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Coherent quantum-state manipulation of trapped ions using classical laser fields is a trademark of modern
quantum technologies. In this work, we study aspects of work statistics and irreversibility in a single trapped
ion due to sudden interaction with the impinging laser. This is clearly an out-of-equilibrium process where
work is performed through illumination of an ion by the laser. Starting with the explicit evaluation of the
first moments of the work distribution, we proceed to a careful analysis of irreversibility as quantified by the
nonequilibrium lag. The treatment employed here is not restricted to the Lamb-Dicke limit, what allows us to
investigate the interplay between nonlinearities and irreversibility. We show, for instance, that in the resolved
carrier and sideband regimes, variation of the Lamb-Dicke parameter may cause a non-monotonic behavior of
the irreversibility indicator. Counterintuitively, we find a working point where nonlinearity helps reversibility,
making the sudden quench of the Hamiltonian closer to what would have been obtained quasistatically and
isothermally.

I. INTRODUCTION

Quantum control is key to quantum technologies [1]. Trap-
ping of neutral or charged particles, assisted by cooling tech-
niques to bring them to ultracold temperatures, form a mature
experimental platform to the development of quantum con-
trol. In particular, laser-manipulated trapped ions are now one
of the most developed settings for experimental investigation
of quantum effects and the implementation of basic building
blocks needed for quantum storage, communication and pro-
cessing of information [2–5]. Along with the development of
quantum technologies, where one is usually interested in situ-
ations far from thermal equilibrium to fully harness the power
of quantum coherences, there has been an increasing inter-
est in non-equilibrium thermodynamics of quantum systems,
sometimes referred to as Quantum Thermodynamics (QT).
Properly setting the limits in the extraction of useful work and
the related problem of entropy production in non-equilibrium
processes in quantum systems lie at the core of QT [6–8]. De-
spite being a relatively new subject, QT is a field which grows
steadily and rapidly [9–16]. QT brings the old realm of clas-
sical thermodynamics to a new perspective where quantum
correlations and quantum coherence might play an important
role.

Taking all this into account, it seems crucial to investigate
the interaction of laser fields and trapped ions from a statistical
non-equilibrium perspective, trying to uncover new aspects
and physically relevant information previously untouched by
standard approaches to this subject. The scenario is partic-
ularly rich given the multitude of different energy structures
and transitions involving electronic and vibrational degrees
of freedom accessible in this system through laser interac-
tion [2, 17]. One of the motivations for the present work
is the possibility of studying thermodynamical implications
of nonequivalent physical regimes, some of them driven by
strongly nonlinear Hamiltonians [2, 17]. The interplay be-
tween the physics of trapped ions and QT has been explored
previously, for instance, in the context of ion-based thermo-
engines [18] and the verification of fluctuation relations [19].

However, our work departs from those in both context and
methodology. In particular, we bring the variety of physical
regimes available in the trapped ion system to the light of non-
equilibrium QT. This includes carrier and sideband regimes,
where single- or multiple-quanta transitions and energy de-
pendent couplings manifest according to the laser frequency
[2]. We will be particularly interested in a study that addresses
thermodynamic irreversibility as quantified by the irreversible
lag [20] produced by a finite-time transformation experienced
by a trapped ion.

This paper is organized as follows. In Section II, we briefly
review the relevant concepts of non-equilibrium QT needed
to the subsequent developments. This includes a discussion
of the microscopic view of work and the basic physics upon
which the nonequilibrium lag is built. Sec. III is dedicated
to a brief review of the laser-manipulated trapped ion sys-
tem. Our results are presented in Section IV, where we dis-
cuss work and irreversibility when the trapped ion is suddenly
shinned by a classical laser field. In Section V, we conclude
our findings and, in the Appendix, we present expressions for
the eigenvalues and eigenvectors of the system Hamiltonian
for an arbitrary sideband.

II. WORK AND IRREVERSIBILITY

A non isolated system can exchange energy and/or particles
with the environment or an external agent. In this context,
work is energy which is transferred/extracted to/from the sys-
tem through application of arbitrary generalized forces [21].
From a microscopic perspective, work is then necessarily ac-
companied by a modification of the system Hamiltonian (en-
ergy levels). This is to be distinguished from heat which is
energy exchanged with the environment through their mutual
weak (infinitesimal) interaction. Consequently, the effect of
heat is not a significant modification of the energy levels but
a redistribution of their population. This too corresponds to a
variation of internal energy just like work.

In general, a non-isolated system may suffer both pro-
cesses. However, in what follows, we will be interested in
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the scenario where work is performed without heat exchange.
This can be physically achieved, for instance, when the sys-
tem is thermally isolated or the work protocol is performed
in a time interval which is orders of magnitude shorter than
the thermalization time. This is precisely the case of the ide-
alized process of sudden Hamiltonian quench which corre-
sponds to the instantaneous change of the system Hamiltonian
from Ĥ(λi) to Ĥ(λf ). In these expressions, λ is a macro-
scopic variable in the system Hamiltonian usually called work
parameter in the context of non-equilibrium thermodynam-
ics. WorkW is a random variable encompassing both thermal
and quantum fluctuations. In the case of a sudden quench, the
statistical moments of the work distribution read [22]

〈Wn〉 =

n∑
k=0

(−1)
k

(
n
k

)
Tr
[
Ĥ(n−k)
f Ĥki ρ̂i

]
, (1)

with n integer and Ĥj := Ĥ(λj) for j = i, f . More details
about the statistical meaning of work can be found in [23] and
references therein.

One of the most important results of non-equilibrium statis-
tical mechanics is the Jarzinsky equality [9], from which one
can directly obtain a fundamental inequality involving average
work 〈W 〉 and Helmholtz free energy F

〈W 〉 ≥ ∆F, (2)

where ∆F ≡ F (λf , β) − F (λi, β) is the difference between
the free energies of the system. Explicitly,

F (λj , β) = − 1

β
lnZ(λj), Z(λj) ≡ Tr e−βĤ(λj), (3)

with j = i, f . The equality in Eq. (2) is only achieved by an
isothermal quasistatic process, which is reversible [23].

The indicator of irreversibility used in this work can then
be defined considering what has just been exposed. Based on
Eq. (2), one defines [10, 20]

L ≡ β(〈W 〉 −∆F ), (4)

as an indicator of irreversibility in the sense that the work pro-
tocol is reversible only when L = 0. What is reversible or
irreversible for this indicator is the work protocol realized in a
initially equilibrated system. The idea is that a backwards run
of the work protocol after the system starts attempting ther-
mal reequilibration will not, in general, bring the system and
environment to their initial state. The quantity between the
parenthesis is known as irreversible work [10], and L is usu-
ally called “nonequilibrium lag” (NL) as it gives an idea of
how the system state, after the work protocol, lags behind an
equilibrium thermal state fixed by the final Hamiltonian and
inverse temperature β. Remarkably, it has been show that the
NL is exactly equal to the relative entropy between the ther-
mal state used to evaluate F (λf , β) and the post-work state
[20]. It is important to remark that the relative entropy is zero
for identical states and it diverges for orthogonal states [24].

III. SHORT REVIEW ON TRAPPED IONS INTERACTING
WITH CLASSICAL LASER FIELDS

We now present the basic elements needed to work with
trapped ions subjected to laser fields. More information can
be found in the many reviews available in the literature, e.g.,
[2]. Usually, the laser-ion setup is described by a model con-
sisting of a two-level system (electronic degrees of freedom)
coupled to a harmonic oscillator (center of mass motion). The
latter is the result of electromagnetic confinement achieved
by the use of trapping technology, e.g., Paul traps [25], and
the electronic-motion coupling occurs due to momentum ex-
change with the laser.

By considering the center of mass (CM) degree of freedom
as an oscillator with natural frequency ν, and the two levels
{|g〉, |e〉}with an energy separation of ~ω0, the system Hamil-
tonian reads [26]

Ĥ = Ĥ0 + ĤI, (5)

with

Ĥ0 = ~νâ†â+
~ω0

2
σ̂z, (6)

and

ĤI =
~Ω

2

[
σ̂+ eiη(â+â†)−iωLt + σ̂− e−iη(â+â†)+iωLt

]
, (7)

where ωL is the laser frequency, Ω the classical Rabi fre-
quency, â the annihilation operator for the CM motion, σ̂z =

|e〉〈e| − |g〉〈g|, σ̂+ = σ̂†− = |e〉〈g|, and η the Lamb-Dicke
parameter defined as

η =
ωL
c

√
~

2Mν
cosφ, (8)

withM being the mass of the trapped ion, c the speed of light,
and φ the angle between the laser wave vector and the trap
axis (one dimensional motion).

Depending on the detuning ω0 − ωL, the laser will cause
the coupling of different vibrational levels with electronic
part, each case representing a different quantum-optical pro-
cess [27] with its own effective Hamiltonian. The proce-
dure to reveal each of those Hamiltonians is very well de-
scribed in the literature, e.g., [2, 17]. Basically, after setting
ω0 − ωL = ±mν, with m = 0, 1, 2, . . ., one applies a rotat-
ing wave approximation (RWA) to Hamiltonian (5) in order to
obtain

Ĥ(m)
± = Ĥ0 + ~

(
e−iωLtΩ̂±mσ̂+ + eiωLtΩ̂∓mσ̂−

)
, (9)

where

Ω̂+
m = Ω̂−†m =

Ω

2
e−η

2/2
∞∑
l=0

(iη)
2l+m â†lâl

l!(l +m)!
âm. (10)

For consistence, one must notice that η in Eq. (8), besides
being a function of φ and ν, is also a function of ω0. This is



3

so because ωL is now fixed by the sideband choice (value of
m).

The Hamiltonian Ĥ(m)
+ is obtained with ω0 − ωL = mν,

and it describes a m-phonon process for the vibrational part
accompanied with transitions in the atomic levels. It can be
referred to as a m-phonon Jaynes-Cummings (JC) model. On
the other hand, Hamiltonian Ĥ(m)

− is obtained with ω0−ωL =
−mν and it can be referred to as a m-phonon anti-Jaynes-
Cummings (AJC) model. The case m = 0 can be studied
using either Ĥ(m)

+ or Ĥ(m)
− ,

Ĥ(0) = Ĥ(0)
± = Ĥ0+

~
2

(
e−iωLtΩ̂+

0 σ̂+ + eiωLtΩ̂−0 σ̂−
)
, (11)

and it describes Rabi oscillations between electronic levels,
i.e., the carrier transitions [2, 17].

For what comes next, it is useful to present now the matrix
elements of Ω̂±m in the Fock basis of the CM harmonic motion

〈n| Ω̂+
m |n′〉 = 〈n′| Ω̂−m |n〉∗ (12)

=
Ω(iη)

2

m
√

n!

(m+ n)!
e−η

2/2Lmn
(
η2
)
δn′ n+m,

with the associated Laguerre polynomials [28]

Lmn (x) =

n∑
k=0

(−1)
k (n+m)!

(m+ k)!(n− k)!

xk

k!
. (13)

As it can be seen from Eq. (12), the quantum Rabi frequen-
cies, 〈n| Ω̂+

m |n′〉, have a strong dependence on the Lamb-
Dicke parameter η. For small values of η, they present a
quasilinear dependence on n, typical of m-photon Jaynes-
Cummings models in the context of cavity quantum electrody-
namics (cQED) [29]. However, for the ionic system, it is pos-
sible to induce considerable nonlinearities in 〈n| Ω̂+

m |n′〉 sim-
ply by increasing the Lamb-Dicke parameter. The quantum
Rabi frequencies become a oscillating function of n due to the
presence of the Laguerre polynomials in Eq. (12). These os-
cillations can strongly influence the system dynamics as thor-
oughly studied in [30].

IV. RESULTS

The work protocol we have in mind is now explained. First,
the work parameter λt here has to do with the application of
the laser on the ion. More specifically, we take λi = 0 and
λf = Ω in a sudden quench of the system Hamiltonian. This
means an abrupt change from

Ĥ(λi) = ~νâ†â+
~ω0

2
σ̂z (14)

to

Ĥ(λf ) = Ĥ(λi)+
~Ω

2

[
σ̂+ eiη(â+â†) + σ̂− e−iη(â+â†)

]
, (15)

or, if we want to explore the sidebands, an abrupt change to

Ĥ(λf ) = Ĥ(λi) + ~(Ω̂±mσ̂+ + Ω̂∓mσ̂−). (16)

The above Hamiltonians, Eq. (15) and Eq. (16), correspond
to the sudden application of the laser field, i.e., the result of
taking the limit of t→ 0 in Eq. (7) and in Eq. (9), respectively.

It is well known that the Hamiltonian (15) can not be diag-
onalized exactly, so that much of the analytical advances take
place with the sideband Hamiltonians in Eq. (16). It is im-
portant to remark that Eq. (16) indeed describe quite well the
system when ω0 − ωL = ±mν and Ω is moderately week,
which are conditions easily implemented in the laboratories
[4, 5]. Before the interaction with the laser, the trapped ion is
found to be in thermal equilibrium with the environment (at
inverse temperature β). This is described by the Gibbs state
associated with Hamiltonian Eq. (14), i.e.,

ρ̂i =
e−β~νn̂

(n̄+ 1)
⊗ e−

β~ω0
2 σ̂z

2 cosh β~ω0

2

, (17)

where n̂ = â†â is the number operator and

n̄ = Tr(n̂ρ̂i) = (eβ~ν − 1)−1 (18)

is the thermal occupation number of the CM motion.
In spite of the difficulties found in dealing with the full

Hamiltonian Eq. (15), we were able to find the first moments
of the work distribution. This is already valuable informa-
tion because to obtain the full distribution we would need the
whole set of eigenvalues and eigenvectors of Eq. (15) which
are not possible to be obtained, except numerically and to a
restrict precision giving the complexity of the Hamiltonian.
We then use Eq. (1), appropriate to a sudden change, to calcu-
late a few first moments of the work distribution and get some
insight of it.

The first moment, n = 1, using Eq. (15) and Eq. (17), turns
out to be

〈W 〉 = Tr
[
ĤI ρ̂i

]
∝ Tr[σ̂± e−

β~ω0
2 σ̂z ] = 0. (19)

As for the second, we now find〈
W 2
〉

= ~2Ω2/4, (20)

which, interesting enough, depends only on the magnitude of
the work parameter Ω (controlled by laser power) and it is
completely independent of the temperature. Since 〈W 〉 = 0,
the second moment is also the variance of the work distribu-
tion. The third moment is given by

〈
W 3
〉

=
~3Ω2

4

[
νη2 + ω0 tanh β~ω0

2

]
, (21)

in which appears the dependence on the temperature. From
the second and third moments, we can determine the skewness
of the work distribution

〈
W 3
〉
/
〈
W 2
〉3/2

. This turns out to
be inversely proportional to the magnitude of the work param-
eter. Consequently, the stronger the laser, the more symmetric
the distribution is around the mean value 〈W 〉 = 0. Since〈
W 3
〉
> 0, as seen from Eq. (21), the work distribution is

biased towards negative values of work. All these facts about
the first moments of the work distribution, obtained with the
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full Hamiltonian Eq. (15), tell us that negative work (internal
energy descrease) is more likely than the equivalent positive
work (internal energy increase) at the very first instant of in-
teraction with the laser field. Note also that the asymmetry
around the mean value decreases with the temperature while
increases with η. Finally, according to Eq. (8),

〈
W 3
〉

and the
skewness are actually independent of the trap frequency ν.

Now we turn our attention to the sideband Hamiltonians in
Eq. (16) and to the irreversibility of the work protocol consist-
ing of the sudden quench of system Hamiltonian due to laser
interaction. As said before, these effective Hamiltonians are
obtained from the full Hamiltonian Eq. (15) by setting reso-
nance ω0 = ωL±mν and performing a rotating wave approx-
imation. We will see that a thermodynamic analysis is able to
reveal the different aspects of the optical processes raised by
the selection of distinct sidebands.

We proceed to apply the NL in Eq. (4) to reveal the irre-
versibility of the work protocol. Just like happened with the
full Hamiltonian (15), the first moment of the work distribu-
tion or simply the average work is again null, i.e., 〈W 〉 = 0.
For this reason, the NL in Eq. (4) for the sudden quench of the
sideband Hamiltonian in Eq. (16) reads

L = ln
Z(λf )

Z(λi)
, (22)

with

Z(λi) = 2(n̄+ 1) cosh β~ω0

2 , (23)

obtained using Eq. (14), and

Z±(λf )=

∞∑
n=0

[
e−βµ

(n,m)
± +e−βγ

(n,m)
±

]
+

m−1∑
n=0

e−βζ
(n,m)
± , (24)

obtained with Eq. (16). The functions µ±, γ±, and ζ± are the
eigenvalues of the Hamiltonians in (16), and their expressions
can be found in Eqs. (A-4), (A-5), (A-9), and (A-10), what
allows one to get

Z±(λf ) = 2

∞∑
n=0

e−β~ν(n+m
2 )cosh

[
β~
2

√
ωL2+Ω2 |fmn |2

]
+ (n̄+ 1)(1− e−β~mν)e±

1
2β~ω0 , (25)

with ωL = ω0 ∓mν, and

fmn :=
2

Ω
〈n|Ω̂+

m|n+m〉 =(iη)
m

√
n!

(m+ n)!
e−

η
2
2

Lmn
(
η2
)
,(26)

where we used Eq. (12). With the above two partition func-
tions, we can calculate L in Eq. (22). Before the presenta-
tion of the simulations, we want to make notation clear em-
phasizing that Z+(λf ) refers the JC-type Hamiltonians with
ωL = ω0 −mν, while Z−(λf ) refers to the AJC-type Hamil-
tonians with ωL = ω0 +mν.

Now we carry on to the numerical investigation of the NL.
For that, it is important to have in mind the reality of the phys-
ical parameters to be used in the simulations. First, the initial

thermal occupation numbers n̄ will be considered relatively
small in order to have quantum fluctuations playing some role.
The experiments employ sophisticated and very eficient cool-
ing techniques for that aim [2]. For the typical frequencies and
coupling constants, we will be focusing on the experimental
implementation of Eq. (9) using Ca+ ions [4]. In these exper-
iments, the electronic level separation is about THz while the
trap frequencies are set typically in some MHz, and one order
of magnitude smaller or higher by adjusting the trap poten-
tials. For the classical Rabi frequency Ω, a few MHz is also
a realistic choice. We would also like to emphasize that our
analysis and results are suitable to be applied to other known
experimental setups such as those involving Be+ [5] or Yb+

[31].
The dependence of NL on the Lamb-Dicke parameter η is

presented in Fig. 1 for a few values of m. The variation of
η in these plots comes from φ in Eq. (8), since we are keep-
ing the trap and laser frequencies fixed. For small η, i.e., in
the Lamb-Dicke regime, the Hamiltonians Ĥ(m)

± are basically
ordinary Jaynes-Cummings models from cQED, in the sense
that Eq. (10) becomes approximately independent of the en-
ergy or number operator â†â. In this regime, both the JC and
AJC cases present the same ordering with respect to m. We
see that the higher the sideband, or the number of motional
quanta absorbed in the transition driven by the laser, the lesser
the lag is. This means that the sudden application of the laser
becomes less irreversible and more like a quasistatic change.
However, by increasing non-linearity, i.e., the magnitude of η,
we depart from the ordinary cQED models, and Fig. 1 reveals
that the JC and AJC present different responses with respect
to irreversibility. For the JC case, increasing η do not alter
the order with respect to m and, the higher the sideband, the
lesser the NL. On the other hand, for the AJC such an order
is not respected and, interesting enough, it comes to a point
in which the higher the sideband, the higher the NL. Such be-
havior is induced by nonlinearity and it highlights well the
different thermodynamic aspects resulting from JC and AJC
models using trapped ions.

The behavior of the NL as η is varied, with ν, ω0 kept fixed,
is determined by fmn defined in Eq. (26). In order to gain
some insight about what was seen numerically in Fig. 1, we
now resort to analytical asymptotic limits. For large η, the

0 1 2 3
0.0
0.5
1.0
1.5
2.0
2.5

0 1 2 3
0.0
0.5
1.0
1.5
2.0
2.5

L
[1
0−

7
]

η

L
[1
0−

8
]

η

Figure 1. (Color Online) NL as a function of the Lamb-Dicke pa-
rameter. The AJC (left) and JC (right) cases presented for m = 0
(solid), m = 1 (dashed) and m = 2 (dotted). The solid line is the
same line in both panels. The used physical parameters were Ω =
1.0πMHz, ω0 = 822.0πTHz, ν = 5.0KHz, M = 7.0× 10−26kg,
and n̄ = 0.38. Eq. (25) is evaluated using the first 40 terms in the
summation [32].
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function |fmn | → 0 because of the exponential in Eq. (26). In
this limit, Z±(λf )→ Z(λi) so that L → 0.

In the Lamb-Dicke regime, η � 1, we expand the expo-
nential and Laguerre in Eq. (26) up to second order in η to
find

|fmn |2 ≈
(n+m)!

n!m!2

[
1− 2n+m+ 1

m+ 1
η2

]
η2m. (27)

To obtain this expression we used dLmn (x)/dx = −Lm+1
n−1 (x)

and Lmn (0) = (n + m)!/(n!m!) [28]. Now, by keeping just
terms up to η2 in |fmn |2, one gets

|fmn |2 ≈ [1− (2n+ 1)η2]δm0 + (n+ 1)η2δm1. (28)

Terms with m ≥ 2 appear only in higher powers of η. Notice
that for m = 1,

∣∣f1
n

∣∣2 → 0 and Z±(λf ) → Z(λi) as η → 0,
what makes L → 0. On the other hand,

∣∣f0
n

∣∣2 in Eq. (28) is
a concave function of η with limη→0

∣∣f0
n

∣∣2 = 1, ∀n. Conse-
quently, L 6= 0 as η → 0. All these features can be seen from
Fig. 1. For m > 1, only higher order terms in η contribute to
|fmn |, forcing Z±(λf ) → Z(λi) as η → 0, just like happens
when m = 1.

The physical explanation for the distinct behavior found in
the carrier transition m = 0 lies in the system Hamiltonian
after and before laser application. From Eq. (10), one can see
that

lim
η→0

Ω̂±m =
Ω

2
δm01, (29)

where 1 is the identity operator for the center-of-mass mo-
tion. By taking Eqs. (11) and (29) into account, it follows
that, when m = 0, the laser is able to drive transitions be-
tween the two electronic states, even when η = 0. In other
words, the pre- and post-quench Hamiltonians are different in
the limit η → 0, only when m = 0. The process becomes
then reversible in such a limit, provided m 6= 0.

Now, we investigate the role of the classical Rabi frequency
Ω on the irreversibility. The result is depicted in Fig. 2, where
one can see that the NL increases with Ω. This behavior is
expected from the detailed analysis of Eq. (25), and it can be
physically understood from the fact that Ω is the work param-
eter and quantifies the intensity of the sudden quench.

0.0 0.2 0.4 0.6 0.8 1.0
0
2
4
6
8

0.0 0.2 0.4 0.6 0.8 1.0
0
2
4
6
8

L
[1

0−
8
]

Ω/2π [MHz]

L
[1

0−
9
]

Ω/2π [MHz]

Figure 2. (Color Online) Nonequilibrium Lag as a function of the
Rabi Frequency of the AJC case (left) and JC case (right). We use
η = 0.5 and everything else is the same as in Fig. 1.

In order to obtain a better understanding of the problem,
it is necessary to go on and investigate the role of tempera-
ture. The NL as a function of the mean occupation number

0 1 2 3 4 5
0
2
4
6
8

10

0 5 10 15 20
0.0
0.5
1.0
1.5
2.0

L
[1

0−
8
]

n̄

L
[1

0−
8
]

n̄

Figure 3. (Color Online) Nonequilibrium Lag as a function of the
mean occupation number of the initial thermal state for the AJC case
(left) and for JC case (right). We have used η = 0.5 and everything
else is the as in Fig. 1, except for the sum in Eq. (25) which is now
evaluated with n = 2000 for the plot on the left and n = 5000 for
the one on the right [32].

of the initial thermal state n̄ in Eq. (18) is presented in Fig. 3.
It is noticeable that the AJC and JC models in the trapped
ion system may respond so differently to variations of initial
thermal energy of the system. In particular, it can be seen
from Fig. 3 that the shown sidebands for the AJC and also for
m = 0 (which can be seen as either belonging to the AJC or
JC classes) lead to a divergency in the NL as n̄→ 0 (β →∞).
This is not observed for for the JC case.

Although the dependence of L on the temperature is a bit
more intricate, since all factors in Eq. (25) depend on it, we
again succeeded in providing an analytical treatment based on
asymptotics that helps us to spot the reasons behind such dif-
ferent behavior found in the JC and AJC models. In the high
temperature limit β → 0 (n̄ → ∞), a successive application
of this limit, first to some exponentials and then to the hyper-
bolic functions in Eq. (25), results in

Z±(λf )

Z(λi)
→ lim

β→0

[
(n̄+ 1)−1

∞∑
n=0

e−β~ν(n+m
2 )

]
= 1, (30)

what makes L → 0. This shows that, in this limit, the dynam-
ics becomes reversible regardless of m.

For low temperatures, one can write coshβx ≈ 1
2eβ|x| to

find

Z±(λf )

Z(λi)
→ lim

β→∞

[
(1−δm0)e−

β~ω0(1∓1)
2 +

∞∑
n=0

e−
β~
2 Φmn

]
, (31)

where we have defined

Φmn := ν(2n+m) + ω0 −
√

(ω0∓mν)2+Ω2 |fmn |2 . (32)

From this, we can analyze individually the AJC and JC cases.
For the AJC and the carrierm = 0, it is easy to see that Φm0 <
0, ∀m. As a result,

lim
β→∞

Z−(λf )

Z(λi)
=∞, ∀m, (33)

showing that for Ĥ(m)
− in Eq. (9) and Ĥ(0) in Eq. (11) the NL

Eq. (22) always diverges when β → ∞. For the JC case, we
must give a closer look at the function Φmn . From Eq. (31),
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and remembering that the case m = 0 was already analyzed
in Eq. (33),

Z+(λf )

Z(λi)
→ 1 + lim

β→∞

∞∑
n=0

e−
β~
2 Φmn . (34)

If, for a given m, at least one of the Φmn appearing in Eq. (34)
is negative, the above limit diverges andL → ∞. On the other
hand, provided Φmn ≥ 0 for all n, then

Z+(λf )

Z(λi)
→ k + 1, (35)

where k is the number of times Φmn equals zero. Conse-
quently, L → ln(1 + k) for the JC case. For the parameters
chosen in Fig. 3, the JC case corresponds to Φmn ≥ 0 and
the limit in Eq. (35) holds with k = 0, i.e., no divergence is
observed.

Divergences of the NL can be understood, in general, as a
consequence of the distinguishability between the post-work
state and the reference thermal state used to evaluate the final
free energy F (λf , β). As previously commented, the NL can
be written in terms of the relative entropy between those two
states [20]. As so, the smaller the NL, the more indistinguish-
able the two states are and, for orthogonal states, it diverges.
In a quench process, as considered here, the initial state does
not change after the work protocol [22]. Consequently, the
post-work state is a Gibbs state defined with inverse temper-
ature β and Hamiltonian (14). When β → ∞, this state is
basically |0, g〉. In the same limit, the reference thermal state
used to evaluate F (λf , β) will be given by the ground state of
either the JC Hamiltonian or the AJC Hamiltonian, depend-
ing on the chosen ωL. For the physical parameters used in the
simulations, the ground state of the JC Hamiltonian coincides
with the post-work state which is |0, g〉, while the ground state
of the AJC Hamiltonian will be a superposition of |0, e〉 and
|m, g〉. We can then see that NL will be smaller for the JC
than for the AJC because the post-work state is more indistin-
guishable from the ground state of the former than from the
ground state of the latter. All eigenstates and eigenvalues for
AJC and JC Hamiltonians can be found in the appendix.

We may wonder under which parameters choice the JC case
can present divergences in the NL. In order words, how the
system parameters can be chosen to cause at least one of the
Φmn in (34) to be negative. The analysis of Eq. (32) reveals
that this is the case provided

|fmn | >
2

Ω

√
ν(ω0 + nν)(n+m), (36)

for a fixed m (sideband) and some value of n. Now, in or-
der to see this effect, one needs to go a bit beyond the current
experimental set of parameters found in the literature. The re-
sult is shown in Fig. 4 where the parameters were deliberately
chosen as to imply Φmn < 0 in some of the examples, making
Eq. (35) invalid and causing the NL to diverge as β →∞.

We now discuss the dependence of the Lamb-Dicke param-
eter on the trap frequency ν in Eq. (8) and its implication for
the irreversibility of the process. For that, we consider as one

0.0 0.2 0.4 0.6 0.8 1.0
0.0
0.2
0.4
0.6
0.8
1.0

0.0 0.2 0.4 0.6 0.8 1.0
0
1
2
3
4

L

n̄

L

n̄

Figure 4. (Color Online) Nonequilibrium Lag as a function of the
mean occupation number of the initial state for the JC case withm =
1 (dashed line) and for m = 2 (dotted line). The parameters for the
plot on the left are η = 1.5, Ω = 0.5GHz, ν = 1.2ω0 = 120MHz,
such that Φ1

1 ≤ 0 and Φ2
n ≥ 0, ∀n. For the plot on the right, the

parameters are η = 1.0, Ω = 1GHz, ν = 1.2ω0 = 120MHz, such
that Φ1

1 ≤ 0 and Φ2
1 ≤ 0. The sum in Eq. (25) is truncated in n = 50

terms [32].

example the carrier transition (m = 0) in Fig. 5 when, for
a given trap frequency ν, we vary η from zero (φ = π/2)
to its maximum value (φ = 0). This is repeated for a broad
range of trap frequencies. In general, the effect of varying the
frequency of the trap is just to limit the maximum attainable
values of η obtained by changing the laser propagation direc-
tion in relation to the trap axis (angle φ). The NL basically
does not change if ν is varied keeping η fixed. Of course, ac-
cording to Eq. (8), in order to keep η fixed while changing ν,
the angle φ must also be varied. For ν � ω0 (ν → 0) one can
adjust φ in order to keep η constant. This limit, obtained from
Eq. (25), reads

Z±(λf )

Z(λi)
→ sech~βω0

2

∞∑
n=0

cosh

[
β~
2

√
ω0

2+Ω2 |fmn |2
]
, (37)

regardless of being the JC or AJC case. Giving the conver-
gence properties of |fmn |, discussed in [32], this limit is fi-
nite. This finite behavior is illustrated with the case m = 0 in
Fig. 5. Other choices of m will lead to conclusions alike since
the asymptotic behavior of |fmn | with n and η does not depend
on m in any fundamental way [32].

L
[1
0−

7
]

η

ν [1
0
5 Hz

]

Figure 5. (Color Online) Nonequilibrium Lag as a function of the
natural frequency for the case m = 0. The solid plane curve is
the projection of Eq. (8) with φ = 0 on the azimuthal plane L =
1.5× 10−7. The parameters for the plot are as in Fig. 1.
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To finish the analysis of the NL, we explore its behavior for
higher sidebands (m > 2). In Fig. 6, we present a numerical
study of such a dependence. One can see that the JC case tends
to reversibility as the number of excitations m exchanged be-
tween the ion motion and the electronic levels, induced by the
laser, increases. For the AJC case, once again a rich behavior
is found. For small η, the NL monotonically decreases with
m, while for higher values of η, it comes to a point where the
behavior is not monotonic anymore as highlighted in the inset
of the bottom panel in Fig. 6. From this point, we varied η up
to 3.5 (see Fig. 1) to verify that, in this range, the maximum
displaces to higher values of m as η increases. The same kind
of analysis was performed considering the variation of m for
different temperatures and Rabi frequencies, and contrary to
results in Fig. 6, there are no remarkable differences between
the AJC and JC cases.
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0 2 4 6 8 10

-80

-60

-40

-20

0 2 4 6
-20
-19
-18
-17
-16
-15

ln
(L

)
ln
(L

)

m

m

η = 0.1

η = 1.0

η = 2.0

Figure 6. (Color Online) Nonequilibrium Lag as a function of the
sideband number m for some illustrative choices of the Lamb-Dicke
parameter. Top: JC case. Bottom: AJC case. The parameters are the
same as in Fig. 1.

As a final remark, it is worthwhile to notice that, except for
Fig. 4, which is a theoretical extrapolation of the current ex-
perimental parameters, we have always found a higher NL for
the AJC than for the JC. This can be once again understood
from the relatively small values of n̄ used in the simulations,
and from the fact that the NL is a relative entropy. This is
the same reasoning we employed in the analysis of Fig. 3.
Additionally, the first order expansion of the hyperbolic func-
tion (in powers ofmν/ω0) in Eq. (25) shows immediately that
Z− > Z+.

V. CONCLUSIONS

From the point of view of non-equilibrium thermodynam-
ics, we studied the problem of sudden driving of a trapped ion
by a classical laser field. This thermodynamical analysis was
instrumental to pinpoint fundamental differences between the
Jaynes-Cummings and Anti-Jaynes-Cummings-type Hamilto-
nians that arise in the trapped ion system by careful choice
of the laser frequency. The role played by the magnitude of
the Lamb-Dicke parameter, related to nonlinearity, and other
physically relevant parameters was carefully studied. This
makes our work useful also to the experimentalist who might
be interested in the practical investigation of quantum thermo-
dynamics of laser-manipulated trapped ion systems. In this
respect, our work is, to the best of our knowledge, the first
one to include, in a thermodynamical approach, the great va-
riety of possible electronic-vibration interactions available in
the trapped ion system.

An experimental assessment of the findings of this paper
might make use of a 2D trap (ion oscillations along x and y
directions) and a driving laser coupling the electronic degrees
of freedom to the x motion. This can be easily achieved by
choosing the right direction of the laser wave vector. The y
motion is used then as an ancilla in the interferometric scheme
presented in [14]. For that, an extra laser is to be used to cou-
ple the system (electronic levels plus x motion) to the ancilla
in order to arrange for a proper gate entangling them [14].

ACKNOWLEDGMENTS

A.A.C. acknowledges to “Coordenação de Aperfeioamento
de Pessoal de Nı́vel Superior” (CAPES). FN, FLS and MP
are supported by the CNPq “Ciência sem Fronteiras” pro-
gramme through the “Pesquisador Visitante Especial” ini-
tiative (grant nr. 401265/2012-9). MP acknowledges fi-
nancial support from John Templeton Foundation (grant ID
43467), the EU Collaborative Project TherMiQ (Grant Agree-
ment 618074), and also gratefully acknowledge support from
the COST Action MP1209 “Thermodynamics in the quantum
regime”. FLS is a member of the Brazilian National Institute
of Science and Technology of Quantum Information (INCT-
IQ) and acknowledges partial support from CNPq (grant nr.
307774/2014-7).

APPENDIX

In this appendix we analytically perform the diagonaliza-
tion of the Hamiltonians in Eq. (9) for any value of m.

1. Diagonalization of Ĥ(m)
+

Let us consider the eigenbasis for the free Hamiltonian:
{|n, e〉, |n, g〉;n = 0, 1, ...,∞}. It is easy to see that the sub-
space spanned by the set {|n, e〉, |n+m, g〉} is invariant under
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the action of the JC like Hamiltonian, Ĥ(m)
+ , in Eq. (9) ∀m,n.

Furthermore, if m > n then it is true that

Ĥ(m)
+ |n, g〉 = Ĥ0|n, g〉 =

(
~νn− ~ω0

2

)
|n, g〉, (A-1)

i.e., the eigenstate |n, g〉must be included in the invariant sub-
space, which becomes {|n, g〉, |n, e〉, |n+m, g〉}. Any matrix
element of Ĥ(m)

+ outside the invariant subspace is null because
of (12).

Taking the matrix elements of the Hamiltonian in the invari-
ant subspaces, and rearranging the basis, it acquires a simple
block structure:

Ĥ(m)
+ = Ĥ[1]

+ ⊕ Ĥ[2]
+ (A-2)

with

Ĥ[1]
+ =

m−1⊕
n=0

〈n, g|Ĥ(m)
+ |n, g〉 = ~

m−1⊕
n=0

(
νn− ω0

2

)
,

Ĥ[2]
+ =

∞⊕
n=0

(
〈n, e|Ĥ(m)

+ |n, e〉 〈n+m, g|Ĥ(m)
+ |n, e〉

〈n, e|Ĥ(m)
+ |n+m, g〉〈n+m, g|Ĥ(m)

+ |n+m, g〉

)

= ~
∞⊕
n=0

(
νn+ ω0

2 e−iωLtΩfmn
eiωLtΩfm∗n ν(n+m)− ω0

2

)
,

(A-3)
with fmn defined in Eq. (26).

The above block structure enable us to diagonalize the
Hamiltonian by the diagonalization of each block. The first
m blocks in Eq. (A-3) are matrices of only one element hav-
ing eigenvalues and eigenvectors, respectively, given by

ζ
(n,m)
+ = ~νn− ~ω0

2
,
∣∣∣ζ(n,m)

+

〉
= |n, g〉 (A-4)

for each n = 0, ...,m−1 for a givenm. The following blocks
in the diagonal block structure of (A-2) are 2 × 2 matrices,
which can be diagonalized to give for all n,m the eigenvalues

µ
(n,m)
+ = ~ν

(
n+

m

2

)
− ~

2

√
ω2
L + Ω2 |fmn |2,

γ
(n,m)
+ = ~ν

(
n+

m

2

)
+

~
2

√
ω2
L + Ω2 |fmn |2,

(A-5)

respectively, associated to the eigenvectors

∣∣∣µ(n,m)
+

〉
=

e−iωLt
[
ωL−
√
ω2
L+Ω2|fmn |2

]
Ωfm∗n

√√√√
1+

∣∣∣∣ωL−√ω2
L

+Ω2|fmn |2
∣∣∣∣2

Ω2|fmn |2

|n, e〉

+ 1√√√√
1+

∣∣∣∣ωL−√ω2
L

+Ω2|fmn |2
∣∣∣∣2

Ω2|fmn |2

|n+m, g〉 ,

∣∣∣γ(n,m)
+

〉
=

e−iωLt
[
ωL+
√
ω2
L+Ω2|fmn |2

]
Ωfm∗n

√√√√
1+

∣∣∣∣ωL+

√
ω2
L

+Ω2|fmn |2
∣∣∣∣2

Ω2|fmn |2

|n, e〉

+ 1√√√√
1+

∣∣∣∣ωL+

√
ω2
L

+Ω2|fmn |2
∣∣∣∣2

Ω2|fmn |2

|n+m, g〉 ,

(A-6)

where in this regime ωL = (ω0 −mν).
2. Diagonalization of Ĥ(m)

−

For the AJC like Hamiltonian, Ĥ(m)
− , in Eq. (9), the invari-

ant subspace is {|n + m, e〉, |n, g〉} for all m,n, while for
m > n it should be replaced by {|n, e〉 , |n + m, e〉, |n, g〉}.
Taking the matrix elements of the Hamiltonian in these sub-
spaces, and rearranging the basis as before, one finds

Ĥ(m)
− = Ĥ[1]

− ⊕ Ĥ[2]
− , (A-7)

where

Ĥ[1]
− =

m−1⊕
n=0

〈n, e|Ĥ(m)
+ |n, e〉 = ~

m−1⊕
n=0

(
νn+ ω0

2

)
,

Ĥ[2]
− =

∞⊕
n=0

(
〈n, g|Ĥ(m)

+ |n, g〉 〈n+m, e|Ĥ(m)
+ |n, g〉

〈n, g|Ĥ(m)
+ |n+m, e〉〈n+m, e|Ĥ(m)

+ |n+m, e〉

)

= ~
∞⊕
n=0

(
ν(n+m) + ω0

2 e−iωLtΩfmn
eiωLtΩfm∗n νn− ω0

2

)
,

(A-8)
and fmn is defined in Eq. (26).

Now considering the one dimensional blocks wherem > n,
its eigenvalues and eigenvectors are, respectively, given by

ζ
(n,m)
− = ~νn+

~ω0

2
,
∣∣∣ζ(n,m)
−

〉
= |n, e〉 , (A-9)

for each n = 0, ...,m − 1 for a given m. The eigenvalues of
each 2× 2 blocks in Eq. (A-8) now becomes

µ
(n,m)
− = ~ν

(
n+

m

2

)
− ~

2

√
ω2
L + Ω2 |fmn |2

γ
(n,m)
− = ~ν

(
n+

m

2

)
+

~
2

√
ω2
L + Ω2 |fmn |2,

(A-10)

respectively, associated to the eigenvectors∣∣∣µ(n,m)
−

〉
=

e−iωLt
[
ωL−
√
ω2
L+Ω2|fmn |2

]
Ωfm∗n

√√√√
1+

∣∣∣∣ωL−√ω2
L

+Ω2|fmn |2
∣∣∣∣2

Ω2|fmn |2

|n, g〉

+ 1√√√√
1+

∣∣∣∣ωL−√ω2
L

+Ω2|fmn |2
∣∣∣∣2

Ω2|fmn |2

|n+m, e〉 ,

∣∣∣γ(n,m)
−

〉
=

e−iωLt
[
ωL+
√
ω2
L+Ω2|fmn |2

]
Ωfm∗n

√√√√
1+

∣∣∣∣ωL+

√
ω2
L

+Ω2|fmn |2
∣∣∣∣2

Ω2|fmn |2

|n, g〉

+ 1√√√√
1+

∣∣∣∣ωL+

√
ω2
L

+Ω2|fmn |2
∣∣∣∣2

Ω2|fmn |2

|n+m, e〉 ,

(A-11)

for all n,m and in this regime ωL = (ω0 +mν).
As a final comment, the carrier transitions, Eq.(11), eigen-

values can be obtained either from Eq. (A-5) or from Eq. (A-
10), as its corresponding eigenvectors from Eq. (A-6) or
Eq. (A-11) just setting m = 0.
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