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Abstract

The misalignment of the gears is one of the main causes of premature failure
in gear transmissions. This misalignment can be caused by different phenom-
ena where the deformation of the elastic elements of the transmission usually
has a major importance. In this paper, a pinion and rack transmission is used
to investigate the misalignment of the pinion produced by the deflection of
both shaft and bearings, focusing in the contribution of the bearings to this
misalignment. For this task, a design space with 261 different cases of pinion
and rack transmission has been explored. For each case, a realistic 3D FEM
model (including gears, shaft and roller bearings) has been created and the
coupled structural and contact problem has been solved. From the results of
the FEM models, the different parameters of misalignment of the pinion have
been computed and analyzed through five studies. These studies revealed the
high importance of the elasticity of the bearings in the misalignment of the
pinion and, in general, the important error that can be assumed when the
bearings are not included in the structural models of gear transmissions.
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1. Introduction

The calculation of the load capacity is an important step in the design
process of a gear drive. Its main purpose is to determine whether the new
design will be able to transmit the power for which it is designed, without
leading to a premature failure of any element of the transmission. While there
are several methods to determine the load capacity of a gear transmission,
the most common are those included in ISO6336 [1] and AGMA2001-D04 [2]
standards, where the maximum values of contact and bending stresses at the
gear teeth are compared to the allowable stress values.

Among the physical phenomena that may affect the load capacity of a
given design of a gear transmission, one of the most relevant is the misalign-
ment of the gears. When two gears are misaligned, they do not mesh properly
and a defective contact pattern is produced, leading to uneven load distribu-
tions along the face width of the gear teeth. These uneven load distributions
may result in bending and contact stresses exceeding the permissible val-
ues, that can cause premature fatigue failures. Several investigations can be
found in the literature showing the relation between gear misalignment with
uneven load distributions [3, 4], with the increase of bending stresses [5, 6]
and with the increase of contact stresses [6, 7, 8, 9].

However, the negative consequences of the misalignment of the gears are
not limited to reducing its load carrying capacity. It has been shown that
they also favor the occurrence of other adverse effects, such as an increase of
wear in the contact surfaces [10, 11, 12, 13], an increase of heat generation [10]
and the introduction of transmission errors, vibration and noise [14, 15, 16].

According to Houser [17], the main causes that produce the misalignment
of gears are the manufacturing and assembly errors, the distortions produced
by thermal and centrifugal effects, and the elastic deflections of the elements
of the transmission under load. Among these causes, this work is focused in
the gear misalignments produced by the elastic deflections under load. The
AGMA2001-D04 Standard [2] classifies these deflections into four categories:

• Elastic deflections of pinion and gear teeth.

• Elastic deflections of pinion and gear bodies.

• Elastic deflections of shafts, bearings, cases and foundations that sup-
port the gears.
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• Displacements of the pinion and gear due to clearances in bearings and
splines.

When experimental analyses are carried out using gear test rigs, it is
possible to take into account all the possible elastic deflections in the trans-
mission [3, 5, 18]. But experimental tests are expensive and difficult to
extend to a wide collection of cases. For these reasons, important efforts in
the development of analytical and numerical models have been continuously
performed. The most relevant analytical methods to determine the misalign-
ment of gears could be those included in ISO6336 [1] and AGMA2001-D04 [2]
standards, that have been extended by Koide [19]. All these models allow
for the consideration of the elastic deflection of the shaft, but no all of them
are able to take into account the elastic deflections of the bearings.

However, with the increase of the computation capabilities of modern
computers, the finite element analysis of the transmission is getting a major
role when studying the misalignment of gears. But the finite element models
used in previous works have unequally taken into account the deflection of
the several elastic element in the transmission. In some finite element mod-
els [20, 18, 9], only the elastic deflections of the gear teeth are considered,
produced by the bending and contact deformation. In many other cases, the
finite element models of the transmission are extended to include the elastic
deflections of the gear bodies [6, 11, 15]. In all these cases, an arbitrary
misalignment is preimposed to the gears when configuring the finite element
model. Recently, the authors have proposed finite element models [4] where
the deflection of the shafts can be taken into account in the analyses. How-
ever, no previous works have been found where the elastic behavior of the
bearings is included in the finite element models of gear transmissions.

In this work, a three-dimensional finite element model of a gear transmis-
sion is proposed, allowing to take into account the elastic behavior of gears,
shafts and bearings when studying the gear misalignment. The main pur-
pose of this model is to quantify the contribution of the elastic deflections
of the bearings to the gear misalignment of realistic gear drive designs. For
this task, a pinion and rack transmission has been selected for the following
reasons:

• The pinion and rack transmission is simple. It has a rack and just one
shaft with a unique gear (the pinion), so the interpretation of misalign-
ment due to the deflection of the elements is easier than when there
are several shafts with more than one gear on each shaft.
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• The simplicity of the transmission reduces the number of variables of
study, allowing to analyze a higher number of values for each variable.

• The finite element models of the transmission are smaller (in terms
of number of nodes and elements) than in other transmissions. This
makes possible to create realistic models with finer meshes that will
provide more accurate results.

Using this type of transmission, the influence of the bearing deflection
in the gear misalignment has been studied by analyzing 261 finite element
models of pinion and rack transmissions. The conclusions drawn from this
study can be applied to realistic designs of gear transmissions within the
specified design ranges, and some conclusions can be extrapolated to general
gear design cases.

2. Description of the physical model

This study has been performed considering a generic pinion and rack
transmission (figure 1), composed by a spur pinion grounded on a shaft, a
rack and a pair of tapered roller bearings arranged face-to-face. The set of
parameters that define the transmission is shown in table 1. Some of these
parameters have not varied in the study, while others have been considered
design variables. All design parameters have been set with realistic values
according to commercial designs of this type of transmissions for the selected
nominal torque.

Regarding the gears, both pinion and rack have standard involute geome-
tries and the transmission is assumed to be completely free of manufacturing
and assembly errors. The pinion is grounded on a shaft that has shoulders in
both ends to axially support the roller bearings. The diameter of the shaft
(dsh) and the position that the pinion occupies over the shaft (zg) are both
considered design variables in this study.

The shaft is supported by two identical tapered roller bearings, referred
to as bearing BA and bearing BB. The main parameters of the bearings
have been chosen from commercial models (series 30302, corresponding to
ISO 355 [21]), according to the load they have to support and a standard
expected life, and they are shown in table 2 following the nomenclature used
by Harris [22].
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Figure 1: Design details of the pinion shaft

Table 1: Design data of the pinion and rack transmission

Parameter Type Nominal value

Normal module, mn Fixed value 2 mm
Pressure angle, α Fixed value 20◦

Tooth number of the pinion, zP Fixed value 20
Face width of the pinion, bP Fixed value 20 mm
Face width of the rack, bG Fixed value 19 mm
Bearing span, L Fixed value 67 mm
Material, Young’s modulus, E Fixed value 210 GPa
Material, Poisson’s ratio, ν Fixed value 0.3
Shaft diameter, dsh Design variable 24 mm
Pinion position, zg Design variable 0.5L
Applied torque, T Design variable 75 Nm
Bearing axial interference, δa Design variable 0 µm
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Table 2: Design data of the tapered roller bearings

Magnitudes Values

Cone width 13 mm
Cone bore diameter 15 mm
Cone-included angle 14.67◦

Distance from the pitch cone apex to the cone front face 83.22 mm
Cup width 11 mm
Cup outside diameter 42 mm
Cup-included angle 21.60◦

Distance from the pitch cone apex to the cup back face 81.97 mm
Distance from the cone back face to the effective center location 4.6 mm
Roller-included angle 3.465◦

Roller end-to-end length 8.93 mm
Small-end diameter of the roller 5.16 mm
Number of tapered rollers 12

The bearing arrangement allows the introduction of an axial displacement
to the cup of both bearings BA and BB, to achieve an end-play (axial clear-
ance) or an axial preload of the system. The axial displacement is measured
as the increment of the distance between the cups of the bearings, taking
as a reference the position where a theoretical unloaded contact between
cup, rollers and cone is produced. It is positive when the distance between
the bearing cups is reduced (inducing a preload of the system), and nega-
tive when the distance between the bearing cups is increased (producing a
clearance between rollers and races).

The global Cartesian coordinate system of the model is defined with origin
in the center of the pinion. The Z axis is parallel to the longitudinal axis of
the shaft, and the Y axis is perpendicular to the pitch plane (figure 2a).

A set of keypoints is defined in the transmission, placed over the longi-
tudinal axis of the shaft (figure 1). Keypoints A and B are coincident with
the location of the effective center location of bearings BA and BB, respec-
tively. Keypoints C and D are placed in the intersection of the endplanes
of the pinion with the longitudinal axis of the shaft. Keypoint O is placed
at the midpoint of the segment CD, that coincides with the origin of the
global coordinate system. Finally, keypoint M is placed at the intersection
of the longitudinal axis of the shaft and its endplane, where the torque (T )
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is applied.

3. Parametrization of the misalignment of the pinion

In a pinion and rack transmission, the power is usually transmitted from
the pinion to the rack through the contact between their teeth. As a conse-
quence of this contact, a pressure distribution is generated within the con-
tact areas of the teeth, producing the deflection of the elastic elements of the
transmission and causing the misalignment of pinion respect to the rack. The
study of this misalignment is one of the main objectives of this investigation.

The misalignment of the pinion respect to the rack can be parametrized
by three translations and two rotations of the pinion (the misalignment as-
sociated to the third rotation refers to the transmission error). In this work,
these parameters have been measured according to the notation proposed by
Houser [17], that is based in the plane of action instead of the pitch plane
(figure 2a). In this proposal the misalignment of the pinion is divided intro
three categories:

a) Angular misalignment in the plane of action (θπ).

b) Angular misalignment in a plane perpendicular to the plane of action
(θγ).

c) Parallel misalignment (change of center distance)

The parallel misalignment is divided into two components, since they may
have different repercussions on the transmission:

c.1) Transversal displacement of the pinion (δXY ).

c.2) Axial displacement of the pinion (δZ).

This work is focused on the misalignment of the pinion due to the defor-
mation of bearings and shaft (and not due to the deformation of the pinion
and rack themselves). In consequence, the misalignment magnitudes are de-
termined from the position that the keypoints C, D and O occupy when the
shaft is deformed due to the torque (denoted by C ′, D′ and O′ respectively,
as shown in figure 2b). To ease the measurement of the misalignment of the
pinion, a local Cartesian coordinate system is defined with the same origin
as the global coordinate system. The ZL axis is parallel to the global Z axis
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Figure 2: Description of the misalignment of the pinion

and the XL axis is parallel to the plane of action, as shown in figure 2a.
The local axes XL and ZL define the plane π, that is parallel to the plane of
action. The local axes YL and ZL define the plane γ, that is perpendicular
to the plane of action.

The angular misalignment in the plane of action (θπ) is defined as the
signed angle between the segment CD and the orthogonal projection of the
segment C ′D′ onto plane π. This angle is considered positive when the
misalignment is produced in the positive direction of axis YL. On the other
hand, the angular misalignment in the plane γ (θγ) is defined as the signed
angle between the segment CD and the orthogonal projection of the segment
C ′D′ onto plane γ. This angle is considered positive when the misalignment
is produced in the positive direction of axis XL.

The position of the displaced point O′ is defined by the vector rO′ . The
transversal displacement of the pinion (δXY ) is defined as the magnitude of
the orthogonal projection of the vector rO′ onto a plane parallel to plane XY .
Finally, the axial displacement of the pinion (δZ) is defined as the magnitude
of the projection of the vector rO′ onto Z axis.

As mentioned before, the misalignment considered in this study is pro-
duced by two different contributions: the elastic deflection of the shaft and
the elastic deflection of the bearings. This fact is illustrated in figure 3 for
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the angular misalignment in the plane of action (figure 3a), the angular mis-
alignment in a plane perpendicular to the plane of action (figure 3b), the
transversal displacement of the pinion (figure 3c), and for the axial displace-
ment of the pinion (figure 3d).

Any angular misalignment of the pinion (θπ or θγ) can be considered as
the sum of two theoretical angles (figure 3a and 3b):

θπ = θπb + θπs (1a)

θγ = θγb + θγs (1b)

where:

• θπb and θγb are the angular misalignments produced by the elastic de-
flection of the roller bearings in plane π and plane γ, respectively, and

• θπs and θγs are the angular misalignments produced by the elastic de-
flection of the shaft in plane π and plane γ, respectively.

The angles θπb and θγb are not zero when a different deflection is produced
at bearings BA and BB, and their value can be determined comparing the
undeformed and the deformed positions of keypoints A and B. In a similar
way, the total angular misalignments (θπ and θγ) can be computed by com-
paring the undeformed and deformed positions of keypoints C and D. Finally,
θπs and θγs can be computed using equations 1a and 1b, respectively.

A similar reasoning can be applied for the transversal (δXY ) and axial
(δZ) displacements of the pinion (figure 3c and 3d):

δXY = δXY b + δXY s (2a)

δZ = δZb + δZs (2b)

where:

• δXY b and δZb are the displacements of the pinion produced by the elastic
deflection of the roller bearings and,

• δXY s and δZs are the displacements of the pinion produced by the elastic
deflection of the shaft.
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The values of the transversal and axial displacement of the pinion due to
the elastic deflection of bearings and shaft can be computed in a way similar
to the one described for the angular misalignment. The main difference with
the angular parameters is that the displacements due to deformations in shaft
and roller bearings always sum, so they never compensate each other.

The parameters of misalignment taken into account are summarized in
figure 4. It is important to remark that the misalignment due to deforma-
tions in roller bearings and the misalignment due to the deformation of the
shaft are not independent, because the two phenomena are coupled in cer-
tain degree. But the studies demonstrated that this dependency is low for
commercial transmissions (in which both stiffness of shaft and bearings are
relatively high) and the analysis of these variables will provide information
about the relative importance of the two phenomena in the total misalign-
ment of the pinion.

4. Description of the finite element model

In this study, a static analysis of a three-dimensional finite element model
of the pinion and rack transmission shown in figure 1 has been used to de-
termine the magnitudes of the misalignment of the pinion under load.

A different finite element model has been developed for each case of study,
similar to the one shown in figure 5. In these models, the ground pinion
shaft and the rack have been meshed using eight node hexaedral elements
with incompatible modes [23]. The computational algorithm proposed by
Argyris [20] has been used to build a structured mesh for the teeth of the
pinion and rack. This method provides a high degree of accuracy in the
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Figure 5: Finite element model of the pinion and rack transmission

definition of the contact surfaces of the pinion teeth, since the position of
their nodes is determined analytically using the gearing equation.

To reduce the size of the FEM model and the computational cost, only
three teeth have been considered for the pinion. The rest of the geometry
has been approached to a cylinder, whose cross section has a second moment
of area equal to the one of the real geometry of the pinion, and then meshed
together with the shaft using a generic algorithm. A set of reference nodes
(A, B, C, D and M) has been defined in the finite element model, whose
position is coincident with the keypoints shown in figure 1.

A linear elastic and isotropic material, whose properties are specified in
table 1, has been defined for all finite elements of the model, since the applied
loads are assumed to be small and no plastic deformations are considered.

Surface-to-surface, finite sliding, frictionless contacts have been consid-
ered between the pinion and rack teeth. A rigid surface has been defined
at the free end of the shaft (figure 5), whose movements are coupled to the
movements of the reference node M, where the torque is applied. The move-
ment of the transmission is restricted by constraining all degrees of freedom
of the nodes corresponding to the base of the rack.
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Table 3: Boundary conditions in keynodes A and B

Support Reference node A Reference node B
conditions Displacements Rotations Displacements Rotations

SS All restricted All allowed Only allowed in Z All allowed
FS All restricted Only allowed in Z Only allowed in Z Only allowed in Z

The developed finite element model has been finished with three different
support conditions for the pinion shaft: simply supported shaft (SS), fully
supported shaft (FS) and shaft supported by tapered roller bearings (BS).

The first two cases (SS and FS) represent a common practice in previous
works [4, 24, 19], in which the elastic behavior of the bearings is not consid-
ered in the analyses. In these cases, two rigid surfaces have been defined to
tie all the nodes of the cross sections of the shaft at keypoints A and B to
the reference nodes coincident with these points. The boundary conditions
applied to these reference nodes to achieve the aforementioned conditions are
described in table 3.

In the third case (BS), the elastic behavior of the bearings is considered
by including the tapered roller bearings in the finite element model of the
transmission. The cones of the bearings are meshed together with the ground
pinion shaft, assuming that there is not relative movement between them, so
both cones and the shaft are part of the same volume. To lower the number of
degrees of freedom in the finite element model, the geometries of the bearings
have been simplified, as shown in figure 6, removing the cage and the ribs of
the bearing cone.

As a result of these simplifications, the rollers have extra degrees of free-
dom that need to be constrained for the static analysis to converge. Two
operations have been required to impose movement constrains to the rollers.
In first place, the definition of a local inertial Cartesian coordinate system for
each roller of the bearings. The origin of the system is located at the center
of the roller, the ZR local axis is parallel to the axis of rotation of the roller
and the YR local axis coincides with the radial direction of the bearing, as
shown in figure 6. And, in second place, the definition of a rigid cylindrical
surface of small diameter in the core of each roller, with its movements re-
lated to the local coordinate system. Then, the movements of each roller of
the bearing can be controlled by applying movement constrains to the rigid
surface. The presence of this rigid surface does not have any repercussion on
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the global deflection of the bearing.
Using this strategy, the displacement of the rollers in ZR direction is

constrained to take into account the movement restrictions imposed by the
missing cone ribs. The displacement of the rollers in XR direction and their
rotation around YR axis are restricted to simulate the effect of the cage. In
last place, under the assumption of a static analysis and in order to improve
the convergence of the model, the rotation of the rollers around the ZR axis
is constrained.

The nodes belonging to the bearing cup outer face have their displace-
ments in the radial direction restricted, simulating that the movement of the
bearing is radially restricted by the case. The nodes belonging to the bearing
cup back face have prescribed displacements in the longitudinal direction of
the shaft (Z axis). The magnitude of these prescribed displacements is zero
in the reference position, when no axial interference is considered. On the
other hand, when the consideration of the axial interference is desired, an
axial displacement equal to half the magnitude of the axial interference is
prescribed to the nodes of the cup back faces of bearings BA and BB.

Surface-to-surface, finite sliding, frictionless contacts are considered be-
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tween the rollers and the cone and cup races. In these cases, the contact
formulation is enhanced by approaching the contact areas to second order
surfaces, taking advantage of the axysimmetry of the geometries involved
in the contact [25]. This enhanced contact formulation, combined with the
fact that a finer mesh has been specified for the regions where the contact
between the rollers and races is expected (figure 6), increases significantly
the accuracy of the calculated contact deformation, contact area and contact
pressure distribution.

Under the considered conditions, the resulting finite element model has
some limitations that must be pointed out. On one hand, dynamic effects
are neglected as a consequence of the static analysis. On the other hand, all
the contacts are assumed to be frictionless and free of lubrication, so friction
and tribology effects are not considered in the analysis. However, Guo [26]
showed that these effects have a minor impact on the bearing deflections
when bearings are assumed to operate at moderate speeds and no plastic
deformations are taken into account.

5. Cases of study

A case of study is defined by assigning a value to each one of the design
variables shown in table 1, plus specifying the type of supports considered
for the shaft (BS, SS, FS) in the finite element model of the transmission.
When several values are assigned to one or more design variables, or several
types of supports are considered, the group of cases of study resulting from
all possible combinations constitutes a set of cases of study.

In this work, the following studies have been performed by using two sets
of cases of study:

• Study of the influence of the applied torque on the misalignment of the
pinion: based on set of cases A.

• Study of the influence of the pinion shaft diameter and pinion mounting
position on the misalignment of the pinion: based on set of cases A.

• Study of the contribution of the deflection of the bearings to the mis-
alignment of the pinion: based on set of cases A.

• Study of the linearity of the problem of computing the transversal dis-
placement of the pinion: based on set of cases A.
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Table 4: Design variables for the set of cases A

Magnitude Number of values Values

Shaft diameter, dsh (mm) 3 20, 24, 28
Pinion position, zg/L 7 0.2, 0.3, 0.4, 0.5, 0.6, 0.7, 0.8

Applied torque, T (Nm) 3 50, 75, 100
Axial interference, δa (µm) 1 0

Type of shaft supports 3 BS, SS, FS

Total number of cases 189

• Study of the influence of the axial interference on the misalignment of
the pinion: based on set of cases B.

The set of cases A is defined by the values shown in table 4. In this
set, the stiffness of the shaft has been varied by specifying three different
values of shaft diameter. Seven mounting positions of the pinion over the
shaft have been considered, covering a wide range designs possibilities. Three
different magnitudes of torque have been considered in the study, that are
in the range of values used in commercial transmissions of similar module.
All three different shaft supporting conditions have been taken into account:
simply supported, fully supported and roller bearing supported shaft. And,
finally, no axial interference has been specified in this set. As a result of the
combination of the values, 189 different cases of study have been analyzed.

The fifth study, in which the influence of the axial interference over the
misalignment of the pinion is investigated, is performed using the set of
cases B, whose defining values are shown in table 5. In this study, only the
bearing support makes sense, so other types of support are not considered.
Two values have been used for the mounting position of the pinion, 0.7L
that produces a high angular misalignment and 0.5L that produces a high
transversal displacement. The same values as in the set A have been specified
for the pinion shaft diameter and for the applied torque. And five different
magnitudes of axial interference have been considered, varying from a slight
end-play to a high preload. Taking into account all possible combinations of
values, this set includes 90 cases of study.

The ranges of the design variables in both set of cases define the scope
of this work. These ranges have been selected from commercial designs of
this type of transmissions (for similar modules). Obviously, the conclusions
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Table 5: Design variables for the set of cases B

Magnitude Number of values Value

Shaft diameter, dsh (mm) 3 20, 24, 28
Pinion position, zg/L 2 0.5, 0.7

Applied torque, T (Nm) 3 50, 75, 100
Axial interference, δa (µm) 5 -10, 0, 10, 20, 30

Type of shaft supports 1 BS

Total number of cases 90

Table 6: Size of the finite element models

Type of shaft support FS SS BS

Number of nodes of the smallest FE model 470,190 470,190 591,150
Number of elements of the smallest FE model 508,317 508,314 665,588

Number of nodes of the largest FE model 527,688 527,688 648,648
Number of elements of the largest FE model 565,971 565,971 723,242

of this work are valid within this scope, but some of them are general and
could be extrapolated.

Considering all cases in both sets, table 6 shows the number of nodes and
elements of the smallest and largest FEM models. Through this table, it is
possible to observe the important size of each one of the 261 FEM models
solved and analyzed in this work, especially of those with bearing supports.

6. Results and discussion

For each one of the resulting cases of study, a finite element model has
been developed following the ideas described before and, then, analyzed using
Simulia Abaqus software. As a result, the misalignment of the pinion with
respect to the rack has been computed measuring the displacements of the
nodes placed on the keypoints, as explained in section 3.

As it was described by Houser [17], when there is only one cylindrical
gear mounted on the shaft, the elastic deflections of bearings and shaft are
mostly produced in the direction of the plane of action (π). Certainly, in
this work, it has been verified through the results of the different cases of
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Figure 7: Shaft deflection in the plane of action for two representative cases of study where
the mounting position of the pinion is zg = 0.7L, the applied torque is T = 75Nm and
the axial interference is δa = 0 µm

study that the deflections in the plane γ are negligible compared to those in
plane π. For this reason, the following studies are centered in the magnitudes
of misalignment related to plane π and no special attention is paid to the
magnitudes in plane γ.

Figure 7 shows the pinion shaft deflection in the plane of action (ωπ)
for two representative cases of study (corresponding to shaft diameters of 20
and 28 mm) with the three types of shaft supports. It can be observed that
the highest deflection values are obtained with the bearing supported model,
followed by the simply supported model and, finally, the fully supported
model. This result is expectable and it is also observed in the rest of cases
of study.

Furthermore, considering all solved cases, some similar tendencies of shaft
deflection are observed between the simply supported cases and the bearing
supported cases. On the contrary, the shaft deflection in fully supported
cases is not considered realistic and has no similarities with the deflection
with other types of supports. For this reason and for the aim of brevity, the
fully supported shaft will not be included in the following analyses.
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6.1. Study of the influence of the applied torque on the misalignment of the
pinion

When the power is transmitted through the pinion and rack transmission,
a pressure distribution is generated in the contact area between the gear
teeth. This contact pressure distribution produces the deflection of the elastic
elements of the transmission, causing the misalignment of both gears. As
the applied torque becomes higher, the contact pressure is also higher, and it
produces larger deflections that may increase the misalignment. This is the
reason why a direct relation between the applied torque and the magnitudes
of misalignment is expected.

But, in addition, a change in the misalignment of the gears involves a
change in the contact area and, consequently, in the contact pressure distri-
bution. This affects the deflection of the elastic elements of the transmission,
modifying the misalignment and leading to a coupled non-linear problem.
This problem has been solved by the finite element method for all cases of
set A and figure 8 shows the resulting parameters of misalignment versus
the torque for a few representative cases. The main conclusion that can be
obtained is that, in all solved cases, the relation between the parameters of
misalignment and the torque is very close to be linear. The reason is that
the deflections produced by the transmitted torque are relatively small, so
the non-linearity of the problem with respect to variations of the transmitted
torque is also small. And this conclusion is reasonable for most commercial
transmissions since their parts are designed to have a high stiffness.

Comparing the simple supported cases (SS) with the bearing supported
cases (BS) it can be observed that, while in the first cases the non-linearity is
practically inexistent, in the second cases this non-linearity increases slightly.
But, in all cases, the relation between the parameters of misalignment and
the torque could be considered linear (within the scope of this study) with a
very high level of accuracy.

The linear relation that was revealed in this study implies that, in the
following studies, the same conclusions could be obtained with any value of
torque within the scope of this work. For this reason, in the following sections,
the result from the different studies will be presented with the intermediate
value of the torque (75Nm) without losing generality.

Regarding the axial displacement of the pinion, in spur gears there is not
theoretical axial load and the induced axial load due to shaft deflection is
negligible for small deformations. As a result, in all simple supported cases
(SS) the obtained axial displacement is practically zero. But in bearing
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Figure 8: Evolution of the misalignment of the pinion for a selection of representative
cases where zg = 0.7L: (a) angular misalignments parallel to the plane of action, (b)
transversal displacement and (c) axial displacement of the pinion.

supported cases (BS), the radial load of the bearings induces a thrust load
that may displace the pinion depending on its position over the shaft, as it
can be observed in figure 8c. This phenomenon is described with more detail
in the following section.

6.2. Study of the influence of the pinion shaft diameter and pinion mounting
position on the misalignment of the pinion

In a gear transmission, one of the main contributions to the misalignment
of the gears is the deflection of the shafts. The amount of deflection of a shaft
under load depends on its stiffness, on the type and position of its supports
and on the position and magnitude of the applied loads. The stiffness of
a shaft is related to its length, diameter and material and the magnitude
and position of the applied loads (contact forces) depend on the mounting
position of the pinion over the shaft and on the magnitude of the applied
torque.

In this section, the variation of the misalignment of the pinion with these
parameters is analyzed from the results of the FEM models corresponding to
the set of cases A (table 4). Figure 9 shows the obtained angular misalign-
ment in the plane of action (θπ) for the intermediate value of torque, and
for a selection of representative cases of study with both bearing supports

20



-5
0

-4
0

-3
0

-2
0

-1
0

0

1
0

2
0

30

4
0

5
0

θπ bearing supports(arc sec) with θπ (arc sec) with simple supports

0.2 0.3 0.4 0.5 0.6 0.7 0.8
20

22

24

26

28

d
sh

(m
m

)

z Lg/
0.2 0.3 0.4 0.5 0.6 0.7 0.8

20

22

24

26

28

d
sh

(m
m

)
z Lg/

(a) (b)

Figure 9: Evolution of angular misalignments parallel to the line of action with the shaft
diameter (dsh) and mounting position (zg/L) when the applied torque is 75Nm.

(figure 9a) and simple supports (figure 9b). In these figures, the small points
represent the solved cases and the curves are interpolated from them.

It can be observed that, in both cases, the angular misalingment tends to
zero when the pinion is in the midpoint of the bearing span (zg/L = 0.5) and
its absolute value increases as the pinion moves far away from this position,
agreeing with what it was expected.

Furthermore, in both cases (BS and SS), when the pinion is mounted in
a position that does not coincide with the midpoint of the bearing span, the
angular misalignment is increased as the shaft diameter decreases. This is
expectable because the slope of the deformed shaft increases when its stiffness
decreases.

In all cases of set A, the angular misalignment obtained with bearing
supports (BS) is lower than the angular misalignment obtained with simple
supported shaft (SS). This is because the component of angular misalignment
induced by the deflection of the bearings tends to compensate the angular
misalignment produced by the shaft deflection, as it was explained in sec-
tion 3.

On the other hand, figure 10 shows the results of transversal displacement
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Figure 10: Evolution of the transversal displacement of the pinion with the shaft diameter
(dsh) and mounting position (zg/L) when the applied torque is 75Nm.

of the pinion (δXY ) obtained for the same cases of study with bearing supports
(BS, figure 10a) and with simple supports (SS, figure 10b). It can be observed
that in both cases the transversal displacement of the pinion is increased as
the shaft diameter decreases because the stiffness of the shaft also decreases.

Besides that, the transversal displacement of the pinion is maximum when
it is mounted at the midpoint of the bearing span because the deflection of
the shaft decreases as the load is applied in a position closer to the supports.

And, finally, in all cases, the transversal displacement of the pinion is
higher with bearing supports than with simple supports since the transversal
displacement of the pinion produced by the deflection of bearings and the
transversal displacement produced by the shaft deflection always sum up, as
stated in section 3.

The axial displacement of the pinion has been also obtained for all cases.
In cases with simple supports (SS) this axial displacement is practically zero
as it was justified in section 6.1. But, in cases with bearings (BS), this axial
displacement is not null as it is observed figure 11. It can be seen that the
axial displacement tends to increase as the pinion is moved away from the
midpoint of the bearing span. The reason is that, in tapered roller bearings,
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Figure 11: Evolution of the axial displacement of the pinion with the shaft diameter and
mounting position when the applied torque is 75Nm.

the radial load induces a thrust reaction within the bearing because of the
taper, that tends to push the shaft towards the other bearing. Since the
tapered roller bearing that is closer to the pinion supports more radial load
than the other one, it creates a larger thrust load, that produces the axial
displacement of the pinion. This displacement is the result of the compres-
sion of the shaft plus the deflection of the compressed bearing in the axial
direction. Since a higher diameter of the shaft implies a higher stiffness in
both shaft and bearings, the axial displacement of the pinion decreases when
the diameter increases.

6.3. Study of the contribution of the deflection of the bearings to the mis-
alignment of the pinion

To evaluate the contribution of the deflection of the bearings to the angu-
lar misalignment of the pinion, the ratio R

(θ)
π , defined as the relation between

the angular misalignment produced by the deflection of the shaft (θπs) and
the angular misalignment produced by the deflection of the bearings (θπb),
has been analyzed. From the definition of this ratio, several theoretical ranges
with different meaning can be defined, as shown in figure 12. It is easy to
observe that the optimum value of R

(θ)
π is −1, since this value means that

the angular misalignment produced by the deflection of the bearings com-
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π .

pletely compensates the angular misalignment produced by the deflection of
the shaft, resulting a zero angular misalignment of the pinion with respect
to the rack.

The ratio R
(θ)
π has been computed from the results of the FEM models

corresponding to the set of cases A and figure 13a shows the ratio for the
cases where the applied torque is 75Nm. In that figure, the region where
R

(θ)
π < 0 corresponds to designs where the angular misalignment produced

by the shaft deflection is partially compensated by the angular misalignment
produced by the deflection of the bearings (θπs and θπb have different sign).
On the other hand, the hatched region corresponds to designs where the
absolute angular misalignment produced by the shaft deflection is higher
than the absolute angular misalignment produced by the deflection of the
bearings (|θπs| > |θπb|).

It is important to remark that, in figure 13a there is a central region (in
gray) where the angular misalignments θπs and θπb are both close to zero and
the numerical errors associated to the FEM model introduce uncertainty to
the value of R

(θ)
π . Consequently, the only conclusion that can be extracted

in this region is that the total angular misalignment is practically zero.
Besides that, in most part of the design space of figure 13a (region where

R
(θ)
π < 0) the angular misalignments due to shaft deflection and bearing

deflections have different sign and partially compensate each other.
On the other hand, the study revealed that the contribution of the shaft

deflection to the angular misalignment of the pinion is more important than
the contribution of the deflection of the bearings in most part of the de-
sign space (hatched region). This difference depends on the relative stiffness
of both elements and, to evaluate the contribution of the deflection of the
bearings, the relative error of the obtained angular misalignment associated
to not including the roller bearings in the FEM model has been computed
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(figure 14a). This error ε
(θ)
π is defined as the absolute value of angular mis-

alignment due to the deflection of the bearings divided by the absolute total
angular misalignment considering the deflections of both shaft and bearings.
Once again, no conclusions should be extracted from the central region (in
gray) for the reason explained above. But out of this area it is possible to
observe that not considering the bearings implies a relative error from 25%
up to a very high value in the estimation of the angular misalignment of the
pinion. And, as expected, this error increases when the stiffness of the shaft
relative to the stiffness of the bearings also increases.

A similar analysis has been performed with the transversal displacement
of the pinion. A ratio R

(δ)
XY has been defined as the quotient between the

transversal displacement due to shaft deflection (δXY s) and the transversal
displacement due to the deflection of the bearings (δXY b). The results ob-
tained for this ratio are presented in figure 13b for the cases where the applied
torque is 75Nm. In this case, both displacements always sum up (they never
compensate each other) and the results show that in most part of the design

space (hatched region where R
(δ)
XY > 1) the displacement due to shaft deflec-

tion is higher than the displacement due to the deflection of the bearings.
When R

(δ)
XY = 1, both displacements δXY s and δXY b are equal and this curve
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is the frontier where the relative importance of the deflection produced by
shaft and bearings changes. The displacement produced by the deflection
of the bearings (δXY b) becomes more important when the stiffness of the
shaft increases and when the mounting position of the pinion is closer to
the supports (bearings). The displacement produced by the shaft deflection

increases just the opposite. The frontier of relative importance (R
(δ)
XY = 1)

depends on the relative stiffness of shaft and bearings.
Finally, to illustrate the importance of considering the bearings when

evaluating the transversal displacement of the pinion, the contribution of the
bearings is presented in figure 14b as the relative error of not considering the
bearings (ε

(δ)
XY ). It can be observed that this error is always higher than 25%

and it reaches values around 65% as the shaft is relatively stiffer than the
bearings and as the pinion is closer to one of the bearings.

6.4. Study of the linearity of the problem of computing the transversal dis-
placement of the pinion

In some gear design guides [1], it is a common practice to determine the
transversal displacement produced by the deflection of the roller bearings
(δXY b) (considering a linear model of displacement between the bearings) and
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the transversal displacement produced by the deflection of a simply supported
shaft (δXY ss) separately, and then apply the principle of superposition to
determine the total misalignment of the transmission. However, as it has been
mentioned in section 3, both parameters are coupled to a certain degree, and
subsequently, applying the principle of superposition can lead to imprecisions
in the results.

To quantify the linearity of the problem in the transmission used in this
work, the component of transversal displacement of the pinion produced by
the flexibility of the shafts (δXY s) is compared to the transversal displacement
of the pinion in a simply supported case (δXY ss), as shown in figure 15a. The
results of this comparison for those combinations of the set of cases A (table 4)
where the applied torque is 75Nm are shown in figure 15b.

It can be observed that the ratio δXY s/δXY ss is always greater than 1,
what means that the transversal displacement of the pinion obtained by a
model including both pinion and bearings is always higher than the one ob-
tained by computing separately the deflection of the pinion and the deflection
of the bearings. But, the values in figure 15b are very close to 1, what means
that the error assumed by applying the principle of superposition is small
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(lower than 9% in the scope of this study). This error increases when the
diameter of the shaft also increases or when the pinion is moved away from
the midpoint of the bearing span.

The slight lack of symmetry of the obtained results is produced by nu-
merical errors in the FEM models and also by the torque, that is the only
element breaking the symmetry of the models.

6.5. Study of the influence of the axial interference on the misalignment of
the pinion

The application of an axial interference on tapered roller bearings of gear
transmissions is a common practice in the industry that can help to improve
the rigidity, guiding accuracy and smoothness of the operation [27]. In con-
sequence, it may have some effect on the misalignment of the gears [28] that
is investigated in this section. Thus, the influence of the interference on the
misalignment of the pinion is analyzed considering the set of cases B (table 5).
The computation of the FEM models provided results that are analyzed sep-
arately for both positions of the pinion. When zg/L = 0.7, the resulting
parameters of misalignment versus the interference on the bearings are pre-
sented in figure 16 for different shaft diameters and the intermediate torque
(T = 75Nm). On the other hand, in figure 17 the information is presented
for different torques and the intermediate shaft diameter (dsh = 24mm).

By observing figures 16 and 17 it can be said that all misalignment pa-
rameters have a monotonic variation with the axial interference on bearings,
for all considered shaft diameters and torques. The angular misalignment
(θπ) and the axial displacement (δZ) of the pinion have a monotonic increase
with the axial interference while the transversal displacement of the pinion
(δXY ) has a monotonic decrease with the interference. Furthermore, it can
be observed that all parameters converge to an extreme value when the in-
terference is increased, being this extreme value different for different shaft
diameters and torques. But while the rate of convergence is practically inde-
pendent from the shaft diameter (figure 16), it demonstrates to be dependent
from the torque (figure 17), being the convergence faster for low torques.

When the pinion is centered in the bearing span (zg/L = 0.5), the ob-
tained angular misalignment and axial displacement of the pinion are both
negligible compared to the results when zg/L = 0.7. However, the transversal
displacement is of the same order of magnitude as the transversal displace-
ment when zg/L = 0.7 and follows the same tendencies, so similar conclusions
can be obtained.
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Figure 16: Evolution of the misalignment of the pinion with the axial interference and shaft
diameter for cases of study where T = 75 Nm and zg/L = 0.7: (a) angular misalignments
parallel to the plane of action, (b) transversal displacement and (c) axial displacement of
the pinion.
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Figure 17: Evolution of the misalignment of the pinion with the axial interference and
applied torque for cases of study where dsh = 24mm and zg/L = 0.7: (a) angular mis-
alignments parallel to the plane of action, (b) transversal displacement and (c) axial dis-
placement of the pinion.
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Figure 18: Evolution of the maximum load in the rolling elements of bearings with the
axial interference

In addition to the effect on the misalignment, the introduction of a slight
preload to the bearings can help to maximize their life [28], but if the preload
is excessive the opposite effect could be obtained [29], arriving at a drastic
reduction of the fatigue life of bearings.

According to Harris [22], the life of bearings is related to the maximum
total load (Qmax) supported by one roller. This maximum total load has
been computed from the results of the FEM models corresponding to cases
in set B and figure 18 shows the evolution of this parameter (maximum load
supported by a rolling element) versus the imposed axial interference. It can
be observed that the maximum load in the rollers practically does not change
with the shaft diameter but it does significantly with the applied torque, as
expected. In addition, there is an optimum value of interference where the
maximum load supported by the roller is minimum. And this optimum value
increases with the torque.

7. Conclusions

In this work, the contribution of the flexibility of roller bearings to the
misalignment of the pinion in a pinion-rack transmission has been analyzed.
The work is based on a typical commercial design of this type of transmissions
where different design parameters have been varied to obtain 261 design cases.
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A realistic 3D FEM model has been built for each one of these cases and the
coupled structural and contact problem has been solved. From the results
of the FEM models, the parameters of misalignment of the pinion have been
obtained and five studies have been performed to evaluate the influence of
the roller bearings in that misalignment.

As a result of these studies, the following conclusions have been obtained:

• The relationship between all parameters of the misalignment (angular
misalignment, transversal displacement and axial displacement) and
the transmitted torque is practically linear in both types of models
(with simple supported shaft and with bearing supported shaft) be-
cause of the high stiffness of the elements of the transmission.

• The consideration of bearing supports reduce the angular misalignment
because the deflection of the bearings partially compensate the angular
misalignment produced by the deflection of the shaft. In other words,
not including the bearings in a model of the transmission produces an
overestimation of the angular misalignment of the pinion.

• The consideration of bearing supports increase the transversal displace-
ment of the pinion because of the radial deflection of the bearings.
Thus, not including the bearings in a model of the transmission pro-
duces a underestimation of the transversal displacement of the pinion.

• The axial displacement of the pinion is practically zero with the sim-
ple supported shaft, but it is not zero with tapered roller bearing as
supports because of the axial load induced by the radial load in the
bearings. This displacement increases as the mounting position of the
pinion over the shaft gets away from the midpoint of the bearing span.

• The relative importance of the contribution of the shaft deflection and
the contribution of the deflection of the bearings to the angular mis-
alignment of the pinion depends on the relative stiffness of shaft and
bearings. In the scope of this work, if the stiffness of the shaft is
relatively higher, the relative error associated to not considering the
bearings can be higher than 100%. On the other hand, if the stiffness
of the shaft is relatively lower, the relative error can be lower than
33%. But, in any case, the studies demonstrated the high importance
of including the bearings when computing the angular misalignment of
the pinion.
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• Similarly, the contribution of the shaft deflection to the transversal
displacement of the pinion can be more important than the contribution
of the deflection of the bearings. But this importance decreases as
the pinion gets closer to the supports and as the stiffness of the shaft
relative to the stiffness of the bearings increases.

• The determination of the total transversal displacement of the pinion
by computing separately the displacement produced by the deflection
of the roller bearings and the displacement produced by the deflection
of a simply supported shaft and, then, by applying the principle of
superposition is a common practice. The studies demonstrated that,
within the scope of this work, this practice implies a low error because
the small deflections of the structural elements reduces the non-linearity
of the coupled structural and contact problem.

• It is known that the application of an axial interference on the ta-
pered roller bearings of a gear transmission can help to improve the
rigidity, guiding accuracy and smoothness of the operation. But, in
addition, the analysis in this work demonstrated that this practice has
influence on the misalignment of the pinion. Thus, while the angu-
lar misalignment and axial displacement of the pinion increases with
the imposed interference, the transversal displacement decreases. In
all cases, the parameters converged to an extreme value when the in-
terference is increased and the rate of convergence is higher for high
torques. Furthermore, it has been verified that there is an optimum
value of interference that minimizes the maximum total load supported
by the rollers, maximizing the life of the bearings, and this optimum
value increases with the torque.

In summary, this work demonstrated that the deformation of the tapered
roller bearings associated to the pinion shaft has an important influence on
different aspects related to the misalignment of the pinion in a pinion-rack
transmission. Not considering the bearings in the contact and structural
problem may lead to important errors in the estimation of the position of
the pinion under load.
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