inclusions, wI0 and

nI0 corresponding to the geometry of the inclusions have to be used, while wD0
and nD0

have to be used for the computation of the microstructural tensors for the distribution.
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Appendix E

Eulerian expressions for the

macroscopic stress and electric

field

Here we provide the corresponding Eulerian forms of expressions (5.29) and (5.30)

for the effective constitutive response of fiber-constrained DECs. Thus, we define the

Eulerian energies

w̃me (F̄ ) ∶= W̃me (F̄ ) and w̃el ∶= 1
2
D̄ ⋅ ε̃−1 (F̄ ) D̄, (E.1)

where ε̃ (F̄ ) is the effective deformation-dependent permittivity given by (5.17)2,

and the replacement J̄ = 1 is made to account for the overall incompressibility of the

DEC. Then, taking into account the objectivity of the effective energy, as well as the

quadratic nature of w̃el on D̄, the Eulerian electric field and the total Cauchy stress

can be shown to be given by

Ē = ε̃−1 (F̄ ) D̄ and T̄ = T̄me + T̄ el, (E.2)
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where

T̄me = 2F̄ ∂ũme

∂C̄
F̄ T− p̄I, and T̄ el = 2F̄ ∂ũel

∂C̄
F̄ T− 1

2
(Ē ⋅ D̄)I + Ē⊗ D̄ + D̄⊗ Ē. (E.3)

In the above equations, ũme (C̄) and ũel (C̄, F̄ T D̄) are the corresponding objective

forms of the effective energies w̃me (F̄ ) and w̃el (F̄ , D̄), respectively, and C̄ ∶= F̄ T F̄ .

The derivative ∂ũel/∂C̄ can be written in a more explicit form as follows

∂ũel

∂C̄
= −1

4
S̃† [(R̄T Ē) ⊗ (R̄T ē)] −T† [(R̄T D̄) ⊗ (R̄Ē)] , (E.4)

where the fourth-order tensors S̃ and T are, respectively, defined by

S̃pqkl ∶= 2 ∂Ẽpq
∂C̄kl

, and Tpqkl ∶= ∂Ūpn
∂C̄kl

Ū−1nq , (E.5)

and the symbol “†” denotes the diagonal transpose operator. Note that S̃ is a ma-

terial property characterizing the effective electromechanical coupling tensor of the

composite. The expression for T can be further simplified by using an explicit expres-

sion for the derivative ∂Ū /∂C̄ (see Hoger & Carlson 1984, for more details). Thus,

we obtain

Tpqkl = 1

4Ī1Ī2
{(Ūpkδlq + Ūplδkq) + (Ī21 + Ī2) (δpkŪ−1lq + δplŪ−1kq )

−Ī1 (ŪpkŪ−1lq + ŪplŪ−1kq + δpkδlq + δplδkq)} ,
(E.6)

where Ī1 ∶= tr Ū and Ī2 ∶= det Ū . Finally, by substituting (E.4) into (E.3)2, we get

T̄ el = −1
2
(Ē ⋅ D̄)I + Ē⊗ D̄ + D̄⊗ Ē

− 2F̄ {T† [(R̄T D̄) ⊗ (R̄T Ē)] + 1

4
S̃† [(R̄T Ē) ⊗ (R̄T Ē)]} F̄ T .

(E.7)

The limit as Ū → I is of special interest for infinitesimal deformations. In this

limit, expression (E.6) reduces to

Tpqkl = 1
4
(δpkŪ−1lq + δplŪ−1kq ) , (E.8)
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and the macroscopic stress correspondingly reduces to

T̄ = T̄me
inf + 12 (ē⊗ d̄ + d̄⊗ ē) − 1

2
(ē ⋅ d̄)I − 1

2
S̃

†

inf (ē⊗ ē) , (E.9)

where T̄me
inf is the purely mechanical contribution to the total stress in the limit of

infinitesimal deformations, and S̃inf = S̃(C̄ = I). Note that these results agree exactly
with the results obtained in the recent work of Siboni & Ponte Castañeda (2013) for

infinitesimal deformations, and therefore the finite-deformation estimates developed

in this work are consistent with our earlier infinitesimal-deformation results.
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Appendix F

Levine relations for two-phase

linear thermoelastic composites

Here we provide explicit expressions for the effective energy of linear two-phase com-

posites with particulate microstructures. Thus, consider a two-phase composite con-

sisting of linear phases with the following quadratic energies

W
(r)
T = f (r) + T (r) ⋅F + 1

2
F ⋅L(r)F , for r = 1,2. (F.1)

At this stage f (r), T (r), and L(r) are given quantities which may be replaced by

the corresponding coefficients obtained from the linearization of the non-linear phase

energies. Using a generalization of the Levin relations for two-phase (i.e., r = 1,2)

thermoelastic composites, it is obtained that

ŴT = f̃ + T̃ ⋅ F̄ + 1

2
F̄ ⋅ L̃F̄ , (F.2)

where

f̃ ∶= f̄ + 1
2
∆T ⋅ [(∆L)−1 (L̃ − L̄) (∆L)−1]∆T

T̃ ∶= T̄ + (L̃ − L̄) (∆L)−1∆T .

(F.3)

Here ∆T ∶= T (1) − T (2), ∆L ∶= L(1) − L(2), and f̄ , T̄ and L̄ are the volume averages

of the corresponding local variables. For particulate microstructures (e.g., see the
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microstructures described in section 3.2), we make use of Hashin-Shtrikman type

estimates for the effective modulus. Thus, L̃ will be taken to be

L̃ = L(1) + c0 [(1 − c0)P − (∆L)−1]−1 , (F.4)

where c0 is the volume fraction of the particle phase and P is the usual microstruc-

tural tensor (with major symmetries but not necessarily minor symmetries). The mi-

crostructural tensor P for composites consisting of inclusions with general ellipsoidal

shapes, as characterized by the second-order shape tensor Z0 may be computed as

follows

P ∶= detZ0

4π ∫∣ξ∣=1H (ξ) ∣Z
T
0 ξ∣−3 dS, (F.5)

where the fourth-order tensor H is defined in terms of the acoustic tensor Kik =
L
(1)
ijklξjξl, as follows

Hijkl (ξ) ∶=K−1ik ξjξl. (F.6)

For composites consisting of long cylindrical fibers with elliptical shapes for the cross-

section the above expression for the P-tensor simplifies as follows

P ∶= detZ0

2π ∫
ξ21+ξ22=1

H (ξ1, ξ2, ξ3 = 0) ∣ZT
0 ξ∣−1 dS. (F.7)

Having the expression for the effective response of the above composite we can

use the identity

F̄ (2) = 1

c0

∂ŴT

∂T (2) (F.8)

to obtain an expression to relate the deformation of the inclusion phase to the pre-

scribed tensors T (1) and T (2). The computation of the derivative on the right side

of (F.8), requires the computation of ∂f̃

∂T (2) and ∂T̃ ⋅F̄
∂T (2) , which are easily obtained as

follows
∂

∂T (2) f̃ ∶= −Y∆T and
∂

∂T (2) T̃ ⋅ F̄ ∶= c0F̄ −Y∆LF̄ (F.9)

where

Y ∶= (∆L)−1 (L̃ − L̄) (∆L)−1 . (F.10)
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Therefore, we obtain

F̄ − F̄ (2) = Y

c0
[∆T +∆LF̄ ]

= Y

c0
[∆T +∆LF̄ (2) +∆L (F̄ − F̄ (2))] .

(F.11)

Solving the above equation for F̄ − F̄ (2), we get

{I − Y∆L

c0
}(F̄ − F̄ (2)) = Y

c0
[∆T +∆LF̄ (2)] (F.12)

or

(F̄ − F̄ (2)) = {I − Y∆L

c0
}
−1 Y
c0
[∆T +∆LF̄ (2)] . (F.13)

Given the expression (F.4) and the definition (F.10), we can show that

1

c0
Y ∶= [I − (1 − c0)−1 (∆L)−1 P−1]−1 (∆L)−1

{I − Y∆L

c0
}
−1
∶= −(1 − c0)P∆L [I − (1 − c0)−1 (∆L)−1 P−1] .

(F.14)

Hence, we obtain

F̄ − F̄ (2) = −(1 − c0)P [∆T +∆LF̄ (2)] . (F.15)
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Appendix G

Asymptotic analysis

To obtain the estimates for the incompressible limit, the following asymptotic expan-

sions for l∗s, have been proven useful (Lopez-Pamies & Ponte Castañeda 2006a),

l∗1 = a−1δ + a0 + a1δ +O (δ2)
l∗2 = b−1δ + b0 + b1δ +O (δ2)
l∗4 = d0 + d1δ + d2δ2 +O (δ3)
l∗3 = e0 + e1δ + e2δ2 +O (δ3) ,

(G.1)

where δ ∶= (1/κ(1))1/3. Then taking the expansion

ϕ = ϕ0 +ϕ1δ +O (δ2) , where ϕ0 = φ0 − ψ̄, (G.2)

for the in-plane rotation (relative to the macroscopic rotation) of the fibers, the

relevant components of the tensor Y , are obtained as follows

Y11 = x0 + x1δ + x2δ2 +O (δ3)
Y22 = y0 + y1δ + y2δ2 +O (δ3)
Y12Y21 = p0 + p1δ + p2δ2 +O (δ3)
Y 2
11 + Y 2

22 = s0 + s1δ +O (δ2)
(G.3)
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By expanding (7.49) to the zeroth order we obtain

x0 = c0

1 − c0 (λ̄ − cosϕ0) and y0 = c0

1 − c0 (
1

λ̄
− cosϕ0) (G.4)

and by solving equations (7.47)3,4, to the zeroth order, we obtain

p0 = c0

λ̄ (1 − c0)2
[(2 − c0) λ̄ − (λ̄2 + 1) cosϕ0 + c0λ̄ cos2ϕ0]

s0 = c0

2wλ̄ (1 − c0)2
{−4 [1 + (w − 1)w] (λ̄ + λ̄3) cosϕ0

+ 2 [w (c0 − 4) λ̄2 + (1 +w2) (1 + λ̄2)2 −wcλ̄2 cos (2ϕ0)]
−2 (w2 − 1) (λ̄4 − 1) cos (2θ̄) sin2ϕ0 + (w2 − 1) (λ̄4 − 1) sin (2θ̄) sin (2ϕ0)} .

(G.5)

(It is noted here that in obtaining the above expressions we used the identities (G.7)1,

(G.9)1, and (G.10)2, obtained later.)

To obtain the zeroth order relative rotation ϕ0, we have to make use of the ex-

pansions of the secant condition (7.36) and the evolution equation (7.41). Thus,

letting

k4 = k04 + k14δ + k24δ2 + k34δ3 +⋯
k04 = −c01 − c0 [4 − 2 (λ̄1 + λ̄

−1
1 ) cosϕ0] and k14 = −c01 − c0 [2ϕ1 (λ̄1 + λ̄−11 ) sinϕ0], ⋯,

(G.6)

the secant equation of order of δ−3 can be shown to result in

λ̄1λ̄2 = 1 and λ̄2x0 + λ̄1y0 + k04/2 = 0. (G.7)

Thus, to the δ−2 order, we obtain

λ̄2x1 + λ̄1y1 + k14/2 = 0, (G.8)
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while to the δ−1 order, we obtain

b−1 = λ̄41a−1
a−1λ̄31y0 + a−1λ̄1x0 + (λ̄21a−1 − d−1) = 0
λ̄2x2 + λ̄1y2 + k24/2 = d−1 − λ̄21a−1.

(G.9)

Finally, to the order δ, we obtain

e0 = 2ĝ′
b0 = λ41a0 + 2 (1 − λ̄41)

d−1 − λ̄21a−1
[d−1ĝ′ + a−1 (ĝ′ − 2ḡ)]

0 = −a2−1λ̄41 (λ̄21a−1 − d−1) (λ̄2x1 + λ̄1y1) + d2−1λ̄21 (a0 − 2ĝ′)
− a−1d−1 [(2ĝ′ − 4ḡ) λ̄41 + (d0 + µ(1) + a0λ̄21) λ̄21 − 2 (ĝ′ − ḡ)]
+ a2−1λ̄1 {2 (ĝ′ − ḡ) [λ̄51 + x0 (λ̄41 − 1)] + (µ(1) + d0) λ̄21}

λ̄2x3 + λ̄1y3 + k34/2 = d0 + µ(1) − 1

2λ̄21
[b0 + a0λ̄41 − 2ĝ′ (1 + λ̄41)] ,

(G.10)

where ḡ ∶= g(1) (Ī) and ĝ′ denotes the leading (zeroth) order term in the expansion of

g
(1)
I (Î(1)), where Î(1) = F̂ (1) ⋅ F̂ (1).
The evolution equation to the order δ−1 reads as follows

cosϕ0 = (c0 − 1)d−1
c0λ̄1 (1 + λ̄21)a−1

+ (1 + c0) λ̄1
c0 (1 + λ̄2)

, (G.11)

while to the order δ0, the expansion of the evolution equation provides and expression

for ϕ1 in terms of ϕ0 and other parameters (c0, w, λ̄1, θ̄, ĝ′, ḡ, a−1, a0, d0, and the

relevant components of the eigenstress M (2)).

Equation (G.7)2 is identically satisfied for the values of x0, y0, and k04 given by

equations (G.4) and (G.6), while equations (G.9)3 and (G.11) can be shown to be

exactly identical. In order to obtain the relation between ϕ0 and the relevant com-
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ponents of the tensor M (2), we can solve for the compound variable λ̄2x1 + λ̄1y1 from
equations (G.8) and (G.6)3, to get

λ̄2x1 + λ̄1y1 = c0ϕ1

1 − c0 (λ̄1 + λ̄
−1
1 ) sinϕ0. (G.12)

Substituting the above equation into (G.10)3 and making use of the expression for ϕ1

obtained from the expansion of the evolution equation to the order δ0, we obtain

τ̄12 = ĝ′ (1 + λ̄21)
wλ̄21 (1 − c0)

[2λ̄1 (1 +w2) sinϕ0 − (λ̄21 − 1) (w2 − 1) sin (2ϕ0 − 2θ̄)] , (G.13)

where the definition

τ̄12 ∶= (M (2)
12 −M (2)

21 ) cosφ0 + (M (2)
11 +M (2)

22 ) sinφ0 (G.14)

has been used for conciseness.

In summary, the effective energy of an incompressible matrix reinforced by long

rigid fibers, undergoing finite strains in the plane perpendicular to the long axes of

the fibers and in the presence of a uniform eigenstress M (2) is obtained as follows

Ŵ∗ (F̄ ) = Ŵ∗ (λ̄1, θ̄) = (1 − c0) g(1) (Î(1))
+ c0 (M (2)

11 +M (2)
22 ) cosφ0 − c0 (M (2)

12 −M (2)
21 ) sinφ0,

(G.15)

where

Î(1) = c0 (1 + λ̄21)
2 + [1 + 2 (c0 − 2) c0λ̄21 + λ̄41]w + c0 (1 + λ̄21)w2

(1 − c0)2 λ̄21w
− c0 (λ̄

4
1 − 1) (w2 − 1)
(1 − c0)2 λ̄21w

sin (ϕ0) sin (ϕ0 − 2θ̄) − 2c0 (1 + λ̄21) (1 +w2)
(1 − c0)2 λ̄1w

cos (ϕ0)
(G.16)

and ϕ0 satisfies the evolution equation (G.13).
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