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ABSTRACT 

The J-integral is widely used as a fracture parameter for elastic-

plastic materials. The J-integral describes the intensity of the 

stress field close to the crack tip in a power-law hardening 

material under a set of well-known restrictions. This study 

investigates what happens when one of these restrictions is 

broken, namely the requirement for no unloading to occur. 

In this work, a centre-cracked plate is subjected to a single cycle 

of load in which unloading occurs. A remote tensile stress is 

applied, then released, then applied again up to and beyond its 

initial magnitude. The J-integral at each step of the analysis is 

calculated using finite element analysis. Its validity as a fracture 

parameter at each step is discussed with the aid of results from a 

strip yield analysis of the same problem. The relevance of the 

results in the context of structural integrity assessment is 

discussed.   

INTRODUCTION 

The J-integral [1] describes the intensity of the stresses near to 

the tip of a crack in a power-law hardening elastic plastic 

material under certain conditions. One requirement is that 

loading is monotonic (no unloading occurs). The stress field near 

to the tip of a crack in a power-law hardening material was 

calculated by Hutchinson, Rice and Rosengren, otherwise known 

as the HRR field [2-4]: 

 
𝜎𝑖𝑗

𝐻𝑅𝑅 = 𝜎0 (
𝐸𝐽

𝛼𝜎0
2𝐼𝑛𝑟

)

1
𝑛+1

𝜎̃𝑖𝑗(𝑛, 𝜃) 
(1) 

where: E is Young’s modulus; J is the J-integral; σ0, α and n are 

parameters which describe the shape of the stress-strain curve of 

the material; In(n) is an integration constant; 𝜎̃𝑖𝑗(𝑛, 𝜃) is a 

dimensionless stress function; and (r,θ) are polar co-ordinates 

with origin at the crack tip.  

One method of assessing the integrity of a structure containing a 

defect is to make an FE model and calculate the J-integral. This 

can then be compared with a critical value of J which is 

determined in fracture toughness tests. It is straightforward to 

calculate the J-integral in an FE model as long as there is 

sufficient stress and displacement information to do so. 

However, neither being able to calculate the J-integral nor its 

contour independence are guarantors of its validity as a fracture 

parameter. 

If any unloading occurs, then Equation (1) is no longer valid and 

the J-integral loses its meaning as an elastic plastic stress 

intensity factor. In components such as pressure vessels, it is 

unlikely that load is always applied monotonically through the 

entirety of their service lives. This study investigates the use of 

the J-integral as a stress intensity parameter under non-
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monotonic conditions. A non-monotonic load sequence is 

applied to a centre-cracked plate model. Near tip stresses and the 

J-integral are calculated at different points in the sequence, both 

using FEA and a modified strip yield model. Near tip stresses are 

compared with the HRR field at every point. The interpretation 

of the results in terms of structural integrity assessment is 

discussed. 

CENTRE CRACKED PLATE MODEL 

A simple two dimensional geometry has been studied. The model 

is an infinite centre cracked plate (CCP) with a half crack length, 

a, of 0.1 m (Fig.  1). A remote tensile stress is applied to the 

cracked plate. This is then released. The load is then increased 

incrementally up to and beyond the original load. This loading 

sequence is illustrated in Fig.  2.  

 

Fig.  1 – Infinite centre cracked plate containing a through 
crack with half-length, a, of 0.1 m.  

 

Fig.  2 – The non-monotonic loading sequence. An initial 
remote stress, σi, is applied, followed by unloading. The 
plate is then reloaded using an additional remote applied 
stress, σRL. 

FINITE ELEMENT ANALYSIS 

The finite element (FE) model is shown in Fig.  3. This is a 

quarter model, with two lines of symmetry. The infinite plate is 

represented by making the side length large compared to the 

crack. The crack exists due to the absence of the symmetry 

boundary condition along the crack face.  The mesh in the 

vicinity of the crack tip is shown in Fig.  4. The smallest element 

is at the tip of the crack, with a side length of 10-4 m. The model 

was implemented in Abaqus 6.14 [5]. Quadratic plane stress 

elements (CPS8R) were used. Small strain assumptions were 

made so that the effects of crack tip blunting were not included 

in the analysis. Convergence studies were performed to confirm 

sufficient mesh refinement near to the crack tip. 

Two different material models were used: elastic perfectly 

plastic, and power-law isotropic hardening. For the latter 

material, the Ramberg-Osgood equation describes the 

monotonic, uniaxial stress-strain behavior: 

 

𝜀

𝜀0

=
𝜎

𝜎0

+ 𝛼 (
𝜎

𝜎0

)
𝑛

 
(2) 

The reference stress, σ0, was defined at the yield point of the 

material, and the reference strain, ε0, is σ0/E. The hardening 

exponent, n, and offset term, α, define the shape of the curve. 

The values for these terms which were used in the model are 

given in Table 1. The elastic perfectly plastic material used these 

same values of E, ν and σ0. 

Equation (2) was discretised and input into Abaqus as an 

incremental plasticity material. The Ramberg-Osgood relation 

was chosen so that, under monotonic and proportional loading, 

the near crack tip stress fields agree with those calculated by 

Hutchinson, Rice and Rosengren (HRR) [2-4]. For calculation of 

the HRR field, In(n) and 𝜎̃𝑖𝑗(𝑛, 𝜃) were evaluated using a 

program written by Galkiewicz and Graba [6]. The HRR solution 

for the elastic perfectly plastic model, which represents the limit 

where n is infinity, has been previously calculated by Shih [7].  

The J-integral was calculated using the standard Abaqus 

formulation which does not account for residual stress. This is 

simply a domain integral interpretation of the contour integral 

formulation given by Rice [1]. Abaqus also includes a 

formulation which allows the definition of a residual stress field, 

but it was not used here for reasons discussed in the ‘results and 

discussion’ section of this paper. The J-integral was calculated 

using 30 different domain sizes to check for convergence. The 

value of J used for analysis was calculated using the largest 

domain, which is a square of side length approximately 10 times 

the half crack length.  
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Fig.  3 – Quarter model of the centre cracked plate. 
Dimensions are in metres.  

 

Fig.  4 – FE mesh of the centre cracked plate. 

Table 1 – Properties of the Ramberg-Osgood material. 

Young’s modulus, E (GPa) 210 

Poisson’s ratio, ν 0.3 

Ramberg-Osgood exponent, n 7 

Ramberg-Osgood yield offset, α 0.84 

Yield stress, σ0 (MPa) 500 

STRIP YIELD ANALYSIS 

The standard strip yield model [8, 9] is shown in Fig.  5. The 

crack and its plastic zone are modelled as the superposition of 

two elastic solutions for a crack which extends all the way to the 

edge of the plastic zone. The first is that due to applied load. For 

a finite centre crack in an infinite plate: 

 
𝐾𝑎𝑝𝑝 = 𝜎𝑎𝑝𝑝√𝜋(𝑎 + 𝑟𝑝) 

(3) 

where Kapp is the stress intensity factor (SIF) due to remote 

applied load, σapp, and rp is the plastic zone size. The second 

solution is due to closure stresses equal to the yield stress acting 

over the plastic zone: 

 

𝐾𝑠𝑦 = 2𝜎0√
𝑎 + 𝑟𝑝

𝜋
sin−1 (

𝑎

𝑎 + 𝑟𝑝

)

− 𝜎0√𝜋(𝑎 + 𝑟𝑝) 
(4) 

The plastic zone size is adjusted until the sum of the SIF due to 

applied load and the SIF due to closure stresses is equal to zero 

at the edge of the plastic zone. 

The basic strip yield analysis has been extended to account for 

combined residual stress and applied load. In this extended 

analysis, there now exists exists an additional contribution to the 

total SIF due to a non-uniform normal residual stress 

distribution, 𝜎22
𝑅𝑆: 

 

𝐾𝑅𝑆 =
2

√𝜋(𝑎 + 𝑟𝑝)

∫
𝜎22

𝑅𝑆(𝑥1)

√1 − (
𝑥1

𝑎 + 𝑟𝑝
)

2

𝑑𝑥1

𝑎+𝑟𝑝

0

 

(5) 

The following can then be solved for the plastic zone size: 
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 𝐾𝑎𝑝𝑝 + 𝐾𝑠𝑦 + 𝐾𝑅𝑆 = 0 (6) 

In the same manner as above, stress functions found using 

different elastic solutions can be added together. For simplicity, 

only the solutions for normal stress acting on the symmetry plane 

(x2 = 0) are shown in the following analysis. The standard strip 

yield model superimposes two stress solutions. The first is due 

to the applied stress: 

 

𝜎22
𝑎𝑝𝑝

= 𝜎𝑎𝑝𝑝

𝑥1

√𝑥1
2 − (𝑐 + 𝑟𝑝)

2
 

(7) 

The second is due to closure stress: 

 

𝜎22
𝑐𝑙 = −

2𝜎0

𝜋
∫

√(𝑎 + 𝑟𝑝)
2

− 𝑥̅1
2

(𝑥1
2 − 𝑥̅1

2)√1 − (
𝑎 + 𝑟𝑝

𝑥1
)

2

𝑑𝑥̅1

𝑎+𝑟𝑝

𝑎

 

(8) 

Two further solutions need to be accounted for when residual 

stress is present: one is the residual stress field itself, and the 

other is the stress field caused by introducing a crack into the 

residual stress field. The latter can be expressed as follows: 

 

𝜎22
𝑅𝐷 =

2

𝜋
∫

𝜎22
𝑅𝑆(𝑥̅1)√(𝑎 + 𝑟𝑝)

2
− 𝑥̅1

2

(𝑥1
2 − 𝑥̅1

2)√1 − (
𝑎 + 𝑟𝑝

𝑥1
)

2

𝑑𝑥̅1

𝑎+𝑟𝑝

0

 

(9) 

The total stress field can then be calculated: 

 𝜎22
𝑡𝑜𝑡𝑎𝑙 = {

              0,                0 ≤ 𝑥1 < 𝑎
                       𝜎0,              𝑎 ≤ 𝑥1 ≤ 𝑎 + 𝑟𝑝

𝜎22
𝑎𝑝𝑝

+ 𝜎22
𝑐𝑙 + 𝜎22

𝑅𝑆 + 𝜎22
𝑅𝐷 ,    𝑎 + 𝑟𝑝 < 𝑥1

 

(10) 

The above procedure describes the modifications to the strip 

yield model required to account for residual stress. The stress and 

SIF results given above are known LEFM solutions [10], with 

the actual crack length replaced with a+rp. This procedure can 

be used to model the load-unload-reload case in Fig.  2 by 

choosing 𝜎22
𝑅𝑆 to be the stress field present after unloading. The 

strip yield solution for an unloaded crack calculated by Becker 

[11] was used for this purpose.  

 

Fig.  5 – The standard strip yield model. 

RESULTS AND DISCUSSION 

The near-tip stress distributions for the elastic perfectly plastic 

CCP, calculated using FEA and the strip yield model, are shown 

in Fig.  6. The normal stress normalised by the yield stress is 

plotted against the distance ahead of the crack tip, r, on the 

symmetry plane (x2=0) normalised by the crack length. The 

reloaded strip yield model works well when the applied reload is 

smaller than the initial applied load. Some disparity exists 

because the von Mises yield criterion permits stresses greater 

than the uniaxial yield stress in the FE model, whereas the strip 

yield model does not. 

The near-tip stress distributions calculated using FEA at different 

points during the load cycle are shown in Fig.  7. The normal 

stress at each point, r, is normalised by the HRR field calculated 

at the same point. J-dominance is perfect when this is equal to 

one. On the x-axis, the distance ahead of the crack tip is 

normalised by the plastic zone size, defined as the region over 

which the equivalent plastic strains are greater than 0.2%. 

Results are shown for a strain hardening material, with n=7, and 

for an elastic perfectly plastic (EPP) material.  

After unloading, the near tip stress is not characterised by HRR 

and the J-integral loses its meaning as a crack tip stress intensity 

parameter. This is to be expected, since the load is not 

monotonic. Fig.  7 (h) shows that J-dominance is once again 

achieved when the load is reapplied to just beyond the original 

load. The stress after unloading the EPP material is shown in Fig.  

6 (b). This could be interpreted as a residual stress field which 

extends approximately as far as the plastic zone ahead of the 

crack tip. The contribution of this residual stress to the total stress 

diminishes as the magnitude of applied re-load is increased. For 

the strain hardening material, the residual stress is effectively 

wiped out when the amount of re-load is 1.2 times the original 

load. For the elastic perfectly plastic material, this occurs when 

the amount of re-load is equal to the original applied load. 

Assuming constant yield strength in the elastic perfectly plastic 
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analysis of warm pre-stress by Chell et al [12] gives the 

analogous result that previous loading is irrelevant if the 

magnitude of the final applied load is larger than the initial load.  

This is a useful result for structural integrity assessment. For 

example, it may be necessary to assess the integrity of a cracked 

pressure vessel which has previously been subjected to an 

overload. The J-integral could be calculated with an FE model 

of the cracked vessel. The validity of J could be checked by 

plotting graphs similar to those in Fig.  7. If non-monotonic 

loading formed part of the analysis, J-dominance is unlikely to 

be achieved, and the analysis is not valid. If, however, an 

imaginary additional load were applied to the model of such a 

magnitude that J becomes valid again, and if such a value of J 

were acceptable, then the vessel is safe.    

The J-integral appeared to have converged with increasing 

domain size at every analysis stage, excepting when evaluated 

immediately after the unload step in the strain hardening 

material. The lack of J-dominance in Fig.  7 (c-d) demonstrates 

that simply verifying the domain-independence of the J-integral 

is not sufficient in demonstrating its validity.  

 

Fig.  6 – Near-tip stress fields calculated using FEA and the 
modified strip yield method at different points during the 
load cycle: after the initial load is applied (a); after unloading 
(b); after the plate has been reloaded to 0.4 times the initial 
load (c); and after the plate has been reloaded to 0.8 times 
the initial load. 

Work has previously been carried out to modify the J-integral so 

that it is path-independent under complex load conditions 

including residual stress [13-15]. There is one such formulation 

available in Abaqus v6.14 which accounts for residual stress [5]. 

It may be tempting to treat the stress due to the initial load-unload 

cycle, such as that shown in Fig.  6 (b), as a residual stress field 

in one of these modified J formulations. However, even if a 

different value of J were calculated this would not improve J 

dominance, for example in Fig.  7 (b-f), since the near-tip stress 

fields are unchanged by the specifics of the J calculation.  

If the J-integral characterises the near-tip stresses for a uniform 

residual stress field, but not for the near-tip residual stress field 

generated by unloading, it follows that there is a limiting size of 

residual stress field below which the J-integral is unable to 

characterise near-tip stresses. Future investigations could focus 

on defining this limiting size. 

CONCLUSIONS 

A centre cracked plate model has been investigated which is 

subjected to an initial load-unload cycle and then reloaded. The 

J-integral fails as a stress intensity parameter after unloading has 

occurred. J can become valid again simply by applying 

additional load. A modified strip yield model was developed to 

solve the problem assuming elastic perfectly plastic material 

properties. The model agrees well with FE results, and provides 

an additional useful tool for solving non-monotonic elastic 

plastic fracture problems.  
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Fig.  7 – Near tip stress fields calculated using FEA at different points during the load cycle: after the initial load is applied (a); 
after unloading (b); and after the plate has been reloaded with increasing magnitude up to 1.2 times the initial load (c-h). 


