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Instrument for Simultaneous Measurement of Density and Viscosity

Abstract

The speed of torsional stress waves transmitted in solid waveguides submerged in a liquid depends, among
other things, on the liquid's density and viscosity and the waveguides' cross-sectional geometry. By measuring
the speed of torsional stress waves in two waveguides of different cross-sectional geometries, one can obtain
both the liquid's density and viscosity. An online, real-time sensor for the simultaneous measurement of
density and viscosity is described. The article details the sensor's principles of operation and reports
experimental results conducted using viscosity standard calibration liquids with wen-known thermophysical

properties. For fluids with density pf> 1 X 103 kg/m3, it is estimated that the instrument can measure density
with a precision better than 0.5%. For fluids with the product shear viscosity (4) and density, pu> 100

kg?/(m%s), it can measure the shear viscosity with a precision better than 1%.
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Instrument for simultaneous measurement of density and viscosity

JinQO. KimandHaimH. Bau

Department of Mechanical Engineering and Applied Mechanics, University of Pennsylvania, Philadelphig,

Pennsylvania 19104-6315

{Received 30 September 1988; accepted for publication 7 February 1989)

The speed of torsional stress waves transmitted in solid waveguides submerged in a liquid
depends, among other things, on the liquid’s density and viscosity and the waveguides® cross-
sectional geometry. By measuring the speed of torsional stress waves in two waveguides of
different cross-sectional geometries, one can obtain both the liquid’s density and viscosity. Anon-
line, real-time sensor for the simultaneous measurement of density and viscosity is described. The
article details the sensor’s principles of operation and reports experimental results conducted
using viscosity standard calibration liquids with well-known thermophysical properties. For
fluids with density p, > 1 X 10" kg/m”, it is estimated that the instrument can measure density
with a precision better than 0.5%. For fluids with the product shear viscosity () and density,
psie>100kg’/ (m* s), it can measure the shear viscosity with a precision better than 1%.

INTRODUCTION

In this article, we describe an on-ling, real-time instrument
for the simultaneous measurement of Auid density and vis-
cosity. When one is interested in the measurement of density
alone, the instrument provides a means for correcting for
viscous effects. The measurement of density and viscosity is
of importance in many industrial and technological pro-
cesses. Hence, it is not surprising that a considerable amount
of effort has been invested in the development of instruments
and measurement techniques for this purpose. For obvious
reasons, it is possible to cite only a small fraction of the rel-
evant literature pertaining to viscosity and density measure-
mett.

Many of the devices employed for the measurement of
viscosity are based on observing the period and decay
(damping) constant of torsional oscillations of an axially
symmetric body, such as a disk'™ or a sphere, suspended
from an elastic strand and submerged in the measured fluid.
Nieuwoudt and co-workers'™ advanced a theory which cor-
refates the damping constant and the period of oscillations
with the fluid’s density and viscosity. Another technique
which has been employed for precision measurements of
shear viscosity involves the use of the torsional piezoelectric
crystal method.” In this technique, the viscosity is correlated
with the resonance—-curve bandwidth. However, in order to
calculate the shear viscosity, independent knowledge of the
fluid’s density is required.

The instrument we describe operates on a different prin-
ciple than the aforementioned techniques. We measure the
speed of torsional stress waves transmitted in waveguides
with circular and noncircular cross sections. The measured
quantities are correlated with the fluid’s density and viscos-
ity. The instrument contains no moving parts, has a fast re-
sponse, is relatively rugged, and can be permanently in-
stailed inside a flow conduit or a chemical reactor to
continuously monitor density and viscosity in real time.
These virtues may make it snitable for industrial use.

Below, we describe the principle of operation of our sen-

1411 Rev. Sci. Instrum. 60 (6}, June 1888

0034-6748/89/061111-05%01.30

sor. The discussion focuses on Newtonian fluids. It is antici-
pated that a similar methodology could be used for non-
Newtonian fluids. When torsional stress waves are
transmitted in a waveguide with a circular cross section, vis-
cous drag will induce motion in the liquid. Thus, the stress
wave needs to overcome the combined inertia of the sclid
and the added inertia of the fluid (hereafter referred to as the
“viscous inertia” ). The net effect is a reduction in the wave
speed. Because of the axisymmetry of the waveguide, it is not
difficuit to develop a theory which correlates the stress-wave
speed with the fluid’s shear viscosity. For example, Wang®
showed that, to the first approximation, this reduction in
speed correlaies with { p,u) 2 Thus, by measuring the
speed of the torsional stress wave, one can obtain informa-
tion on the product ( g,e). Similar information can alsc be
obtained by measuring the wave’s attenuation. The latter
method was used, for example, by Roth and Rich’ for the
measurement of the viscosity of viscoelastic materials. We
prefer to measure the wave speed since it can be done with
higher precision than the atienuation measurement. In prin-
ciple, one could determine simultaneously shear viscosity
and density by measuring both the wave speed and the at-
tenuation. Such a measurement technique may, however,
not be accurate since both the atienuation and reduction in
wave speed depend primarily on the product (p,u) "%, while
in most circumstances, the influence of density alone is rela-
tively weak {see Ref. 6 for further details).

When the torsional stress waves are transmitted in
waveguides with noncircular cross sections, fluid motion is
induced by two mechanisms. The first mechanism is the nor-
mal velocity component at the solid-fluid interface. This
normal velocity component exists only when the solid’s
cross section is noncircular. As a result of this fluid motion,
the torsional stress wave encounters added fluid inertia
which exists even in the absence of viscosity. Hence, we shall
refer to it as the ““inviscid inertia.”” Bau® and Kim and Bau®
obtained analytically and numerically the flow field and the
apparent “inviscid inertias” associated with various wave-
guide’s cross sections. The second mechanism, just as in the
case of the waveguide with the circular cross section, is vis-
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cous drag. As before, we shall refer to the apparent fluid
inertia attributable to viscous effects as the “viscous inertia.”
It is more difficult to calculate analytically the viscous con-
tribution in this instance than it is in the axisymmetric case
(for an approximate evaluation of this quantity, see Da-
vis'?). However, unless the liquid viscosity is high, one can
neglect the *“‘viscous inertia” altogether.” This allows one to
use the waveguide with the noncircular cross section as a
densimeter. Prototypes of such densimeters have been man-
ufactured by Lynnworth,!! who has obtained a patent for the
device.? These sensors have been used in experiments to
measure liquid density,"? liquid level,"*~'7 void fraction of
wet steam,'® low gravity gauging of satellites’ liquid propel-
lant,'” and an aircraft’s residual fuel mass.

I. THE EXPERIMENTAL APPARATUS

The apparatus consisted of either two separate wave-
guides with different cross-sectional geometries (Fig. 1) ora
single waveguide with two sections of different cross-sec-
tional geometries (Fig. 2). The latter arrangement has the
advantage of requiring a single signal-processing unit, and
therefore it may be more attractive to industrial users. Most
of the results reported here were obtained using the two sepa-
rate waveguides. But we tested and verified the feasibility of
using a single wave guide (Fig. 2} for the same purpose.
First, we shall describe the two-waveguide arrangement, and
subsequently we shall provide some data on the single wave-
guide.

The two waveguides were made of an elastic material of
density p, (Fig. 1). One waveguide had a hollow circular
cross section, while the other had a noncircular cross sec-
tion. Experimental results for a rectangular cross section are
reported later in this paper. The waveguides were submerged
in a liquid of density p, and shear viscosity u. Because of the
high dependence of the viscosity on temperture, the experi-
ments were conducted in a constant-lemperature bath. The
temperature was occasionally varied in order to increase the
range of viscosities which could be obtained from any given
liquid. The liquids used were viscosity standards, typically
employed in laboratory calibration of viscosimeters, for
which accurate viscosity and density data are available. Sub-
sequent to submersion in the liquid, the waveguides were
subjected to tersional pulses.

The torsional stress waves were conveniently intro-
duced utilizing magnetostrictive phenomena. One end of a
delay line made of 2 magnetostrictive material was soldered

— Transducer

-~ Delay line

(Magnetostrictive rod)  py; | Schematic description

of the torsional-wave sensor
consisting of a waveguide with
a single cross-sectional geome-
try.

———

L ~— Waveguide

i
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—— Delay line

FIG. 2. Schematic description of the

o =g ssction A-R- torsional~wave sensor consisting of a
T | waveguide with two different sections.
QOne section has a circular cross sec-
| section B-B* tion, while the other has a rectangular

B J B* one.

or glued to the waveguide. A coil was placed around the
other end of the delay line (Fig. 1). The delay line was elec-
trically polarized so as to develop a circumferential, perma-
nent, magnetic field inside the magnetostrictive wire. The
introduction of a current puise into the coil caused 2 time-
varying axial magnetic field to develop. The interaction
between the two aforementioned fields led to a twisting force
on the magnetostrictive wire and the generation of a tor-
sional pulse. This is known as the Wiedemann effect.’® The
resulting torsional stress wave traveled in the magnetostric-
tive wire. Part of the wave was reflected at the magnetostric-
tive-wire-waveguide interface. The other part traveled
through the waveguide and was reflected from its other end.
It caused electromotive force in the coil which then acted as
a receiver. This is known as the inverse Wiedemann effect.
The signal was viewed on an oscilloscope screen. In Fig. 3,
we depict typical signal traces from our experiments. The
signal denoted (A4) in Fig. 3 is a result of the reflection from
the delay-line-waveguide interface, while the signal denoted
(8} in Fig. 3 is aresult of the reflection from the waveguide’s
end. By measuring the time (¢) which elapses between the
two signals, one can calculate the speed of the torsional stress
wave in a waveguide of known length. The time span is mea-
sured peak to peak. As we shall show later, this time span (or
the wave speed) depends, among other things, on the densi-
ties of the waveguide and the adjacent fluid, on the fiuid’s
viscosity, and on the shape of the waveguide.

In our experiments, we typically employed waveguides
made of stainless steel with length £ = 300 mm. The sensor’s
sensitivity will improve if lower-density waveguides are
used. The delay line is made of Remendur (Co-Fe-V) of
length about 1000 mm. The typical travel time of the tor-

Fic. 3. The signal trace of the reflected signal of the single cross-section
waveguide.
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sional stress wave in a waveguide with a rectangular cross
section (2 mm X 5 mm) in air is about 360 us. The time span
can typically be measured with a precision of 5 ns. The re-
flectivity of the delay-line-waveguide interface can be con-
trolled by controlling the mechanical impedance mismatch
at the interface. This was typically done by soldering a small
ring around the waveguide. Our experiments suggested in-
sensitivity to eccentric placement of the delay line with re-
spect to the waveguide.

The operation of the instrument consisting of a single
waveguide with two different secticns is similar to what has
been described above except that in this case an additionai
reflection of the torsional stress wave was obtained. In Fig. 4,
we depict a typical signal trace from our experiments. The
signals denoted A4, B, and C are, respectively, the results of
reflections from the delay-line~waveguide interface, the cir-
cular-noncircular sections’ interface, and the waveguide’s
end. By measuring the distances between any two adjacent
peaks, one can determine the travel time in the circular and
noncircular sections.

. THEORY

Consider a torsional stress wave traveling in a2 wave-
guide with a uniform cross section submerged in a liquid. As
the torsional wave travels through the waveguide, the solid-
liquid interface is alternately accelerated and decelerated.
Consequently, the inertia which needs to be overcome by the
torsional pulse is a combination of the solid waveguide’s in-
ertia (Z.) and the adjacent liquid’s apparent inertia (/).
According to Ref. 8, to the first-order approximation, the
torsional wave speed (c¢) can be calculated from the equation

c=K(G/p)'*A +p L /p Ay ' (D)

where G is the shear modulus of the solid, K = /(D */[),
and D * is the torsional rigidity. In the experiments, we mea-
sured the flight time of the torsional stress wave. Hence, it is
desired to derive an expression for the effect of apparent
inertia on the flight time. Let ¢, and ¢ denote, respectively,
the flight time in air (which is assumed to be a good approxi-
mation for flight time in vacuum) and in liguid at the same
temperature. Dt = ¢ — t; denotes the difference in the trans-
miission time of a wave in a2 waveguide submerged in liguid
and one in air. Since typically (p,d,)/(p,1,) <1, Eq. (1)

F1G. 4. The signal trace of the reflected signal for the waveguide with two
different sections.
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suggests, with a good approximation, that
Dt /t()gpfif/zpsjs‘ (2)

As we explained in the Introduction, when the wave-
guide has a noncircular cross section, the fluid’s motion is
induced via the generation of a pressure field and a drag
force. The pressure field is generated when the motion of the
solid’s surface induces a normal velocity component in the
fluid. The drag force results from viscous effects. In short,
the apparent inertia of the fluid (f,) can be taken as resulting
from a combination of these two effects. We denote the invis-
cid contributions to the apparent inertia as I, and I, re-
spectively. That is, I, = I, 4 I, . The inviscid inertia for
rectangular and elliptical cross sections of various aspect ra-
tios was calculated in Bau® and for other cross sections in
Kim and Bau.® An approximate method of evaluating the
viscous inertia is given in Ref. 10. Our earlier analysis®®
showed that since the scale of the pressure-induced flow field
is of the same order of magnitude as the size of the wave-
guide’s cross section, I, =/, and C| is a constant of order
one. C, depends on the cross section’s geometry and aspect
ratio. For example, for a rectangular cross section of aspect
ratio 3.3, C, = 1.062.% The scale of the drag-induced flow
field is comparable to the thickness of the viscous boundary
layer. The thickness of the viscous boundary layer in a New-
tonian fluid is of the order (/@) ''?, where v = #/p; is the
kinematic viscosity and o is the wave’s frequency. Hence,
one would expect 7, = C,1, (v/wa®)''?, where a is a charac-
teristic dimension of the cross section and ¢, is a geometry-
dependent constant whick we determined empirically. For
example, for a waveguide with @ = 0.005 m, operating at a
frequency w = 50 kHz at room temperature in water and
glycerin, (v/wa®)'"?~2x107% and 2X 10 ?, respectively.
We shall demonstrate that even in the latter case, viscous
effects contribute less than 19% to the added inertia (£;). In
summary, the apparent inertia of the rectangular cross sec-
tion can be expresed as

L/ = C + Cy{v/wa®)' 2. (3)

On the other hand, when the waveguide’s cross section
is circular, there is only drag-induced apparent inertia (i.e.,
C, =10). For a waveguide with cross-sectional radius a, we
have, to the first approximation,® that

I/I = (8v/wa®y'?. (4)

The constants C, and C, are fixed for any given sensor,
and they do not depend on the adjacent liquid. Thus, by
measuring £ /¢, for waveguides with circular and noncircu-
lar (rectangular, say) cross sections, we can obtain both the
density (o,) and the viscosity ().

il EXPERIMENTS

The experimental results reported in this section were
conducted using stainless-steel waveguides with rectangular
cross sections (2.58 mm X 0.73 mm ), and an aspect ratio of
3.53, and aluminum waveguides with hollow circular cross
sections of outer and inner radii of 1.22 and 0.78 mm, respec-
tively. In our experiments, we measured the transmission
times for the torsional stress wave in waveguides submerged

Density and viscosity 1113



in liquid (¢) and in air (7,) at the same temperature. Since

the interfacial velocity of the waveguide is very small (on the -

order of magnitude of 10" ? m/s or smaller), we neither ex-
pect nor observe vortex shedding from the waveguide's
edges.

In Fig. 5, we depict the ratio D¢ /¢, as 2 function of the
relative density (the ratic between the liquid’s density and
that of pure water) for the waveguide with a rectangular
cross section. The symbols represent experimental data,
while the solid line corresponds to an analytical prediction
based on Eq. (2) with the viscous effects being neglected.
The + signs correspond to a. waveguide submerged in a
solution of calcium chloride in water. The solution’s density
is varied by changing the salt concentration. The viscosity of
the calcium chloride solution is approximately similar to
that of water. The circles correspond to experiments con-
ducted in a glycerin-water solution. Both the viscosity and
" density of the sclution are varied by changing the relative
concentration of each component. The points denoted 1, 2, 3
and 4 in Fig. 5 correspond to liquids with kinematic viscos-
ities v = 1180, 620, 310, and 50 16 ~® m?/s. The scatter of
the experimental data (D1 /1) was smaller than 0.15%. For
the calcium chloride solution, an excellent agreement is ob-
served between the inviscid theory and the experimental ob-
servations. Significant deviations between the inviscid theo-
ry and the experiment are observed for the glycerin solution
for (v/wa®)''? > 0.01. These deviations are attributed to vis-
cous effects which were not inciuded in the inviscid theory.

Next, we focus our attention on the effect of viscosity on
the performance of the waveguide with the rectangular cross
section. To this end, we depict in Fig. 6

y = (Dit/ty) — (p,/2p,)C,

as a function of (p,u) 12 The standard deviation of the re-
sults depicted in Fig. 6 is smaller than 0.1%. In these experi-
ments, the waveguide was submerged in liguids which are
typically used as viscosity standards for laboratory calibra-
tion of viscosimeters (86, S60, $600, and N100). Measure-
ments were carried out at temperatures 20, 25, 40, and 50 °C.

) T
br o v
- 2, + .
3 +
[+ L
Bt a5t ha -
t, o
d j-//’,/ -
+
.28 - N //" -
]
"
. a? b ] 1 ] 1 i 1 i L

Relative Density
FiG. 5. The ratio Dt /¢, is depicted as a function of the relative density for a

waveguide with a rectangular cross section. The symnbols and solid Line rep-
resent theoretical and experimental results, respectively.
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Fi6. 6. y is depicted as a function of (p,11) '? for a waveguide with a rectan-
gular cross section submerged in various viscosity standard liguids.

The temperature in the test chamber was uniform within
0.5°C. The observed linear relationship between y and
(pe)"* in Fig. 6 agrees well with the assertion of expression
(3). Since the wave used in our experiments was not mono-
chromatic, we did not caiculate the constant C, explicitly. y,
however, is a quantity which is specific to the sensor and is
independent of the tested liquid. Thus, y can be determined
as a part of sensor calibration.

Itis evident from the foregoing that the flight time of the
torsional stress wave in a waveguide with a noncircular (rec-
tangular, in our case) cross section is affected by both the
liquid’s density {p,) and the product {pu). In order to de-
termine the density alone, we need a means of measuring the
product (pu). This is afforded by the waveguide with the
circular cross section. In Fig. 7, we depict the flight time of
the torsional stress wave in a hollow, circular tube as a func-

® @8 1 1 1 1
/‘61
. B4 J
)
Dt 45/
to S~
B2+ g/(,’ 1
o0
e E ~
R
z °° - Il 1 1
g 18 20 38 48 50
( )!/2 kg
Pe O g

F16. 7. The ratio Dt /1, is depicted as a function of {p ) Y2 for a waveguide
with a holiow, circular cross section submerged in various viscosity stan-
dard liquids.
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tion of (p,u)'/?. The standard deviation of the results re-

ported in Fig. 7 was smaller than 0.2%. In accordance with
expression (4), we observe a linear relationship with the
constant of proportionality depending on the sensor, but not
on the tested liquid. Thus, the measurement with circular
tube allows us to determine (pu)'/2

V. DISCUSSION

e have presented in this article an instrument for the
simultaneous determination of both viscosity and density.
The product (p,u) '/ is measured by deploying a waveguide
or a section of a waveguide with a circular cross section.
Subsequently, one can use formula (3) together with the
reading obtained using a waveguide or a section of a wave-
guide with a rectangular cross section to calculate the li-
quid’s density. The apparatus will be most effective for mea-
surements in liquids or high-pressure gases. Its ruggedness
and fast response may make it attractive for industrial users.

By comparing our measurements with the available
thermophysical properties of the tested liquids, we estimate
that the apparatus can resolve density within 0.5% for fluids
with density p,> 1 X 10® kg/m’, and shear viscosity within
1% for finids with the product shear viscosity () and den-
sity (o,), (psue) > 100 kg?/(m*s).

The precision of the apparatus could conceivably be im-
proved if one were tc measure the shift in its resonance fre-
quency under loading conditions. This could be achieved
either by inducing stress waves in our waveguide at variable
frequencies or by employing torsional piezoelectric crystals
with noncircular cross sections.

1115  Rev. Seci. instrum., Yol. 60, No. §, June 1889
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