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QUENCHING SOLUTIONS OF A STOCHASTIC PARABOLIC
PROBLEM ARISING IN ELECTROSTATIC MEMS CONTROL

NIKOS I. KAVALLARIS

ABSTRACT. In the current paper, we consider a stochastic parabolic equation which actu-
ally serves as a mathematical model describing the operation of an electrostatic actuated
micro-electro-mechanical system (MEMS). We first present the derivation of the mathe-
matical model. Then after establishing the local well-posedeness of the problem we in-
vestigate under which circumstances a finite-time quenching for this SPDE, corresponding
to the mechanical phenomenon of touching down, occurs. For that purpose the Kaplan’s
eigenfunction method adapted in the context of SPDES is employed.

1. INTRODUCTION

In the current work we consider the following stochastic semilinear parabolic problem

up = Au + 1= +o(u) OW(z,t), in Qr:=Qx(0,7),T>0, (L.1)
u=0, on I'p:=00x(0,T), (1.2)
u(z,0) =¢&(z), €9, (1.3)

where ) is a bounded subset of RY, N = 1,2, 3, with smooth boundary and X is a positive
parameter. Here 0;W (x,t) denotes by convention the formal (time) derivative of the Wiener
random process W (z,t) in a complete probability space (B, F;,P) with filtration (]:t)te[O,T]
which is defined more rigorously in the Section 3. Then o(u) 0,/ is a multiplicative noise
and o(u) is actually the magnitude of the noise term and its growth will be identified later.
Furthermore, the initial data £ : B x @ — RT are considered to be almost surely (a.s.)
positive. Then the solution u = u(z,t;w) of (1.1)-(1.3), for any w € B, is a stochastic
process and the investigation of its basic properties is the main purpose of the current
work.
In case o(u) = 0 then problem (1.1)-(1.3) is reduced to its deterministic counterpart

Ut = Au + m, iIl QT: (14)
u=0 on [, (1.5)
0<u(z,0)=¢(x) <1, ze. (1.6)

Actually (1.4)-(1.6) and its non-local variations have attracted the attention of many re-
searchers [6, 7, 10, 9, 11, 13, 16, 17], since this kind of equations can model the operation
of some (idealized) electrostatic actuated micro-electro-mechanical systems (MEMS) which
have a wide variety of applications.
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The associated stationary problem to (1.4)-(1.6) is

A .
A'LU + m = O7 1mn Q, (17)

w=0 on 09, (1.8)
and we define
A" :=sup{\ > 0: problem (1.7)-(1.8) has classical solution corresponding to A},

where 0 < \* < oo for any d = 1,2, 3, see [6, 8, 14].

Regarding the dynamics of (1.4)-(1.6), whenever 0 < A < A* and for “small enough”
initial data & then the solution u of (1.4)-(1.6) converges to a steady-state solution, [6, 9, 16].
On the other hand, either for initial data &(x) “close enough” to 1 and 0 < A < A*, or for
any initial data 0 < &(x) < 1 and A > A* then a finite-time quenching occurs, i.e. there
exists T, < oo such that |ju(-,t)||« — 1 as t — T,. Finally, when there is a weak steady-
state w* with ||[w*|| = 1 at A\* then a infinite-time quenching takes place. Obviously,
quenching yields a singular behaviour of the equation (1.4) since its reaction term becomes
unbounded close to the quenching time 7}, but it is also linked with a possible destruction
of the MEMS device, [21]. The destruction might be a consequence of the touching down
of an elastic electrode towards its opposite rigid one within the MEMS device, see Figure
1 below. One of the aims of the current work is to investigate whether there is an impact
of the noise term on the occurrence of finite-time quenching.

The structure of the paper is as follows. In Section 2 a brief derivation of the mathemat-
ical model (1.1)-(1.3) is presented. In section 3 we provide the preliminary mathematical
tools will need throughout the manuscript. Section 4 is devoted to the establishment of the
local well-posedeness of problem (1.1)-(1.3). Finally Section 5 investigates the finite-time
quenching for the solution u of (1.1)-(1.3).

2. THE MATHEMATICAL MODEL

The motivation for studying problem (1.1)-(1.3) is its association with the operation of
some electrostatic actuated MEMS. The term “MEMS” more precisely refers to precision
devices which combine mechanical processes with electrical circuits. In particular, elec-
trostatic actuation is a popular application of MEMS. MEMS devices range in size from
millimetres down to microns, and involve precision mechanical components that can be
constructed using semiconductor manufacturing technologies. Various electrostatic actu-
ated MEMS have been developed and used in a wide variety of devices applied as sensors
and have fluid-mechanical, optical, radio frequency (RF), data-storage, and biotechnol-
ogy applications. Examples of microdevices of this kind include microphones, temperature
sensors, RF switches, resonators, accelerometers, micromirrors, micropumps, microvalves,
data-storage devices etc., [20, 21].

The key part of such a electrostatic actuated MEMS device usually includes an elastic
plate (or membrane) suspended above a rigid ground one. Typically the elastic plate is
held fixed at two ends while the other two edges remain free to move, see Figure 1. Once
a potential difference V' is applied between the elastic membrane and the rigid ground
plate, the membrane starts deflecting towards it. Consider now the situation when the
width d of the gap, between the membrane and the bottom plate, is small compared to the
device length L, then the deformation of the elastic membrane u, after proper scaling, can
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FIGURE 1. Sketch of the capacitive control circuit (controlled-voltage opera-
tion).

described by the dimensionless equation

Ag(z,t)
(1 —u)?

see [19, 20]. The function g(x,t) describes the varying dielectric properties of the membrane
and for some elastic materials can be taken to be constant; for simplicity we assume here
that g(x,t) = 1.

Furthermore, the parameter A in (2.1) equals to

A\ V2L2€0

2T
and actually tunes the whole process. Here 7T stands for the tension of the elastic membrane,
while £ is the characteristic width of the gap between the membrane and the fixed ground
plate (electrode), and eq is the permittivity of free space. It has been experimentally
observed, see [21], that there is a significant uncertainty regarding the values of V and 7. In
particular, V fluctuates around an average value Vj, hence this implies that A = Ag+an(z, )
where a > 0 is a coefficient measuring the intensity of the noise term 7(x, t). The coefficient
a might depend on the deformation u as well, whereas the noise 7(x,t) could be taken to
be a space-time white noise i.e. n(x,t) = 0W(x,t), where W(x,t) is a Wiener process.
Therefore (2.1) is finally transformed to (1.1).

Since, the two edges of the membrane are kept fixed then Dirichlet boundary conditions
of the form (1.2) are imposed together initial conditions u(z,0) = £(z).

The mathematical model (1.1)-(1.3) as a stochastic perturbation of (1.4)-(1.6), captures
possible destructions due to the environment of the MEMS system and hence, under some
circumstances, is more realistic. To the best of our knowledge this problem has not been
considered before in the literature of SPDESs, despite its mathematical importance. Indeed,
its mathematical interest arises from the presence of singular term f(u) = 1/(1 —u)? which
leads to the occurrence of the mathematical phenomenon of finite-time quenching closely
associated with the mechanical phenomenon of touching down. Therefore, it is reasonable
for someone to investigate whether (1.1)-(1.3) can predict the occurrence of finite-time

u = Au + xeQ, t>0, (2.1)
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quenching as it happens with the deterministic problem (1.4)-(1.6). The main purpose of
the current paper is to provide a response to this question. We affirmatively answer this
question in Section 5.

3. PRELIMINARIES

In this section we introduce the main mathematical concepts we will need throughout
the text. In the following, C| K will denote positive constants whose values might change
from line to line.

A @Q-Wiener process {W(-,t) : t > 0} is defined as a H-valued process, where ) € L(H)
is non-negative definite and symmetric and has an orthonormal basis x;(z) € H,j =
1,2,3,... of eigenfunctions with corresponding eigenvalues v; > 0,5 = 1,2,3,... such that
Tr(Q) = > 72,7 < oo. (ie., @ is of trace class). It is well-known, see [18], that W(-,) is
a ()-Wiener process if and only if

W(x,t) = Z”y;/QXj(x)ﬁj(t), almost surely (a.s.) , (3.1)
j=1

where (;(t) are independent and identically distributed F;-Brownian motions and the series
converges in L*(B, H). We point out that the eigenfunctions {x;(x)}52, may be different
from the eigenfunctions {¢;(x)}52, of the elliptic operator A = —A : D(A) = H*(Q) N
Hi(Q2) € H — H, which is self-adjoint, positive definite with compact inverse. Note that
the trace class operator () is also a Hilbert -Schmidt operator.

For each Hilbert-Schmidt operator @ on H = L*(f2), there exists a kernel ¢(z,y) such

that, [2, 18]

(Qu)(x) = / 4@, y)uly)dy, for any z € Q, u e H,

and
QN sy = llall22@x0)-
The kernel ¢(z,y) is also called the covariance function of the @Q-Wiener process W (-, 1)
and || - [[zs denotes the Hilbert-Schmidt norm.
Let Uy =: {Q1/2u Su € H} then we define £2 to be the set of linear operators J : H — H
equipped with the norm

1T 1175 = (Z HJQ”QXJ-HQ) = |ITQ s ar,m) < o0

J=1

Furthermore we denote by L?(B, H) the space of all random variables X : B — H equipped
with the norm

1/2
1X (@)l 2@ = E [|IX(@)]%]"? < 00, forany w e B,

known also as the space of the mean-square integrable random variables, where E stands
for the expectation in the probability space (B, F;, P).
We note that for the above Wiener process there holds,

E[W]=0. (3.2)
It is easily seen that f : H — H, defined as f(u) = 5, satisfies a local Lipschitz

(1_u)2 )

condition, i.e. for any 0 < p < 1 and uy,us € B, :={u € L®(Q) : ||ul]|s < p} there exists
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C, > 0 such that

1f (1) = flua) |l < Cpllur — ual|n- (3:3)
An immediate consequence of (3.3) is the following growth condition
I (Dl < Cp (L4 [lullm)  for any u € B,. (3-4)

Now, we assume that there exists a Lipschitz continuous function b : R — R such that
o:H— L2 with (o(u)y) (z) :=blu(z))(z) for any wu,v € H,

then o satisfies a local Lipschitz condition and a linear growth condition as well ([18, Lemma
10.24]), in particular for any 0 < p < 1 there exists /&, > 0 such that for any uy, us, u € B,,

lo(ur) = o(uz)ll gz < Kpllun —uallm and |lo(u)llgz < K, (14 [lufla). (3.5

4. LocAL EXISTENCE

Problem (1.1)-(1.3) can be considered as an It6 equation in the Hilbert space H and is
rewritten by suppressing the dependence on space as
dup = [—Aup + X f(ug)] dt + o(u) dWy, 0<t<T, (4.1)
Ug = f, (42)
where u; = u(-,t) can be interpreted as a predictable H —valued stochastic process recalling
that A= —A : D(A) = H*(Q) N H}(Q) € H — H. Moreover, —A is the generator of an
analytic semigroup E(t) = e~* on H.
We now introduce the following notions of solutions (4.1)-(4.2) will be used throughout
the current manuscript, see also [3, 5, 18].

Definition 4.1. A predictable H-valued stochastic process {u; : t € [0, T} is called a strong
solution of (4.1)-(4.2) if uy € D(A) for any t € [0,T], with P [supco 7 |[uel|o < 1] =1,
and

u =&+ /Ot [— Aug + )\f(us)] ds + /Ota(us) dWs, P—a.s., (4.3)

where the last integral in (4.3) is a stochastic integral which is well defined, see Theorem
2.4 in [2].

Definition 4.2. A predictable H-valued stochastic process {u; : t € [0,T]} such that
P [supte[O,T] |ue||oo < 1] =1 is called a weak solution of (4.1)-(4.2) if for any v € D(A), t €

0,77,

t t
(ug,v) = (€,0) +/ [— (us, Av) + (A f(us),v)] ds +/ (o(us) dWy,v), P—a.s. (4.4)
0 0
where (-, ) stands for the inner product into H.

Definition 4.3. A predictable H-valued stochastic process {u; : t € [0,T]} such that
P [sup,cio.r |ellse < 1] = 1 is called a mild solution of (4.1)-(4.2) if for any t € [0,T],
there holds

up = E(t)E+\ /t E(t—s)f(us) ds+/t E(t—s)o(us) dWs, P—a.s. and z-a.e. in . (4.5)
0 0
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Now the weak (variational) solution is equivalent to the mild solution under the assump-
tion of the local Lipschitz continuity of f, see [12]. The positivity of solution of (1.1)-(1.3)
(or equivalently of (4.1)-(4.2)) follows easily from comparison arguments (see e.g. [1] or

[4])-
Theorem 4.4. (Local Ezxistence & Uniqueness ) Suppose that o satisfies (3.5). Fiz 0 <
ro < 1 and consider initial data & € L*(B,D(A)) such that ||&|| 125,04y < To, then there
exists T = T(ro) > 0 such that problem (4.1)-(4.2) admits a unique mild solution wu; in
0, 7).

Furthermore, there exists Cp > 0 such that

sup |Jugll 2oy < Cr (1+ 1€l 23,004 - (4.6)
0<t<T

Proof. Denote by Sr the Banach space of H—valued predictable processes {u; : t € [0, 7]}
equipped with the norm

||l sy := sup HUtHL?(B,Hy
0<t<T

Now for any 0 < rg < p < 1 set

S, = {ut € St ulls, » = sup ||wllr2pay < p < 1}.
0<t<T

For any u; € S, we define

M) == E({) &+ A /Ot E(t—s)f(us)ds+ /Ot E(t — s) o(us) dWs. (4.7)

Our purpose is to employ Banach’s fixed point theorem to prove existence and uniqueness
of the equation M(u;) = u; in S, 7.

Step 1: We first show that M maps S, r into itself. We note that M (w,) is a H—valued
predictable process since ¢ is Fop—measurable and the stochastic integral is a predictable
process. Therefore it suffices to prove that [|M(uy)lls, . < p.

We first note that

IE@) Ells, - < [€]ls, . < o, (4.8)

by our hypothesis.
Note that if u; € S, then by virtue of Sobolev’s inequality we can find py small enough
such that

E{flutlloc] < po <1 (4.9)

and hence (3.4) and (3.5) are satisfied.
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Next by using the growth condition (3.4) we also have

/0 "B — ) f () ds

t
< [EC =95l ds
Sp,1 0

t
< / 1 @)ls, , ds
t
< / Cpo (14 el ) ds

<o, T (1+ sup uususp,T)

0<s<T

S 2 Cpo Tj (4.10)

forany 0 <t <T.
Furthermore by virtue of Itd’s isometry (see page 322 in [18]) and (3.5) we have for any
0<t<T

2

[ B s otuyam,

= [E[iB6 - 9otul] o

Sp,r
t 2
2
SK,fo/ IE® = )|z ds (1+ sup HusHsp,T) :
0 0<s<t

where L(H) is the set of all linear operators from H into H.
Using a well known semigroup estimate, see for example page 480 in [18],

T
| 1B@ G, dt < KT, (4.11)

where K is a positive constant, we finally derive

for some K; > 0.
Combining now (4.8)-(4.12) we obtain that

<2K\TY?, 0<t<T, (4.12)
Sir

/Ot E(t — s)o(us) dWj

|M(u)ls, . < 7o+ 2X CpyT + 2K, T
<719 +2(NCyT + K, T"?)
Ny

by choosing T' small enough, say smaller than some 77 = T7(\, p, ro), such that
2 ()\ CpT + K1T1/2) <p—rg, forany 0<T <T.

Step 2: We now show that the operator M is a contraction, i.e. there is a positive
constant 0 < v < 1 such that

[M(u) = M()lls,» < llue —viells, -
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In fact, we have

M(u) — M(vg) =2 /Ot E(t—s) <f(u5) - f(vs)) ds

+ /0 B - ) <U(us) - a(vs)> dw..

Then by virtue of (3.3) and (3.5) and using 1t6’s isometry together with (4.11) we derive
t
HWKW)—ANWWQJS4A3£<ﬁﬂw—ﬂﬂﬁﬂd$+20TW%—vﬁif

for py small enough and C' > 0 and finally
M (ur) = M(v)[3, . < (AN*Chy +2C) Tlug — vi[5, .

which implies that M is a contraction on S, p if

1
(4X2C2 +20)
Therefore by choosing Ty = min{77,7,} we obtain by Banach’s fixed point theorem that
M has a unique fixed point in S, for 0 < 7" < T and thus (4.1)-(4.2) admits a unique
mild solution in [0, 7p).

Finally, bound (4.6) is immediately derived by a direct application of Gronwall’s inequal-
ity. 0
Remark 4.5. Now according to the comments after Definition 4.3 the solution obtained
by Theorem 4.4 is a weak solution which due to (4.9) satisfies P [supte[oﬂ [|[te] oo < 1} =1,
and hence it is a local in time strong solution, see also |3, 5|. Furthermore, it is obvious by

the proof of Theorem 4.4 the solution can be extended in time as long as |lulls,, < 1 and
only ceases to exist once ||us, , = 1, see next section.

T<T,:=

5. FINITE-TIME QUENCHING

In this section we prove that the local-in-time solution of (1.1)-(1.3), under some circum-
stances, cannot be extended as a global-in-time solution and hence finite-time quenching
takes place. To this end we employ a widely utilized classical technique of Kaplan ([15]),
which essentially relies on testing (4.4) by positive Dirichlet eigenfunctions of the Laplacian.
Before proceeding further to the proof of finite-time quenching we definite in the context
of stochastic processes.

Definition 5.1. We say that the (strong) solution to the problem (1.1)-(1.3) quenches in
finite time if P[T, < oo] = 1 where T, is the quenching time defined as T, = inf{t > 0 :
[[u( O)l[peay = 1}

Remark 5.2. Note that by virtue of Sobolev’s inequality the wviolation of the inequality
(-, t)||pay < 1 for d =1,2,3 may occur if there exists T > 0 such that ||u(-,T)|| = 1.

Therefore in the current work we also use the following alternative definition which is
more convenient for our approach.

Definition 5.3. The solution u of problem (1.1)-(1.3) quenches in finite time if there
extsts 0 < T, < oo such that

limsup E[[|u(-, 1)) = 1.

t—Ty
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Our first quenching result is valid when the parameter A is large enough.

Theorem 5.4. Suppose that & € L*(B; H) with E[||¢]|] < 1 then the solution u of (1.1)-

(1.3) quenches in finite time for sufficiently large values of the parameter \.

Proof. Let (A1, ¢1(x)) be the first eigenpair of the operator A = —A| i.e. ¢; satisfies

Apr = M1, v €42
¢1 :0, x € 0.

Since it is well known that ¢; has a constant sign on Q we can take ¢; > 0 on Q and

normalized such that

/Q¢1d$=1-

Now putting v = ¢, into the weak formulation (4.4) we have

at) - / uy 61 d

/fd)ld:ﬂ—/ /usAd)ldxds

+)\/0 /Qf(us)¢>1dxds+/0 /Qa(us)d)ldxdWS

:/Qfgbldx—)\l/ot/ﬂusgbldxds

+/\/t/f(us) &1 dxds+/t/0(us)¢1 dz dW..

Now taking the expectation over (5.2) we derive

Efi(t)] —E{/fd)ld:ﬂ}—)\l U/U(pldxds]
+AEU/f(us)¢1dxds]
+E{// ¢1dxdw]

[ fretom] -

due to the fact that W(x t) is a Wiener process, see also (3.2).
We define U (t) := E [u(t)] then by virtue of (5.1)

¥(0) < Il [ ords| =B flull]

Note that

(5.1)

(5.2)

(5.3)

(5.4)

By interchanging the order of expectation and integration, by virtue of Fubini’s theorerm,

we deduce for t > 0,

\Il(t):\Do—)\l/ot\ll(s)der)\E[/Ot/gf(us)qﬁldxds],
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E[(€ ¢1) {/wldx},

or equivalently the differential form,
Q

where

AV
dt
Now by virtue of Jensen’s inequality , since f(u) is a convex function, we deduce

o[ erss] el ([

=E[f(a(t))]
> f(¥(t)). (5.6)
Combining (5.5) with (5.6),
d\{lli(& ) > —\U(t) + Af(P(t), t>0, U(0)=T,. (5.7)
Now we compare W(t) with the solution H(t) of the following initial value problem
%tt) =—MH({t)+Af(H(t), t>0, H(0) =T, (5.8)

to derive that W(¢) > H(t) on their domain of existence.
Solving analytically (5.8) and putting H = 1 as an upper limit of integration then the

quenching time for T" for H is given by

~ 1 1
=] )

and is finite if the improper integral in (5.9) converges.

Recalling that f(u) = 1/(1 — u)? it can be easily seen that 7' is finite provided that
4\
27

Finally (5.4) implies that the quenching time 7, of (1.1)-(1.3) must be also finite. In
particular, for any A > \ there holds

~ 1 1
<7 |, o e

This completes the proof of the Theorem. O

/\>X

Finite-time quenching occurs for “large enough” initial data which are close enough to 1
as well. Indeed the following result is valid.

Theorem 5.5. Suppose that & € L*(Q; H) with E[||€]l«) < 1 and

T(0) = Uy :=E (/ £y da:) > ¢, (5.10)
Q
where ¢ = ((A) is the largest root of the equation

g(t) == A f(r) = M7 =0.
Then the solution u of (1.1)-(1.3) quenches in finite time.



A STOCHASTIC PARABOLIC MEMS EQUATION 11

Proof. Following the same steps as in the proof of Theorem 5.4 we obtain that V(t) =
E [ fQ U ¢q dw] satisfies the differential inequality

d‘l;—it) > —)\1\I’(t) + Af (\I/(t)) = g(\II(t))) t>0, \IJ(O) — 0,

Let 0 < ¢ = ((\) < 1 be the largest root of the equation g(7) = 0 then g(7) > 0 for any
7 > (; otherwise if ( = 0 then g(7) > 0 for any 0 < 7 < 1.
Then by choosing ¥y > ¢ we deduce

YO qr Lodr
tS/ —S/—::T*<oo.
T, 9(7') Wo 9(7')

But the above relation guarantees that W(¢) approaches 1 in finite time 7™ < oo. Therefore
by virtue of (5.4) we derive that the solution of (1.1)-(1.3) quenches in finite time 7, <
T O
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