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Multiple negative differential conductance regions and inelastic phonon assisted
tunneling in graphene-hBN-graphene structures
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In this paper we study in detail the effect of the rotational alignment between a hexagonal boron
nitride (hBN) slab and the graphene layers in the vertical current of a a graphene-hBN-graphene
device. We show how for small rotational angles, the transference of momentum by the hBN crystal
lattice leads to multiple peaks in the I-V curve of the device, giving origin to multiple regions
displaying negative differential conductance. We also study the effect of scattering by phonons in
the vertical current an see how the opening up of inelastic tunneling events allowed by spontaneous
emission of optical phonons leads to sharp peaks in the second derivative of the current.
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I. INTRODUCTION

Being able to tailor the properties of materials at will,
aiming at unveiling new physics and achieving never
though before properties, is the main goal of condensed
matter physics and materials science. However, the de-
gree of manipulation we can undertake using conven-
tional materials is somewhat limited. In the last ten
years, the advent of two-dimensional materials’? opened
new avenues waiting for being explored. One of the less
explored avenue is the one opened by van der Waals
(vdW) hybrid structures®, new systems formed by stack-
ing layers of two-dimensional crystals on top of each
other, have emerged as a new approach for manipulat-
ing and tailoring material properties at will*®. Among
the various possible combinations of two dimensional
crystals, graphene - semiconductor/insulator - graphene
vdW structures, with semiconducting transition metal
dichalcogenide (STMDC) or hexagonal boron nitride
(hBN) as the semiconductor/insulator, have emerged as
some of the most promising from the point of view of
applications. The possibility of controlling electrostat-
ically the effective barrier height presented by the in-
sulator /semiconductor to the vertical flow of electrons
between the two graphene layers with a gate voltage
has enabled the operation these devices as transistors®—,
with ON/OFF ratios as high as 10° being possible in
graphene-WS,-graphene devices®. It was also shown that
graphene-STMDC-graphene devices can operate as pho-
todectectors with high quantum efficiencies and fast re-
sponse times? 1!, Due to the extreme high quality and
atomically sharp interfaces'? between different layers in
vdW structures , lattice mismatch and relative align-
ment between consecutive layers play a fundamental role
in determining the electronic coupling between different
layers of the vdW structure, ultimately determining its
electronic and optical properties. Lattice misalignment
between different layers has been known to lead to the
formation of Moir patterns in rotated graphite layers's.
The effect of lattice misalignment and mismatch has been
extensively studied in the context of twisted graphene
bilayers and graphene-on-hBN structures. It was shown
theoretically and experimentally, that misalignment in a
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Figure 1. (a) Schematic of a typical graphene-hBN-graphene
vdW structure with four boron nitride layers, with applied
gate, Vgate, and bias, Vhias, voltages. (b) Representation
of crystalline structure shared by a graphene/boron nitride
monolayer, showing the lattice basis, {a1, a2}, the nearest
neighbour vectors 7;, i = 1,2,3, and the sublattice A/B
sites. (c) Representation of the 1% Brillouin zone of the
rotated bottom and top graphene layers, showing the K
points of both layers and the reciprocal lattice basis vectors

{bl,bg,tga b2,bg/tg}'

graphene bilayer leads to a renormalization of graphene’s
Fermi velocity'41%. It was also found out that mismatch
and misalignment controls the formation of mini Dirac
cones in the band structure of graphene - hBN structures
systems'62!.. The dependence of the vertical current in
vdW structures on the rotation between different layers
was first studied in Ref. 22 in the context of twisted bi-
layer graphene, where it was found that the current is
extremely sensitive to the twist angle. Although this de-
pendence was not at first completely appreciated, it was
soon understood and verified?>?* that the misalignment
between the graphene layers in graphene-hBN-graphene
structures can lead to the occurrence of negative differen-
tial conductance (NDC) regions, with the I-V curve dis-
playing peaks whose dependence on the bias voltage de-
pends on the rotation angle between the graphene layers.
More recently, the effect of misalignment on the vertical
current in devices formed by two graphene bilayers2® 27
and by one graphene monolayer and a graphene bilayer
separated by hBN has also been studied.?® Scattering by
phonons can lead to incoherent phonon assisted tunnel-
ing between the graphene layers. This effect has been
first theoretically studied for vdW structures for twisted
graphene bilayers?®. More recently, effects of phonon
assisted scattering on vertical transport have been ex-
perimentally detected in graphene-hBN-graphite®® and
graphene-hBN-graphene structures®! and have been pro-
posed as a possible way to probe the phonon spectrum
of vdW structures.

In this paper we describe the vertical current in
graphene-hBN-graphene devices with misaligned layers,
and for small twist angles, properly taking into ac-
count momentum conservation rules, within the non-

equilibrium Green’s function framework and using a
tight-binding based continuous Hamiltonian. We show
that the present theory reduces to the ones used in
Refs. 23 and 24. By taking into account processes in-
volving transference of momentum by the hBN crystal
lattice to the tunneling electrons, we find that the verti-
cal current depends sensitively on the relative alignment
between the graphene layers and the hBN slab and that
by carefully controlling this alignment, it is possible to
obtain several peaks in the I-V curve of the device, fol-
lowed by regions of NDC, a possibility that has not been
considered previously. We also find out that the struc-
ture of graphene wavefunctions manifests itself in the
vertical current, suppressing some of the current peaks
that would be expected with considerations based only
on electronic dispersion relations. We study the effect of
resonant disorder in the graphene layers in the vertical
current, treated within the self-consistent Born approx-
imation (SCBA) which correctly describes the propor-
tionality of the transport lifetime with the energy®?. We
finally study how phonons and disorder give origin to
non-coherent current between the two graphene layers,
deriving an expression for it.

The paper is organized as follows. In Sec. II we de-
scribe the theoretical framework we employed in this
work: in subsection II A, we present the Hamiltonian
used to model the graphene-hBN-graphene device and
in subsection IIB we present the fundamental equa-
tions used to treat transport within the non-equilibrium
Green’s functions formalism. In Sec. III we discuss the
coherent tunneling flowing through a pristine device tak-
ing into account the lattice mismatch and misalignment
between graphene layers and the hBN slab. The con-
sequences of treating graphene as part of the device or
as external contacts are discussed and the role of the
momentum transferred to the tunneling electrons by the
hBN lattice is analyzed in detail. The effect of an in-
plane magnetic field in the current is also discussed. In
Sec. 1V, the effects of disorder and phonon scattering
into the vertical current are studied and a expression for
the phonon/disorder assisted current to lowest order in
perturbation theory is derived. Finally, in Sec. V we
conclude. Technical details and longer derivations are
include as Appendices.

II. FORMALISM

We want to study the vertical current flowing through
a device formed by two graphene layers (bottom, bg, and
top, tg) separated by a few layers, N/, of hBN. The dis-
tance between the two graphene layers is given by d. We
assume that the top graphene layer and the hBN slab
are rotated with respect to the bottom graphene layer by
an angle of 0y, and y,pn, respectively. We assume that
layers forming the hBN slab are perfectly aligned with
an AA’ stacking®33* (consecutive honeycomb lattices are
perfectly aligned, with each boron/nitrogen atom of one



layer directly on top of the nitrogen/atom of the next
layer). A bias voltage, Vhias, can be applied between the
top and bottom graphene layers, which will induce a cur-
rent between the two. The doping of the graphene lay-
ers can be controlled by application of a gate voltage to
the bottom graphene. A schematic of the typical device
structure is shown in Fig. 1.

A. Model Hamiltonian

We model the graphene - hBN - graphene system with
the following Hamiltonian

H =Hyg + Hig + Hypn+
+ (ThBN,bg + Then g + hoc.), (1)

where Hy,g /g is the Hamiltonian describing the isolated

bottom/top graphene layer and TLBN,bg/tg = ng Jtg,hBN
describes the hopping of electrons from the bottom/top
graphene layer to the hBN slab. The current between
the two graphene layers will be dominated by low en-
ergy states. Focusing on the states close to the Ky, and
K{,g = —K,, points of the bottom graphene layer, we
write the Hamiltonian of the bottom graphene layer in
sublattice basis and in term of Bloch states as the mass-
less Dirac Hamiltonian

_ il
Hypg = E :ckT,bg'
k,7

Vg Tophlk|e
TUph |k| e~ Tk bs. ng

7Ti6k1bg

} “Ch,pgs (2)

where vp is graphene’s Fermi velocity, Vs is a on-site
potential induced by the applied bias and gate voltages,

T _ i T ; ;
Cr.bg = | Ck, Abg Ck. Bbg | 15 the electron creation

operator for states localized in the A/B sublattice, in
the 7Kg valley (7 = £1), with momentum 7Ky, + k
(measured from the Brillouin zone center) and 0 pg is
the angle formed between k and Ki,. We choose the
zero of energy to lie at the Fermi level of the bottom
graphene layer, in which case we have Vg = —€F bg,
where €p g is the Fermi energy of the bottom graphene
layer measured from its Dirac point. The Hamiltonian
in Eq. (2) is diagonalized by the eigenstates |k, 7, A),,, =

1, )\Te_”e’“vbgr /+/2 with corresponding dispersion rela-
tion €x x = Avph|k|, with A = %1 for electrons in the
conduction/valence band. Since we will be interested
in studying the vertical current to lowest order in the
graphene-hBN coupling, we neglect the effect of the pe-
riodic potential generated by the hBN slab in dispersion
relation of graphene electronic states!¢ 293536 Using the
same reference frame in momentum space as in Eq. (2),
the Hamiltonian describing the top graphene layer in the

Dirac cone approximation reads

_ T
Htg - Z CkT ,tg.
k,T

Vie Toph |k'| e
Tth |k,| ei‘r@,e/’tg ‘/tg

—i'rﬁk/,;
ke (3)

where k' = k + 7AKy, is measured from the 7K,
point of the top graphene layer, with Kz = R(6ig) - Kig
(R(#) a rotation matrix), AKy; = Kpg — Ky is the
displacement between the Dirac points of the two rotated
graphene layers and k is measured with respect to the
7Ky, Dirac point of the bottom graphene graphene layer.
Ok 1 is the angle between k' and Ky, and Vi, is an on-
site potential, due to the applied bias and gate voltages,
and is given by Vig = —€p 1z — €WViias, With €p iz the Fermi
level of the top graphene layer measured from its Dirac
point and e > 0 the fundamental electronic charge. The
remaining symbols in Eq. (3) are similarly defined to the
ones in Eq. (2). Due to the large band gap of boron
nitride, we ignore its momentum dependence, writing the
hBN slab Hamiltonian as

Hypn =

N
Sl [P0 0

k. ,0,hBN 0 Ex+V, k. ,0,hBN
(=1 k,r

N-1
t 0 -t
# X ek |, g | ercam +he

=1 k,7
(4)

where cLT’&hBN = { CLT,BZ,hBN CLT,N&hBN } creates an
electron in layer £ = 1, ..., N of the hBN slab, in the boron
(B) /nitrogen (N) site, 7 specifies the valley, Eg and EN
are, respectively, the on-site energies of boron and nitride
sites measured from the Dirac point of graphene, ¢, is the
nearest neighbour interlayer hoping and V; is a potential
induced by the applied voltages. Due to the large energy
offset between graphene and hBN sites, the charge accu-
mulated in the hBN layers will be negligible. In this case
a simple electrostatic calculation (see Appendix A) gives
us Vy = —€p by — (€r.tg + €Vhias) ¢/ (N + 1). For two ro-
tated crystal layers, Bloch states from different layers can
only be coupled provided momentum is conserved mod-
ulo any combination of reciprocal lattice vectors of both
layers?>37, in a so called generalized Umklapp process.
Focusing on low energy states and considering only the
three most relevant processes, the coupling between the
graphene layers and the hBN slab is described by (see
Appendix B)

2
_ T n n
ThBN,x = E E c, g o hBN'RZTW .T-R_%.Ckﬂx,
T n k) 9 <
k,m n=0

where ¢ x is an annihilation operator of an electron in
the X = bg/tg graphene layer with momentum k, mea-
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sured from the 7Kx point, Ch, +rgX, N 18 a creation

£x,hB
operator of an electron state in the ¢x = 1/N layer of
the hBN slab, with momentum k, + 7gx measured from

7Kx, and with the matrices T and Ry defined as

1 0
R9: |:0 ei0:|7 (6)
- tg,c tB,c
T = | BC B 7
[tN,c tN,c] ’ (7)

where tg ¢ (tx,c) is the hoping parameter between a car-
bon site and boron (nitrogen) site and the vectors gX"BN
are given by (see Appendix B)

a0, ®
g = by x — boueN, 9)
gy BN = —b1.x + b1 BN, (10)

where b; x and b; ,pn (¢ = 1,2) are, respectively, the re-
ciprocal lattice vectors of the bottom/top graphene layer
and of the hBN slab (see Fig. 1). Notice that if the
boron nitride slab is formed by an even number of lay-
ers, one must replace R, — o, - RS, - 0, for Tipn tg,
since boron and nitrogengatoms switcﬁ positions in con-
secutive layers of hBN. Different reciprocal lattice vec-
tors are related to each other by b;iz = R(big) - bibg
and b; npn = (ag/anBN) R(6uBN) - bibg, Where ag/anpn
is a scale factor, with ag (anpn) the lattice parameter of
graphene (hBN). Hamiltonians of the form of Eq. (5)
have previously been used to study twisted graphene
bilayers'#3%49 and graphene-on-hBN structures®>:36:41,
Considering the three processes coupling the bottom
graphene with hBN and the three processes connecting
hBN to the top graphene layer, described by Eq. (5),
there are nine hBN mediated processes coupling the bot-
tom graphene layer to the top one?*. These nine pro-
cesses couple a state from the bottom graphene layer with
momentum k (measured from 7Kjy,) to states of the top
graphene layer with momentum k + 79, ,, (measured
from 7K,) with (see Appendix B)

Qpm = AKy,  + gPehBN _ gtehBN 1y 1y — 01,2, (11)

The processes with n # m involve transfer of momentum
by the hBN lattice, while processes with n = m do not.
At zero magnetic field, the overall three-fold rotational
invariance of the graphene-hBN-graphene structure im-
plies that these nine processes can be organized in three
groups of three, with processes in the same group being
related by 27/3 rotation and therefore giving the same
contribution to the vertical current. The three groups
are

{Qo,0, Qu.1, @22},
{Qo.1, Q1,2, 20}, (12)
{Qo.2, @10, Q2,1},

with length of the vectors in each group being the same.
For small rotation angles and lattice mismatch, § =
anpN/ag — 1, we have??

2

Q0.0
| el (12)
1Q0.1 ° 2 2 2
oz = Oig +3 (07px + 07 — OgbupN) + V300:4(14)
g
|Qo,2 ’ 02 2 52 V36
K2 ~ tg —+ 3 (ehBN + - gtgehBN) - 3 9tg<15)
g

with Ky = 47/ (3ag) the length of Kig /.

B. Current evaluation

The standard approach to transport in a mesoscopic
device assumes that the device is attached to external
contacts that are in a thermal equilibrium state with well
defined chemical potentials. This is only an approxima-
tion as once a current starts flowing through the system,
the contacts will also be in a non-equilibrium state*3:44.
The problem of computing the current flowing through
a mesoscopic device is then analogous to the problem
of computing the water flux through a thin pipe that is
connecting two large vessels with different water levels?®.
Once water starts flowing through the pipe, the water
levels in each vessel are no longer constants, however, on
short time scales, assuming that the water levels in the
vessels are constant is a reasonable approximation, pro-
vided that these are wide enough with respect to the pipe.
In the same way, within short time scales compared to the
depletion time of an external battery, it is a reasonable
approximation to assume that the external contacts have
well defined, constant chemical potentials. Using the
non-equilibrium Green’s function technique one can then
show that in a mesoscopic device that is attached to two
non-interacting®® contacts, bottom and top, in thermal
equilibrium state described, respectively, by the Fermi-
Dirac distribution functions fi(w) = [e#@=m) + 1]_1
and fi(w) = [eA@=m) 4 1] ! with [in(t) the chemical po-
tential of the bottom (top) contact, the current flowing
from the bottom to the top contact is given by*” (using
a compact notation where a capital bold face symbols
represent matrix elements evaluated in some one-particle
electron basis and omitting the frequency argument of
the different quantities)

d
o %/%fb(w)Tr Ty - A
e dw .
T / Lt [ry - 6] (16)

with the spectral function of the central mesoscopic de-
vice given by

A=i(G"-G*)
=i(G” - G7), (17)



where GE/AI</> is the re-
tarded /advanced /lesser/greater Green’s function of
the central device (which takes into account coupling
to the external contacts) and Ty is a level width
function due to the bottom (top) contact. The level
width function is the density of states of the contacts
weighted by the their coupling to the central device:
Fb(t) = 27TTb(t) . 5(W—Hb(t)) . Tg(t)’ with Hb(t) the
Hamiltonian describing the bottom (top) contact and
Th(t) describing the coupling between the central device
and the contact. The second equality in Eq. (17) is true
by the very definition of the different Green’s functions.
A property that will latter be useful is*®

A=G".T.-G*
=GA.T-GE, (18)
where the decay rate matrix is defined as T' =
—i ([G’R] - [G4] 71). This result can be obtained by
writing

Gt =Gt ([¢" " - [6" ) 6!
¢t ([6¢Y - [6M ) -G" (19)

Using the Dyson equation for the retarded/advanced
Green’s function, [GR/A] o [GO’R/A} o SR/A with
G" indicating the bare Green’s function (in the absence
of interactions and coupling to external contacts), and

nothing that [G®%]"and [G®4] ™" only differ by an in-
finitesimal constant that is taken to zero, the decay rate
matrix can be written as
=iz -4
=i[%” -¥<], (20)
where the last identity is inherited from the second equal-

ity in Eq. (17). The lesser/greater Green’s functions obey
the Keldysh equation*”

G5 =GF.x5.G4, (21)

where the lesser /greater self-energy can be split into con-
tributions from the contacts and interactions as

< =ifyTp +ifi Iy + E;t, (22)
> :—z‘(l—fb)I‘b—i(l—ft)I‘t+Ei>nt, (23)
with Eit the contribution from interactions. In the same

manner, the decay rate Eq. (20) can be split into a con-
tribution from external contacts and interactions

T =T, + T, + Dy (24)
Using Eqgs. (18) and (21)-(24) in Eq. (16), the total cur-

rent can then be written as a sum of coherent and inco-
herent contributions

Ty = I8+ IS0, (25)

with the coherent contribution being given by the Lan-
dauer formula

o e [ dw
I = 7 / o (Fo=FIT, (26)
with the transmission function 7 given by
T=Tr [T, G Ty G (27)

and the incoherent contribution, which describes sequen-
tial tunneling processes and plays the same role as vertex
corrections in the Kubo formalism for linear response, be-
ing given by

X e dw .
[ineoh — I / %Zber [T - G* %7, - GR]

+f/d—wi(1—fb)Tr [Ty, -G -25, -G, (28)
h) 2w

In the following sections we will use these general
formalism together with the model Hamiltonian from
Sec. ITA to evaluate the vertical current in graphene-
hBN-graphene structures.

III. CURRENT IN THE NON-INTERACTING,
PRISTINE LIMIT

A. General discussion

When applying the non-equilibrium Green’s func-
tion formalism to a graphene-hBN-graphene device with
metal contacts, one is faced with the issue of how to
make the separation between central mesoscopic region,
and the external contacts which are in thermal equilib-
rium. Two natural approaches exist: (A) describing the
graphene layers as part of the external contacts, and
(B) describing the graphene layers as part of the cen-
tral mesoscopic device. In all theoretical analytic works
to date, the graphene layers were assumed to be part of
the external contacts?3:2427:49:50 heing in equilibrium.
However, due to the low density of states of graphene,
it seems more natural to consider graphene as part of
the mesoscopic device. We will start from approach (B)
and see that under certain approximations, it reduces to
approach (A). We will first consider the non-interacting,
pristine case. In approach (B), G/4(w) in Eq. (27) is the
Green’s function of the graphene-hBN-graphene device.
We are interested in the matrix elements of Gf/4 that
connect the bottom and the top contacts. Due to the
block diagonal structure of the Hamiltonian (1) (there
is no direct coupling between the two graphene layers),
these can generally be written as

[GR} bt G%gR “Thg.te - G?é;Rv (29)
(G, = G Tigns - Gu2 (30)

where Ggg(g‘ are the Green’s function of the bottom/top

graphene layer in the absence of graphene-hBN coupling
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wavefunction overlap factors T, /AT’n in Eq. (40) are set to one.

A constant broadening factor of v = 2.5 x vph|Q, 1| x 1073
was used in all plots.

(but tacking into account coupling to the external con-
tacts) where we have defined the hBN mediated tunneling
amplitudes

Tbg,tg = Tig BN - GhRBN - ThBN tg> (31)
Tiabe = TignnN - Ghinx - ThBN bes (32)

with Gféﬁ the Green’s function of the hBN slab, which
in general takes into account its coupling to the graphene
layers. Therefore, the transmission function Eq. (27) can
be written as

T =Tr Gg’gA . Fb . GgéRTbg)tg'

G TGO T (33)

If we now use Eq. (18), we can write the spectral func-
tion of the bottom graphene layer taking into account
the coupling to the bottom metallic contact, Agg =
. ~O,R 0,A 0 _ ~OR 0,A _ ~0,A
i(Ghf-aht) as Ay, = G Ty G = G
| Gg’gp“ and similarly for the top graphene layer. As
such, the transmission function can be written as

T="Tr [Tbg,tg : A?g “Thtabg A%g} . (34)

Eq. (34) is the result that would be directly obtained, if
we followed approach (A) instead, in which case the level
width functions are given by I'y, = ThpN b - Agg -ThBN,bg

and I'y = TigN,tg - Agg -TiBN,tg- As such we have proved
that in the non-interacting case both approaches (A) and
(B) coincide. We will leave the discussion for tunneling
in the presence disorder and electron-phonon interactions
to the next section.

In order to make analytic progress, we will employ
the wide-band limit for the metallic contacts, neglect-
ing any frequency dependence of T', /¢, and assume that
the contacts couple equally to all graphene states, not
spoiling translation invariance. We expect that this last
approximation works well for cases where the metallic
contacts are deposited on a small region of the graphene
sample. Within these approximations, the only effect of
the metallic contacts is to introduce a broadening fac-
tor of Y4/t = I'byt/2 in the Green’s function of the
bottom/top graphene layer. We will now write 7 for
a graphene-hBN-graphene device more explicitly. Us-
ing the graphene-hBN coupling Hamiltonian Eq. (5), the
transmission function can be written using the Bloch mo-
mentum basis as (writing explicitly the frequency argu-
ment)

, 2
T@) = 3 |ie b 7Qums X Tigng() 7, Wy,

kAN

n,m,T
x A(t)g,kJern,m,r,N (Wig) Abg e,r 2 (wig) (35)

with the sum on n,m going from 0 to 2 and where
Whg = W €p bg aNd Wg = W+ €F tg + €Vpias are measured
from the position of the Dirac point in the bottom and
top graphene layers, respectively. The effective tunneling
probability can be written as

2
tg <k + Qn,ma T, >\I| Ttg,bg(w) |k7 7, )\>bg =

bg, : 2
=TT e a [ Tam(@)°, (36)

where Ti’?fff’" = 1+ 72k - Kigjign, with Kygjgn =
R (n271/3) - Kpg)tg, are graphene wavefunction overlap
factors and

Tom(w) =

)

1 .
= Etr {TJr . RTp%“ ' [GfBN(W)]N,l "R

£
3

T} . (37)

with the trace being performed over the sublattice de-
grees of freedom. Neglecting the frequency dependence

of Gféﬁ and to lowest order in ¢; we can write

) ti N—1
n.m ~ X
T (EEN)

5 otd .
y 44 ‘EggNi cos? (%2(712— m)) , N is even
Bc | Inc iB.cln.c 27 :
Bt ot 25 cos (3 (n—m)) , N isodd

(38)

Notice, that in Eq. (35) both valleys give the same con-
tribution, which can be seen by making a simultaneous



change 7 — —7 and k — —k. The transmission function
can then be written as

3
:Agsgv Z |7;z,m|2 TDOSn,m(ngawtg) (39)

n,m=0

T(w)

where A is the area of the device, g5 = g, = 2 are the
spin and valley degeneracies and we have defined the tun-
neling density of states as

-y dk TR
k+gnm7

AN ==£1

X Abg,k,,\(ng)A(c)g,k+gn,m,,\f(wtg)a
(40)

TDoS, m (Whg, Weg)

which only depends of the graphene’s dispersion rela-
tion and wavefunctions (for simplicity we have dropped
the valley indice 7). In the limit of infinite lifetime for
graphene electrons, the spectral functions reduce to 4-
functions and it is possible to provide an analytic ex-
pression for TDoS,, i (wWhg, wtg). In the presence of a fi-
nite, momentum independent, lifetime, it is still possible
to find an approximate analytic expression to Eq. (40).
These analytic expressions lead to a significant speed up
in the evaluation of the current and are presented in Ap-
pendix C. The presence of the spectral functions for the
bottom and top graphene layers leads to conservation of
energy and momentum in the tunneling process between
the two graphene layers.

B. Results

The tunneling in a graphene-hBN-graphene structure
is controlled both by energy-momentum conservation
and by Pauli’s exclusion principle. The constrains im-
posed by energy-momentum conservation can be under-
stood considering that the Dirac cones of the bottom and
top graphene layers are shifted in energy by a value of
€rtg T €Vbias — €Fpe and in momentum by a value of
|9 ml, see Fig. 3. The intersection of the shifted cones
allows one to visualize the states which respect energy-
momentum conservation?*. Whenever the bias voltage is
tuned such that

€F tg + eVbias — €F bg = 'UFh‘Qn,m| ) (41)

there is a complete overlap of the Dirac cones and
a maximum in the current occurs. The information
regarding energy-momentum conservation for an elec-
tron tunneling between the two graphene layers is en-
coded in the the TDoS, ,, function. In Fig. 2 we
plot the quantity TDoS, m(w — €nmVrlt|Qnm| /2, w +
EnmVFh|Qpn m| /2), for different values of e,,, =
(€F tg + €Vbias — €F,bg) / (VP |Qp m|). For Ei)m < 1, the
tunneling is due to intraband processes (from the con-
duction/valence band of the bottom graphene into the
conduction/valence band of the top graphene), going to

Vbias
€F,tg

Vbias

4 CFg

——>!

Qn,m

< >
Qn,m

Figure 3. Band diagram representing the constrains imposed
by energy-momentum conservation and Pauli’s exclusion prin-
ciple in the vertical current of a graphene-hBN-graphene de-
vice. The two cones represent the dispersion relation for
electrons of the bottom and top graphene layers. The shad-
owed blue regions represent the occupation of electronic states
in both graphene layers. Energy-momentum conservation is
only satisfied when the two shifted Dirac cones intersect and
the energy windows where this occurs are represented by the
dashed arrows. The following cases are represented: (a) Only
intraband are possible, €,,m < 1, these are however Pauli
blocked or there are no states available, therefore in the low
temperature limit, no vertical current flows. (b) Threshold
bias voltage above which intraband processes which satisfy
energy-momentum conservation appear in the energy window
where tunneling is allowed by the electronic occupation fac-
tors. (c) Condition which corresponds to the occurrence of a
peak in the current, when ¢, ,, = 1, when both intraband and
interband (conduction-to-valence and valence-to-conduction)
processes are allowed. (d) If one further increases the bias
voltage, only interband tunneling, €y,,,m > 1, becomes possi-
ble and the current diminishes.

Zero in the pristine limit for w? < (th)2 |Qn,m|2 /4.
For €7, > 1, the tunneling is due to interband pro-
cesses (from the conduction/valence band of the bot-
tom graphene layer to the valence/conduction band
of the top graphene layer) being zero in the pristine
limit for w? > (vph)?|Quml> /4. For &2, = 1,
TDOSnm(W 5nmUFh|Qn m|/2 W+5nmUFh|Qn m|/2)
diverges in the pristine limit for any value of w. This di-
vergence in TDoS,, ,, leads to a divergence in the vertical
current?®24, which is made finite with the introduction
of a finite electronic lifetime. Since for different processes
(n,m) with different |Q,, .| there is a different effective
separation in momentum between the Dirac cones of the
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Figure 4. I-V curves for vertical current in a graphene-hBN-
graphene device with 4 layers of hBN for rotation angles of
0t = 1 and Oy = 1.5 at gate voltage Vgate = 0 for two
different temperatures. The solid red line indicates the cur-
rent due to all the 9 processes coupling both graphene layers,
for graphene electrons, while the dashed black lines represents
the total current for scalar electrons (by setting the wavefunc-
tion factors ng<tg‘" to 1). The remaining lines represent the
contributions to the current arising from processes involving
different Q,, ,, (taking into account the relations imposed by
3-fold rotational invariance, Eq. 12) The dashed vertical lines
labeled by (n,m)* mark the bias voltages when the condition
€F g + €Vhias — €F,bg = TUFA|Q,, | is satisfied. Notice that
while for scalar electrons all the expected peaks in the current
are present, for Dirac electrons some of them are absent. Is
is due to the suppression by the ng<tg’n factors. A constant
broadening factor of v = 2.5 meV was used.

bottom and top graphene layers, one expects the occur-
rence of multiple peaks in the I-V curve, followed by sub-
sequent regions of negative differential conductance. This
is indeed the case as shown in Fig. (4). Based only on
energy-momentum conservation, one would expect the
occurrence of three peaks in the I-V curve for positive
bias voltage and another three for negative bias (notice
that according to the discussion of Sec. IT A from the nine
processes coupling the two graphene layers, only three
are independent). This is indeed the case as shown in
Fig. (4). However, the computed curve only displays two
peaks, with the peaks corresponding to the situations
when and €92 = —1 being absent. The reason for the
suppression of these peaks is due to the spinorial struc-
ture of graphene electronic wavefunctions, via the overlap
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101

I [a.u.]
=)

-10¢

-20¢

20 Ol

101

I [a.u.]
=

-10¢

-20¢

401

20f

I [a.u.]
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Figure 5. I-V curves at constant Vgate = 0 in a graphene-
hBN-graphene device with 4 layers of hBN, at Vzate = 0 and
T = 300 K, for different rotation angles between the top and
bottom graphene layers, and the hBN slab and the bottom
graphene layer. The black dashed line marks the bias voltage
when £0,0 = £1 (a condition that is independent of fnpN).
The remaining vertical lines mark the bias voltages when
En,m = 1 for n # m for different values O,gn (the color
and type of line match the ones used in the plots).

factors Tzfitg’n, that appear in Eq. (40). These overlap
factors can severely suppress the value of TDoS,, ,, close
to €n,m = %1 and consequently of the height of the peaks
in the I-V curve. This is shown in Fig. 2 , where it is
shown a considerable suppression of TDoS,, ,, foreg1 =1
and €92 = —1. The effect of the overlap factors can also
be seen in Fig. (4), where it is also shown the current
that would be obtained, if the electronic wavefunction of
graphene where scalars, i.e. by setting TZ%A/tg’n =1 in
(40) (see Eq C20 in Appendix C), displaying the three
peaks expected by kinematic considerations. While the
occurrence of NDC in graphene-hBN-graphene has al-
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Figure 6. Density plot of current, I, and its second derivative
with respect to the applied bias voltage, d*T / dVi2.., as a func-
tion of the applied bias and gate voltages at T' = 10 K. In the
current plot, it is also shown the lines defined by the following
conditions: €p e = 0 and ep,tz; = 0, represented by the solid
lines in red and purple; €p g + €Vhias — €r,bg = TUFR|Qo,m|
(Eq. (41)) for m = 0, 1 and 2, represented by the solid lines
in blue, green and yellow, respectively; €r g £ €Viias + €F,bg =
+2vrh|Qom| for m =0, 1 and 2, (Eq. (42)) represented by
the dashed lines in blue, green and yellow. Notice now the
guides lines shown in the current plot match perfectly the
sharp features shown in the d*I/dVi%,, plot. Also, the peaks
expected to occur through channels (0,1)" and (0,2)” are
absent. A constant broadening factor of v = 2.5 meV was
assumed for both layers.

ready been experimentally observed??, the occurrence of
multiple NDC regions has not. This might be due to the
fact that the position of the current peaks depends very
sensitively in the rotation angles 6, and fnpn. This is
exemplified in Fig. 5, where the computed I-V curves for
several rotation angles are shown. As shown, for a fixed
angle of 6y, = 1°, changing f,pn from 1.5° to 3° moves
the additional peaks in the current due to the transfer of
momentum by the hBN crystal lattice from a bias voltage
of ~ 1 V to bias voltages > 1.5 V. Tunneling processes

3ol @D (0D (00" 007 0277 O]
(1,2)” (1,00~ |(1,1)” (1,H*3 (1,0 (1,2)*
9ptOT 1D @2 @2 el o]
< 0
~ =3
_10’T
-20f
f g:oOT
=300 P [
30l 00T 0271 00" O.07 (1027 0,17
a7 10,07 1) (LD @O 1,2y
N UM @2 1ent s o
HIE i ! o
L Y
— lop ion L ; i)
= HEE Pl L 13‘
£ T % i
= I 8 i
_107 ) :\ ] .’: \‘:
T 3 |
-20f 1 ¥ |
I T BoIsT i
=30p o T
30 FO.D7T 10,9711 (0,0 0.0 1 (02 10,1
1,27 07w (LD 0T H(2)°
9fON1 L @2 @2 @Dt 20
W T T
— lop e 3 AL
: o Hnstl It
s O T T
~ P o 15 i I
-10 (o 1 e y=lomeV
| ‘\ Ty o
—20f il 225 mev
o B=wri ot
[ [ i =7, V1 ——— y=b5. me
=-30p v i T

Vbias [V]

Figure 7. I-V curves for a graphene-hBN-graphene device
with 4 layers of hBN, with rotation angles of 6, = 1 and
Ouen = 1.5 at constant Vgate = 0 and T' = 300 K, for differ-
ent values and orientation of the in-plane magnetic field and
electronic broadening factor. The vertical lines, labeled by
(n,m)* mark the bias voltages for which &, ., = +1. Notice
how the applied magnetic field leads to a splitting of the peaks
that occur at zero magnetic field. As the broadening factor is
increased, the peaks become less resolved.

which satisfy energy-momentum conservation, can only
contribute to the current if these lie in an energy win-
dow between the zero of energy and the bias voltage, as
presented in Fig. 3. The condition for which processes
allowed by energy-momentum conservation become al-
lowed by the occupation factors occurs in the limit of
zero temperature when (see Fig. 3.(b))

1
€F tg £ eVhias + €F bg = :I:ith | Qn,m| . (42)

This explains the occurrence of the plateau with nearly
zero current seen at low temperature in Fig. 4, and gives

origin to the features in the d*I/dV{,, as a function of



Figure 8. Diagram representing the possible effect of the
reconstruction of the graphene Dirac spectrum, due to the
presence of hBN, in the vertical current of a graphene-hBN-
graphene device when €,,, = 1. The red bars represent
the position in energy of the regions, of width A, where
graphene’s spectrum reconstruction is significant. Provided
€Vhias/A > 1, the peaks in the current will still be present.

applied bias and gate voltages as seen in the density plot
of Fig. 6. At higher temperatures, all these sharp features
tend to vanish, as the Fermi-Dirac occupation factors be-
come smoother.

By applying an in-plane magnetic field, the three-
fold rotational invariance of the graphene-hBN-graphene
structure is broken, and therefore, the processes cor-
responding to the different groups in (12) will con-
tribute differently to the current, and one expects
that each peak in the I-V curve will split into
three. An in-plane magnetic field of the form B =
B (cos¢p,sin¢p,0) can be described by the vector po-
tential A = Bz (sin¢gp,—cos¢p). Neglecting the mo-
mentum dependence of Hygn the effect of the in-plane
magnetic field reduces to an additional transference of
momentum to the tunneling electrons,, which is encoded
in a shift in the Q,, vectorg23:24,51-53

eBd
Qn,m — Qn,m + —

> cos Pp) . (43)

(sin ¢B, —
The splitting of the peaks in the I-V curve is shown in
Fig. (7), where it is also shown the effect of an increasing
electronic broadening factor.

Finally, we comment the possible effect of the hBN
in the electronic structure of graphene. It is known that
the potential modulation with the periodicity of the Moir
pattern formed by graphene on top of hBN can lead to

a reconstruction of the density of states of graphene at

g,hBN

energies ~ tvph ‘g1/2 ‘ /2 measured from the original

~4r, /62 + 9g wpn/ (V3ag) is
16-21

g, hBN
1/2

the wavevector of the Moir pattern reciprocal lattice
with ¢ hBn is the rotation angle between the graphene
layer and the hBN slab. We have disregarded such ef-
fects in our discussion. As we have seen in Fig. (5), the
additional peaks in the current enabled by the transfer-
ence of momentum by the hBN lattice, only appear for
reasonable values of the bias voltage for small twist an-

Dirac cone, where ‘ g
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gles between the graphene layers and hBN slab. It is
precisely in this case that that the reconstruction of the
graphene dispersion relations becomes important at low
energy. The effect of this reconstruction should impact
not only the peaks that involve transference of momen-
tum by the hBN lattice (n # m), but also the ones that
do not (n = m). In this situation one can question the
validity of the results from these section. However, we
argue that the possible reconstruction of the graphene
dispersion relations, should not affect in a profound way
the occurrence of peaks and NDC in the I-V curves of
graphene-hBN-graphene devices. The energy width, A,
where the reconstruction of the linear dispersion relation
of graphene is significant is of the order of the tens of
meV'754 while the total energy window of states that
contribute to the current is, at low temperatures, of the
width of ~ eVjas. Provided the condition eViias/A > 1
is satisfied (see Fig. (8)), we expect that the effect of
the dispersion relation reconstruction is negligible, and
apart from a possible reduction of the height of the peaks,
should not affect the current in any drastic way.

IV. INCOHERENT CURRENT: PHONON AND
DISORDER ASSISTED TUNNELING

A. General discussion

We will now study, in a unified way, the effect of
phonons and disorder in the current of a graphene-hBN-
graphene device. We consider a generic electron-phonon
interaction described by the Hamiltonian

Hepn = ¢’ - M¢ - edc (44)

where ¢ = (ag + aé) /\/5 is the phonon field operator,

with az the creation operator for a phonon mode ¢, M is

an electron-phonon coupling matrix and ¢ is row vector
of electronic creation operators in an arbitrary basis. For
this electron-phonon interaction, the Fock (or sunset)®
contribution to the lesser/greater self-energy is given by
(from now on we write all frequency arguments explicitly)

2 LW _ZZ/ =M GS(w—v)- MIDZ(v), (45)

where D?(V) is the lesser/greater Green’s function for
the phonon field operator, which, assuming the phonons
are in thermal equilibrium, are given by

DZ (v)

= Fi2mb(+v)2wesgn(v)8 (V¥ — wi), (46)
where b(v) = (¢#” —1)7" is the Bose-Einstein distribu-
tion function, which satisfies 14+b(v) = —b(—v), and w¢ is
phonon frequency of mode (. Therefore, the self-energy



due to electron-phonon interaction reads

Z (£sb(Fswe)) M¢ - GS(w — swe) - MZ
¢,s==%1
(47)
We point out that this self-energy can also describe elas-
tic scattering by impurities by drop the summation over
s, take we — 0 and set £sb(£sw¢) — 1, in which case
the quantity M(Mg is to be interpreted as the disor-
der correlator. With this in mind, the following discus-
sion applies both to inelastic scattering by phonons and
elastic scattering by impurities. Combining Eq. 47 with
Egs. (21) and (22), it is possible to write to lowest order
in the electron-phonon interaction

E5onw) ~ Z ifr (w— swe) sb(swe)x

¢,s==%1
x M; - GR(w — swe) - T (w— swe) - GA(w — swe) - Mg
+ Z ify (w— swe) sb(swe)x

¢,s==£1
x M- GR(w — swe) - Ty (w — swe) - G (w — swe) - Mg,

(48)

with Eg_ph(w) obtained by replacing fi/x — 1 — fut
and b(swc) — b(—sw¢). Inserting this expression in
Eq. (28), we obtain the lowest order contribution to the

J
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non-coherent current

incoh,1- ph
Ib%t

=5 Z Z*:fb(w) [1— fi (w— swe)] (—sb(—swe)) 7;)(7%,3
¢,s

B %Z/%(l _fb(W)) ft (W—SWC) sb(swC)T(Cs ( )
¢,s

'(w)

+% CZ / Z%fb(w) [1 — fo(w— swc)] (_Sb(—so.)()) 7;)(,%5)("‘))

_% Z / Zi(;-) (1 - fb(UJ)) fb (UJ — SWC) Sb(SWC)T(<7§)( ),
¢,s
(49)

where the 1-phonon (disorder) assisted transmission
function is given by

7,57 (W) = Tr [Te(w) - GR(w) - Mg - G (w — sw) -
T (w— swe) - G (w — swe) - MZ. : GA(w)} :
(50)
It is easy to check that
fo(w) [1 = fo (w = swe)] (=sb(—swe)) =
= (1= fo(w)) fo (w = swc) sb(swe)  (51)

and as such the last two terms of Eq. (49) cancel each
other. This cancellation is required since in a steady
state no charge accumulation can occur in the device
and therefore, the current flowing from the top to the
bottom contact should satisfy I;_,;, = —I;_,. As such,
terms that involve only the occupation factor of one the
contacts must cancel at the end of any calculation. Pro-
cesses assisted by a greater number of phonons can also
be obtained. Higher order corrections to Eq. (48) can be
obtained by iterating Eq. (47) using Egs. (21) and (22).
Just as for the lowest order case, contributions involving
only occupation factors from one of the contacts cancel
each other. Therefore, the contribution to the incoherent
current assisted by n phonons can be written as

incoh, n- h
Ib—>t ?
e dw s nsSn
=5 2 /ﬁfb(W) (1= fo(w+ s10g, + o+ 800c,)) (510(510,)) - (3mb(sniwe, ) Tyoli™ " ()
C1,8154-,Cn>Sn
e dw 1,51)----\CnSn
DY / oo Fi (@) (1= folw+ s10¢, + o+ 50, ) (516(51¢,)) - (5nb(snee, ) T ™ (), (52)
C1,815--,CnySn
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where we have defined the n-phonon assisted transmission functions

ﬁit’sl)"“«”’sn)(w) =Tr [I‘b(w) . GR(w) - M, - G’R(w + s1we,y ). - M, - GR(w + s1we, + .o+ Spwe,,)

Ly (w + s10¢, + o+ 8nwg,, ) - GAw + s10¢, + oo+ Snwe, ) MY - G w + s1w,) - MQIGA(w)] . (53)

7;“1’51)”"(4’“8'”)(w) =Tr [I‘t(w) -G (w) ~M<T1 CGA (WA s1we) e Mg"GA(oJ + s1we, + oo+ Spwe,)-

—b

Ty (w + s100¢, + oo + Spwe, ) - GR (W + s1we, + oo+ 8pwe, ) - Mg, oo GR(w + s1we,) - Me, - GR(w)] . (54)

Notice that with respect to Eq. (49), we have made a
change of s; — —s; in the first line and made a shift in the
frequency variable w — w4 s1we, + ... 4+ spwe, in the sec-
ond line of Eq. (52). Egs. (52), (53) and (54) have a very
simple interpretation. The first/second line of Eq. (52)
can be understood has the probability of an electron be-
ing injected from the bottom/top contact being collected
by the top/bottom contact, while being scattering by n
phonons during the contact to contact trip, with s; = £1
representing a phonon absorption/emission process. We
will now use this general formalism to study the effect
of phonon scattering in vertical transport in a graphene-
hBN-graphene device. We will analyze separately the
effect of scattering by graphene and hBN phonons.

(

1. Scattering by phonons in the graphene layers

We know return to the issue of the consequences of con-
sidering graphene as part of the external contacts or part
of the central mesoscopic region. We will first study the
effect of multiple scatterings of electrons in the graphene
layers by phonons (or impurities). We will first focus on
scattering by phonons in the top graphene layer, with
scattering in the bottom layer being treated in the same
way. Using Eq. (53), the tunneling amplitude assisted
by n phonon scattering events in the the top graphene
layer can be written to lowest order in the graphene-hBN
coupling as

Tt o0 o) () o T [T g bg (@) - To(w) - GRA(w) - Togte(w)-
CG(w) - Mg, - G (w+ s1we,).. - M, - Gl (w + s1we, + oo+ snwe,) - Te(w + s1we, + .+ spwe,,)-

-Gf‘g(w + s1we, +

and similarly for ﬂ(ilb’sl)“”(c”’s’”)(w). These contribu-

tions correspond to multiple scatterings of an electron
before leaving the top graphene layer. Summing up all
the contributions of the form of Eq. (55), together with
the contribution from the coherent current, we obtain

00

z : incoh, n—ph
Ib—)t = Ib—)t

n=0

e >° dw
:h;/%fb(w (1= fe(w)) x

XTr [ Ang(@) - Togig(@) - A (@) - Tigelw)]

dw
% Z %ft (@) (1 = fo(w)) x

X Tr [ A (@) Tigns(@) - Avg(w) - Togig)]
(56)

e+ Spwe,) ~M2n .

G+ s1wc,) - Mglc;fg(w)] . (55)

(

Where we have Writt.en Abg(w) = Gfg(w):rb(.w) -G{fg(w),
since we are considering only scattering in the top
graphene layer. It can be checked that the different terms

Aég) (w) obey the following recursion relation

AV (@) = G7(w) - Ti(w) - GAw), n =0 (57)
(") () = [1 = fi (w = snwe,)] [=8nb(—snwe,)]
Atg (w) = S;;n 1 ft (w) X
XG?g(w) Mg, - Aﬁgfl)(w — SpWe, )"
: MCT . G;‘é(w), n > 0. (58)

This can be compared with the spectral function of the
top graphene layer. Assuming that the top graphene
layer is in near equilibrium with the top contact, then
the spectral function can be written as

Agg(w) = GH(w) - (Te(w) + Teph,g(w)) - G (w), (59)
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Figure 9. Diagrammatic representation of contributions to
the current involving phonon scattering. The dots represent
the level width functions due to the bottom and top external
metallic contacts, the squares represent the graphene-hBN
coupling, solid lines represent graphene electronic propaga-
tors and dashed lines represent hBN propagators. The wiggly
lines represent phonon propagators. (a) Ladder diagrams that
are resumed in Eq. (63). To lowest order in the graphene-
hBN coupling these are all the contributions due to electron-
phonon interaction in the graphene layers. (b) Diagram con-
tributing to the current in higher order in the graphene-hBN
coupling, including the renormalization of the top graphene
layer Green’s function by phonons. This kind of diagram can
be captured in Eq. (63), provided the effect of coupling to
the graphene layers is included into Gyen. (c) Higher order
diagrams in the graphene-hBN coupling, including electron-
phonon interaction in the graphene layers, that is not included
in Eq. (63) and more generically cannot be captured when
evaluating the current following approach (A).

where, under the approximation that the top graphene is
in equilibrium with the top contact, the decay rate due
to electron-phonon interaction can be written as

Lephtg(w) =~ Z s(1 — fe(w — swe) + b(swe)) x
5,¢

x M - Agg(w — swe) - Mg (60)

It is easy to check that the equilibrium occupation func-
tions satisfy the equality

[1 = f(w = swo)] [=sb(=sw)] _
1—f(w)
=5(1— f(w—swe) + b(swe)). (61)
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Therefore, by inserting Eq. (60) into Eq. (59) and iterat-
ing the equation, we obtain

oo

Agw) =~ Y AW (W), (62)

n=0

with the different terms AE? (w) coincide with Eqgs. (57)
and (58), and the ~ means we are making the approxi-
mation that the top graphene layer is in near equilibrium
with the top contact. Therefore, the sum of all incoherent
scattering processes occurring before the electron leaves
the graphene layer and the coherent contribution repro-
duces the spectral function of graphene taking into ac-
count electron-phonon interaction / disorder. The same
is true for scattering in the bottom graphene layer. No-
tice that in Egs. (53) and (54) retarded /advanced Green’s
functions appear to the right/left of I'y,. Nevertheless, by
using Eq. (18), the previous calculation can also be ap-
plied for scattering in the bottom graphene layer. We
have thus arrived to an important conclusion: the ex-
pression

i = [ 2 (h(w) = £iw) X
X Tr [Togtg(w) - Asg(w) - Teg,bg - Abg(w)], (63)

which would be the one obtained if we employed ap-
proach (A), actually already includes the effect of mul-
tiple non-coherent scattering processes in the graphene
layers, provided Az pe(w) are replaced with the respec-
tive expressions in the presence of phonon/disorder scat-
tering. We also point out that in the case of elastic scat-
tering due to disorder in the graphene layers, the result
from Eq. (63) can be obtained by performing disorder
averages of Eq. (33), see Appendix F. To lowest order in
the graphene-hBN coupling, Eq. (63) actually includes
all the possible scattering processes of an electron in the
graphene layers. Including the effects of graphene into
the Green’s function of hBN that appears in Tpg te(w),
Eq. (63) includes only a subclass of all possible contri-
butions due to electron-phonon interaction, see Fig. 9.
Therefore, we conclude that approaches (A) and (B) co-
incide to lowest order in the graphene-hBN coupling and
to higher order in this coupling, approach (A) can cor-
rectly capture a class of all the possible electron phonon
scatterings.

2. Scattering by phonons in the hBN slab

We will now discuss the effects of scattering by
phonons/disorder in the hBN slab. We will restrict our-
selves to the case of tunneling assisted by one phonon.
We write the electron phonon interaction in a Bloch state
basis as

1
He pnny = ﬁ Z CLJrq,hBN Mg, - CenpN g, (64)
k.q
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where c;hBN = {CL7B717hBN7 CL,N,l,hBN’ . CL,B,N,hBN? CLN,Na%\%ssuming only scattering by phonons close to the I

and ¢q¢ = (aq’g + aT—q,C) /+/2 is the phonon field oper-

ator and N is the number of unit cells in the hBN slab.
For small rotation angles between the different layers

J

B = S S S [ SRR (U ot s)) (b))

kAN g,¢,s
n,m

X

kN @8
n,m

bg,n~~tg,m
X Tk,)\ T

or K points of hBN, such that only states close to the
Dirac points of each layer are involved, using Eq. 52,
we can write the 1-phonon assisted tunneling current to
lowest order in the graphene-hBN coupling as

T(C?S)l'ph (W)| x

2
kg @)

bg,nA~tg,m
Tiex Teio, . —anAbgkr(@Wbg)Atg k0, . —q.n (Weg + sw¢)

7hiN > Z/%fﬁ (w+ swe) (1= fo(w)) (—sb(—swe))

ket @, —ax Abgk (Whg) Atg kt @, —g, (Weg + 5w,

where we have introduced the phonon assisted tunneling amplitude between the graphene layers

,s)1-ph 1 - m

n,m,k.q

hBN,k+g5%—q

2
,s)1-ph
Tika @) x
t A no.T
(w + SWC) : Mq,( ’ GhBN,kJrng,g (w)]/\/,l ' R%W ’ T} '

Neglecting the momentum and frequency dependence of GfBNand assuming dispersionless phonons, one can make a
shift in the momentum variable g — k — k' + Q,, ,, such that the summation over kand k' factors and we can write

Lo e — AACcugsgv% S / do [fo(w) (1 = folw + swe)) sb(swe) — fulw + swe) (1= fi(w)) s (14 b(we))] x
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n,m (,s

2
X ﬁ%l—ph‘ DoSpg (whg)D0Stg(wig + swe),

, where Acen is the area of the unit cell of hBN and
graphene’s density of states per spin and valley is given
by

|l

(vph)?’

DoS(w) = %ZAk7>\(w) = (66)
kA

where the last equality is valid for for non-interacting
electrons in pristine graphene. A similar expression to
Eq. (65), which included only processes involving spon-
taneous emission of phonons (equivalent to assuming that
the phonons are at zero temperature), was recently pre-
sented without derivation and used in Ref. 31 to model
vertical current in graphene-hBN-graphene devices. In
the case of elastic scattering by disorder with short range
correlation, Eq. (65) becomes,

incoh, 1-dis (& dw
Ib—>th e — AACellgsgvﬁ Z/ o [fo(w) = fe(w)] x
¢,s

2
X ‘7;11,_7(71118 DoSpg(wWhg)DoStg (wig),

(67)

with ﬁﬁis a disorder assisted tunneling amplitude. Al-
though an expression of the form of Eq. 67 was previously

(65)

(

used to model vertical current in graphene-hBN-graphene
devices®7, we emphasize that Eq. 67 only describes pro-
cesses where there is a complete degradation of in-plane
momentum conservation, something that has been pre-
viously pointed out in Refs. 24 and 27. The complete
degradation of momentum conservation only occurs for
scattering by dispersionless phonons or for disorder with
short distance correlation.

As an example we consider, scattering by optical out-
of-plane breathing modes close to the I' point, with non-
zero components of polarization vector given by

géB,a,Z = (ff,B,la ff,N,1 aff,B,%fé,N,% )
_ [BBN ( 1 1 -1 -1 ) (68)
N \/TTB’ \/nTN’ \/nTB’ \/”TN, ’

where pgy = mg' + my' is the reduced mass of the

hBN phonon mode. We assume that electron-phonon
coupling for this mode can be described as a local change
in the value of the interlayer hoping parameter in Hamil-
tonian 4. Considering electrons due close to the K point
and phonons close to the I' point, we derive an electron-
phonon Hamiltonian of the form of Eq. 64, with a mo-



mentum independent coupling constant which reads

0 o,
hBN QEEN 7. 0
MZB = \/N -0, 0 . . ) (69)

with the electron-phonon coupling constant given by

Ologt tij_ h

hBN _
0log cpN cBN

9zB (70)

hBN "’
UBNWy B

where —dlogt, /0logcgn ~ 3 describes the change of
the interlayer hopping, ¢, with the interlayer distance,
cBN, and w%EN is the out-of-plane breathing phonon fre-
quency: For this electron-phonon interaction we obtain
to lowest order in t; and neglecting the frequency and
momentum dependence

2

T(ZB)I—ph 2 ~ (N_ 1)2 g%gN |7— |2
n,m — N t, n,m|
with |7;L7m|2 given by Eq. (38).
B. Results

In Fig. 10 we show the vertical current as a func-
tion of bias voltage taking into account the effect of
scattering of graphene electrons by resonant scatterers
(treated within the SCBA, see Appendix D) and in-plane
graphene electrons (see Appendix E). For comparison we
also show current computed used a constant relaxation
time. The main difference between modeling electron
scattering with a constant relaxation rate or considering
scattering by resonant scatters, is that for resonant scat-
ters the electron decay rate has a strong dependence in
energy, behaving as w™!. Therefore, for higher bias volt-
ages (when the graphene Fermi levels are higher), the
electron lifetime is larger. This is manifest in Fig. 10,
where it is seen that when assuming a constant relaxation
rate the second peak in the I-V current is considerably
smaller than the first one, while for resonant scatterers
both peaks are roughly the same height. Inclusion of
phonons, makes again the peak at higher bias voltage
smaller due to the fact that the decay rate due to scat-
tering with graphene in-plane optical phonons increases
with frequency. Also notice that inclusion of resonant
disorder and phonons leads to a small splitting of the
peaks in the I-V current. This splitting is due to real
part of the self-energy due to both resonant scatterers
and phonons. Apart from increasing graphene electron’s
decay rate and as such providing an additional broad-
ening of peaks in the I-V current, phonons do not play
a relevant role for the high bias I-V characteristics of
a graphene-hBN-graphene device. This changes if one
focus on small bias. At very low temperature, the spon-
taneous emission of optical phonons becomes possible
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Figure 10. I-V curves at constant Vzate = 0 in a graphene-
hBN-graphene device with rotations angles 6y, = 1° and
Onhen = 1.5°, considering different sources of scattering in

the graphene layers: (RT) constant relaxation time of v = 3
meV; (Imp) scattering by resonant scatterers treated within
the SCBA with an impurity concentration of nimp = 1074 im-
purities per graphene unit cell; (Imp+RT) scattering by res-
onant scatterers and graphene in-plane optical phonons also
with nimp = 1074,

whenever Visas > woph, Where wopn is the optical phonon
frequency, opening up new tunneling channels for elec-
trons. Although for small electron-phonon coupling, this
phonon assisted contribution to the current is small the
opening up of a new tunneling channel can be observed
in the derivatives of the current with respect to the bias,
as can be seen in Fig. 11. The features in d?I/dV}%,, are
only significant at low temperature, being smoothed out
at higher temperatures due to the smearing of the Fermi
occupation factors in graphene. We point out however,
that the features due to phonons are a small contribu-
tion can be overridden due to features in the coherent
current induced by the rotation between different lay-
ers (shown in Fig. 6), even if we treat the phonons as
dispersionless leading to a complete degradation of elec-
tron momentum conservation. We also note in passing,
that tunneling assisted by emission of multiple phonons
is also possible (see Egs. (52)-(54)) which would open up
new scattering channels when nwopn > Viias, where n is
the number of phonons. These would lead to additional
peaks in d?I/ dV,fias but would be instead suppressed by
higher powers of the electron-phonon coupling.
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Figure 11. I-V curve and d®I/dVii,, as a function of bias
voltages at a constant Vgate = 10 V for different temperatures
and for rotation angles 6t = 2° and fyan = 3°, including ef-
fects of scattering by out-of-plane breathing phonons of hBN,
wHBN = 15 meV®®, and of the in-plane graphene phonons,
w8y = 196 meV®” (represented by the vertical dashed lines).
Processes involving spontaneous emission of phonons open up
new tunneling channels that appear as peaks in dQI/dVbzias at
low temperature. The inset zooms in the small peak due to
the hBN out-of-planes breathing phonon. We point out that
the feature that occurs around Viias ~ 0.1 V is not due to
phonons, but due to the tunneling density of states structure.

V. CONCLUSIONS

This works provides another example of the extreme
sensitivity of the properties of vdW structures to the
rotational alignment of the different constitutive lay-
ers. We have seen how this additional degree of free-
dom can be exploited in order to create devices display-
ing multiple regions of negative differential conductance.
The development of devices that display multiple NDC
regions is relevant for the development of multivalued
logic devices®®??, which showcases another possible ap-
plication of vdW structures. We have studied in de-
tail the effect of the rotational alignment between the
boron nitride slab and the graphene layers in the verti-
cal current of a graphene-hBN-graphene vdW structure
for small rotational misalignment, which have so far not
been observed?®. We have seen now the transference of
momentum by the hBN crystalline structure to the tun-
neling electrons gives origin to additional peaks in the I-V
characteristics of this device, followed by regions of neg-
ative differential conductance. These additional peaks
are however extremely sensitive to the rotation angle be-
tween the graphene layers and the hBN slab, and rota-
tional angles as small as 3° can already push these addi-
tional peaks to bias voltages higher than 1.5 V. There-
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fore, the observation of multiple NDC in graphene-hBN-
graphene devices requires a control of the rotational an-
gle between the different layers with a precision of < 1°,
something which is within experimental reach?!%3:60, We
expect that the possible reconstruction of graphene spec-
trum due to the periodic potential induced by hBN for
small rotational angles should not affect in a qualitative
way the occurrence of multiple NDC regions in graphene-
hBN-graphene devices, provided the applied bias voltage
is much larger than the width of the region where the
spectrum reconstruction is significant. However, a more
quantitative treatment of these effects is required.

We have also analyzed the effect of treating graphene
as being the source and drain contacts of the graphene-
hBN-graphene device, or by treating them as part of the
device and taking the source and drain as being external
metallic contacts. We have seen that, provided the metal-
lic contacts do not significantly spoil translation invari-
ance of graphene (as expected if the contact is deposited
only over a small region of the graphene layer), and in the
non-interacting case, both approaches are equivalent. In
the presence of interactions both approaches are equiva-
lent to lowest order in the graphene-hBN coupling.

Finally, we have studied, in a unified way, the effect of
scattering by disorder and phonon scattering in the ver-
tical current of graphene-hBN-graphene devices. Start-
ing from a NEGF formalism we derived the contribu-
tion to the current due to phonon (or disorder) assisted
tunneling processes. We have seen now scattering by
short range disorder or dispersionless phonons leads to
a complete degradation of electron momentum conserva-
tion in the graphene-to-graphene tunneling process and
how spontaneous emission of phonons at lower temper-
ature appear as sharp features in the derivatives of the
current with respect to the bias voltage at the energy of
the phonons. These features can however be hidden by
features due to the rotational alignment between the dif-
ferent layers. We have focused on the effect of graphene
in-plane optical phonons and hBN optical out-of-plane
breathing phonons. We have not considered the effect of
vibrations at the graphene-hBN interface, as these would
require the description of phonons in incommensurate
structures something which will be focus of future work.
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Figure 12. Computed Fermi levels for the bottom and top
graphene layers as a function of bias voltage for different gate
voltages obtained by solving Egs. (A9) and (A10). We assume
that the following parameters dsio, = 285 nm, dngn = 40
nm for the thickness of the back gate dielectric, with out-of-
plane dielectric constants €sio, = 3.9 and énpn = 5.09%%. We
assumed that the distance between the two graphene layers
are separated by 4 monolayers of hBN, which corresponds to
a distance between the graphene layers of d ~ 1.6 nm.

Appendix A: Thomas-Fermi modeling of
electrostatic doping

We wish to model the charging of an a graphene-hBN-
graphene device by application of a gate, Vyate, and bias,
Vbias, voltages. The graphene-hBN-graphene structure is
formed by A" hBN monolayers, sandwiched between two
graphene layers. The graphene-hBN-graphene structure
is on top of a dielectric spacer (typically hBN/SiO5) sep-
arating the structure from a back gate, typically a highly
doped Si layer. We treat each layer forming the graphene-
hBN-graphene structure as a 2D film with a two dimen-
sional charge density given by pg, £ = —1,..., N'+1, where
¢ = —1 indexes the Si layer, { = 0 and £ = N + 1 are,
respectively, the bottom and top graphene layers and
¢ =1,...,N index the layers of hBN slab. Layers £ — 1
and ¢ are separated by a distance d, and we assume that
this is filled with a dielectric with relative constant along
the z direction given by given by €. Applying Gauss’s
law around each plate, and assuming charge neutrality,
Z?i_l pe = 0, we obtain

EoEo = p_1/60. (Al)
€r1B01 — & By = pefeo, £ =0,..., N, (A2)
—en+1En+1 = pag1/eo, (A3)

where FE, is the electric field along the z direction, be-
tween layers £ — 1 and ¢, and ¢ is vacuum’s permittivity.
From these equations we can write

k) = Zpk,f—o SN+ 1,

0 k=1

(A4)
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and the stored electrostatic energy is given by

N+1
Ugy = Z §€OdZ€ZEg
£=0
N+1 min(£,£")
P DI Y
€€k
Zf’ k=0

where we have used the charge neutrality condition in
order to eliminate the charge in the Si gate p_;. This is
nothing more than the Hartree energy for a layered mate-
rial. We split the charge density of each layer into a con-
tribution from charge carriers and another from charged
. o imp .

impurities, p, = —eng+en, =, where n, is the charge car-
rier concentration (ng > 0 for electron doping) and ny™?

is the concentration of charged impurities (nz P> 0 for
positively charged impurities). Including the effects of a
gate voltage, Vgate, applied between the £ = —1 and the
£ = 0 layers and a bias voltage between the £ = A+ 1and
the ¢ = 0 layers, we obtain a Thomas-Fermi functional

| N min(£,£') e2d, N+1
_ 1rnp
N+1 N+1 v
e‘/gate Z Ny + eVhias Z (A6)
— N+1"
where
N +1 min(¢, Z dk
1mp o 1mp
= Z ey (A7)

0'=0

is the potential created by the charged impurities. The
Hartree potential felt by electrons in layer £ is then given
by

0P
V= ——
¢ 6’/7,g
= V.E—’;ate - VbiasN T 1”2 + e¢1mp
N+1 [min(,0) o
d
Sl 5 >R PR
€0€EL

£'=0 k=0

Now, we assume that the vertical current flowing between
the two graphene layers is small enough, such that we can
assume that these are in a near equilibrium state. Fur-
thermore, we employ the Thomas-Fermi approximation,
in which the local Fermi level for each layer is given by
€F = VZH , where ep ¢ is a function of the local carrier
density. This together with Eq. (A8) becomes a system of
non-linear equations in the carrier density / local Fermi
level.

It can be checked, that due to the large band gap of
hBN, most charge density will be accumulated in the
graphene layers. As such we approximate n, = 0, for



¢ =1,..., N and therefore the N'+2 equations are reduced
to two

€F,bg = eVgate - (nbg + ntg) Ct_l + €¢ggp (AQ)
€F,tg — e‘/gate — eVhias — nth‘:l - nbgcl;l + e(bfgrAplO)

where the capacitances are given by (taking into account
the series capacitances of a hBN/SiOq spacer with dppn
the hBN thickness and dg;o,the SiO2 thickness)

2 2 2
_1_e‘dy e*dsio, e“dupN
€0€o €0€Si0, €0€hBN
N+1
1 eZdl
C, ' = E — (A11)
€€
(=0 0%t
2 2 2
& ds'o & thN e“d
=2 + — (A12)
€0€Si0, €0€hBN  €0€LBN

and d is the distance between the two graphene lay-
ers. The terms ed);)“gl?tg are the potentials induced by
the charged impurities in the bottom/top graphene layer
that can be tuned to account for intrinsic doping of the
graphene layers (acting as an offset in the measurement
of Vgate and Viias). We finally point out that in the
case where the hBN layers have no charge carrier, then
the Hartree potential within the hBN slab is given from
Eq. (A8) in terms of €p ,g/¢4 as

H _ imp imp
Vit =ertg —€dyy €9y

g im im
- m (EF,tg + eVhias — €F bg — €¢tgp + €¢bgp)
(A13)

which in the absence of impurities reduces to the expres-
sion given in Sec. IT A. The solutions of Egs. (A9)-(A10)
for a particular device are shown in Fig. 12

Appendix B: Interlayer hopping Hamiltonian
between non-commensurate layers

We describe the graphene-boron nitride coupling
using the general theory of coupling between non-
commensurate layers of Refs. 22 and 37. We wish to
describe the coupling between two 2D crystals, labeled
as ¢ and ¢, with Bravais lattices spanned by {a1 ¢, as,¢}
and {aq ¢, az ¢}, respectively. In a tight-binding repre-
sentation the interlayer hopping between layers ¢ and ¢’
can be written as

Tpo = — Z t(Rn,a,E7Rm,b,Z’)CIL’aygcm,b,ﬁﬁ (B1)

n,a,m,b

where the indices n, m run over Bravais lattice sites, a, b
run over orbitals/sublattice sites, c;rL .0 Creates an elec-
tron state in layer £ at position Rn,a)[ = n1a1,0+n202 ¢+
Ta,0, and orbital/sublattice a, with 7, ¢ a sublattice vec-
tor, and t (Ry,a,¢, Rimpe) are hopping terms. Assum-
ing that the hopping t (R, ¢,¢, Rm,p.¢) only depends on
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R, 00— Ry b it is possible to write it in Fourier com-
ponents as

t(Rna,0; Rimper) =/ Acell g Acell, o X

*q v iq- - ,
. / (Qﬂ)zt{{,b (q) ' (Rt Romser)

where Acepr /¢ is the area of the unit cell of layer £/¢'. If
we express, c;rl wp and ¢y, p e in a Bloch basis

1 .
T _ E —ik-Ry,a,e .f
Cn,a,é - /NZ e’ ' Y[C’%a,e’ (B2)
k

—ikR,, , o c]t;yb’gh (B?))

1
Che = N, >e
k

where Ny is the number of unit cells in layer £/¢', such
that NoAcenne = Ng Acener, the interlayer Hamiltonian
becomes

. /
Ty =— E e“'“'G"’ftfl’i (k+ Gpe) X
k,Gn e
K'\G,, .o

72""1),2’ 'Gmwgl CT

xe k., 0Ok b, Ok G o K4+ G, (BA)

where G, s/p are reciprocal lattice vectors of the 2D
crystal £/¢'. The Kronecker-0 imposes that in a inter-
layer hoping process, momentum is conserved modulo
any combination of reciprocal lattice vectors of both lay-
ers. In general, tf;’é, (q) will decay for large values of |q],
and therefore only the processes with smallest |k + G, ¢|
need be considered.

We now specialize to the case where ¢’ is a graphene
layer and ¢ is a boron nitride layer. The graphene
unit cell contains two carbon atoms in the unit cell, A
and B, while boron nitride contains one boron atom, B,
and one nitrogen atom, N, in the unit cell, see Fig. 1.
We will focus on low energy states, which lie close to
the Dirac points, +K,, of the graphene layer. Con-
sidering only the three most relevant processes cou-
pling the graphene and boron nitride layers, we must
consider processes involving G, ¢ = 0,by4, by, and
GnueN = 0,b2 BN, —b1 upN for states close to the K,
point and processes involving G, = 0, —by 4, b1, and
G, BN = 0, —b2 BN, b1 wpN for states close to the — K,
point. It is also assumed that the momentum depen-

dence of ti’g (k) is weak such that we can approximate
ti’fg (k+Ki+Gyg) ~ tf{f; (K), setting :tg]ﬁ\}’g (K) =
(S (1) — 1, and 1458 () — 9 () — g .
In order to describe the coupling between the bottom
and top graphene layers to a slab formed by N hBN
monolayers, we notice that the products of unit cell ba-
sis vectors and reciprocal lattice vectors that appears
in Eq. (B4) can be written for the bottom graphene
layer as TheN,B1 - GruhBN = Tbga - Grpe = 0 and
ThBN,N1 * Gn,hBN = Thbg,B * Gn,bg = :|:TL27T/3 (fOI‘ states
close to =K, point). For the coupling between the top



graphene layer and the A** hBN layer, one must con-
sider separately the cases when the hBN slab is formed
by and even or odd number of layers. For an odd number
of layers, in the A'th layer the boron and nitrogen atoms
occupy the same positions as in the 1st layer and there-
fore we still have TN, BA*Gn hBN = Tig,A G tg = 0 and
ThBN,NN * Gn,hBN = TtgB Gn,tg = :|:n27r/3 If we have
an even number of hBN layers, then in the AN'*? layer, the
boron an nitrogen atoms switch positions compared to
the 1st layer, and one obtains instead Then,NA -G kBN =
Ttg,A * Gn,tg =0and ThBN,BN * G77,,hBN = Ttg,B" Gn,tg =
+n27/3 F n27/3. With these approximations, one ob-
tains Eq. (5) of the main text.

Appendix C: Analytic expression for the tunneling
density of states

In this appendix we provide an analytic expression for
Eq. (40). First, we notice that Eq. (40) can be written
in a the graphene sublattice basis as

TDoS,,,m (Whe, Wig) =
- / d’*k
(2n)?

TR - Ak, rlw) RE - J], (C1)

R {Rn 22 Apg k(W) - R

where tr {...} is the trace over graphene sublattice indices,
J is a 2 x 2 matrix of ones, and we have written the
spectral function in the sublattice basis as

Apg/tg (W) =i [Gkﬁbg/tg (w;g/tg) = G0 (w;g/tg)}

(C2)
where the graphene retarded/advanced electron Green’s
function in the sublattice space is given by

wb tId+UFhk oy
G (wbig/tg) - ig/ e 2.2 (©3)
(wiee) = (wrm)* K]
with o9 = (cosfo, —sinfo,,sinfo, + cosfo,). In
the limit of an infinite electron lifetime, we have

Whg/tg T 107, In the presence of pertur-

wbig/tg
bations that induce a momentum independent self-
energy that is diagonal in the sublattice basis (such
as short range diagonal disorder or scattering by in-
plane optical phonons), we make the replacement
Whg/tg 7 Whg/tg — ReXng/tg(Whe/tg) T 1Vbg/te(Whg/te)
where Vg /6 (Whe/tg) = —ImZ{fg/tg(wbg/tg) is the broad-
ening factor. In the presence of the external metal-
lic contacts and disorder/phonon scattering, we obtain
Yog/te = (Fb/t + Leph, bg/tg) /2 . In terms of Green’s

functions, and noticing that the matrices R} 5. 2 perform a

rotation of the electronic Green’s functions, TDoSn m(w)

can be written as

s,8'==%1
X tr |G 20 (W ) -J-
k,0pg+n =" bg

Crio,, ouimz (@) J] (C1)

TDoS,,m (Whg, Wig) 2 ss'x
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Performing the trace over the sublattice degrees of free-
dom we get

d2
TDoS,, m (Whg, Weg) Z / 2 ss’x

s,s'==%1

2 (wgg +vphk - Kbgm)
2
(w8,) = (wrh)” KI?
2 (Wtsé + th (k + Qn,m) : th,m)
(wig)® = (wph) [k + Q|

X

(C5)

The advantage of this form, with respect to Eq. (40), is
that Eq. (C5) is analytic in k and as such, contour in-
tegration methods can be used to compute the integrals.
In order to make analytic progress, in the first term of
the previous expression we take the limit vy,e — 0, such

’
that wf)g — Whg = W + €F pe and

wbg + vphk - Kbg n

(v4:)

— 27

ZZS

s=%1 (’Uph) |k‘

Whg + vrphk - Kbg,n
2’UFh|k|

X Z 56 (wpg — svph|k]) (C6)
s=%1

We use the d-function to perform the integration over |k|,
obtaining

~ i Whg

~1 (UFH)Q

« Y

s'=%1

TDoS,,,m (Whe, Wig)
Ay, [ wig + vehk - Kig p
/%< vrh k| > = Lo
(wtg—kvph(k:—i— Qnm) - th,m)
— (0ph)? [k + Qul*

(C7)

(th)

The remaining integration over the angular variable O
can be performed using contour integration methods.
Performing a change of variables z = %% such that

—1
cos O = HTZ, (C8)
—1
. Z—2z
blnek = T, (Cg)

Eq. (CT7) can be written as an integral over the z variable
around the unit circle in the complex plane



1 oA -1 =~
dz 1 wngF"Uka‘ (z+§ Kkgfg,nJr = 2zi Kgg,n)
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. Whg
TDoS,, i (Whe, W) 22 @ §l§ - —
(Wb, wrg) (vph)2 |2|=1 270 Z

!

2 (Wigg/; + vrh |k| (H;il f(txg,m + 2722@‘71 Kgg;,m) + UFthm ’ Kbg,m)

X

[os|
vph

UFFL“C‘ k|

N

2 - —z—1 .
G (@i)" = Ikl = 1Quml” — 2000 K] 1 Qunl (25 cosbg, , + 25 sindg, )

with 6o, . the angle of the vector Q,, ,, with the refer-
ence r axis. The integrand has a double pole at z = 0
and two simple poles at z = e’egrrwws2 - with

W 1 = Ciy F iS5, (C11)

oo (st sine)” = ) (1@nml” + 1K)
N 2(06h)? |Qunl o)
C12

Sty = sgn (wfg — 92, — (vph)? (|gn,m\2 + W)) x
<y (Co)” — 1, (C13)

J

wbg

RS s = 1T @
n,m

. (C10)

(

defined such that |weg| < 1 and wsy = wZk,.

The contour integration around the unit circle can be
performed analytically collecting the residues at z =
eieingﬂwi)tg and z = 0. Notice that we have made the
approximation vpg — 0. In general, both 41,4 and 7, will
be non-zero. The simplest way to that this into account
is to symmetrize Eq. (C5) with respect to the bottom and
the top graphene layer an then taking the limit v,y — 0
in the first term and vz — 0 in the second. The final
symmetrized result is given by

St-g |wbg|

x l—l (w:g t wbg| (Cop X1 + SiaYkn) + vrnQum - Km> (wbg + bl (CH X5 + Sig¥as) )

|wbg‘

+ L wt_g + |ng| (Ct_gX:Lg,m + St;;Y'rf,gW) + 'UFhQn,m ) th,m Whg + |wbg‘ (Ct_gXBagm + St_gY;)’%n)
Sig |wh] bl
(s 5 (1G] o0 12005
v h n,m w
Fh|Qnml |whg] |k|=|wbg|/(vrh)
1 wtg
B N
2 (UF5)3 |Qn,m|
1 (it ol (G XRE, + SEYRE) = vphQum - Kogn | (@i — longl (Gl XIE, + S5Y5,)
w | —=
Sgé |wig | el
+ 1 [ “og — lwigl (Cl;ngthgm + St?ngE%n) —vrhQn m - Kbg,n wig — |wig] (C];ngfm + SggY,f,gm)

St?g ‘th‘

|th‘

2Ybg (—X18,, — iV, 8) (

UFh | Qn,m|

where we have introduced the quantities

bg _ F > bg _ A °
Xngm = Qn,m . Kbg,n7 Yn,gm = Qn,m X Kbg,nu
t ~ > t . ~
Xn%m = Qn,m . th,ma Yn%n = Qn,m X th7m,
(C15)

vph | Qn,m‘ — Whg (Xg,gm + ’LY;),%n) )]

, (C14)
|k|=lwigl/(vrh)

|wtg|

(

and the quantities Ctjg and Stjg given by Egs. (C12) and
(C13) with the replacements Wig — Whg and Yeg —+ Yog. It



was checked that Eq. (C14) provides a very good approx-
imation to the numeric evaluation of Eq. (C5) when both
Ybg and ;g are non-zero, if the broadening function for
each layer is assumed to the the sum of the broadening
factors of both layers, i.e., performing the replacement
Togs Ysg > Yog T Vtg-

In the limit of infinite electron lifetime in both layers
Tog/tg — 0, We obtain

2 2
s _ Wt2g - W%g — (vrh)” |Qn,ml (C16)
e 2 (vrh) |Qnml |wbg|

5, = —ssgn(wi)\/1 - (C)°,

(C17)
|

th

TDOSn}m(ngath) = WX
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and Sy, /Cgg are obtained by replacing wyg <+ wie. and
TDoS,, m (Wb, wig) simplifies to

SE; |wbg|

. [_1 (wtg + |whg] (CtEX'rtz%m + Stzy;:gm) +0ph Q- th,m) (ng + |Whg| (Ci?;Xr]z:gm + StEYT?,%n)>

|whg|

St—g | Whg |

We notice that, TDoS,, m (Whg, Wig)
is only mnon-zero when 4(vph)2|Qn,m\2w§g >

2 2 2 22
(wtg — Whg T (UFH) |Qn,m| ) .

in this limit,

We finally study how the spinorial character of
graphene’s wavefunction manifests in the form of
TDoSs m (Whg, wig). If we set the wavefunction overlap

factors TZi{tg’n to 1in Eq. (40), then instead of Eq. (C5)
we would obtain

scalar -2
TDoS; 5, (Whg, Wig) =1 g

/ 2k
7255 X
s,8'==+1 (27T)
2w§g

2
(w8e) = (orh)” KI?
2w,

(wi)® = (vph)? k + Qum*

X

X (C19)

In order to evaluate TDoSff,i}fr(wbg,wtg), we proceed as
previously. the only difference is that when perform-
ing the integration over the unit circle in the complex
variable z, there is no double pole at z = 0, and the
contour integration only collects the contribution from

s Symmetrizing the result, this

— i,
z = e WL o g

1 <wtg + |wbg| (Cop X L8, + S Vi8,) + vrhQam - f{tg,m> <wbg + |wbg| (CopX2e, +

|ng|

2. o

(

leads to

1
——a X
(vF h) |Qn,m|

1 w;g wi%) (wb_g w{fg)}
X — — - —= |+ | === . (C20)
2 l( tg Stz bg Sl;;

Appendix D: Resonant impurities within the SCBA

scalar
TDOSn,m (ng7wtg) =

We consider the effect of resonant impurities, such as
vacancies, in the properties of graphene. We focus on
this kind of impurities due to the possibility for analyti-
cal progress and due to the fact that this model for impu-
rities correctly predicts a transport lifetime in graphene
that depends on the Fermi energy as 7i,(ep) o ep®?.
Resonances due to short range disorder cannot be taken
into account by treating then within a Gaussian approx-
imation. A way to overcome this limitation is to employ
the T-matrix, which properly takes into account multi-
ple scatterings by the same impurity in the limit of low
impurity concentration. Using the T-matrix within the
non-crossing approximation, the self-consistent Born ap-
proximation (SCBA) for the Green’s function of an iso-
lated graphene layer reads

GYR (W) = GLR (W) +GLR ()-8 (w)-GLT(w), (D1)

imp

where matrices the have indices in the sublattice space,
a bar denotes disorder averaging and Effnp (w) =



NimpT 7 (w) is the impurity self-energy, where niy, is
the impurity concentration (number of impurities by
graphene unit cell) and T%(w) is the T-matrix for a single
0-like impurity with strength w. For an impurity poten-
tial diagonal in the sublattice basis, the T-matrix is also
diagonal with equal components, given by

1

L P N

1 —uGl(w) " Gl(w)

where we have taken the limit © — oo in order to describe
vacancies and defined

— A2k A
GT(w) = [ 25 [ w)
(2m)
In the Dirac cone approximation, graphene Green’s func-
tion in the sublattice basis and taking into account a fi-

nite electron life (induce by the metallic contact) is given
by

;o (D2)

(D3)

a 1
0,R _
[Gk (w)} b w—/\vph\k|—|—i'yc—ZR(w)X

1 k
X = |0% + A= 0% |,
3 [ ag )
with a, b indices running over the A, B sublattice sites
and . is the lifetime induced by the metallic contacts,
Ye = I'bgsig/2 (assuming the metallic contacts couple
equally to all graphene states and do not spoil transla-
tional invariance of graphene). For resonant impurities,
the self-energy is momentum independent. Writing it as
S (W) = Bimp(w) — i%imp(w), we can evaluate Gff(w)

analytically obtaining

_ g1 (W - Eimp(W)a Vimp(w) + '7c)
47 (vph)?

o i92 (w - Zimp(w)v 'Yirgp(w) + ’Yc)7 (D5)
47 (vph)

where the functions ¢g; and go are given by

g1(w,n) = *% [log <W> + (w — w)]

w2+n2

A —w w
+n |arctan | ——— | +arctan [ — | — (w = —w)
n n

(D4)

G (w)

(D6)

g2(w,m) = g llog (W) + (w— —W)]
+w {arctan (AEW_W> + arctan (:;) —(w— —w)}
(D7)

with A ~vph (47r/ (\/gag))l/2 a high energy cutoff. In
terms of g1 and g the self-energy is given by

g1 (W',7")
Zim - _Aim B
o() Yot (W) + g3 (W)
N g2 (@',7)
11m .
P g (W', ) + g3 (W',7)

(D8)

Yimp (W) = (D9)
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Figure 13. Real and (minus) imaginary parts of the retarded
self-energy for graphene electrons due to resonant impurities
treated within the SCBA, for two different impurity concen-
trations (number of impurities per graphene unit cell).

where we have defined w’ = w — Eipp(w), v/ = 7 +
Vimp(w) and Aimp = 47 (vph)2 Nimp 18 a constant charac-
terizing the scattering by resonant disorder. Egs. (D6)-
(D9) form a set of equations that can be easily solved.
The solution for self-energy is shown in Fig. 13.

Appendix E: Graphene electron self-energy due to
in-plane optical phonons

Electron-phonon interaction in graphene can be mod-
eled by starting from a nearest neighbour tight-binding
Hamiltonian for the electrons and assuming that the lat-
tice distortions due to phonons lead to a modulation
of hopping integrals®!. For graphene longitudinal and
transverse in-plane phonons close to the I' point and elec-
trons close to the K point the obtained electron-phonon
interaction Hamiltonian is given by

g
g oo
Hgepn = \p E , CL+q,g (0 X €q,¢) CrgPq,c, (E1)

N e
¢=LO,TO
wheres
3 dlogt t h
ﬁo=(—) — (B
2 dlogacc ) acc \| pewro
is the electron-phonon coupling constant, with

—dlogt/dlogacc ~ 3 describing the change in the
nearest neighbour hopping, t, with the distance, acc;
pe = mc/2 is the reduced mass of the phonon mode,
with mc the carbon atom mass; and wf, is the phonon
dispersion for the longitudinal/transverse in-plane opti-
cal phonon mode (which are degenerate at I' and and
assume we approximate them as dispersionless). The
polarization vectors for the longitudinal and transverse
mode can be written as €510 = (1,0) and €70 = (0,1).
With these approximations we obtain the momentum
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Figure 14. Real and (minus) imaginary parts of the self-
energy for graphene electrons due to scattering by in-plane
optical phonons for two different temperatures for doped
graphene with ep = 0.3 eV. The zero of energy corresponds
to the Dirac point. The dashed vertical line marks w = ep
and the dotted lines mark w = e &+ ng“o~

independent electron-phonon interaction matrices

g _

Mp, =
g

Mz

g
—9ro%y>

g
9ro%z-

Assuming the graphene layer is in thermal equilibrium
and to lowest order in the electron-phonon interaction,
the self energy is diagonal in sublattice space and given
by

cell (gFO)2 X

1 +b(swio) — f (€gx — €F)
W — €qx — SWiy + 0t

SR(w) = A
<= ot

The imaginary part can be computed for pristine
graphene at finite temperature as

(E5)

- ImEIIfh(w) =
= (91%0)2 1+ b(‘*’l%o) —flw— W%O —ep)] X
Acell |w - wlg“o|
2 (vph)?

f(w +w£§o —ep)] x
Acen |w + wio|
2 (vph)?

2

+ (980)" [b(wio) —
. (E6)
where w and the Fermi energy, er, are both measured

from the Dirac cone. From this, the real part can be
efficiently obtained using the Kramers-Kronig relation

dv ImEE (w—v) = ImEE (W + v
ReXfl (w) = —/l ph ) ph ).
s v

(E7)
The computed self-energy is shown in Fig. 14.
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Appendix F: Vertex corrections for resonant
impurities

In this Appendix, we provide an alternative deriva-
tion of Eq. (63), for the vertical current in a graphene-
hBN-graphene device taking into account disorder in the
graphene layers, employing approach (B). Instead of de-
scribing disorder as an interaction, we will start from
Eq. (33) and perform disorder averages of it. Just as
in Appendix. D we will consider scattering by resonant
disorder. This model will both serve as a concrete exam-
ple for elastic scattering of the general results present in
Sec. IV regarding the equivalences of approaches (A) and
(B) and will also show the formal equivalence between the
contributions to the current arising from Eq. (28) and
vertex corrections. Just as in Sec. III we will assume for
simplicity that the external metallic contacts couple to
all graphene states and that graphene electronic states
are still well describe by Bloch states. With these ap-
proximations, we write

Fb/t = Fb/thg/t;g- (Fl)

Performing an averaging of Eq. (33) with respect to dis-
order in the bottom and top graphene layers, assuming
that these are uncorrelated, and to lowest order in the
graphene-hBN coupling we obtain

T =TyO\Tr |Gy Tog - G Thgue (F2)

0.R
'Gtg Ty - G tg Ttg,bg] (F3)

The disorder averaged product of Green’s functions is not
just the product of average Green’s function, as the aver-
aging procedure establishes correlations between the two
functions. From now on, we will employing a notation
where an upper indice represents an out-going electronic
state and a lower indice represents an incoming state,
with repeated indices being summed over. With this con-
vention, the average of the product of two Green’s func-
tions, in sublattice space, can be written as (suppressing
the frequency argument and the bg/tg indice)

AT o - [ .
N IR LR N e A

where the second term are vertex corrections, we have
define the quantity

L P I

and A%, is a 4-point function, which obeys a Bethe-
Salpeter equation (see Fig. 15)

R0]°
¢ {Gk d +

‘e [Gam” AT (F6)

a’l



C d C d C a'_c' d
T T4
A = + A
/A T
b a b a b a' b a
Figure 15. Diagrammatic representation of the Bethe-

Salpeter equation, Eq. (F6)

where U% ¢, is an irreducible 4-point function, which
within the T-matrix and non-crossing approximation for
resonant impurities is given by

a C 2 a C
U%a = Nimp ’ﬂjr?lp’ 640 (F7)
|

Mimp |TR|2 (1 — Lanimp !TR’2)

24

The quantity [G‘Q“R] abc 4 can be evaluated analytically
yielding

a c ].
(G5 pa = L1 (W) 0%6% + La (W', 7) io'ab 0y,

d (F8)
where
1 1 1
Ly (w,m) = m (7792(00,77) + wgl(W,ﬁ)) (F9)
1 1 1
1) = o (o) = L) P10

with the functions gjand go defined by Eqgs. (D6), (D7)
and where we have written w’ = w—Yinp and v = Yimp +
. as in Appendix. D. The Bethe-Salpeter equation for
A%,°, is now a simple problem of linear algebra. Solving
Eq. (F6), yields the non-zero components of A%,°; in the
sublattice basis

A A _ AB B _
Ay a=Ap"p =

A B _ AB A __
Ay =A"p"0

AABBA _ ABAAB _ |:

, where we have omitted the frequency arguments of L /5.

Using the fact that [G4F] blbbc, = (L1(w) + La(w)) 8,

the vertex correction contribution in Eq. (F4) can be
written as
b c .
bc
2
Nimp |TR‘ (Ll + L2>
1 — (L1 + La) Nimp | TE[?

Aa/b/C/d: I:G?R]

5¢ (F14)

Expressing 7% and Lyj; in terms of g1 and gz, and
using Egs. (D9) it can be seen that the quantity

(L1 4 L2) Nimp |TR’2 can be written as the ratio

(L1 + Lo) nipp | T7|* = — 02

F15
Yimp + Ve ( )

Therefore, Eq. (F4) can be written as

A, ot

b a b
0,A R,0
SCaNEE
d

b d
Yimp [~0,4]¢ ke
— |Gy G,n , (F16
+ e LI I el O (F16)

1— (L1 — L) imp |TR\2} [1 — (Ly + La) nimyp |TE|?

. - (F11)
(1= (B = L) miy [TR?] (1= (L1 + L2) iy [T
im TR 2
__ mimp [T - (F12)
1-— Llnimp |TR|
Lon2,  |TE|!
2 [T (F13)

(

Therefore, the product of a retarded and an advanced
Green function is related to the spectral function as

—_— a b . a
W) [eFw)] = ——— [A@w)]" .

b d  Yimp T Ve b
(F17)
and therefore, the contributions from vertex corrections
(incoherent contributions) due to impurities adds to the
contribution coming from the product of two average
Green’s functions (coherent contribution), in such a way
that Eq. (F2) reduces to Eq. (34) of the main text. This
result is a particular case of the more general discussion
of Sec. IV A1, which is not limited to elastic scattering.
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