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Abstract. In this paper we use a calculus of differential forms which is
defined using an axiomatic approach. We then define integration of dif-
ferential forms over chains in a new way and we present a short proof
of Stokes’ formula using distributional techniques. We also consider dif-
ferential forms in Clifford analysis, vector differentials and their powers.
This framework enables an easy proof for a Cauchy’s formula on a k-
surface. Finally, we discuss how to compute winding numbers in terms
of the monogenic Cauchy kernel and the vector differentials with a new
approach which does not involve cohomology of differential forms.
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1. Introduction

This paper is a continuation of our former papers [9, 10, 11, 12] in which the
calculus of differential forms has been combined with the Clifford algebra.
Using Clifford analysis techniques, and monogenic functions in particular,
we were able to establish a Cauchy-type formula for the Dirac operator on
surfaces (see [10]), a theory of monogenic differential forms allowing a coho-
mology theory (see [9, 12]) and a formula for the winding number of a k-cycle
and a (m — k — 1)-cycle in R™ (see [9]). This extends the work of Hodge [7]
in which the homology of a domain is measured in terms of integrals over
cycles of harmonic differential forms. To understand these ideas, one has to
recall that the theory of monogenic functions in Clifford analysis deals with
nullsolutions of the Dirac operator d, in R™, which is a higher dimensional
generalization of the theory of holomorphic functions in the plane. Consider
a point p in the plane (or a number of points) and a closed Jordan curve (a
1-cycle) I' € C\ {p}; then the winding number of I around p is given by the
Cauchy integral
1 dz
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which is a special case of the residue formula

1 [ f(z)dz
2mi Jp z—p

The analog Cauchy formula for monogenic functions has the form (see [1])

f@)= [ Eu—z)o(du) f(u)

ac
where C is an open bounded set in R™, z € C, E(u—z) is the Cauchy kernel
and o(du) is a suitable (m — 1)-form with values in a Clifford algebra that
represents the oriented surface measure. Using this Cauchy formula in special
cases, one can establish a formula for the winding number of an (m — 1)-cycle
around one or several points.

However, in R™ one can also consider k-cycles C and (m —k—1)-cycles

C—g—1 in R™\ Cf for which there is a winding number that can be defined
in terms of the intersection number; it cannot be measured in terms of mono-
genic functions right away. This makes it necessary to combine a calculus of
differential forms with the theory of monogenic functions, as we do in this
work.
The paper consists of 5 sections, besides this introduction. In Section 2, we
define the calculus of differential forms from scratch using an axiomatic ap-
proach which is inspired by the use of differential forms in analysis. In Section
3 we define integration of differential forms over chains in a novel way which
also includes partial integration operators that are anti-commuting. In Sec-
tion 4 we present a short proof of Stokes’ formula using distributional tech-
niques. Section 5 is devoted to differential forms in Clifford analysis, starting
with a short introduction to Clifford algebras and monogenic functions. Then
we introduce the vector differential dz = Z;nzl ej dx;, that generalizes the
complex differential dz = dx + idy, and its powers dz* represent the oriented
k-dimensional surface measure. This enables an easy proof for a Cauchy’s
formula on a k-surface. The final Section 6 is devoted to the calculation of
the winding number in terms of the monogenic Cauchy kernel and the vector
differentials dz, du, etc. The formulas thus obtained are easier to present and
understand than the ones presented in [9], moreover the approach is new and
does not involve cohomology of differential forms.

2. Differential forms

Let 2 C R™ be an open set, and let C*(€2) be the ring of real (or complex)-
valued smooth functions on 2. We begin by defining the algebra of differential
forms:

Definition 2.1. The algebra A(C*(Q)) of smooth differential forms on Q is
defined as the smallest associative algebra over C*° () satisfying the following
axioms:

(A1) €=(Q) C MC=(Q));
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and there is a map d: A(C*(Q)) = A(C>°(Q))) such that
(Ag) d1 =0;
(A1) for ¢ € C>®(Q), F € A(C™(Q))
d(pF) =dp F + @ dF
(Ay) for p € C®(Q), F € A(C*(Q))
d(dp F) = —dp dF.

Let P = Alg{z1,...,2,} be the algebra of polynomials in z,..., 2,

with real (or complex) coefficients. Then the generators z1,...,x,,, inter-

preted as coordinate functions, give rise to the differential dz1,. .., dz,,. We
can then give the following:

Definition 2.2. The subalgebra A(P) of A(C*()) is generated by P and
satisfies, for any F' € A(P), the axioms
(A}) for F € A(P)
d(l'jF) = diCj F + l’de;
(A%) for F € A(P)
d(dz; F) = —dxj dF.
Proposition 2.3. The following properties hold:
(i) d(zy dzxj) = dxy, dz;;
(ii) d(dzjzg) = —dzjday;
(iii) dxjdey, = —dzj dxy.
Proof. Property (i) follows from
d(zy dz;) = dry dvj + vpd’z; = dxy, dzj,
since, by (Ap) and (As2)
d*p =d(dp1) = —dpdl =0
for p € C=(Q).
As a special case of (A5), we also have
d(dzj ) = —dajday,

so (i7) follows. As a consequence of (i) and (i) we obtain dz,;dxy = —dz;dxy.
O
Remark 2.4. The previous result implies that dx1, ..., dz,, generate a Grass-

mann algebra of dimension 2™.
From the definition of A(P) it follows that every F' € A(P) has the form
F= Y Fa(z)dzra, Falz)eP,
ACM
where M = {1,...,m}, dva = dx,, ...dz,, for A = {aq,...,ax} and with
ap < ... < ayg. It follows that

dF = Z dFA(g)dxA,
ACM
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so it suffices to calculate dy for ¢ € P. By using iteratively the axiom (A})
one can prove by induction on the degree of ¢ € P that

dp = Z dxj Oy, .
j=1
Now note that P is dense in C*(Q2) and A(P) is dense in A(C(f)). So, it
follows that every F' € A(C*°(Q)) is of the form

F= Y Falz)dra, FacC®(Q),
ACM

and, in general,

dF = idxj Z Oz; Fa(x)dra = idxj O, F.

j=1 ACM j=1

However, the definition of A(C*°(Q2)) and of d are independent of any coor-
dinate system. Hence, if (y1,...,¥m) is another C*°-coordinate system on {2,

then we have that
d=> dr;0., =Y dy;d,,,
j=1 j=1
so that we also have the chain rule

" Oz,
drj = Z - dys
— Oye

and for A ={a1,...,ax} € M with ay < ... < ay we have
0xq O0xq
dry = L =——Edyy, ...dys
le;k Oye, Oy, ' g

=D > sgor Oray Ora, dyp

|B|=k \reSym(k) sy OYsrie
= ZJABdZ/Ba B={B1,....0k}, B1<...< Bk

|B|=k
where
Jap = Z sgmraayxa1 aaxak
n€Sym(k) B (1) Y8
are the generalized Jacobians. So, in the coordinates (yi, ..., ym) we have

F=Y Fal@dea= > | Y FaleWw)Jas | dys.

ACM BCM \|A|=|B|

Hence, the chain rule and Jacobians are an automatic consequence of the
axioms.
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3. Integration of differential forms

We extend the notion of differential form to the case where the components
F4(x) are generalized functions or distributions in Q. Let

FZFM(xl,...,l‘m)dlj...dJUm

be a distributional form of maximum degree with supp(Fy;) = K C Q com-
pact. Then, the integral

oo e8]
/F:/ / FM(g)dxl...dxm
Q —0o0 —00

is well defined (note that this is a formal way of writing: we are using the
density of D(Q2) in £(Q) and thus the integrals are meant in the sense of
functionals, see e.g. [5]). Denote by Ar(C>°(€2)) the subspace of k-forms,
namely of elements I = >3 4 _; Fa(z)dza, where Fy € C*(Q2) and de-

note by A(C*(Q)) its closure in the distributions, namely the subspace of
the k-forms F' = Z|A\:k Fa(z)dxa, with Fy € D'(Q). Let ¥ be an infinitely
differentiable k-surface in R defined as the image of a C*°-map:

z(): (ur, .. uk) = z(ug, ... ug),

where u = (uy,...,u;) € ' C R¥ ie ¥ = z(Q). Next, let F' € Ax(C<(R™))
with supp(F') N ¥ compact. Then we can define

/Z:Ff—//ZA:FA(f(Ul,---,Uk))JA(U)duln-dUk

where

is the Jacobian that appears automatically from the chain rule. This also
implies that the above definition will not depend on the coordinate system

in use. Indeed, if we use another coordinate system (yi,...,yx) that locally
has the same orientation as (uq,...,ug), then for any ¢ € C* (V)
8’%1
duy . d .d
/ ' elu) d / % Pl 3y1 ayk Yok
akul .U
dyy...d
/II SD 8y1 8y yk’
but we also have that
uy .. uy
Ja(u(y)) = Ja(u)  m——F—-
(uly) = Tala) - G

In other words, the calculus with differential forms automatically keeps track
of Jacobians.



6 I. Sabadini and F. Sommen

In the sequel we also need partial integration of differential forms. For a form
F(y)dy: ...dy; with compact support, this is defined as the operator

. +oo
/ F(y)dy:...dye:= (—1)71 (/ F(y) dyj> dyi ... dy;—1dyj+1dye
Yj —0o0

that transforms differential forms into differential forms. From this definition,
it is clear that, as operators:

/yj \/yf a ‘/yf \/UJ
Ye Ye

while the integral of k-forms may now be defined as

/EF/,;FA(I(U))JA(u)dul...duk

_ /u . (/u S Fale(u)Ja(u) du1> . dug.

In other words, variables of integration have to be moved to the left side of a
differential form. It is important to note that the above definition of integral
automatically keeps track of the orientation on X: it is determined by the
order of the coordinates w1, ..., ug.

and also

4. Stokes’ formula

Let F € Ax_1(C>(Q)) with suppF N'Y compact and ¥ is as above. Then we
have that (where T means that x is suppressed):

k OF ey, ... —
/dF:/ S duy 0, 3 Falw(u) T Gy dug,
D R* =1 A

aul...&fj...auk

k
= / Z@ujgj(g)dul ... dup =0,
RE 523

since suppF' N X is compact, with

k—1
O "Xy - Ty,

gi(w) =Y Falz(w)
A 9

Let C be a compact set in R™ with nonempty interior and C* boundary.
Let ¢ € C*(R™) be a defining function for C, i.e. ¢ < 0 in int(C), ¢ > 0
in R\ C and ¢ = 0, Vo # 0 on 9C. Then, if Y denotes the Heaviside
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function, we have that Y (—¢) = x¢ where x¢ is the characteristic function
of C. Moreover, for F' € Ap_1(C*(Q)) with C' C © we would have that

[ dtxetzr) =0
b))
where
d(xcF) =dY (=p)F + xcdF,  dY(—p) = —d(p)de,
where ¢ is the Dirac distribution on the real line. This leads to

Theorem 4.1 (Stokes’ formula). With the above notations, the following for-
mula holds:

[ strdor = [ Y(-par

The formula can be also written in the more familiar form

/ = dF.
acny cnx

Here one has to choose local coordinates (vy,...,vx—1) on C N'E such
that the orientation of the system of coordinates (¢, v1, ..., vg—1) is the same
as the orientation of (uq,...,ug).

Indeed, we have that

/Zé(go)dgoF:/Uk1.../yp/gp(5(<p)dgoF:/vk1.../UIF|¥,_0:/OCHEF.

5. Clifford differential forms

The complex Clifford algebra C,, is the complex associative algebra with
generators ey, . . . , €, together with the defining relations e e +ere; = —26,.
Every element a € C,, can be written in the form

a= Z aaeq, ay € C,
ACM
where, as before, M = {1, ..., m} and for any multi-index A = {ay,...,ax} C
M, with o7 < ... < we put eq = eq, " Cay-
Every a € C,, admits a multivector decomposition
m

azZ[a];67 where [a]x = Z aaeq,

k=0 |A|=k

o []r : C,, — CF, denotes the canonical projection of C,, onto the space
CF. of k-vectors. Note that C%, = C, the set of scalars while CL, is the space

of 1-vectors v = Z;n:l vje;. So the map

m
(V14 s Um) —>y:Zvjej
=1
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leads to the identification of C™ with C. . For any v,w € C}, we have

vow=—(v,w) =Y v,
j=1
vAw= Y ej(vywe—vew;) € Cy,

j<t
More in general, for vy,...,v, € CL we define the wedge (or Grassmann)
product in terms of the Clifford product by

1 k

VA AY, = o Z SGUT V1) Un(iy € Crppe
m€Sym(k)

We also call v; A...A v, a k-blade. The k-blades span CF | but not every
element in CF, is a k-blade.
For v € C! and a € CF, we set

va = [valp—1 + [valgr1 =v-a+vAa

where

[t

‘a= i(ya + (=1)*aw),

|<

1
vAa= Q(ya + (=1)*aw).

More in general, for a € CF , b € C¢ | k > £ we have
ab = [ablg—¢ + [abli—p42 + - - + [ab]g+e
and we define the wedge product as
[abl1e = a ND.
So we have the Grassmann product in terms of the Clifford product. The vari-

able (x1,...,%mn) € R™ is identified with the vector variable z = Z;n:l zje;

and C,,-valued functions in R™ are denoted by f(z) =, fa(z)ea, fa are
C-valued functions.

Definition 5.1. A function f : Q C R™ — C,, real differentiable will be
called left monogenic in § if it satisfies J,f(z) = 0 for & € Q, where J, =
ZTZl e;0,, is the Dirac operator (or vector derivative).

We have the following formulas
2Oy =20y +xNOp=—E; — Iy

where By = —2-0, = 27;1 20y, is the Euler operator and I'y = —z A0, =
— ij<k ejkLijk, Ljx = £;04, — xkﬁz]., are the angular momentum operators.
Moreover we have the overdot notation introduced by Hestenes

du(z f) = —mf + dp(zf)



Differential forms and Clifford analysis 9

where

Op(xf) = —20pf — 2B, f.
Remark 5.2. The elements dzq,...,dz,, generate a Grassmann algebra and
also ey, ..., e, form a Grassmann algebra with respect to the wedge product.

Yet, we do not identify dz; with e; as some authors do. The elements e; are
imaginary units and so symbolic constants, while the elements dz; are the
differentials of the real coordinates x1,...,x,,. The wedge notation will be
used only for Clifford numbers, not for the differential forms dzq, ..., dz,.
However, we may use it for vector differentials (see below and the last section).

The vector variable z = E] L xje; can be seen as a R} -valued func-

tion. Its differential, called wvector differential is given by dx = ijl e;jdx;.
Combining the Clifford product and the differential form product, we have
that

m m
= Z dzjejdree, =2 Z dxjdxeeje = dx N dx = [dz?]s,
Y4 j<t
and, more in general,

(dg)’c = k! Z draes =dz N...Ndx = [dgk]k.

|Al=k
In particular
dz™
= dzry...dxmer ...eq = V(dz)en,
d&m 1 m jil
e ZdﬂﬁM\{g}eM\{a} == _e(=1) daanjen = —o(dz)en

j=1
where V(dz) denotes the Euclidean volume form and

m

o(dz) = Z(—l)jflej dzy .. gsr\j coodxy,

=1
is called o-form.
Let f,g: Q — C,,, then

d(fog)=> 0 (fejg)dur... duy,
j=1

= (fagg + fagg) V(dz).
Hence, for a compact subset C' C ) with nonempty interior and with smooth

boundary, we have (see [1, 10]):

Theorem 5.3 (Cauchy-Borel-Pompeiu). Let Q@ C R™ be an open set and
f9: Q= C,,. Let C C Q with nonempty interior and with smooth boundary.
Then

/ d(fog)= / (Fug + Fag) V(d).
oC C
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We are now going to generalize this result to smooth k-surfaces C' N
Y. where, as before, ¥ is the infinitely differentiable image of a map u =
(ul,...,um) —)Jf( ) €.
First of all, we have that for z € X:

dx—ZduJ = Oy, z duy,

da® = Z (aug z Oy — Oy, auf z)du; dug

i<t
=2 Z 8u] dujdug
daz* oz oz
— = — Ao N —duy, ...du;
P> ou;, u;, T e
|A|=¢ :
and eventually
dz* oz ox
— = —A. —duy...d 1
W ouy " By, e (5.1)

is the oriented k-vector valued surface element on . All these surface forms
are coordinate independent.
We now prove the following crucial result, see also [10]:

Lemma 5.4. We have the formal identity
k-1 k
P A —9, - dz”
(k—1)! = k!

Proof. We have the following chain of equalities

k k k
—9, - az® _ _% <3xdx 4 (_1)kldxlax>

= K k!
k—1 h—2
<{(9w, dzx} dac — dx{0s, dx} +--
o, )

d.l?k 1
Oy, dz

{ }( ol

and clearly {0,,dz} = —2d. O

Theorem 5.5 (Stokes). Let ¥ be a smooth k-surface, let C' be a compact set
with non empty interior whose boundary OC' is a smooth (n — 1)-surface, (so
CNXis a compact set). Let f,g be C,,-valued smooth functions on ¥. Then

dzkfl d@k )
Acmzf(k_l)!g:_/crwz <f8 k' g—i—f@ k! g).
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k
Now we have to characterize the restriction to ¥ of 9, - %. We already
know, see (5.1), that

dzF
kI
where T(z) is the unit k-blade tangent to ¥ at the point z and V' (duy, . . ., duy)

is the Euclidean volume form. Let p € ¥ and consider an orthonormal basis
£1,---,& of k-planes tangent to ¥ at the point p. Assume that the orthonor-

= T(&)V(dula ceey duk)a

mal basis has the same orientation as the coordinate frame uy, ..., ug. Then
T NN
=g1...=wW—A...AN—
shecc =k ouq ouy,
where w is a positive weight, namely a function with strictly positive real
values. Let vq,...,v,,_; be the remaining (m — k) unit vectors such that
(1s-+sEk; Y1y Vp—_p) 18 an orthonormal basis of R™. Then
Op = Oy + 01
k
Oa =Y _2;(ej: Ou)
j=1
m—k
6§L - ZJ <Z]a ax>
j=1

so that after restriction to X we have

dz* da® k—1 da*
O = Ol = D O

We then have (compare with [10]):

Theorem 5.6 (Cauchy). Let ¥ be a smooth k-surface, let C' be a compact set
with non empty interior whose boundary OC is a smooth (n —1)-surface. Let
f,g be C,,-valued smooth functions on ¥.. Then

d@k_l
/amf(k_l),gz—/m(fam LAPRS / 7 (O10)

6. Winding numbers from monogenic functions

Let us recall that the Cauchy kernel for monogenic functions is

1z 27/
E S Ay = ——
VY 0 /2)
The function E(z) is both left and right monogenic in R™ \ {0} and takes
values in the space of 1-vectors R} . We also have the validity of the following
equalities

0. E(z) = E(z)0; =6(z) = 6(x1)...0(zm)
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which hold in the distributional sense, see also [3]. Hence, we also have that,
in view of Lemma, 5.4:

dz™ ! e dx™
d| FE — | =-F 836 L=
< (z) (m — 1)!) (2)0s m)!
dx
— (B@)o)E
dz™
= 75(2) ] )
whereby as before dfr: =dzy...dr,ep. We are now going to consider two
sets of coordinates x1, ..., %, and uy,..., U, and the corresponding differ-

entials. Then, by translation, we have that
O E(z —u) = E(z —u)0, = 0(z — u)
=0(x1 —u1)...0(Tm — Um)
= —0uE(z —u) = —E(z — u)0y.
Now, by replacing also the vector differential
dx — dy = d(z — u) = dz — du, where y =z — u,

we still have that )

dy™~ dy™
L S

(m —1)! ) m!’
where d, =37, dy;0,, = 377", (dxj — du;)0,, and also

0y, B(y) = 0p, E(x — u) = =0y, E(x — u).

Yi

dyE(y)

Hence d, = d; + d,, and the above identity may be rewritten as

(dz — du)™ ! (dz — du)™

(dg + dy) E(z —u) (m—1)! m!

= —d(z —u)

where

(dz —dw)™ _ (dey — duy) ... (dem — dum)ens = Y Vi(dz, du)en

k=0

m!
and (see also [11])
Vi(dz, du) = (—1)* Z sgnAdua dryp a,
|Al=k

duyg = dug, - . .dug,, A={ay...ap}, a1 <...< g

dl‘M\A deﬁl "'dxﬁmfk’ M\AZ {61“-6771—!@}’ ﬂl < ... < ﬂm_k

and sgnA denotes the signature of the permutation (a1, ..., @k, 81, -, Bm—k)
with respect to (1,...,m). This can also be obtained as follows:

dz - du = [dz dulo dej du

dz A\ du = [dz du]s = i(dgdg—i— dudz) = du A dz.
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So, in general, we have that

(dz — dw)*  [(dz — du)"]i

k! B k!

_ (dz—du) A ... A (dz — du)
B k!

k € gkt
=

1 k!
£=0
k

du? dxk—*t
— _1 Z; —
U Ao

is a k-vector. In particular:

k duk dxm—k’

Vieldz, dujenr = (=1)" =7 A m
while also
m—1
(dg _ dﬂ)mfl
——————— = —o(dx — du)epy = — Z o (dz, du)
_ |
(m—1)! prd
with
ppadu® o damTR

ow(dz, du) = (=1)""" = m—k—10

Thus we arrive at the fundamental identity contained in the following result:

Theorem 6.1. For every k =0,...,m the following identity holds:

d@k dlm—k—l
de |Ple 0 A iy )

dukf 1 dxmfk

du® dx™k
} —z—w)—7 A e

u)

= du [E(x_ =11 " (=)l

Proof. The result follows by identifying differential forms with same degree
in duy, ..., du,, within the formula (6.1). O

Let Ci be a k-chain in R™ that can be realized as a compact subset
C), with nonempty interior of an oriented infinitely differentiable surface of
dimension k (with respect to the relative topology).

Definition 6.2. The indicatrix I(Cy)(z) of the k-chain Cj in R™ is the (m —
k — 1)-form

duk dl‘m_k_l

I(Ck)@):/ E(&—u)ﬁ/\m.

ueCl

The indicatrix is an (m — k — 1)-form with left monogenic component.
The above theorem clearly leads to the following result (compare with the
result in [9]):
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Theorem 6.3. Let OC), be the boundary of Cy with proper orientation, then

dgk dl‘m_k

(DM@ =100 - [ s -G A

Proof. The result follows from Theorem 6.1 by integrating with respect to

/UECk

The factor (—1)* in front arises because of the anti-commutativity:

/'dﬂ?j:—dl’j/-
vj vj

J J

between integral operators and differentials. ([

Remark 6.4. The second term is a distributional (m — k)-form given by

dl.mfk dl.mfk

B T I i T e INCRTEY

m

where A(Cy)(z) denotes the distribution supported by Cj defined as

uk
MC@ = [ se-n

ueCl

Corollary 6.5. Let 9Cy = 0, i.e. let Cy be a k-cycle. Then

dmfk
mh EE A A(C) (@),

(~1)*dI(Cy)(z) = (=DM (m —k)!

which vanishes in R™ \ Cy.

Now consider a k-cycle Cy and let C),_; be an infinitely differentiable
(m — k)-chain with infinitely differentiable boundary 0C,,_; C R™\ Cj. We
choose C),_j such that it intersect generically C} in finitely many points.
Then, in view of Stokes’ formula and using the previous corollary, we have

| rcow= [ ancow

xm—k
_(_1)k(m—k—1) /C h AA(Cy) ().

Theorem 6.6. Under the above assumptions
[ 1E)@ = (04 mt(Cr Colear,
C?nfk

where Int(Cy, Cp—k) is the intersection number of Cy with respect to Cy,—
inside R™.
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We will show the result just in one case. The general result follows from
homological arguments. First we note that all the above results extend to
the case where C} is an unbounded chain or cycle, as long as all the needed
integrals converge. Let us consider the case where Cy = W}, W} being the
oriented k-space with coordinates uq,...,ur. In this case we have

dgmfkrfl
I(Wy) —/ume]R.../UIGRE(;Uu)dui...duk (el...ek/\(m_k_l)!>

1 L d.’I;Tﬁkil
Ap |z, |m—F <61 F =k — 1)

where 2, = >0, xje;, duy = 0T, L dwjey, and therefore by Lemma
5.4

1 T
777;716 €1 .
Ak @ﬂ

= —(=1)k6(z  )dzpsy ... drpen.

AI(W)(z) = en (a’h it - dTmeirt - .. e)

So if Cho— = B(1) NWy—, Wi—k being the (m — k)-space with coordinates
Thil,s---Zm, We obtain that dC,,_, = S™ %1 the unit sphere in W,,_j
and

/ I(Wy) = / —(=1)*8(z | dxpyr ... dzmen
Sm—k-1 |z, [<1

= —(—1>k€M
= —(—1)kInt(Wk, Win—k)ear-
In general, we have the following:

Definition 6.7. The intersection number Int(Cy, C,,—i) is defined as
> It(T,Ck, TpConi),
pECKNCry—k

where T,,Cy, T,Cy,—j; denote the oriented tangent spaces to Cj; and Cp,— at
the point p, respectively, and where

Int(T,Ck, TpCr—r) = sgndet G,

where G € GL(m, R) is the matrix of a linear transformation mapping Wy, —
TpC’k. and Wm—k — TpCm_k.

Definition 6.8. The intersection number Int(7,C%, T,Cy,—) is also called the
winding number of 0C,,,_, around Cj.

Remark 6.9. At a given point p, the number Int(T,Cl, T,Cyn—r) gives the sig-
nature of the orientation. The sum >° o, o Int(T,Ck, TpCrn—) is equal
to the total intersection number between Cj and C,,_; it is also equal to
the number of times that 0C,, —_j rotates around Cj}.
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Proof of the theorem. As I(Cj) is closed in R™ \ Cj, we have that
whenever C!_, is an (m—k)-chain for which 0C/, _, is homologous to C,,,_,
in R™\ C}, then

/ac' I(Cy)(z) :/ 1(Cy) (2).

OCm—k

m—k
Moreover, C/._, may be chosen to be a sum of unit discs. Due to the symme-
try, one may also change C}, to a homologous cycle C}, inside R™\0C/, _, and
choose Cj, to be a sum of spheres (or even oriented k-spaces). This reduces
to the general case to a k-space Wy, and a disc B(1) N Wy,—j for which we
have the result. O

Remark 6.10. For the indicatrix of C we have the expressions

duk dszkfl

HCe) = [ B0 gy

from which we get

duk dxmfkfl
/Ieaka 2€0C,,—, JueC) k! (m —k— 1)! -
dxm—k—l duk
(=1) weac, , (m—k—=1)J,cc, (z —u) )

dgm—k—l
L. (m_k_l)!ka)(x)]

whereby M (C}) is a left monogenic function in R™ \ Cj, given by

==+

m

d k
M(Ok)(l):/ . E(zfg)%:[M(ck)]kHHM(Ck)}k_l
ucCg !
and in fact
I(C)(z) = (—1)k+D(m=—k=1) MA e |
€oC ( k)(,) ( ) co (m—k:—l)' [ ( k:)}k+1
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