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Design of Part Feeding and Assembly Processes with Dynamics

Abstract

We introduce computational support tools for the analysis and design of systems with multiple frictional
contacts, with a focus on applications to part feeding and assembly processes. The tools rely on dynamic
models of the processes. We describe two approaches to modeling, the Stewart-Trinkle model [1] and the
Song-Pang-Kumar model [2], that allow the designer to experiment with different geometric, material and
dynamic properties and optimize the design for performance. In order to accomodate contact transitions, we
introduce a smooth cone model for friction. We illustrate the models and the design process by describing the
design optimization of a part feeder.
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Abstract— We introduce computational support tools for the
analysis and design of systems with multiple frictional contacts,
with a focus on applications to part feeding and assembly
processes. The tools rely on dynamic models of the processes.
We describe two approaches to modeling, the Stewart-Trinkle
model [1] and the Song-Pang-Kumar model [2], that allow the
designer to experiment with different geometric, material and
dynamic properties and optimize the design for performance. In
order lo accommodate contact transilions, we introduce a smooth
cone model for friction. We iliustrate the models and the design
process by describing the design optimization of a part feeder.

I. INTRODUCTION

There are many manufacturing processes in which nomi-
nally rigid bodies undergo frictional contacts, possibly involy-
ing impacts. Examples of such processes include part-feeding,
assembly, fixturing, material handling, and disassembly. In
order to understand the complexity of such processes it is
useful to consider the part orienting device shown in Figure 1.
A cup-shaped part enters chute “A” in one of two nominal
orientations, which we will call “open end up” (on the left)
and “open end down” (on the right). The objective of this
mechanism is to cause the part to exit chute “C” in the
“open end up” configuration regardless of the orientation when
entering chute “A”, The part is subject to muitiple frictional
contacts with the walls of the chutes and the pin “B”, It
undergoes frictional impacts before either going down the
chute or gets stuck inside the device. There are many factors
that affect this feeding process, including the geometry and
physical properties of the device and part and the part’s
initial condition, Typically, the preliminary design of such
systems is based on strong intuition, and the detailed design
is refined empirically via prototyping. If the prototype does
not function properly, as is usvally the case in the first several
trials, there is no systematic approach to redesign, because the
design constraints of such systems are dominated by unilateral
constraints and constant transitions between contact states.

The dynamics of part feeding and assembly processes are
notoriously difficult to predict because the dynamic models for
systerns with unilateral constraints are vastly inadequate, and
in some cases, do not exist. This is true even for the case of
deterministic models. In the past, geometric and quasi-static
approaches have been adopted to planning manipulation [3],
[4], [5], [6], assembly [7], [8], part feeding [9], fixturing [10],
[111, and grasping tasks [12]. Only now are some of the
fundamental underpinnings of systems with multiple frictional

0-7803-8232-3/04/$17.00 ©2004 |IEEE

contacts and impacts being explored rigorously [13], [14],
[15}, [16]. However, there is no systematic approach to plan-
ning/design in problems with dynamics [17].

Fig. 1. The exit orientation of the cup-shaped part must be with the open
end up, regardless of the entering orientation [18].

In this paper, we introduce a framework for the design of
part feeding and automated assembly processes. Our methods
rely on the development of dynamic models and optimization
of the dynamics with respect to geometric, material and
dynamic properties. We describe two dynamic models: the -
Stewart-Trinkle model [}, which relies on a linear comple-
mentary problem (LCP) formulation to handle contact transi-
tions and with an implicit assumption that impacts are inelas-
tic; and an extension of the Song-Pang-Kumar model [2], a
more general, nonlinear complementary problem (NCP) model
capable of approximating a wide variety of contact conditions
including elastic or viscoelastic impacts. Numerical studies on
both models are reported in Section IV. In Section V, we
illustrate cur approdch with the design optimization of the part
feeding mechanism described in Figure 1.

II. DESIGN FRAMEWORK

The automatic assembly and part feeding systems can be
modeled as switched systems, a special class of hybrid systems
in which the state space can be partitioned into ng € @
non-overlapping regions, each corresponding to a mode of
operation characterized by continuous dynamics. The system
state in the figure is characterized by a continuous state
X € R"® and a collection of discrete modes or discrete states.
Each mode consists of a set of ordinary differential equations
(ODEs) or differential algebraic equations (DAEs) that govern
the evolution of the continuous state X and a set of invariants
that describe the conditions under which the ODEs or DAEs
are valid. The continuous and discrete states are defined as
(X.@) € X x Q where & C R™ and Q is the set of natural
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- making the resulung ume hlstory non smooth.

¢=Glg)v. 3)
To complete the formulation of the model, we need to
include the contact conditions. In the normal direction, the

e @ @ z contact condition of the system is governed by
O CED L 0 A Ldin 20, i=1...n, “@

(a) Contact state representation for  (b) The switched dynamicat system  where L denotes perpendicularity and ¢;, is the normal

a sysiem with thtee contacls (r-  represeniation comesponding 0 the  gaparation between contacting objects at the ith contact.
-rolling; s—shclmg- nc-no contac:). contact states representation above, . R .

~ In the tangential direction, the contact conditions are for-

Fig. 2. The dynamic equations of motion change as the contact.state changes mulated by requiring that friction forces, maximize the energy
* dissipation rate over the sets of admissible contact forces com-
numbers, .wnt_h Q € Q denotmg the @th mode. P € P © Rk is puted based on the friction model. For Coulomb’s quadratic
a set of time invariant parameters which appear-in the model.  cone, the maximum dissipation principle at the ith (i =-
These include-the geometric paramelers, the initial conditions, 1...7n,) contact can be written as . o

and the parameters relatéd to the matérial properties,-such as ] oy ) .
friction, restitution; stiffnéss, and damping. Exogenous inputs, (’\"")‘i") =a.rgmm {(sit it +siodio : ()'“’ ’\i°)e‘7rc(“i)\fn)} -

' disturbances and ncise are not considered in this paper. =" where. fc(,ui an) = 40t o) - //\ﬁ A2 <priin ‘,' " )

The dlfferentla[ equations in mode @) are given by: - )

: X = F (X, P) o B (1) and s; represent the slip velocities at the. zlh contact‘ The
) Coulomb’s cone is not differentiable at the origin where
fAin = 0. We introduce the fo]lowmg smooth cone to resolve -
this problem

Each mode Q corresponds to a particular asszgnment of
contact condmons (rolling, shdmg, ‘or no contact) to .each
. frictional contact: Thus, for a system with n, potential con- S .

tacts, there are 3" possible discrete modes, each characterized  FC (i hin) = {(A“”\'D) : \/)\,-21+/\,2°+‘f2 < J.Li/\i,:+7} (6)
by a set of conditions in state space. Figure 2 shows the

schematic of a switched system with ‘6 modes. F represents .. where 7 2 0 is a small scalar. When 7 = 0, the smooth cone

.. the dynamic model that governs the continucus states X within (6) converges fo the ‘Coulomb’s quadratic cone (5) with the
" % each.mode..The dynamic model may be difficult to obtain in assumption that 0/0 = 0-Note that the smooth cone preserves .

- M) = ult.g.v) + Walg)Aa + Wilg)h + Walg)ho, ()

“practice. Further, dependmg on the dynamic model, F inay -all the properties of the Coulomb’s quadratic cone. -

#:not have a unique solution'. Under such a circumistance, the’ However, even for the smooth cone, there is_no suitable

representation of statés partitions shown in Figure 2-may not constraint qualification for the Karush-Kuhn-Tucker (KKT) '
“‘be vahd ‘or ray lead to multivalued solutions. In the_next ~fecessary conditions [21] for the optimization problem when
section, ‘we will describe two' discrete-time-dyfiamic models. the. the contact is inactive O = 0) or. when the contact is
The method we usé 1o develop these models is influenced by ~ frictionless (z; = 0): To obtain the optimality conditions, we

_ the extensive recent work on-complementarity problems and- Tesort 10 the Fritz John conditions [21].

‘time-stepping models for dynamic simulation of rigid-body _ ) N - 2 2 P ;
systems (151, [19], 20} o 0= B L pdnty =y Nt ro+at 2 0.

e 1. DYNAM]C MODELS o ) Bigsi + ——h——— = 0
: . — VAR A4
“The dynamlc equation -of motion for a multibody system : - B\ -
. with contact interattions can be written in the form - - * o Piosic F ————tie = g (D)
- AT N2 4 A2
. i N T ] ’ - i A H AL+ )

; Bio 2 0, (Bio ﬁ')- # 0
where-q is the ng-dimensional vector of generalized coordi- ' e
nates, is is the n,-dimensional vector of the’ system velocities, If Bio # 0, the KKT CO“dlt'OHS hold (with the Lagrange

M(q) is_the.n, x m, symmetric positive definite inertia multipliers being defined as §; = _ﬁ:/ﬁm) In a- contact
mamx and u(t,q,v) is the n,-dimensional external force Problem, we can use MiAm as a natural choice for Bio instead
vector. (excludmg contact forces). Ay (.o are the n;- -dimensional  Of solving for the extra multiplier. When p;Aim = 0, the

"+ concatenations of the contact forces in the normal direction Fritz John conditions-can be trivially satisfied with a nonzero -

"~ IFora dlscussmn _of the umqueness and existence of solutions for the two
models used here, the reader is referred to [1). [2]° ] vectors d; ; (f = 1,...n;) on the plane tangent to the contact

(tabelled n) and the two tangential directions (labelled t and o), ;. These conditions will be used in the next subsection to

- whefe n is the number of contacts. Wiit.o(q) are the-n, X n, extend the traditional complementarity conditions to include

_ Jaccbian matrices corresponding to. the contact forces. The® both active and inactive contact constraints.

" kifiematics: equations relate the system velocity, . to the time-  The Coulomb’s quadratic cone can be finearized using the
. derivative of-the system confi guration § = dq/dt via a ngxn, followmg polyhedra approximation, at any 7 =1...nc: -
paramemzatlon malrlx G(q) - - i . -7: (}Uﬂ. m) = {D )‘lf “A:fnl < ﬂlf\un )‘If } (8)

where [ is a- 2 x ny mamx whose columns are -coplanar



normal (the t-o plane) and »,; is the number of edges of the
polyhedra. The jth component of A;; represents the magnitude
of tangential force along the d;; direction, The polyhedra
approximation leads to a linearly constrained problem, thus
automatically satisfies the Abadie constraint qualification for
the KKT conditions [21]. The following complementarity
conditions can be derived from the the maximum dissipation
principle problem as:

Bies + Dfs; L X

0 <
0 € pidm—elds L B

IV IV

9

where ¢; is a n;-vector of ones.

Together, (2), (3), (4), and (7) or (9) constitute the equations
of motion which have four components: the dynamics of the
mechanical system, the kinematic map, the normal contact
conditions, and the friction law.

We consider a time discretization of the differential equa-
tions (2) and (3) for ¢ € (0, T'L. Fix a positive integer N and
let h = T/N. Partition the interval [0,77] into N subintervals
[tz tes], where £, = €h, for £=0,1,...,N. Write

and A

n.t.0

q£ = Q(t-[)s VE = V(tl’)v = An,t,o(tf)-

The time derivatives & and ¢ are replaced by the backward
Euler approximations: for all £ =0 N-1,

£

h

el +1_ gt

and  (terr) = —

Uteyr) &
The various time-stepping schemes differ in how M(q) and
the right-hand sides in {2) and (3) are approximated.

In the fully implicit scheme, all functions are evaluated
at time £ + 1. Because the variables such as the inertia
matrix and the Jacobians are functions of g®+!, solving for
the unknowns (gf™!, A¥*t1) involves the solution of nonlinear
equations. In contrast, a semi-implicit scheme may lead to a
linear formulation in terms of g?+1, ¥f*1, and Af+1 at the fth
time step.

A. A semi-implicit method for rigid contacts with inelastic
collisions

Stewart and Trinkle [1] developed a semi-implicit time-
stepping model that was originally formulated as a mixed
LCP in terms of the unknown state (v**, ¢*1), normal and
frictional impulses (p{t?, pft?!) (defined as: pit? = pALHL,
pEY = RXEY), and slack variable 37! approximating the
magnitude of the sliding velocity at the contact. However,
the state variables can be eliminated by using the equations
of motion, thus allowing reformulation of the time-stepping
method as a standard LCP(B, &) written as follows:

w!-l-l
0< ,wé+1

Bt 4 bt

1 1> (10
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with B¢, b%, and 2! given as follows:

WIM-'W, WIM-'Ww; 0

Bt = | WZMTIW, WIM'W: E
U ~ET 0
WI(v+Mluh)+¢n(g®)/h piH
ot = W (v+ M~ uh) 2= pte
0 ﬂE'H

where F is a block diagonal matrix, with each diagonal block
equal to a column vector length n; with all elements equal
to one. U has the same structure as £ with all elements of
the diagonal block equal to p;, the coefficient of friction at
contact point i. Note that this LCP is only linear because alf
quantities in B and b are computed at time £,

Several points are worth noting. First, the term &,(g%)/k
provides constraint stabilization with ¢, (g%) being the vector
of the normal separations between each pair of bodies in or
about to be in contact. When it is negative (implying inter-
penetration of bodies), it acts to generate a bias impulse that
increases the normal component of the relative velocity at a
contact be large encugh to eliminate the penetration at the end
of the next time step. Second, there is no restitution law built
into this formulation. Te include realistic bouncing effects,
cne must stop the ST method at the time of each collision
and apply an impact model such as Newton's, Poisson’s, or
Stronge’s hypothesis. Third, the usual quadratic friction cone
and the noninterpenetration constraints have been linearized
in order to obtain a LCP. Fourth, the quantities (such as M
and WW,) not superscripted with a time index are assumed
to be functions of the known state, (¢4, ¢). This is done to
ensure the complimentarity problem is linear, thus enabling
LCP solution techniques, Otherwise, as stated above, the LCP
would become a NCP.

B. A fully-implicit method with visco-elastic contacts

Song, Pang, and Kumar [2] developed a discrete-time com-
pliant contact model for rigid body simulation. The key idea
of this model is to allow local compliance at the contact
patch between nominally rigid bodies. Unlike some penalty
methods, the compliant model relies on both normal and
tangential compliances to model contact forces and can resolve
the inconsistencies with uniqueness and existence. In this
subsection, we extend the model by using a fully implicit time-
stepping scheme. The new model leads to a unifted framework
for simulation of systems with sustained contacts as well
as impacts. We use a lumped viscoelastic model, which is
a special case of the distributed compliant model described
in [2], to formulate the the contact dynamics. For simplicity,
we consider the simplest such model, the Kelvin-Voigt model.
At each potential contact point 7 (% n.), we have
the following decoupled relations between the contact force
A and the local deformation 4, in the n, £, and o directions
respectively:

(an

A1'n,t_.o = K:‘ nt,o 61‘ n,t,o + Ci n,t,o 61 n,t,00



In the compliant model, the normal separation @;, and the
tangential slip velocities s;; , are affected by both the rigid
body gross motion and the local deformations:

Gin (Q') = it ‘Ilin((j')s
sit,o = (Sit,o + I’Vi{D(Q)U:

(12)
(13)
where W, denotes separation caused by the rigid gross motion
and Wy , represents the 7th column of W; or W,. Note that
for rigid body models, ¢y, = ¥4y since §;, = 0 at a perfectly
rigid contact. Writing

65:1',:.0 = 51‘ n,t,o (tt‘),

together with the fully implicit discretization of system dynam-
ics equations (2,3) and the contact constraints (4, 7, 11-13) for
all # = 1...n., we have the following discrete-time, mixed
nonlinear complementarity problem formulation for dynamics
of systems with unilateral constraints;

VE-H- = I/é + hﬂl(q€+l)—1u£+1 + h-&f(qe-'-l)_l

. [I]Vn{q€+l))\fl+l + VWt(qﬁ-H)/\f-H T H/O(q€+1))\£+1] .

@ = g G .

0 <A L din(g™) 20
den(g™) = & + Tinlg")

(G + (8 12 20

£=0,1....,N,

0= 87 LAt +y-

o by
. HEH : 1.0
T S = [y 64132 a2, Lo ()
() ()
£41 :
VS z'rJ,ro _5ft,o' FT p oLy, 04
Site = T j + Wi (g7 )
. 1. -\ 1
f':,lt,o = (Kin,t,o + };Cin,t.O) 65:3,0 - };Cin,t,oé—fn,t,o

To lustrate the method, we apply the NCP modet (14) to
the simulation of a rough spherical body bouncing and rolling
on the ground. Depending on the material properties, the ball
can. undergo one or more -frictional impacts and end up in
. a condition in which it maintains contact with the ground.
The model {14) is a unified approach that incorporates ail
these conditions. The” generalized coordinates and the system

velocities are given by: ’

g = (33 ¥y 2 € ex €y ez‘)r
vo= (v My v owrowy, w )

T

- where (z,y:2) are the Cartesian coordinates of the center of

" mass, (e, e, €, €.} are the Euler parameters, (v, 1, 11} are

the linear velocities along the Cartesian axes, and (wy, wy, w;)
are the angular velocities.

The initial conditions of the object are given by:

@ = (0 00210 0 0)
W =.(050 0 20 0 0)T. 7
" The “effective coefficient. of réstitution for impact for this

example is approximately 0.8. An empirical expressiont of the
coefficient of restitution for impacts with the compliant contact

Fig. 3. The trajectory of a rough spherical body with fricticnal impacts. The
object is launched with an initial velociry of 0.5m/s in the x-direciion at 2
height of 0.2m above the horizontal plane and a spin velocity of 20rad/sec
around the x-axis. The mass of the ball is m = 0.2kg and the radius is
r = 0.05m. Other parameters in model (14) include & = 2 x 10 %sec,
N = 5000, v = 10~8, K = 5 x 10'N/m, and ¢’ = 2/ KsecN/m.

model can be found in [22]. The NCP is solved by using the
AMPL/PATH solver-[23] on the NEOS server for optimization
at the Argonne National Laboratory. The snapshots of the
simulation resuits and the top view of the motion history at
the center of mass are plotted-in Figure 3. Applications of
this method to.more complicated examples including boundary
value problems are included in [24].

IV. FRICTIONAL IMPACTS

In this section we use the simple example of a rectangular,
planar object impacting a horizontal plane to illustrate the
modeling of frictional impacts. In this example, there are four
potential contacts between the block and the horizontal plane.
The maximum number of contact state transitions are 3%, most
of which are geometrically infeasible.

The generalized coordinates of the peg are given by:

g=(z ¥y B)T and v=(¢ 3y 6)7,
where (x,y) are the coordinates of the center of mass, and

6 is the orientation of the peg. Other than the contact forces,
gravity is the only external force acting on the peg.

m 0 0
M@ =10 m 0], Glg) = Izxs
0 0 J :
_ o N 1
Win(g) = 1 . Wilg) = 0

Tvilg) — q(1) q(2) — yus

where (., ¥vi) are the coordipates of the ith vertex, i =
1...4. The initial conditions of the peg are set as:

@o=(0 02 7/4)" and y=(0 0 0)7.

Fig. 4. Simulation of impacts between a rectangular peg and the horizontal
plane with three different friction coefficients: g = O (left), 4 = 0.2 (middle),
and p = 1.0 (zight). The peg is released from stll at a distance of 0.2m
between the center of mass and the horizontal plane. The mass of the peg is
m = 0.2kg and the inertia J = 2 x 10~ %kg - m2. Other paramieters used
in this example are given as A = 2 x 1874sec, N = 5000, v = 10~8,
K =5 x 10%N/m, and €' = 2+/Ksec-N/m.
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Fig. 5.

Inelastic impacts can be predicted by model (14) if we increase the
damping ratio to C = 200 » vKsec-N/m for the same three cases shown in
Figore 4

Figures 4 and 5 show results obtained using the NCP in (14}
illustrating both elastic and inelastic impacts as we change the
damping ratio associated with the local contact compliance.
The results in Figure 5 for inelastic impacts closely match the
results obtained from the LCP in (10) (not included in this
paper).

V. DESIGN OF THE PART FEEDING MECHANISM

Figure 6 shows a reorienting mechanism with 12 design

variables. The variables are as follows:

a | width of input chute
width of output chute
depth of chamfer
length of input chute
horizontal location of left cavity wall
position of center of tip of protuberance
position of lower left corner of chute
radius of protuberance
angle of input chute
a | angle of chamfer

SR T - T T o T P e o

Given a rectangular peg of fixed dimensions, mass, and mo-
ment of inertia, the goal is to determine the design parameters
such that a peg entering with different orientations (as shown
in Figure 7 and Figure 8) always exits in the orientation with
the center of gravity down. A secondary objective is to have
the peg pass through the device as quickly as possible.

Fig. 6. Reorienting device with design variables taking on their initial values.

Let ggoat be a target configuration of the peg at some point
well within the exit chute. Further, let T be the time when the
peg either comes to rest or when the y component of its center
of gravity moves below that of ggoa;. The design problem can
be expressed as an optimization problem with the design space
specified by simple bounds placed on the 12 design variables
and the objective function given as follows:

2
g = Zw HQz(Tt) - Q'goalH +T;

i=1

(15)

where u: is a weight factor and 5 € {1, 2} with 1 or 2 indicating
that the peg entered the input chute with center of gravity
on the left or right. With this objective function, the design
problem can be written as

P=minG(X,T) st. X = FolX, P), (16)
where the parameter set P is the set of all the 12 design
variables given at the beginning of this section, the states
variable X = (g, ¢). In this design example, we use the ST
model to compute Fg where Q represents the contact state set
excluding the transitions from sustained contact to no contact.
The objective function will be minimized when the peg fall
through the device quickly and properly oriented.

The design was carried out in Matlab using the constrained
optimization routine, fmincon, with the ST time-stepping
method called twice for each objective function evaluation.
The initial guess for the design is shown in Figures 7 and 8.
Note that the peg comes to rest on the protrusion for both en-
tering orientations. Figures 9 and 10 show the result obtained
after approximately 1000 objective function evaluations, The
weight factor w in the objective function is set to be 5. Note
that the peg falls through the device in the proper orientation
regardless of its entering orientation.

Fig. 7. Peg not able to pass through the device with initial design paramelers
with center of gravity starting on the right.

Fig. 8. Peg not able to pass through the device with initial design parameters
with center of gravity starting on the left.

Fig. 10. Peg able to pass through the device with optimal design parameters
with center of gravity starting on the left.



~approach with 4 boundary value problem and impose the’

VI. DISCUSSION

The problem of finding the feasible sets of design parame-
ters and initial conditions for the assembly or part feeding pro-
cesses is similar to the motion planning problem in robotics,
Just as complete algorithms for motion planning are hard to
obtain for complex problems, we may not be able to develop
complete algorithms, or prove correctness or safety. We instead
develop an algorithm that can be used for optimization of
a system with noasmooth dynamics in a nonconvex domain,
obtaining locally-optimal, sufficing solutions.

We described-two time-siepping models that can be applied
not only for simulation and analysis, but also to solve design
optimization problems. Both models can be used to solve the
initial value problem that serves as the basis for the design
optimization process as discussed in Section V. The ST model

s more.efficient compitationally, because it leads to an LCP

formulation, but it suffers from its inability to handle elastic
impacts.- To incorporate elastic impacts, one stops the ST
model at the time of the impact, applies an impact mcdel,
resels the ‘velocity variables, and resumes time stepping. In
contrast, the SPK model Incorporates elastic impacts but leads
an NCP, which is difficult to solve.

‘If we,_ replace the initial value® problem. in our design

constraints of proper. device function as part of the boundary
conditions, we may be able to obtain a dynamically feasible

-design directly by solving a Jarge boundary value problem.

Unlike its initial-value Counterpart, the boundary value prob-
lem -is- considerably more- complicated. For one thing, .it is
no longer possible to decouple the time-stepping process into

- .a finite sequence of individual subproblems each involving

a single. time' step. “Therefore, it is not possible to switch
models or reset stdtes (due to impact). Instead, one must
consider_the enure system along with the boindary conditions
as a large-scale mixeéd complementarity problem, A unified
formutation becomes necessary in-order to deal with all types
of contact transitions, The SPK model is, 1o the authors’
knowledge, the only éxisting discrete model that allows us to

plan motions with contact.state transitions. Preliminary results

of the application of this method will be reported.in a. ICRA
workshop [24]
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