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ESTIMATING QUANTUM CHROMATIC NUMBERS

VERN I. PAULSEN, SIMONE SEVERINI, DANIEL STAHLKE, IVAN G. TODOROV,
AND ANDREAS WINTER

ABSTRACT. We develop further the new versions of quantum chromatic
numbers of graphs introduced by the first and fourth authors. We prove
that the problem of computation of the commuting quantum chromatic
number of a graph is solvable by an SDP algorithm and describe an hi-
erarchy of variants of the commuting quantum chromatic number which
converge to it. We introduce the tracial rank of a graph, a parameter
that gives a lower bound for the commuting quantum chromatic number
and parallels the projective rank, and prove that it is multiplicative. We
describe the tracial rank, the projective rank and the fractional chro-
matic numbers in a unified manner that clarifies their connection with
the commuting quantum chromatic number, the quantum chromatic
number and the classical chromatic number, respectively. Finally, we
present a new SDP algorithm that yields a parameter larger than the
Lovész number and is yet a lower bound for the tracial rank of the graph.
We determine the precise value of the tracial rank of an odd cycle.

1. INTRODUCTION

We assume that the reader is familiar with some concepts from graph
theory and refer the reader to the text [13] for any terminology that we do
not explain.

In [12, 11, B, 27] the concept of the quantum chromatic number xq(G) of
a graph G was developed and inequalities for estimating this parameter, as
well as methods for its computation, were presented. In [24] several new
variants of the quantum chromatic number, denoted Xqc(G), Xqa(G) and
Xqs(G), were introduced, as well as xvect(G). The motivation behind them
came from conjectures of Tsirelson and Connes and the fact that the set of
correlations of quantum experiments may possibly depend on which set of
quantum mechanical axioms one chooses to employ. Given a graph G, the
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aforementioned chromatic numbers satisfy the inequalities

Xvect(G) S qu(G) S an(G) S qu(G) S XQ(G) S X(G)7

where x(G) denotes the classical chromatic number of the graph G.

The motivation of [24] for defining and studying these new chromatic
numbers comes from the fact that if Tsirelson’s conjecture is true, then
Xqc(G) = xq(G) for every graph G, while if Connes’ Embedding Problem
has an affirmative answer, then xqc(G) = Xqa(G) for every graph G. Thus,
computing these invariants gives a means to test the corresponding conjec-
tures.

In [5] it was shown that

(79+ (a)—‘ = Xvect (G) >

where [r] denotes the least integer greater than or equal to r and 97 is
Szegedy’s [30] variant of Lovasz’s [20] J-function. Furthermore, this identity
was used to give the first example of a graph for which Xyect(G) # xa(G).
Also, since 97 is defined by an SDP, the aforementioned result shows that
Xveet (G) is computable by an SDP.

In this paper we show that for each size of graph, xq(G) is also com-
putable by an SDP. Our proof builds on ideas borrowed from the “NPA
hierarchy” exhibited in [2I]. It uses a compactness argument to show that
for the purposes of computing this integer the hierarchy terminates, but
does not yield the stage at which it does so. Thus, while we can say that
it is computable by one of the SDP’s in the hierarchy, we cannot explicitly
determine the size of this SDP. It is known that x(G) is computable by an
SDP, but it is still not known if the same is true for xqa(G), xqs(G) and
Xq(G). If the Tsirelson and Connes conjectures hold true then these three
quantities must also be computable by SDP’s as they then are all equal to
Xqe(G).

D. Roberson and L. Man¢inska [26] introduced a Hilbert space variant of
the fractional chromatic number x;(G) of a graph G, called the projective
rank, and denoted &(G). They proved that &(G) is a lower bound for xq(G);
this estimate was critical for identifying a graph G with Xyect(G) # xa(G).
However, it is still not known if £(G) is a lower bound for the variants of
the quantum chromatic number studied in [24].

In the present paper, we introduce a new variant of the projective rank,
which we call tracial rank and show that it is a lower bound for xq.(G). We
also give a new interpretation of the projective rank in terms of traces on
finite dimensional C*-algebras. These parameters and their properties allow
us to give the first example of a graph for which Xvect(G) # Xqc(G).

Finally, we present a new SDP that yields a parameter larger than Szegedy’s
bound (i.e., it is an SDP relazation of the latter), and which is still a lower
bound on xqc(G). En route, we show that our tracial rank is multiplicative.

To put our work into a broader context, recently a number of graph
parameters, including clique, chromatic, and independence numbers, have
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been generalized to “quantum” versions by relating the respective number
to attaining maximum probability 1 in a so-called non-local game. The
present work shows that some of the techniques to bound and separate these
numbers, originally developed for the exact, finite-dimensional and tensor
product case, can be extended to the approximate and relativistic setting,
and that they can be bounded by SDP’s without going directly to the NPA
hierarchy.

2. QUANTUM CORRELATIONS AND VARIANTS OF THE QUANTUM
CHROMATIC NUMBER

In this section we summarize the properties of some of the variants of the
quantum chromatic number introduced in [24] from the viewpoint of corre-
lations and derive a few additional properties of the corresponding models
that will be essential later. We introduce a new notation that we hope serves
to clarify and unify many of the ideas from [24].

Let G = (V, E) be a graph; here, V.= V(QG) is the set of vertices, while
E = E(QG) is the set of edges, of G. If (v,w) € E, we write v ~ w. In [1] and
[3], the authors considered a “graph colouring game”, where two players,
Alice and Bob, try to convince a referee that they have a colouring of G; the
referee inputs a pair (v, w) of vertices of G, and each of the players produces
an output, according to a previously agreed “quantum strategy”, that is, a
probability distribution derived from an entangled state and collections of
positive operator-valued measures, POVM’s. To formalise this, recall that
a POVM is a collection (Ei)f:1 of positive operators acting on a Hilbert
space H with Zle E; = I (as usual, here we denote by I the identity
operator). If, in addition, each Ej; is a projection, then the collection is called
a projection-valued measure, or PVM. When H = CP is finite dimensional,
we identify the operators on H with elements of the algebra M, of all p x p
complex matrices. Given POVM’s (Ey;)i_; € M, and (Fy;)5-; € My,
where v,w € V, and a unit vector £ € CP ® CY, one associates with each
pair (v,w) of vertices of G the probability distribution

(1) p(i, jlv,w) = ((By; ® Fy j)E,6), 1 <i,j <,

where, for an input (v, w) from the referee, ((E,; ® Fy ;)§,€) is the proba-
bility for Alice producing an output 7 and Bob — an output j.

The set of all ncx ne matrices that are obtained by allowing p and ¢ to vary
through all the natural numbers, is called the set of quantum correlations
and is generally denoted Q(n,c); when n and ¢ are clear from the context,
we simply write ). For reasons that will be clear shortly, we shall adopt the
notation: Cqy(n,c) = Q(n,c).
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Alice and Bob can thus convince the referee that they have a c-colouring
if the following conditions are satisfied:

(2) Vo, Vi # j, (Evi @ Fyj)€,€) =0,
V(v,w) € E,Vi,((Ey; ® Fy;)¢, &) = 0.

If this happens, we say that the graph G admits a quantum c-colouring; the
smallest positive integer ¢ for which G admits a quantum c-colouring was
called in [3] the quantum chromatic number of G and denoted by xq(G).

One can interpret the quantum chromatic number in terms of a linear
functional on the set of quantum correlations.

Definition 2.1. Let G = (V, E) be a graph, let |V|=n and fiz ¢ € N. The
graph functional, Lg . : My, — C is defined by

Le.e((aviwg) = Y tviwi+ D Gviwi

i#£j,v 1, uv~w

Proposition 2.2. Let G be a graph on n vertices. Then xq(G) < ¢ if and
only if there ezists A € Cq(n,c) such that Lg(A) = 0.

Proof. Since the entries of every correlation in Cy(n,c) are non-negative, it
follows that L (A) = 0 if and only if ay,; 4 ; = 0 whenever v = w and ¢ # j
and whenever (v,w) is an edge and i = j. Thus, there exists A € Cqy(n,c)
precisely when conditions (2) are satisfied. (]

Several variants of the quantum chromatic number were introduced in
[24]. We focus on two denoted by xqc(G) and xqa(G), and called the com-
muting quantum chromatic number, and the approximate quantum chromatic
number, respectively. Both of them can be obtained as in Proposition by
varying the sets of correlations that can be considered in place of Cy(n,c).

Let Cqa(n,c) := Cq(n,c)” be the closure of Cq(n,c); we note that it is
not known if Cq(n,c) is closed. In [24] it was shown that Cqa(n,c) can be
identified with the state space of a certain minimal tensor product and that
consequently, xqa(G) = Xqmin(G), where this latter quantity was originally
given a different definition.

We let Cqc(n, ¢) denote the set of correlations obtained using relativistic
quantum field theory. To be precise, instead of assuming that the POVM’s
(Ey,;) and (Fy, ;) act on two finite dimensional Hilbert spaces and forming
the tensor product of those spaces, we assume instead that they act on a
common, possibly infinite dimensional, Hilbert space and that the E’s and
F’s mutually commute. Thus, Cqc(n, ¢) is the set of all nc x nc matrices of
the form

p(i7j|vv ’LU) = ((Ev,iFw,jgy £>)

where I, ;, I, ; are positive operators on a Hilbert space H satisfying

. .
’U7Z7w7.]
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c c
(3) Y Ewi=)Y Fuj=1IYvw,
i=1 =1
Ev,’iFwJ = FwJEU,ia Vv, w, i7j7

and £ € H is a unit vector.

As in the finite dimensional case, by enlarging the Hilbert space, one may
assume without loss of generality, that all of these operators are orthogonal
projections (see [24, Theorem 2.9] and Theorem [5.3] below).

Finally, Loc(n, ¢) denotes the set of all classical correlations, also called lo-
cal correlations, that is, the set of matrices (p(4, j|v, w))y,i,w,; Which are in the
closed convex hull of the product distributions p(i, j|v, w) = p'(ijv)p?(jlw)
where pl(ilv) > 0 and Y. p(ilv) = 1 is a set of c-outcome probabil-
ity distributions indexed by v € V with |V| = n and, similarly, p?(j|w)
is a set of c-outcome probability distributions indexed by w € V. Since
both of these sets of probability distributions define compact sets in R™¢ by
Caratheodory’s theorem, given any element of Loc(n, ¢), there exist at most
n2c? + 1 probability distributions (pi(i|v))s_;, v € V (resp. (pi(jlw))é_q,
w € V), and non-negative scalars A\ such that

@) plinglv,w) =Y Mepp(i)pi Gilw), 6,5 =1,...,¢, v,w € V.
k

For consistency of notation, we set Cloc(n, ¢) := Loc(n, c).

There is another useful characterisation of the set Cioc(n, ¢), discussed in
[24) p. 5]. Let D denote the tensor product of n copies of the abelian C*-
algebra ¢2°, which is *-isomorphic to the space of all (continuous) functions
on nc points and set e,; =1 ®---1®e; ® 1---1, where e; denotes the i-th
canonical basis vector for ¢2° and it occurs in the v-th term of the tensor
product, 1 < v < n. Then (p(i,jlv,w)) € Cloe(n,c) if and only if there
is a state s : D ® D — C such that p(i, jlv,w) = s(ey; @ ey ;). To see
this fact, note that in the above formula each p}(ilv) = s}(e,;) for a state
st D — C, while p(jlw) = si(ew,). Thus, @), for a typical element
of Cloc(n, ), becomes p(i,jlv,w) = >, Apsp @ s2(€yi ® ey,;), which is a
convex combination of product states. The fact that convex combinations
of product states yields all states on D ® D follows from another application
of Caratheodory’s theorem.

It is easy to see that

Cloc(n, c) € Cqy(n,c) C Cqa(n,c) C Cye(n,c).

Note that the correlations belonging to Cioc(n,c) can be realised as in
(@, but with the POVM’s (E,;){_; and (Fy;)§_; consisting of mutually
commuting operators.

These various sets of correlations allowed [24] to generalise and unify the
definitions of the quantum chromatic number of a graph G (on n vertices) by
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setting xx(G) equal to the least integer ¢ such that there exists p(i, jlv, w) €
Cx(n, c) satisfying:

(5) Vu,Vi#j, p(i,jlv,v) =0,
V(v,w) € E, Vi, p(i,i|v,w) =0,

where x € {loc, q,qa,qc}. In [3] it is shown that xjo.(G) is equal to the usual
chromatic number of a graph, x(G).

Since p(i, jlv,w) > 0 for elements of each of these correlation sets, the
proof of the following is identical to the proof of the last proposition:

Proposition 2.3. Let G be a graph on n vertices and let x € {loc, q,qa, qc}.
Then xx(G) < ¢ if and only if there exists A € Cx(n,c) such that Lg (A) =
0.

From the above containments and proposition, we immediately see [24]
that

qu(G) § an(G) S XQ(G) S X(G)

Remark 2.4. By Proposition 23] and the fact that Loc(n,c) is compact
and convex, each graph G with xq(G) = ¢ < x(G) yields a graph functional
Lg,. that is strictly positive on the set Cioc(n,c) = Loc(n,c) of classical
correlations and vanishes on the set Cq(n,c) = Q(n,c). Thus, each such
graph gives a functional Lg . that gives a Bell-type inequality separating
local from quantum.

Remark 2.5. By Proposition [Z3(1), determining if the minimum of Lg
over the polytope Loc(n, ¢) is 0, gives a LP to determine if x(G) < c.

Remark 2.6. The statement Cq(n,c) = Cqc(n,c) for all n and ¢ is of-
ten referred to as the (strong bivariate) Tsirelson conjecture. Thus, if the
Tsirelson conjecture holds true, then necessarily, x.(G) = x(G) for every
graph G. In addition, work of N. Ozawa [22] shows that the Connes Em-
bedding Conjecture is equivalent to the statement that Cya(n,c) = Cyc(n, c)
for all n and ¢. Thus, if the Connes Embedding Conjecture holds true, then
necessarily Xqc(G) = Xqa(G) for every graph G. We shall refer to the equal-
ity Cqa(n,c) = Cq(n,c), Vn,c € N, as the closure conjecture. Thus, if the
closure conjecture is true, then xq(G) = Xqa(G) for every graph G.

Hence, determining if these chromatic numbers are always equal or can
be separated would shed some light on these two conjectures. This was the
original motivation for introducing these new parameters in [24].

3. A HIERARCHY OF CHROMATIC NUMBERS

In this section we revisit the ideas of the NPA hierarchy [21] and use them
to construct a descending sequence of state spaces C(n,c) that converges
in an appropriate sense to Cqc(n,c). These will allow us to construct a
sequence of “chromatic” numbers Xé\,’:(G) each of which is computable by an
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SDP and which converges to xqc(G). To accomplish this, we need to review
a certain C*-algebra intrinsic in the definition of xqc(G).

Let n,c € N, F(n,c) = Z¢ * - -+ * Z. (n copies), where Z. = {0,1,...,¢c—
1} is the cyclic group with ¢ elements, and C*(F(n,c)) is the (full) C*-
algebra of F(n,c). The C*-algebra of Z. is canonically *-isomorphic, via
Fourier transform, to the (abelian) C*-algebra £2° = {(\;)5_; : \j € C,i =
1,...,c}. Thus, C*(F(n,c)) is canonically *-isomorphic to the free product
C*-algebra, amalgamated over the unit, £2° %q - - %3 £2° (n copies).

We denote by V the set {1,2,...,n}. Let e,; denote the element of
C*(F(n,c)) that is in the v-th copy of £2° and is the vector that is 1 in
the i-th component and 0 elsewhere. Alternatively, if we regard F'(n,c) as
generated by unitaries, u, with ug, = 1, then e, ; corresponds to the spectral
projection of w, onto the eigenspace of w/ where w = e2mi/c In particular,
ey ; belongs to the group algebra of F'(n,c) and because u, = Y ¢, wiem
the collection {e,; : 1 < i < ¢,v € V} is another set of generators of the
group algebra.

We let S(n,c) = €2°@q - - -1 £2° (n copies) be the corresponding operator
system coproduct (see, e.g., [I7]). By [8] or since each generator w, is in
the span of e,;,1 < i < ¢, S(n,c) can be identified with the span of the
generators of the group F'(n,c) inside the C*-algebra C*(F(n,c)). Then

S(n,c) =span{e,; v e V,1 <i<c}

‘We note the relations

4
(6) 612)7]- =epj =€y, Cyipj=0,iF ] Zem =1L, veV,l1<j<c
i=1
Because the left regular representation of F'(n,c) is faithful on the group
algebra, the C*-algebra C*(F(n,c)) can thus be viewed as the universal
C*-algebra generated by the set £ = {e,; : v € V,1 <i < ¢} satisfying (@l).
A word in &£ is an element of the form

(7) Q= Cuy i1 Cuyig " * " Cuy,ip,
where v; € V and 1 <i; <¢, j =1,...,k. The length |o| of a word « is
the smallest &k for which w can be written in the form (7). A polynomial of
degree k is an element p of C*(F(n,c)) of the form p = 377", Aja;, where
a; are words, A\; € C, and deg(p) def max;—1,..m || = k.

For a given N € N, let

Pn = span{p : a polynomial with deg(p) < N},
and
P =span{Py : N € N}.

We note that Py is an operator subsystem of C*(F(n,c)) and that Py C
Pn+1, N € N. We also note that P is a (dense) *-subalgebra of C*(F(n,c))
and hence possesses a canonical induced operator system structure.
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Note that
C*(F(n,c)) @max C*(F(n,c)) = C*(F(n,c) x F(n,c)),
up to a (canonical) *-isomorphism. Let
A=P®P C C*(F(n,c) x F(n,c)).

We have that C*(F(n,c) x F(n,c)) is the universal C*-algebra generated
by two families of elements, &€ = {e,; v € V,1 <i < ¢} and F = {fy; :
w € V,1 < j < ¢}, each of which satisfies relations (@), as well as the
commutativity relations

(8) emfw,j = fw,jem, v,weV,1<14,5 <ec

We define polynomials on £ U F in a similar fashion — note that, due to (8],
each such polynomial is a sum of products of the form a3, where a (resp.
B) is a word on & (resp. F).
Let
I'v={vy: awordin EUF,|y| < N},

Any =spanl'y and
SN =SNne={s: A= C:s(1)=1,s(p"p) >0 for all p € An}.

The functionals s above, as well as all functionals appearing hereafter, are
assumed to be linear. Set I' = U_;I'ny. Note that

A = spanl’ = span{Ay : N € N}.

Lemma 3.1. Let s : A — C be a linear functional. Then s € Sy if and
only if (s(8*a))apery 5 @ positive matriz.

Proof. By definition, s € Sy if and only if s(p*p) > 0 for all p € Ay, if and

only if .
([E=)(E)

for all o € 'y, \p € C, k ,m, if and only if

Z rNagap > 0,
k=1

forall oy, € 'y, A\, € C, k =1,...,m, if and only if the matrix (s(8*@))a,ger
is positive. O

Every functional on A can, after restriction, be considered as a functional
on Apy. Letting

S=Spc={s: A= C:s(1) =1,s(p"p) >0 for all p € A},
we clearly have

S={s: A= C:s|a, € Sy, forall N € N}.

Lemma 3.2. s € S if and only if there exists a state 5§ of the C*-algebra
C =C*(F(n,c) x F(n,c)) with §|4 = s.
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Proof. The statement follows from a standard construction of GNS type;
the detailed arguments are omitted. O

Let R be the ideal of all polynomials on the set of non-commuting vari-
ables £ U F generated by the elements

C
2
61)7_7' - e’l),j? e;k)hj - ev,ja Zev,k - 17 ev,ifw,j - fw,jev,iy
k=1
where v,w € V,1 < i,j <c Set Ry = RN An. For example, R contains
the elements By — By if Bfaq = fag in I'. We let

m m
M = {(Ca,ﬁ)a,ﬁef‘ : Z/\kﬁzoék ER— Z)\kcakﬂk = 0} .
k=1 k=1
We also let My be the set of all compressions of matrices in M to I'y x I' .
In particular, if (cq,8)a,gery then cqo, g, = Cay,8, Whenever ffa; = B5as.

Lemma 3.3. There is a bijective correspondence between M and the set
of all linear functionals on A, sending an element (cq,8)a,ger of M to the
functional f : A — C given by f(8*a) = cqp, o, €T.

Proof. The only thing that needs to be checked is that, given (cq,g)a.ger €
M, the mapping defined on the generators of A by f(5*a) = cqp, a,B €T,
and extended by linearity, is well-defined. This follows from the definition
of M. O

For N € N we now let

CN(n,¢) = {(s(ev,ifu)viw; = 5 € SN}
Note that

Cae(n, ) = {(s(€v;i ® fuw,;))viw, s € (S(n,¢) @ S(n, )},
the set of all relativistic quantum correlations.

Theorem 3.4. (i) A matric A = (Gyjw,j)viw; belongs to Cyc(n,c) if
and only if it can be completed to a positive matric B = (byg)a,ger € M
(meaning that every finite submatriz of B is positive) with by 1 = 1.

(i) A matriz A = (ayiw;)viw,; belongs to CN(n,c) if and only if it can
be completed to a positive matriz B = (by,g)a,pery € My with by = 1.

Proof. (i) Let s € S(S(n,c) ®. S(n,c)) be a state such that A = (s(e,; ®
fw,j))viw,j- Let H be a Hilbert space, © : C*(F(n,c)) @max C*(F(n,c)) —
B(H) be a *-representation and £ € H be a unit vector such that s(T") =
(m(T)E,€), T € C*(F(n,¢)) ®@max C*(F(n,c)). Thus,

(8" @) = (r(@)¢, m(B)E),
and every finite submatrix of the matrix (s(8*«))q,ger is positive.

Conversely, suppose that B = (by,g)a,ger € M is a completion of A that
has the property that all of its finite submatrices are positive. It follows from
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Lemma [3.1] that the linear functional s : A — C given by s(a) = by,1 (and
well-defined by Lemma [B3]) is positive. Note that s(1) = 1. By Lemma
B2l s is the restriction to A of a state of C*(F(n,c) x F(n,c)). Thus,
A e Cyl(n,c).

(ii) Suppose that A = (ayiw j)viw; belongs to CN(n,c). Then there
exists s € Sy such that ay ;. ; = s(eyifw;), v, w eV, i,j=1,...,c. By
Lemma B (s(8*®))a,gery is a positive completion of A that lies in M y.

Conversely, suppose that B is a positive completion of A that lies in M.
By Lemma B3] B is the compression to I'y x I'y of a matrix of the form
(s(8*@))a,per and, by Lemma Bl s € Sy. It follows that A € Ay. O

The following corollary follows directly from Lemma [3:3f we omit the
detailed proof.

Corollary 3.5. Let G = (V, E) be a graph. We have that xqc(G) < ¢ if and
only if there exists s € S such that

V’U,Vi 7é j7 S(ev,ifv,j) = 07
(9) V(v,w) € E,VYi,5(ey,fuw,i) = 0.

Lemma 3.6. Let s € Sy. Then |s(y)| <1 for all v € T with |y| < 2N.

Proof. We first show that 0 < s(vy*v) < 1 for all words v with |y| < N. To

this end, we use induction on |y|. We have that s(e, ;) = s(e;iev,i) > 0 while

oy s(ey,i) = 1; it follows that 0 < s(e,;) < 1 for all v,i. By symmetry,

0 < s(fw,j) <1 for all w,j, that is, the claim holds for all v with |y| = 1.
Suppose |y| < k, for some k < N — 1. If v € V then

0 < s((e0,im)*(e0in)) = (3" eviv) and Y s(y'en17) = s(v™y) < L.
k=1

It follows by induction that 0 < s(y*y) < 1 whenever |y| < N.
Now suppose |y| < 2N and write v = f*« for some words o and /3 of

length at most N. By Lemma [B.I the matrix (Zgzigg zgg*gg) is positive.
Thus,
[s(7)] = |s(B%a)| < max{s(a’a),s(8"B)} < 1.
U

Lemma 3.7. Let sy € Sy, N € N. There exists a subsequence (sy/)n+ of
(sn)N which converges pointwise to an element of S.

Proof. Since sy € Sy for all N, Lemma [B.6] implies that |sy(v)| < 1 when-
ever v € I's. Thus, there exists a subsequence

1 1 1
KON

such that (sg\l,z (7))ken converges whenever v € I's. Deleting the first terms

of this subsequence, if necessary, we may assume that 85\2 € Sy for all k.
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(2)

Using Lemma [3.6] it now follows that there exists a subsequence (s Nk) keN

of (35\172),461\; such that (sﬁi (7))ken converges whenever v € I'y. Deleting the

first terms of this subsequence, if necessary, we may assume that 85\2,]1 € S;

for all k.
Continuing inductively, for each m we obtain a sequence (sg\z)) keN, which

is a subsequence of (SEGZ_I)) keN, and which has the property that (35\2) (

converges whenever vy € I'y,.

¥))ken

We claim that (351\2 (7))ken converges whenever v € I'. To see this, let

v € T and assume that |y| < 2m for some m. Then (35\2 (7)k>m 1s a

subsequence of (35\2) (7))ken and hence converges.
Set s(p) = limg_ o 35\12 (7), p € A. Since s is a pointwise limits of linear
maps, it is a linear map itself. Clearly, s(1) = 1. We claim that s € S. If

p € A is a polynomial, then p € Ay for some N and hence 85\12 (r*p) > 0
whenever N > N. It follows that s(p*p) > 0. O

Theorem 3.8. We have that N$_yC (n, c) = Cee(n, c).
Proof. Suppose that s € S(S(n,c) ®:. S(n,c)). By [24, Lemma 2.8],
(10) S(n,c) ®. S(n,c)) Ceoi C*(F(n,¢)) @max C*(F(n,c)),

and hence s extends to a state § on C*(F(n,¢)) @max C*(F(n,c)). Letting
SN = 8|4y, we have that sy € Sn; clearly, s(ey; ® fuwj) = sn(evifwj)s
N > 2,50 Cge(n, c) CNX_yCN(n,c).

Conversely, suppose that A € N_,C (n,c). For each N > 2, let sy €
SN be such that A = (sy(€v,ifuw,j))viw,j- By Lemma B there exists a
subsequence of (sy) which converges pointwise to an element s € S. Since
sN(€ev,ifw,j) = sm(evifwy) for all N,M € N, we have that s(ey;fw ;) =
sn(evifwj), N € N. By Lemma 3.2, s is the restriction of a state § on
C*(F(n,c) x F(n,c)) = C*(F(n,c)) &max C*(F(n,c)). By ([{0), we have
that A € Cqe(n,c). O

Definition 3.9. Let G be a graph on a set V' of n vertices with set E of
edges. A quantum N, c-colouring of G is a state s € Sy such that

V,U7VZ' 7é j7 S(EU,ifv,j) = 07
(11) V(v,w) € E,Vi,5(ey;fwi) =0.

The Nth quantum chromatic number XQQ(G) of G is the smallest positive
integer ¢ for which there exists a quantum N, c-colouring of G.

According to Theorem B4, quantum N, c-colourings of G correspond bi-
jectively to matrices A = (@y;w,j)v,iw,j € CN(n, c) such that

Apiv; =0, Vo,Vi# j and ayiw,;=0,Y(v,w) € E,Vi.
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Theorem 3.10. Let G be a graph. We have XQQ(G) < XQQH(G) < Xqe(G),
for every N € N. Moreover, limn_s o0 Xé\é(G) = Xq(G).

Thus, given n € N, there exists N € N such that xq.(G) = XQQ(G) for all
graphs on at most n vertices.

Proof. Let ¢ = X(]]\,QH(G) and s € Sn41,n,c be a quantum N, c-colouring of
G. Then s € Sy . Since X(]]\v[:(G) is the minimum of all ¢ for which there
exists a quantum N, c-colouring for G, we have that XQ,Q(G) < Xé\é*l(G).

A similar argument, using the fact that S C Sy, shows the second
inequality. It follows that the sequence (Xé\é(G))ﬁzl stabilises, that is, there
exist ¢, Ny € N such that Xé\é(G) =c for all N > Ny. For each N > Ny, let
sy € Sy be a quantum N, c-colouring of G. By Lemma [3.7] and Corollary
B.5L Xqe(G) < c.

Finally, since the sequence stabilises for each graph and there are only
finitely many graphs on at most n vertices, there exists N € N such that
Xé\é(G) = Xqc(G), for all graphs on at most n vertices. O

Remark 3.11. Let N, be the least integer such that x3r(G) = xqc(G)
for all graphs on at most n vertices. Because we obtain the integer N,
by a compactness argument, we do not have effective bounds on N,. In
particular, we do not know if sup,, IV, is bounded or have any information
on its growth rate.

4. AN SDP FOR THE COMMUTING QUANTUM CHROMATIC NUMBER

In this section we prove that for each graph G = (V| E) determining if
Xqc(G) < c is decidable by a semidefinite programming problem.

We fix a graph G = (V, E), let n = |V| and let N := N,, be the natural
number given by Remark BIIl Let ¢ € N. We set CV = CV(n,c) =
{(s(ev,ifwj) s €SN} C Mpe.

Recall that a set is called a spectrahedron if it can be realised as the
intersection of the set of positive semidefinite matrices of some size with an
affine subset.

Recall that the graph functional Lg . : M, — C is defined by

Lae((@viwg) = D Guiwg+ D, Guiwic

1#£j,0 1,u~w
When the value of ¢ is understood, we will often write Lg for Lg c.

Proposition 4.1. For any N € N, the problem of minimising Lg . over the
set CV is an SDP.

Proof. Recall that My is a space of |I'y| X |I' x| matrices defined by some
linear constraints. Thus, the set By of positive semidefinite matrices B €
My with by = 11is a spectrahedron. By Theorem [3.4] (ii), every element of
CV is the restriction of such a matrix B in My to some of its components.
Thus, if we extend Lg . to a linear functional F' on By by setting it equal
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to 0 on all the components not included in CV then we see that minimizing
F over By is the same as minimizing Lg . over CN. O

Theorem 4.2. Let G = (V,E) be a graph on n vertices and let N =
maz{N,,2}, where N, is defined in Remark[311l. Then xqc(G) < ¢ if and
only if nf{Lg.(A): A€ CN(n,c)} = 0. Hence, the problem of determining
if Xqc(G) < ¢ is solvable by this SDP.

Proof. For any s € Sy, any v,w € V,any 1 <1,j < ¢, since N > 2, we have
that
0< 3((ev,ifw,j)*(ev,ifw,j)) = S(ev,ifw,j)-

Thus, all the elements of C¥ are non-negative and, consequently, Lg .(A) >
0 on CN.

Since CVV is a compact set the infimum is 0 if and only if it is attained at
some matrix A € CV, but in that case we have that A is the image of a state
that defines a quantum N, c-colouring and so xq.(G) = Xé\é(G) <e. O

Note that since CV is a compact set, the above infimum is actually a
minimum.

Remark 4.3. It is known that computing xq(G) is an NP-hard problem
[14], but it is not known if computing xqc(G) or xqa(G) is NP-hard. A proof
that did not rely on Tsirelson’s or Connes’ conjecture that these are also
NP-hard would be interesting. A proof that either of these is of complexity
P would be a dramatic result. It would show that either the corresponding
conjecture is false or that P=NP.

We can strengthen the above result a bit as follows.

Theorem 4.4. For each n € N, there is a constant €, > 0 such that if
G = (V,E) is a graph on n vertices and N = max{2, Ny, }, then xq(G) < c
if and only if nf{Lg .(A): A € OV} < e,.

Proof. The graphs on n vertices split into two subsets: those for which
Xqc(G) < ¢, and those for which xq.(G) > ¢. For each graph in the latter
set, we have that inf{Lg.(A) : A € CN} = bg > 0. Since there are
only finitely many such graphs, we may set €, = min{bg} over this set of
graphs. O

The above result is not of much computational use without estimates for
€n, but it might be of theoretical use. Since we know that we only need to
get the SDP within €, this may give us a crude operation/complexity count.

5. SYNCHRONOUS STATES AND THE TRACIAL RANK

D. Roberson and L. Mancinska [26] introduced the projective rank & (G)
of a graph G and showed that &(G) < xq(G). This lower bound has been
crucial for computing the quantum chromatic numbers of some graphs. Un-
fortunately, the proof of this estimate uses in a critical way the fact that the
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involved representations are finite dimensional and, consequently, we do not
know if it is also a lower bound for x4(G). To ameliorate this situation, we
will develop an analogous quantity that is better suited to work with infinite
dimensional representations.

Our first result applies to a larger family of games than the graph colour-
ing game, namely games where Alice and Bob have the same set of inputs
V and require that when Alice and Bob receive the same input, then they
must produce the same output. Given a correlation (p(%,j|v, w))y,iw,j, set

C
p(i = jlo,w) ==Y p(i,ilv, w).
i=1

Then a perfect strategy for this game means p(i = jlv = w) = 1, that is,
p(i = jlv,v) =1 for all v € V. Our result can be summarised as saying that
such correlations always arise from tracial states. Recall that a state s on a
C*-algebra A is called tracial provided that s(xy) = s(yz) for all z,y € A.
We show that, in fact, the projective rank of a graph can be described by
using tracial states on finite dimensional C*-algebras.

Definition 5.1. For x € {loc,q,qa,qc}, we call a correlation (p(i,jlv,w))
from Cx(n,c) synchronous if it satisfies the condition p(i = jlv = w) = 1,
and let C£(n,c) C Cx(n,c) denote the subset of all synchronous correlations.

Note that C3(n,c) = Cg.(n,c) N Cy(n,c).
Definition 5.2. A realisation of an element (p(i, j|v, w))y,iw,j 0f Cqc(n,c)
is a tuple (((Evvi)2¢=1)vev’ ((vaj)§=1)w€V’H’n)’ where V' is an index set of
cardinality n, H is a Hilbert space, n € H is a unit vector, and E,;, F,, j €
B(H) are projections satisfying
(i) p@3,jlv,w) = (EyiFwyn,m), v,weV, i,5=1,...,¢

(ii) Zf:l Ev,i = 2521 Fw,j = I, v, W € V,'
(111) Ev,iFw,j = Fw,jEv,i, vyweV, 1,5=1,...,c

When n and ¢ are understood, to avoid excessive notation, we will often
denote a realisation by simply ((EW-), (Fuwj), M, 77).

Theorem 5.3. A correlation ((p(i,j|v,w))yiw,; belongs to Cq(n,c) if and
only if it has a realisation ((Ew-), (Fw,j),’H,n) for which H is finite dimen-
sional.

Proof. Suppose that ((p(¢,j|v,w))yiw,; is a correlation which possesses a
realisation ((Ey;), (Fu,;),H,n) for which # is finite dimensional. We now
essentially recall the argument from the unpublished preprint [28, Theo-
rem 1] which allows us to pass to spacial tensoring. Let C (resp. D) be
the C*-algebra generated by {E,; : v € V,i = 1,...,¢c} (resp. {Fyu; :
weV,j=1,...,¢c}). Since C is finite dimensional, we may assume, with-
out loss of generality, that H = @®!_,C* @ Cl and C = @\_ M, ® 1;,.
Since D and C commute, we have that D is contained in the C*-algebra
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&l _ 1y, @ M;,. Thus, E,; = @ézlEii ® I, and F,; = ®L_ I}, ® Fy ; for
some projections Ej; € My,, F; ; € M,. Now let k = max{ky,...,k} and
I = max{ly,...,l;}. Consider the Hilbert space H as a subspace, in the
natural way, of ea';:lc’f ® C!, and identify the latter space with C*F @ C*.
Under these identifications, the projections E, ; (resp. Fy, ;) have the form
Eyi= E,; ® Iy (vesp. Fyj = Iy ® Fy, ;), for some projections Ej ; (resp.
Fy, ;) on Ck (resp. C!). Tt follows that ((p(4, j|v, )y iw; € Cq(n,c).

Conversely, assume that (p(i, jlv,w)) € Cq(n,c). Then there exist finite
dimensional Hilbert spaces H4 and Hpg, POVM’s ((Pw-)le)vev on Ha,
POVM’s ((vaj)§=1)wev on Hp and a unit vector n € Ha ® Hp such that
p(z’,j\v,w) = <PU,i ®Rw,j77777>' B

For convenience, set V = {1,...,n}. Let Hy = H4 ® C°, regarded as the
direct sum of ¢ copies of H4. Note that H4 is still finite dimensional and
define an inclusion W : M4 — Ha via h — (Pll’/fh, e ,Pll/czh). The fact
that (Py;){_, is a POVM implies that this inclusion is an isometry.

Define operators on H 4 by setting: 151,2- = Iy, ® E;; (where E;; here
denotes the corresponding diagonal matrix unit on C¢) and for v # 1, let
I:’m be the operator matrix, with (k,)-entry,

Poi= (Pl PP?) i # 1,
and
Py = (PU2P, . PY?) + (I — WW™).
Note that this standard dilation trick turns the POVM (P ;);_; into a PVM
(P1,i)§=1, and turns each POVM (P3)f_;, v # 1, into a new POVM (P, ;)7_;

on the larger space. Moreover, W*P, ;W = P, ;.
Also, note that for i # 1,

C
~ 1/2 1/2 51/2 1/2 1/2 1/2
Pv2,i = Z (Pl,{c vaipl,é Pl,é Pv,iPL{ ) = (Pl.{c Piipl,{ )
t=1
Similarly,
P2 = (P2 P2 PP + (I — WW).
Thus, if P, ; is a projection, then it’s dilation pv,i is also a projection.
Hence, if any (Pw-)g:1 is already a PVM, that property is preserved by
the dilation. It follows that if we repeat this standard dila}tion trick n times,
once for each v, then we will obtain a family of PVM’s (Pv,i);:p 1 <v<n,
on the finite dimensionalA Hilbert space H A=Ha® C?"¢ and an isometric
embedding Wy : Ha — Ha such that W) P, ;Wa = P, ;.
Repeating the same process for the POVM’s (RwJ) on Hp, we obtain a
family of PVM’s (Rw,j) on a finite dimensional space Hp and an isometry
Wp:Hp — 7:lB such that R, ; = WE}?WJ'WB.
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Finally, ((P,; ® (I ® Ry j)(Wa @ Wg)n, (Wa @ Wg)n) = p(i, j|v, w) so
that
((Pos @ 1), (T @ Ruy), Ha © Hi, (Wa @ Wi))

is a realisation of (p(i, j|v,w)) by commuting PVM’s on a finite dimensional
Hilbert space. It now follows that ((p(i,j|v, w))v,iw,; is in Cqy(n,c). O

Remark 5.4. Similarly it can be shown that, ((p(¢, j|v,w)) € Cioc(n,c) if
and only if the realisation can be chosen such that all the operators commute.
We do not know of an analogous characterisation of correlations in Cqa(n, c).

Theorem 5.5. Let (p(i, jlv,w)) € Ci.(n,c) be a synchronous correlation
with realisation {(Ey;)5_q, (Fw,j)ﬁzl,’H,n}. Then
(1) Ev,i'r/ = Fv,iny veVyii=1,.

() D0 710 0) = Eo i Eup .7 = (Fury P, = pliv i, v)

(iii) The functional s : X — (Xn,n) is a tracial state on the C*-algebra
generated by the set {E,; :v € Vi =1,...,c} (resp. {Fy;:w €
V.i=1,...,¢}).

Conversely, given a family of projections {e,; v € V, 1 <i < ¢} in a unital
C*-algebra A such that Y7 _je,; =1, v €V, and a tracial state s on A,
then (p(i, jlv,w)) = (s(evi€w,j))viw,; s i Ci.(n,c). That is, there exists
a Hilbert space H, a unit vector n € ‘H and mutually commuting POVM’s
(Ev,i)i_q and ( wJ)J 1 on H which are a realisation of (s(€vi€w,;))v,iw,;j
additionally satisfying

(12) 3(€v,iew,j):<Ev,iEw,j777 n) = <F i Fyin,m n) = <Ev,iFw,j77,77>-

Proof. Applying the Cauchy-Schwarz inequality, for every v € V', we have
the following chain of identities and inequalities.

[

1= E: (i, 7lv,v) 2:1)zzh)v §:<Eh¢Fhﬂ%n>

ij=1 i=1

C
= Z(Fv,m,Ev,im < Z | Foinl||| Ev,in|
i=1 =1
¢ 1/2 ¢ 1/2
< (z IIFv,mH2> (z IIEv,mH2>
=1 =1

c 172 / ¢ 1/2
= (Z(Fv,im 77>> <Z<Ev,i777 77>> =1

i=1 i=1
Thus, we must have equality throughout. In particular, the equality between
the 2nd and 3rd lines implies that the vectors (||Fyanl,...,[[Fy.cnll) and
([[Ev1nll,- -, |Ev.enll) are equal. Thus, ||Fy | = [[Evmll,v e V,1<i<ec.

On the other hand, the equality on the second line implies that F,;n =
a; B, in, for some |o;| =1,i=1,...,c. If E,;n# 0 then

aiEv,iT/ = Fg,zn = Fv,i(aiEv,in) = aiEv,iFv,in = aiEv,i(aiEv,in) = azzEv,ina
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which forces a; = 1. Thus,

(13) E,m=F,m veVi=1,...,c

and so (i) holds.

To prove (ii), note that, by condition (i) of Definition 5.2, we have

p(is jlvsw) = (EoiFu,jn,n) = (EoiBuw,jn, )

Using condition (iii) of Definition [5.2] we have
(EviFwjn,m) = (FujEvin,m) = (FuiFoim,m).

Finally,

p(J,ilw,v) = (Buw,;Evin.n) = (0, Ew,jEvin) = (EviEwn,m) = p(i, jlv, w).
Combining (i) with commutativity we have that
Ev iy By ish = vy in Fog s = Fuyig Bvy iy = Fog g Foy iy
Proceeding inductively, we have the following word reversal:
(14) EvisBvs iy - Bugiy 1 = Fop iy - Fogio Foyin -

To prove (iii), let W be an operator that is a product of elements of the
set {E,;:veV,i=1,...,c}; then

s(EviW) = (EviWn,n) = (Wn, Eyin) = (Wn, Fyin)
= <Fv,iW77777> = <WFv,i77777> = <WEU7Z'77777> = S(WEUJ')'
Thus, we have

S((Evthvz,iz)W) = S(Evmi (Evzﬂ'zw)) = S(Evzﬂ'z (WEULH))
= S(WEm,ilEvz,ig)-

The general case follows by induction and the fact that the linear combina-
tions of the words on the set {E,; : v € V,i = 1,...,c} are dense in the
C*-algebra generated by this set.

The proof that s is a tracial state on the C*-algebra generated by the set
{Foj:weV,j=1,...,c} is identical.

Finally, assume that we have a unital C*-algebra A, a tracial state s, and
projections e, ; as above. It is clear that s(e, €y ) = 0 whenever v € V and
i # j; thus, (p(i, j|v,w))v,iw,; is synchronous. Without loss of generality,
we can assume that A is generated by the set {e,; : v € Vi =1,...,c}.
The GNS construction associated with (A, s), produces a Hilbert space H,
a unital *-homomorphism 7 : A — B(#H) and a unit vector n € H such that
s(X) = (7(X)n,m), X € A. Set E,; = 7(eyi), v e V,i=1,...,c. Since
these operators are the images of projections that sum to 1, they form a
PVM. By construction, H is the cyclic subspace corresponding to 1. Thus,
every vector in ‘H can be approximated by a sum of the form

k
Z WTT}v
r=1
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where Wy,..., W, are wordson {E,; :v e V,i=1,...,c}.
Fixve Vand j € {1,...,c}. Using the facts that s is a tracial state and
that EJ ; = E, ;, we have that

k 2 k 2 k 2
Z WrEv,jn < Z WrEv,jn + Z WT(I - Ev,j)”?
r=1 r=1 r=1
k k
= > (B} W WoEum,n) + Y (I = By )" WiWo(I = By )n,m)
rl=1 rl=1
k k
= Z (Ev ;W Wi, m) + Z ((I = By )W Wen,n)
rl=1 rl=1

2
(W Wen,m) =

I
] =

k
> Wer
r=1

Thus, the operator F), ; on H given by

k k
o (Z Wm) =D WiBujn
r=1 r=1

is a well-defined contraction.

Using that the E, ;’s form a PVM, it follows that FUZJ- =F,; =F;; and
Z§:1 F,; = 1, i.e., the F,;’s also form a PVM. Clearly, F, ;jn = E, ;n.
Also,

rl=1

Fv,jEw,i(Wn) = Ew,i(WEv,jn) = Ew,i(Fv,jWn)
whenever W is a word on {E,; : v € V,i = 1,...,c}, which shows that
Fv,jEw,i = Ew,iFv,j-
The fact that E,;Fy, j = Fyy ;Ey; easily implies the relations (I2I). O

Corollary 5.6. A correlation (p(i, j|v,w))v,iw,; belongs to Cs.(n,c) (resp.
Ci(n,c), resp. Gy .(n,c)) if and only if there exists a C*-algebra(resp. finite
dimensional C*-algebra A, resp. abelian C*-algebra) A, a tracial state s :
A — C and a generating family {e,; : v € V,i = 1,...,c} of projections
satisfying y i €y =1, v € V, such that

(i, jlv,w) = s(eyiew;), viweVii,j=1,...,c

Proof. The statement concerning C§.(n, ¢) is immediate from Theorem
For the second equivalence, notice that if a synchronous correlation belongs
to C3(n, c) then it admits a realisation {(Eyi){_y, (Fuw,j)5-1,H,n} for which
H is finite dimensional. Thus, the C*-algebra generated by {E,; : v €
V,i=1,...,c} is finite dimensional. Conversely, if A is a finite dimensional
C*-algebra and s : A — C is any state, then the GNS construction yields
a finite dimensional Hilbert space. Thus, the operators E,; and F,, ; from
Theorem act on a finite dimensional Hilbert space, and the claim now
follows from Theorem [5.3]
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Finally, if a synchronous correlation belongs to Cloc(n,c), then it has a
realisation such that the C*-algebra generated by {E,; :v € Vi =1...c}
is abelian. Conversely, if A is abelian and s is any state, then the GNS
construction yields an abelian family of projections {E, ;} and one can set
Fv,i = L. U

Let {(Ev,i){—1, (Fu,j)j=1.H,n} be a realisation of a synchronous correla-
tion (p(¢, j|v,w))viw,j- Let Ho be the smallest closed subspace of H con-
taining 1 and invariant under the operators Fy, ;, w € V, j = 1,...,c.
Since I, ; is selfadjoint, it is reduced by Ho. Thus, F,, ; has a diagonal
matrix form with respect to the decomposition H = Hy @ ’HOL. Moreover,
since I, ; is a projection, the operator ng- = Fu jl#, is a projection and
25:1 FLOW- = Iy,, i.e., (ng)?:l is a PVM on Hq for each w € V.

By equation (I4]), Ho reduces the operators E, ;. Hence, setting Egi =
Eyil#y, we have that (E;)5_; is a PVM on #o; moreover,

E)F) . =Fp E)

v,it w,j v, U,lUEV,i,jZl,...,C.
Thus, all the properties of ([3]) are satisfied for the new family of operators,
but in addition 7 is cyclic for the C*-algebra generated by {F,, j : w € V,j =

1,...,c}.

Definition 5.7. Given a synchronous correlation (p(i, jlv,w)) € Cg.(n,c),
we call a realisation {(Eyi)i_q, (Fuw,j)j=1, ®,n} minimal if n is a cyclic vector
for the C*-algebra generated by the family {F,,; :w e V,j=1,...,c}.

Given a graph G = (V,E), a collection {(Ev,i)f:p(Fw,j)§:1a7‘[a77} will
be called a c-realisation of G provided that it is a realisation of a synchro-
nous correlation (p(i, j|v, w))v,iw,; that belongs to the kernel of the functional
Lg .. We will refer to the collection as a minimal c-realisation of G' provided
it 1s also a minimal realisation.

The discussion preceding Definition [5.7] shows how to obtain a minimal
c-realisation from any c-realisation.

Proposition 5.8. Let (p(7, j|v,w))v,iw,j € Cae(n,c) be a synchronous cor-
relation with a minimal realisation ((Eyi)§—1, (Fw,j)5=1,",n). Then the fol-
lowing are equivalent:
(i) <Ev,iFw7j777 77> = 07

(i) EyiEy; =0,

(iii) FyFy,; = 0.
If this family is a minimal c-realisation of a graph G on n vertices, then for
every edge (v,w) of G we have that

EU,iEw,i = Fy,iFw,i = O, 1= 1, ...,C.
Proof. We prove the equivalence of (i) and (ii). The equivalence of (i) and

(iii) is identical. If (ii) holds then, by (I3), (EyiFw,jn,n) = (EviEw n,n) =
0.
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Conversely, if (i) holds, then

1By Bwnll* = (ByiBuwjn, BoiBwjn) = (EviFun, EiFun)
= (EyiFywjn,m) =0,

since the operators E,; and F,, ; are commuting projections.
Next, for any vector £ of the form & = F,, j, - - - Fy, ;,n, we have that

Evvivajg = levjl e kavjkEvszwvjn = 0’

Part (ii) now follows by minimality.
Finally, the statement involving graphs follows from the equivalence of (i)
and (ii) and the fact that if (v, w) is an edge, then (£, ;F,, ;n,n) = 0. O

Note that when p(%, jlv,w) = (Ey;Fy 0, 1), then

> pli v, w) = (Byim,n) = pa(ilv)
j

is independent of w and represents the marginal probability that Alice pro-
duces outcome ¢ given input v. Similarly, >, p(i,jlv,w) = (Fy 0, 1) =
pB(jlw) represents the marginal probability of Bob producing outcome j
given input w.

Proposition 5.9. Let G = (V, E) be a graph on n vertices that admits a c-
realisation. Then there exists a minimal c-realisation ((Ev,;){_1, (Fuw,j)5-1,H,
n) of G such that the marginal probabilities satisfy

1

(15) <Ev,i77777> = <Fw,j77777> = E

for every v,w € V and everyi,j =1,... c.

Moreover, if G admits a c-realisation for which the corresponding syn-
chronous correlation is in Cx(n,c), for x € {loc,q,qa}, then a minimal
c-realisation ((Ey;)5_q, (FwJ);:l,H,n) with marginal probabilities equal to

% can be chosen so that the corresponding synchronous correlation is in
Cx(n,c).

Proof. Let {(Ev,)i—1, (Fu,j)j—1,H,n} be a c-realisation of G. Let H be the
direct sum of ¢ copies of ‘H and set

ENv,i = L1414 S-S Ev,c—i—i and Fw,j = Fw,1+j DB Fw,c—i—ja

where the addition in the set of indices is performed modulo ¢. Set i =

@ @n).
It is easy to check that {(FE,;)5_;, (Fw,j)gzp H, 7} is a c-realisation of G.
Moreover, for all v € V and all i = 1,...,c, we have

[

| |
(Bo ity i) =~ Y {Bukn,n) =
k=1
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similarly,
- 1
(Fugf ) =~
forallw eV, j=1,...,c. The proof is complete after passing to a minimal

c-realisation, as described before Definition (.71

Suppose that the original synchronous correlation belongs to Cq(n,c),
then it has a c-realisation of G whose Hilbert space is finite dimensional.
Then the procedure described in the previous two paragraphs yields a fi-
nite dimensional Hilbert space, which shows that the graph G admits a
c-realisation that satisfies (I5]) and whose synchronous correlation belongs
to Cqy(n,c).

If the original correlation belongs to Cloc(n, ¢), then all PVM’s realising
the given correlations can be chosen to commute with each other and the
described procedure yields a commuting family of operators, and hence the
claim follows.

Finally, suppose that the original synchronous correlation of a c-realisation
of G belongs to Cqya(n,c). Let (pr)ren be a sequence of correlations that be-
long to Cq(n, ) such that limy, pi (4, jlv, w) = p(4, jlv,w) for all 4, j,v, w. By
the above construction, the correlations, defined by

o I~ g
Pi(i; jlv,w) = — > peli 1,5 + v, w),
=1
belong to Cy(n, ¢) and have constant marginals. Moreover, limy, pi (7, jlv, w) =
IS p(i,jlv,w) == p(i, jlv,w). Thus, p € Cga(n, c) has constant marginals.
Finally, the fact that Lg .(p) = 0 implies that Lg (p) = 0. O

D. Roberson and L. Mancinska [26] define the projective rank &(G) of
a graph G to be the infimum of the numbers % such that there exists a
Hilbert space of (finite) dimension d and projections E,, v € V, all of rank
r, such that E,E,, = 0 whenever (v,w) is an edge of G; such a collection
is called a d/r-projective representation of G. Recall that the functional
tr(X) = 1Tr(X), where Tr is the usual trace on My, is the unique tracial
state on My, and that if E, is a projection of rank r then tr(E,) = %.
Thus, &(G) ™! is the supremum of quantities of the form s(E,), over a set of
tracial states s of matrix algebras. This viewpoint motivates the following
definition.

Definition 5.10. Let G = (V, E) be a graph. We define the tracial rank
& (G) of G to be the reciprocal of the supremum of the set of real numbers
u for which there exists a unital C*-algebra A, a tracial state s on A and
projections e, € A, v € V, such that eye,, = 0 whenever (v,w) € E and
s(ey) = u for everyv € V.

Proposition 5.11. Let G be a graph. Then &(G) is equal to the reciprocal
of the supremum of the set of real numbers u for which there exists a finite
dimensional C*-algebra A, a tracial state s on A and projections e, € A,
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v € V, such that eye,, = 0 whenever (v,w) € E and s(ey) = u for every
velV.

Proof. Let U be the set of all positive real numbers u for which there exists
a finite dimensional C*-algebra A, a tracial state s on A and projections
ey € A, v € V, such that e,e,, = 0 whenever (v,w) € E and s(e,) = u for
every v € V. Set U = supU. By the paragraph preceding Definition [5.10],
we see that each r/d appearing in the definition of &(G) is in U, and hence
&(G)H < U

Let u € U and A be a finite dimensional C*-algebra as in the previous
paragraph. Then A is *-isomorphic to a direct sum of matrix algebras, say,
A= Elel ®Mjg,, and every tracial state on A has the form

@l 1Xl Zpl tr Xl

forsomepl>0withzl p=1 Setql—%lzl , L.

l

Each projection e, is of the form e, = 691 1e Where e, is a projection in

My,, and
L

L rank
U = Z p—= Z q rank(e

Moreover, Zlel qd; = 1.
Let

L
v = max{t : there exist ¢ > 0,1 =1,..., L, such that qudl =1
=1

L
and qurank(ef)) =tforallveV}.
=1
By the previous paragraph, u < u'.
Since the coefficients of the constraint equations are all integers, the maxi-
mum «’ will be attained at an L-tuple (qi, ..., qr) whose entries are rational.
Writing ¢; = my/d for some integers d and my, [ =1,..., L, and setting

I L
€y = EBl:lev ® [ml

we obtain a set of projection matrices of size

L
Z mldl =d
=1

satisfying the required relations and such that

rank(e)) = Tr(e)) = Z rank(e; ) = du’.
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Hence, v’ < &(G)~! and it follows that U < &(G)™! so that the proof is
complete. O

The following is the analogue of the inequality §(G) < xq(G) established
in [26].

Theorem 5.12. Let G be a graph. Then &, (G) < xqc(G).

Proof. Given any c-realisation of GG, Proposition shows that there exists
a c-realisation ((Ey;)i—1, (Fuw,j)5=1, H,n) of G such that (E,;n,n) = ¢! for
alveVandalli=1,...,c. By Proposition 5.8, E, 1E,1 = 0 when (v, w)
is an edge of G. Thus, ¢! < &, (G)~! and the proof is complete. O

6. GRAPH HOMOMORPHISMS AND PROJECTIVE RANKS

Recall that we set Cioc(n, ¢) = Loc(n, ¢), Cq(n, ¢) = Q(n, ¢) and Cqa(n, c) =
Q(n,c)”. Then for x € {loc, q, qa, qc} and a graph G on n vertices, we have
that xx(G) < cif and only if there exists A € Cx(n, ¢) such that Lg (A) = 0.

The condition L, ((p(i, j|v,w))v,iw,) = 0 can more compactly be written
as

p(i = jlv=w) =1 and p(i = jlv ~w) =0,
where p(i = jlv ~ w) = 0 means that p(i = jlv,w) = 0 whenever (v,w) €
E(G). If we write p(i, jlv, w) = (Ey; Fy jn,n), where (E,;)$_, and (FwJ)?:l
are mutually commuting PVM’s on a Hilbert space H, v,w € V,and n € H
is a unit vector, then we have that

pa(ilv) = > p(i, jlv,w) = (Eyim.m)
j=1

does not depend on w and j; a similar statement holds for pg(j|w).

Remark 6.1. In the notation introduced above, Proposition 5.9 shows that,
for any x € {loc, q, qa, c}, if G is a graph on n vertices and the correlation
(p(, jlv,w))viw; € Cx(n,c) satisfies p(i = jlv = w) =1 and p(i = jlv ~
w) = 0, then there is a correlation (p'(, j|v, w))viw,; € Cx(n,c) additionally
satisfying p/y(ilv) = p/z(jlw) = ¢~ for every v,w, i, j.

We recall the following characterization of points in Clc(n,c) :
(16)
Cloc(n, ¢) = Loc(n, ¢)

(17) = {(p(i,jh}, w))v,i,w,j : p(i,j|U7 ’LU) = Z Aké(z = fk(v))é(] = gk(w))a
k

(18) for some A\; > 0 with Z)\k =1 and some fi,gr: V — {1,... ,c}}.
k

(Here, the ¢ function evaluates to 1 when its condition argument is true and
0 otherwise, like the Iverson bracket.)
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Definition 6.2. Let G = (V(G), E(G)) and H = (V(H),E(H)) be graphs
on n and m vertices, respectively. For x € {loc,q,qa,qc} write G = H if
there is a correlation (p(i,jv,w))viw,; € Cx(n,m) with v,w € V(G) and
i,7 € V(H) such that

pli=jlv=w)=1
p(Z ~H ]|U ~G ?,U) =1,
where p(i ~pg jlv,w) = 32 nepan) Pl Jlv,w) and p(i ~g jlv ~¢ w) =1
means that p(i ~g jlv,w) =1 whenever (v,w) € E(Q).

We will say that such a (p(i,j|v, w))yiw,j i an X-homomorphism from G
to H.

Stated briefly, the above conditions are the requirement that p be syn-
chronous and that whenever the inputs v and w are adjacent in G, then,
with probability 1, the output pair (,7) is adjacent in H.

We will sometimes write G — H for G % H , since it can be shown that
this corresponds to the classical definition of a graph homomorphism. The
homomorphism variant G % H has been extensively studied in [25] and
[26]. The following is immediate from the definitions of [24] and [3]:

We let K. denotes the complete graph on c vertices, i.e., (i,7) € E(K,)
for all ¢ # j.

Proposition 6.3. Let G be a graph. For x € {loc,q,qa,qc}, we have that
xx(G) = min{c: G > K_}.

Let us denote by G the complementary graph of G, that is, the graph
whose vertex set coincides with that of G and for which (v,w) is an edge
precisely when (v, w) is not an edge of G (here it is assumed that v # w).
Proposition motivates us to define, for x € {loc, q, qa, qc},

ax(G) = wx(G) = max{c: K. > G}.

The parameters wx(G) are quantum clique numbers of G and are comple-
mentary to the corresponding chromatic numbers yx(G). They will not be
used later on in this paper. Note, however, that wio.(G) (resp. aioc(G)) co-
incides with the classical clique number w(G) (resp. independence number

a(G)) of G.
Definition 6.4. Let G be a graph on n vertices. For x € {loc,q, qa,qc},

let &< (G) be the infimum of the positive real numbers t such that there exists
(p((l, b|’U, w))v,a,w,b € CX(nv 2) satisfying
pla=bv=w)=1
pla=1,b=1v~w)=0
pla=1v) =t
Note that it makes sense, in the above definition, to use only v in the
third condition since Cx(n,2) is non-signaling.
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Suppose that

/

P =, jlv,w))iw; € Coc(n,c) and p” = (p"(a,bli,5))ia b € Coelc, ).
We let p"p’ = ((p"p’)(a, blv,w))y,qwp be the matrix whose entries are given
by

)b e) = 3 ol G ).
i,j=1

Thus, if p’ (resp. p”) is considered as an element of M.z 2 (resp. M 2),
whose rows are indexed by the pairs (a,b) (resp. (4,7)) and whose columns
— by the pairs (i,7) (resp. (v,w)), then p”p’ is the matrix product of p” and
P
Lemma 6.5. Let x € {loc,q,qa,qc}.

(i) If p' € Cx(n,c) and p" € Cx(c,1) then p'p’ € Cx(n,l);

(i) If p’' € Cx(n,c) and p" € Cloc(c,l) then p"p’ € Cx(n,l).

Proof. (i) Assume first that x = qc. Suppose that H’ (resp. H") is a Hilbert
space, 1 € H' (resp. n € H") is a unit vector and (E, ;)i_; and (F,, ;)5_;

(resp. (E;’a)a p and (F L)1) are mutually commutmg PVM’s such that

P (i, jlo,w) = (B, Fyy jn' 1) (vesp. p”(a,bli, j) = (B Fiyn” 1")),
for all v,w,7,j,a,b. Let H=H"'"QH' , n=n"®17,
C [+
Eva=) El,@E,; and Fyp=2) F\oF,;
i=1 j=1
It is clear that (E,q),_; and (F, b)é , are mutually commuting POVM’s
for all v and w. Moreover,

C

(EvaFupnn) = > (B, @ E,)(Fly@ F, )" @), 0" @)
ij=1

C
= > (B F W Ey )
=

= Z p"(a,bli, ))p' (i, jlv, w) = ("p")(a, blv, w).
i,j=1
It follows that p”p" € Cyc(n,1).
The arguments given above also apply in the case x = q. The claim
concerning x = qa follows from the fact that Cqya(n,c) = Cq(n,c) for all n
and c¢. The case x = loc follows from the observation preceding Proposition

2.3
(ii) follows from (i) and the fact that Cioc(c,l) € Ck(c, ). O

Theorem 6.6. For x € {loc,q,qa,qc}, we have that &(G) < xx(G). More-
over, if G = H then &(G) < &(H).
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Proof. Let (p(i, j|v,w))v,iw,; be an x-homomorphism from G to K. with
¢ = xx(G). By Proposition (.9, we may assume that p(ilv) = % for all
i and all v. Let p/y(ali) (resp. pz(blj)) be the probability distribution
given by p/4(1]1) = 1,p/,(0]1) = 0 (resp. p/z(1]1) = 1,p/3(0[1) = 0) and
pa(1]i) = 0,p'4(0]i) = 1 (resp. pz(1]5) = 0,p’5(0|7) = 1) if ¢ # 1 (resp.
j#1). Set

p'(a,bli,5) = p4(ali)ps(bl5), a,b=0,1,i,5=1,...,c

It is clear that p’ € Cx(c,2). By Lemma [65] p'p € Cx(n,2). It remains to
check that pp satisfies the conditions of Definition

Suppose that a # b. If i = j then p'(a,b|i,j) = 0, while if ¢ # j then
p(i, jlv,v) = 0. Tt follows that (p'p)(a,blv,v) = 0 for all v. Suppose that
v ~ w. Then p(i,i|v,w) = 0 for all i, while p'(1,1]¢,7) = 0if i # j. It follows
that (p'p)(1, 1|v,w) = 0. Finally, for fixed v, we have

('p)(1[v) = > p'(1,004, 5)p(i, jlv, v) +p' (1,11, 5)p(i, jlv, v)
i,j=1

=Y PP 01)p(i, v, v) + pla(1li)psA1)p(, jlv, v)
ij=1

C
= P01)p(1, jlv,v) + pp(1H)p(1, jlv,v)
j=1

< 1
= Zp(l,jh),v) = E
j=1

We now show the monotonicity of &. Suppose that G = H and let

(s jlvsw))oiw,j € Cx(V(G)], [V (H)])

be as in Definition [6.2] Let also (p'(a, b|7,7))i.ajb € Cx(|V (H)|,2) satisfy the
three equations of Definition for the graph H. Suppose that v € V(G)
and a # b. Then, if i # j we have that p(i, j|lv,v) = 0, while p'(a, b|i, i) = 0.
Thus, (p'p)(a,blv,v) = 0. Suppose that (v,w) € E(G). If (i,5) ¢ E(H)
then p(i,jlv,w) = 0, while if (i,j) € E(H) then p'(1,1]i,7) = 0; thus,
('p)(1,1|v,w) = 0. Finally,

@'p)(v) = > (1,004, 5)p(i, jlv,v) + o' (1,113, 5)p(i, jlv, v)
i,j=1

c
= > p/(1,00d,0)p(i, i, v) +p'(1,1]i,)p(i, i]v, v)

=1

c Cc

1 1

= Z;p'(l’ i, i)p(i,ifv,v) = - ;pu,i!v,v) =
1= 1=



QUANTUM CHROMATIC NUMBERS 27

for all v € V(G). By Lemma [65 p'p € Cx(|[V(G)],2). Thus, &(G) <
&(H). U

Lemma 6.7. Suppose that p(i, j|z,y) € Cq(n,2) (respectively, Cqc(n,2)) sat-
isfies p(i = jlz = y) = 1. Then there exist a finite dimensional C*-algebra A
(resp. a C*-algebra A), a tracial state s : A — C and projections E,; € A,
veV,1=1,2, such that

(1) Zz EUJ' = I, v E V,‘

(2) p(i, jlv,w) = s(EyiEw,;) for allv,w € V and all i,j =1,2;

(3) EyiEy ; =0 if and only if p(i, jlv,w) = 0.

Proof. The existence of the C*-algebra, tracial state and corresponding op-
erators follow from the fact that the state is synchronous, Corollary and
Proposition (.8 O

A graph G is said to have an a/b-coloring provided that to each vertex we
can assign a b element subset of {1, ..., a} such that whenever two vertices are
adjacent, their corresponding subsets are disjoint. The fractional chromatic
number of G is then defined by xf(G) = inf{a/b| G has an a/b-coloring }.
Alternatively, there is a family of graphs known as the Kneser graphs K(a,b),
where each vertex corresponds to a b element subset of an a element set with
vertices adjacent when the sets are disjoint, and x¢(G) = inf{a/b : G —
K(a,b)}. For more discussion of these ideas and proofs see [13].

Theorem 6.8. We have that

(1) &oc(Q) is equal to the fractional chromatic number x¢(G);
(2) &q(Q) is equal to the projective rank, &(G);
(3) €qc(G) is equal to the tracial rank, &, (G).

Proof. To prove £oc(G) = x¢(G), colour the graph G with subsets S, C
{1,...,p} of size |S,| = ¢ where p/q = x¢(G) (this is possible since x;(G)
can be interpreted in terms of homomorphisms to Kneser graphs). Consider
the following protocol in Cioc(n,2): Alice and Bob receive vertices v and
w. They use shared randomness to choose k € {1,...,p}. Alice outputs
1 if k£ € S, while Bob outputs 1 if £ € S,,. The corresponding correlation
satisfies the conditions of Definition [6.4] with ¢t = p/q, so &ioc(G) < x¢(G).

Conversely, suppose that p(a,b|z,y) € Cloe(n,2) satisfies the conditions
of Definition for some t. By (I6l), we have p(a,blv,w) = >, Apd(a =
fr(v))o(b = g(w)) with A, > 0 and ), Ay, = 1. The condition p(a = b|v
w) = 1 requires fx = g for all k. The condition p(a = 1,b = 1jv ~ w) =
guarantees that fi(v)fr(w) = 0 for all k£ when v ~ w; consequently Vj :
{v e V(G) : fy(v) = 1} is an independent set. Assigning weight ¢\, to set
Vi gives a fractional colouring of weight ¢ (see Section 7.1 of [13]). Indeed,
> i tAr =t and for each v € V(G) we have Dy, o, tA =13 fr(v)\p =
tp(a = 1lv) = 1. So x¢(G) < &oc(G).

To prove &q(G) = &(G), suppose p(a, blv,w) € Cq(n,2) satisfies the con-
ditions of Definition In particular it is synchronous. Let {E,; : i =

o |
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1,2,v € V} € My be the representation guaranteed by [6.71 The opera-
tors E, 1 then satisfy the conditions in Proposition [5.I1] and hence, refer-
ring to the proof, t~1 € Y. Taking the infimum over all possible ¢ gives
£(G) < &(G).

Conversely, suppose that (E,)yey is a d/r-projective representation of G.
Let n =d~1/2 > ei®e;, where the {ei}?zl is the standard orthonormal basis
and set Ev,l = Ev, EU,O = (I — Ev), Fw71 = Ew, and Fw70 = (I —Ew). The
probability distribution p(a, blv, w) = (Fy,.® Fypn, 1) is feasible for [6.4] with
value t=! = p(a = 1|v) = (Ey1n,n) = d 'Tr(E,) = r/d. So &(G) < d/r.
Taking the infimum over possible values of d/r gives £q(G) < &(G).

Finally, we prove {4c(G) = &u:(G). It follows from Lemma [6.7] that if ¢ is
feasible for {c(G) then there exists a C*-algebra and tracial state satisfying
the conditions of Definition B0l Thus, & (G) < €qe(G).

Conversely, assume that we have a C*-algebra A a tracial state s and
projections F, and a real number v = t~! satisfying the hypotheses of
Definition 5101 We set B, = E, and E, o =1 — E,.

If we set p(i,jlv,w) = s(E,;E, ;) then by Corollary [5.6] we have that
(p(i,jlv,w)) € C.(n,2) C Cqc(n,2). Thus t is feasible for £,.(G). This
shows £4c(G) < & (G) and the proof is complete.

O

Theorem 6.9. If there exists a graph G for which &(G) is irrational, then
the closure conjecture is false, and consequently, Tsirelson’s conjecture is
false. In fact, if G is a graph on n vertices with &(G) irrational, then

Cq(n,2) # Cq(n,2)".

Proof. Let n be the number of vertices of G. By Theorem B8] &(G)~! =
£q(G)~! and this value is characterized as the infimum of the positive real
numbers t over the elements (p(a, b|v,w))y.q.wp € Cq(n,2) such that p(a =
1|v) = t~—1. If this infimum was attained, then there would exist a represen-
tation of (p(a,b|v, w))y.ewp via a finite dimensional C*-algebra. It follows
by the proof of Proposition 5.I1] that the infimum is a rational number.
Hence, if the infimum is attained by a point in Cq(n,2) then it must be
rational. Thus, if £q(G) is irrational, then we must have a point in Cq(n,2)~
that is not in Cq(n, 2). O

Corollary 6.10. If there exists a graph G with &.(G) irrational, then
Tsirelson’s conjecture is false. In fact, if G has n vertices, then Cqc(n,2) #
Cy(n,2).

Proof. 1f Tsirelson’s conjecture is true, then the closure conjecture is true
and &, (G) = € (G) = &q(G) = &(G), contradicting the previous result. O

Given that gloc(G) = Xf(G)7 &l(G) = ff(G), and gqc(G) = gtr(G)y we will
henceforth use the more established notation x¢(G), &(G), &.:(G) and will
drop the notation o (G), £q(G), £qc(G).

We turn now to a deeper investigation of &, (G). We first show that the
equality for a feasible value can be relaxed to an inequality.
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Theorem 6.11. The number &, (G) is equal to the minimum of the positive
real numbers t such that there exist a Hilbert space H, a unit vector n € H,
a (unital) C*-algebra A C B(H) and projections E, € A, v € V', satisfying

(19) the map X — s(X) = (Xn,n) is a tracial state on A;
(20) E,E, =0 ifv~w;
(21) (Eyn,m) >t for allv € V(Q).

Proof. Any solution feasible for Definition [£.10] induces a solution feasible
for the above conditions, with the same value. Note that, using the GNS
construction, we can assume, without loss of generality, that s(X) = (Xn, n),
X € A, for some unit vector 7.

Conversely, suppose we have a feasible solution to the above conditions.
Let ¢, = s(E,), where ¢, > t~!. Set ¢ = min{c, : v € V(G)}.

Let # = H ® L*(0,1), # = n® xo1) € H and, for 0 < r < 1, let P,
L?(0,1) — L?(0,1) denote the projection onto the subspace L?(0,r). Let D
be the multiplication algebra of L>°(0,1) acting on L2(0,1), E, = E, ®FPy/e,
and §(X) = (Xn,n), X € A®D.

The state § is tracial because it is the tensor product of two tracial states.
It is easily verified that this new family of projections E, and state § satisfy
the conditions of Definition (.10l with 3(E,) = r~! where r=! = ¢ > ¢!, so
that r < ¢.

Thus, we attain the same infimum if we require equality in (2I)) for all
. O

We shall refer to a vector and set of operators satisfying (I9)—(21) for
some t a feasible set for &, (G) with value t. The following is an adaptation
of a proof from [5].

Theorem 6.12. &, (G x H) = &, (G[H]) = &:(Q)&w(H), where G x H is
the disjunctive product (co-normal product, OR product) and G[H] is the
lexicographical product.

Proof. The inequality &, (G[H]) < &.(G % H) follows from the inclusion
GH|C G+ H.

To prove the inequality, &, (G * H) < &,(G)&(H), let n and E, form
a set feasible for &, (G) with value t and let 7' and E], form a set feasible
for &.(H) with value ¢. Then n ® ' and E, ® E!, form a set feasible for
& (G x H) with value tt'.

(r(G)éi(H) < & (G[H)): Let n and E, p, be a feasible set for &, (G[H])
with value ¢, where g € V/(G) and h € V(H). For g € V(G) define E, to be
the projection onto the span of the ranges of {Eg 4 }hen.

If g ~¢ in G then (g,h) ~ (¢',1) for every h,h/ € V(H) and hence
EgnEy = 0. From this it follows that g ~ ¢’ implies that EgEg/ = 0.
Recall that E, is the strong limit of (> Eg7h)1/n and hence X — s(X) =
(Xn,n) is a tracial state on the C*-algebra generated by the Eg (indeed, the
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latter C*-algebra is a subalgebra of the von Neumann algebra generated by
the set {Eg, 9 € G,h € H}). Thus, n and Eg satisfy all the conditions to
be a feasible set for G. Set ¢, = s(F,) and let 7—' = min{c, : g € V(G)} =
cy for some f € V(G) so that we have a feasible set for G' with value 7.

Let i = /rEfn and 3(X) = (7}, X7j) = rs(E;XEf). Then 3 is a state,
tracial on the algebra generated by {E;, : h € V(H)}. Since 5(Eyyp) =
rs(Epp) > rt™t = (r~'t)7!, we see that 7j and {Ef,h}heV(H) is a feasible set
for & (H) with value r~t.

Thus,

Str(G)ftr(H) <r-: (T_lt) =1,

and since t was an arbitrary feasible value for G[H]|, we have

gtr(G)gtr(H) < ftr(G[H])
U

7. A SDP LOWER BOUND FOR THE COMMUTING QUANTUM CHROMATIC
NUMBER

We now explore a quantity which can be seen either as a semidefinite
relaxation of the quantity &, (G) or as a strengthening of the quantity " (GQ).
As before, we assume that |V (G)| = n. For amatrix Y € M,4+1(R), we index
the first row and column by 0, and the rest — by the elements of the set V' (G).
Since we are discussing a semidefinite programming problem in this section,
we shall use the more familiar Y = 0 to indicate that the matrix Y is positive
semidefinite.

Definition 7.1. Define

£spp(G) = min {YOO 13Y € Mys1(R),Y = 0,Y >0,
Yo, =Yy =1 forv e V(G),
Yo =0 for v~ w,

ZYW <1 for S a cliqgue of G and w € V(G),

vES

(22) Yoo + Z Z Yow > |S| +|T| for S,T cliques ofG}.

veES weT

Remark 7.2. If in the above definition we assumed instead that Y is a
complex matrix that satisfied the remaining conditions, then since ¥ = Y*
we see that ngt is a real matrix that also satisfies these equations and
has the same value for the (0,0)-entry. Thus, we obtain the same value for

&spp(G) if we require Y € M,41(R) or Y € M, 41(C).

Theorem 7.3. We have that 5+(G) < &spp(G) < & (G).
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Proof. We first show that EJF(G) < &pp(G). Let e € RVl be the vector
all of whose entries are equal to 1, and J be the matrix all of whose entries
are equal to 1. Let Y satisfy conditions (22)). Then Y has the block form

o Y()O eT
vo (o o).
By Cholesky’s Lemma, Y > 0 if and only if M > YOBIJ. Define Z =
YooM — J; then Z = 0, Z,,, > —1 for all v,w € V(G), Zy, = —1 whenever

v~ w, and Zy,, = Yy — 1 for all v € V(G). So Z is feasible for 5+(G) with

value Ypo (see [5] for the definition of 5+(G)).

We next show that {spp(G) < & (G). Let n and E,, v € V(G) be as in
Theorem [6.11], with ¢t = &, (G). Note that by the proof of Theorem [6.11] we
can assume equality in 2I). Set n, = Eyn, v € V(G), and Y € M,41(R)
as Yy = t{(ny, nw), where we take ny = n. We have that Yy, = ts(E,Ey),
Yoo = ts(Ey) =1, and Yoo = ts(I) = t.

Conditions ([9)—(21), along with the fact that E? = E,, give

Yy = ts(ByEy) = Yo, = 1
Youw = ts(EyEy) = 0 for v ~ w.

Consider a clique S of G. We have that £, 1L E, when v ~ w, so
I -3 ,csEyis aprojection. For S a clique of G and w € V(G),

1= Youw =ts(Bw) = >_ts(EyEw)

vES veS
=ts((I - Ey,)Ey)
vES
=ts(Ey(I =Y _ Ey)Ey) >0,
vES

where in the last step we used that s is a tracial state. Similarly, for S, T
cliques of G,

%0+ZZYUw_’S’_’T‘

veS weT
= tS((I - ZEv)(I - Z Ew))
vesS weS
=ts(({ — ZEv)(I - Z Ey)(I — ZEU)) > 0.
veS weS veS
So Y is a feasible solution to (22]) with value ¢. O

We can now compute the tracial rank of an odd cycle.

Theorem 7.4. &, (Copt1) = %
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Proof. The following is inspired by a proof from [25]. Let Y be feasible
for ([22). Considering cliques S = {1,2} and T' = {2, 3}, we have

(23) Yoo + Z Z Yow >4 = Y13 >3 — Yoo.
ve{l,2} we{2,3}
Let n = 2k + 1. We equip the set {1,...,n} with addition modulo n. For
any a,b € {1,...,n}, we have
- Z Yoo 2 -1 = —Yop — Yy = -1
vef{a,a+1}
Yoo + Z Z Yow 23 = Yiar1)p T Yiat2)p = 3 — Yoo
ve{(a+1),(a+2)} we{b}
Adding these inequalities gives
Yv(a+2),b - Ya,b > 2 — Yoo.
Adding together ¢ instances of this inequality gives Y{qyoc)5 — Yap > c(2 —
Yoo). Taking a =3,b=1,c =k —1 gives Y1 — Y31 > (k — 1)(2 — Yo0). But
Y,1 = 0 since 1 ~ n. Adding (23]) gives 0 > (k — 1)(2 — Yoo) + (3 — Ypo) =
(Qk + 1) — kYpo. So Yy > (Qk + 1)/k
Hence,
(2k 4+ 1) /k < &spp(Ck) < &ir(Ck) < E1oc(Cr) = x5(Ch)-
And x¢(Ck) = (2k + 1) /k [25] so the result follows. O

Note that the preceding proof did not make use of Y > 0. So in fact it
would even follow from an LP relaxation of the SDP.

Corollary 7.5. There is a graph G for which WJF(G)] < Xqe(G).
Proof. By [5, Theorem 17],
[07(Cs % Ka)] = [97(C5) " (Ka)] = [3v5] =T,

while
15
< 5 = ir (K3)64:(Cs) = & (Cs % K3) < Xqe(Cs * K3) < x(Cs % K3) = 8.
O

For all graphs G we have

£spp(G) < &e(G) < &(G) < x¢e(G).

In the proof of Theorem [7.4] we see that for odd cycles {spp(G) = x¢(G),
so this chain of inequalities collapses. Numerical results show that, in fact,
&spp(G) = x¢(GQ) for all graphs on 9 vertices or less. So now we know the
value of & on all of these graphs (it is equal to x;) whereas before the only
nontrivial graphs for which this quantity was known were the Kneser graphs
and odd cycles.
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