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Optimal Communication in Bluetooth Piconets

Abstract

Bluetooth is a low-power, low-cost, short-range wireless communication system operating in the 2.4-GHz
industrial, scientific, and medical (ISM) band. Bluetooth links use frequency hopping whereby each packet is
sent on a single frequency while different packets are sent on different frequencies. Further, there are a limited
number of packet sizes. We show that we can exert indirect control over transmission conditions by choosing
the packet size transmitted over each frequency as a function of the channel conditions. Our goal then is to
provide a packet-size-selection algorithm that can maximize the throughput in a Bluetooth piconet in the
presence of lossy wireless channels. We first develop a renewal-theory-based mathematical model of packet
transmission in a frequency-hopping system such as a Bluetooth piconet. We use this model to show that a
threshold-based algorithm for choosing the packet lengths maximizes the throughput of the system. We
provide an algorithm that determines the optimal thresholds efficiently. We show the optimality of this
algorithm without using standard optimization techniques, since it is not clear that these techniques would be
applicable given the functions involved. Using simulations, we observe that this strategy leads to significantly
better throughput as compared to other baseline strategies, even if the assumptions made to prove optimality
are relaxed.

Keywords
Bluetooth, packet-size-selection, scheduling, optimization

Comments
Copyright 2005 IEEE. Reprinted from IEEE Transactions on Vehicular Technology, Volume 54, Issue 2, March
2005, pages 709-721.

This material is posted here with permission of the IEEE. Such permission of the IEEE does not in any way
imply IEEE endorsement of any of the University of Pennsylvania's products or services. Internal or personal
use of this material is permitted. However, permission to reprint/republish this material for advertising or
promotional purposes or for creating new collective works for resale or redistribution must be obtained from
the IEEE by writing to pubs-permissions@ieee.org. By choosing to view this document, you agree to all
provisions of the copyright laws protecting it.

This journal article is available at ScholarlyCommons: http://repositoryupenn.edu/ese_papers/147


http://repository.upenn.edu/ese_papers/147?utm_source=repository.upenn.edu%2Fese_papers%2F147&utm_medium=PDF&utm_campaign=PDFCoverPages

IEEE TRANSACTIONS ON VEHICULAR TECHNOLOGY, VOL. 54, NO. 2, MARCH 2005 709

Optimal Communication in Bluetooth Piconets

Saswati Sarkar, Member, IEEE, Farooq Anjum, and Ratul Guha

Abstract—Bluetooth is a low-power, low-cost, short-range wire-
less communication system operating in the 2.4-GHz industrial,
scientific, and medical (ISM) band. Bluetooth links use frequency
hopping whereby each packet is sent on a single frequency while
different packets are sent on different frequencies. Further, there
are a limited number of packet sizes. We show that we can exert in-
direct control over transmission conditions by choosing the packet
size transmitted over each frequency as a function of the channel
conditions. Our goal then is to provide a packet-size-selection
algorithm that can maximize the throughput in a Bluetooth pi-
conet in the presence of lossy wireless channels. We first develop a
renewal-theory-based mathematical model of packet transmission
in a frequency-hopping system such as a Bluetooth piconet. We use
this model to show that a threshold-based algorithm for choosing
the packet lengths maximizes the throughput of the system. We
provide an algorithm that determines the optimal thresholds
efficiently. We show the optimality of this algorithm without using
standard optimization techniques, since it is not clear that these
techniques would be applicable given the functions involved. Using
simulations, we observe that this strategy leads to significantly
better throughput as compared to other baseline strategies, even
if the assumptions made to prove optimality are relaxed.

Index Terms—Bluetooth, packet-size -selection, scheduling, op-
timization.

I. INTRODUCTION

HERE has recently been tremendous interest in appli-

cations of Bluetooth wireless technology. Bluetooth is
a low-power, low-cost, short-range wireless communication
system [10], [19]. It enables small portable devices to connect to
each other and communicate in an ad hoc fashion with nominal
speeds of up to 1 Mb/s. Industry analysts have estimated that
13 million bluetooth devices were shipped in 2001, meeting
earlier forecasts, and predict that by 2005 there will be over
780 million new Bluetooth devices shipped worldwide [6].

We focus on the use of Bluetooth as a cable-replacement
technology. Bluetooth uses frequency hopping and operates
in the unlicensed 2.4-GHz industrial, scientific, and medical
(ISM) band, which is also used by IEEE 802.11 radios as well
as other devices, such as microwave ovens, baby monitors, etc.
Thus, the frequencies in this band are subjected to interference
from other sources in addition to being subjected to the vagaries
of wireless links. We concentrate on providing solutions for
enabling efficient communication between Bluetooth devices
in the presence of such interference. Rather than resorting to
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increased error correction, improved power control, or other
lower layer techniques, we consider how scheduling packet
transmissions and modifying the length of packets in response
to the current channel conditions can improve the system
throughput.

The basic idea of this paper is as follows. A Bluetooth pi-
conet consists of a master device and up to seven active slaves.
Time is divided into slots and the master decides which slave
can communicate in a given slot. Bluetooth uses 79 different fre-
quencies during its frequency-hopping sequence. The master’s
fixed Bluetooth address determines the hopping sequence used
within the piconet; thus, there is a specific frequency associated
with a given slot. At any time, each frequency can have a dif-
ferent bit-error rate (BER) associated with it. If the BER for a
particular frequency can be estimated, the master can appropri-
ately select the length of the packet sent over that frequency.
Intuitively, shorter packets are sent over frequencies with high
BER so as to reduce the probability that they are lost. Further,
the BER to each slave may be different and time varying, de-
pending on its distance from the master and other factors. The
master can select the slaves based on the BERs. Thus, the slaves
that have a low BER in a slot may be preferred, thus reducing
the packet loss and increasing the throughput.

Bluetooth packets can have three lengths: namely, 366
(DH1), 1622 (DH3), and 2870 bits (DHS5) (this includes the
packet headers also). These packets consume 1, 3, 5 slots, re-
spectively. Each slot consumes 625 ys. The entire packet is sent
at the same frequency, irrespective of the length of the packet,
and a new frequency is used only for the next packet. The
throughput can be increased significantly by the appropriate
selection of packet lengths in accordance with the BER; we use
a simple example to illustrate this.

Example: Let the frequency sequence alternate between two
frequencies f; and fo. The BERSs associated with f; and f are
103 and 10~4, respectively. Consider the following three trans-
mission strategies: 1) transmit all packets as DHS packets; 2)
transmit DH5 packets on frequency f; and DH1 on f5; and 3)
transmit DH1 on f; and DHS5 on f>. A DHS5 packet senton f; ex-
periences a packet-error rate (PER) of 0.94 while a DHS packet
sent on fy experiences a PER of 0.249; the corresponding values
for a DH1 packet are 0.306 and 0.036. Therefore, the through-
puts of the three strategies are 46 550-4, 17 500, 80312-4 B/s,
respectively.

Thus, by judiciously adapting the packet length to channel
conditions, we can significantly increase the throughput of
the system. We provide algorithms that can choose the packet
lengths so as to maximize the throughput for the given channel
conditions.

The problem of choosing packet lengths in lossy channels has
been investigated widely for systems with only one frequency

0018-9545/$20.00 © 2005 IEEE
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of transmission [8], [11]. The aim has been to trade off the
overhead of packet headers with the PER (the tradeoff is that
small packets have more overhead than longer ones, but have
an increased probability of successful transmission). Our work
differs due to the nature of frequency-hopping systems such
as Bluetooth. We consider the case whereby the entire packet
is sent on a single frequency, but different packets are sent
on different frequencies. Hence, we can mitigate the effects
of channel conditions by selecting the packet length to be
transmitted over a frequency as a function of the channel
conditions. As illustrated in the earlier example, by deciding
to send larger packets over frequencies with good transmission
conditions, we can increase the fraction of time the system
experiences good transmission conditions and thereby maximize
the bandwidth attained by the system. Due to the frequency
hopping in Bluetooth, the BER for each frequency and time slot
must be considered in determining the packet lengths, and the
optimizations can provide higher throughput than in a system
with a single frequency. In addition, packet lengths cannot be
chosen arbitrarily, but are restricted to specified values. Finally,
due to the master—slave relationship in Bluetooth, the master
can select slaves which receive information and decide the
lengths of the packets it transmits, thus allowing fine-grained
control over the system throughput.

Chiasserini et al. propose mechanisms to mitigate interfer-
ence between 802.11 and Bluetooth networks [5]. The key idea
in Bluetooth is to avoid the frequencies used by the 802.11 net-
work. The concept of adaptive frequency hopping has been pro-
posed in the IEEE 802.15 group [20]. This proposal advocates
dynamically changing the frequency-hopping sequence in order
to minimize interference. The focus is on providing primitives
in the Bluetooth stack to make this happen without regard to the
actual algorithms to be used. In addition, this requires modifica-
tion to the existing Bluetooth devices. Our research is comple-
mentary in that we propose to use the existing frequency-hop-
ping sequence more efficiently by optimizing the packet lengths.
Further, our framework can cater to sources of interference other
than IEEE 802.11. The algorithm we propose can also be imple-
mented in conjunction with adaptive frequency hopping [20] to
provide a higher efficiency.

In Section II, we provide some background on Bluetooth as
well as a brief survey of related work. In Section III, we develop
a mathematical model of packet transmission in a Bluetooth pi-
conet with a single slave. We then use this model to show that
a threshold-based decision strategy for choosing the length of
the packet to be transmitted on a given frequency maximizes
the system throughput. Given the three packet lengths that we
consider, this means that there are two thresholds. The largest
(smallest) packet sizes must be used for BER values below the
lower (above the higher) threshold. We then provide an algo-
rithm [throughput optimal threshold selection (TOTS)] that de-
termines the optimal values of the thresholds efficiently. The
standard optimization techniques do not apply in this case due
to the nature of the functions involved. We then extend our re-
sults to multiple active slaves in a piconet. In Section IV, we
demonstrate using simulations that the optimum throughput is
significantly higher (e.g., around 50% more) than other baseline
strategies. We present the proofs in Appendexes.

II. FREQUENCY-HOPPING CHARACTERISTICS IN BLUETOOTH

We describe the relevant technical details of the Bluetooth
standard. A set of Bluetooth devices form a group called a pi-
conet, which has one device operating as a master and up to
seven devices functioning as active slaves at any given time. A
master can communicate with any slave in its piconet. Slaves, on
the other hand, can communicate directly only with the master.

The devices in a piconet use frequency hopping to commu-
nicate. The clock and Bluetooth device address of the master
determine the frequency-hopping pattern used in the piconet.
Time is divided into slots of length 625 ps. Slaves communi-
cate to the master using time-division multiple access (TDMA).
A slave can transmit only if the master has addressed it in the
previous slot. The master transmits in the even-numbered slots
and a slave transmits in the odd-numbered slots. For this pur-
pose, packets must occupy an odd number of slots. Hence, each
packet spans one, three, or five slots and is transmitted at a single
frequency. After each packet is transmitted, the devices retune
their radios to the next frequency in the sequence. The sequence
involves all 79 (or 23) hop frequencies.

Two types of links are allowed. Synchronous connection-ori-
ented (SCO) links support symmetrical circuit-switched con-
nections and are expected to be used for voice traffic. Asyn-
chronous connectionless (ACL) links are used for bursty data
transmissions. The master controls the allocation of the ACL
link bandwidth to each slave. We consider only ACL links. We
would like to point to [3], [4], [7], [13], [15],[16], [17], [22] for
algorithms on scatternet formation, scheduling and cross-layer
maximization in Bluetooth networks.

III. SYSTEM MODEL AND ANALYSIS

Our goal is to provide a packet-size-selection algorithm that
can maximize the throughput in a Bluetooth piconet. For sim-
plicity, we consider one-way data transfer from the master to the
slave. This happens when the master transmits streaming audio
or streaming video or large files. We first develop a mathemat-
ical model for capturing the throughput-optimization problem
in the Bluetooth scenario. The model must be general enough
to capture the various nuances of the problem and at the same
time simple enough to cater to a packet-length-selection algo-
rithm that can be executed by a resource constrained wireless
device. Subsequently, we use the model to design an algorithm
for optimally selecting the packet lengths. Even though we con-
sider the specific case of Bluetooth, the model we develop ap-
plies to any frequency-hopping system where a single packet
must be transmitted on a single frequency. We initially consider
a piconet with a single slave. Later, we extend this model to con-
sider piconets with multiple slaves.

A. Piconets With One Slave

First, we explain the model and subsequently justify it.
Consider a Bluetooth piconet with a single slave. The master
of the piconet transmits packets to the slave using frequency
hopping. The master can choose from three different packet
lengths, namely, 366 (DH1), 1622 (DH3), and 2870 bits (DHS),
with payloads of 216, 1464, and 2712 bits, respectively. These
packets occupy one, three, or five bluetooth slots; each slot
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is of length 625 p©s. When a slave receives a packet, it sends
an acknowledgment packet that occupies one slot and has 126
bits.! Thus, a packet and the acknowledgment packet together
consume two, four, or six slots. Every data and acknowledgment
packet has 18 bits in the header that are 1/3 FEC protected;
that is, each such bit is repeated three times.

Since our objective is to determine the maximum possible
throughput, we assume that there is an unlimited supply of
packets of each type. This happens if there are multiple sessions
(atleast three) from a master to every slave with an infinite supply
of data for each session. Each session uses a single packet size.
Thus, this translates to an unlimited supply of each packet type.
Segmentation is still assumed to occur at the L2ZCAP layer.

The probability of successful transmission of each bit in a
given packet or the bit success rate (BSR)? is denoted as p. We
assume that p is a random variable with cumulative distribu-
tion function (cdf) given by F'(p). All bits of a packet are as-
sumed to have the same BSR while the BSR associated with
different packets are mutually independent. Transmission of a
packet is successful if every bit that is not FEC protected is re-
ceived without error and a minority of the FEC protected bits
are in error. For example, if a FEC protected bit has value 1
with each bit being repeated three times, then the packet would
contain 111 and an error-free reception would contain 111, 110,
101, or 011. We assume that an acknowledgment packet is re-
ceived with no error.

Now we justify the model. The BSR associated with a bit
strongly depends on the frequency as the transmission condi-
tion can be poor in one frequency and good in another. If the
frequencies are random variables, then the BSR is also random.
In Bluetooth, frequencies in the hopping sequence are gener-
ated by a pseudorandom number generator seeded by the mas-
ters address and clock. Thus, the frequencies constitute “pseu-
dorandom variables” and this motivates the above model. All
the frequencies can, however, be known before the system trans-
mits any packet, since the frequencies are generated by a pseu-
dorandom sequence. If the BSRs associated with these frequen-
cies are known ahead as well, then the entire packet length se-
quence can be determined using a deterministic optimization.
However, the frequency sequences are usually long and con-
tain several different frequencies. Thus, the optimization will be
computationally intensive. Besides the storage of the results and
the table lookup will require substantial space and time. More
importantly, BSR is not a deterministic function of frequency
since the transmission conditions vary with time for the same
frequency. Hence, the previous knowledge of the frequency se-
quence may not be useful in determining the BSRs ahead of
time. This motivates the modeling of the BSRs as random vari-
ables. We do not assume any specific characteristic of the cdf of
the random variable BSR.

A packet is transmitted on a single frequency irrespective of
its length. The transmission conditions associated with a fre-
quency do not change significantly in a short duration, particu-
larly when the devices do not move or move slowly. The length

IA slave may also send a data packet instead of an acknowledgment, but we
do not consider this option.

2BSR = 1 — BER, where BER is the bit-error rate.

711

of a packet is at most five slots (3.125 ms). This motivates the
assumption of the same BSR for all bits in a packet. We as-
sume that the BSRs for different packets are mutually indepen-
dent. This is justified because different packets are transmitted
in different frequencies generated as a pseudorandom number
sequence and transmission conditions may be quite different for
different frequencies. Losses can be bursty in the absence of fre-
quency hopping. Finally, we assume that the acknowledgment is
transmitted without loss, since an acknowledgment packet has
a small size and large parts of it are FEC protected.

At the start of the transmission, the master decides the packet
lengths based on the BSR governing the bits of the packet. The
assumption that the transmitter knows the channel conditions
has been made elsewhere as well, e.g., [9] and [12]. Using sim-
ulations, we will consider the performance of the optimum al-
gorithm when the master decides the packet lengths based on
estimates of the BSR.

Now, we demonstrate how this model can be used to provide an
algorithm for choosing the packet lengths so as to maximize the
throughput. Given the BSR p for the frequency on which a packet
is to be transmitted, the master of the piconet decides the packet
length I(p) bits, as a function of the BSR, at the beginning of the
packet transmission. The time taken to transfer [ bits and the ac-
knowledgment is denoted as [. Here, [ is 1.25, 2.5, and 3.75 ms
forl equaling 366, 1622, and 2870 bits, respectively. The payload
for a packet of [ bits is /. Here, [ is 216, 1464, and 2712 bits for [
equaling 366, 1622, and 2870 bits, respectively. Since the BSRs
of different packets are mutually independent, lengths of different
packets are also mutually independent under the optimal strategy
[14]. Thus, the packet-transmission process is a renewal process,
with the system renewing itself after every packet transmission
[21]. Let F(p) be the cdf for the BSR. Then, the average duration
of a single renewal period is the average time taken to transmit a
packetand the acknowledgment E(I(p)) = fol I(p)dF(p). There
is areward associated with transmission of a packet. If the packet
is transmitted successfully, then the reward is the packet’s pay-
load; otherwise, the reward is 0. Thus, the expected reward for a
packet is I(p)p'®) if p is the BSR during the transmission of the
packet. We initially consider ACL links without error protection
mechanisms. Now, given the cdf F'(p), the expected reward for
any packetis E(L(p) (p* +3p*(1-p)) *p'®=5%) = [ 1(p) (p*+
3p%(1 — p))'¥p!®)=544dF(p). Note that each packet has 18 FEC
protected bits and [(p) — 54 bits that are not protected by FEC. The
FEC protected bits in the packet contribute to (p® + 3p? (1 —p) )18
and remaining bits contribute to p!(*) =54, The throughput of the
system is the average reward per unit time lim;_, ., F(R(t))/t
where R(t) is the total reward obtained before time ¢. Using the
renewal-reward theorem [21], the throughput of a packet length
selection rule [(p) is

Jim E(R(1))/t

_E(Up)(® + 3921 — p) @3

E{l(p)}
I3 1(p) (0* +3p%(1 — p))lspl(”)‘54dF(p)_
Jo Wp)dF (p)

ey
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We next wish to find a packet-length-selection rule I(p) that
maximizes lim;_, ., E(R(t))/t. We first present a generic prop-
erty of the optimal strategy that holds irrespective of the distri-
bution F(p).

Theorem 1: There exists thresholds p7, p5 such that the op-
timal packet length I*(p) = 366 bits for p < p},l*(p) = 1622
bits for p < p < p} and I*(p) = 2870 bits for p > p3.

We prove Theorem 1 in Appendix A. We now present the
intuition behind Theorem 1. Large packets are more likely to
have error in at least one bit. However, large packets must be
transmitted if the BSR is high. This is because the BSR does
not change until the packet transmission ends and, thus, a larger
number of bits will be transmitted under good channel conditions.
Small packets must be selected for low BSR, as this exposes fewer
bits to poor channel conditions. This motivates a threshold-type
decision process irrespective of the distribution F'(p).

We summarize the packet-length-selection rule that we call
the throughput optimal packet length selection (TOPS) rule.

1) Define a function f(a,b), as shown in the equation at the

bottom of the page.

2) If the BSR is less than p7, transmit a DH1 packet. If the

BSR is between p] and p3, transmit a DH3 packet. If the
BSR is greater than p3, transmit a DHS packet.

Theorem 2: TOPS attains the maximum possible throughput
for a single slave.

Theorem 2 follows from (1) and Theorem 1.

The function f(a, b) can be nonconcave depending on the dis-
tribution F'(p). The usual gradient search-based optimization al-
gorithms [1] are not guaranteed to converge or attain a global
maxima for a nonconcave function. Thus, the rich body of op-
timization literature cannot be used to design an efficient algo-
rithm for maximizing f(a,b). Maximizing f(a,b) is a two-vari-
able optimization that is more difficult than a single-variable
optimization. Using the structure of f(a,b), we have devised
a single-variable optimization-based iterative technique that we
refer to as the TOTS algorithm. TOTS is guaranteed to converge
to a global maxima of f(a,b) if the individual single-variable
optimizations can be solved. The iterative procedure initializes
the arguments a, b to 0. Let (p1, p2) be the current value of the
iterates. First, f(p1,b) is maximized by varying b in the range
[p1,1]. Let po be the maximum point in the above maximiza-
tion. Then, the next step is to maximize f(a, p2) with respect to
a in the range 0 < a < p,. We show that the iterates are guar-
anteed to converge to a fixed point (p{,p$), i-e., f(pf,p3) =
maxo<a<ps f(a,p5) and f(pf,p3) = maxpe <p<1 f(pf,b). We
prove that the fixed point is a global maxima of f(a,b):

Step 1) pY =pY =0,k =0;

Step2) kK — k+1;

Step3) ph = arg Max k-1, <q F¥ =t p),

pk = arg MaXg<, <,k f(p,p5)33
Step 4) terminate if (p¥, p§) = ?p'f_l pst
to Step 2).

It is not obvious whether the iterates converge to the optimal
thresholds or if there is convergence at all. The following the-
orem, however, shows that TOTS indeed converges to the op-
timal thresholds.

Theorem 3: TOTS converges to the optimal thresholds.

We prove Theorem 3 in Appendix B. Note that we do not
have analytical bounds on the number of iterations required by
TOTS to attain the optimal thresholds. However, our simulations
indicate that TOTS attains the optimal thresholds in only few
iterations—in all the cases we simulated, TOTS converged in
two iterations.

If the distribution function F'(p) is known, the optimal thresh-
olds can be computed offline as per TOTS. For unknown or time-
varying channels, the optimal thresholds will have to be computed
online after estimating the channel conditions. The above algo-
rithm can be easily implemented in resource-constrained wire-
less devices. Also, the TOPS and TOTS algorithms can easily be
adopted to cater to Bluetooth chipsets that do not support either
DH3 or DHS packets. Finally, the renewal reward framework can
be generalized to accommodate many other attributes. For ex-
ample, if error-correction schemes are used for all bits in a packet,
as is done for DM5, DM3, and DM packets, then a packet can
be successfully received as long as at least k bits are correct. The
renewal reward framework can capture this by assuming that a
packet with payload [ attains a reward of [ bits as long as k bits
are correct. The average reward (numerator) in the throughput ex-
pression in (1) must be altered. Refer to the technical report [18]
for the formulations and simulations in this case.

); otherwise, go

B. Multiple Slaves

We next consider a piconet with k slaves 1 < k& < 7. Now,
the master must select the slave and decide the size of the packet
before transmitting a packet.

Different slaves may experience different BSRs, even though
the same frequency is used for all slaves. This happens due to
location-dependent errors in wireless networks. For example, a
particular slave may be near a microwave that operates at the fre-
quency of transmission, while other slaves may be away from
the microwave. Hence, in any slot we consider different BSRs
for different slaves py, . . . , px. These are random variables gov-
erned by a joint cdf F(p1,p2...,pr). The joint distribution
allows for correlation among the BSRs perceived by different

3If the maximizations are not unique, and f (pf’l7 p.’_;'fl) =
MAX k-1, ey FP¥=t p) and pA= > pFT! set p& = piT'. A similar

remark applies for p*¥.

p(x) = (% + 32°(1 — 2))'®

fla,b) =

[ 2166 (2)2¥ 2dF (2) + [ 1464¢(2)x P2 dF (2) + [ 27126 (2)2** 8 dF ()

(p1.p3) = argogrggmf(mb)-

[ 1250dF () + [7 2500dF (z) + [} 3750dF (x)
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slaves. As before, we assume that all the bits of a packet experi-
ence the same BSR and a packet is lost if one or more non-FEC
protected bits and two or more FEC protected bits are in error.
Further, the master knows the BSRs p1, ..., pi for all the slaves
at the beginning of transmission of a packet and uses this knowl-
edge to choose the appropriate slave and packet length. Finally,
BSRs for different packets are mutually independent.

Since packet lengths depend only on the BSRs and BSRs
for different packets are mutually independent, packet trans-
mission is a renewal process. System throughput can be related
to the packet-length-selection policy using the renewal reward
theorem [21]. Let a policy 7 choose the slaves as per function
s(p1,.-.,px) and the packet lengths as per I(p1,...,px) bits
[duration [(p1,...,px) us, payload I(pi,...,px)bits], where
p1,...,pr arethe BSRsof slaves 1,2, . .., k. Recall that ¢(z) =
(2 + 322 % (1 — x))'®. Now, 7’s throughput 7,;, is given by (2)
at the bottom of the page.

Our goal is to design the optimal strategy 7* that maximizes
the throughput 7,-. We describe such a strategy next, which
we denote as TOPS-M (throughput optimal packet-length-se-
lection rule for multiple slaves). TOPS-M selects the slave with
the highest BSR and then decides the packet length as per the
channel condition of the selected slave and the transmission
thresholds that depend on the joint distribution function. The
strategy can be summarized as follows.

* Define a function fys(a,b) as

f]\/f(aﬂ b) = A/B
where A / 216¢(max(p1, .. ., Dk))
0<max(p1,...,pr)<a
x max(py, ..., pr)> 2dF (p1,- .., k)
+ / 1464¢(max(p1, - - -, pk))
a<max(pi,...,pr)<b
x max(py, ..., pr) P dF (p1, ..., pr)
+ / 2712¢(1nax(p1, v ,pk))
b<max(p1,...,pr)<1
x max(py,...,pr) 8dF (p1, ..., k)
and
B = / 1250dF (p1,. .., pk)
0<max(p1,...,pxr)<a
+ / 2500dF (1, . .. , pr)
a<max(pi,...,pr)<b

+/ 3750dF (p1,. .., pr)
b<max(p1,...,pr)<1

(p1,p5) = arg | max fM(a b).
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* Select the slave m for which m = argmax(p1,...,pk)-

e If m’s BSR p,,, is less than p7], transmit a DH1 packet. If
Pm 1s between pi and p3, transmit a DH3 packet. If p,, is
greater than p3, transmit a DHS5 packet.

Theorem 4: TOPS-M maximizes the throughput for any
number of slaves.

We prove Theorem 4 in Appendix C. The optimum thresholds
are different from those computed according to the marginal
distribution of the chosen slave. The function fas(a,b) can be
simplified in special cases. For example, when the BSRs of dif-
ferent slaves are independent and identically distributed (i.i.d.)
with the marginal distribution function F(p), far(a,b) can be
computed as shown in (3) at the bottom of the page.

The TOTS algorithm can be used to obtain the optimum
thresholds iteratively by using the function fys(a,b) instead of
f(a,b). We refer to this modified algorithm as TOTS-M.

Theorem 5: TOTS-M converges to the optimal thresholds.

We prove Theorem 5 in Appendix D. In a different context,
Bhagwat et al. showed that the throughput is maximized when
the transmission is over the channel with the least probability
of error [2]. This paper applies to generic wireless channels,
not specifically to Bluetooth, and as such does not contain the
packet-length-optimization problem we are focusing on. Never-
theless, the receiver-selection strategy turns out to be identical
in both.

IV. SIMULATION RESULTS

In this section, using Matlab simulations, we compare the per-
formance of the optimal and some benchmark algorithms. We
first describe the simulation scenario. We consider a single pi-
conet in which the master transmits messages to the slaves using
the user datagram protocol (UDP) protocol at the transport layer.
The master has at least three different UDP applications; each
application has infinite number of packets and a predetermined
Bluetooth packet size. We assume that there is at least one ap-
plication that has DHz packets, z = 1, 2, 3. Thus, even though
the segmentation in a Bluetooth network occurs at L2ZCAP, the
master can transmit packets of the desired size by choosing from
the appropriate flow. A slave acknowledges a data packet by
sending a NULL packet. We average the throughput over suf-
ficient number of trials (each trial consists of 1600 Bluetooth
slots) to ensure with 95% confidence that the empirical average
does not deviate from the actual average by more than 1%.

The optimality results would hold for any distribution for the
BER. Determining the distribution of the BER in Bluetooth net-
works is beyond the scope of this paper. We, thus, consider two
sample distributions, namely, scaled beta and Rayleigh for the

fol"'foll(plw-

1)¢ (Ps .. pk)) (Ps(pl ..... o) T ARy

7pk)

Ne =

o Jy o

(@)

pk)AF (1. .., pr)

@ 23124( 1
fa(a,b) = Jo 21622 ¢(z)d((F(x)

) + [2 146421558 g(2)d((F(2))*) + J, 271236281%( Jd((F(2))")

Io 1200d(( (7))

BY o+ [ 2500d((F(z))*)

3

+ [, 3750d((F(x))*)
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channel BER. Note that Rayleigh distribution has been widely
used to model fading. In the scaled-beta distribution, the BER
for a frequency in a slot is K X X where K is a constant and
X is a random variable with beta probability density function
(pdf) (parameters A and B).

L R
" { [l DSTS @
0,

otherwise.

In the figures, we plot the throughput as a function of the upper
limit of the BER range K; here, K varies from 10~ to 1072.
In the simulations, we consider A = 1 and B = 5.

In the Rayleigh distribution, the BER has a Rayleigh (param-
eter R) pdf, which is described as
—z? / 2R? ,

h(m)={%e"p 220 5)
0, otherwise.

In the figures, we plot the throughput as a function of the
Rayleigh parameter R.

In the simulations, we relax the following assumptions we
made in the analysis.

* Assumption 1: The retransmissions can be of type DHI,
DH3, or DHS5 regardless of the length of the original
packet.

* Assumption 2: The reverse channel is lossless (i.e., ACKs
are not lost).

e Assumption 3: The statistics of the channel, i.e.,
F(p1,...,pr) is known.

We next discuss how we relax these assumptions.

Relaxation 1: Same-Size Retransmissions: When a packet
transmitted by the master is lost, the simplest action for the
master is to send the same packet. However, channel conditions
may have changed and, under the optimal algorithm, the master
should perhaps send a packet of different size. But, our simula-
tions consider the more realistic case in which retransmissions
are constrained to be of the same size as the original packet.

Relaxation 2: Lossy Reverse Channels: We allow the ACKs
to be lost in the simulations.

Relaxation 3: Channel BSR Estimation: In practice, the
master does not know the statistics of the channel specified by
the joint distribution for the BSRs F'(p1, ..., px). The master
can, however, estimate this distribution using channel-estima-
tion techniques, which have been extensively studied in cellular
and other wireless systems. We compare the performance of the
optimal and benchmark algorithms when the master estimates
the joint distribution using a simple existing technique. We
do not propose any new technique for channel estimation. We
assume that the master knows the distribution governing the
packet losses and determines the parameters of the distribution
by transmitting DH1 packets initially to the slave and then by
observing the fraction of DH1 packets lost for each given slave
and frequency. In our experiments, the master transmits DH1
packets for 3200 slots, estimates the channel parameters from
the transmission results, computes the optimal thresholds from
the estimates, and uses these thresholds in subsequent trans-
missions. Note that better estimation schemes can be expected
to improve the performance of the algorithms proposed as well

as to remove the assumption that the packet-loss distribution is
known. In addition, the estimation can be done online continu-
ously for slowly time-varying channels. We do not investigate
this approach in this paper.

We present simulation results for a piconet with multiple
slaves. In all the figures, the curve “optimal” shows the
throughput of TOPSM, as measured in the simulations. We also
consider the following benchmark strategies for choosing the
slave and the packet lengths.

* Round-robin DHx (rrdhx): The master transmits only
DHx (where z = 1, 3, 5) packets to each slave in a round-
robin fashion.

* Round-robin optimal (rropt): The master selects the
slaves in round-robin fashion, but determines the packet
size based on the channel conditions to the selected slave.

We can accommodate arbitrary correlations among BERs of
different slaves by selecting the joint distribution function for
the BERs appropriately. However, for simplicity, we assumed
that the BER for different slaves are mutually independent and
have either a scaled-beta distribution (4) or a Rayleigh distribu-
tion (5).

We first consider a piconet with four slaves. In Fig. 1(a),
we investigate the case in which the optimal algorithm is op-
erating under ideal conditions. This figure compares the op-
timal throughput computed using the expressions obtained in
the TOPS-M algorithm (plot labeled as optimal_comp) and the
throughput of the optimal policy measured using simulations
(plot labeled as optimal). As expected, these plots are identical,
which validates the analysis. In Fig. 1(b), we consider relaxation
1, i.e., the master repeatedly retransmits the same packet to the
same slave, until successful. In Fig. 1(c) and (d), we consider
the behavior of the optimal algorithm and relaxation 1, respec-
tively, for a Rayleigh distribution. From these figures, we see
that the optimal algorithm has the best throughput under for all
BERs. The rropt strategy also has much better throughput than
the other benchmark algorithms.

In Fig. 2(a) and (b), we plot the throughput for scaled-beta
and Rayleigh distributions, respectively, with relaxation 2 (i.e.,
when the reverse channel is lossy). In Fig. 2(c), we consider
relaxation 3, i.e., when the channel conditions are estimated.
In Fig. 2(d), we plot the throughput of different strategies as a
function of the number of slaves in the piconet. In this case, we
assume Rayleigh distribution with parameter R = 0.005. The
optimal algorithm has the best throughput irrespective of the
number of slaves and its throughput increases with an increase
in the number of slaves.

For all these cases, the optimal algorithm outperforms all
other policies for all channel conditions; the performance
difference is significant (e.g., around 50%) under ideal condi-
tions. The probability of high BER increases and, hence, the
throughput of all the strategies decrease with increase in the
scale factor K for the scaled-beta distribution and with an in-
crease in the value of the parameter R for Rayleigh distribution.

The optimal strategy trades off fairness for performance gain.
For example, the optimal strategy will rarely schedule a slave
that has substantially inferior transmission condition as com-
pared to other slaves. If fairness is an issue, rropt can be used
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We plot the throughput in a piconet with four slaves. (a) Ideal conditions for scaled-beta distribution [optimal_comp is the value directly computed from the

throughput function in (3)]. (b) Relaxation 1 for scaled-beta distribution. (c) Ideal conditions for Rayleigh distribution. (d) Relaxation 1 for Rayleigh distribution.

instead. Note that rropt schedules slaves in a round-robin order
and outperforms other benchmark strategies, since it optimally
decides the packet length for the chosen slave.

V. CONCLUSION

Bluetooth uses frequency hopping and operates in the unli-
censed 2.4-GHz ISM band, which is also used by IEEE 802.11
radios as well as other devices such as microwave ovens. Thus,
the frequencies in this band will be subjected to interference
from other sources in addition to being subjected to the vagaries
of wireless links. We concentrate on providing solutions for en-
abling efficient communication between Bluetooth devices in
presence of such interference. We provide algorithms to maxi-
mize the throughput under lossy transmission conditions in a pi-
conet with one or more slaves by selecting the packet lengths op-
timally in accordance with the channel conditions for different
frequencies.

We first develop a mathematical model of packet transmission
in a frequency-hopping system such as Bluetooth. We use this
model to show that a threshold-based algorithm for choosing

the packet lengths maximizes the throughput of the system. We
provide an algorithm that determines the optimal thresholds ef-
ficiently for a given system. We prove the optimality of this al-
gorithm without using standard optimization techniques, since
itis not clear that these techniques would be applicable given the
functions involved [18]. We relax the analytical assumptions in
simulations and demonstrate that the optimal strategy leads to
significantly more throughput (e.g., around 50%) as compared
to other baseline strategies. We then extend our results to mul-
tiple active slaves in a piconet.

APPENDIX A
PROOF OF THEOREM 1

We first prove that the optimum packet length is a nonde-
creasing function of the BSR p. The result would follow from
the fact that only three packet lengths, namely, 366, 1622, and
2870 bits, are allowed. For simplicity, we consider a discrete
random variable p and consider the discrete version of (1). When
p is a continuous random variable, the proof uses similar rea-
soning, but is more complicated.
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The proof is by contradiction. Let I(p), (p), and [(p) denote
the length, payload, and duration for the optimal packet length
at BSR p. Let n(p) = ¢(p) x I(p) and m(p) = I(p) + 18. Let
there exist p1, p2 such that I(p1) > [(p2) while p; < py. Thus,
I(p1) > l(p2), m(p1) > m(p2). Then, the optimum throughput,
denoted by A, is given by

>, n(p)p™ P dF(p)
>, L(p)dF(p)

Consider the throughputs B, C obtained by the following mod-
ifications in the optimum rule: B is the throughput obtained if
the packet length is [(p1 ) at both py, p2, and C' is the throughput
obtained if the packet length is I(p2) at both pq, p2. The deci-
sion processes are the same in all three policies for all BSRs
other than pq, po.

= ¥

P#P1,P2

> lp)dF(p)

P#P1,P2

A= (6)

n(p)p™ P dF (p)

8=

= n0)p A (1) + n(pa)py' ™ dF (pa) +
l(p1)dF (p1) + U(p2)dF (p2) +
5 _ e P dE (1) + n(p)py " dE (p) +
l(p1)dF (p1) + U(p1)dF (p2) + B
oo (m)p’;”(“)dF(pl)m( 2)py " dF (ps) +
[(p2)dF (p1) + Up2)dF (p2) +

We first show that

m(p1) m(p1)

5 ) > n(p1)p}

n(pg)p2 m(Pz).

—n(p2)p;
@)

Then, using (7) we show that C' > A. The argument is shown in
(8) at the bottom of the next page. This contradicts the fact that
A is the throughput of the optimal strategy. &

n(p1)py’

APPENDIX B
PROOF OF THEOREM 3

This proof is in two steps: Lemma 1 shows that the iterates
of the TOTS algorithm converge and Lemma 2 shows that the
limiting points are the optimal thresholds.
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Lemma 1: limy_, o, p¥ exists for i € {1,2}.

Lemma 2: Let p§ = limy_, p¥,i € {1,2}. Then, (p$, p$)
is the global maxima of f(a,b).

Theorem 3 follows from Lemmas 1 and 2.

Proof of Lemma 1: Consider the following iterative algo-

rithm.

Step 1)

Step 2)

Step 3)

Step 4)

Q? Q2 =0,k =1

q% au‘gn1au<;c 1<p<1f(
1fq2 #q ,ql =q;
1fq2 = q2 ! then

a) Q{c = arg ma‘X0<p<q"' f(p, qg);s
b) terminate if ¢f = qlf L

StepS) k — k+ 1; goto Step 2).

tp)
, go to Step 5).

717
Step3) ¢ = pz.
Step4) if g5 = q2 s ! then qi = p’f, else
¢ =q 5
r—r4+1;
(¢7,45) = (P}, D5).
Step 5) If TOTS terminates at k, terminate, otherwise, go to
Step 2).

Note that limy_., p¥ exists for i € {1,2} if and only if
limy o ¢¥ exists fori € {1,2}. We will show that ¢f** > ¢F
for i = 1,2 and k > 0. Since ¢ € [0,1], it follows that
limy_, o0 qz’-“ exists. The result follows.

Let the inequality qf“ > gqF fori = 1,2and k > 0, be
violated at the k£ + 1th iteration for the first time for some 7.
First, consider the case 7 = 1, i.e., qu < qFand ¢ > q’f“l7

We make the following observations, which we use in the proof. | <, < £
«qf < g5, b Let f(ql q2) = z/y. Since "t # ¢F, we have
 flaf,a8) < flait et g7 = gb. Thus, f(q k“,QQ““) = (¢ + a)/(y + 0),
Observe that the sequence qi can be constructed from the pf in  where « = k+1 (1464;,;1568 216x312)d F(7)
TOTS as follows. 4
Step 1) =0,k = 0, (af, a9) = (,9). nd f = [ 150dF(). We now show iha
Step2) r—r+1,k—k+1. fla o ) > f(ql,qz) Since qz'k— " fd, ) =
f(aF,g5™"). Since 2#1 <kg% = o lf'f(q{“,q{) =
. - L ‘ _ max0<p<qk+1 fpyas "), qq = ¢f. Since ¢ <
um;i;(q ~ Zi 1) = max Alpa f(a7 ™", p), and the arg max is not q17f(q1,q2 ) # max0< - A+1 f(p qk+1) Since 0 <
> 2 k k+1 k41 E+1\ o
SIf f(qF 1, 5)—max0< <qkf ,q%),and ¢F 7! < g%, and the arg max @ < G 7f(q1’321 ) < maX0<p<(1)chl f(p’ ) imlce
is not unique, ¢¥ = ¢¥* f((ﬁafb)—f((hafh-i— )s f(ql,q2)<maxo< <ghtt f(p, a5 + )-
m(pr) _ m(p2) m(p2) ( mp)-m(ps) n(m))
—n _ mp2)
n(p1)ps n(p2)ps’ (p1)ps’ <p2 (o)
m(p2)  m(p)=m(ps) _ n(P2)>
(pl)p <p1 ’ﬂ(p1)
(since pa > p1 and m(p1) > m(p2))
(Pl)P ey —n(P2) )
B= P E () + P AE () + 04 RV (s) — i)
(p1)dF (p1) + U(p2)dF (p2) + B+ (I(p1) — U(p2))dF (p2)
m(py) m(pa)
1 dF n(p1)p, —n(p2)p,
=A *AFw2) n(p )Pm(pl)dF(p1)+n(Pz)p2 2 4F (ps) +a
o (l(Pl) l(Pz))
Lt A (P2) 16,527 o) +Hipa)aF o) 75
m(p1) _ m(p2) [ — 1
Since B < 4, ( Epl)p? (p“’)p( ; < - (1) — L{p2) L®
n(p)py PV dF (p1) 4 n(p2)py P2 dF (py) + o — Up1)dF(p1) + U(p2)dF (p2) + B
o nlp2)p PO 8(p,) + P () - o F () + ) dF () + o
(p1)dF (p1) + U(p2)dF (p2) + 8 — (I(p1) — U(p2))dF (p1)
m(py) m(p2)
1 —dF n(p1)p, —n(p2 )P
4 v 1>n(p PTCVAE () (o )py P AF )t
- _ l(Pl) l(Pz)
L= AF (P 165270 +Hipa)aF G2 75
m(py1) m(pg)
R T T’L’(lp););:( e G
> A b1 :01 5)1 7P2 Do D2 [from (7)]
1—dF(p); I(p1)=1(p2)
I(p1)dF(p1)+1(p2)dF(p2)+p
> A [from (8)].
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. k+1 k+1  k+1 k+1
Since g5 = ¢, f(n ™ qx ") = maxgo, e f(poaz ")

from 4a). Thus, f(gF ™", ¢5*1) > f(q¥, ¢5). Thus,
T+ o T

y+8" Yy

a

Hence
z <
y B
Since B > 0, it follows from (9) that « > 0.
Let q{“ be reached in the Ith iteration for the first time, i.e.,
| = argminj>o(q] = ¢F). Clearly, | < k. Also, [ > 0 as
@) =0 < ¢"*t < gk Thus, ¢} = arg maxg<,<qt f(Ps q5). Let
(a1, 43) = u/v. Note that f(qi, 4b) < f(af,q5), foralll < k.
Thus, u/v < z/y < /. The last inequality follows from (9).
Thus, (u+a)/(v+/3) > (u/v). Thus, (a5, ¢b) > f(d}, b)
and 0 < q'f"'l < ¢¥ = ¢! < ¢,. This contradicts the fact that
¢ = arg maxgc, <yt f(p,ds).
The case for i+ = 2 can be argued similarly. Let ¢§
be reached at [ (I < k). It can be shown that [ > 0.
Thus, ¢4 = arg Max -1, f(qi_l,p). Note that

)

1> ¢a™' > ¢F > ¢!='. The first inequality follows since
At = arg max k<, <1 f(q1,p). It can also be shown that
f(@7' 5™ > f(¢™', ¢b). These contradict that fact that
¢ = arg max -1, f(q=", p). The result follows. &

We state and prove Lemmas 3—7, which we use in proving
Lemma 2.

Lemma 3:
Py = arg max f(p,p5). (10)
2 Zargpirggélf(pip)- (an
Proof of Lemma 3: Note that pf = limp_ o p¥,

i € {1,2}. We will prove (10). The proof for (11) is similar.
We assume that the functions g(y) = argmaxo<.<y f(2,y)
and h(y) = argmaxy<.<1 f(y,x) are continuous at p§ and
p§, respectively.

Let p§ # g(p$). From the continuity of g(y) at p§ there exists
€ > 0, such that |g(p5) — g(2)| < 1/2|p{ —g(p$)| forall z, |z —
p5| < €. Since p§ = limy,_, o, p%, there exists ko, such that for all
k> ko, [p5 —p3| < €. Thus, |g(p3) — g(p5)| < 1/2[p{ — g(p3)|
forallk > k. Since p¥ = g(p%), [9(p$)—p%| < 1/2[p5—g(ps)|
for all k& > ko. Thus, [p§ — p¥| > 1/2[p§ — g(p$)| for all
k > ko. This contradicts the fact that p{ = limg_, p’f. Thus,
P = 9(p5)- &

Let (p7, p5) be the global maxima of the function f(a, b),0 <
a <b<1.Since0 < a <b < 1isacompact set, f(a,b)
has a global maxima in 0 < a < b < 1. We will assume that
p5 <1,0<pi <p; <Ll

Lemma 4:

271221248 — 1464 > 0 if = € {p}, pS}

B(z) x (271222816 — 146421°0%)
> ¢(y)(2712y°816 — 14649'°%®) if x > y > min(p}, p3) .
(13)

12)

N
B(x) x (271222816 — 146421°%%)dF ()
01

> 0if 6, > 0 > min(p}, pS). (14)

The last inequality is strict if and only if |, 06:2 dF(z) > 0.

Proof of Lemma 4: Relation (12) follows since, otherwise,
there exist 67 > 0 such that f(p},81 + p3) > f(pf,p}) or
there exist ; > 0 such that f(p$, 62 + pS) > f(p§,ps). The
first contradicts the fact that (p}, p3) is a global maxima of the
function f(a,b) and the second contradicts (11) of Lemma 3.

Now we show (13). Note that ¢(z) x (27122%%16 —
146421°68) = 1968 » p(x) x (27122248 — 1464).
Each term is increasing for z > 0. The product is in-
creasing for « > min(p3, p§) if each term is nonnegative for
x > min(p}, p§). Clearly, z15% > 0, ¢(x) > 0, for z > 0.
Since (27122248 — 1464) is increasing, it is sufficient to show
that (27122124% — 1464) > 0 at = min(p}, p$). This follows
from (12).

Now we show (14). From (13) and since 65
min(p3, p5)

> 0 >

02
B(x) x (271222816 — 146421508 dF ()
01

> ¢ (min(ps, p5)) x (2712 min(p3, p5)™*'°

02
- 1464min(p§7p§)1568)/ dF (x)
6

1
= ¢ (min(p3, p3)) X min(p, p5)"*"
x (2712 min(p}, ps) 2 — 1464)

X (F(b2) — F(61)).

Now (14) follows from (12) and since 2 > 6;. The inequality
is strict if f;)f dF(z) > 0. &

Lemma 5: Let1 > ¢ > p5. Then, 1464¢1°%% — 216312 >
27122816 — 1464c158. If ¢ = 1, 1464¢1°%% — 216¢312 =
2712816 — 1464158,

Proof of Lemma 5: Clearly, 1464¢15%% — 216¢312 =
27122816 — 14641958 if ¢ = 1. We prove by contradiction for
1> ¢ > ph. Let 1464¢'958 — 216312 < 2712¢2816 — 14641568
for some ¢ € [p3,1). Then

2712¢%5%4 — 29281256 4 216 > 0. (15)

From (12) in Lemma 4, 2712(p3)'?4® — 1464 > 0. Thus
ph > (1464/2712)Y/1248 and, thus, ¢ > (1464/2712)1/1248,
Let h(c) = 27122594 — 29281256 4 216. Note that h(c) < 0
for c € [(1464/2712)'/1248 1), This contradicts (15). &

Lemma 6: For any global maxima (p7,p3) of f(a,b),p} <

*

P3.

Proof of Lemma 6: We prove by contradiction. Consider
a global maxima (c,c¢). By assumption, 0 < ¢ < 1. Let
f(e,e) = z/y. Then, f(c — 6,¢) = (x4 a1)/(y + A1),
where a1 = [ p(z) x (1464208 — 21623'2)dF(z),
B = [ 1250dF(z). Since f(c — 6,¢) < f(c,c)
(@1)/(B1) < (2]y). Also, fe,c +6) = (z — a2)/(y = B2)
where ap = fcc+ (1) * (271222816 —146421°0%)dF (), By =
[ 1250dF (x). Since f(c,c + 8) < f(e,¢), (a)/(Ba) >

(z/y). Thus, (a1)/(81) < (a2)/(B2) for each § > 0. From
the continuity of the functions ¢(x), 14642158 — 2162312,
and 271222816 — 146421568 §(c) x (1464156 — 216¢31%) <
B(c) x (2712¢*816 — 1464¢1°9%). Since ¢(c) > 0, as ¢ > 0,
(14641558 — 216¢312) < (2712¢2816 — 1464¢1568). This

contradicts Lemma 5. Thus, (¢, ¢) is not a global maxima. ¢
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Lemma 7:
14642'2°¢ — 216 > 0if z € {p},pS}. (16)
P(x) x (146421758 — 2162312)
> P(y) x (1464y*°%® — 216y°'2) if 2 > y > min(p}, ps) .
(7
92 _
B(x) x (146451°0% — 2162312)dF ()
01
> 0if f3 > 61 > min(p7, pT). (18)

The last inequality is strict if and only if f;f dF(z) >0

Lemma 7 can be proven similarly to Lemma 4.

Proof of Lemma 2: The proof is by contradiction.

Let (p§,p5) not be a global maxima of f(a,b). Thus,
f(pi:p8) < f(p1.p3). Let f(pi,p3) = (z/y).

We divide the proof into the following cases, which cover all
possible scenarios:

D pi <pi<ps <15

2) p1 <p3 <pi < phs

3) pi <pi <p3 < ps;

4 pi < pi < p5 <Py

5) pi <p5 < pi < ps;

6) pi < pi < ps < ps

Case 1: Here, p7 < pi < p5 < ps.

Py B
ay = B(x) x (146451°%% — 2162312)dF ()
P

c

B = / " 250dF ()
p;g
g = ¢(x)

P

D3
B2 = / 1250dF ().
p

*
2

x (271222316 — 1464255%)dF (x)

Note that f(p},p5) = (z + a1 + @2)/(y + B1 + (=2). Since
f(01.05) < f(p1.p3), (z+ a1+ a2)/(y+ B1 + B2) > (x/y).
Note that z > 0,y > 0 for¢ € {1,2}. Also, 3; > 0, a; > 0,
i € {1,2} from Lemmas 4 and 7. Further, «; > 0 if and only if
B; > 0 for each 7, from Lemmas 4 and 7.

First, consider the case that (z + «1)/(y + $1) > (z/y).
Then, f(p3,p5) > f(p{,ps).andpi < ps.Thesecontradict(10).
Now consider the case that (z + a2)/(y + f2) > (x/y). Then,
F(5,p5) > f(p5,p5), and p§ < p3. These contradict (11).

Now we will show that either (z + a1)/(y + 1) > (x/y)
or (z + a2)/(y + B2) > (z/y). The first holds if
B2 = 0 and the second holds if 8; = 0. Let 3; > 0,
i € {1 2} Note that (061 + 012)/(,81 + ,32) > (:E/y)
Let (am)/(Bm) = max((a1)/(B1), (a2)/(F2)). Note that
(Cm)/(Br) > (a1 + @2)/(Br + B2). Thus, () /(Bm) >
(z/y). Thus, (x + am)/(y + Bm) > (z/y). The result follows.

Case 2: Now we consider the case p} < p5 < p{ < ps.

P3 ;
ay = B(x) x (146451°%% — 2162312)dF ()

Py

D3
By = / 1250dF (z)
p

*
1

719

= / x (146429 — 216231%)dF (z)
:/ 1250dF (z
= / x (27120316 — 14642'°%%)dF (z)
Ps = / 1250dF ()
2
P3
as= | ¢(z) x (271227'¢ — 15682 '°%%)dF ()

Py

P3
By = / 1250dF ().
Pi

Note that f(pi,p3) = (v + Siyea)/(y + Licy Bi)-
Here, 8; > 0, ¢ € {1,...,4}. From Lemma 4 and 7,
a; > 0,i € {1,...,4}, and oy > O if and only if
B:; > 0 for each 4. Since f(p},p3) > f(p§,p5), Bi > 0
for some i. Also, (Yi, i)/(XiB:) > (x/y). Let
(ai/B)T = «a;/B; if B; > 0and (a;/3:)T = 0 otherwise.
Let (am)/(Bm) = max((a;)/(3:))F. Thus, B, > 0. Also,
(@) (Bm) > (S i)/ (T Bo). Thus, (am)/ () >
(z/y). Hence, (z + am)/(y + Bm) > (z/y) = f(p1.p5).
Note that #5 = [f3. Also, a3 < «s from Lemma 5
and since ¢(z) > 0 for z > p5 > pf > 0. Thus,
(()63/[33)+ S (0[2/,[32)+. ThllS, m € {124} If m = 47
F01:p9) = (& + an)/(y + Bm) > f(pi,ps), and pi < pf.
This contradicts (11). Thus, m € {1,2}.

First consider the case that B, > 0. If m = 2,

then f(p5,p5) = (v + am)/(y + Bm) > f(p7,05)

and p5 < p5. This contradicts (10). We next show
that m = 2. If By = 0, then m = 2. Let 8y > 0.
From (17) in Lemma 7, ¢(z) x (14642558 — 2162°312)
is nondecreasing in the range p7 < x < p3. Hence,
a1 < B(p3) x (1464(p3)'°% — 216(p3)*> f“ dF(x). Thus,
(a1)/(B1) < $(p3) x (1464(p5)15%* — 216(p5)*12)/1250.
For the same reason, (az2)/(f82) > ¢(p3) x (1464(p3)158 —

216(p3)®1%)/1250. Thus, (a1)/(61) < (a
follows. Thus, there is a contradiction.
Now consider the case when 3 = 0. Thus, m = 1. Now,
f(p1p5) = (z+ a1+ a2)/(y+ Bi + B2) = (z + am) /(y +
Bm) > f(p{,ps) and p; < p§. This contradicts (10).
Case 3: Now consider p§ < p] < p5 < ps.

2)/(B2). The result

P5
ay = P(x) x (271202816 — 146421°0%)dF ()
Ps
P5
B = / 1250dF(z)
Ps
PI i}
ap = B(x) x (14645°%% — 21623'?)dF ()
Py

Pi
By = / 1250dF ().
Jp

1

Note that f(pi,p5) = (r + a1 — a2)/(y + f1 — P2). Here,
Bi >0,i=1,2>0and a; > 0,7 = 1,2 from Lemmas 4 and
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7. Also, a; > 0 if and only if §; > 0,4 = 1, 2, from Lemmas 4
and 7. Since f(pf,p5) < f(p7,p3)

T+ a1 — Qo S f

y+b—P y
If §y = 0, (x—a2)/(y—P2) = f(p},p3). Note that f(p],p5) =
(z — az)/(y — B2). Thus, f(pi,p3) > f(pi,p3), and p] <
p5. This contradicts (10). Let f2 = 0. Now, (z + a1)/(y +
A1) = f(p1,p5). Here, f(pf,p5) = (= + a1)/(y + f1). Thus,
f(p1.p3) > f(p§,p5). and p§ < p5. This contradicts (11).

Now we consider 3; > 0,7 = 1,2. If (a1)/(51) > (z/y)

since a1 > 0,01 > 0, (z + a1)/(y + B1) > (x/y). Then,
F(05,p5) > f(p§,ps). This contradicts (11). Thus

19)

(5] T
_ S —
Br "y
Also, (z — az)/(y — B2) < (x/y), else f(p1,p5) > f(p1, p3),
which contradicts (10). Thus, since 32 > 0, ag > 0

. (20)

9 r
>

—= > —. 21

B2 "y @D
From (20) and (21)

(5] 9

— < —. 22

B~ B2 @2

First, assume that 81 — 32 > 0. From (19), a; — as > 0 as well.
From (19)

a1 — Qo T

> —. 23
=02 "y @9
From (20) and (23)
(5] X1 — (X9
— < .
Br - Br— P
Thus
(5] 9
—_— > —.
Br - B

This inequality contradicts (22).

Now assume that 31 — 2 < 0. Let a; — as > 0. Thus,
(a1)/(B1) > (a2)/(B2). This contradicts (22). Thus, o —ap <
0. From (19), (« — (a2 — 01))/(y — (B2 — B1)) > (a/y). Since
B1— B2 < 0and ay — ay < 0, it follows that (ay — ay) /(B2 —
p1) < (z/y). From (21), (a2 — a1)/(B2 = f1) < (az2)/(B2).
Thus, (a1)/(51) > (a2)/(B2), which contradicts (22).

Case 4: Now consider p] < p7 < p§ < p3.

P
ay = d(x) x (14645°%% — 2162312)dF(x)

Py
P1
B = / 1250dF ()
Py
P
g = d(x) x (271222816 — 146425 dF(z)
PS5

P5
m:/lﬁwnm
p

2

Note that £(p}, p3) = (x — a1 — a2)/(y — B1 — 2). The proof
is similar to that for Case 1 and is omitted for brevity.
Case 5: Now we consider the case pj < p§ < p7 < ps.

P3
ap = P(x) x (14642°%% — 21623'2)dF (z)

P
P3
@:/]%MH@
P
.pI
ag = B(x) x (146421°%% — 2162°12)dF (z)
P3
P1
By = / 1250dF (z:)
P3
P1
a3 = P(x) x (271222816 — 14642°%%)dF (1)

P3

B, :(/?11250dFKx)
Db

c
2

Py &
oy = P(x) x (271202816 — 146421°%%)dF ()

Py

P5
@:/1%wnm
;

1

Note that f(p}, p5) = (#—3;_y @)/ (y— i, f:)- The proof
is similar to that for Case 2 is and omitted for brevity.

Case 6: The proof when p7 < pf < p§ < pj is similar to
that in Case 3 and is omitted for brevity. &

APPENDIX C
PROOF OF THEOREM 4

We prove in two steps: Lemma 8 shows that the optimum
strategy chooses the slave with the maximum BSR and Lemma
9 shows that the choice of the packet length is a threshold-driven
decision process once the slave is selected.

Lemma 8: There exists an optimum transmission strategy
that always transmits a packet for the slave with the maximum
BSR.

Lemma 9: Let the BSR of the selected slave be p. There ex-
ists thresholds p7, p3 such that the optimal packet length I*(p) =
216 bits for p < p3, I*(p) = 1622 bits for p7 < p < p3 and
I*(p) = 2870 bits for p > p3.

Theorem 4 follows from Lemmas 8 and 9 and from the ex-
pression for the throughput of an arbitrary strategy for multiple
slaves specified in (2).

Proof of Lemma 8: Consider the optimum strategy 7*,
which chooses the slave and packet length as per functions
s*(p1,---
a policy 7 that chooses the slave with the maximum BSR and
packet length according to the same function I*(py,...,px)
as w*. Let the throughputs of these strategies be 7.~ and 7,
respectively. These throughputs are specified by the equation at
the top of the next page. These equations demonstrate that 7
also maximizes the throughput. The result follows. &
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fol e fol U (py,---pr)d (pS*(ph---,pk)) (pS*(pl,---,m))

721

U (p1,.--pr)—54 dF(

Pl»---;pk)

777r* =

fol .. fol I*(p1, - ..pr)dF (py, . ..
Jo - Jo U1, pi)d (max(py, ... py)) (max(py, ....pp)) " AR (o, .

s k)
7pk)

IN

=M=

fol"'fol *(p1,...pe)dF(py, . ..

7pk)

Lemma 9 is similar to Theorem 1 for piconets with only one
slave. The proof uses the same arguments and is omitted for
brevity. The only difference is that the joint distribution function
F(p1,...,pr) must be used instead of the marginal F'(p).

APPENDIX D
PROOF OF THEOREM 5

The proof uses the same arguments as that for Theorem 3.
The only differences are that the function fy;(a, b) and the joint
distribution function F'(py, ..., px) must be used instead of the
function f(a, b) and the marginal F'(p). Also, the joint integrals
must substitute the single integrals. The proof is omitted for
brevity.
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