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Abstract

This thesis is divided into 3 investigations. First we present a novel method
to estimate the opening angles of Be star disks from interferometric axis ratio
measurements, using Bayesian statistics and Monte Carlo techniques. A large
set of theoretical axis ratios generated from disk models were compared to ob-
servational samples to determine which distribution best reproduces the obser-
vations. We find that the observed axis ratio distributions in the K-, H-, and
N-band can best be explained by the presence of thin disks while measurements
over the Hα line point toward slightly thicker disks.

Second, using a smoothed particle hydrodynamics (SPH) code, we studied the
density structure of Be star disks in binary systems for a range of misalignment
angles and disk viscosity. The truncation, warping, and density structure in the
inner and outer parts of the disk are investigated. We find that these param-
eters affect both the truncation radius and the density of the outer disc, while
the inner disk remains mostly unaffected. The scale height of our disks are also
compared to analytical values. We find that the analytic values reproduces the
scale height fairly well but underestimates the scale height in regions where den-
sity enhancements develop.

Finally the shape and density structure of these enhancements were also in-
vestigated. We find that larger misalignment angles and viscosity values result
in more tightly wound spiral arms with shallower density profiles. The orbital
phase was shown to have very little effect on the structure of the spiral density
enhancements.

Keywords: Astrophysics, Be star, circumstellar disk, hydrodynamics, density
structure, axis ratio, binary
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1
Introduction

On August 23rd, 1866, the director of the observatory of the Romano Collegio in
Italy, Padre Angelo Secchi, reported seeing “une ligne lumineuse [...] plus bril-
lante que tout le reste du spectre” in the spectra of γ Cas (Secchi, 1867). This
was the first emission line B-type star, also known as Be stars, ever detected.

What are Be stars? Jaschek et al. (1981), broadly defined Be stars as “a non-
supergiant B-type star whose spectrum has, or had at some time, one or more
hydrogen lines in emission.” Although a useful definition, it also includes such
objects as pre-main sequence Herbig Ae/Be and mass transferring Algol sys-
tems, which are different than the slightly evolved main sequence Be stars. As
a means of excluding these other types of stars, the term “classical” Be stars is
often used. As this paper deals exclusively with ”classical” Be stars, they will
simply be referred to as Be stars.

Be stars are composed of two main parts; the central star and the circum-
stellar gas. The central star is typically a B-type star, but some late O-type
and early A-type have shown similar features as Be-stars. It is estimated that
Be stars represent 15 to 20% of all B-type stars (Zorec et al., 1997), this frac-
tion being higher for earlier types, peaking for B2 spectral types (Jaschek et
al., 1987). As a group, their masses typically range from 3 to 15 M⊙, their radii
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from 3 to 8 R⊙, and their luminosities from 102 up to 104 L⊙ (Cox, 2000). As
for their evolutionary status, they are either main sequence stars (luminosity
class V) or slightly evolved stars (IV-III). They are also known to be fast rota-
tors. Their rotation is estimated to be approximately between 70% and 80% of
their critical velocity (Porter et al., 2003).

Be stars are surrounded by a dense, geometrically thin, gaseous equatorial
disk. The presence of these disks is what distinguishes Be stars from normal B-
type stars and is the source of distinctive features, such as emission lines and IR
excess. These disks however are not always present. In some Be stars, they have
been observed to completely dissipate, only to reform years or even decades
later.

There are still many questions to be answered about Be stars. Are Be stars
born fast rotators, is this a stage in their evolution, or have they been some-
how spun-up? What mechanisms are involved in the formation and dissipation
of the disk? What are their precise rotation rates and what role does rotation
play in the formation of these disks? Answering these questions will not only
help us understand Be stars, but may also provide answers for other fields of
research. Be stars offer a unique opportunity for studying stellar mass loss and
disk physics, and may help us understand the interplay between stellar rotation
and evolution, which is still a great uncertainty in our understanding of massive
stars.

1.1 Observational properties of Be stars

One if the few ways astronomers can obtain information about objects and phe-
nomena outside our Solar System is by studying electromagnetic radiation through
the use of telescopes. Over the years, technology has allowed us to expand the
range of our observations beyond the limited visual range of our eyes. Many
techniques, such as polarimetry, photometry, interferometry, and spectroscopy,
have also been developed to get the most information possible out of the obser-
vations we receive. In this section, we will discuss the observational properties
typically observed in Be stars.
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1.1.1 Optical range

The defining feature of Be stars is the presence of hydrogen emission lines ob-
served in their spectra at some point in time (Jaschek et al., 1981). The most
common emission lines are those from the Balmer series, the strongest being Hα
followed by Hβ, Hγ, and so on (Jaschek et al., 1987). Stronger emission lines
are associated with emitting regions that extend up to larger radii then in the
disk. This implies that high order Balmer lines are restricted to smaller por-
tions of the disk than low order lines such as Hα. The presence of higher order
Balmer emission lines has been found to be related to the spectral type of the
star. Jaschek et al. (1980) showed that early type stars have a tendency to have
more higher order Balmer emission lines in their spectra than later types (Fig-
ure 1.1). Similarly, Kogure et al. (2007) showed that the Hα line strength (mea-
sured in terms of equivalent width) is also related to spectral type. The width
of the line is typically stronger for B2-type stars and decreases for later types,
as shown in Figure 1.2.

Although the most prominent, the Balmer lines are not the only emission
lines observed in the visible range of Be stars’ spectra. Feii emission lines, espe-
cially those in the red portion of the visible spectrum, are observed in Be stars
for spectral types ranging between B0 and B5 (Jaschek et al., 1987). The inten-
sity of these lines seems to be correlated with the intensity of the Balmer lines.
Neutral helium lines are also observed in early Be stars, but less frequently. The
most common helium line is λ5876 (Jaschek et al., 1987). Emission lines of Siii
and Mgii are also sometimes present (Porter et al., 2003).

The shape of the emission lines differs from one star to the next. They can
be classified by three types: singly peaked lines, doubly peaked lines, and shell
lines. Singly peaked lines are somewhat rare as they are associated with stars
observed near pole-on. Doubly peaked lines, on the other hand, are common.
They are characterized by two distinct peaks in the emission profile, one blue-
shifted (V) and one red-shifted (R). For many Be stars, the peaks are observed
to be equal in strength. However, about one-third of Be stars (Hanuschik et al.,
1996) experience a cyclical variation in the height ratio of the two peaks (V/R).
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Figure 1.1: Quantum number of the highest Balmer emission line detected as a function of the
spectral type of the Be star. The different symbols represent different groupings of Be stars.

Figure reproduced from Jaschek et al. (1980).

This phenomenon, known as V/R variation, will be discussed further in Sec-
tion 1.1.5. The shell emission lines are similar to the doubly peaked lines, but
with a stronger central absorption that reaches below the continuum. Stars that
exhibit these features are often referred to as Be-shell stars.

Struve (1931) was the first to propose that the difference in the profile of the
emission lines is due to the different angles at which the stars are observed, as
depicted in Figure 1.3. Since then, it has been a common practice to use the
shape of the emission lines to estimate the inclination angle of the star with re-
spect to its rotational axis, although this practice as been criticized in recent
years. Quirrenbach et al. (1997) warns that “a shell star classification is insuf-
ficient to conclude that a star is seen edge-on”, a warning echoed by Mirosh-
nichenko et al. (2001). More recently, Silaj et al. (2010) showed that the shape
of the emission lines depends on the gas density and level populations of the
disk as well as the inclination.

4



Figure 1.2: Graph of the equivalent width of the Hα emission line from Be stars as a function of
stellar type. Filled circles represent data taken by Mennickent et al. (1994), and empty circles by
Slettebak et al. (1992). The lines represent data from the same star taken at different epochs.

Figure reproduced from Kogure et al. (2007).

1.1.2 Infrared and radio

Emission lines are also seen in the near infrared, the most prominent of which
are in the Paschen series. This type of emission line appears mostly in early-
type Be stars which have strong Balmer emission lines (Jaschek et al., 1987).
Some Be stars however will show deep absorption lines instead of emission lines

5



Figure 1.3: Illustration of the rotation model proposed by Struve, reproduced from Slettebak
(1979). When the star is seen pole-on (point A) the emission line profile is singly peaked. When
viewed at an angle (point B), the profile appears doubly peaked. Finally, when viewed edge-on

(point C), the emission line resemble those of Be-shell stars.

in this series.
Andrillat et al. (1990a) has determined that the Paschen emission lines come

from the inner regions of the disk and have an emission outer radius of about
four stellar radii. This region is much smaller than the emitting region of the
Balmer lines. Paschen emission lines are therefore useful for probing the condi-
tions of the disk near the star. Other lines detected in the near infrared include
lines from Oi, Caii, Feii and Ni (Andrillat et al., 1990b).

Hydrogen recombination lines have also been seen in the mid-infrared for
transitions between upper levels ranging from 7 to 31 and lower levels ranging
from 6 to 10 (Rinehart et al., 1999).

Be stars also show excess emission in the infrared. This excess can vary from
almost non-existent to significantly large. Figure 1.4, reproduced from Wa-
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ters (1986), shows the IR excess of four Be stars. Woolf et al. (1970) first at-
tributed the excess to free-free emission from the same ionized envelope that
produces the Balmer emission lines, but could not rule out the possibility of
it being caused by the re-radiation of energy from a circumstellar dust cloud.
However, based on photometry measurements ranging from 2.3 µm to 19.5 µm,
Gehrz et al. (1974) demonstrated that the IR excess comes from the free-free
emission inside gaseous stellar envelopes of temperature greater than 10000 K,
and ruled out the dust cloud model. Far-infrared observations performed by the
IRAS satellite later supported this explanation (Cote et al., 1987). Gehrz et al.
were also able to estimate the extent of the emitting region to approximately
four stellar radii, matching the estimated emitting region of the Paschen lines
mentioned above. The slope of the energy distribution curve (as seen in Fig-
ure 1.4) is dependent on the density distribution in the disk (Waters, 1986).

Because both the Balmer emission lines and the infrared excesses originate in
the disk, many authors have tried to find a relationship between the two. Dachs
et al. (1982) studied the relation between Hα equivalent width and the (J-M)
colour excess of southern early-type Be stars. Their result shows that a correla-
tion between the two does indeed exist, but with a fair amount of scatter. More
recent observations performed by van Kerkwijk et al. (1995) showed the same
correlation, but again with significant scatter. A similar correlation between the
IR excess luminosity and the Hα emission luminosity was found by Ashok et al.
(1984).

Free-free emission can by seen in the far-IR through to the radio. Observa-
tions performed by IRAS (Waters et al., 1991) showed a steepening of the con-
tinuum energy distribution as it transitions from far-IR to radio. The turnover
wavelength was also seen to vary greatly from one star to the next. Waters et
al. (1994) suggested that the steepening indicates structural changes in the disk
far away from the central star.

1.1.3 Ultraviolet and X-ray

Be stars and normal B-type stars have very similar features in the ultraviolet
range. Ultraviolet absorption lines in both types of stars come from two distinct

7



Figure 1.4: Infrared energy distributions φ Per (a and b) , δ Cen (c), and χ Oph (d). Black dots
represent the actual measurements (different symbols denote data from different authors), solid

lines are the expected distribution using Kurucz (1979) model, and dotted lines are the total
contribution from the star and the disk. Figure reproduced from Waters (1986).

regions: the photosphere and the stellar wind. The intensity of these photo-
spheric lines has been used for spectral classification of B-type stars (Henize et
al., 1975; Rountree et al., 1991, to name a few). No significant difference seems
to exist between the UV photospheric lines of Be stars and non-emission B-type
stars (Slettebak, 1994, Figure 1.5).
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Absorption lines due to stellar winds are common in massive stars and are
characterized by high excitation energy, typically higher than photospheric
lines, along with large terminal velocities (Kogure et al., 2007). These features
indicate that the stellar wind is a low density gas with relatively high tempera-
ture. It is now widely accepted that this wind, originating from higher latitudes
on the stellar surface, is unrelated to the cooler, denser, equatorial disk of gas
responsible for the emission lines in the optical and IR.

Stellar winds are also a source of X-ray emission. The luminosity of this X-
ray emission (LX) can range from 1028 erg s−1 in late B-type stars up to 1036

erg s−1 in early-types (Kogure et al., 2007). Cohen (2000) compared the X-ray
emission of Be stars to those of non-emission B-type stars and concluded that
Be star X-ray activity may be modestly stronger, but overall, it is qualitatively
not that different from the activity of normal B-type stars.

The most widely accepted mechanism for X-ray emission is shock heating
caused by an instability in the winds (Lucy, 1982; Lucy et al., 1980). Other
mechanisms have also been suggested, such as inverse-Compton emission and
coronal heating (Cassinelli et al., 1994).

X-ray emission in Be stars can also be caused by the presence of a compact
companion star. These systems are referred to as Be/X-ray binaries. Binary Be
stars will be discussed later in Chapters 3 and 4.

1.1.4 Polarimetry

Another important feature of Be star spectra is the presence of linearly polar-
ized light. The first to detect linear polarization in a Be star was Behr (1959).
Since then, numerous groups have studied the polarization in both the contin-
uum and the emission lines. The percentage of polarized light in Be stars is typ-
ically small, usually less then 2% (Porter et al., 2003).

The linear polarization observed in Be stars is attributed to the scattering of
starlight by free electrons (Thomson scattering) in the flat, inner region of the
circumstellar envelope. Although the scattering cross section is wavelength in-
dependent, the linear polarization spectra observed for Be stars shows a clear
wavelength dependence. This dependency is caused by the absorption of light,
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Figure 1.5: Relation between ultraviolet absorption lines and spectral type. Equivalent widths of
Siii λ1265 (left) and relative intensity of Siii λ1265/Siiii λ1299 (right). Filled circles represent Be
stars while open circles represents normal B-type stars. All lines are photospheric in origin. Figures

reproduced from Slettebak (1994).

both polarized and unpolarized, by the neutral hydrogen in the disk, and the
subsequent re-emission of unpolarized light, which dilutes the overall polariza-
tion level (Coyne et al., 1969). Figure 1.6 illustrates a model fit to the observed
linear polarization spectrum of ζ Tau (Wood et al., 1997). The computational
model calculates the percentage of polarized light from multiple photon scat-
tering in a disk-shaped envelope that includes sources of continuous hydrogen
opacity. As the figure shows, the model fits the Balmer and Paschen jumps
quite well, but diverges significantly from the measurements in the UV region.
This suggests the existence of an additional depolarization mechanism not con-
sidered by Wood et al., such as the existence of many metal lines.

Depolarization can also be seen in the Balmer emission lines. Poeckert et al.
(1977) showed that for γ Cas, the depolarization in the Hα line can reach 0.2%,
while Wood et al. (1997) observed a depolarization reaching 0.5% for ζ Tau (as
can be seen in Figure 1.6).

Like most features of Be stars, the linear polarization signature varies with
time. A notable example of this is the Be star π Aqr. McDavid (1999) found
that the polarization level of this star, known to be the highest of any Be star,
went from ∼2% in 1987 to almost non-existent in late 1990s. This drastic change
in polarization, although not yet well understood, is believed to be related to
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Figure 1.6: Thin disk model fit (thick lines) to observations of ζ Tau (thin lines). Top panel shows
the spectra of the star while the bottom one shows its linear polarization. Figure reproduced from

Wood et al. (1997).

dynamical changes in the structure of its circumstellar envelope. Kunjaya et al.
(1995) also observed polarization variation in the Be star X Per. They noticed
that the decrease in linear polarization in the optical continuum corresponded
to a decrease in the visual magnitude and a reduction in the strength of Hα
emission line. They attributed these variations to a decrease in the electron den-
sity in the envelope.

Many authors have found relationships between the level of polarization and
other Be star features. Ghosh et al. (1999) looked at 29 Be stars and found that
stars with weaker/stronger Hα emission also have low/high levels of polarization
in the B-band. These observations are consistent with a models of circumstellar
disks with sufficient optical thickness to produce the observed levels of electron
scattering.

Cote et al. (1987) found that the polarization is also related to the far-IR ex-
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Figure 1.7: Plot of the intrinsic polarization at λ = 4250 Å as a function of colour excess at 12
µm. Early type Be stars are represented by circles while squares represent late types. Symbols in

parenthesis represent uncertain measurements. Values represent the projected velocity. Figure
reproduced from Cote et al. (1987).

cess. When plotting the intrinsic linear polarization as a function of the colour
excess at 12µm, they observed that almost all stars are distributed below the
boundary line (Figure 1.7). This boundary gives an estimate of the upper limit
of the polarization, and is given by

Pmax = 0.83[(V − 12)− (V − 12)0], (1.1)

where (V − 12) and (V − 12)0 are, respectively, the observed and intrinsic V-12
colour indexes. This plot is commonly referred to as the “triangle diagram”.

Measurements of polarization can help estimate the orientation of Be stars.
Brown et al. (1977) showed that, in the case of an single-scattering axisymmet-
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ric envelope, the level of polarization is given by

P ∝ sin2
i , (1.2)

such that polarization levels are higher when the star is observed edge-on and
absent when observed pole-on. Therefore, the inclination angle could be esti-
mated from the ratio of intrinsic to maximum polarization. However, Quirren-
bach et al. (1997) warns about the the limitation of this approach, as Be stars
have variable intrinsic polarization and their disks are most likely optically thick
to electron scattering, increasing the probability of multiple scattering. When
including optical depth and multiple scattering to the calculations (Bjorkman
et al., 1994; Hillier, 1994; Waters et al., 1992), it was shown that the maximum
polarization is expected to occur at inclination angles of i = 70◦.

1.1.5 Variability

Features of Be stars are rarely seen to be stable for extended periods of time.
These variations are divided into three categories based on their timescales;
short-term, mid-term, and long-term variations. Short-term variations com-
monly exhibit changes on timescales ranging from minutes to days, while mid-
term and long-term variations occur over timescales ranging from years to decades,
respectively.

Short-term variability

Short-term variation is seen in most early type Be stars, although they are some-
times also seen in later types. Surveys performed by Cuypers et al. (1989) and
Balona et al. (1992) suggest that approximately 90% of Be stars of type B5
and earlier exhibit short-term variations while these variations are only signif-
icantly present in about 30% of the later types. The short timescale, as well as
the spectral lines in which these variations are seen, seem to indicate that their
formation region is either the photosphere or the immediate circumstellar en-
vironment near the star (Porter et al., 2003). Short-term variations are due to
three main processes; pulsations, rotational modulation, and transient features.
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Line profile variations (LPV) are typically attributed to non-radial pulsa-
tions (NRP). Other mechanisms have been suggested to explain LPVs, such
as stellar spots (Balona, 1990) and corotating clouds (Balona, 1995), but cur-
rent evidence gives support to NRP (see Porter et al., 2003 and Rivinius et al.,
2013 for a review). Rivinius et al. (2003) showed that LPVs can be explained by
NRPs in about 80% of early-type stars. NRPs are usually observed from dips
and bumps traveling through line profiles. The typical variations in local effec-
tive temperature of the star due to these oscillations can range from 2000K to
3000K (Kogure et al., 2007). Evidence of pulsation has also been found in the
UV (Smith, 2001).

Rotational modulations are variations in the spectrum whose cyclical period
corresponds to one full stellar rotation. They were first thought to be caused by
ordinary starspots, but further investigation by Balona (1995) showed that the
required starspots would be too big and too cool to be consistent with observa-
tions. It has also been suggested that the circumstellar envelope might be the
source of these modulations, but no numerical simulations have yet been able to
reproduce the observed variations.

Spectral variations on timescales shorter than those mentioned above have
been observed, and are typically referred to as transient features. One such fea-
ture reported in several stars is blueshifted absorption forming in less than 10
minutes (Peters, 1986), and lasting for about an hour (Penrod, 1986). Penrod
(1986) presumed that these features arose from localized shocks and mass ejec-
tions associated with non-radial oscillations.

Mid-term variability

One type of mid-term variation is seen in the profiles of doubly peaked emis-
sion lines. As discussed in Section 1.1.1, doubly peaked emission line profiles are
common in Be stars. About one-third of these stars exhibit cyclical variation in
the height difference between the violet (V) and red (R) peaks, referred to as
the V/R variation. The timescale for these variations is on the order of years
(Hanuschik et al., 1996), which is much longer than the rotation period of the
Hα emitting region in the circumstellar disk.
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The currently accepted explanation for these variations is the presence of one-
armed density waves in the disk, precessing around the star (Okazaki, 1991,
1996). When this region of high density is on the approach, its extra emission
will be blue shifted, enhancing the V peak, while when the wave is receding, the
R peak will be enhanced. Theoretical work from Kato (1983) first showed that
one-armed density waves are possible in near-Keplerian thin disks, suggesting
the applicability of this model to Be stars. Years later, Okazaki (1991) devel-
oped this density wave theory to explain the V/R variation of the emission line
profiles. For his model, Okazaki assumed an isothermal, axisymmetric, Keple-
rian disk, in which he added a perturbation of the form exp[i(ωt−mφ)], where φ
is the phase, ω the angular frequency, and m the oscillation mode, which is set
to 1 for a one-armed oscillation. Computing the profiles of Hα emission lines us-
ing this model, Okazaki (1996) was able to reproduce V/R variation with an os-
cillation period in the range of years to decades, which agrees with observations.
Although Okazaki’s model predicted a retrograde precession of the density wave
around the star, further work by Papaloizou et al. (1992) found instead that a
prograde wave precession should be observed due to the flattening of the rapidly
rotating central star. Observational evidence for a prograde precession was first
seen by Telting et al. (1994), and later confirmed by interferometric measure-
ments (Berio et al., 1999; Vakili et al., 1998).

This one-armed density wave model has been shown on many occasions to
be in agreement with observations. Hanuschik et al. (1995) were successfully
able to reproduce the quasi-cyclic V/R variation observed in the Be star δ Cen.
More recently, Carciofi et al. (2009) used the one-armed model and successfully
reproduced photometric, polarimetric, spectroscopic and interferometric obser-
vations of ζ Tau, a Be star known for its stable V/R cycle. The successful mod-
eling of the V/R variation through the one-armed density wave model seems to
confirm the validity of current conceptions about equatorial disks, and may help
further our understanding of its dynamics and structure.
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Long-term variability

One of the biggest changes observed in Be stars is the disappearance and reap-
pearance of Be star features, or in other words, the change from a Be star phase
to a normal B-type star phase and vice-versa. This change is associated with
the dissipation and subsequent reformation of the equatorial disk. This varia-
tion usually takes place on timescales on the order of decades. A good example
is δ Sco. Prior to 1990, δ Sco showed no evidence of emission. Although weak
Hα emission was detected in 1990, the system entered a strong Hα emission and
enhanced mass loss phase beginning in 2000 (Fabregat et al., 2000a; Mirosh-
nichenko et al., 2001).

1.2 Properties of the Star

This section explores the evolutionary status, and details about stellar rotation,
magnetic and binary properties of Be stars. As some of these features are not
yet fully understood, a review of past work is presented.

1.2.1 Evolution

There has been a great deal of debate on whether the Be star phenomenon is a
normal phase in the evolution of B-type stars or whether some stars are predis-
posed from birth to become Be stars.

Stellar clusters are useful testbeds to investigate the evolutionary trends of
Be stars, as they provide a mostly homogeneous sample of stars all formed at
around the same time. Mermilliod (1982) observed that clusters with main-
sequence turn-offs in the range of O9 to B3 have a larger fraction of Be stars
than older clusters. Grebel (1997) observed two young open clusters and found
them to be richer in Be star compared to the surrounding field, which consists
mostly of older stars. Similar results for the Magellanic clouds were presented
by Keller et al. (2000). These results are often quoted as evidence of an evolu-
tionary trend of Be stars. However, these results might also reflect the fact that
a higher fraction of Be star are early B-types. In a study of open clusters, Fab-
regat et al. (2000b) found a lack of Be stars in clusters younger than 10 My,
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even though they have a complete unevolved B main sequence. Be stars were
observed in older clusters, with a higher abundance in clusters of ages between
13 and 25 My. From these results they concluded that the Be star phenomenon
occurs in the latter half of B star’s main sequence lifetime and proposed that
this phenomenon arises from changes within the star, occurring approximately
half-way in their main sequence life. However, in a study of Galactic field Be
stars, Zorec et al. (1997) found they are present equally in luminosity classes
from V to III, which provides evidence of an evolutionary trend.

In another avenue of study, Oudmaijer et al. (2010) studied the binary prop-
erties of Be and normal B-type star and found no significant differences in their
mass ratios, flux differences, and binary separations, concluding that the initial
conditions, and therefore the star formation mechanism, of both types of stars
must be similar.

1.2.2 Rotation

Be stars are known to be fast rotators, typically faster than their normal B-type
counterparts. In fact, Be stars as a group are considered to have the fastest
rotation velocities of all non-degenerate stars. Photospheric rotation of a star
is measured by looking at the broadening of its photospheric absorption lines.
Other processes, such as thermal and collisional broadening, can affect the width
of the lines, but rotational broadening dominates for stars with rotational veloc-
ities greater then a few tens of km s−1. However, because the rotation axis of
stars are usually inclined with respect to the line of sight, only the projection of
the rotational velocities in the plane of the sky (v sin i) can be measured. There-
fore, it requires reliable estimates of the inclination angle of the stars in order to
derive their actual rotational velocities. In the absence of reliable values of incli-
nation angle, many authors have turned to statistical analysis in order study to
the rotational properties of Be stars (Cranmer, 2005; Fukuda, 1982; Slettebak,
1982; Yudin, 2001).

The knowledge of how fast Be stars are rotating is crucial to understanding
the mechanism which creates the circumstellar disk. Struve (1931) speculated
that Be stars rotate near their break-up (critical) velocity which he proposed
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as being the mechanism responsible for ejecting mass into the disk. Slettebak
(1982) however found that Be stars do not rotate at critical velocities. Further-
more, Porter (1996) found that the distribution of rotational velocities peaks
around 70% of critical velocity, while Chauville et al. (2001) estimated the aver-
age velocity to be 80% of critical. Although these rotational velocities are high,
they are not high enough to produce mass loss in Be stars from rotation alone.

Collins et al. (1995) have proposed that measurements of v sin i are under-
estimated in rapidly rotating stars due to the effect of gravity darkening. As a
star rotates rapidly, the poles get compressed and the star takes the shape of an
oblate spheroid. Calculations by von Zeipel (1924) showed that this change in
geometry causes the poles to get hotter and brighter while the equator becomes
cooler and dimmer. In such a case, the highly broadened lines of the equato-
rial region are overshadowed by the more weakly broadened lines of the poles,
causing the overall shape of the observed lines to be narrower, leading to an un-
derestimation of the projected rotational velocity of the star. Townsend et al.
(2004), after correcting for gravity darkening, estimates that the majority of
Be stars could be rotating at about 95% of their critical velocity. The distor-
tion of the star also reduces the effective gravity at the equator. According to
Townsend et al., the higher rotational velocity and lower effective gravity, com-
bined with known processes, such as pulsation and gas pressure, could provide
enough velocity and energy to eject stellar mass from the equator into the cir-
cumstellar environment.

It is clear that more research into the rotation velocities of Be stars is re-
quired in order to better understand the Be phenomenon. If their rotation is
indeed close to critical, this would naturally explain how the material is ejected
into the disk. If, on the other hand, it turns out that Be stars rotate slower
than critical, other mechanisms must be considered to explain the creation of
the disk. More details about possible mechanisms are presented in Section 1.5.

1.2.3 Magnetism

Recently, the topic of magnetic fields in Be stars has been getting some atten-
tion. This interest stems from the possibility that magnetic fields may explain
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some physical processes seen in these stars, such as mass and angular momen-
tum transfer from the star to the circumstellar disk.

The possible role of magnetic fields in the formation of the disk around Be
stars has been discussed often (Friend et al., 1984; Ignace et al., 1996; Poe et
al., 1986). One model suggested by Cassinelli et al. (2002) is the magnetically
torqued disk model, where the magnetic field of the star causes the equatorial
gas to be spun up and injected into the circumstellar medium. They calculated
that, for a B2 V star, the minimum magnetic field required produce a sufficient
amount of torque is about 300 G. However, Maheswaran (2003) calculated that
a field of only 10 G is required to sustain such a disk.

Classical Be stars have never been observed to have significant magnetic fields.
Neiner et al. (2003) claimed to have observed a field of 530 ± 230 G for ω Ori,
however this claim was firmly rejected by the MiMeS collaboration (Grunhut
et al., 2011; Rivinius, 2012). In a survey of five Be stars, Yudin et al. (2007) de-
tected no field greater than 100 G. A later survey (Yudin et al., 2009) found
fields of 150 G in several Be stars, but Silvester et al. (2009), who observed
many of the same stars, found no evidence of magnetic fields, and believes that
the Yudin et al. data was not analyzed properly. More recently, Wade et al.
(2012) found that, out of the 58 Be stars studied, none exhibited evidence of
a magnetic field greater than 100 G. This work also refuted earlier claims by
Neiner.

1.2.4 Binaries

The study of Be stars in binary systems can help us understand more about
the Be phenomenon. In confirmed binaries, the presence of a companion adds
certain constraints to theoretical models, for example, better estimates of stellar
mass. Also, the presence of a companion may help explain star-to-disk mass
transfer through tidal forces or may be responsible for the spinning up of the
Be star. It has been suggested by Kriz et al. (1975) that a large portion, if not
all, Be stars are interacting binaries. However, recent estimates have shown that
only about 30% of Be stars are part of a binary system, which is approximately
the same fraction as normal B-type stars (Oudmaijer et al., 2010).
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Some binary Be stars, such as o And (Hill et al., 1988) and 66 Oph (Štefl et
al., 2004), are in wide systems. In these systems, the distance of the compan-
ion is such that it is very unlikely that it has any influence on the formation of
the disk. In close systems however, the companion might be close enough to
help lift material off of the star and into the disk. It has been suggested that
the reduced gravity along the line connecting the two binary components might
be enough for the rotation of the equatorial material to become supercritical
locally, causing it to be ejected into the disk. However, this would require the
rotation of the star to be very close to critical (∼99%), which is, by itself, fast
enough for mass transfer to occur without the presence of a companion (Owocki,
2003; Struve, 1931). Although the formation of the disk might not be attributed
to a binary companion, the rapid rotation of the star might be. It is known
from observations that binary processes can create rapid rotation in massive
stars through mass transfer. Pols et al. (1991) describe a process in which Be
stars can be spun-up by the transfer of mass and angular momentum from an
evolved companion star.

It is also possible that many Be stars are in binary systems with evolved stars
such as black holes, white dwarfs, or neutron stars, however observations can
only unambiguously confirm systems with the latter. These binaries are known
as Be X-ray binaries as they show enhanced emission in the X-ray by at least
a factor of 10 (Porter et al., 2003). Negueruela et al. (2001) explains these en-
hancements as caused by either the periastron passage of the compact com-
panion (Type I outburst) or by “catastrophic perturbations” of circumstellar
disk (Type II outburst). These types of systems are useful to study because
1) the Be star remains mostly unaffected by the presence of a companion and
2) the companion imposes constraints on model parameters, such as disk trun-
cation, which can be used as probes. Okazaki et al. (2002) confirmed through
smoothed-particle hydrodynamic simulations the disk truncation process in
these types of systems. The truncation of the disk, as well other characteristics
of Be star disks in binary systems will be studied in Chapters 3 and 4.
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1.3 The Disk

The gas surrounding Be stars can be separated into two components: 1) a hot,
diffuse, radially driven wind coming from the pole of the star, and 2) a cooler,
denser, slowly outward flowing gaseous equatorial disk. As discussed in Sec-
tion 1.1.3, polar winds in Be stars are practically indistinguishable from those
seen in normal B-type stars. The distinguishing features of Be stars, discussed
in previous sections, must therefore originate in the equatorial disk surrounding
the star.

1.3.1 Geometry and orientation

Struve (1931) was the first to propose that the circumstellar envelope was con-
centrated around the equator of a Be star, in the shape of a disk. Although
other authors have proposed different configurations, such as a spherically dis-
tributed envelope, the equatorial disk model is the most commonly accepted.

A useful tool for studying the geometric shape of the circumstellar environ-
ment is interferometry. Dougherty et al. (1992) were the first to resolve the en-
velope of a Be star using interferometric measurements. Their study of the Be
star ψ Per at radio wavelengths confirmed the non-spherical distribution of the
thermally radiating gas. Further confirmation later came from optical interfero-
metric measurements performed by Quirrenbach et al. (1994), Stee (1995), and
Quirrenbach et al. (1997).

The thickness of the equatorial disk is often defined in terms of the opening
angle as depicted in Figure 1.8. Several studies attempted to estimate the dis-
tribution of opening angles. By comparing the ratio of Be-shell stars to all Be
stars, Porter (1996) estimated the opening angles of 5◦. However, using a sim-
ilar method, Hanuschik et al. (1996) estimated an opening half angle of 13◦.
From spectroscopic and interferometric measurements, Quirrenbach et al. (1997)
estimated the upper limit angle for ζ Tau to be 20◦, which is in disagreement
with Wood et al. (1997) estimate of 2.5◦ for the same star. Hanuschik et al. also
found that the opening half-angle seems to increase as a function of distance.
Because different types of measurements probe different parts of the disk, this

21



Opening angle

Disk

Be star

Edge of the disk

Figure 1.8: Cross-sectional view of a simplified disk model

could explain the discrepancies among opening angle measurements. Collec-
tively, these results suggest that the disk is geometrically thin (small opening
angle). See Chapter 2 for a statistical analysis of the projected size of Be star
disks using interferometric measurements from the literature.

Interferometry can also be used to estimate the orientation of the star in the
plane of the sky. As mentioned above, the circumstellar disk is typically re-
garded as geometrically thin. Using an infinitesimally thin disk approximation,
a lower limit can be set on the inclination angle i of the star using the relation

imin ≤ arccos r, (1.3)

where r is the measurement of the projected axis ratio (ratio of minor over ma-
jor axis) of the equatorial disk. This is also discussed in detail in Chapter 2.

Quirrenbach et al. (1997) showed that the polarization level can also be used
as an independent estimate of inclination. They compared the polarization level
relation shown in equation 1.2 with the ratio of measured to maximum polar-
ization of six stars, calculated using the triangle diagram relation (equation 1.1,
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Figure 1.9: Correlation between interferometric and polarimetric estimators of inclination angle.
The dashed line shows the expected correlation for an optically thin, single scattering,

axisymmetric envelope and the dots represents the measurements. Figures reproduced from
Quirrenbach et al. (1997).

Section 1.1.4) as a function of sin2imin, obtained through interferometric mea-
surements (Figure 1.9). They found a relatively good agreement between the
two estimates of inclination angle.

Quirrenbach et al. (1997) also compared the position angle of the minor axis
obtained from interferometry with the position angle for linear polarization for
several Be stars. If the envelope is indeed a thin disk, the line going through the
projected minor axis should correspond to the position angle of the rotation axis
of the star. They found a reasonably good agreement between the two angles,
confirming the prediction of Brown et al. (1977) that the polarimetric position
angle for an electron scattering axisymmetric disk should be perpendicular to
the plane of the disk.
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1.3.2 Density and temperature structure

As discussed in Section 1.1.2, the IR excess of Be stars arises from free-free and
free-bound emission from the disk. Using this emission, Waters (1986) deter-
mined that the density distribution of the disk can be modeled using the follow-
ing power law:

ρ(r) = ρ0(r/R)
−n (1.4)

where R is the radius of the star, r is the distance for the rotation axis, ρ0 is
the density at the inner edge of the disk, and n is the power-law index. With
further observations in the IR continuum, Waters et al. (1987) was able to con-
strain the value of n between 2.0 and 3.5. Both lower and higher values of n
have been used to successfully model IR observations. Radio continuum studies
performed by Dougherty et al. (1991) derived a higher value of the power-law
index (n > 4.0), which could be an indication of flaring of the disk, truncation,
or cooling of the gas at large radii (Porter et al., 2003). A summary of the val-
ues of n determined for Be star disks can also be found in Rivinius et al. (2013).

The temperature structure has been more difficult to determine from the IR
continuum than the density structure (Waters, 1986). In the past, many au-
thors have assumed an isothermal (or quasi-isothermal) disk model. However,
in recent years, theoretical models have been able to predict the temperature
structure of such disks (Carciofi et al., 2006; Millar et al., 1998; Sigut et al.,
2007). These models show that the disks are nearly isothermal for low densi-
ties. As the density rises, the disk gas deviates significantly from the isothermal
temperature, especially in the dense, equatorial regions where the gas tempera-
ture decreases considerably due to increases in disk opacity which blocks a large
portion of the stellar radiation (Sigut et al., 2009).

1.3.3 Dynamics

A knowledge of the dynamics, as well as the density profile, is necessary in order
to properly model the emission line profiles (Section 1.1.1).

The dynamics of the disk are related to the mechanism responsible for the
formation of the disk. It is therefore important to determine the disk dynamics
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from observations in order to understand how these disks are created. The two
most common choices of disk kinematics are an angular momentum conserving
(AMC) disk with a radiatively driven outflow (vϕ ∝ r−1) and a Keplerian disk
(vϕ ∝ r−1/2) with almost no outflow (vr ≈ 0).

Using a rotational velocity model of v ∝ r−j, Hummel et al. (2000) showed
that, for the optically thick line of Hα, the best fitting parameter for the power
law is closer to j = 0.5 than j = 1, pointing toward a Keplerian disk. More
recently, Meilland et al. (2007b), in an interferometric study of α Arae, were the
first to obtain direct evidence of Keplerian rotation of the disk. Other works by
Delaa et al. (2011), Oudmaijer et al. (2011), Stee et al. (2012), and Wheelwright
et al. (2012) also confirm the presence of Keplerian or near-Keplerian rotation
in Be star disks. The disks of some stars, for example κ CMa (Meilland et al.,
2007a) and ψ Per (Delaa et al., 2011), however have been found to be rotating
at sub-Keplerian speeds. Stee (2011) suggests that the departure from Keplerian
rotation might be linked to perturbation by a close companion and/or a “one-
armed” density oscillation.

Furthermore, in their study of optically thin shell lines of Fe ii, Hanuschik
(2000) found no evidence of radial motion, pointing therefore toward a rotation-
dominated disk with little to no radial motion.

1.4 Disk formation mechanisms

How disks around Be stars are formed, maintained, and dissipated is one of the
biggest remaining questions in this field of research. Two mechanisms are re-
quired to create equatorial disks; one responsible for placing material around
the star and one responsible for the growth and sustainability of the disk.

1.4.1 Mass transfer mechanisms

In astrophysics, disks are commonly seen in accretion systems, where the disk
is due to infalling material transported inward towards the star. These disks
are typically seen in close binaries with mass exchange or in protostellar nebu-
lae. However, not all Be stars are found in close binary systems (Section 1.2.4)
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and they are far too evolved to have a protostellar disk. Moreover the disk has
been seen to dissipate and reform on timescales of decades (Section 1.1.5). This
means that the source of the material must be the star itself. But how is mass
transfered from the star to the disk?

As previously mentioned, the first proposed model for mass ejection was made
by Struve (1931). He suggested that Be stars rotate at, or near, critical veloc-
ities, and that matter near the equator is ejected due to this rapid rotation.
However, as discussed in Section 1.2.2, it is unknown whether Be stars do in
fact rotate at or near critical velocities, and even if their velocities are close to
critical, further mechanisms are required to give the material enough velocity to
escape the star.

Many mechanisms have been proposed. Kroll et al. (1997) showed, using
smoothed particle hydrodynamics simulations, that material can be launched
due to stellar surface explosions. Although the material is ejected indiscrimi-
nately in every direction, a sort of “Keplerian natural selection” is thought to
occur, where only material launched in the direction of the rotation will have
enough speed to get in orbit while the rest falls back onto the star. However,
in their simulations, Kroll et al. gave the exploding material a velocity of 100-
200 km s−1 without considering what mechanism propels the gas. According to
Owocki (2006), such a surface flare would require gas temperature of the order
of 106 K, which is much higher than observed, and would be accompanied with
soft X-ray emissions, which are not observed. Another proposed mechanism
for mass ejection is non-radial pulsations (NRP). Rivinius (1998) was the first
to suggest that, in a least one Be star (µ Cen), outbursts responsible for mass
transfer coincided with multiperiodic beating of non-radial pulsations. Many Be
stars are now known to exhibit NRP. However, the velocity given to the mate-
rial by NRP will be near, or slightly exceed, the sound speed at the surface of
the star, which means that for a typical Be star (c2s ≈ 25 km s−1, Vcrit ≈ 500 km
s−1) the star must be rotating at around 95% of its critical velocity in order for
mass ejection to occur.

Some proposed models offer an explanation for both the mass transfer and
growth mechanisms. One such model, proposed by Bjorkman et al. (1993), is

26



the wind-compressed disk (WCD) model. In this model, the radiation-driven
wind observed in massive stars is deflected toward the equator due to the fast
rotation of the star. With fast enough rotation, the wind streamlines from both
hemispheres could cross the equatorial plane, colliding with each other and re-
sulting in the formation of the disk. Initial numerical work by Owocki et al.
(1994) seemed to confirm the viability of the model. However, some of its pre-
dictions were found to be inconsistent with observations. One of the major prob-
lems with the WCD model is that a wind-enhanced disk is likely to be angular
momentum-conserving, while all observations point toward a Keplerian disk
(Section 1.2.2). The model also fails to produce IR excess, which is inconsis-
tent with observations (Porter, 1997). Work by Cranmer et al. (1995) showed
that nonradial components of the line-driving force will also arise. Although
weaker than the radial component, they are directed both away from the equa-
tor and in a retrograde azimuthal direction, weakening the equatorial bound
wind. When gravity darkening is taken into account, polar enhanced winds in-
stead of equator enhanced winds are generated (Owocki et al., 1996; Petrenz et
al., 2000). These facts resulted in the dismissal of the WCD model. Recently,
the WCD model was revived with the addition of magnetic fields (Cassinelli et
al., 2000). However, not only do Be stars lack a strong, global magnetic fields
(Section 1.2.3), but numerical magnetohydrodynamical simulations failed to
produce the conditions necessary for the formation of a disk (Owocki et al.,
2003).

1.4.2 Viscous disks model

Currently the most accepted model to explain the growth of Be star disks is the
viscous decretion disk. The viscous disk model was first proposed by Pringle
(1981) to explain the inward flow of material in accretion disk systems. Lee et
al. (1991), followed by Porter (1999) and Okazaki (2001) later modified stan-
dard α-prescription theory to include the outward flow of material to produce
Be stars. The model proposes that material from the equatorial region of the
stellar atmosphere is injected, by some unknown mechanism, at Keplerian or-
bital velocity into the base of the disk. As material continues to be supplied by
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the star, it interacts with itself as a viscous fluid, causing parts of the gas to
slow down, settling into orbits closer to the star, while other parts will be spun
up and will move to orbits at greater distance from the star. Angular momen-
tum will therefore be carried outward, away from the star. For the disk to be
maintained, continuous injection of angular momentum to the inner part of the
disk is required.

Different approaches to solve the viscous disk problem as well as deeper anal-
yses have been presented by various authors. For example, Carciofi et al. (2008)
looked at the solution for a non-isothermal disk, while Okazaki (2007), Jones et
al. (2008), and Haubois et al. (2011) described the solution for a system with a
varying mass transfer rate. In this section we will outline one possible derivation
of the solution for a isothermal viscous disk with constant mass transfer rate,
similar to the solution presented in Carciofi et al. (2008)

Lets consider the hydrostatic structure of the disk. The case of an inviscid
disk (no viscosity) is first described. In the steady-state case, the continuity and
momentum equations (Navier Stokes fluids equation) in cylindrical coordinates
(r,φ,z) can be written as:

1

r

∂(rρvr)

∂r
+

1

r

∂(ρvϕ)

∂φ
+
∂(ρvz)

∂z
= 0, (1.5)

vr
∂vr
∂r

+
vϕ
r

∂vr
∂φ

+ vz
∂vr
∂z

−
v2ϕ
r

= −1

ρ

∂P

∂r
+ fr, (1.6)

vr
∂vϕ
∂r

+
vϕ
r

∂vϕ
∂φ

+ vz
∂vϕ
∂z

+
vϕvr
r

= − 1

ρr

∂P

∂φ
+ fϕ, (1.7)

vr
∂vz
∂r

+
vϕ
r

∂vz
∂φ

+ vz
∂vz
∂z

= −1

ρ

∂P

∂z
+ fz, (1.8)

where P is the gas pressure, ρ is the density of the gas and fr, fϕ, and fz are
the components of the external force per mass element (acceleration) acting on
the gas. Let us assume that the disk is in circular motion, i.e. vr = vz = 0

and vϕ ̸= 0. Under these conditions, only the r- and z-momentum equation
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(equations 1.6 and 1.8 respectively) are non-trivial.

1

ρ

∂P

∂r
=
v2ϕ
r

+ fr (1.9)

1

ρ

∂P

∂z
= fz (1.10)

Furthermore, we will assume that the only external force is the gravity of the
central star*. Therefore,

fr = − GMr

(r2 + z2)3/2
=

V 2
critRr

(r2 + z2)3/2
, (1.11)

and
fz = − GMz

(r2 + z2)3/2
=

V 2
critRz

(r2 + z2)3/2
, (1.12)

where R is the radius of the central star and Vcrit is the critical velocity at the
surface of the star (V 2

crit = GM/R). Using the limit for a thin disk (z ≪ r),
these equations become

fr =
V 2
critR

r2
, (1.13)

fz =
V 2
critRz

r3
. (1.14)

The pressure is specified using the equation of state for an isothermal gas
P = c2sρ, where cs is the sound speed in the gas. As mentioned in Section 1.3.2,
the disk is unlikely to be isothermal. However, this will give us a reasonable ap-
proximation of the solution. We note that, as c2s ≪ V 2

crit
†, the left side term

of equation 1.9 is negligible when solving for vϕ. Adding the pressure term and
*We are assuming that self-gravity of the disk is negligible compared to the gravitational

pull of the star.
†Sound speed in these disks is estimated around 10 km s−1 while the critical velocity of Be

stars reach several 100 km s−1.

29



equations 1.13 and 1.14 to equations 1.9 and 1.10, we get

vϕ = Vcrit(R/r)
1/2, (1.15)

∂ ln(c2sρ)

∂z
= −V

2
critRz

r3
. (1.16)

Equation 1.15 tells us that the disk rotates at Keplerian orbital speed, which
is expected for a rotationally supported disk, while equation 1.16 expresses the
vertical structure of the disk. Solving equation 1.16 for ρ gives

ρ(r, z) = ρ0(r) exp[−0.5(z/H)2], (1.17)

where ρ0 is the density of the disk at the mid-plane (z = 0) and H is the scale
height, given by

H(r) = csr/vϕ. (1.18)

Because the azimuthal velocity is proportional to r−0.5, the scale height must
therefore grow with distance as H ∝ r1.5.

To get a better idea of the radial structure of the disk, it is useful to look at
the disk surface density Σ(r). This surface density is defined as

Σ(r) =

∫

∞

−∞

ρ(r, z)dz. (1.19)

Substituting equation 1.17 and integrating gives

Σ(r) =
√
2πρ0(r)H(r). (1.20)

Therefore, the density function can be rewritten as

ρ(r, z) =
Σ(r)√
2πH(r)

exp[−0.5(z/H)2]. (1.21)

From this last equation, it is clear that Σ(r) is required to interpret the radial
density structure. But because the we start with a non-viscous Keplerian disk,
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the amount a material at any given radius is completely arbitrary. The inclusion
of viscosity gives a mechanism (viscous diffusion) for material to be transported
to various radii.

The viscous diffusion timescale is defined as τdiff = r2/ν, where ν is the
kinematic viscosity. However, Shakura et al. (1973) noted that the diffusion
timescale for molecular viscosity is far too long to grow the disk. They proposed
instead that the viscosity comes from eddies and turbulence in the gas and used
a parameterized kinematic viscosity

ν = αcsH, (1.22)

where the parameter α describes the ratio of the product of the eddy’s speed
and size to the product of the sound speed and scaleheight of the disk. With
this parametrization, the diffusion timescale becomes

τdiff =
Vcrit
αc2s

√
rR (1.23)

τdiff ≈ 20yr

(

0.01

α

)
√

r

R
. (1.24)

The typical timescale for the formation of disks around Be stars is on the or-
der a few years, which would imply that α is expected to be of the order of 0.1
(Wisniewski et al., 2010).

When adding viscosity, we introduce a radial flow to the system, which im-
plies that vr ̸= 0. We can, however, still consider the disk to be axisymmetric
with a hydrostatic vertical structure (vz = 0). It’s important to note that, un-
less the mass transfer rate from the star to the disk is unrealistically large, the
radial flow velocity will be much smaller then the sound speed (vr ≪ cs). In
the first order approximation, both the r- and z-momentum equations do not
change. Therefore our density structure (equation 1.21) stays the same and we
still have Keplerian orbital motion (equation 1.15). However, this radial velocity
will affect the continuity and φ-momentum equations (1.5 and 1.7, respectively).
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The continuity equation is reduced to

1

r

∂(rρvr)

∂r
= 0. (1.25)

Multiplying by r and integrating by φ and z gives us the continuity equation in
terms of surface density

∂(2πrΣvr)

∂r
= 0. (1.26)

The term in parenthesis is equivalent to the mass “decretion” rate, i.e. the
rate at which the mass is transfered to greater radii, for an axisymmetric disk
of surface density Σ(r) (Ṁ ≡ 2πrvrΣ). Equation 1.26 tells us that the mass
loss rate is independent of the distance from the star, which is expected given
our steady state assumption. As the system is axisymmetric and vr and Σ are
independent of z, Ṁ must be a constant. We can therefore write the outflow
speed (radial velocity) as

vr =
Ṁ

2πrΣ
. (1.27)

Now let’s turn our attention to the φ-momentum. Because viscosity exerts
a torque on the disk, an extra force related to the viscous shear stress must be
added to the φ-momentum equation (Carciofi, 2011),

vr
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+
vϕvr
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1

ρr2
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∂x
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∂
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(

−3

2
r2αρc2s

)

.

(1.28)

Multiplying both sides by ρr2, integrating over φ and z, and using the rela-
tion for radial velocity (equation 1.27), we obtain

Ṁ
∂

∂r
(vϕr) =

∂

∂r

(

−3παr2c2sΣ
)

=
∂Υ

∂r
. (1.29)

This equation expresses the fact that the change in the mass-specific angular
momentum flux (vϕr) is given by the gradient of the viscous torque (Υ). Be-
cause Ṁ is constant, we can integrate equation 1.29 over r to get an expression
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for the torque. The result is

Υ(r) = ṀVcrit
√
Rr + C, (1.30)

where C is the integration constant. We can now isolate the surface density Σ

by using the relation Υ = −3παr2c2sΣ from equation 1.29 into equation 1.30,

Σ(r) = − Ṁ

3παc2s

(

GM

r3

)1/2

+
C ′

r2
. (1.31)

Finally, rearranging the constant C ′, taking into account that everything except
r is constant, we get

Σ(r) =
Ṁ

3παc2s

(

GM

r3

)1/2
[

(

R0

r

)1/2

− 1

]

, (1.32)

where R0 is a constant related to the physical size of the disk.
This last equation describes the surface density as a function of distance from

the star for unbound isothermal disk. For the surface density to be fully deter-
mined, three parameters, the viscosity parameter α, the “decretion” mass rate
Ṁ , and disk size/age through the constant R0, must be specified. However, for
sufficiently old disks (R ≪ R0), the surface density structure of the inner part
can be reduced to a simple power law with radius, Σ(r) ∝ r−2. Plugging this
equation for surface density in equation 1.21, the density structure can also be
expressed as a power law, ρ ∝ r−3.5, which is consistent with the findings of
Waters et al. (1987), (section 1.3.2).

In a recent study, Carciofi et al. (2012) observed the Be star 28 CMa, which
has recently underwent a long period of low activity, during which the disk
dissipated. By modelling the rate of decline of the V-band excess using time-
dependent models of dissipating viscous disks, they were able to determine, for
the first time, a viscosity parameter of α = 1.0±0.2. This result implies that the
disk dissipates 10 times faster than the α = 0.1 proposed by Wisniewski et al.
(2010).
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1.5 Modelling disk structure and observables

The use of numerical codes in order to model the circumstellar environment of
Be star is common practice. These codes can predict observations, such as Hα
emission line profiles or polarization spectra, to help better understand the pro-
cesses involved in the disks.

There are two main types of numerical codes typically used in the modelling
of Be stars. The first type is non-local thermodynamic equilibrium (non-LTE)
code which numerically solves the radiative transfer equations. An example of
this type of code is BEDISK, developed by Sigut et al. (2007). This code for-
mally solves the radiative transfer equations by following the paths of photons
from the surface of the star to the disk. One significant advantage of this code
is that it assumes a solar composition for the disk instead of pure hydrogen en-
velope, and allows user-defined set of atomic models. However, the computa-
tional complexities that are involved with solving the radiative transfer equa-
tions makes the use of assumptions necessary, such as the axisymmetry of the
disk and the assumption of a spherical nonrotating central star.

The second type of codes are non-LTE Monte Carlo (MC) simulations; an ex-
ample of which is the code HDUST developed by Carciofi et al. (2006). In this
code, the radiative transfer problem is solved by simulating the random propa-
gation of photon packets through the envelope. MC simulations have the advan-
tage of being easier to implement than traditional radiative transfer methods.
Although the latter is much more efficient computationally when it comes to
simple configurations, like plane-parallel or spherical geometries, MC method is
frequently the only alternative for dealing with more complex situations, such as
three-dimensional geometries, binary systems, and complicated density distribu-
tions.

Although both methods differ in their approaches, they simultaneously solve
coupled problems of radiative transfer, and radiative and statistical equilibrium,
and have been successful in modelling observations. BEDISK was used to re-
produced the disk properties of γ Cas (Sigut et al., 2007), the Hα profile and
IR excess of χ Oph (Tycner et al., 2008) and o Aqr (Sigut et al., 2015), and the
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Hα profiles of κ Dra, β Psc, and ν Cyg, as well as constraining the properties of
their disks (Jones et al., 2008), while HDUST was used by Carciofi et al. (2009)
to replicated the disk properties of ζ Tau and by Silaj et al. (2016) to replicate
the V/R cycle of 48 Lib.

These codes, however, have limitations. The geometry of the disks must be
be specified by the user, which often implies that estimations and/or approx-
imations are made. For example, BEDISK assumes axisymmetry of the disk.
As seen in Sections 1.1.5 and 1.2.2, quasi-cyclic variations in the V/R ratios of
emission line profiles observed in some Be stars indicates the presence of a one-
armed density waves propagating inside the disk. In order to model these varia-
tions, non-axisymmetric disks must be considered, which means solving the time
evolution of hydrodynamic equations.

One type of code design for these kind of problems is the smoothed particle
hydrodynamic (SPH) code. The techniques used in these codes were first pro-
posed by Lucy (1977) for hydrodynamic simulations of non-axisymmetric as-
trophysical problems. One version of this code, designed by Bate (1995), and
used by Okazaki et al. (2002), is well suited to study the evolution in time of
asymmetric disks. This code will be described in greater length in Chapter 3.
Although this type of code provides no direct observational predictions about
the disk, as it does not solve the radiative transfer equations, it does predict the
density and dynamical structure of the disk which serve to give more reliable
observational predictions when combined with a radiative transfer code.

1.6 Thesis statement

In this work, we study the geometry and density structure of Be star disks using
various analytical methods. In Chapter 2, a statistical analysis of interferomet-
ric measurements reported in the literature is used to study the radial extent
and opening angles of Be star disks over a range of wavelengths. In Chapter 3,
we extend our work on the geometry of Be star disks by studying the tempo-
ral evolution of the density structure of disks formed in aligned and misaligned
binary systems, using the viscous disk model and an SPH code (as described
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above). In Chapter 4, we probes, in greater detail, the density enhancements
that develop in these types of binary systems. Our goal in this work is to ex-
pand our understanding of the structure and dynamics of Be star disks. Al-
though these structures cannot be directly observed, the information gathered
can help us build more reliable theoretical disk models, which in turn can be
used to produce more accurate predictions of the observables.
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2
Statistical Analysis of Be Star Axis

Ratios

2.1 Introduction

Classical Be stars are fast rotating, non-supergiant B-type stars sur-
rounded by a thin gaseous Keplerian disk. The majority of the distinctive spec-
tral features of Be stars (such as Balmer emission lines, infrared excess, polar-
ization) originates from this circumstellar envelope. It is now widely accepted
that the disk does not form from infalling material, as is the case in accretion
systems, but rather from outflowing material from the central star itself, in
what is sometime referred to as a ”decretion” system.

The structure of these circumstellar envelopes has been the subject of many
studies. Behr (1959) was the first to measure linear polarization in a Be star,
which gave the first evidence that the envelope might have a preferred orienta-
tion as opposed to a purely spherical shape. Later studies performed by Dougherty
et al. (1992), Quirrenbach et al. (1994), Stee (1995), and Quirrenbach et al.
(1997), to name a few, confirmed that the envelope was not spherical, but disk
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shaped. It is now widely accepted that the gas envelopes around Be stars are in
the shape of a thin disk. However, the question remains, exactly how thin are
these disks?

The thickness of the equatorial disk is often defined in terms of the open-
ing angle. Several studies attempted to estimate the opening angles of Be star
disks. By comparing the ratio of Be-shell stars to all Be stars, Porter (1996) es-
timated the opening angles of 5◦. However, using a similar method, Hanuschik
et al. (1996) estimated an opening half-angle of 13◦. From spectroscopic and in-
terferometric measurements, Quirrenbach et al. (1997) estimated the upper limit
of the opening half-angle for ζ Tau to be 20◦, whereas Wood et al. (1997) esti-
mated 2.5◦ for the same star.

In recent years, many groups have used optical interferometry to study the
shape and extent of Be star disks. One common measurement is the projected
axis ratio of the disk, that is the ratio of the shortest to the longest axis as pro-
jected in the plane of the sky (i.e. the minor to major axis ratio).

Measurements of axis ratios have been widely used, and still are, to investi-
gate the geometry and extent of elliptical galaxies (Lambas et al., 1992; Sandage
et al., 1970), globular clusters (Fall et al., 1983) as well as molecular cloud cores
and bok globules (Jones et al., 2001, 2002; Ryden, 1996). Only recently has the
number of available measurements of Be star disk ratios been large enough to
attempt such a study for these objects.

In this work, a new method of deprojecting the true shape distribution of Be
star disks using observed axis ratios is presented. We accomplish this by con-
structing a set of simulated observations, using disk models and various shape
distributions, which we compare to actual observations using Bayesian statistics.

2.2 Observational data

Interferometric instruments allow us to observe objects at a much smaller an-
gular scale than conventional telescopes. Interferometry is therefore the perfect
tool to study the shape and extent of Be star disk. The current generation of
interferometric instruments typically have an angular resolution of the order

46



of milliarcsecond (Gies et al., 2007; Tycner, 2011). Despite this, the number of
projected axis ratio measurements are still limited to Be stars within a few hun-
dred parsecs of the Earth.

It’s important to note that interferometry does not measure axis ratios di-
rectly, as it is not possible to directly image the disks, but instead measures the
visibility of the star/disk system for a given baseline. These measurements pro-
vide information on the projected extent of the disk along the axis parallel to
the baseline used. Once enough measurements are acquired, models of the ex-
pected visibility curve for the Be star system are then applied to the observa-
tions and their parameters are adjusted until a best fit is found. Typical free
parameters of these models include angular size of the major and minor axis,
from which the axis ratio can be calculated. More details on the methodology
and models used can be found in the papers referred to at the bottom of Ta-
ble 2.1.

All axis ratio measurements used in this work were obtained through inter-
ferometric measurements and were gathered from the literature. Measurements
were selected following certain criteria. Only measurements within certain wave-
length regimes were considered, namely the K-band, H-band, N-band, and at
the Hα emission line. We also rejected axis ratios that were used as a fixed
parameter within the model fitting, as those values were assumed prior to the
measurements as opposed to deduced from them. Finally, we rejected measure-
ments with very high level of uncertainties (typically those around or greater
than 1.0).*

Table 2.1 shows the resulting compilation of observed axis ratios. These ra-
tios are ordered by the HR number of their corresponding star. Also provided in
Table 2.1 are the common name for each star, the wavelength regime of the ob-
servation, and the reference for each observation. Note that some author(s) used
two or more different models in order to fit the same measurements, resulting in
two or more ratio values for the same star. In those cases, all ratio values were
included, unless these models were explicitly rejected by the author(s) of that
particular study.

*Section 2.3.4 discusses how the uncertainty is used to weight each measurement.
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Table 2.1: Observed apparent axis ratios from literature.

HR Number Star Name Wavelength Ratio
regime

HR 193 o Cas K-band 0.58 ± 0.101

HR 264 γ Cas Hα line 0.70 ± 0.022

0.77 ± 0.022

0.79 ± 0.033

0.58 ± 0.034

H-band 0.75 ± 0.055

K-band 0.59 ± 0.046

0.72 ± 0.041

HR 496 φ Per Hα line 0.46 ± 0.042

0.47 ± 0.052

0.27 ± 0.014

HR 936 β Per K-band 0.75 ± 0.047

HR 1087 ψ Per Hα line 0.35 ± 0.038

0.47 ± 0.112

0.54 ± 0.072

0.33 ± 0.019

K-band 0.25 ± 0.561

HR 1165 η Tau Hα line 0.95 ± 0.222

0.98 ± 0.062

0.75 ± 0.053

HR 1180 28 Tau K-band 0.74 ± 0.107
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Table 2.1 – Continued

HR Number Star Name Wavelength Ratio
regime

HR 1273 48 Per Hα line 0.76 ± 0.088

0.86 ± 0.182

0.89 ± 0.132

0.71 ± 0.039

HR 1910 ζ Tau Hα line 0.30 ± 0.0310

0.28 ± 0.022

0.30 ± 0.022

0.31 ± 0.0711

H-band 0.24 ± 0.1412

K-band 0.09 ± 0.226

0.15 ± 0.031

HR 2845 β CMi Hα line 0.69 ± 0.153

H-band 0.76 ± 0.1013

HR 4830 BZ Cru K-band 0.62 ± 0.0114

H-band 0.64 ± 0.0214

HR 5938 4 Her K-band 0.27 ± 0.081

HR 5941 48 Lib H-band 0.60 ± 0.1115

HR 5953 δ Sco H-band 0.77 ± 0.2116

HR 6510 α Ara K-band 0.37 ± 0.1217

N-band 0.38 ± 0.1817

0.42 ± 0.1717

HR 6779 o Her K-band 0.44 ± 0.281

HR 7106 β Lyr K-band 0.60 ± 0.057

HR 7763 P Cyg K-band 0.85 ± 0.027
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Table 2.1 – Continued

HR Number Star Name Wavelength Ratio
regime

HR 8146 υ Cyg K-band 0.26 ± 0.131

0.42 ± 0.307

HR 8402 o Aqr K-band 0.25 ± 0.061

HR 8773 β Psc K-band 0.70 ± 0.151

References: 1. Touhami et al. (2013); 2. Quirrenbach et al.
(1997); 3. Tycner et al. (2005); 4. Tycner et al. (2006); 5.
Smith et al. (2012); 6. Gies et al. (2007); 7. Grzenia et al.
(2013); 8. Delaa et al. (2011); 9. Grzenia et al. (2013); 10.
Quirrenbach (1994); 11. Tycner et al. (2004); 12. Schaefer et al.
(2010); 13. Kraus et al. (2012); 14. Stee et al. (2013); 15. Stee
et al. (2012); 16. Millan-Gabet et al. (2010); 17. Meilland et al.
(2009)

2.3 Theory

2.3.1 Viscous Disk Models

At present, the viscous decretion disk model is the most widely accepted model
to explain Be star disk growth. It was first proposed by Shakura et al. (1973) as
a way to explain the inward flow of material in accretion disk systems, such as
forming stars and black holes. The model was later modified (Lee et al., 1991;
Okazaki, 2001; Porter, 1999) using the standard α-prescription theory to include
systems with outward flow of material, such as Be stars. The model proposes
that material from the equatorial region of the stellar atmosphere is injected at
Keplerian orbital velocity into the base of the disk by some yet unknown mech-
anism. If the material is steadily supplied by the star, it will start interacting
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with itself through a process referred to as viscosity, causing parts of the gas
to slow down and settle into orbits close to the star, and other parts to spun
up and move to greater radial distance from the star. Angular momentum will
therefore be transferred from the star and carried outward into the disk.

Further understanding of this model requires solving the hydrodynamic equa-
tions. We will not go through the derivations in this work, however, different
approaches to solve these equations as well as their interpretations have been
presented by various authors. Carciofi et al. (2008) looked at the solution for a
non-isothermal disk, while Okazaki (2007) and Haubois et al. (2011) described
the solution for a system with a varying mass transfer rate. For this discussion,
we will look at the results presented in Carciofi (2011). Starting with some ba-
sic assumptions (no self gravity in the disk, slow radial velocity component, and
a vertical structure in hydrostatic equilibrium), the following density structure
equation is obtained:

ρ(r, z) = ρ0r
−n exp[−0.5(z/H)2], (2.1)

where ρ0 is the density at the base of the disk, r and z are the radial distance
and height above the disk, respectively (both are expressed in stellar radii), n is
the power law describing how the density falls off, and H is the scale height of
the disk. The scale height H(r) depends on the sound speed inside the disk (cs)
and the Keplerian velocity at the equator of the star (VKep):

H(r) =
cs
VKep

r3/2. (2.2)

Using these equations, Carciofi (2011) derives a value of 3.5 for n in the case
of an isothermal disk. However, values ranging from 2 to 5 have been found for
IR observations (Waters et al., 1987), interferometric measurements (Jones et
al., 2008; Tycner et al., 2008), and from the Hα line profile modelling (Silaj et
al., 2010). As an example, Figure 2.1 shows the density structure of a disk with
ρ0 = 10−10 g cm−3 and n = 3.5, based on Equations (2.1) and (2.2).
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Figure 2.1: Density structure of a typical Be star disk with a base density of ρ0 = 10−10 g cm−3

and a fall off power law of n = 3.5, following Equation (2.1). The radial (r) and vertical (z)
positions are expressed in units of stellar radii (R⋆) while the grayscale is in units of log(ρ).

2.3.2 Geometry of Disk Models

Two basic disk shapes are used as models to describe the disks of Be stars in
this investigation. For simplicity, both models assume no irregularities in the
disk, meaning that we have an azimuthal symmetry (axisymmetric disks) and a
symmetry above and below the plane of the disk (longitudinal symmetry).

The first model consists very simply of a disk whose scale height increases
linearly with radius, leading to a wedge geometry when seen as a cross-section,
similar to the one proposed by Waters (1986). The disk is truncated at a certain
radius R greater than the stellar radius R⋆, and the rate of vertical increase is
defined by the opening half-angle parameter (α) which is tied to the shape of
the disk. For simplicity, it is also assumed the disk is completely opaque inside
the wedge. Figure 2.2 shows a cross-section of this model.

The projected axis ratio (q) for this model is a function of two parameters; α
and the inclination angle i. Considering this wedge shape disk model truncated
at R, with an opening half-angle α and is observed at i. To the observer, the
projected length of the axis perpendicular to the plane of the inclination (per-
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α

Figure 2.2: Cross-sectional view of the wedge shape disk model. The grey area represents the
material of the disk. The dashed arrows point toward the line of sight of the observer.

pendicular to the page in Figure 2.2) will not be affected by the inclination, and
will simply be the length of the equatorial disk,b

L1 = 2R. (2.3)

The projected length of the axis in the plane of the inclination (the cross-
section depicted in Figure 2.2), however, will be the most affected by the incli-
nation angle. As Figure 2.2 shows, the projected length of this axis is along the
plane of the sky between the lower edge of the disk facing toward the observer
and the upper edge of the disk, facing away from the observer. Its measured
length, for inclinations between i = 0◦ and i = 90◦, is given by

L2 = 2R
cos(i− α)

cos(α)
. (2.4)

The ratio of L1 and L2 two is therefore our theoretical projected axis ratio and
bThis is of course not the angular dimension, as we did not scale for distance. However, for

the purpose of this work, we are only interested in the ratio of the axes.
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is given by
q′(i, α) =

cos(i− α)

cos(α)
. (2.5)

Note that the dependence on the R is gone, leaving only α and i as variables.
To ensure that the ratio is always between 0 and 1 (minor axis over major axis)
the equation

q(i, α) = 1− |1− q′(i, α)| (2.6)

is used.
One advantage of this model is that our axis ratio calculations depend only

on these two parameters. However, the shape of this model is very simplistic,
and does not take into account the density and thermal structure nor the opti-
cal thickness of the disk, all of which play a role in the emission processes.

For the second model, we chose a shape that is more related to the density
structure of Be star disk, as predicted by the viscous disk model. As mentioned
above, the emission is related to disk density. We therefore decided to base our
model on the shape of the equidensity (ED) regions of the disk; that is, the
shape of the regions where the density is equal to a specified value. Once again,
we did not take into account the thermal structure, assuming therefore that we
have an isothermal disk. By keeping ρ constant, Equation (2.1) becomes an im-
plicit function of r and z:

℘ = r−n exp

[

−1

2

( vz

r1.5

)2
]

, (2.7)

where ℘ = ρ/ρ0 is the ratio of the density of the region versus the density
at base of the disk, and v is the VKep over the cs ratio. These two parameters,
along with n are the physical parameters of this model. Isolating z from Equa-
tion (2.7) gives the relationship between z and r:

z2 = −2r3

v2
ln(℘rn), (2.8)
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Figure 2.3: Cross-sectional view of the equidensity (ED) disk model for different density ratios (℘).
From the smallest shape to the biggest, the ℘ values are 10−3.0, 10−3.5, 10−4.0, and 10−4.5.

or,

z(r) = ±
√

−2r3 ln(℘rn)

v
. (2.9)

Figure 2.3 shows various ED regions for different values of ℘, using the same
disk parameters as Figure 2.1.

Equation (2.9), however, is a rather complex function, the complexity of which
increases dramatically when taking its derivative with respect to r (which, as
discussed later, is required to calculate the projected axis ratio). We therefore
decided to use a simpler function that can reproduce ED shape given by Equa-
tion (2.9). This function is described as follows:

z2 = ar2(1− br2), (2.10)

and the resulting shape is called a lemniscate, where a and b are its shape pa-
rameters. Equation (2.10) can be rewritten as a function by isolating z:

z(r) = ±r
√
a− abr2. (2.11)

In order to best reproduce the ED profile with Equation (2.10), the shape
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parameters a and b have been associated with the three physical parameters
of Equation (2.7), namely ℘, n, and v. Let’s define rmax and zmax as the max-
imum radial and vertical extent, respectively, of our shape, and rz such that
z(rz) = zmax, i.e. the radial position where the vertical extent is maximum.
The ED and lemniscate shapes are differentiated by the use of the superscripts
E and L, respectively. As seen in Figure 2.3, z = 0 at rmax. Setting z to 0 in
Equations (2.9) and (2.11), and solving for r gives a maximum radial position
for both shapes c:

rEmax = ℘−1/n, (2.12)

rLmax = b−1/2. (2.13)

Equating rEmax to rLmax gives the following expression for b:

b = ℘2/n. (2.14)

Equation 2.14 shows that the parameter b and by extension ℘ and n are the
only parameters responsible for the horizontal extent of the disk.

The maximum z extent will occur where the first derivative of z, with respect
to r, is 0. Therefore, rz can be determined by setting dz/dr = 0 and solving
for r. We note here that, as the maxima of z2 occurs at the same radial position
as z, dz2/dr = 0 was used instead to simplify the expressions. Applying this
procedure to Equations (2.8) (for the ED shape) and (2.10) (for the lemniscate
shape) yields

rEz = e−1/3℘−1/n

≈ 0.717rEmax,
(2.15)

rLz = 2−1/2b−1/2

≈ 0.707rLmax,
(2.16)

respectively. We notice that, in both cases, the ratio of rz over rmax is a con-
cMultiple solutions exists for Equation (2.11) but are rejected as only the maximum posi-

tive value is sought.
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stant value, without any dependence on the shape parameters. The fact that
these constants differ for each shape indicates that it is impossible to match
both rmax and rz at the same time. Luckily, these constants differ very little
from one another (less than 1.5%), therefore the peaks can be said to be ap-
proximately at the same position.

An expression for z2max can now be developed for both shapes by inserting
Equations (2.15) and (2.16) into Equations (2.8) and (2.10), respectively,

(

zEmax
)2

=
2

3e

n

v2P 3/n
, (2.17)

(

zLmax
)2

=
a

4b
. (2.18)

Finally, the shape parameter a can be determined by setting (zEmax)
2 = (zLmax)

2

and substituting the expression for b from Equation (2.14):

a =
8

3e

n

v2P 1/n

≈ n

v2P 1/n
.

(2.19)

Figure 2.4 shows the ED curve as defined by the viscous disk model (solid
line) and the lemniscate curve (dashed line), both using the same physical pa-
rameters (n, ℘, and v). We see that the lemniscate curve reproduces the ED
curve well at the outer edge, that is for r ≥ rz, but not so well for r < rz. This,
however, is unimportant for the purposes of this work as only the outer region is
needed to calculate the projected axis ratio, as will be demonstrated below.

To calculate the projected axis ratio, we must first determine the length of
the major and minor axes for any i. To simplify things, we will only consider
the “half-length” instead of the full length, as the disk model is assumed to be
axisymmetric. We will also only consider i values between 0◦ and 90◦, again be-
cause of the symmetry of the disk. Figure 2.5 shows a cross-section of our model
disk. The dashed lines represent the lines of sight of an observer viewing the
disk at an inclination angle i.

When projected onto the plane of the sky, from the point of view of the ob-

57



 0

 0.2

 0.4

 0.6

 0.8

 1

 0  2  4  6  8  10  12  14

z
/R

★

r/R
★

 0

 0.2

 0.4

 0.6

 0.8

 1

 0  2  4  6  8  10  12  14

z
/R

★

r/R
★

Figure 2.4: Comparison of the equidensity shapes from the density equation (solid line) and the
lemniscate equation (dashed line).

server, the extent of the major axis is equal to the dimension of the disk perpen-
dicular to the inclination plane (perpendicular to the page in Figure 2.5), which
in our case is the radius of the disk. This radius can easily be obtained from
Equation (2.10) by setting z = 0:

Lmajor = rmax = b−1/2

= ℘−1/n.
(2.20)

The extent of the minor axis is the projected dimension of the component of
the disk in the inclination plane (plane of the page in Figure 2.5). Therefore,
the dimension of the minor axis is the projection of the line segment OT (point
T being the point at which the line of sight intersects the disk tangentially) on
the plane of the sky, which corresponds to

∣

∣OL
∣

∣ in Figure 2.5. It is easy to show
that

∣

∣OL
∣

∣ can be obtained from
∣

∣OX
∣

∣ or
∣

∣OY
∣

∣ by simple trigonometry. To ob-
tain these points, we must first determine the position of point T .

As mentioned earlier, T is the point on the curve whose slope corresponds to
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Figure 2.5: Cross-sectional view of the equidensity disk model. The dashed arrows point toward
the line of sight of the observer while the dotted line represents the projected size of the minor

axis.
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the line of sight, in other words where dz(r)
dr

= cot(i). The radial and vertical
coordinates at point T will be referred to as rT and zT , respectively. Setting the
derivative of Equation (2.11) to cot(i) and solving for r gives us the rT coordi-
nate:

rT =

√

4a− cot2(i) +
√

8a cot2(i) + cot4(i)

8ab
. (2.21)

We can then obtain zT by substituting Equation (2.21) back into Equation (2.11):

zT = rT

√

a− abr2T . (2.22)

Either
∣

∣OX
∣

∣ or
∣

∣OY
∣

∣ can now be obtained from the linear equation using rT
and zT as coordinates and − cot(i) as the slope:

∣

∣OX
∣

∣ = rT + zT tan(i),
∣

∣OY
∣

∣ = rT cot(i) + zT .
(2.23)

The minor axis can now be calculated using simple trigonometry and either of
the above equations:

Lminor =
∣

∣OL
∣

∣

= rT cos(i) + zT sin(i).
(2.24)

Finally, the projected axis ratio can be calculated by taking the ratio Lminor/Lmajor:

Lminor

Lmajor
=
rT cos(i) + zT sin(i)

℘−1/n

=
rT cos(i) + zT sin(i)

b−1/2
.

(2.25)

Although this last equation appears to depend on both parameters a and b,
it in fact only depends on the former. This can easily be shown by consider-
ing that both rT and zT are proportional to b−1/2. In other words the projected
axis ratio does not depend on the actual size of the disk, leaving a as the fun-
damental shape parameter. For this model we chose to use χ, defined as the
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ratio zmax/rmax, as the shape parameter of this model. By combining Equa-
tions (2.16) and (2.18) it can easily be shown that the ratio zmax/rmax depends
only on a and that it can therefore be used as a fundamental shape parameter.
For simplicity, we shall call this parameter χ:

χ ≡ zmax

rmax

=
1

2

√
a

=
1

2v

√

n

℘1/n
.

(2.26)

The advantage of this model is that the shape used is closely related to the
viscous disk model, which as already discussed is widely accepted as the mecha-
nism responsible for disk growth and therefore dictates the shape of the density
distribution of Be disks.

2.3.3 Distribution of Shape Parameters

As discussed above, each model has a set of parameters that define the shape of
the disk. Our goal is to find which shape parameter value, or range of values,
best reproduces the observed axis ratios.

The inclination parameter i is present in both models. Assuming no pre-
ferred inclination in our population of stars, we distribute our angles using i =
cos−1(u), where u is selected from a uniform distribution such as u ∈ [0, 1], as
was done by Cranmer (2005). As we assume the disk is symmetric in both mod-
els, the range of i is limited to [0,π/2].

A β-distribution function was used to study the distribution of shape parame-
ters. This distribution was chosen because it is well defined and well constrained
within a finite interval. Its functional form is:

Ψβ(x;A,B) =
xA−1(1− x)B−1

β(A,B)
, (2.27)

where x is a continuous variable between 0 and 1, A and B are the shape pa-
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rameters and β(A,B) is the Beta function:

β(A,B) =

∫ 1

0

tA−1(1− t)B−1dt. (2.28)

The shape parameters, A and B, affect the width of the distribution and
their relative values affect the position of the peak. The greater B is compared
to A, the closer the peak will be to the lower x values, and vice-versa. The dis-
tribution will be centred if A = B. Higher values of either parameter results
in a smaller deviation (thinner distribution). The β-distribution can also be
parametrized in terms of the parameters µ and ν by using the following rela-
tions:

A = µν,

B = (1− µ)ν,
(2.29)

where 0 ≤ µ ≤ 1 and ν > 0. The parameter µ in this case represents the mean
value of the distribution. The variance of the distribution can also be expressed
as a function of these parameters:

Ψvar =
µ(1− µ)

1 + ν
. (2.30)

2.3.4 Ratio Simulations and Comparison with Observations

Sets of simulated axis ratios are generated using Monte Carlo techniques. Each
set consists of 106 simulated projected axis ratios using a specific model (Sec-
tion 2.3.2) whose shape parameters are chosen randomly for a specific distri-
bution (Section 2.3.3). The parameters of the chosen distributions are varied
systematically from set to set, allowing us to assess which distribution best re-
produces the observations.

The observed ratios were grouped into sets according to the wavelength regime
at which they were measured. The first set includes all measurements in the K-
band, which includes 18 ratio measurements of 16 distinct stars. In an attempt
to increase the amount of data points, all measurements taken in either the K-,
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H-, or N-band (from now on referred to as KHN-band) were also grouped to-
gether. The reason for this grouping is that emission in these three bands are
likely formed within similar volumes of the disk (Carciofi, 2011) and therefore
α should be similar for all three bands. Adding the observations in the H- and
N-band adds five measurements and one new star, for a total of 24 ratios for
17 stars. The third and final set consists of observations acquired over the Hα
emission line (656.3 nm). This set contains 20 measurements, which includes
seven distinct stars.

As seen in Table 2.1 of Section 2.2 some stars have multiple ratio measure-
ments and in some cases in the same wavelength regime. For this reason, a
weighted average is used to reduce each of these multiple measurements to a
single value. First, an inverse-variance weighting is applied to the measure-
ments:

w′

j =
1

σ2
j

, (2.31)

where σj is the uncertainty of the measurement. The weights for each individual
star are then normalized in such a way that their sums equal 1.

The degree of agreement between the observed and simulated projected axis
ratios is determined using the two-sample Kolmogorov-Smirnov (K-S) test. This
test compares the cumulative distribution function of our samples, both ob-
served and simulated, and determines whether the null hypothesis (i.e. that
both samples come from the same distribution) can be rejected or not. It can
also be used as a “goodness-of-fit” test to determine which distribution of simu-
lated ratios best fit the observed distribution. The K-S statistic D is defined as
the largest difference between the cumulative distribution functions (CDFs) of
the two samples being compared, F1(x) and F2(x) (see Press, 2007, for further
details):

D = sup
x

|F1(x)− F2(x)|. (2.32)

The significance level of D can be estimated by the following function:

PD ≈ QKS(λ) = 2
∞
∑

j=1

(−1)j−1e−2j2λ2

, (2.33)
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where
λ = D

(√
N + 0.12 + 0.11/

√
N
)

, (2.34)

and N is the effective number of data points, derived from the number of data
points in each sample (n1 and n2),

N =
n1n2

n1 + n2

. (2.35)

The null hypothesis can be rejected (i.e. the samples do not come from the
same distribution) if PD is below the significance level α. For this work, we used
a significance level of 10% (α = 0.1).

2.4 Results

2.4.1 Wedge Model

We first compared the observed ratios with the simulated ratios obtained using
single values of α, that is no distribution was used. Figure 2.6 shows the results
of the K-S test between the observed and simulated ratios as a function of α,
for all three observational sets; K-band (solid), KHN-band (dash), and Hα line
(dot). The grey line represents the 90% confidence limit for this test.

For the K- and KHN-band, the model best reproduces the observations when
small α values are used, that is for α of 0.15◦ and 0.32◦, respectively. After
these maxima, the probability goes down exponentially, reaching the confidence
limit at 9.21◦ for the K-band and 7.94◦ for the KHN-band. For Hα observations,
the model best matches the observations at α = 3.7◦, a value higher than the α
found for the other two sets of observations. We also have a greater range of α
within the confidence limit, which is reached at 28◦.

Although these single-α simulations give us a good idea of the opening angle
of our disks based on this simple assumed geometry, it is more probable that
the opening angle of these disks are not all the same, but rather distributed over
a certain range of angles. In order to take this into account, we repeated our
simulations with α values randomly picked following a β-distribution (see Sec-
tion 2.3.3) with different pairs of distribution parameters, µ and ν, for each set

64



 0

 0.1

 0.2

 0.3

 0.4

 0.5

 0.6

 0.7

 0.8

 0.9

 0  5  10  15  20  25  30  35  40

K
-S

 p
ro

b
a
b
ili

ty

Opening half-angle α (degree)

K-band
KHN-band

Hα line

Figure 2.6: K-S test results for simulated data with single α values for measurements in the
K-band (solid line), the KHN-band (dashed line), and the Hα line (dotted line). The grey line

represents the 90% confidence limit of the test.
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Figure 2.7: Results of the K-S comparison test between the K-band set and the β-distributed
simulation, using the wedge model, as a function of the µ and ν parameters. The dashed line

shows the contour of the 90% confidence limit.

of simulated ratios. The domain of the β-distribution, which is typically [0,1],
was extended to match the range of α. Once again, these simulated sets were
compared with the observed ratios.

Figures 2.7, 2.8, and 2.9 show results of the K-S test for the K-band, KHN-
band, and Hα sets, respectively, as a function of the beta distribution parame-
ters µ and ν. The dash line shows the contour of the 90% confidence limit.

All three figures show a similar trend. The results of the K-S test seems to
vary with µ but not, or at least not significantly, with ν. This would indicate
that the goodness of the fit depends almost entirely on the mean value of distri-
bution of α but not its variance. For both the K- and KHN-band, the highest
values of the K-S test results are located at low µ values, corresponding to β-
distributions greatly skewed toward low α values and therefore thinner disks.
For the Hα set, the best fits appear at somewhat higher µ values, which cor-
respond to a larger α (thicker disk). Interestingly, the highest K-S test results
for all three sets occur at same mean α (µ) values as the results of the previous
test; 0.15◦ for the K-band set, 0.32◦ for the KHN-band set, and 3.7◦ of the Hα
set.
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Figure 2.8: Same as Figure 2.7 except for the KHN-band set.
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Figure 2.9: Same as Figure 2.7 except for the Hα set.
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Figure 2.10: K-S test results for simulated data with single χ values distribution for measurements
in the K-band (solid line), the KHN-band (dashed line), and the Hα line (dotted line). The grey

line represents the 90% confidence limit of the test.

The difference in the distributions of α from the K- and KHN-band sets, and
the Hα set is expected. Carciofi (2011), have estimated that emission in the K-
band, as well as in the H- and N-band, are formed in a much smaller volume
of the disk near the star than the Hα emission. Moreover, as discussed in Sec-
tion 2.3.1, the viscous disk model predicts a flaring of the disk, meaning that we
expect the effective opening angle to be greater farther away from the star.

2.4.2 Equidensity Model

Like the previous model, we start by comparing the observed ratios with simu-
lated ratios obtained using single values for our shape parameters, which for this
model is χ. Figure 2.10 shows the results of the K-S test between the observed
and simulated ratios as a function of χ. Once again, the K-band, KHN-band,
and Hα line sets are represented by the solid, dashed, and dotted lines, respec-
tively, while the grey line represents the 90% confidence limit.
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Figure 2.11: Results of the K-S comparison test between the K-band set and the β-distributed
simulation, using the ED model, as a function of the µ and ν parameters. The dashed line shows

the contour of the 90% confidence limit.

For the K- and KHN-band, the best fit occurs at small values of χ, that is
0.024 and 0.037, respectively, while the best fit for the Hα set occurs for χ =
0.18, a value higher than the previous two. The range of χ including the confi-
dence limit is also smaller for the K- and KHN-band (from 0 to 0.26 and 0 to
0.28, respectively) than Hα (from 0 to 0.45). One notable feature is the small
plateaus found near the end of each curve. These features are a result of the ab-
sence, in our samples, of observed axis ratio ranging somewhere between 0.25
and 0.45 depending on the observation set, which causes the maximum devia-
tion between the observed and simulated CDFs to take similar values for a cer-
tain range of χ values.

For the next step χ was varied over a β-distribution. The results of the K-S
test using the equidensity model are presented in Figures 2.11, 2.12, and 2.13
for the K-band, KHN-band, and Hα sets, respectively, in the same fashion as
Figures 2.7, 2.8, and 2.9 in the previous section.

Similarly to the results presented in the previous section for the wedge model,
the K-S test results vary primarily with µ and are mostly independent of ν.
An exception to this can however be seen in the lower part of Figure 2.9 for
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Figure 2.12: Same as Figure 2.11 but for KHN-band set.
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Figure 2.13: Same as Figure 2.11 but for Hα set.

70



ν < 10. Once again we see that the model better fits the K- and KHN-band
observations when lower χ are used, while the Hα line observations are best fit
with a higher χ. These results, as well as the results of the single χ simulation,
agree with the results of the previous model. Assuming constant n and v values,
Equation (2.26) shows that lower χ’s corresponds to a higher density ratio (℘).
As we can see from the density structure of the viscous disk (Figure 2.3), ED
regions with lower densities extend further away from the star and appear more
”puffed up” vertically than regions of higher density. This means that these low
density ED regions have a higher effective opening angle. Therefore, according
to the equidensity model results, Hα line comes from regions with a greater ver-
tical extent, and therefore greater effective opening angles, than the KHN-band
emitting regions.

To better compare the results of both models, we expressed the results of the
ED model in terms of the effective opening half-angle, αeff. We define αeff to be
the angle between the base of the disk and the line going from the origin to the
highest vertical point. The coordinates of this point are rz and zmax, as defined
in Equations (2.16) and (2.18), respectively. The values of αeff can then be ob-
tained using simple trigonometry;

αeff = arctan

(

zmax

rz

)

. (2.36)

Furthermore, Equation (2.16) tells us that we can express rz as a function of
rmax, allowing us to rewrite Equation (2.36) in terms of χ;

αeff = arctan

(

zmax

2−1/2rmax

)

= arctan
(√

2χ
)

.

(2.37)

Using Equation (2.37) and the results for the ED model presented above, the
αeff for the K-band, KHN-band, and Hα line set are estimated ata 1.9◦, 3.0◦,
and 14◦, respectively, with a confidence interval ranging from 0◦ to 20◦ from
the K-band, 0◦ to 22◦ for the KHN-band, and 0◦ to 32◦ for Hα. As we can see
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the ED model predicts larger opening angles than the wedge model; four times
greater for Hα and up to an order of magnitude greater for the K- and KHN-
band sets.

Using the results of the ED model, the radial extent of each emitting region
can also be estimated. By combining Equations (2.20) and (2.26), we can ex-
press the radial extent (rmax) as a function of χ:

rmax =
4χ2v2

n
. (2.38)

We see that the maximum extent of any region defined by χ is dependent on
the parameter n and v, meaning rmax is also dependent of the stellar and disk
parameters as well as its rotational velocity. To compare with previous work in
the literature, we decided to adopt a value of 3.5 for n (see Section 2.3) and the
stellar parameters of a B1V star (obtained from Cox, 2000) rotating at 92% of
critical angular velocity, the same parameters used by Carciofi (2011). Using
these parameters, v is calculated to be 50.4.

For the K-band and KHN-band set, the maximum extent is estimated to be
about 2 to 4 stellar radii. This result closely matches the results of Carciofi
(2011), who found the K-band emission is contained within 6 stellar radiid. For
the Hα line set, the estimated extent is between 80 and 90 stellar radii, which
is slightly larger than the 50 to 60 stellar radii determined by Carciofi (2011).
One possible cause for these differences could be attributed to a change in the
power law n. Although the viscous disk model presented above assumes that
density structure of the disk is controlled by a constant power law of n, some
authors have suggested that n might not be constant throughout the disk, but
could vary with radius (Carciofi et al., 2008; Zorec et al., 2007). We note, for
example, that increasing the value of n will result in a smaller extent closer to
that determined by Carciofi (2011).

dSee figure 1 of Carciofi (2011).
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2.5 Discussion and conclusion

For the first time, the geometry of Be star disks were inferred from the depro-
jection of axis ratio measurements. A total of 49 ratio measurements from 20
distinct stellar sources collected from the literature were used. These ratios were
measured with interferometry in either the K-, H- or N-band, or over the Hα
emission line. These observations were compared to simulated axis ratios cal-
culated from two disk models; the wedge model, a simple model characterised
by an opening half-angle similar to the one proposed by Waters (1986), and
the equidensity model, whose shape is derived from the viscous disk model. A
Monte Carlo technique was employed to generate a large number of simulated
ratios, which were compared to the observation by applying Bayesian statistics
in order to infer which model best reproduces these observations.

For the emission regions in the KHN-band, we found that our models can
best reproduce the observations with opening half-angles of 0.15◦ to 0.32◦ (wedge
model) and 1.9◦ to 3.0◦ (equidensity model) with a confidence interval ranging
up to 9.2◦ and 22◦, respectively. Angles of 3.7◦ to 14◦ were found to best re-
produce the observation in Hα with confidence interval ranging up to 28◦ for
the wedge model and 32◦ for the equidensity model. We note that the best fit
results are in close agreement with the the opening angles of 2.5◦, 5◦, and 13◦

found by Porter (1996), Wood et al. (1997), and Hanuschik et al. (1996), respec-
tively, and are below the upper limit of 20◦ determined by Quirrenbach et al.,
1997.

Opening half-angles were also found to be systematically smaller for the KHN-
band emission region than the Hα region. This also agree with predictions, as
the viscous disk model predicts that the scale height of Be star disk increases
with distance from the star (Bjorkman, 1997). The greater opening angle for
Hα therefore suggests that its emission region extends to greater distances than
the emission region of the KHN-band, which is consistent with the findings of
Gies et al. (2007) and Carciofi (2011).

The extent of the emitting regions for a model star were also estimated, from
the results of the ED model, and compared with the results of Carciofi (2011).
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The extent of the KHN-band regions were found to be constrained to a small
area close to the star, within 2 to 4 stellar radii. The Hα emitting region on the
other hand was found to have a much greater area, ranging from 80 to 95 stellar
radii. Again, these results agree well with the findings of Carciofi (2011), who
estimated the emitting regions of the K-band and Hα line to be ∼5 to 6 and
∼50 to 60 stellar radii, respectively.

In this study, a standard distribution of inclination angles (as described in
Section 2.3.3) was assumed, without accounting for observational limitations.
Due to the limits in resolution power of interferometric measurements, the mi-
nor axis of stars seen at high inclination angles (close to equator-on) are less
likely to be resolved. This implies that stars with small axis ratios (seen at high
inclination) are expected to be under-represented compared to other stars in
the sample and that the number of high-inclination stars, and consequently the
number of small ratios, in our simulations may be systematically overestimated.

Our results could also be affected by the visibility models applied to the in-
terferometric observations. As mentioned in Section 2.2, theoretical models of
the visibility of Be star/disk systems are applied to observations in order to ob-
tain axis ratios. This means that assumptions have already been made on the
general shape of the disk and therefore, the results of this study depend on the
interferometric models used.

Finally we note that our models do not take into account the optical thick-
ness of the disk and its effects on the projected axis ratios. Since photons emit-
ted at different locations in the disk have to go through different amounts of
material before escaping, light coming from the same equidensity region may
not have the same intensity once it reaches us. This could have an effect on our
results. To test the significance of this effect, we calculated the optical depth
of a disk based on simple isothermal models. For inclinations of 70◦ or lower,
we found that the ratios calculated with optical depth effects differed by no
more then 0.02 from the ratios calculated by ignoring optical depth effects, a
difference smaller than the uncertainty of the majority of the observations (see
Table 2.1). The effect is more significant for the equator-on case, where we
found differences of up to 0.1 between ratios calculated with and without op-
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tical depths. Although this difference is larger than seen for lower inclinations,
it is still within the order of magnitude of most of the uncertainties in the ob-
served axis ratios.

In conclusion, we found that the results of our deprojections are consistent
with the current understanding of Be star disks. The opening angles were found
to be small, supporting the findings of Porter (1996), Wood et al. (1997), and
Hanuschik et al. (1996). We were also able to confirm that Hα line emission is
formed in a much larger volume of the disk than emission from the KHN-band,
as predicted by Carciofi (2011). We can therefore conclude that the deprojection
method presented in this work can be a very useful tool to obtain information
about the size and geometry of Be star disk based on measured axis ratios.
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3
Be Disks in Misaligned Binary Systems

3.1 Introduction

The B-emission or Be stars are predominantly characterized by emission
in the Balmer lines and have been studied since they were first detected by Sec-
chi (1867). In addition to the emission in the hydrogen lines, emission is often
observed in singly or doubly ionized metals and is a direct result of radiative re-
combination in a disk-like distribution of gas. Other defining features include
continuum excess in the infrared and visible, linear polarization and variability
over a significant range in period. These features originate in a geometrically
thin disk of material ejected from the rapidly rotating central star. During the
time since Secchi’s discovery, our understanding of these star/disk systems has
steadily improved but there are a significant number of remaining puzzles. The
current status of Be-star research has been recently reviewed by Rivinius et al.
(2013).

In a pioneering paper, Shakura et al. (1973) investigated the transfer of an-
gular momentum in disks surrounding black holes and in doing so established
a framework for future studies of hydrodynamic disks. The review paper by
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Pringle (1981) summarises the major properties of accretion disks including de-
tailed discussion about the role of viscosity and emission processes. Since that
time there have been a multitude of investigations that adopt and apply ac-
cretion theory to model astrophysical disks that surround a variety of different
types of objects.

The same prescription originally developed for viscous accretion disks can be
applied to study Be star disks except, in this case, the material is outward flow-
ing. The viscous decretion disk (VDD) scenario for Be stars, originally adopted
by Lee et al. (1991) assumes that angular momentum is transferred from the
star to the disk via an unknown mechanism. His work was followed up by Okazaki
(2001) who found that the outflow in the inner disk is subsonic and rotating in
a Keplerian fashion, consistent with current findings about Be stars. The viscos-
ity parameter is given by the usual αSS viscosity parameter and for Be stars is
usually assumed to be in the range of 0.1 to 1 (see Lee et al., 1991). The VDD
has been the focus of an increasing number of studies. For example, Martin et
al. (2011) studied warping and precession of Be star disks and find that in non-
coplanar binary systems the disk can become distorted and warped. Fu et al.
(2015) studied oscillations, in particular the Kozai-Lidov mechanism, in hydro-
dynamic disks in binary systems by considering the effect of disk pressure and
viscosity. They find that given sufficient time the disk becomes co-planar with
the binary companion. Lubow et al. (2015) find that in misaligned systems the
disk can be more extended in radial distance than a disk in a co-planar system.
Despite the fact the focus of Fu et al. (2015) and Lubow et al. (2015) studies
are about accretion disks, their work can help provide insight to the results pre-
sented in this investigation.

For the case of an isolated Be star, the central star supplies matter and angu-
lar momentum to the disk and is the primary energy input to the disk through
its radiation field. The stellar wind potentially could ablate the disk material
or help to constrain material to the equatorial regions especially in the inner
parts of the disk (Okazaki, 2012). However, in a binary system the situation is
more complex. In addition to tidally truncating the disk, the companion inter-
acts with the disk through resonant torques which could cause the disk to warp
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and/or precess (Kee et al., 2016; Okazaki, 2012) and these effects may compli-
cate the density structure for the case of both aligned and misaligned disks.

The innermost disk is dominated by viscous torques so that isolated and bi-
nary systems may be similar in the inner regions (Okazaki, 2012). However, as
explained by Okazaki et al. (2002), with increasing radial distance the resonant
torques due to the binary companion begin to play a bigger role. Okazaki et al.
(2002) studied the gravitational effects of close companions on the structure of
the disks in Be/X-ray binary systems and found that the disk was truncated, at
a certain point, called the truncation radius, by the companion. This was first
suggested by Reig et al. (1997) who studied Be/X-ray systems and found a re-
lationship between the size of the Hα emitting region and the size of the disk,
demonstrating that the companion, in their case a neutron star, halted the flow
of material and effectively truncated the disk. In a study of Be disks in coplanar
binary systems, Panoglou et al. (2016) found that the position of the truncation
radius depends on the parameters of both the disk (kinematic viscosity) and the
binary (orbital period, mass ratio, eccentricity).

Just inside the truncation radius, it was found that the disk density decreases
at a slightly slower rate with increasing distance from the star than what is ob-
served in disks around isolated Be stars (Okazaki et al., 2002; Panoglou et al.,
2016). As a result, the radial density distribution is flatter in binary systems
and consequently disks in binary systems may be denser, and therefore more
massive, than those in isolated systems. This phenomenon was called the “ac-
cumulation effect”. Panoglou et al. (2016) found these effect to be stronger the
smaller the viscosity and the orbital period and larger the mass ratio. Outside
the truncation radius (i.e. the outermost portions of the disk), however, the
density falls off at a substantially increasing rate. They, as well as Okazaki et
al. (2002), also observed that αSS had an effect on the rate of the density fall-
off in the outer part of the disk, with high viscosity disks having slower drop-off
rates than low viscosity disks (see figure 11 of Panoglou et al., 2016).

In addition to these changes in density, Okazaki et al. (2002) found that the
surface density of the disk revealed the development of a two-armed spiral den-
sity wave at periastron (figures 10 and 11 of Okazaki et al., 2002) with one arm
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preceding the companion and the other located on the opposite side of the disk.
Similar spiral waves were also observed by Panoglou et al. (2016).

In this study we use a numerical hydrodynamics code to expand on the works
of Okazaki et al. (2002) and Panoglou et al. (2016) by investigating how these
system evolve when the plane of the disk and binary are misaligned. Our goal
is to understand how this misalignment, as well as various disk and orbital pa-
rameters, affect the density structure and dynamics of the disk. While much of
the recent work in the literature is focused on X-ray and γ-ray Be binary sys-
tems, in this study we investigate, in a systematic fashion, the effect of a low
mass, main sequence binary companion on Be star disks for misaligned orbits
over a range of αSS and orbital period. The organization is as follows: Section 2
describes our methodology, results are presented in Section 3, and a discussion
and summary is provided in Section 4.

3.2 Methodology

3.2.1 Disk modelling

In order to study the hydrodynamical effects of a misaligned companion on the
structure and dynamics of the disk, a three-dimensional (3D) smoothed particle
hydrodynamics (SPH) code was used. This type of code solves the fluid equa-
tions by dividing the fluid into discrete elements called particles. The properties
of each particle are smoothed over a finite spacial distance (smoothing length)
using a kernel function in order to simulate a continuous fluid. The SPH code
used in this work is based on the code developed by Benz (1990) and Benz et al.
(1990). It was later modified by Bate (1995) to include a second-order Runge-
Kutta-Fehlberg integrator which uses individual time steps for each of the par-
ticles in order to decrease computational time. This code was later refined by
Okazaki et al. (2002) for use in simulations of Be-binary systems.

The disk systems constructed and followed in this work are binary systems
where the primary is a Be star and the secondary is a low mass main sequence
star assumed to be in a circular orbit. Each simulation starts as a disk-less sys-
tem at the beginning of its disk building phase. The injection of mass into the
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disk is accomplished by placing a prescribed number of particles at the injection
radius, rinj = 1.04R⋆, where R⋆ is the radius of the primary star. These mass
injection events occur periodically and frequently during the simulation with the
same number of particles (Npart) are created each time. The initial velocity of
each particle is set to be Keplerian without any radial momentum. All particles
were given the same mass, which remained constant throughout the simulations.
These masses, mpart, are calculated based on the mass injection rate (Ṁinj) of
the system and the number of particles (Npart) created during each mass in-
jection event, both of which are constant throughout the simulations. For this
work these values were set to Ṁinj = 10−8 M⊙/yr and Npart = 6000, resulting in
mpart ≈ 4× 10−15 M⊙.

Once injected into the disk, particles interact with each other through vis-
cosity which transfers angular momentum throughout the disk. Most particles
eventually fall back onto the star while the remainder move outward, carry-
ing angular momentum with them away from the central star. The Shakura-
Sunyaev viscosity αSS-prescription (Shakura et al., 1973) is used to define the
viscosity of the system. Details about the implementation of the viscosity into
the SPH code can be found in Okazaki et al. (2002). The disk is assumed to be
isothermal, therefore the gas particles are all set to the same temperature. The
disk temperature (Tdisk) was set to 60% of the effective temperature of the star,
which has been found to be a good approximation for the temperature structure
of the disk (Carciofi et al., 2006; Millar et al., 1998).

The stars are modelled using sink particles delimited by an accretion radius
inside which any particle is assumed to have accreted onto the star and is there-
fore removed from the simulation. The accretion radius of the primary (Be star)
is equal to the radius of the star, which in this work was set to 3.67 R⊙, typi-
cal of a main-sequence B5 star. The accretion radius for the secondary is deter-
mined using the Eggleton approximation of the Roche lobe RL.

RL =
0.49q2/3

0.6q2/3 + ln(1 + q1/3)
a, (3.1)

where q is the mass ratio of the stars (q = Msec/Mprim < 1) and a is the
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separation distance between them. Note that a changes over time for eccen-
tric systems, however since we focus on circular orbits in this work RL remains
fixed throughout each simulation. The masses, radii, and effective tempera-
tures of the stars were based on the parameters of the Pleione binary system
(Harmanec, 1988; Hirata, 2007; Nemravová et al., 2010) and can be found in
Table 3.1.

In order to investigate the effect of the companion on the disk, we varied
three parameters: the misalignment angle θ, defined as the angle between the
stellar equator of the primary and the plane of the binary orbit, the viscosity
parameter, αSS, and the orbital period of the binary. Simulations were run for
four misalignment angles (θ = 0◦, 30◦, 45◦, 60◦), three values of viscosity (αSS

= 0.1, 0.5, 1.0), and for binary systems with short (30 days) and long (60 days)
orbital periods, corresponding to a semi-major axis of 59.9 R⊙ and 95.1 R⊙, re-
spectively.

Similarly to Panoglou et al. (2016), we define p as the orbital phase of the
secondary during a single orbit, with 0 ≤ p < 1. We examine four orbital
phases, p = 0.00, 0.25, 0.50, and 0.75. Figure 3.1 shows a graphical depiction
of this notation scheme. Here the x − y plane is defined as the plane of the stel-
lar equator with the z axis pointing out of the figure. The Be star is represented
by the gray circle at the center of the figure while the solid black line shows the
path of the secondary*. For each position of the secondary (black circles) we
have indicated the corresponding orbital phase p and whether the secondary
is above (z > 0), below (z < 0), or in (z = 0) the plane of the disk. Note
that in the aligned case (θ = 0) the path of the secondary is circular and the
secondary stays in the plane of the disk at all times. A cylindrical coordinate
system (r,φ,z) is used when describing specific locations or cross-sections inside
the disk, with the origin defined at the primary and the (r,φ,0)-plane defined as
the plane of the stellar equator. The angle φ is defined from the positive x-axis
moving counter-clockwise. The dashed lines in Figure 3.1 show the directions of
the azimuthal angles φ = 0◦, 90◦, 180◦, and 270◦.

*Note that this is the orbital path projected onto the plane of the disk, explaining why the
orbit appears elliptical.
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φ = 0°

φ = 90°

φ = 180°

φ = 270°

p = 0.0
z = 0

p = 0.25
z < 0

p = 0.5
z = 0

p = 0.75
z > 0 x

y

z

Figure 3.1: Graphical representation of a misaligned system from a top-down view perpendicular to
the plane of the disk. The gray circle represents the Be star (primary) while the smaller black

circles show the positions of the secondary at various orbital phases, p, along a projection of its
orbital path (solid line). Also shown is whether the secondary is above (z > 0), below (z < 0), or

in (z = 0) the plane of the disk. The dashed lines show the direction of the four principal
azimuthal angles φ in relation to the phases of the secondary. The axes are defined such that the

x-axis points to the right, the y-axis upward, and the z-axis points out of the page, as indicated at
the bottom right of the Figure.
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Table 3.1: Adopted parameters of the binary system.

Parameters Values

Mass of primary 2.9 M⊙

Radius of primary 3.67 R⊙

Effective temperature 12000 K
Mass of secondary 0.31 M⊙

Radius of secondary 0.38 R⊙

Eccentricity 0
Mass injection rate 10−8 M⊙/yr
Particles mass 4×10−15M⊙

3.3 Results

3.3.1 Average Surface Density

It is informative to calculate some of the average features of the disk prior to
investigating localized changes or perturbations. We start with an investigation
of the average disk density. This is accomplished by transferring the particles
to a cylindrical grid centred at the primary. The density is then integrated ver-
tically to obtain the azimuthally averaged surface density (⟨Σ(r)⟩ϕ). This same
procedure was adopted by Panoglou et al. (2016).

One important aspect we first consider is whether our simulations are suffi-
ciently developed so that the only major variations are those caused by the mo-
tion of the secondary. As Haubois et al. (2012) showed,using the one-dimensional
time-dependent hydrodynamic code singlebe (Okazaki, 2007; Okazaki et al.,
2002), disks around isolated Be stars will continue to grow as long as there is
a continuous and constant injection of mass and angular momentum from the
star, meaning they will never reach a state of perfect equilibrium. However
we also know that the growth of the disk, although fast in the beginning of its
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building phase, slows dramatically as the disk expands outward (Haubois et al.,
2012). The disks should therefore reach a quasi-steady state (QSS), where the
disk growth become insignificantly small within the span of one orbital period.
It is also important to note that, since Be star disks are built from the inside
out, the inner parts reaches QSS much faster than the outer parts. See section
2.1 of Panoglou et al. (2016) for a more in depth discussion.

Figures 3.2(a) through (f) show log-log plots of the temporal evolution of the
azimuthally averaged surface density, ⟨Σ(r)⟩ϕ, at various times during the disk
building phase (see legend). The leftmost and rightmost panels show the results
for short and long period systems, respectively, with each row, from top to bot-
tom, for αSS of 0.1, 0.5, and 1.0, respectively. Each simulation was run up to 50
orbital periods (Porb). Note that only the aligned systems (θ = 0) are shown in
Figure 3.2, however we have found the QSS time is virtually the same for the
corresponding misaligned cases.

We see that all simulations have reached QSS by 50 Porb, although some reach
it faster than others. We notice that higher viscosity disks reach their QSS much
faster than lower viscosity disks. This result is similar to the temporal evolution
of the surface density profile found by Panoglou et al. (2016) for aligned sys-
tems and by Haubois et al. (2012) for isolated Be stars; both found that disks
with higher viscosity reach their steady-state faster than those with low viscos-
ity. The number of active particles for the short period systems after 50 Porb is
presented in Table 3.2.

Figures 3.3(a) through (f) show ⟨Σ(r)⟩ϕ after 50 full orbital periods. We see
that the ⟨Σp(r)⟩ϕ profiles in each case are similar in shape as those found in
Okazaki et al. (2002) in his study of Be/X-ray binaries, with shallower slopes
in the inner part of the disk and steeper slops in the outer parts. As Okazaki et
al. (2002) explains this drop in surface density, or truncation, is due to the tidal
forces generated by the secondary as it orbits the primary. Furthermore, similar
to the findings of Okazaki et al. (2002), we notice that surface density profiles
of the outer part of the disk become shallower with increasing αSS. This can be
attributed to the fact that high viscosity disks have a faster recovery time than
low viscosity disks, since viscosity is the primary means with which angular mo-
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Figure 3.2: Temporal evolution of the azimuthally averaged surface density, ⟨Σ(r)⟩ϕ, as a function
of radius for the short (left column) and long (right column) orbital period systems, and for αSS

values of 0.1 (top row), 0.5 (middle row), and 1.0 (bottom row).
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Table 3.2: Approximate number of active particles after 50 Porb for short period
(30 day) systems.

Viscosity Misalignment Number of active
parameter angle particles

0◦ 100,000
αSS = 0.1 30◦ 79,000

45◦ 75,000
60◦ 18,000
0◦ 37,000

αSS = 0.5 30◦ 36,000
45◦ 37,000
60◦ 39,000
0◦ 25,000

αSS = 1.0 30◦ 25,000
45◦ 25,000
60◦ 26,000
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mentum in the disk is transported away from the star.
Now we move onto a systematic investigation of the changes in the disk over

the range in parameters described previously. The misalignment angle also af-
fects the surface density profile of the disk as seen in Figure 3.3. In all six pan-
els we see that the greater the misalignment angle, the denser the outermost
part of the disk. Conversely, the density in the inner parts appears to be mostly
unaffected by the misaligned companion. In order to better investigate this,
three properties of these profiles were examined, the truncation radius and the
fall-off rate of the surface density in the inner and outer parts of the disk. The
inner and outer parts are defined with respect to the truncation radius, the in-
ner disk being the region inside the truncation radius and the outer part ex-
terior to it. For this analysis the azimuthally averaged surface density profiles
were fitted using the same function adopted by Okazaki et al. (2002);

⟨Σ(r)⟩ϕ ∝ (r/Rt)
−m

1 + (r/Rt)n−m
, (3.2)

where Rt is the truncation radius, m is the power-law exponent of the inner
disk, and n is the power-law exponent of the outer disk. Hereafter we will refer
to m and n as the inner and outer exponent, respectively.

Figure 3.4 shows the temporal evolution of the surface density fall-off rate,
m, in the inner parts of the disk. We see that the fall-off rate is initially high in
most cases, but rapidly decreases until a steady-state value is reached. The esti-
mated steady-state values for m, obtained by an exponential fit, can be found in
Tables 3.3 and 3.4 for the short and long period systems, respectively.

However, where Haubois et al. (2012) found that the power law for isolated
Be-stars tended toward m = 2, we found, in almost all cases, that the power law
tended toward values of m ≤ 2, which indicates the inner part is denser than
a typical disk in an isolated Be star system. The same accumulation effect was
also observed by Panoglou et al. (2016) for aligned systems. As we see from Fig-
ure 3.4 as well as Tables 3.3 and 3.4, the accumulation effect is stronger, over-
all, in aligned systems compared to misaligned systems, with little variation in
the latter. We notice that the difference in accumulation between the aligned
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Figure 3.3: Azimuthally averaged surface density, ⟨Σ(r)⟩ϕ for the short (left column) and long
(right column) orbital period systems, and for αSS values of 0.1 (top row), 0.5 (middle row), and

1.0 (bottom row). The results shown were taken 50 Porb after the start of the disk building phase.
Each line represents a different misalignment angle, as indicated in the legend.
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and misaligned systems increases substantially with viscosity. We also see that
both the viscosity coefficient and orbital period have effects on the steady-state
value of m. These dependences are in agreement with the results obtained by
Panoglou et al. (2016). The only system where this effect is absent is in the
system with both high viscosity and long orbital period (panel f). Here we see
that m tends toward values equal or greater than 2. This indicates that the sec-
ondary is distant and viscosity is large enough that the torque is too weak to
affect the density distribution in the inner disk, which then behaves like an iso-
lated Be disk.

Figure 3.5 shows the temporal evolution of the surface density fall-off rate,
n, in the outer parts of the disk. We see here that the slope n reaches a steady
state value more quickly than m. However it is important to note that although
the outer density slope reaches QSS faster, the density scale still requires a longer
time to reach QSS compared to the inner disk. The estimated steady-state val-
ues for n are also presented in Tables 3.3 and 3.4. As seen in Figures 3.3 and
3.5 the fall-off rate in the outer disk is dependent on the misalignment angle, i.e.
slower fall-off rates for highly misaligned systems.

The results for the truncation radius, obtained from Equation 3.2, are shown
in Figure 3.6 with the steady-state values in Tables 3.3 and 3.4. The panel lay-
out is the same as Figures 3.3 and 3.5. We see that the steady-state values of
the truncation radius tends to be closer to the star for low misalignment angles
and move farther out as the misalignment angle increases. We also notice that
the truncation radius is farther away from the star in systems with higher disk
viscosity and longer orbital periods. This is similar to the findings of Panoglou
et al. (2016) for aligned systems.

The relationship between Rt, m, and n with regards to viscosity, orbital pe-
riod, and misalignment angle is relatively intuitive. As mentioned earlier, vis-
cosity determines how fast the disk can grow and recover between each interac-
tion with the secondary. We therefore expect high viscosity disks to have more
time to relax back to their unperturbed state than less viscous ones, reducing
the impact of the accumulation effect (higher m) and allowing more material
to flow into the outer disk (lower n and higher Rt). A longer orbital period also
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Table 3.3: Steady-state values for the short period (30 day) systems.

Viscosity Misalignment Inner slope Outer slope Truncation radius
parameter [αSS] angle [θ] [m] [n] [Rt] (stellar radii)

0.1

0◦ 1.49 7.78 6.91
30◦ 1.58 6.60 6.97
45◦ 1.67 5.42 7.00
60◦ 1.65 4.97 7.72

0.5

0◦ 1.92 5.48 8.03
30◦ 1.99 3.95 8.41
45◦ 1.99 3.43 9.27
60◦ 2 3.81 10.9

1.0

0◦ 1.93 3.31 7.68
30◦ 2.06 2.47 8.62
45◦ 2.06 2.22 10.1
60◦ 2.06 3.17 12.3

means that the outer disk has more time the rebuild itself between passages,
and since the secondary is radially farther away from the disk, it has a smaller
impact on the truncation of the disk. Similarly, increasing the misalignment an-
gle also increases the vertical distance between the disk and the secondary when
the latter is at its maximum elevation. This increased separation weakens the
tidal torque on the disk resulting in a weaker truncation.

3.3.2 Disk Warping

In order to study the warping of the disk, we consider the vertical displacement
of the disk above and below the equatorial plane along various radial directions.
To accomplish this, we first determine the position of the centre of mass along
the vertical axis (zCoM) along the r-axis for various values of φ (dashed lines in
Figure 3.1), using the following equation:
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Figure 3.4: Temporal evolution of the slope of the inner disk, obtained from Equation 3.2 for the
short (left column) and long (right column) orbital period systems, and for αSS values of 0.1 (top

row), 0.5 (middle row), and 1.0 (bottom row).
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(f) 60 day period, αSS = 1.0

Figure 3.5: Same as Figure 3.4 for the slope of the outer disk obtained from Equation 3.2.
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Figure 3.6: Same as Figure 3.4 for the truncation radius obtained from Equation 3.2.
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Table 3.4: Steady-state values for the short period (60 day) systems.

Viscosity Misalignment Inner slope Outer slope Truncation radius
parameter [αSS] angle [θ] [m] [n] [Rt] (stellar radii)

0.1

0◦ 1.61 5.23 10.34
30◦ 1.8 4.41 10.81
45◦ 1.81 3.96 11.34
60◦ 1.78 3.55 10.69

0.5

0◦ 1.95 3.32 12.25
30◦ 1.95 2.75 12.32
45◦ 1.96 2.54 12.89
60◦ 2.01 0.22 13.37

1.0

0◦ 2.08 2.27 13.30
30◦ 2.09 2.01 13.34
45◦ 2.12 1.81 13.84
60◦ 2.11 1.55 14.23
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zCoM(r, φ) =

∑

k ρk(r, φ)zk
∑

k ρk(r, φ)
, (3.3)

where ρk(r, φ) and zk are the density and corresponding vertical position of a
column density located at (r, φ). Next we convert the vertical position zCoM into
an warping angle γ by trigonometry:

γ(r, φ) = arctan
zCoM(r, φ)

r
. (3.4)

Figures 3.7 through 3.9 show how the warping angle of the disk as a func-
tion of radius varies along azimuthal angles (φ = 0◦, 90◦, 180◦, 270◦) at various
phases of an orbit (p = 0.0, 0.25, 0.5, 0.75) for misaligned systems. The warping
angle of the aligned model is not shown as it zero everywhere in the disk, as ex-
pected. The location of the average truncation radius, as found in Table 3.3, is
indicated by the dashed line. The caption under each panel of Figures 3.7 to 3.9
indicates the phase p and the vertical position of the disk relative to the plane
of the disk (see Figure 3.1).

As expected we see clear evidence of vertical displacement in the disks as well
as other interesting features. First we notice a mirroring effect that seems to
happen every half period, when the secondary goes from one side of the pri-
mary to the other. Comparing panels together, we see that features present at
a particular phase p in a certain direction φ will also be present at a phase of
p ± 0.5 and in the direction of φ ± 180◦ but on the other side the plane of the
disk (above to below and vice versa). This is to be expected due to the symmet-
rical nature of the system.

Secondly we see that the vertical displacements are not larger in the direc-
tions of the maximum elevation, i.e when the secondary passes the farthest
above and below the disk (φ = 90◦ and 270◦); we see instead much larger de-
viations in the directions of the line of nodes, i.e. where the orbit intersects
with the equatorial plane (φ = 0◦ and 180◦). However we do see an increase in
warping along the φ = 90◦ and φ = 270◦ directions when the secondary is at
its lower (p = 0.25) and highest (p = 0.27) elevation, respectively. Furthermore
this increase occurs just past the truncation radius for all misalignment angles.
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(c) p = 0.5, z = 0.0
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Figure 3.7: Warping angle of the disk as a function of radius in the short period system with
αSS = 0.5 and a misalignment angle of 30◦. The lines represent a different direction along the
azimuthal angle φ; 0◦ (red), 90◦ (orange), 180◦ (green), 270◦ (blue). Each panel shows the
system at a different phase, p, over one orbital period from 49 Porb to 50 Porb; p = 0.0 (a),
p = 0.25 (b), p = 0.5 (c), p = 0.75 (d). The dashed line shows the average position of the

truncation as shown in Table 3.3.
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(b) p = 0.25, z < 0.0
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(c) p = 0.5, z = 0.0
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(d) p = 0.75, z > 0.0

Figure 3.8: Same as Figure 3.7 but for a misalignment angle of 45◦.
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(c) p = 0.5, z = 0.0
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Figure 3.9: Same as Figure 3.7 but for a misalignment angle of 60◦.
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Thirdly, we notice that the amount of warping varies with misalignment an-
gle in both the direction of the line of nodes and of maximum elevation. In the
former, we see that the warping becomes more significant as the misalignment
angle increases from 30◦ to 45◦, but then decreases slightly when increased to
60◦. As for the latter, the warping steadily decreases as the misalignment in-
creases. We also notice that at 60◦ the inner disk warps upward along the φ =
90◦ line (yellow) and downward along the φ = 90◦ line (blue). As the secondary
moves to greater distances above or below the equatorial plane, the increased
separation between the secondary at its highest position counters the warping
effects do to the weakening tidal torque in the vertical direction.

Figure 3.10 compares the temporal evolution over one period of the warping
of the disk for different viscosity; αSS = 0.1 (left panels), αSS = 0.5 (center pan-
els), and αSS = 1.0 (right panels), and for a misalignment angle of 45◦. Note
that the center panels are the same as those presented in Figure 3.8. We see
that the mirroring effect is still present for disks with higher and lower viscosi-
ties. The only exception, however, is visible in panel (j), where a sharp change
in the warping toward φ = 180◦ (green line) is evident which is not mirrored in
panel (d) for φ = 0◦ (red line). However we should keep in mind that low vis-
cosity disks have a sharper drop in density in the outer region where this break
in symmetry occurs. This could have affected the results of our analysis for this
specific simulation. We also notice that the warping is weaker for the low viscos-
ity disks but with little variation between αSS = 0.5 and 1.0. This could be due
to the fact that low viscosity disks have a much smaller truncation radius than
high viscosity disks, which would dampen the warping of the inner disk.

3.3.3 Scale Height

The scale height (or effective thickness) of the disk is an important quantity
sometimes assumed or estimated for modelling disks. Variations in scale heights
can have a significant effect on the density structure and the temperature dis-
tribution of the disk, which, in turn, will have an effect on the estimation of ob-
servables such as emission line profiles and IR continuum levels (Carciofi et al.,
2008). Therefore we investigate the disk scale height in this work. The standard
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(b) p = 0.0, αSS = 0.5
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(c) p = 0.0, αSS = 1.0
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(d) p = 0.25, αSS = 0.1

-20

-10

 0

 10

 20

 30

 40

 2  4  6  8  10  12  14

W
a
rp

in
g
 a

n
g
le

 (
d
e
g
re

e
s
)

Radial distance (stellar radii)

0°
90°

180°
270°

(e) p = 0.25, αSS = 0.5
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(f) p = 0.25, αSS = 1.0

-20

-10

 0

 10

 20

 30

 40

 2  4  6  8  10  12  14

W
a
rp

in
g
 a

n
g
le

 (
d
e
g
re

e
s
)

Radial distance (stellar radii)

0°
90°

180°
270°

(g) p = 0.5, αSS = 0.1
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(h) p = 0.5, αSS = 0.5

-20

-10

 0

 10

 20

 30

 40

 2  4  6  8  10  12  14

W
a
rp

in
g
 a

n
g
le

 (
d
e
g
re

e
s
)

Radial distance (stellar radii)

0°
90°

180°
270°

(i) p = 0.5, αSS = 1.0
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(j) p = 0.75, αSS = 0.1
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(k) p = 0.75, αSS = 0.5
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(l) p = 0.75, αSS = 1.0

Figure 3.10: Warping angle of the disk as a function of radius for short period systems with
misalignment angle of 45◦ viewed at different phases, p, and viscosities, αSS. From top to bottom,
p = 0.0, 0.25, 0.5, and 0.75 (from 49 Porb to 50 Porb) and from left to right αSS = 0.1, 0.5, and

1.0. The dashed line shows the average position of the truncation as shown in Table 3.3.
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equation for the scale height of an isolated Be star is;

H(r) = cs/Ω(r), (3.5)

where Ω is the Keplerian angular velocity at a distance r from the star. This re-
lationship is obtained by assuming that the disk is in vertical hydrostatic equi-
librium. A derivation of this equation can be found in Carciofi et al. (2008).
Equation 3.5 assumes the presence of a single source of gravitational potential,
the Be star. It is therefore important to determine whether or not Equation 3.5
is appropriate to estimate the scale height in Be binary systems that are aligned
and misaligned.

In order to extract the scale height throughout the disk, we computed the
vertical density structure of the gas at various points in the disk. The vertical
density structure of the disk can be described using a Gaussian function;

ρ(z) ∝ e−z2/2H2

, (3.6)

where H is the scale height of the disk (Carciofi et al., 2008). Equation 3.6,
however, assumes a Gaussian centred at z = 0, which is a good assumption
for isolated Be star systems or aligned systems but not for misaligned systems
where we have a warped disk. We therefore modified Equation 3.6 to include a
second fitting parameter, λ, which represents how shifted the Gaussian is in z:

ρ(z) ∝ e−(z−λ)2/2H2

. (3.7)

Figure 3.11 shows the ratio between the scale height obtained through simula-
tions (Hsim) and the theoretical scale height (Hth) computed from Equation 3.5,
for short period systems, αSS = 0.5, and with misalignment angles of (a) 0◦, (b)
30◦, (c) 45◦, and (d) 60◦.

We see that our simulated disks have scale heights which are around twice
as large as what is expected from Equation 3.5 for both aligned and misaligned
systems. Furthermore we see bigger deviations between our simulations and the
theory in the outer disk. Interestingly these deviations are more pronounced
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for higher misalignment angles and appear in the shape of a double spiral arm,
very similar to the shape density waves typically seen in aligned Be-binary sys-
tems†. This might indicate that Equation 3.5 does not adequately describe the
scale height in these types of systems, but it is also possible that the smooth-
ing length adopted by the code may not have been small enough, resulting in
inaccurate scale height calculations.

3.4 Discussion and Conclusion

In this investigation we use numerical simulations to study the behaviour of Be
star disks in aligned and misaligned binary systems. Simulations were obtained
using a smoothed-particle hydrodynamics (SPH) code following previous meth-
ods developed and described in the literature (Benz, 1990; Benz et al., 1990;
Okazaki et al., 2002). In our simulations, we varied the degree of misalignment
between the plane of the orbit and the plane of the disk, the viscosity parame-
ter, αSS, and the orbital period of the system, Porb.

First we studied the azimuthally averaged surface density, ⟨Σ(r)⟩ϕ, by in-
vestigating the density fall-off rate in the inner and outer parts of the disk (m
and n respectively), and the truncation radius (Rt). We find, as reported by
Panoglou et al. (2016) for coplanar orbits,that material tends to build up in the
innermost part of the disk, called the accumulation effect, for our misaligned
systems with the density fall-off values of m reaching values below 2 for most
systems. Furthermore we find that the degree of misalignment does have an ef-
fect on the magnitude of the accumulation, with a greater accumulation (lower
m) in aligned systems and with less accumulation in misaligned systems. This
difference between aligned and misaligned systems is found to also increase with
viscosity. Only for disks with the highest viscosity (αSS = 1.0) and the longest
orbital period (Porb = 60 days) do we find little evidence of accumulation. As
reported by Panoglou et al. (2016), both αSS and Porb also have an influence on
the accumulation found in the inner disk. Similarly we find that Rt also has a
dependence on the misalignment angle. disks in aligned systems are found to be

†See figure 4 of Panoglou et al. (2016) and figures 10 and 11 of Okazaki et al. (2002).
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(d) Misalignment angle = 60◦

Figure 3.11: Ratio between the scale height obtained from simulations (Hsim) and theoretical scale
height (Hth) computed from Equation 3.5 for short period systems with αSS = 0.5 and

misalignment angles of (a) 0◦, (b) 30◦, (c) 45◦, (d) 60◦. The disk is truncated at 12 stellar radii
in this Figure.
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truncated closer to the star compared to disks in misaligned systems, with the
truncation farther from the primary as the misalignment increases. This is in
agreement with the findings Lubow et al. (2015) that disks in misaligned sys-
tems have a greater radial extent than their counterparts in aligned systems.
We also find that αSS and Porb have similar effects on the truncation, that is,
the truncation is farther from the primary as both αSS and Porb increase. This is
also in agreement with the results of Panoglou et al. (2016). Finally, n is found
to vary with the misalignment of the system as well. Larger misalignment an-
gles result in denser outer disks, i.e. smaller n.

We also studied the warping of the disk by computing the centre of mass
throughout the disk with respect to the plane of the stellar equator. We find
the warping to be symmetric over 0.5 Porb, mirroring the symmetry in the path
of the secondary. We also find that the disk warps less in the directions where
the secondary passes the farthest above or below the disk (φ = 90◦ and 270◦,
Figure 3.1) compared to the directions where the secondary passes in the plane
of the disk ((φ = 0◦ and 180◦, Figure 3.1). Finally we find that the amplitude of
the warping depends on both the misalignment of the system and the viscosity
of the disk. The disk is found to be more warped for misalignments of 45◦ and
for αSS of 0.5 for the stellar and binary parameters adopted in this study.

Finally we compared the scale heights of our disks with the theoretical scale
heights calculated using the standard equation for the case of an isolated Be
star (Carciofi et al., 2008). We find that overall this approximation system-
atically underestimates the scale height by a factor of 2 for all misalignment
angles. We note that this discrepancy could be caused by insufficiently small
smoothing length. In the future, we wish to compare the variations of the scale
height with the smoothing length to insure we have adequate resolution.

Martin et al. (2014) studied Kozai-Lidov oscillations in hydrodynamic disks
and showed that for highly misaligned systems this mechanism could be set up.
Figure 1 in Fu et al. (2015) shows that conspicuous disk oscillations can occur
for orbital warpings that are large (i.e. 60 and 70◦). During these oscillations
the disk can become quite eccentric over time as disk tilting and eccentricity are
interchanged. Martin et al. (2014) suggest that these oscillations may be im-
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portant for transient disks in Be/Xray systems. Using equation 3 in Fu et al.
(2015) we find that Kozai oscillations would not be expected for our simula-
tions computed to 50 Porb. According to our calculations the simulations would
need to be followed for approximately 80 Porb in order to see evidence of Kozai
oscillations in the inner disk. Nevertheless, in a future study we plan to study
binaries in eccentric orbits and we plan to closely examine the disk shape and
variations in inclination to search for the presence of Kozai oscillations.

Given we find that the disk density distribution and the geometry of the disk
is altered in misaligned systems, it follows that observational features originat-
ing from altered portions of the disk will differ from isolated systems. Changes
in disk density in the inner disk would be seen in observables such as polariza-
tion, UBV photometric colours, and spectroscopy, while interferometry, infrared
and radio measurements could be used to predict the overall size and density in
the disk. Changes in shape and strength of spectral lines could occur, depend-
ing on where they are formed in the disk, especially if portions of the disk or
central star become obscured along the observers line of sight due to warping
or tilting of the disk. The truncation of the outer disk suggest a reduction in
infra-red excess, although the increase in density in the inner part could cause
an increase of emission in the infra-red. Furthermore, the warping of the disk
will expose outer materials to a larger amount of radiation which could lead to
an increase in emission line. We therefore plan to add an radiative transfer code
to our analysis in order to compute observables directly from our simulations.
We also plan to extend this work to investigate the effects on the disk for non-
circular binary systems.
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4
Spiral Arms in Be Binary Systems

4.1 Introduction

The formal definition of a Be star, developed in its current form by
Collins (1987), is “A non- supergiant B star whose spectrum has, or had at
some time, one or more Balmer lines in emission.” Other important properties
of these stars include, for example, infrared and radio excess, as well as intrinsic
linear polarization due to scattering processes within the disk.

From the formal definition it is clear that variability is an inherent property
of these stars. The observed variability occurs on a variety of time scales from
short term spectral variations on periods of seconds to hours, thought to be due
to stellar pulsations, to periods of time scales on order of decades associated
with the complete loss or renewal of the disk.

Intermediate periods of order of years are associated with the variations in
the ratio of the violet to red peaks (V/R ratios) of doubly peaked emission lines.
It has long been suggested that the origin of the V/R variations is due to rotat-
ing density enhancements within the disk. Given that V/R variations occur in
approximately 2/3 of Be stars, dynamic models that follow disk structure with
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time will have to be able to account for these features. However, the detailed
structure of these rotating enhancements have not been thoroughly investigated
and this is the motivation for this study.

Historically, Struve (1931) proposed an elegant, axisymmetric disk model that
explained the formation of the disk by ejected stellar material due to rapid ro-
tation of the central star with the variety in shape of spectral lines explained
by viewing angle. However, observations of these V/R variations revealed that
this model was too simplistic. In an early paper by Hirata et al. (1984), it states
that researchers in this field believed that the variations were due to some sort
of pulsation or precession of an elongated envelope. Kato (1983) was first to
suggest the development of a one  armed spiral structure as the source of the
V/R variation in Be star disks. One can imagine that if the portion of the disk
where there is a density enhancement is moving toward the observers line of
sight that an increase in the violet side of the line may be observed and vice
versa. Later, Okazaki (1991) studied long term V/R variations due to global
one  armed oscillations within the disk. Okazaki (1991) concludes by suggesting
that detailed line profile variations analyses will be required to constrain models
in order to understand the V/R variations. See section 5.3.2 in the review paper
by Rivinius et al. (2013) for more details of their model as well as a summary of
the observed characteristics of V/R variations are presented.

In our case, however, the analysis is more complicated. Sana et al. (2012) re-
ports that 75% of massive stars with masses, M > 8 M◦ are binaries or were
part of a binary system at some time. This means that many, if not all, Be
stars could be members of a binary system. In binary systems, tidal interac-
tions, radiative interactions and in the case of Be/X ray systems high energy
interactions, must all be taken into account. Not only do tidal interactions trun-
cate the disk but a build-up of density at radial distances less than the trunca-
tion radius, called the watershed effect, is predicted (Cyr et al., 2016; Okazaki
et al., 2002; Panoglou et al., 2016).

Okazaki et al. (2002) studied the effects on coplanar decretion disks and neu-
tron stars in Be/X ray binaries and found that in binary systems a pattern of
double spiral arms is set up which may indeed become phase-locked with the
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companion. It is not completely clear how having two rotating arms would af-
fect the shape and variation of doubly peaked emission lines. For example, if
one arm of the spiral was bigger and/or denser, it may contribute more signifi-
cantly to the line profile. Although, the Be/Xray systems have been increasingly
well studied, the literature reveals much fewer detailed studies on normal Be
star binary systems and a thorough investigation is long over-due.

The recent periastron passage of an early  type Be star, δ Sco, in an eccentric
binary system in 2011 provided an opportunity to study the effects on the disk
during the passage. Che et al. (2012) studied this system with interferometry.
Their work revealed apparent asymmetries in the inner disk, but due to lim-
ited resolution they were not able to conclusively determine any pattern. The
same system was monitored with polarization observations by Bednarski et al.
(2012) and they claim that there are significant changes occurring in the surface
density of the disk during the passage. It is clear that detailed models that can
follow disk density with time will be required to interpret observations.

In this work, we investigate the size and shape of these density structures for
a Be binary system. We also examine how these features change with variations
in viscosity, orbital phase, and misalignment angle. This work is organized as
follows; details about our simulations are provided in Section 4.2. Our results
are presented in Section 4.3 and a summary and discussion can be found in Sec-
tion 4.4.

4.2 Methodology

The same simulations described in Chapter 3 were used in this work in order
to study the structure of the spiral arms. Similar to the previous chapter, we
investigated the effects of three parameters have on the structure of the arms;
the viscosity of the disk (αSS = 0.1, 0.5, 1.0) the misalignment angle (θ = 0◦,
30◦, 45◦, 60◦), and the orbital phase (p = 0.25, 0.50, 0.75, 1.00). Here we define
p = 0.00 and 1.00 to be the the beginning of 49th and 50th orbital period (Porb),
respectively (see Figure 3.1 for more details). Stellar and orbital parameters of
our simulated systems can be found in Table 3.1. Note that we restricted our
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(a) p = 0.25 (b) p = 0.50

(c) p = 0.75 (d) p = 1.00

Figure 4.1: Map of the surface density, Σ(r, φ), of an aligned disk (θ = 0◦) at orbital phases of (a)
p = 0.25, (b) p = 0.50, (c) p = 0.75, and (d) p = 1.00. Viscosity is set to αSS = 0.5.

study to simulations with an orbital period of 30 days, corresponding to a semi-
major axis of 59.9 R⊙.

4.3 Results

Figure 4.1 shows a top-down view of the surface density, Σ(r, φ), for one of our
simulations (αSS = 0.5, θ = 0◦) seen at various orbital phases (p = 0.25, 0.5,
0.75, and 1.0). The primary and secondary stars are represented by the black
circles.

In order to better study these density enhancements, we investigated the sur-
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face density, Σr(φ), as a function of the azimuthal angle φ at different radial
distances r. The azimuthal position (φo), maximum surface density enhance-
ments (∆Σ), and width (σ) of these density enhancements are described using a
series of Gaussian functions;

Σr(φ) = ∆Σe−(ϕ−ϕo)2/σ2

+ Σo, (4.1)

where Σo is the base surface density of the disk at r. Note that ∆Σ denotes the
difference in surface density between the arm and base of the disk (Σo). The
surface density of the arms can be written as:

Σarm = Σo +∆Σ. (4.2)

Figure 4.2 shows the azimuthal position, φo, of the leading (a) and trailing
(b) arms as a function of radial distance obtained from Equation 4.1 (solid lines).
We notice that, as the phase of the orbit increases, the azimuthal position of
each arm shifts by 90◦, which is expected since the motion of the arms is locked
with the motion of the secondary. We also notice a shift of approximately 180◦

between leading and trailing arms, which is also expected since the arms are
roughly on opposite sides of the primary.

Through experimentation we found that the shape of these spiral (solid lines)
are best fitted an exponential function (dashed lines),

φ(r) = Ae−γr +B, (4.3)

where A and B are fitting constants, and γ is a parameter related to the wind-
ing of the spiral arms. Smaller values of γ indicate tighter winding of the spiral
arm. The values of these parameters for each model are shown in Tables 4.1 and
4.2.

Figure 4.3 shows the values of γ for all 96 models as a function of orbital
phase. In panel a), data points are colour coded according to whether they
came from a leading arm (red) or a trailing arm (blue), while in panel b) they
are colour coded based on their misalignment angle; 0◦ (red), 30◦ (orange), 45◦
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(b) Trailing arm

Figure 4.2: Azimuthal position of the leading (a) and trailing (b) spiral arm as a function of radial
distance, at orbital phases of p = 0.25 (red), 0.50 (orange), 0.75 (green), and 1.00 (blue). Results

obtained from our simulations are shown as solid lines while the results of the exponential fit,
described in Equation 4.4, are represented by the dashed lines.

116



Table 4.1: Winding parameter γ of the leading arms.

Viscosity Misalignmen Orbital phase [p]
parameter [αSS] angle [θ] 0.25 0.50 0.75 1.0

0.1

0◦ 0.493176 0.494111 0.486924 0.488959
30◦ 0.426395 0.469424 0.44951 0.465335
45◦ 0.377009 0.448331 0.370139 0.443064
60◦ 0.336403 0.415079 0.351661 0.413257

0.5

0◦ 0.400298 0.385405 0.38784 0.378331
30◦ 0.334257 0.37655 0.329885 0.377847
45◦ 0.294021 0.370111 0.278089 0.362351
60◦ 0.28077 0.366964 0.281018 0.356908

1.0

0◦ 0.339782 0.341447 0.368328 0.392726
30◦ 0.318748 0.360155 0.269648 0.327735
45◦ 0.270067 0.361914 0.268502 0.273992
60◦ 0.248668 0.318104 0.239352 0.332447
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Table 4.2: Winding parameter γ of the trailing arms.

Viscosity Misalignmen Orbital phase [p]
parameter [αSS] angle [θ] 0.25 0.50 0.75 1.0

0.1

0◦ 0.502666 0.456249 0.439399 0.449011
30◦ 0.389446 0.504825 0.403125 0.48496
45◦ 0.390895 0.405715 0.388981 0.432895
60◦ 0.342426 0.387705 0.334303 0.382575

0.5

0◦ 0.390918 0.366363 0.354666 0.387224
30◦ 0.316252 0.401846 0.314714 0.366311
45◦ 0.283082 0.35842 0.268752 0.384042
60◦ 0.285157 0.300244 0.27752 0.295789

1.0

0◦ 0.441609 0.342035 0.358378 0.350046
30◦ 0.307852 0.293523 0.28033 0.326302
45◦ 0.252613 0.314685 0.272222 0.323129
60◦ 0.280809 0.225935 0.280771 0.275237
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Figure 4.3: Winding parameter, γ, of spiral arms as a function of orbital phase p. In panel (a),
values are grouped into leading arms (red) and trailing arms (blue) while panel (b) the values are
grouped by misalignment angle, 0◦ (red), 30◦ (orange), 45◦ (green), and 60◦ (blue). The average

of each of these groups as a function of p is represented by the solid lines.

(green), and 60◦ (blue). In both panels the solid lines show the variation of the
average value of each grouping with orbital phase.

Figure 4.4 shows the same γ values plotted as a function of the viscosity pa-
rameter αSS. For this Figure, the data points were divided based on their mis-
alignment angle in the same way as in Figure 4.3b. Again the solid lines show
the average values of each set of misalignment angles.

Figure 4.5 is similar to Figures 4.3 and 4.4 but with γ plotted as a function of
misalignment angle with different colours representing different αSS values; 0.1
(red), 0.5 (green) and 1.0 (blue).

In Figure 4.3, we notice that the spread of γ values is nearly the same for all
four orbital phases, which suggests that the orbital phase plays a minor role in
the winding of the disk. However small variations can be seen in the average γ
values (solid lines). In panel a) we see that the winding of both arms are very
similar, with trailing arms being slightly more wound compared to the leading
arms. Interestingly, panel (b) shows that these small variations seen in panel
(a) originate mainly from misaligned systems (θ = 30◦, 45◦, and 60◦), while the
aligned systems show almost no dependence on p. Furthermore, these variations
seem to oscillate, having smaller γ values (more tightly wound arms) at p =
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Figure 4.4: Same as Figure 4.3(b) except plotted as a function of disk viscosity αSS.

0.25 and 0.75 than at p = 0.50 and 1.00. These features all point toward the
fact that the degree of elevation of the secondary above or below to the equato-
rial plane has an impact on the winding of the disk.

Figure 4.4 shows that the winding of the arms has a clear dependence on the
viscosity of the disk, with smaller values of γ for larger αSS, i.e. the more vis-
cous the disk, the tighter the spiral arms. This holds true for all four misalign-
ment angles. Finally, we notice that the winding of the arms is also dependent
on the misalignment angle, with larger θ resulting in more tightly wound arms
(lower γ). Both of these dependences can also be seen in Figure 4.5. Interest-
ingly, we see that the dependence on αSS does not appear to be linear. In con-
trast, we see a much more linear dependence with θ.

φ(r) = Ae−Br) + C, (4.4)

where B is related to the winding of the disc. Equation 4.1 allows us to study
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Figure 4.5: Same as Figures 4.3 and 4.4 except values are plotted as a function of the
misalignment angle θ. The colours represent different disk viscosity values; αSS = 0.1 (red), 0.5

(green) and 1.0 (blue).
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Figure 4.6: Comparison of the surface density of the leading arms as a function of radial distance,
r, at different orbital phases; p = 0.25 (red), 0.50 (orange), 0.75 (green), and 1.00 (blue). From
top to bottom, the panels show the results for misalignment angles of θ = 0◦, 30◦, 45◦, and 60◦,

respectively. The viscosity of all models presented is αSS = 0.5.

the density of the spiral arms in detail. Figures 4.6 and 4.7 compare the surface
density, Σarm, value of the leading and trailing arms, respectively as a function
of r at different phases of the binary orbit, p = 0.25 (red), p = 0.50 (orange),
p = 0.75 (green), p = 1.00 (blue), for αSS = 0.5. Each panel corresponds to a
different misalignment angles.

We see the that phase has very little effect on surface density of the leading
arm in both the θ = 0◦ (aligned) and θ = 60◦ systems. However, we do see vari-
ation in the outer disk of the θ = 30◦ and θ = 45◦ systems. In both instances
the surface density of the arm is greater at phases of p = 0.5 and 1.0. In all four
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Figure 4.7: Same as Figure 4.6 for the trailing arms.
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cases, the surface density of the trailing arm is independent of phase.
Similarly to Figures 4.6 and 4.7, Figures 4.8 and 4.9 show a comparison of the

surface density of each arm for all three viscosity parameters, αSS = 0.1 (red),
αSS = 0.5 (green), and αSS = 1.0 (blue). As Bjorkman et al. (2005) have shown,
the surface density of the disk is expected to scale with α−1

SS , therefore we mul-
tiplied each profile by αSS in order to have a proper comparison. As in the pre-
vious Figures, each row represents a different misalignment angle. All Figures
are at a phase of p = 1.00 (or 50 Porb). Here we see that viscosity has a visible
effect on the fall-off rate of the surface density profiles, showing a steeper drop
in density for smaller αSS values. Additionally we see that trailing arms have a
steeper fall-off rate than leading arms.

Figure 4.10 compares the surface density variations of each arm for all four
misalignment angles, θ = 0◦ (red), 30◦ (orange), 45◦ (green), and 60◦ (blue), in
a similar fashion as Figures 4.6-4.9. This time, the rows, from top to bottom,
represent viscosity parameters of αSS = 0.1, 0.5, and 1.0, respectively. Once
again, the phase in all six panels is p = 1.00. Here we see that variations are
very small close to the star but increase with radial distance where the surface
density of the arms becomes greater with misalignment angle. We notice that
the point of divergence (where the curves starts diverging) increases with the
angle of misalignment. We also notice that the location of the divergence of the
trailing arms are always closer to the star than for the leading arm.

4.4 Discussion and Conclusion

The density structure and geometry of the spiral arms formed inside a Be-binary
system were studied in detail for the first time. Using the results of the simula-
tions used in Chapter 3, we examined the azimuthal dependence of the surface
densities of the disk for multiple radial distances. Gaussian functions were used
to fit these surface density profiles in order to extract the azimuthal location
and surface densities of both arms.

We investigated the effects of orbital phase, p, disk viscosity, αSS, and the
misalignment angle, θ, on the winding parameter, γ, of the spiral arms. We find
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Figure 4.8: Same as Figure 4.6 for different viscosity values; αSS = 0.1 (red), 0.5 (green), and 1.0
(blue). The orbital phase of all models presented is p = 1.00.
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Figure 4.9: Same as Figure 4.7 for different viscosity values; αSS = 0.1 (red), 0.5 (green), and 1.0
(blue). The orbital phase of all models presented is p = 1.00.
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(d) αSS = 0.5, trailing-arm

10
-5

10
-4

10
-3

10
-2

10
-1

 6  7  8  9  10  11  12  13  14

Σ
L
e
a
d
in

g
 (

g
 c

m
2
)

Radius (stellar radii)

θ = 0°
θ = 30°
θ = 45°
θ = 60°
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Figure 4.10: Comparison of the surface density of the leading (left panels) and trailing arms (right
panels) as a function of radial distance, r, for different misalignment angles; θ = 0◦ (red), 30◦

(orange), 45◦ (green), and 60◦ (blue). From top to bottom, the panels show the results for
viscosity values of αSS = 0.1, 0.5, and 1.0, respectively. The orbital phase of all models presented

is p = 1.00.
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that γ has only a small dependence on p, which is only present in misaligned
systems. This is a good indication that the location of the secondary above and
below the disk in misaligned systems can also affect the structure of the spiral
arms. We also find an inverse relationship between γ and the αSS and θ parame-
ters, i.e., an increase in either the viscosity of the disk or the misalignment angle
of the orbit will result in more tightly wound spiral arms.

We also investigated how the surface density of the arms is affected by phase,
viscosity, and misalignment angle. We find that the trailing arm has little to no
dependence on the orbital phase of the binary. Slight differences in the outer
parts of the arms were seen for misalignment angles of θ = 30◦ and 45◦ which
can be attributed to the elevations of the secondary above or below the equa-
torial plain. The viscosity of the disk is found to affect the density structure of
the arms, more specifically the surface density fall-off rate, which is found to
be steeper for smaller αSS values. Finally, we find that the misalignment of the
orbit affects mostly the outer parts of the spiral arms, where the arms become
denser with increasing θ. The radial distances at which these effects starts to
appear increases with viscosity. This distance is also consistently closer to the
primary for trailing arms compared to the leading arms.

Understanding the behaviour of these spiral arms is crucial to make sense of
observations and to have a better grasp of the formation, evolution, and dissipa-
tion of Be star disks in both isolated and binary systems.

The spiral arms in the inner disk region should be indirectly observable in
both the shape and variability in the spectral lines. As well, with further im-
provement in observational technologies, such as interferometry, with increasing
resolution we will soon be able to resolve details in the variation of disk density.
This would mean that the spiral arms could be directly resolved and compared
with predictions. An other possible example is the presence of triple-peaked
emission lines observed in the spectra of some Be stars. One such star, γ Cas,
is a well-studied early-type Be binary system that undergoes V/R variations
and has been observed to display triply peaked HαSS profiles. Nemravová et al.
(2012) suggest that changes within the density and extent of the disk may be
responsible for these observed variations. Escolano et al. (2015) also noted the
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presences of triple-peaked emission phases in the Be star ζ Tau. They speculate
that these features occur within the outermost portions of the HαSS emitting
region of the disk and may be due to the presence of a binary companion.

In future works, we plan to investigate the evolution of these arms with time
during the disk building phase. We also plan to use non-LTE radiative transfer
codes in order to directly compute observables expected from such systems, and
therefore bring more insight to the study of Be star disk.
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5
Conclusion

In Chapter 2, we developed a novel approach to infer the geometry of Be star
disks using interferometric measurements of axis ratio collected from the litera-
ture. Using Monte Carlo techniques and Bayesian statistics, these measurements
were compared with axis ratios calculated using two different disk models; a
wedge model, similar to the one proposed by Waters (1986), and an equidensity
model, based on the viscous disk model. Axis ratio measurements were divided
into two groups; the first includes all measurements in the K-, H- or N-band
(KHN-band) while the second group includes measurements near or at the Hα
emission line. The opening angles and extent of the emitting regions were found
to be systematically smaller for the KHN-band emission region than the Hα re-
gion, which agrees with the findings of Gies et al. (2007) and Carciofi (2011), as
well of the predictions of the viscous disk model (Bjorkman, 1997). We find val-
ues of opening half-angles ranging from 0.15◦ to 3.0◦ for the KHN-band emitting
regions and from 3.7◦ to 14◦ for the Hα emitting region, in agreement with val-
ues reported by Porter (1996), Wood et al. (1997), and Hanuschik et al. (1996)
of 2.5◦, 5◦, and 13◦, receptively. The emitting regions for the KHN-band are
found to be within 2 to 4 stellar radii and within 80 to 95 stellar radii for the
Hα region. These values are consistent with the overall results predicted by the

131



viscous decretion theory, see figure 1 of Carciofi (2011).
In Chapter 3, we study the structure and evolution of Be star disks formed

within misaligned binary systems using numerical simulations generated from
a smoothed particle hydrodynamics (SPH) code. We examined the effects of
three parameters, the viscosity of the disk, the degree of misalignment between
the plane of the orbit and the plane of the stellar equator, and the distance be-
tween the primary and secondary stars, on the overall structure of the disk. In
this study, we first investigate the azimuthally averaged surface density of the
disk. As previously reported, we find that the presence of the secondary causes
the disk to truncate, resulting in shallower surface density profiles (denser disks)
in the inner regions (before the truncation radius) and a much steeper fall-off
rate in the outer parts of the disk (after the truncation radius). The steepness
of density fall-off rates of the inner disk and the radial position of the trunca-
tion were both found to increase with viscosity, misalignment angle, and separa-
tion distance, while the opposite trend was found for the outer region, where
the fall-off rates are steeper for systems with less viscous disks, smaller mis-
alignment angles, and closer companions. The disk was also found to be more
warped for mid-range misalignment angles and viscosity, suggesting that a more
complex relationship exists between these parameters and the warping of the
disk. Finally, the scale heights of our disks were compared with theoretical val-
ues expected for isolated Be stars. We find that the two are in good agreement
in the inner-most parts of the disk but differ in the outer parts, especially in
regions where density enhancements are present. This is expected since these
enhancements are produced by perturbations that affect the vertical hydrostatic
equilibrium of the disk.

In Chapter 4, we expand on the work in Chapter 3 by studying the detailed
structure of density enhancements, or spiral arms, and how these structures are
affected by changes in viscosity, misalignment angle, and orbital phase. We find
that the spiral arms are more tightly wound in systems with larger viscosity and
greater degrees of misalignment. A dependence on spiral structure with orbital
phase was found only in misaligned systems which suggests that the winding is
also influenced by the elevation of the secondary. Similarly, the surface density
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profiles of the leading arms were also found to vary with phase in misaligned
systems in the outer part of the disk, while no variations with phase were ob-
served in the trailing arms. Overall, the density of the spiral arms were found
to increase with viscosity, while density fall-off rates decreased with increasing
viscosity.

The results presented in this work bring new insights about the Be star phe-
nomena. We have developed a novel technique to study the geometry of Be star
disks and have done unique research into their dynamics and structure, such
as opening angle, extent of the disk, density structure and have also followed
changes in the disk with time using our SPH simulations.

The knowledge gained from studying Be stars and their disks may have far
reaching benefits for this field of study as well as for other research areas in as-
trophysics. Research into the structure in dynamics of the disk can bring new
insights to better understand other disk phenomena, such as accretion disks
around black holes, Herbig Ae/Be star, Algol systems, and protoplanetary sys-
tems. Studying the effects of a close binary companion on the disk could poten-
tially help us help us to develop new and better techniques to detect binary sys-
tems whose secondary cannot be detected by traditional means. Be disk systems
can also help us understand the interplay between stellar evolution and stellar
rotation. For massive stars, this interplay is still not well understood and these
systems offer a unique laboratory for study. In future work, we plan to combine
the hydrodynamical solving properties of the SPH code with the observational
prediction capability of a non-LTE radiative transfer codes, such as HDUST,
which will allow us to make predictions about our models that can be compared
to observables, such as spectral lines, polarization signature, and interferometric
measurements. This new work, tightly constrained by observations, will provide
testable dynamic models with unprecedented realism which will drastically in-
crease our understanding of these systems.
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