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Structural Logistic Regression for Link Analysis

Abstract
We present Structural Logistic Regression, an extension of logistic regression to modeling relational data. It is
an integrated approach to building regression models from data stored in relational databases in which
potential predictors, both boolean and real-valued, are generated by structured search in the space of queries
to the database, and then tested with statistical information criteria for inclusion in a logistic regression. Using
statistics and relational representation allows modeling in noisy domains with complex structure. Link
prediction is a task of high interest with exactly such characteristics. Be it in the domain of scientific citations,
social networks or hypertext, the underlying data are extremely noisy and the features useful for prediction are
not readily available in a "flat" file format. We propose the application of Structural Logistic Regression to
building link prediction models, and present experimental results for the task of predicting citations made in
scientific literature using relational data taken from the CiteSeer search engine. This data includes the citation
graph, authorship and publication venues of papers, as well as their word content.
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In Multi-Relational Data Mining Workshop at KDD-2003.

Structural Logistic Regressionfor Link Analysis
�

AlexandrinPopesculandLyle H. Ungar

Departmentof ComputerandInformationScience
Universityof Pennsylvania

Philadelphia,PA 19104�
popescul,ungar � @cis.upenn.edu

Abstract. We presentStructuralLogistic Regression,an extensionof logistic
regressionto modelingrelationaldata.It is an integratedapproachto building
regressionmodelsfrom datastoredin relationaldatabasesin whichpotentialpre-
dictors,both booleanandreal-valued,aregeneratedby structuredsearchin the
spaceof queriesto thedatabase,andthentestedwith statisticalinformationcrite-
ria for inclusionin a logistic regression.Usingstatisticsandrelationalrepresen-
tationallowsmodelingin noisydomainswith complex structure.Link prediction
is a taskof high interestwith exactly suchcharacteristics.Be it in the domain
of scientificcitations,socialnetworks or hypertext, the underlyingdataareex-
tremelynoisyandthefeaturesusefulfor predictionarenot readilyavailablein a
“flat” file format.Weproposetheapplicationof StructuralLogisticRegressionto
building link predictionmodels,andpresentexperimentalresultsfor the taskof
predictingcitationsmadein scientificliteratureusingrelationaldatataken from
theCiteSeersearchengine.This dataincludesthecitationgraph,authorshipand
publicationvenuesof papers,aswell astheirword content.

1 Intr oduction

A growing numberof machinelearningapplicationsinvolvestheanalysisof noisydata
with complex relationalstructure.Thisdictatesanaturalchoicein suchdomains:theuse
of relationalratherthanpropositionalrepresentationandtheuseof statisticalratherthan
deterministicmodeling.Classicalstatisticallearnersprovidepowerful modelingbut are
generallylimited to a “flat” file propositionaldomainrepresentationwherepotential
featuresarefixed-sizeattributevectors.Themanualprocessof preparingsuchattributes
is oftencostlyandnot obviouswhencomplex regularitiesareinvolved.

We presentStructuralLogistic Regression,an extensionof logistic regressionto
modelingrelationaldatathatcombinesthestrengthsof classicalstatisticalmodelswith
thehigherexpressivity of featuresautomaticallygeneratedfrom a relationaldatabase.
StructuralLogistic Regressionis an “upgrade” methodin a senseusedin inductive
logic programming(ILP) to refer to the methodswhich extendexisting propositional
learnersto handlerelationalrepresentation.An “upgrade”impliesthatmodelingandre-
lationalstructuresearcharetightly coupledinto asingleprocessdynamicallydrivenby
theassumptionsandmodelselectioncriteriaof a propositionallearnerused.This con-
trastswith “propositionalization”which generallyimplies a decouplingof relational
�

Thispaperpartially overlapswith [29].



featuregenerationandmodeling.Propositionalizationhasits disadvantagescompared
to upgrading,asit is difficult to decidea priori whatfeatureswill beusefulfor a given
propositionallearner. Upgradingtechniqueslet their learningalgorithmsselecttheir
own featureswith theirown criteria.In largeproblemsit is impossibleto “exhaustively”
propositionalize;featuregenerationshouldbedrivendynamicallyat thetime of learn-
ing. An extremeform of propositionalizationis generatingthe full join of a database.
This is bothimpracticalandincorrect—thesizeof theresultingtableis prohibitive,and
the notion of an objectcorrespondingto an observation is lost, beingrepresentedby
multiple rows.Moreover, theentriesin thefull join tablewill be“atomic” attributeval-
ues,ratherthanvaluesresultingfrom complex queries,whatwedesirefor our features.
The dynamicapproachof coupledfeaturegenerationandmodelingis moretime and
spaceefficientthanits staticalternative: it avoidsmakingprematuredecisionsaboutthe
depthof thefeaturespaceto explore;it generatesonly thefeatureswhichwill belooked
at by themodelselection,thusavoiding over-generationor under-generation;it avoids
storing the entire tablecontainingall featurecandidates;it allows for flexible search
strategies,andinvitesanumberof statisticaloptimizations,for examplesamplingfrom
subspacesof featuresbeforeor insteadof fully evaluatingthem.

StructuralLogistic Regressionintegratesclassicallogistic regressionwith feature
generationfrom relationaldata.We formulatethefeaturegenerationprocessassearch
in thespaceof relationaldatabasequeries,basedon thetop-down searchof refinement
graphscommonlyusedin ILP [9], andextendit to includeaggregateoperators.Sta-
tistical informationcriteriaareuseddynamicallyduringthesearchto determinewhich
featuresareto beincludedinto themodel.

We proposetheapplicationof StructuralLogisticRegressionto link predictionand
arguethatthecharacteristicsof themethodandthetaskform a goodmatch.Link anal-
ysisis animportantproblemarisingin many domains.Webpages,computers,scientific
publications,organizations,peopleandbiologicalmoleculesareinterconnectedandin-
teractin oneway or another. Beingableto predictthepresenceof links or connections
betweenentitiesin a domainis both importantanddifficult to do well. We emphasize
threekey characteristicsof suchdomains:i) their natureis inherentlymulti-relational,
makingthestandard“flat” file domainrepresentationinadequate,ii) suchdatais often
verynoisyor partiallyobserved,andiii) thedataareoftenextremelysparse.For exam-
ple, in thedomainof scientificpublications,documentsarecitedbasedon many crite-
ria, includingtheir topic,conferenceor journal,andauthorship,aswell astheextremely
sparsecitationstructure.In oneexamplegivenbelow only onelink existsin morethan
7,000potentiallink possibilities.All attributescontribute,somein fairly complex ways.
Thecharacteristicsof the tasksuggest:i) usingrelationaldatamodelasa naturalway
to representandstoresuchdata,ii) usingstatisticallearningfor building robustmodels
from noisydata,andiii) usingfocusedfeaturegenerationto producecomplex, possibly
deep,but local regularities,to becombinedin a singlediscriminativemodelinsteadof
trying to producea full probabilisticmodelof theentiredomain.

We presentexperimentalresultsfor citation predictiontask in the domainof sci-
entific publications.Link predictionmodelsin this domaincanbeusedto recommend
citationsto userswho provide theabstract,namesof theauthorsandpossiblya partial
referencelist of a paperin progress.In additionto prediction,thelearnedfeatureshave



anexplanatorypower, providing insightsinto thenatureof thecitationgraphstructure.
Weusedatafrom CiteSeer(a.k.a.ResearchIndex), anonlinedigital library of computer
sciencepapers[22] (http://citeseer.org/). CiteSeercontainsa rich setof rela-
tional data,including the text of titles, abstractsanddocuments,citation information,
authornamesandaffiliations,conferenceor journalnames.1

2 Methodology

Our methodcouplestwo main components:generationof featurecandidatesfrom re-
lationaldataandtheir selectionwith statisticalmodelselectioncriteria(Figure1). Re-
lational featuregenerationis a searchproblem.It requiresformulationof thesearchin
the spaceof queriesto a relationaldatabase.We structurethe searchspacebasedon
theformulationwidely usedin inductive logic programmingfor learninglogic descrip-
tions,andextendit to includeothertypesof queriesastheuseof statisticsrelaxesthe
necessityof limiting thesearchspaceto only booleanvalues.

Thelanguageof non-recursivefirst-orderlogic formulashasa directmappinginto
SQLandrelationalalgebra(e.g.[5]), whichcanbeusedaswell for thepurposesof our
discussion,e.g.aswe do in [29]. Our implementationusesSQL for efficiency reasons
providing connectivity with relationaldatabaseengines.

Search: 
Relational Feature Generation

Statistical Model Selection

 information
search controlmodel selection

feedback

723469129175y=f(x   , x   , x     , x        , ... )21

Control Module
Learning Process

y = f (X)

Relational Database
Engine

feature
columns

database
  query

x’s are selected
database queries

Fig.1. Thesearchin thespaceof databasequeriesinvolving oneor morerelationsproducesfea-
turecandidatesoneat a time to beconsideredby thestatisticalmodelselectioncomponent.The
processresultsin a statisticalmodelwhereeachselectedfeatureis theevaluationof a database
queryencodinga predictive datapatternin a givendomain

Logistic regressionis usedfor classificationproblems.It is a discriminativemodel,
i.e. it modelsconditionalclassprobabilitieswithout attemptingto modelthemarginal

1 Publication venues are extracted by matching information with the DBLP database:
http://dblp.uni-trier.de/



distribution of features.Model parameters/regressioncoefficientsarelearnedby max-
imizing conditionallikelihoodfunction.More complex modelsresult in higherlikeli-
hoodvalues,but at somepoint will likely overfit thedata,resultingin poorgeneraliza-
tion. A numberof criteriaaimingat striking thebalancebetweenlikelihoodoptimiza-
tion andmodelcomplexity have beenproposed.Among the morewidely usedis the
BayesianInformationCriterion (BIC) [33], which works by penalizingthe likelihood
by a termthatdependsonmodelcomplexity. We usesequentialmodelselectionto find
a modelwhich generalizeswell by addingpredictorsresultingin improvedBIC oneat
a timeuntil thesearchspaceexplorationis completed.

We introducethe notationfirst. Throughoutthis sectionwe usethe following re-
lations: �����
	���
���������������������������� , �� !��"#���$
%�������'&( )��"!� , *) ,+.-/�
��"#	�0 ��12
��3�����546	718 ,	�� ,
and 9(����0 �.�� )18�.
%�������;:<����0)�'=>18��� . For compactnessweuseextendedlogic-basedno-
tation. First-orderexpressionsare treatedas databasequeriesresultingin a table of
all satisfyingvariablebindings,ratherthana booleanvalue.The extendednotationis
necessaryto introduceaggregationsover entirequery resultsor over their individual
columns.Aggregateoperatorsaresubscriptedwith thecorrespondingvariablenameif
appliedto an individual column,or areusedwithout subscriptsif appliedto the en-
tire table.For example,an averagecountof the word “learning” in documentscited
from a learningexampledocument0 , a potentiallyusefultypeof featurein document
classification,is denotedas:

�.-%�?����
�0?�A@ ��B�	�CED �.�F�
	���
�0)�2�3�.�G9(����0 �.�� )18�.
%�H�2-�	�����18��1,I!�GJ6��K��

where @ denotes“modeledusing”, i.e. the right handsideof theexpressionis oneof
the featuresin a statisticalmodelof �.-��$��� . Theduplicatesin thecolumnof satisfying
bindingsof J arenot eliminated,unlessan explicit projectionof that columnis per-
formedbeforeaggregationtakesplace.Whennecessary, we will borrow theprojection
operatornotation( L ) from therelationalalgebra.

The following is an exampleof a featureuseful in link prediction;herethe target
conceptis binary andthe featureis a databasequeryaboutboth target documents0)M
and 0�N :

�����
	���
�0)MO�G0?NO�A@ �.�� !18�PD �����
	��>
%0#M>�G�3���Q�.�F�
	���
�0?N$�G�3�RK
is the numberof commondocumentsthat both 0#M and 0�N cite.2 Queriesmay be just
aboutoneof thedocumentsin a targetpair. For example:

�.�F�
	���
�0)MO�G0?NO�A@ �.�� !18�SD �����
	���
��H�G0?NO�RK

is thenumberof timesdocument0?N is cited.Largervaluesof this featureincreasethe
prior probabilityof 0)M citing 0?N , regardlessof what 0)M is.

2.1 FeatureGeneration

We definethe searchspacebasedon the conceptof “refinementgraphs”[34] andex-
pandit to includeaggregateoperators.Top-down searchof refinementgraphsis widely

2 Thedatabasequeryis theright handsideof theexpression.



usedin inductive logic programmingto searchthe spaceof first-orderlogic clauses.
Thesearchof refinementgraphsstartswith mostgeneralclausesandprogressesby re-
fining theminto morespecializedones.Refinementgraphsaredirectedacyclic graphs
specifyingthesearchspaceof thefirst-orderlogic queries.Thespaceis constrainedby
specifyinglegal clauses(e.g.disallowing recursionandnegation),andthenstructured
by partial orderingof clauses,usinga syntacticnotion of generality( T -subsumption
[28]). Typically, a searchnodeis expandedvia a “refinementoperator”to produceits
most generalspecializations.Inductive logic programmingsystemsusing refinement
graphsearch,usuallyapplytwo refinementoperators:i) addinga predicateto thebody
of a clause,involving oneor morevariablesalreadypresent,andpossiblyintroducing
oneor morenew variables,or ii) a singlevariablesubstitution(seee.g. [9]). We use
a singlerefinementoperatorwhich combinesthe two: it adds(joins) onerelationto a
queryexpandingit into thenodesaccountingfor all possibleconfigurationsof equality
conditionsof new attributeswith eithera new or anold attribute3, suchthat i) eachre-
finementcontainsat leastoneequalityconditionwith anold attribute,andii) thetypes
aretaken into accountto avoid addingequalitiesbetweenattributesof differenttypes.
This refinementoperatoris complete.Not all refinementsit producesarethemostgen-
eralrefinementsof agivenquery, however,wefind thatthisdefinitionsimplifiespruning
of equivalentsubspaces;it hasto accountonly for thetypeandthenumberof relations
joinedin aquery.

In contrastto learninglogic programs,we arenot limited to searchingin thespace
of boolean-valuedexpressionswhenbuilding statisticalmodels.At a high level we use
refinementgraphsto structurethesearchspace.Eachnodeof thegraphis aqueryeval-
uatinginto a tableof all satisfyingvariablebinding. Within eachnodewe performa
numberof aggregationsto producebothbooleanandreal-valuedfeatures.Thus,each
nodeof therefinementgraphcanproducemultiple featurecandidates.Althoughthere
is no limit to the numberof aggregateoperatorsonemay try, e.g.squareroot of the
sumof columnvalues,logarithmof their productetc.,we find a few of themto bepar-
ticularly useful.We usethefollowing typical to SQL aggregateoperators:���� )18� , �>B?	 ,
�U��V , �W��1 and 	7�X*#�RY . Aggregationscanbe appliedto a whole tableor to individual
columns,asappropriategiventyperestrictions,e.g. ��B?	 cannotbeappliedto a column
of acategoricaltype.Addingaggregateoperatorsresultsin amuchrichersearchspace.
Binary logic-basedfeaturesarealso includedthroughthe aggregateoperator	7�X*#�RY .
Thesituationswhenanaggregationis not defined,e.g.theaverageof anemptyset,are
resolvedby introducinganinteractiontermwith a 1/0 (not-defined/defined)feature.

Thesecondaspectof definingsearchoncethesearchspaceis structuredis choos-
ing searchstrategy. The presentimplementationperformsthe breadth-firstsearch.In
this setting,it is not necessaryto specifythe depthof the searchprior to learning:in-
termediatemodelsat any point of the searchareusable.The decisionto continuethe
explorationof deepersubspaceswill dependon theavailableresourcesaswell theex-
pectationof how likely amodelis to improvesignificantlyif thesearchcontinues.

Searchspacepotentiallycanbemadearbitrarily complex. Richerqueries,not nec-
essarilyinvolving only conjunctsandequalityconditions,canalsobemadepartof the

3 In theexperimentsreportedin thispaper, wedonotuseconditionsof equalitywith aconstant.



searchspace.A key questionfor thefutureis how bestto definesuchsearchspacesand
how to controlthesearchspacecomplexity andsearchspacebias.

The useof aggregateoperatorsin featuregenerationmakespruningof the search
spacemoreinvolved.Currently, we usea hashfunction of partially evaluatedfeature
columnsto avoid fully recomputingequivalentfeatures.In general,determiningequiv-
alenceamongrelationalexpressionsis known to be NP-complete.Polynomialalgo-
rithmsexist for restrictedclassesof expressions,e.g.[1] (without aggregates)and[25]
(with aggregates).However, decidingtheequivalenceof two arbitraryqueriesis differ-
entfrom avoidingduplicateswhenwehavecontroloverthewaywestructurethesearch
space.Thelatteris simplerandshouldbethesubjectof futureimprovements.

Top-down searchof refinementgraphsallowsanumberof optimizations,e.g.i) the
resultsof queries(prior to applyingthe aggregations)at a parentnodecanbe reused
at thechildrennodes;certainly, this needsto bebalancedwith thespacerequirements
neededto storetheviews,andii) a nodewhich queryresultsareemptyfor eachobser-
vationshouldnot berefinedfurtherasits refinementswill alsobeempty.

3 Tasksand Data

Learninglink predictionfrom relationaldatadiffers in several importantaspectsfrom
otherlearningsettings.Relationallearning,in general,requiresaquitedifferentparadigm
from “flat” file learning.Theassumptionthattheexamplesareindependentis violated
in thepresenceof relationalstructure;thiscanbeaddressedexplicitly [13], [14], or im-
plicitly, aswe do here,by generatingmorecomplex featureswhich capturerelational
dependencies.Whentheright featuresareused,theobservationsareconditionallyin-
dependentgiventhefeatures,eliminatingtheindependenceviolation.

In ourlink predictionsetting,aclasslabelof a learningexampleindicatingthepres-
enceof a link betweentwo documentsis informationof thesametypeastherestof the
link structure.Targetlinks arenot includedin thebackgroundknowledge.This setting
combinesmodeling-basedand memory-basedlearning.We build a formal statistical
model,but predictionof future datapointsrequiresdatabaseaccess,aseachselected
featureis a databasequery. Thus,an importantaspect,moreso thanin attribute-value
learning,is what informationaboutnew exampleswill beavailableat thetime of pre-
dictionandhow missingor changingbackgroundinformationwould affect theresults.

Considerthefollowing two link predictionscenarios:

– Theidentity of all objectsis known. Only someof thelink structureis known. The
goal is to predictunobservedlinks, from existing link structurealoneor alsousing
informationaboutotheravailableobjectattributes.

– New objectsarriveandwewantto predicttheir links to otherexistingobjects.What
doweknow aboutnew objects?Perhaps,weknow someof their links, andwantto
predicttheother. Alternatively, wemightnotknow any of thelinks, but know some
otherattributesof thenew objects.

In the lattercase,whennoneof thenew objects’links is known, andpredictionis
basedsolelyon otherattributes,e.g.only authorshipandword content,featuregenera-
tion would have to becontrolledto not producefeaturesbasedon immediatelinks, but
usethemwhenreferringto thelinks in alreadyexisting backgroundknowledge.



In thispaper, weperformexperimentsfor thefirst scenario.Thedatafor ourexperi-
mentswastakenfrom CiteSeer[22]. CiteSeercatalogsscientificpublicationsavailable
in full-text on thewebin PostScriptandPDFformats.It extractsandmatchescitations
to producea browsablecitationgraph.Thedatawe usedcontains271,343documents
and1,092,200citations.4 Additional information includesauthorshipandpublication
relations.5 We usethefollowing schema:

�����
	���
%������ !�U	718���Z������ !�U	718��� ,
�> !��")���?
%������ !�U	718���2[6	7�\�7��1]� ,
*# 8+�-/�
��"#	�0 ��12
��3���� )��	718���24^	718 !	�� .

Thetrainingandtestsetsareformedby samplingcitations(or absentcitationsfor
negativeexamples)from thecitationgraph.We performlearningon five datasets.Four
of the datasetsincludelinks amongall documentscontaininga certainqueryphrase,
andthefifth datasetcoverstheentirecollection.Notethat thebackgroundknowledge
in thefirst four datasetsalsoincludesall otherlinks in thefull collection;only training
and test links aresampledfrom the subgraphinducedby documentsubsets.Table1
containsthesummaryof thedatasets.

Thedetailedlearningsettingis asfollows:

– Populatethreerelations�����
	�� , �� !��"#��� and*# 8+�-/�
��"#	�0 ��1 initially with all data.
– Createtrainingandtestsetsof 5,000exampleseachby i) randomlysampling2,500

citationsfor trainingand2,500citationsfor testingfrom thosein column# Links
of theTable1; andii) creatingnegativeexamplesby samplingfrom thesamesub-
graphalso2,500/2,500train/testof “empty” citations,i.e. pairsof documentsnot
citing eachother.

– Removetestsetcitationsfrom the �����
	�� relation;but nottheotherinformationabout
thedocumentsinvolvedin thetestsetcitations.Forexample,othercitationsof those
documentsarenot removed.

– Removetrainingsetcitationsfrom the �����
	�� relation,soasnot to includetheactual
answerin thebackgroundknowledge.

– Learningis performedi) using �����
	�� relationonly, or ii) usingall threerelations
�����
	�� , �> !��")��� and*# 8+�-/�
��"#	�0 ��1 .

Thepositive andnegativeclassesin this taskareextremelyunbalanced.We ignore
the lack of balanceat the training phase;at the testingphasewe perform additional
precision-recallcurveanalysisfor largernegativeclasspriors.Thenext sectionreports
experimentalresults.

4 Thisdatais partof CiteSeerasof August2002.Documentsconsideredareonly non-singleton
documentsoutof thetotalof 387,703.Singletonsaredocumentswhichbothcitationindegree
andoutdegreeregisteredin CiteSeerarezero.

5 Theauthorshipinformationis known for 218,313papers,andincludes58,342authors.Pub-
lication venuesareknown for 60,646documents.Thesetof venuesconsistsof 1,560confer-
encesandjournals.



Table 1. Numberof documents,numberof citationsandcitationgraphdensityin eachdataset.
Densityis thepercentageof existingcitationsoutof thetotal numberof possibilities,(# Docs)_

Dataset # Docs # Links Density( `�a\bc_ %)

“artificial intelligence” 11,144 16,654 1.3
“datamining” 3,424 6,790 5.8
“information retrieval” 5,156 8,858 3.3
“machinelearning” 6,009 11,531 3.2

entirecollection 271,343 1,092,200 0.1

4 Results

We startby presentingthe resultsfor the balancedclasspriors testscenario,andcon-
tinuewith theanalysisof theunbalancedclasssettings.Two setsof modelsarelearned
for eachdataset:i) using only �����
	�� relation,and ii) using all threerelations �.�F�
	�� ,
�> !��")��� and*# 8+�-/�
��")	70 ��1 .

Whenonly �����
	�� is usedtheaveragetestsetaccuracy in fivedatasetsis 88.73%and
whenall threerelationsareusedthe averageincreasesto 90.90%.6 In both casesthe
searchexploredfeaturesinvolving joins of up to threerelations.It is not unreasonable
to expect that even bettermodelscanbe built if we allow the searchto progressfur-
ther. Table2 detailsthe performancein eachdataset.The largestaccuracy of 93.22%
is achievedfor theentireCiteSeerdataset.Eventhoughthis is thelargestandthemost
sparsedataset,this is not surprisingbecause,sincethefeaturesarenot domainspecific
and rely on the surroundingcitation structure,this datasetretainsmore useful “sup-
porting link structure”aftersomeof themareremovedto serve astrainingandtesting
examples(Section3).

Table2. Trainingandtestsetaccuracy (%) of themodelslearnedfrom the d'e/f�g�h alone,andfrom
the d'eifRg�h , j\k�f�l�mon andp?k?q5rse%h�l?g�t e/u . 5,000train/testexamples;balancedpriors

Dataset with d5eifRg�h with all data
Train Test Train Test

“artificial intelligence” 90.24 89.68 92.60 92.14
“datamining” 87.40 87.20 89.70 89.18
“information retrieval” 85.98 85.34 88.88 88.82
“machinelearning” 89.40 89.14 91.42 91.14

entirecollection 92.80 92.28 93.66 93.22

In the experimentsusing only the �����
	�� relation the averagenumberof features
selectedis 32; 13 of the selectedfeaturesarethe sameacrossall five datasets.When

6 Thepredictedprobabilityof 0.5wasusedasthedecisioncut-off in logistic regression.



all threerelations �.�F�
	�� , �> !��")��� and *) ,+.-/�
��"#	�0 ��1 are usedthe averagenumberof
selectedfeaturesis 40,with 14featurescommonto all fivedatasets.In additionto more
obviousfeatures,suchas 0)M is morelikely to cite 0?N if 0�N is frequentlycited,or if the
samepersonco-authoredbothdocuments,or if 0)M and 0?N areco-cited,or cite thesame
papers7, we learnedsomemoreinterestingfeatures.For example,a documentis more
likely to be cited if it is cited by frequentlycited documents.Locally, this effectively
learnsthe conceptof an authoritative document[17], [26]. Or, the following feature,
selectedin all models:

�����
	���
�0)MO�G0?NO�A@ �.�� !18�vD L)wQx^
������
	���
��HM>�G0�N>���2�����
	���
��HM>�Z�WNO���RK
increasestheprobabilityof acitationif 0?N is co-citedwith many documents.Sincethis
featureis selectedin additionto the simplecitation count feature,it could meanthat
either 0?N appearsmoreoften in reviews,which tendto have longerlists of references,
or it is cited from documentshaving smalleroverlapamongtheir references,which is
moreprobableif they belongto differentcommunities.

We comparethe above resultsto the modelstrainedon only binary features,i.e.
whenusingonly the 	o�X*#�RY aggregateoperatoron the entire table.Suchfeaturesare
thelogic-basedfeaturesfrom theoriginal formulationof refinementgraphsearch.The
binary featuresresultedin modelswith lower out-of-sampleaccuraciesin all datasets.
On averagethe accuracy with only binary featuresis 2.52percentagepoints lower in
modelsusing �����
	�� relation,and2.20percentagepointslower in modelsusingall three
relations.The decreaseof accuracy is significantat the 99% confidencelevel in both
casesaccordingto thet-test.Wearecurrentlyunableto makeexperimentalcomparisons
with a representative of classicalILP, FOIL; it runsout of memoryon the systemon
which wehaveperformedtherestof our experiments.

The classpriors in our dataareextremelyunbalanced,due to the sparsityof the
citationstructure.Thecitationgraphof the“artificial intelligence”dataset,for example
is only MOy z\{H|}Mo~c�)� dense;that meansthat for onecitation betweentwo documents
therearemorethan7,000non-existing citations,thustherearemorethan7,000times
asmany negativeexamplesastherearepositive.We performtheprecision-recallcurve
analysisof our modelstrainedwith balancedclasspriors for testingsituationswith
increasednegativeclassproportions.

Wevarytheratio � of thenumberof negativeto thenumberpositiveexamplesused
at testing.The ratio of onecorrespondsto the initial balance.We usefor illustration
the“artificial intelligence”datasetandthemodeltrainedusingall threerelations.New
largersetsof negativeexamplesaresampledwith replacementfrom all “non-existing”
links betweendocumentsin this dataset.Figure2 presentsprecision-recallcurvesfor
� = 1, 10 and 100. As � increasesthe precisionfalls for the samelevels of recall.
Reducingthe negative classprior shouldbe performedwhenpossibleby filtering out
obviously negative examples,for exampleby using a text basedsimilarity, or other
measuresappropriatefor a giventask.

In applicationto citationrecommendation,whenonly afew citationsneedto berec-
ommended,weshouldcareonly aboutthehighprecisionmodeperformance.In thecase

7 Thesetwo featurescorrespondto theconceptsof co-citationandbibliographiccouplingused
in bibliometrics.



of theprecisionrecallcurve for � = 100,for example,10%of citationscanberecalled
for recommendationwith 91%precision.This is anoverallmeasureof performance—
someuserscanreceivemorethanenoughrecommendations,andothersnone.Whenwe
want to recommenda fixednumberof citationsto everyuser, theCROC performance
metricshouldbeused[32].
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Fig.2. Precision-recallcurvesfor the“artificial intelligence”datasetwith differentclasspriors. �
is theratioof thenumberof negative to thenumberof positive examplesusedat testing

5 RelatedWork and Discussion

A numberof approaches“upgrading”propositionallearnersto multi-relationaldomains
have beenproposedin the inductive logic programmingcommunity[21]. Often,these
approachesupgradelearnersmostsuitableto binaryattributes.TILDE [4] andWARMR
[8], for example,upgradedecisiontreesandassociationrules,respectively. S-CART
[20] upgradesCART, a propositionalalgorithmfor learningclassificationandregres-
siontrees.Upgradingimplies thatgenerationof relationalfeaturesandtheir modeling
arecoupledinto a single loop. StructuralLogistic Regressionpresentedin this paper
canbecategorizedasan“upgrade”.

Anotherapproachis “propositionalization”(seee.g.[19]). In abroadersense“propo-
sitionalization”refersto any processof transforminga first-orderrepresentationinto a
propositionalrepresentationto make it suitablefor a propositionallearningalgorithm.



In a narrower sense,asusedmoreoften in the literature,it is definedas“decoupling”
of featuregenerationfrom modeling,wherethe featuresarefirst constructedfrom re-
lational representationand thenpresentedto a propositionalalgorithm.While in the
formercasewe canview “upgrading”alsoasa form of “propositionalization”,thelat-
ter emphasizesthat thenative propositionalalgorithm’s modelselectioncriteriado no
takepartin featureconstruction.

Oneform of “decoupledpropositionalization”is to learna logic theorywith anILP
rule learnerandthenusethebodiesof learnedclausesasbinary featuresin a proposi-
tional learner. For example,SrinivasanandKing [35] uselinearregressionto modelfea-
turesconstructedfrom theclausesreturnedby Progol.Decouplingfeatureconstruction
from modeling,however, retainsthe inductive biasof the techniqueusedto construct
features,andbettermodelscanpotentiallybebuilt if we allow a propositionallearner
itself to selectits own featuresbasedon its own criteria.FirstOrderRegressionSystem
(FORS)[15] morecloselyintegratesfeatureconstructioninto regressionmodeling,but
doessousinga FOIL-like coveringapproachfor featureconstruction.Additive,or cu-
mulative,models,suchaslinearor logistic regression,havedifferentcriteriafor feature
usefulness;fusingof featureconstructionandmodelselectioninto a singleprocessis
advocatedin this context in [3] and[30].

Aggregateoperatorspresentanattractive way of extendingfeaturespaces.For ex-
ample,Knobbeet al. [18] useaggregatesin propositionalizationby first constructinga
singletableinvolving aggregatesummariesof relationaldataandthenusinga standard
propositionallearneron this table.PerlichandProvostpresenta detaileddiscussionof
aggregationin relationallearningin [27].

An approachexplicitly addressingnumericalreasoninglimitationsof classicalILP
is proposedin [36]. This approachaugmentsthe searchspacewithin P-Progolwith
clausaldefinitionsof numerical,includingstatistical,functionswhich arelazily evalu-
atedduringthesearch.Our framework allows for theimplementationof this extension
to supplementthenumericalreasoningcapabilitywe achieve via aggregateoperators.
Thechoiceof numericalfunctionsto be includedinto thesearchformulationon a par
with the original relationsshouldcertainlybe driven by the userinsightsinto the ap-
plication domain,as including too many augmentingfunctionsmakesthe sizeof the
searchspaceprohibitive in largeproblems.

A numberof learningmodelshave beenproposedwhich combinetheexpressivity
of first-orderlogic with probabilisticsemanticsto addressuncertainty. For example,
“StochasticLogic Programs”[23] modeluncertainlyfrom within the ILP framework
by providing logic theorieswith a probability distribution; “Probabilistic Relational
Models”(PRMs)[11] arearelational“upgrade”of Bayesiannetworks.Otherexamples
include“BayesianLogic Programs”[16], PRISM[31], “RelationalMarkov Networks”
[37] and“RelationalMarkov Models” [2]. Themarriageof richer representationsand
probability theory makes resultingformalismsextremely powerful, and inevitably a
numberof equivalencesamongthem can be observed. In addition to a fundamental
questionof semanticandrepresentationalequivalence,it is usefulto alsoconsiderthe
differencesin how modelsare built, i.e. what objective function is optimized,what
trainingalgorithmis usedto optimizethat function,what is doneto avoid over-fitting,



whatsimplifying assumptionsaremade.We believe thatansweringthesequestionsin
a singlestudywill greatlyenhancethediscussionof thesemodels.

A conflictexistsbetweenthetwo goals:i) probabilisticallycharacterizingthewhole
domainat handandii) building a model that would addressa specificquestiononly,
suchasclassificationor regressionmodelingof a single responsevariable.This dis-
tinctiontypically leadsto two philosophiesin probabilistic/statisticalmachinelearning:
“generative” modelingand “discriminative” modeling.Generative modelswould at-
temptto modelthedistributionof their features,while discriminativemodels,likeours,
donotdothat,acceptingthemasthey areandsolelyfocusingonmodelingtheresponse
variabledistributiongiventhesefeatures,thusmakingit easierto learnby reducingthe
degreesof freedomthatneedto beestimated.For this reason,ourmethodallows inclu-
sioninto themodelof arbitrarily complex featureswithout trying to do theimpossible
in largeandsparseenvironments—estimatingtheir distribution.

PRMs,for example,aregenerative modelsof joint probabilitydistribution of enti-
ties andtheir attributesin a relationaldomain.Being a joint probability modelof the
entiredomain,PRMscanprovide answersto a large numberof questions,including
classlabels,latentgroupings,changingbeliefsgivennew observations.An important
limitation, however, of generativemodelingis thatin reality thereis rarelyenoughdata
to reliablyestimatetheentiremodel.Generativemodelingdoesnotallow searchingfor
complex featuresarbitrarilydeep.Onecanachievesuperiorperformancewhenfocusing
only on a particularquestion,e.g.classlabelprediction,andtrainingmodelsdiscrim-
inatively to answerthat question.Taskaret al. [37] propose“RelationalMarkov Net-
works” (RMNs)—arelationalextensionof discriminatively trainedMarkov networks.
In RMNs,however, thestructureof a learningdomain,determiningwhich direct inter-
actionsareexplored,is prespecifiedby a relationaltemplate;this precludesthediscov-
ery of deeperandmorecomplex regularitiesmadepossibleby more focusedfeature
constructionadvocatedin this paper. Certainly, classificationandregressiondo not ex-
haustpotentialapplications.Generative modelingcanprove usefulin otherproblems,
e.g.aformulationsimilarto PRMs,but semanticallydifferent,calleda“StatisticalRela-
tionalModel”—astatisticalmodelof aparticulardatabaseinstantiation—wasproposed
for optimizingrelationaldatabasequeries[12].

Link analysisplaysan importantrole in thehypertext domains,a notableexample
beingGoogle,which usesthelink structureof theWebby employing a link basedcon-
ceptof pageauthorityin rankingsearchresults[26]. In additionto knowing theauthor-
itativedocuments,it is oftenusefulto know thewebpageswhichpoint to authoritieson
atopic,thesocalledcalled“hub” pages[17], whichcorrespondto theconceptof review
papersin the scientificliteraturedomain.A techniquecalled“StatisticalPredicateIn-
vention” [7] wasproposedfor learningin hypertext domains,includinglearningcertain
typesof relationsbetweenpages.It combinesstatisticalandrelationallearningby us-
ing classificationsproducedby NaiveBayesaspredicatesin FOIL. StatisticalPredicate
InventionpreservesFOIL asthecentralmodelingcomponentandcallsNaiveBayesto
supplynew predicates.Neville andJensen[24] proposeaniterative techniquebasedon
a Bayesianclassifierthat useshigh confidenceinferencesto improve classinferences
for linked objectsat later iterations.Cohn and Hofmannproposea joint probability
modelof documentcontentandconnectivity in [6].



6 Conclusionsand Future Work

We presentedStructuralLogistic Regression,an“upgrade”of standardlogistic regres-
sion to handlerelationaldata representation.We demonstratethe advantagesof us-
ing richerfirst-orderrepresentationwith classicalstatisticalmodelingby applyingthe
methodto link predictionin thedomainof scientificliteraturecitations.Thelink predic-
tion taskis inherentlyrelational,noisyandextremelysparse,thussuggestingrelational
representationand the useof discriminative statisticalmodelingof complex features
obtainedby a tightly coupledsearchin thespaceof databasequeriesandselectedwith
model’s native informationcriteria.Focusedsearchallows generationof complex fea-
turesandavoidstheirmanual“packaging”into a singletable,a processthatcanbeex-
pensive anddifficult. Discriminative modeling,suchasin logistic regression,doesnot
requiremodelingthe distribution of individual features,an impossibletask in sparse
domainswith many potentialpredictors;it focusesinsteadsolelyon modelingthe re-
sponsevariable’sdistributiongiventhesefeatures.Ourmethodextendsbeyondclassical
ILP becausestatisticsallows generationof richer features,bettercontrol of searchof
the featurespace,andmoreaccuratemodelingin the presenceof noise.On the other
hand,our methoddiffers from relationalprobabilisticnetwork models,suchasPRMs
andRMNs, becausethesenetwork models,while beinggoodat handlinguncertainly,
donotattemptto learnandmodelnew complex relationships.Otherregressionmodels,
suchaslinear regressionfor modelingcontinuousoutcomesor Poissonregressionfor
modelingcountdatacanbeusedwithin our framework providedacommonpackageis
used—they all fall into thecategoryof generalizedlinearmodels.

In the citation predictiontaskexploredhere,the learnedmodelshave explanatory
aswell aspredictive power. Selectedfeaturesprovide insightsinto the natureof cita-
tions;somefeatures“re-discovered”commonconceptsin link analysisandbibliomet-
rics, suchas bibliographiccoupling,co-citation,authoritative and “hub” documents.
Other linked environments,suchasthe Web, socialnetworks,andbiological interac-
tions,e.g.proteininteractions,webelieve,canbeexploredwith thismethodology.

We areextendingthis work in threemaindirections:betterfeatureselection,better
search,andincorporationof relationsderivedfrom clusteringinto thesearchspace.

Learningtakesplacewith an exponentialnumberof potentialfeaturecandidates,
only relatively few of whichareexpectedto beuseful.Insteadof avoiding largefeature
spacesbecauseof thedangersof overfitting, we shouldratherlearnto dealwith them
with moresophisticatedmodelselectioncriteria.Featureselectionmethodsrecentlyde-
rivedby statisticiansgivepromisingresultsfor handlingthis potentiallyinfinite stream
of featureswith only a finite setof observations.

Our formulation supportsthe introductionof sophisticatedproceduresfor deter-
mining which subspacesof the queryspaceto explore. Intelligent searchtechniques
which combinefeedbackfrom thefeatureselectionalgorithms,otherinformationsuch
assamplingfromfeaturesubspacesto determinetheirpromiseandusingdatabasemeta-
informationwill helpscaleto truly largeproblems.

Weadvocatetheuseof clusteringto extendthesetof relationsusedin featuregener-
ation.Clustersimprovemodelingof sparsedata,improvescalability, andproducericher
representations[10]. New clusterrelationscanbe derivedusingattributesin otherre-
lations.For example,onecanclusterdocumentsbasedon words,giving “topics”, or



authorsbasedon co-authorship,giving “communities”.Onceclustersareformed,they
representnew relationshipswhich canbeaddedto therelationaldatabaseschema,and
thenusedinterchangeablywith theoriginal relations.
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