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1. Introduction

After a decade of algorithmic and hardware improvements, light fermion masses can be sim-
ulated effectively on large volumes using the current state-of-the-art computing resources. As a
result current numerical techniques provide an effective tool to investigate the long-distance dy-
namics of gauge theories from first principles, and several extensive studies have been performed
in recent years for vector gauge theories as the number of colors and flavors is varied, and for
fermionic matter in different representations of the color group – see Kuti’s talk in these proceed-
ings for a recent summary of results [1]. Besides their academic interest, it would be particularly
exciting to find a theory that could successfully describe a strongly-interacting sector beyond the
Standard Model (BSM).

A realistic candidate for BSM phenomenology must satisfy the constraints from electroweak
precision data, and lead to a successful construction of the SM flavor sector. It has been clear
for a long time that a rescaled version of QCD would not be adequate, and several investiga-
tions have focussed on finding theories characterized by a large separation between the IR and UV
scales. Confining theories close to the edge of the conformal window are believed to satisfy this
requirement; the RG evolution of the couplings is very slow (walking), which in turn leads to an ap-
proximate scale invariance at large distances. Gauge theories with matter in higher representations
could lead to this type of behaviour as argued in Ref. [2]. Unfortunately a sharp characterization
of walking behaviour has proved elusive so far, despite some encouraging numerical evidence, see
e.g. Refs. [3, 4, 5] for the latest papers, and citations therein.

Proving the existence of an infrared fixed point (IRFP) is a well-defined question, for which
we can hope to find an unambiguous answer. Phenomenologically relevant models could then be
defined by deformations of the conformal theory, as suggested in Ref. [6]. The low-energy dy-
namics is then characterized by the anomalous dimensions of the relevant operators at the putative
IRFP. It has been known since the pioneering work in Ref. [7] that large anomalous dimensions
are required in order to construct phenomenologically viable models. There are interesting bounds
between these anomalous dimensions that should be studied in more detail [8]. Finally it is worth-
while to recall that realistic models have been constructed recently from a holographic approach [9].
These studies should be complementary to the lattice ones presented in this work.

The work reported here is part of our ongoing investigation of the existence of an IRFP in the
SU(2) gauge theory with two Dirac fermions in the adjoint representation, which is also known
under the name of Minimal Walking Technicolor (MWT) [10]. This model is believed to have a
fixed point [12, 13, 11], and we would like to obtain more quantitative results in particular about
the mass anomalous dimension at the IRFP. The systematic errors of lattice simulations need to
be kept under control in order to highlight the interesting conformal behaviour. Previous studies,
which have been useful in the early stages of the numerical investigations, are clearly affected by
large systematics and are useless in order to understand the physics of these theories.

In this note, we concentrate on the study of the spectrum of MWT. The systematic errors due
to the finite temporal and spatial extents of the lattice have been analysed in previous publications,
see e.g. Ref. [14], where we found that systematic errors of approximately 10% are common on
lattices such that MPSL < 10, where MPS indicates the mass of the lightest pseudoscalar state in the
meson spectrum. We have therefore embarked in large volume simulations of the theory, in order
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to obtain results for the spectrum in a regime where systematic errors are below 1%.

The new volumes simulated are large enough to avoid finite temperature effects, and to allow
an extrapolation of the spectrum to the infinite volume limit for two values of the fermion mass.
These are the first results for the spectrum of the MWT that can be extrapolated to the thermody-
namical limit with an uncertainty at the percent level. The results for the full spectrum, including
glueball states, and the string tension, are discussed in Sect. 3.

2. Methodology

We have simulated MWT using the RHMC algorithm described in Ref. [15]. In order to iden-
tify, and control, the systematic effects due to the finite size of the lattices, we have simulated the
theory on a series of lattices, increasing both the temporal and the spatial extent of the system. All
simulations have been performed at fixed lattice bare coupling β = 2.25, and for two values of
the fermion bare mass am0 = −1.05,−1.15. We have also compared the spectrum obtained from
simulations with the usual periodic boundary conditions, to the one obtained with twisted bound-
ary conditions, as defined in Ref. [16]. The details of our implementation will be presented in a
forthcoming publication. In the infinite volume limit, results should be independent of the boun-
day conditions, and therefore we can use the dependence on the boundary conditions to monitor
whether or not the theory has reached the large volume asymptotic behaviour. The new runs are
listed in Tab. 1.

lattice V −am0 Ntraj ttraj 〈P〉 τ λ τλ

A10 64×83 1.15 810 3 0.66536(22) 3.6(1.2) 0.2005(58) 1.42(31)
A11 64×123 1.15 530 1.5 0.66601(15) 1.93(59) 0.2054(40) 1.54(43)
C5 64×163 1.15 1500 1.5 0.665992(61) 2.32(46) 0.2116(16) 2.38(48)
D4 64×243 1.15 2387 1.5 0.665927(26) 3.92(79) 0.21478(70) 1.70(24)
F1 64×323 1.15 2541 1.5 0.665946(30) 3.37(62) 0.2115(12) 1.06(12)
G1 80×483 1.15 2200 1.5 0.665943(17) 5.1(1.2) 0.2237(17) 0.637(58)
B2 24×123 1.05 7819 1 0.647633(70) 6.79(99) 1.4936(51) 5.80(78)
C6 64×163 1.05 2648 1.5 0.647645(48) 4.63(96) 1.4389(36) 1.26(14)
D5 64×243 1.05 4000 1.5 0.647695(37) 3.56(53) 1.3906(45) 0.722(54)
F2 48×323 1.05 3590 1.5 0.647680(30) 4.28(74) 1.3708(49) 0.632(45)

TWA1 64×83 1.15 565 1.5 0.66665(22) 2.8(1.0) 0.5557(96) 0.85(18)
TWB1 64×123 1.15 741 1.5 0.66590(11) 2.96(96) 0.2709(48) 1.93(50)
TWC1 64×163 1.15 1162 1.5 0.665990(61) 2.91(73) 0.2484(17) 6.2(2.2)
TWD1 64×243 1.15 2701 1.5 0.665912(35) 4.63(95) 0.21840(88) 2.43(37)
TWE1 160×163 1.217468 710 2 – – – –

Table 1: List of lattices used in this study. 〈P〉 is the average value of the plaquette, τ is its integrated
autocorrelation time; λ is the lowest eigenvalue of the Hermitian Dirac matrix squared H2, and again τλ is
the corresponding autocorrelation time. The bare mass for the TWE1 lattice is tuned to the chiral limit.
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2.1 Observables

Mesonic observables are extracted from two-point functions of fermion bilinears:

fΓΓ′(t) = ∑
~x
〈ΦΓ(~x, t)†

ΦΓ′(~0,0)〉 , (2.1)

where
ΦΓ(~x, t) = ψ̄1(~x, t)Γψ2(~x, t) . (2.2)

Note that we always consider non-singlet flavor states, as indicated by the indices 1,2 that appear
in the definition of the fermion bilinear. The matrices Γ and Γ′ act in spin space, and determine
the quantum numbers of the states that contribute to the correlator in Eq. (2.1). The details of the
analysis used to extract the PCAC mass, the hadron masses, and the decay constants are explained
in detail in the Appendix of Ref. [14].

Gluonic observables are obtained using a variational method and a large basis of operators, as
described in Ref. [17].

2.2 Finite temperature effects

We had noticed in our previous simulations that lattices with a temporal extent T/a = 16,24
are not long enough to identify unambiguously the onset of the asymptotic behaviour of the field
correlators [14]. Larger time extensions have been used in this study in order to be able to identify
long plateaux in the two-point correlators, and to fit the large time behaviour in a regime where
contaminations from higher states in the spectrum are suppressed. A typical set of plateaux for the
mass of the pseudoscalar meson is reported in Fig. 1. It is clear from the plot, that lattices with
temporal extent T/a≥ 64 exhibit very clear plateaux, which can be easily fitted to a constant over
a large range in t. As a consequence, we decided not to use smeared sources for this analysis, since
the introduction of smeared sources increases the auto-correlation time of the spectral observables.
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Figure 1: Plateaux for the effective mass in the PS channel at β = 2.25, and am0 =−1.15. It is clear from
the figure that the plateaux as a function of t are clearly identified for the current range of parameters, and
that there is no contamination from higher states in the spectrum for the lattices considered here, ie with
T/a≥ 64.
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3. Results

The heaviest fermion mass in the new set of simulations is am0 = −1.05, which corresponds
to a PCAC mass of am = 0.2688(15). The full spectrum is shown in Fig. 2. As observed in
previous studies the mesons are heavier than the glueballs, with the smallest scale being set by the
string tension. At this value of the fermion mass, the finite volume effects on the mesonic states
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Figure 2: Summary of the spectrum for all the states included in this analysis at am0 =−1.05. The data are
shown as a function of the number of sites in the spatial directions L/a.

are small, and we can confidently extrapolate their values to the thermodynamical limit. Different
combinations of Γ,Γ′ that project onto the same physical states yield results that are compatible
within statistical errors. The new simulations confirm the results that we presented in previous
studies [14]. For the string tension we see a discrepancy between the value of the string tension
computed on the smaller lattices, and the one obtained on the larger volumes. Simulations on
sufficiently large lattices, L/a≥ 24 yield consistent results between the spatial and temporal string
tensions.

Finite volume effects are more significant for the lighter fermion mass. It is clear from Fig. 1
that the mass of the pseudoscalar is affected by sizeable finite volume corrections on the smaller
lattices. The fitted value converges for lattices with L/a ≥ 24. It is clear from this plot, that the
masses are affected by large finite-volume effects on the smaller lattices, and that the effective mass
is growing as the spatial size of the lattice increased. This is consistent with the observation that,
in a theory where chiral symmetry is not spontaneously broken, the pseudoscalar mass reaches the
infinite volume limit from below, as explained in Ref. [18, 19].

The plateaux in the effective mass of the pseudoscalar also show that a large temporal extent
is needed in order to suppress the corrections from heavier states in the same channel. This is
expected for a mass deformed conformal theory, since all the states in the spectrum should scale to
zero following the same power-law scaling formula. The contribution from excited states becomes
neglibile when:

t∆MPS� 1 (3.1)

where ∆MPS is the mass difference between the ground state and the first excited stated in the pseu-
doscalar channel. For a conformal theory near the chiral limit, ∆MPS ∝ MPS, so that the exponential
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suppression of the excited states becomes really effective only at large temporal separations.
Data for the mesonic spectrum at am0 =−1.15 are displayed in Fig. 3, showing that a reliable

extrapolation to the infinite-volume limit is possible using data for lattices with L/a ≥ 24. This
conclusion is supported by the observed independence of the mesonic spectrum form the choice of
boundary conditions for L/a ≥ 24. Note that for this choice of the bare fermion mass, the PCAC
mass is am = 0.11792(63).
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Figure 3: Summary of the spectrum of the mesonic states included in this analysis at am0 = −1.15. The
data are shown as a function of the number of sites in the spatial directions L/a.

The time-history of the topological charge along the HMC evolution is shown in Fig. 4. The
topological charge is computed using a bosonic estimator for different values of the Wilson flow
time t. With parameters currently in use, the HMC seems to sample the topology correctly. A more
detailed investigation of these issues is required.
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Figure 4: Time history for the topological charge as a function of the configuration number along the HMC
evolution. Values for different values of the Wilson flow time are reported.

The density of eigenvalues of the Dirac operator has proved to be a valuable tool to measure the
mass anomalous dimension in a conformal theory [20, 21, 22]. Using the techniques implemented
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in Ref. [22], we have measured the density of eigenvalues on the twisted lattices. Denoting by
ρ(ω) the eigenvalue density for the operator (D+m)†(D+m), the mode number is defined as

ν(M) = 2
∫ √M2−m2

0
dω ρ(ω) . (3.2)

The expected scaling is dictated by the mass anomalous dimension:

a−4
ν(M) = a−4

ν0 +A
[
(aM)2− (am)2] 2

1+γ∗ . (3.3)

The results for the lattice TWE1 are shown in Fig. 5. As expected on theoretical grounds, an
intermediate region in the value of the mode number can be identified where a power-law yields an
excellent fit to the data. The fit yields a determination of the mass anamalous dimension

γ∗ = 0.38(2) , (3.4)

in agreement with the value obtained in Ref. [22]. These preliminary results are encouraging, and
will be finalised in a forthcoming work.
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Figure 5: Mode number for the Dirac operator as a function of the measured on the lattice TWE1. The
curve shows a fit to the predicted scaling behaviour. These results are preliminary.

4. Outlook

Our latest simulations show convincingly that finite volume effects can be kept under control
in the spectrum of MWT. The analysis for the glueball spectrum is being finalised, and we expect to
have a determination of the whole spectrum with controlled systematics. We have started to monitor
the topology, in order to verify that our simulations are not stuck at fixed topology. Last but not
least, we have looked at the eigenvalue density, and computed the mass anomalous dimension on
one of the lattices with twisted boundary conditions. The twisted boundary conditions allow us
to simulate at very small fermion mass, and our analysis confirms the results obtained on periodic
lattices in earlier studies.

The preliminary results reported here are in agreement with our previous findings for this
model, a comprehensive report of these results is in preparation.
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