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Abstract

In this thesis we consider three-dimensional dynamical systems in the neighbour-
hood of a singular point with rank-one and rank-two resonant eigenvalues.

We first introduce and generalize here a new technique extending previous
work which was described by |Aziz and Christopher| (2012), where a second first
integral of a 3D system can be found if the system has a Darboux-analytic first
integral and an inverse Jacobi multiplier. We use this new technique to find two
independent first integrals one of which contains logarithmic terms, allowing for
non-zero resonant terms in the formal normal form of vector field.

We also consider sufficient conditions for the existence of one analytic first
integral for three dimensional vector fields around a singularity. Starting from the
generalized Lotka-Volterra system with rank-one resonant eigenvalues, using the
normal form method, we find an inverse Jacobi multiplier of the system under
suitable conditions. Moreover, these conditions are sufficient conditions for the
existence of one analytic first integral of the system. We apply this to demonstrate
the sufficiency of the conditions in |Aziz and Christopher| (2014).

In the case of two-dimensional systems, Christopher et al.| (2003) addressed the
question of orbital normalizability, integrability, normalizability and linearizability
of a complex differential system in the neighbourhood at a critical point. We here
address the question of normalizability, orbital normalizability, and integrability

of three-dimensional systems in the neighbourhood at the origin for rank-one



resonance system.

We consider the case when the eigenvalues of three-dimensional systems have
rank-one resonance satisfying the condition A+p+v = 0 as a typical example, and
we use a further change of coordinates to bring the formal normal form for three-
dimensional systems into a reduced normal form which contains a finite number
of resonant monomials. By using this technique, we can find two independent
first integrals formally. The first one of these first integrals is of Darboux-analytic
type, and other first integral contains logarithmic terms corresponding to non-zero
resonant monomials of the original system.

We introduce the monodromy map in three-dimensional vector fields by using
these two independent first integrals to study a relationship between normaliz-
ability and integrability of systems. In the case of rank-one resonant eigenvalues,
we get a monodromy map which is in normal form, and then in the same way as
the case of vector fields, we use a further change of coordinates to reduce this map
into a reduced map which contains only a finite number of resonant monomials.

This thesis also examines briefly the case of rank-two resonant eigenvalues
of three-dimensional systems. The normal form in this case contains an infinite
number of resonant monomials, we were not able to find a reduced normal form
with a finite number of resonant monomials. This situation is therefore much
more complex than the rank-one case. Thus, we simplify the investigation by
truncating the 3D system to a 3D homogeneous cubic system as a first step to
understanding the general case. Even though we can find two independent first
integrals, the second one involves the hypergeometric function, leading to some

interesting topics for further investigation.
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Chapter 1

Introduction

Normal forms have been applied to problems in many areas of mathematics in
order to simplify the underlying calculation. We shall consider here normal forms
of analytic vector fields and maps.

In this thesis, we shall develop the theory of normal forms for three-dimensional
dynamical systems (3DDS) in a neighbourhood of a singular point.

We first briefly review the theory of normal forms for vector fields and diffeo-
morphism.

In these cases, a normal form is a simpler form near a singular point obtained
by using a suitable change of coordinates. The aim of this is to display the local
dynamical properties better. In many cases these transformations are formal and
not analytic, but still provide valuable information about the dynamics of the
system.

There have been many of studies on the application of normal forms in two-
dimensional (2D) vector fields. However, the application of normal forms in three-
dimensional (3D) vector fields has been the subject of much less research, and in
particular little is known about their possible reduced normal forms. Our aim here

to investigate such reduced normal forms with application to the integrability of



3D vector fields.

Among many historical references we note the following. |Birkhoff (1966)), in
the early stages of the theory, was interested in Hamiltonian systems, and the
normalizing transformations considered were canonical transformation. Bruno
(1989) obtained in detail the convergence and divergence criteria for the nor-
malizing transformations. Ashkenazi and Chow| (1988) have presented the basic
theory of normal forms based on the classical ideas of Poincaré and Birkhof; they
also discuss the relationship between vector fields and diffeomorphisms by using
normal form methods. Basic references on normal forms and their applications
may be found in |(Chow and Hale (1982), (Guckenheimer and Holmes| (1983)) and
Arnold| (1988).

In this thesis, we shall examine the issue of orbital normalizability and inte-

grability in the neighbourhood of the origin for the 3D system,

n=2 n=2
(1.1)

where \, u,v # 0 and P,, Q,, R, are homogeneous polynomials in Clx,y, z] of

n=2

degree n.
We are interested if it is possible to perform a change of coordinates in the

neighbourhood of the origin to bring the system (|1.1]) to the system,

T=x(A+ Z pn(x, Y, 2)),
J= ot S Oulry.2), (1.2

Z=z(v+ Z Ru(z,1,2)).

This system is known as generalized Lotka-Volterra (GLV) equations, and are



also sometimes referred to as Kolmogorov equations. The system ([1.2)) is more

general than either predator-prey or the competitive Lotka-Volterra (LV) systems,

for more detail see Rand et al.| (1994) and Hofbauer and Sigmund| (1998)).

From the system ([1.2]), when z = 0, we get the 2D generalized Lotka-Volterra
system,

t=a(A+ ) Fu(n,y), §=ylu+ ) Qulzy)). (1.3)

These systems have been considered by many authors especials in the case of poly-

nomial systems. |Giné and Romanovski| (2010)) found the necessary and sufficient

conditions for a singular point to be integrable for planar quintic LV equations

with (1 : —1)-resonance. [Zoladek (1997) discussed some conditions for the ex-

istence of a local meromorphic first integral, H = z*y=*2 4 ... | of the system

(1.3). |Christopher et al.| (2003) addressed the question of orbital normalizability,

integrability, normalizability and linearizability of a complex differential system in
the neighbourhood at a critical point for the system (1.3]) with eigenvalues in the

ratio 1 : —\ with A € R, There are other works relative to this topic, and one

can find many information in (Christopher and Rousseau (2004) and |Christopher

(2004). Moreover, other investigations about the 2D-LV systems can be

found in [Romanovski and Shafer| (2008) and [Wang and Liu| (2008).

The qualitative properties of the system 1) when P, = Q, = R, = 0

for n > 1 has been widely investigated, and we only mention a few references.

Bobienski and Zotadek! (2005) considered the case when a centre does not lie on

any coordinate plane. The use of the Darboux method to show the integrability of

LV systems were investigated by several researcher, such as |Christodoulides and|

Damianou| (2009)), Llibre and Valls| (2011), |Aziz and Christopher| (2012)) and

(2013). Another question is to realize how many limit cycles can be obtained

when perturbing systems in the centre variety in the class of the 3D-LV systems.



Salih| (2015) used a new technique to prove that two and four limit cycles can be
bifurcated for the centre on a planar and a conic invariant surface, respectively,
of the LV systems.

In Chapter |2, we give some background material for this thesis. Then, in
Chapter |3 and , we consider the case when the eigenvalues for the system (1.2))
have rank-one resonance satisfying the condition A + pu + v = 0. In this case, a
normal form of the system (1.2 can be generated by exactly one resonant mono-
mial of the form u = zyz. This result is a powerful way to find two independent
first integrals under appropriate conditions on the resonant coefficients.

In Chapter (3], we are interested to find one analytic first integral for the system
(1.2). The integrability of non-Hamiltonian systems are, in general, very compli-
cated to detect. The Darbouxian theory of integrability can be used to find first
integrals of vector fields. This kind of integrability gives a link between the inte-
grability of vector fields and the number of invariant algebraic surfaces that they
have. If the system is locally analytically completely integrable in C3, then
the system has two functionally independent analytic first integrals, see Zhang
(2008). This proves that the system can be brought to an orbitally linearizable
system by an invertible change of coordinates. Also, Zhang (2014) showed that
if an n-dimensional polynomial differential system has n — 1 functionally inde-
pendent Darboux Jacobian multiplier, then it has n — 1 functionally independent
Liouvillian first integrals. [Llibre et al.| (2015b) proved that in n-dimensional inte-
grable systems, any Jacobian multiplier is functional independent of these n — 1
independent first integrals such that the divergence of the system is not zero.

In our work, by using the normal form method, we find an inverse Jacobi
multiplier for the system (|1.2]) under appropriate conditions, and then we are able
to find the sufficient conditions for existence of one formal analytic first integral.

In this way, we can prove a sufficient condition for the existence of one first integral

4



for some cases of the 3D-LV system. These cases have been left as conjectural in
Aziz and Christopher (2014), who gave a number of necessary conditions for one
first integral, but could not prove their sufficiency.

In Chapter {4} we consider reduced normal form systems (RNFS), by which we
mean that, by a further change of coordinates, a formal normal form of the system
can be brought to a simpler form containing a finite number of resonant
monomials. In the case of 2D vector fields, |[lyashenko and Yakovenko, (2008))
discuss in detail of the formal normal forms for 2D vector fields. |Christopher
et al.| (2003)) considered a reduced normal form system for 2D vector fields in the
cases when the vector fields were normalizable and orbital normalizable. We are
interested in similarly looking for a further change of coordinates for which the
system can be brought to a RNFS which only contains a finite number of
resonant monomials. We show that this RNFS has two independent first integrals.
The second one of these first integrals is found by a new technique. This technique
extends previous work which was described by |Aziz and Christopher| (2012)). This
new technique is detailed in Theorem [6]

Another approach considered here is to use the monodromy map of the system
to determine the type of the singular point. Applications of monodromy are
pervasive in mathematics, even playing an important role in arithmetic algebraic
geometry. Many topics associated with monodromy in differential equations will
be found in |Zotadek| (2006). We apply a monodromy map in the neighbourhood of
one of the separatrices using the two independent first integrals near a non-trivial
loop surrounding the singular point to obtain a 2D monodromy map. The idea of
using monodromy to examine differential equations were first explained by |Mat-
tei and Moussu| (1980), see also [Rousseau (2004)) and |Ilyashenko and Yakovenko
(2008). In the last few years, lots of researches have been concentrated on the

monodromy map for 2D vector fields. More details about monodromy can be



found in the works of |Arnold| (1988), Zakeri (2001), Christopher et al.|(2003), and

(Christopher and Rousseau (2004)).

considered the use of the monodromy techniques in 3D-LV systems.
In our work, we use a different method to understand the monodromy map of a
3D vector field. This is detailed in Section

In the same way as the case of vector fields, we also apply a further trans-

formation to reduce the 2D monodromy map into a simpler map. The idea of a

reduced normal form for 2D map was investigated by Chen and Della Doral (1999),

‘Wang and Liul (2008) and |Abate and Raissy| (2013).

In Chapter , we consider the case when the eigenvalues of the system
have rank-two resonance. In this case, a normal form of the system can be gen-
erated by two independent resonant monomials. However, the normal form still
contains an infinite number of resonant monomials even when reduced. This sit-
uation is much more complex than the rank-one case. Therefore, we simplify the
investigation by truncating the 3D system to a 3D homogeneous cubic system as
a first step to understand the general case.

Investigation of cubic centres for 2D systems is still a subject of current re-

search. [Sibirskii (1965]) showed that the cyclicity of a linear centre or focus per-

turbed by homogeneous polynomials of the third degree is at most five.

and Ging| (1998) gave a simple characterisation for all integrable cases for 2D of

cubic systems with degenerate infinity in polar coordinates. Schlomiuk| (1993))

investigated to make a distinction between a focus and a weak focus of a general

cubic system by using Poincaré-Lyapunov constant. See also, (Chavarriga et al.

(1999), Romanovskii and Shchegloval (2000)), Liu and Chen| (2002)), Llibre and|

'Vulpe, (2006), Hu et al. (2008), [Llibre et al. (2015a) and the references therein.

Here, we find two independent first integrals of the 3D homogeneous cubic sys-

tem by using the Darboux method with an inverse Jacobi multiplier. The second



one of these first integrals involves the hypergeometric function and interesting

some things which have been unable solve in this thesis.



Chapter 2

Background

In this chapter, we give some definitions, theorems and a brief explanation of
some of the methods we use, such as the Darboux method and normal forms as a

background to the thesis.

2.1 The basic definitions

We consider the three dimensional dynamical system (3DDS):

T = A1$+an($ay>z)a

n=2

g=Xoy+ Y Qulz,y.2), (2.1)

n=2

z= )\SZ + ZRn(xayaz>a
n=2

where P,, Q,, R, are homogeneous polynomials in C[z,y, 2] of degree n. We let

A= ()\la )\2; )\3)

Definition 1. System (2.1)) is said to have resonant eigenvalues at the origin if



2.1. The basic definitions

Aiyi = 1,2, 3, satisfy the following arithmetic condition

()\,’I’L) — )\z = /\1%1 + /\Qng + /\3713 - /\Z = 0, for some i € {]_, 2, 3}, (22>

for some n = (ny,n9,n2) € N2 = (NU{0})3.

The monomial X™ = x™y™ 2" in the system (2.1)) with the order |n| > 2 is
said to be a resonant monomial if n satisfies equation (2.2)), where |n| = ni +ny+
ng. The coefficient of the monomial X" in the system is called a resonant

coefficient and the corresponding term is called a resonant term.

Note that if condition does not hold, then the eigenvalues are called
nonresonant and then by a formal change of coordinates the system can be
brought formally into its linear system, (more details can be found in |Ilyashenko
and Yakovenko (2008)).

By normalizability of the system in a neighbourhood of the origin, we
mean that there is a change of coordinates, transforming the system into a

system in normal form (see section (2.4])) which is one in the following form

X :X()\l +ipn(X>sz))a

n=1

Y =Y\ + i Qn(X,Y, 2)), (2.3)

n=1

Z - Z()\B‘i‘ién(XvY»Z))?

n=1
where P,Q, R € C[X,Y, Z] only containing the resonant terms.

Theorem 1 (Poincaré-Dulac theorem). A formal vector field is formally equiva-
lent to a vector field whose a linear part is in Jordan normal form and which has

only resonant monomials in the nonlinear part.



2.1. The basic definitions

According to the above theorem, there is an invertible formal power series tan-
gent to identity (X,Y, Z) = ¢(x,y,2) = (z+o(z,y, 2),y+o(z,y, 2), z+o(z,y, 2)),
transforming the system to the system (2.3). In this state, we denote
©(x,y, z) transforms the system to a normal form.

By x we denote the corresponding vector field of system ([2.1|)

0 0 0
X = P([L’,y, Z)% + Q($7yv Z)% + R(Zl?,y,Z)%,

where P = Mz + Y 2, Py(z,y,2), Q@ = Ay + Y 0, Qun(z,y,2) and R = A3z +
2?22 Rn('xvya Z)'

Definition 2. A singular point (zg,yo, 20) of the system (2.1) is a point that
satisfies the equation P(zg, yo, 20) = Q (0, Yo, 20) = R(z0, Yo, 20) = 0, otherwise is

called an ordinary point.

Definition 3. A continuously differentiable function ¢(z,y, z) in a neighbourhood
of a singular point is said to be a first integral of the system (2.1)) if ¢(x,y, 2) is
a constant on the trajectories of the system (2.1)). That is

Dy

B i i
x(p) = xp+ayQ+

aZR:O.

Definition 4. By a Darboux-analytic first integral, we mean that the first integral

is of the form

o =ay 2" (k4 o(z,y,2)),
where «, 3,7 are constant and k # 0.

If we identify the vector field x with the following the 2-form:

QO =PdyAndz+QdzAdx+ Rdx A dy, (2.4)

10



2.1. The basic definitions

where A is the exterior product or wedge product of vectors. The function
o(z,y,2) is a first integral, if it satisfies

a—Qod:c + a—Soaly + a—godz.

dp NQ =0, Wheredng:a 5 5
x Yy z

We are interested mainly in Darboux-analytic first integrals. Also, we say a term
in the first integral ¢ with order |n| = |n; +ns+mn3| > 1 is the resonant monomial

if the order of this monomial satisfies the following equation

(A, n) = Aing + Agng + Aznz =0, A= (A1, X, A3), n = (nq, g, n3) € N?

where N'= NU {0}.

The system is partially integrable if it has only one first integral, or it
is completely integrable if it has two independent fist integrals (Cairo and Llibre,
2000). The concept of integrability for the system is based on the existence of
first integrals. It is crucial to find conditions on the parameter values (usually the
coefficients of the monomials) for which the system is partially or completely

integrable.

Definition 5. By the integrability of the system ({2.1]) at the origin, we mean that
there is an analytic change of coordinates around zero, transforming the system

(2.1)) into the system:
X=MXEX,Y,2), Y=NYEX,\Y,Z), Z=XNIEX,Y, 2Z), (2.5)

where £(X,Y,Z) =1+ o(X,Y, Z). If the change of coordinates can be chosen so
that £(X,Y, Z) = 1, then we say the system ({2.1)) is linearizable.

11



2.1. The basic definitions

If the system ([2.1]) is integrable, then it has two first integrals
o1 = XYM, 0y = Y3772 (2.6)

which pulled back to original coordinates

O = £L‘_)\2y>\1(1 + 0(1‘, Y, Z)), Do = y>\3Z—>\2(1 + O(ZL’, Y, Z)), (27)

given two independent first integrals of the system . Conversely, if we have
two first integrals of the form , then by an invertible change of coordinates, we
can bring the two first integral into the form , and hence the transformed
system is of the form for some £(X,Y, Z) =1+ O(X,Y, 7).

Definition 6. A function M (z,y,z) : U C R® — R is said to be an inverse Jacobi

multiplier (IJM) of 2-form € if it is not locally null and satisfied the equation
d(M) AQ = Md(S), (2.8)

where d(M) = 22 dz + %—A;dy + 94z, According to the vector field y, we can use

the partial differential equation below to find an inverse Jacobi multiplier
X(M) = M div(x),

where div(y) stands for the divergence operator of the system (2.1)), x(M) =

M p %—A;Q + 9 R, and similar for Q.

In the 3DDS, if there two independent first integrals p(z,y, z) and ¥(z,y, 2)
exist, then Q = M (dp A dip), where € is the 2-form as in (2.4), and the function

M is an inverse Jacobi multiplier.

12



2.2.  Integrability and normalizability of systems

The foundation of material on the IJM used here can be found in Berrone and

Giacomini| (2003).

2.2 Integrability and normalizability of systems

To understand the results are achieved in this thesis we need a basic background
of the normal form method for vector fields. We relate this to the concept of
integrable and normalizable systems for the system ([2.1) with rank-one and rank-
two resonant eigenvalues at the origin (see Definition [7).

Let us start with a set
Ry = {n = (n1,n9,n3) € Z‘;O (A n)=N,1=1,2,3, |n| > 2}

where \;, i = 1,2, 3, are the eigenvalues, |n| = |nj+ns+ns| and (A\,n) = Z?:l iy
We call the rank of vectors in the set Ry, by ry, clearly if A\;, Ay, A3 # {0} then
ry <2

Zhang| (2008) proved that if the origin of the system has no eigenvalues
equal to zero, (even at least one of the eigenvalues not equal to zero, (see |Zhang
(2013)))), then the system has two locally independent analytic first integrals
if and only if 7y = 2, and by an analytic change of coordinates, the system (2.1

is analytically equivalent to its normal form (£2.3)).

Definition 7. The eigenvalues \;,7 = 1,2, 3, are said to have rank-one resonance
if there is exactly one independent linear dependency, and rank-two resonance
if there is exactly two independent linear dependencies over QQ of these three

eigenvalues.

Definition 8. Following Arnold, (1988), the Poincaré domain in C? is the collec-
tion of all tuples (A1, A2, A3) such that the convex hull of the point set {1, Az, A3}

does not contain the origin inside or on the boundary.

13



2.2.  Integrability and normalizability of systems

The Siegel domain is the complement of the Poincaré domain.

We are interested in the case where a singular point whose non-zero eigenvalues
lie in the Siegel domain with rank-one resonance. Now, if we fix the value of these
eigenvalues, then any resonant monomials in normal form of the system ([2.1)

should satisfy the condition

a)\l + b)\g + C/\3 = 0, (29>

where (a,b,c) € Z3\ {0}. Moreover, zero lies inside a triangle formed by the
eigenvalues and can be written as a convex combination of these eigenvalues (take
a look at the triangle in Figure (2.1] a)

Now, we want to show that a, b, ¢ € Z>(. Suppose, this does not hold. Firstly,
if all a, b, ¢ < 0, then we can multiply by —1, we get all elements are positive.
So, all three are not positive the only remain options, are that, two elements of
a, b, c are positive and other element is negative, or one of them is positive and
other elements are negative. But if we choose the formal case, then by multiplying
the coefficients by —1, this brings us to the later case. Therefore, without loss of
generality, we can assume that b < 0 and a,c > 0. By definition of the convex

hull, we want to find the location of zero. We have

aX; + by + cAg = ar; + (=b)(—=X3) + cA3 = 0, where a, —b,c > 0,

by multiplying above equation by —aj, o we get
N /\—l——b (—)\)+—C A3 =a1 A1+ Ao+ A3 =0
a c
a—b+c " a—bte Y a—b+ PR s ’

where a1, b1,c; > 0, and a; + by + ¢4 = 1, hence the zero is located inside of the
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point set {1, —A2, A3}. This implies that zero located in two different places,

which is impossible, hence we can choose all a,b, c in Z>, see Figure , b),

unless zero located on the boundary. If zero located on the boundary, we have

two possibilities,

1.

1l

If these three eigenvalues do not lie on the line, in which case zero lies be-
tween two eigenvalues, let zero between \; and A3z, and hence from equation

(2.9), we get b =0 and the equation ([2.9) becomes

al +cA3 =0, where (a,c) € Z*\ {0}.

In the same way to the above argument. If a,b < 0, we can multiply by —1,
we get a,b > 0. So, if a and ¢ are not positive at the same time the only
remain option, is that, one of them is positive and other element is negative,

then we can assume that a > 0 and ¢ < 0, thus we have

ad +cA3 = aX + (—¢)(=X3) =0, a,—c>0,

multiplying by a%c, yields

a —C
)\1 + (—)\3) = (11)\1 + C1(—>\3) = 0,

a—=c¢ a—cC

where aq,c; > 0 and a; +c¢; = 1, hence the zero is located inside of the point
set {A1, —A3}. This implies that zero located in two different places, which

is impossible, hence we can choose all a, ¢ in Z>.

If these three eigenvalues lie on the line, in which case zero also lies between

two eigenvalues, in the same way as above, we can choose all a,b, c in Z>.

Also, we consider the case where the linear dependency involves all three eigen-
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2.2.  Integrability and normalizability of systems

values. Therefore, all a,b and ¢ are not equal to zero in the same time. If two
of these elements are zero, we get one zero eigenvalue, but we consider non-zero
eigenvalues of the system (12.1]). The last case, if we can suppose that one of a, b, ¢

is zero (let ¢ = 0), then from equation (2.9) we get

CL)\l + b)\Q == 0,

where (a,b) € Z*\ {0}. In the same way to Case (i). If a,b < 0, we can multiply
by —1, we get both are positive. So, the only remain option, is that, one element
of a,b is positive and other element is negative. By which in this case, we can

assume that a > 0 and b < 0, then we have

CL)\l + b)\g = a)\l - b(_)\Q) == 0,

multiplying by ﬁ, yields

a —b
a— b)\l —+ o — b(—)\g) = al)\l + b1<—>\2) = 0,

where aq,b; > 0. This implies that zero located in two different places, which is
also impossible, hence we can choose all a,b in Z>,

In order to find all the resonant monomials in the Poincaré-Dulac Theorem [I]
we should choose the vector A = (a,b,c) € Z%O, where X4 = 2%°2¢ is the reso-
nant monomial. Convex hull of the point set of eigenvalues In the next theorem,
resonant monomials can be easily described in normal forms. In which we mean
that the normal form can be generated by a finite number of resonant monomials

which depend on the ranks of eigenvalues.
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2.2.  Integrability and normalizability of systems

'7»3 }“3
(a,b,¢).(h, 2y503) =0 (@,b,6).(M> 29, 05) = (@,=b,¢).(0 ,~hy,h3) = 0

a- eigenvalues lie in the Siegel domain  b- eigenvalues lie in the Poincare domain

Figure 2.1: Convex hull of the point set of eigenvalues

Theorem 2. If the system is normalizable at the origin with rank-one res-
onant eigenvalues C' = (A1, Ao, A3), \; # 0,4 = 1,2,3 and there is A = (a,b,¢) €
Z?ém such that A-C' = 0. Then the normal form corresponding to the system
can be generated by only one resonant monomial, u = X4 = X*Y?Z¢, that

is, the only terms in system ({2.3)) are u*, k € Q.

Proof. We bring the system (22.1)) to the normal form ([2.3)

X :X()\l +ipn(X>sz))a

n=1

Y=Yt Y 0u(X.Y.2),

n=1
Z=7Z\s+) Ru(X,Y,2)),
n=1
where P,Q, R € C[X,Y, Z] only containing the resonant terms.
Let A" = (d/,b,) be any non-zero vector in Z? such that C'- A’ = 0. Since,
by definition of the rank-one resonance, we have exactly one linear dependency,

therefore A must by multiple by A’ it means that, A = k A’, for some k € Q. If we

17



2.2.  Integrability and normalizability of systems

start with u4 = X*Y®Z¢, we see by rewrite this term as the resonant monomials

of the form

hence, for each A’ there is k € Q. H

Now let us describe a connection between normalizable system and a system
is orbitally normalizable. When we want to investigate an orbital normalizability,
we work with analytic orbital equivalence. We say that two systems are orbitally
analytically equivalent if by an analytic change of coordinates one can be changed
to a multiple of the other. In particular, the system is orbitally normalizable
with rank-one resonance if there is a change of coordinates in the neighbourhood

of the origin, transforming the system ([2.1)) into the following form

X; = X1 (A + h(w)k(X,Y, 2),
Xy = Xo (A + ho(u))k(X,Y, Z),

X3 = X3 (A\s + hs(u)k(X,Y, Z),

where h;(u), i = 1,2,3, k(X,Y,Z) = 1 + o(X,Y, Z) are analytic functions, and
u = X¢X,"X5° is the resonant monomial.

Proposition 1. If it is possible to find an analytic change of coordinates, we can

bring the system (2.1]) into the following form

T = $(>\1 + an(JT,y,Z)),

n>1

y:y<)‘2+ZQn(Zan72))a (210)

n>1

2:’ = Z()\g + ZRn($,y,Z)),

n>1

where P,, Q,, R, € C[z,y,z]. Then the above system is orbitally normalizable at
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2.8. Darbouzx method in 3D

the origin with rank-one resonance if and only if the system obtained by dividing

by 1+ /\—11 > ns>1 Pn(7,y, 2) is normalizable,

. . )\2+Zn21 Qn(xawa) . /\3+Zn21 Rn(m,y,z)
T=Mx, Y=y z =

) z .
1+ )\1_127121 Po(z,y, 2) 1+,\%an1 P,(x,y,2)
(2.11)

We prove this in Section . If is orbitally normalizable with rank-
one resonance, then it has two independent first integrals. One of these first
integrals is of Darboux-analytic type and other first integral contains logarithm
terms allowing for non-zero resonant terms in the normal form. (see Chapter [3)).

In addition, if the system is normalizable then there is a change of
coordinates, transforming the system into a system in normal form which is one

of the following form

X=MX, Y=Y+ QuXY.2), Z=ZX+)Y R(X)Y, 2)).
n>1 n>1

(2.12)
where Q,,, R,, € Clz,y, z] only containing the resonant monomials. We can start
with the system ([2.11]), if it is orbitally normalizable with rank-one resonance,
then by a change of coordinates (X,Y,Z) = (z,y + o1(z,y,2), 2 + 02(z,y, 2)),
where 0;(0,0,0) = 1, i = 1,2, the system (2.11]) can be transformed to the form
(2.12)), where X%Y?®Z¢ is the resonant monomial in the system. (In fact we can

choose X = z in such a transformation for (2.11])).

2.3 Darboux method in 3D

In this section we discuss the Darboux integrability. In 1878, a seminal work on
the integrability of polynomial differential equations in the plane was published by
Darboux. He showed how the integrability of a polynomial system can be obtained

from sufficient invariant algebraic curves. There are some application for the Dar-
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2.8. Darbouzx method in 3D

boux method in two-dimensional systems (Christopher and Llibre (1999, 2000),
Christopher et al.| (2007)). This method also has been used for higher dimensional
systems, for instance (Moulin-Ollagnier| (1997)), |Cairo and Llibre (2000)).

We denote the corresponding vector field of by x,

0 0 0
P22 +rZ
X ox * Qay + 0z
where P,Q, R € Clz,y,z]. An invariant algebraic surface of the system (2.1)

is a surface in C® given by the equation f(x,y,z) = 0, such that there exist

K¢(x,y, 2) € Clz,y, 2] satisfying

0 0 0
X(f) :f(xvya Z)Kf(l‘,y, Z)v where X(f) = 0_£P+8_£Q+0_£Ra (213>

K¢(x,y,2) is called the cofactor of the invariant algebraic curve f(z,y,z) = 0.
Note that the degree of Ky less than and equal to the degree of the polynomial
vector field. If the invariant surface does not pass through a singular point, then
it has a cofactor which must vanish at this point.

For any point on the invariant algebraic surface f(x,y, z) = 0, the inner prod-

of o1 1)
oz’ dy’ 0z/"

Then the vector field x = (P, @, R) is tangent to the plane f(z,y,z) = 0, hence

uct of the two vectors V f(x,y, z) and x is zero, where Vf(z,y, z) = (

f = 0 is shaped by trajectories of the vector field y. This explain the name ‘in-
variant’ which satisfies equation for some cofactors, as it is invariant under
the flow which defined by x.

The exponential factor has the same role as the invariant algebraic surfaces
when two surfaces merge together. When this happened, we will need an expo-

nential factor to calculate the integrability of systems. Let E = exp(f/g) where
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2.8. Darbouzx method in 3D

f,g € Clz,y, 2], then we call E an ezponential factor if

) oFE oFE
E(x)=KgpE, where E<X>_%P+8_yQ+§R’

for some polynomial Kg € Clz,y, z] of degree one less than the vector field and it
is called the cofactor of E. All exponential factors have cofactors vanishing at the
critical points not in the denominator of their exponent. An exponential factor in
some references is also referring to as degenerate algebraic curves. For example
(see |(Christopher| (1994), |Christopher and Llibre| (1999, 2000))

The following propositions are generalized directly from Christopher| (1994)) or

see |Aziz and Christopher| (2012).

Proposition 2. If £ = exp(g/f) is an exponential factor for a vector field Yy,
then g satisfies the equation below with f = 0 is an invariant algebraic surface of

the vector field,

9(x) = 9Ky + fKE,
where K¢, and K are the cofactors of f and F, respectively.
Proposition 3. Assume that f; and f, are invariant algebraic surfaces with their
cofactors Ky, and Ky,, respectively. Then
i. fife =0, is an invariant algebraic surface with cofactor Ky + Kjy,.
ii. f7,r € C, is an invariant algebraic surface with respect to the cofactor r K.
iii. If the two cofactors Ky = Ky,, then the ratio of f; and fs, is a first integral.
Proposition 4. Assume that F(x) = f{*--- f € Clz,y, z] such that each f; is
a irreducible factor over € C[z,y, z]. Then, F = 0 is an invariant algebraic curve

with cofactor K of a vector field y if and only if f;,2 = 1,2,--- ,r are an invariant

algebraic curves with cofactors Ky,. Moreover Ky, = c1 Ky, + -+ + ¢, Ky, .
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2.4. Normal forms

Darboux’s idea, to find first integrals of the vector field x, is to look for first

integrals F'(z,y, z) of x on regions U of C, which is of the form

F= H fEE®

i=1

where f; are algebraic solutions of the equation ([2.13)), and E is exponential factor.
Such integrals called a Darboux first integral, or sometimes is said to be a Darbouz

function, with cofactors satisfying

r

ZCini —f-CoKE =0.

=1

where ¢;, and ¢y are analytic functions. The function F' is a non-trivial first
integral of the system if and only if the cofactors are linearly dependent

Given a Darboux function F', we can calculate

DF = F( Z Df’ +co% =F() _aKy, + aKp),
i=1
if div = 3., ¢;Ky, + coKp, then by definition F' is an IJM of the vector field
X, in this situation F' is said to be a Darboux inverse Jacobi multiplier. The
role of the integrating factor is taken by the Jacobi Multiplier when the degree of
dimensions of a system more than two. In the context of the Darboux integrability,
we usually consider the corresponding reciprocals: inverse integrating factors, and

inverse Jacobi multipliers, (see Berrone and Giacomini (2003)).

2.4 Normal forms

We now shortly present a normal form method for a vector field and apply it in
some cases of the system ([2.1)).

The starting point is a holomorphic system of differential equations with a
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singular point taken to be the origin, expanded as a power series. In more detail,

we assume that system (2.1)) is in the following form

T =Ax+ X(x) = Ax + Py(x) + P3(x) + - - -, (2.14)
where A is an n X n real or complex matrix, z = (x1,--- ,x,) € C" and X(x) €
Cl[x1, -+, x,]] is a vector power series over C in n variables which defines in the

following expression

X(x) = (Pi(x),++, Palz)), Pilx)=> P"z", 1<k<n, B" €C, (2.15)
[n|=2
where 2" = 21" - 2l n| =n1 + -+ 0y, and n = (ng, -+ ,ny), N € Z>o. And

each component X;(z) = Py(z) of X, 1 < k < n, is a formal or convergent power
series with complex coefficients.

If there exists a neighbourhood of the origin where all coordinate series are
(absolutely) convergent then we say that the series X(x) converges, if there is no
assertion of the convergence of a series then we say that X(x) is a formal series
(computing a formal power-series is explained by Bochner and Martin (1948) in
Chapter I).

We now describe a normal form, firstly we assume the linear term Ax to be
already in the required normal form, usually it is in Jordan normal form or a real
canonical form. We consider a change of coordinates to get a new variables v,

having the form

v=H(y) =y+h*y), HO)=0, yeN(y)cC, (2.16)

where N(y) is a neighbourhood of the origin of C", H(y) is a power series of n

23



2.4. Normal forms

variables, and h¥(y) € HJ of degree k > 2, where H} is the space of homoge-
neous polynomials of degree k in n variables with coefficients in C. We assume
H(y) is tangent to identity. Our purpose is to transform the system , in a
neighbourhood of the origin, into a simpler form. To achieve this, brings out the
essential features of the flow near the singular point, in such a way that the Taylor

expansion of the transformed non-linear vector field contains a minimal number

of terms of every order. By substitution of (2.16)) into (2.14]), we get

y = [H,(y)] " AH(y) + [H,(y)] ' P(H(y)),  y € N(y), (2.17)

having the same general form as the original system, where H,(y) denotes the

Jacobian matrix 0H(y)/0dy. And then following |Abate| (2005))

H,(y) =T+ hli(y), wherehj(y) = 0h"(y)/0y,[Hy(y)| ™" =1-hi(y)+O(y)™ >  ye!

(2.18)
and, therefore the system ([2.17]), becomes of the form
y=Ay+Qy) = Ay + Q2y) +--- +Qly),  yeN(y), (2.19)

where Q(y) € C[[y1,- - ,yn)], it is the same expression with for y € C,
and each component Q(y) is a formal or convergent power series. To get the best
form, we should choose h? carefully, so that the ); are “easier” in some sense than
the P;.

By acting a sequence of the change of coordinates , some terms can be
removed of the original system. Therefore, the system is equivalent to the
system in a neighbourhood of the singular point. Then the normal form

will contain only the resonant terms, when these terms cannot be removed by the
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change of coordinates (2.16|).

To see, to what extent Q(y) can be simplified. Expanding P(z) = Py(z) +
-+, Pp(x) € H, and substituting (2.16)), (2.18)), and (2.14) into (2.17]), we get

g =Ay+ Pa(y) + -+ Py + [Pely) — {y(y) Ay — AR"(y)}] + O(ly[*).
(2.20)
This suggests introducing the Lie derivative operator which represent the part in
bracket

L% H! — Hp, for each k > 2,

which is a map of the vector space H¥ into itself with respect the matrix A defined
by

(LERM) (y) = hli(y) Ay — Ahj(y),  for k> 2, (2.21)

where hl(y) = 0h*(y)/0y.
Let R* denote the range of LY. The relation between the P;, Q; and W is

determined recursively by the homological equations

LAhJ:Kj_Q]7]:27377

where Ky = P, and K equals P; plus a correction term computed from P, - - -, Pj_;

and h? ---  hi7L

Let £F be any choice of a complementary subspace to the image of L, € HF,
then it is possible to choose the Q; so that each Q; € £7. (Let Q; = M, K, where
M; : HY — L7 is the projection map, and note that the homological equation can
be solved, non-uniquely, for @;). The choice of £7 is called a normal form style
producing the system from associated to matrix A, ., up to order
J > 2 (with respect to the map M;), or an A-normal form of up to order j.
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We note that the A-normal form equation is not unique for the fixed A. In fact,
it depends on the choice of the complementary subspaces £7. Consequently, we

get the following decomposition:

H* =RF@ LF, fork>2. (2.22)

Theorem 3. Let X (z), D X(0) = A € C"" in the system ([2.14)) and the decom-
position (2.22)) be given with origin taken as a singular point. Then, by a change
of coordinates ([2.16|), we can bring the system ([2.14]) into the following form

J=Ay+Q:(y) +--+ Q) +O(lyl"™™),  yeN(y),

where Qi(y) € LF, for k=2,3,--- ,r.

Proof. Let begin with the system ([2.20)), when k = 2, we get

y = Ay + (Pa(y) — L3R (y)) + O(lyP), (2.23)

since P, € H?, then there is f%(y) € R? and Qz(y) € L? such that Py(y) =
f2(y) + Q2(y). Therefore, a suitable h%(y) can be found by L%4h%(y) = f(y),

which gives

v = Ay + Qx(y) + O(|y[*™). (2.24)

Therewith, we perform by mathematical induction. Assume that the theorem is
true for degree 2 < k < s — 1 < r, this means that the system (2.24]) can be
determined for degree k. That is, the system (2.14) is transformed to normal

form for degree k. We may assume that by a change of coordinates the system
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(2.14) becomes into the following form

i = Ar + Qo(x) + - + Qo1 (7) + Py(x) + O(|z]*™), € N,_y,

where Q, € LF, for k =2,--- ,s—1, P, € H", and N,_; is a neighbourhood of
the origin.

Let now begin with a change of coordinates © = y+h*(y) which starts at degree
s € N. By and by choosing a suitable 2* € H. In a small neighbourhood

N, € N,_; of the origin, we have

§=Ay+Qa(y) + -+ Qo1 +[Pily) — Li(h*(y)] + O(ly[™™)

- Ay + QQ(y> +oot Qs—l(y) + Qs(y) + O(|y|s+1)7 Yy e Nsa

(2.25)

for some Q, € L®. n

Given the decomposition ([2.22)), then the following truncation of the system

[2-25)

y = Ay+Q2(y) +oe +Q7‘(y>7 where Qk(y) € ‘Ck?k = 27 Ty Y € NT;

is called an A-normal form up to order r, or a normal form with respect to matrix
A up to order r > 2. In fact, the A-normal form obtained by this way is not
unique, it relies on the choice of the complement of the subspace R*.

Now let us explain the convergence of normalizing transformations. We con-

sider the power series

X(z) = Z a;x. (2.26)

Assume that the above series is convergent for some value of x = xy. The conver-

gence of Y% a;xf yields |a;zp| — 0 as i — oo, and therefore |a;| < M|xf|™t for
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some sufficiently large M. If [z < |zo| then |a;2’| < Mm’ where m = || < 1.
Then, by comparison, the series is absolutely convergent with M Y " m'.

Therefore, any such power series has a radius of convergence R which is the
largest number r such that Y .7, a;a’ converges if |z| < r. Or r may be zero.
Otherwise, the series is divergent for any x with |z| > r.

Moreover, a complex function f(z) = > "2, a;z' can be represented by the
series within the disk of radius R. Then the function f(z) is analytic for
|z| < R, and its derivative is obtained by term-by-term differentiation of the se-

ries: f'(z) = Y oota;x !, which has the same radius of convergence with the

series for f(x).

We denote by C|[z]] = C[[z1, - - - , z,]] the set of formal power series in x1, - -+ , x,

with coefficients in C, the coefficient of x® in X (z) will be denoted by X .

Definition 9. Given two power series X (z) = > o XWa? V(z) = > AWa? in
Clz], we say that Y (z) majorizes the series X (x), and we write X (z) < Y (z) if
|IX®@| < A®D 4§ =0,1,2,--- . More generally, by a vector power series, we mean

an expression:

[e.9]

X(2) = (Xi(@), -+, Xa(2), Xilw) =D X2l (k=1,---n),

lil=2

where z° = 2% - - - 2% and X ,gi) € C. Then, a series Y (z) majorizes the series X(z)

if X;(z) <Yi(x) forall i € {1,2,--- ,n}, we then write X(z) < Y ().

We notice that from the above definition, the coefficients of the majorizing
series are real and non-negative. In fact, if a convergent series Y (x) majorizes a

series X (x), then X (x) is convergent on some neighbourhood of zero.
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Definition 10. If the system (2.14) # = Az + P(z) and (2.19) v = Ay + Q(y)
together with the change of coordinates + = H(y) in the normal forms method
are convergent, then we say that the systems (2.14) and (2.19) are analytically

equivalent.

According to the previous definition, it is enough if we can prove that the
change of coordinates x = H(y) is analytic when we consider that the original
system is analytic. To achieve this, we shall use the majorant series method.

An extensive study of this problem via the majorant series method was used by

Bibikov] (1979).

Theorem 4 (Bibikov| (1979)). Let A = (A, -+, A,), where \; are eigenvalues of
the diagonal matrix A in the system ([2.14]), and suppose that there are ¢, s > 0

such that the following hold:

L. for all n = (ny,--- ,n,) € Z%, if (n,A) — Ay # 0 for some 7 € N, then

|(n, \) — \i| > €, where € does not depend on n and A

2. for all 7 = (ry,--- ,7;) in Z%, for which 2 < |r| < |n| and r < n + e;, where

e; = (0,---,0, i, 0,---,0), such that (n —r, A\) = 0, the following is valid

: (2.27)

13 rQI T < s )] Y IQUTTE
=1 =1

where s does not depend on n and A, and Ql(»") is a resonant coefficient in

the distinguished normal form.

Then, if the series P(x) = Py + --+ + Pi(x) + -+ in the system (2.14) is ana-

lytic if follows that the series x = H(y) is analytic in distinguished normalizing

transformation (2.16)).
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2.5 Normal forms of maps near a fixed point

As we have already said, normal forms provide a significant tool for the investi-
gating of dynamical systems (see for example |Arnold, (1988), Bryuno (1988)) as
they can be used to investigate an essential simplification of local dynamics. The
normal form theory also applies on the maps by using a change of variables near
identity to transform the original map into a simpler form. We call this simpler
form a normal form for map. Usually, the normal form is simpler than the orig-
inal map and sometimes (but not always) allows an explicit study of the local
dynamics. Classical normal forms are not always unique. In which case a further
reduction is possible. Further reduction of normal form of map has been investi-
gated by several methods in order to get a unique normal form, (see for examples,
Wang et al.| (2008)) gave some sufficient conditions for uniqueness of normal forms
of smooth maps, also they gave a recursive formula for the homogeneous terms
of the transformed map. |Gelfreich and Gelfreikh| (2009) used non-linear grad-
ing functions to construct a resonant normal form for an area-preserving map
near a generic resonant elliptic fixed point. |Chen and Della Dora (1999) intro-
duced an important refinement of normal forms for differentiable maps near a
fixed point. |Abate and Tovena| (2005) described a method for constructing formal
normal forms of holomorphic maps with a hyper-surface of fixed points, and they
obtained a list of formal normal forms for 2D holomorphic maps tangential to a
curve of fixed points).

Now, let us consider a holomorphic map F': U C C* — C", where n > 1 and
U is an open neighbourhood of p. Here we always assume that the origin is a fixed
point, by which we mean that F'(0) = 0. Also, we always assume that F' # id

(identity) in U. Then, a formal analytic map F'(x) at the origin can be written

30



2.5. Normal forms of maps near a fixed point

as one of the following form

F(z)=Ax+ folx)+ -+ folz)+---, ze€C" (2.28)

where A = diag(A\1, -+ ,\n,) € GL(n,C) and f, € H*, where HF is the linear space
of n-dimensional vector valued homogeneous polynomials of degree 2 < k < n, in
n variables with coefficients in C.

The problem here is to seek a change of coordinates
v=H(y)=y+hy)+ -,
tangent to identity such that the transformed map
Gly) = H "o F(x)o H(y),

is in a simpler form (o is composing of two maps), where this simpler form only

contains a monomials z*e; satisfying the following condition

/\k_)\J :/\lf1 )\Z” —)\1 :0, A= ()\17... 7)\11)7 for some 1 <i< n, (229)

for some k = (ki,--- , k) € Z%, and |k| = ky + --- + k, > 2. Equation (2.29) is
called a resonant condition for the matrix A. Moreover, the monomial z¥e;, |k| >

2 is said to be a resonant monomial if the condition (2.29)) holds.

Definition 11. When n = 1, then the map (2.28]) becomes of the following form
F(z) = Az + az® + - - - € Co{a},

the number A = F’(0) € C is said to be the multiplier of F(z). If A # 0,1, then
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2.5. Normal forms of maps near a fixed point

we say that the fixed point 0 of F' is hyperbolic.

When n = 1, there is a resonance if and only if the multiplier is a root of unity,
or zero. If n > 1 resonances may occur in the hyperbolic case too, see Abate et al.
(2010). In addition, when n > 1, the fixed point 0 is said to be hyperbolic if all
eigenvalues of F' have modulus different from 1.

Resonances have an important role to obtain a simpler map in order to under-
stand the local dynamical properties as we showed in the previous section. The

resonances are the obstruction to formal linearization.

Definition 12. Let F, : U; — C? and F; : Uy — C? be two maps at p; € C? and
p2 € C? respectively. We say that Fy, Fy € C[z, 3] are formally conjugated if there

is an invertible map ¢ € C[z, y| such that

Fi=¢p 'oFop, inClz,y

In the following, we want to describe a normal form method for map.
At the beginning, by using if necessary an appropriate linear change of coor-
dinates, we can transform the matrix A into a Jordan canonical form.

The basic idea of normal forms is to choose a transformation tangent to identity

e=T(y)=y+hly) =y+h @y + - +hy), (2.30)

where h*(y) € HF for 2 < k < n. The inverse transformation to (2.30) is

y=ax—h¥@)+0(|z|*), as|z|]| =0, k>2,

which is a smooth diffeomorphism in a neighbourhood of the origin. Then, the
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2.5. Normal forms of maps near a fixed point

transformed map of (2.28)) takes the following

G(y) =T o FoT(y)

= Ay + foy) + -+ froa(y) + [ (y) — {07 (Ay) — AR"(y)}] + O(|y])*
(2.31)

where we want it to be as simple as possible for r > 2, and G(y) is defined in a
neighbourhood U’ C U of the origin. According to the bracket in (2.31)), we can

suggest a linear map (the homological operator) L’ : H' — H] defined by

L'h(z) = h(Az) — Ah(z),h € HT, forr > 1.

Let R" be the range of L', in H. Similarly, as we have already shown that in the
previous section R" has an complementary subspace, say C” via inner product in

H' then we have the following decomposition

H =R &C, 2<r <n. (2.32)

In our context, the following theorem is the groundwork of calculation of nor-

mal forms.

Theorem 5 (Ashkenazi and Chow| (1988))). Given the decomposition (2.32)), then

there is a formal series transformation (2.30]) tangent to identity which transforms

the map ([2.28) into

G(?/):T_loFoT(y):Ay+92(y)+...+gr(y)+_,_’ yGU’gU,
(2.33)

where g, € C! for 2 < r, and U’ is the neighbourhood of the origin.

To find an A-normal form up to order r, it is helpful to find a basis for C* =

ker(L%.), k > 2. And, it can be easily shown that LY. = (L%)*, Vk > 2 via the
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2.5. Normal forms of maps near a fixed point

inner product < .,. >, of H!  see Ashkenazi and Chow, (1988)).

Definition 13. (Abate et al.| (2010)). The normal form G(y) is called a Poincaré-

Dulac normal form of the polynomial map F'(z).

Definition 14. Given the decomposition (2.32)), then the truncated form of the

map (2.33)) from r*f-jet is called an A-normal form map of (2.28)) up to order r.

The methods and theorems related to the A-normal form map can be traced
back to the study ( |Arnold (1988), Wang et al| (2008)), |Ashkenazi and Chow
(1988)).

Also, for other (formal or analytic) normal forms of diffeomorphisms, one can
refer to Martinet and Ramis| (1982). In general, the classical normal forms are
not unique with respect to formal conjugacy.

In Takens (1973)), the relationship between normal forms for diffeomorphisms
and vector fields is explained in R2. We applied a method on 3D vector field with
rank-one resonant eigenvalues to obtain a map in (C% 0). Hopefully, this map
does not involve the quadratic terms and is not tangent to identity which is given
the details this in chapter . Therefore, this map is different from the maps
were investigated by |Abate (2005), Abate and Raissy| (2013]). Basic references
on normal forms and their applications will be found in |Arnold| (1988), |Briuno
(1979), |Chow and Hale (1982).

Here we also apply a further transformation to reduce map into a simpler map.
The idea of reduced normal forms for maps can be obtained by the renormalizing
Poincaré-Dulac normal forms, where the renormalizing Poincaré-Dulac normal
forms is well-defined in the context of vector fields. Through this redaction, we will
see the relation between the concept of the orbital normalizability and integrability

on one side and reduced normal forms and normalizable maps on the other side.
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2.6. Monodromy map

To study a further reduction on normal forms for map, one can see in the
following. |Chen and Della Doral (1999) gave a method to obtain further reduction
of classical normal forms. Abate and Raissy| (2013)) described a general reduced
method for germs of holomorphic (or formal) self-maps, also they provided a list
of normal forms for quadratic bi-dimensional super-attracting germs. Wang and
Liu/ (2008) used the recursive formula for further reduction of normal forms for
maps, also the concepts of normal forms up to order N and infinite-order normal

forms of smooth maps were developed.

2.6 Monodromy map

Before starting to define the monodromy map, it is convenient to describe how
two-dimensional vector fields give rise to a foliation in CP?. Firstly, we want
to start with the definition of CP?. We consider C®\ {0} with the action C*
defined by A - (z1, z2, x3) = (A1, Axe, Az3), the orbit of (x1,z9, x3) is denoted by
[21, 29, 23]. The complete projective plane CP? is the quotient space of C3\ {0}
modulo the action C*, with the natural projective w : C*\ {0} — CP? where
(21, Xo, x3) = [T1 @ 29 : 23]

On CP?, we have three affine charts which give a structure of a two-dimensional

compact complex manifold of the following way:
Ui: {[xl,il?g,.fﬂg]}, 1= 172737

and define homomorphisms ¢; : C> — U; by

d1(z,y)=[1:2:y], (z,y)eC?
Go(u,v) =[u:1:0], (u,v)eC? (2.34)
p3(r,s) =[r:s:1], (r,s)eC
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2.6. Monodromy map

Observe that the change of coordinates ¢;; = ¢j_1 o ¢; is given by

¢12:¢510¢1($,y>:(%7%), I%07
¢23:¢;1O¢2(u7'v):<%7%>7 u7§0,
¢31 = ¢1_1 o ¢3(7“, S) = (fa %)7 r 7é 0.

these maps are holomorphic. A unique complex structure on CP? is determined
by the atlas {(U;, ¢:)}, ¢ = 1,2,3 such that ¢; are biholomorphic, and each
(Us, ¢5), i = 1,2,3, is said to be an affine chart of CP?,

We can define lines L; = CP?\ ¢;(C?), i = 1,2,3. Each line L; is called the
line at infinity (projective lines) associated to affine chart (U;, ¢; ').

The sets L; = CP?\ ¢;(C?) have the complex structure of the Riemann sphere
C. For instance, we can identify L; = {[0,z,y] : (z,y) € C?} with {[x,y] : (x,y) €
C?} «= CP" under the restriction to C2. Then, CP? is a one-line compactification

of C? (see Figure (2.2) for the corresponding location of these three lines).

Figure 2.2: Geometry of projective space

In general, a projective line is the image under the map 7 of a plane in C? which

passes through the origin. For example, the plane ax1+bxs+cxs = 0 is sent under
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2.6. Monodromy map

7 to the projective line having as affine equations a+bx+cy =0, au+b+cv =0
and ar 4 bs +c = 0. The projective lines are the simplest algebraic curves in CP*.

More generally, suppose that P(z1,xs, z3) is a homogeneous polynomial of de-
gree k which defines the algebraic curve C' = {[x] : xy : 23] € CP? : P(11, 19, 73) =
0} under the action C*, where P(z,y) = Y a; ;2'y’ is a homogeneous polynomial
of degree k on the chart (z,y). By using the change of coordinates, we write P in

two other afline charts as

1 v
—k k i—
PO¢12_ e E Q5 U ]U]
u U
s 1
kE : k i—
PO¢23— -, — CLU JS]
’I" T

The affine equations for C' are P(x,y) = P(1,z,y) =0, P'(u,v) = P(u,1,v) =0
and P"(r,s) = P(r,s,1) = 0. Therefore, the algebraic curve C' in CP? can be

defined as the compact set

& {(x,y) : P(z,y) = 0} U dof{(u,v) : P'(u,v) =0} U ¢s3{(r,s) : P"(r,s) =0},

where P(u,v) = > a; ju*~"Jvi and P(r,s) = a; jr* 95l
In more detail, there is another way of viewing this curve is by introducing the

homogeneous polynomial P (71, 22, x3) in C? of degree k which is of the following
P(xy, 29, x3) —x’fP xQ x3 = Za” aiad b=,

It is then easily verified that the algebraic curve C' over P, under the map m, is

the curve

C = w{(x1, 22, x3)| P(x1, 22, 25) = 0}. (2.35)

Then a projective line is an algebraic curve C' for a polynomial P(zy,xs,x3) of
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2.6. Monodromy map

degree one.
It turns out that the space CP? is the natural ambient space to study the

1-form as

Q= P(z,y) dy — Q(z,y) du, (2.36)
where P, () are polynomials.

Definition 15. A point zy € C? is a singular point (singularity) of Q, if P(xq) =

Q(x¢) = 0. Otherwise the point is non-singular.

Indeed, a solution of the 1-form 2 = 0, which passes through a non-singular
point @ € C? is a maximum curve L, satisfying the condition that for any point
b € L,, there is a local parametrization of L, and a holomorphic map h = (hy, hs) :
U — L, such that P(h(t))h|(t) + Q(h(t))h4(t) = 0 for all t € U. A solution L,
always exists which passes through a non-singular point a € C2. Additionally, if
a,b € C? either L,NLy,=0or L, = L.

In regard to the geometrical view, we can define the foliation by using a com-
plex manifold; Let M be a complex n-manifold, a holomorphic foliation F of
co-dimension m on M is a partition of M into disjoint path-connected subsets by
F = {L,} such that for any p € M there is a chart (U, ) around p and open
poly-disks A € C"™ and B C C™ with maps ¢ : U — A x B which takes the
connected components of F,, N U to the level sets A x {b}, b € B. We call L, the

leaves of the foliation.

Remark 1. The definition which follows is equivalent to the definition above of
the foliation.
A holomorphic foliation F of co-dimension m of M is an analytic maximal

atlas A = {(U;, ¢;)} for M which satisfies the following

1. For each 1, ¢; is a biholomorphism U; — A; x B;, where A; C C*™ and B; C C™
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2.6. Monodromy map

are open poly-disks.

2. If (Uyp), (V,2) are in A with U NV # @, then the maps oo™ : p(UNV) —
(U NU) has the form

(1/} © 90_1)(37 w) = (hl(zv w)v h2<w))7 <237>

where (z,w) € C*™™ x C™, and hq, hy are holomorphic mappings into C"~ and

C™, respectively.

A one-dimensional foliation F in the two-dimensional manifold can be ex-

plained in Figure ({2.3)).

Given any chart (U;, ;) of a foliation F, then the plaques F in U are the set

J—\

Figure 2.3: Charts defining a foliation

of the form ¢;'(A; x {c}),c € B;. Each a € M lies in at least one plaques. Two
points a, b are called equivalent if there are a sequence ay,--- , a,, of plaque such

that a € ay,b € a, and o; N1 #0,0=1,--- ,n—1.

39



2.6. Monodromy map

Now, we want to define a singular holomorphic foliation by curves on a complex
manifold M. Here, the foliation is allowed to have singularities. Firstly, we
consider a chart (U, ), a subset E C M is called an analytic subvariety if each
p € M has a neighbourhood U on which there are holomorphic functions f; : U —
C,1<i<nsuchthat ENU ={zx e U: fi(r) =0,1<i<n}. Then, a singular
holomorphic foliation by curves F (SHFC) on M is a holomorphic foliation by
curves on M \ F, where E is an analytic subvariety of M of co-dimension > 2.
In fact, a foliation with singularity in CP? can be induced by Q = 0, see [Zakeri
(2001)).

To introduce the notion of a singular holomorphic foliation by curves on the
CP?, assume that the singular set has co-dimension > 2. When the underlying
manifold is CP?, then the very special geometry of the space permits us to apply
some standard algebraic geometry to show that all such foliations are induced by
a polynomial vector field on CPP?, see Zakeri (2001).

Now we want to extend the 1-form (2.36) on CP?. We consider the 1-form
on C? and its corresponding SHFC Fq (by definition, the singular foliation
induced by Q, Fq : {Q = 0}). Using the coordinate map (2.34)), we can transfer
Fa to Uy by ¢a3. To achieve this, first transfer Fq to the affine chart (u,v) by ¢9
of the following; In the coordinated (u,v) we can write Q=0hby using a change

of coordinated x = %, y = 7 in the following

Putting R(z,y) = yP(z,y) — xQ(x,y). Then
~ 1 v 1 v
O(u,v) =u [ P2, Yy do— R(=, Dydu ) .
(u,v) =u ( (u,u)dv R(u,u)du)
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2.6. Monodromy map

Let k be the smallest positive integer such that @ = u*t1Q is the 1-form on
(u,v) € C2. Then, the foliations Fo and Fg are identical on {(u,v) € C* : u # 0}.
Now transport Fgo to Us by ¢o. It is easily checked that on U; N U; the foliations
induced by (Fq, ¢1) and (Fqr, ¢2) are coincide.

In the same way, Fq could be transported to the affine chart (r,s) by ¢3; to
get a foliation For induced by a 1-form ©” on (r,s) € C2. Therefore, Fqr is
transported to Us by ¢3.

By F and repeatedly coincide Fq, Fqr, For with their transported compan-
ions on CP? we denote the extended foliation on CP?. Hence, the affine charts
(z,y), (u,v) and (r, s) are considered as subsets of CP? by identifying them with
Uy, Us, Us respectively.

It follows from the above structure that in each affine chart, Fq is given by

the solution of the following vector fields:

Ly ()€ Ui

1 v

x1 = P(z, )88
o= ( (i )a% R, a)%), (u, v) € Un, (2.39)
0

1,0 1
w=-—r (@t hg-rEhl). e,

v
u

where k£ and [ are the least positive integers making the above into polynomial
vector fields.

Now, we can also define a singularity of foliation; A finite number of leaves
reduced to points are called the singularity of foliation, and the set of them is
denoted by sing(F). We have extended the foliation of € across the “line at
infinity” L;. In which we mean that we obtain a Fq in CP? with sing(F) from Q
according to the process described above. On the other hand, we can say that Fgq

is an SHFC on CP? with sing(Fq) = Cp N Co N Cg, where C are algebraic curve
which are defined in (2.35)).
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2.6. Monodromy map

Now, we want to find conditions on a 1-form €2 which ensure that the line at
infinity L; = CP?\ U; with singular points of foliation Fq can be removed as a
leaf. Firstly, we consider an SHFC F which is induced by a 1-form € in the chart

(z,y) € Uy of the following

Q= (P(z,y) +xf(z,y)) dy — (Qz,y) + yf(x,y)) da, (2.40)

where P(z,y) = > 7, Pu(z,v), Q(z,y) = > 7, Qr(x,y) with Py, Qx are homo-
geneous polynomials of degree k, and either f(z,y) is a non-zero homogeneous

polynomial of degree n, or f(z,y) =0, but yP(z,y) — zQ(x,y) # 0.

Proposition 5 (Zakeri (2001)). We consider the 1-form (2.40)), then the line at
infinity L; with singular points of Fq can be removed as a leaf of the foliation F

if and only if f(x,y) = 0.

Proof. Firstly, we consider the affine chart (u,v) = (1,%) € U, in which L; is
given by the line {v = 0}. Using this chart, we get
~ 1 v ~

Pulu,v) = " P ), Q) = Py (>

L Q)

We obtain a foliation which is described by 1-form Q' = P(u,v) dv — Q(u,v) du,

where

P(u,v) = iu”“kPk(u,v) — f(1,v),
k=0

Q(u, v) = Zu”’k['upk(u,v) — Qr(1,0)].

Indeed, L, \ sing(F) is a leaf if and only if the line {u = 0} is a solution of ' = 0.
This occurs if and only if f(1,v) = 0. We suppose that f(z,y) is a homogeneous

polynomial, then the later condition is equivalent to f = 0. O

In general, the 1-form in (2.36]) has an invariant line at infinity L, \ sing(F),
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2.6. Monodromy map

and we denote L \ sing(F) by L. However, the 1-form in hasn’t any
invariant L, if f(x,y) = 0. For more information, one can refer to Zakeri (2001)),
Camacho and Lins Neto| (1985)).

A tool to study so-called transverse dynamics of the foliation is required for de-
scribing a leaf. The concept of the monodromy of a leaf is the fundamental tool in
describing the transverse dynamics near the leaf. Now we reach the point to study
integrability properties of the system . We then consider a loop v : [0,1] — C
moving around the singular point in order to obtain the information about the
vector field at the singular point via this loop. On the other hand, we will see
the relation between a holomorphic vector field and a map obtained by using the
monodromy transformation which is relative to the loop v at neighbourhood of
one of the separatrices for the vector field.

Firstly, we need some definitions to understand the concept of monodromy.

Now, we should consider a given map

m:F— B,

of a space E called the total space into a space B called the base space.

A homotopy between two continuous functions f, g : X x[0,1] — B (where X
is a given space) is a family of continuous functions h; : X — F, for ¢ € [0, 1] such
that hg = f and h; = g, and the map (z,t) — hy(x) is continuous from X x [0, 1]
to B.

Given a space X with amap f: X — B, and f; : X x [0,1] — B be a given
homotopy of f. A map f: X — E is said to be a cover f (relative m) if f =mo f.

The map 7 is said to have the covering homotopy property for the given
space X (one says that (X, 7) has homotopy lifting property) if, for every map

f: X — E and every homotopy f; : X x[0,1] — B, of themap f =7wof : X — B
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2.6. Monodromy map

there is a homotopy f; : X X [0,1] — E, of the map f which lifts (covers) the
homotopy f;.

A map 7w : E — Bissaid to be a fibering if it has the lifting homotopy property
for every triangulable space X. In this situation, we say that the space E is the
fibre space over a base space B with respect the projection map = : £ — B. For
each b € B, the subspace 7~!(b) in E is called the fibre over b.

Let B be an n-punctured sphere, and let z; be a base point in B. We are
interested in the following set of continuous functions called loops with base point
xo.

{F - X x[0,1]: f(0) = wo = f(1)}.

Now, the fundamental group of I' at xy is the set modulo homotopy h

{F0,1] x X = f(0) = w0 = f(1)}/h

equipped with the group multiplication defined by

f(2t)

g2t —1) $<t<

o
IA
~
IA
N

(f *9)(t) =

—_

With the above product, the set of all homotopy classes of loops with base point
xo forms the fundamental group of X at xy and is denoted by 71 (X, zo).

Now we consider a non-trivial loop v on the leaf in C passing through at some
point z( (starting point) with a small transversal 3 which is a disk at zy € 7, and
then we look at the first point of intersection with ¥ of the leaf passing through
another point in ¥ near xy € v which is obtained by going around over v on the
leaf. Moreover, we consider a family of transversal ¥; to a leaf at each point on

the loop v(t;), where t; € [0,1]. Then for any point close-by the point on loop~y
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2.6. Monodromy map

we can define a leaf, and that leaf intersect all transversal at the unique point, so
one can travel over the loop [0, 1] at the neighbourhood of a singular point.

In this way, to each loop « in the fundamental group of the leaf we obtain the
germ of biholomorphism of > which reflects the global behaviour of the trajectories
near 7.

We can consider a leaf £’ of the SHFC foliation F induced by the 1-form on
CP? associated to the vector field with p; singular points of the foliation which lie
on L. Obviously, £ = £\ p; is isomorphic to an n-punctured sphere. Then we can
choose a family of analytic transversal, ., passing each point x in £, and choose
a base point xy € £ and an analytic parametrisation z (should be also a level set
of vector field at xq) of ¥, with z = 0 corresponding to the point z,. Regarding
for each path v : [0,1] — £ in w(L, zq) (we choose this loop at the z-axis, and
each point on the loop is a value of the leaf which gives a fibration over the loop),
a map M : ¥, — X, can be defined from the neighbourhood of xy, N(zy), by
lifting the path v to £ passing f(xg) € 3,, via the transversals ¥,, x € 7.

By using the parameter z and fixing z = 0, we can identify the map M with
the germ of a diffeomorphism from C to C. The set of all such diffeomorphisms
is denoted by Diff(C, 0).

In fact, the M : 7(L,x0) — diff(C,0) is a group homomorphism, the image
of this homomorphism is called the monodromy group. Under the map M, we
denote the image of the path v by M, which depends only on the homotopy of
vyC L

If we choose one singular point p; (see Figure ), then the monodromy at
this singular point is M., where v is a loop going around the singular point p;
which does not contain any other singular point in its interior.

We note that, the germ of M, at x, is determined by ¥ and «. For more

details one can see |Christopher and Rousseau| (2004).
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I"incomplex plane Y

v em(lxy) monodromy fromthe N, ; ¢ X, —> X

M (T, xy) —> Diff (C,0)

by going around the v :[0,l]] —> T

Figure 2.4: The monodromy map about a singular point

In three-dimensional vector fields we use two independent first integrals in or-
der to obtain a monodromy map in (C?,0). Monodromy determines the type of
the singular point. That is, we give a vector field and then using the parametriza-

0

tion of the loop xy = €?, we will obtain a corresponding map. The correspondence

comes from the maps at the neighbourhood of one of these separatrices. For more

details one can refer to Mattei and Moussu| (1980).

Now, we want to explain the application of monodromy in the 2D vector
field. Let us consider a singular foliation F defined in (C?,0) by the meromorphic

differential equation with non-zero eigenvalues

=Mz + f(z,y), §=Xy+g(z,y),

this implies that
dy My +3(z,y)

dr  z+ f(z,y)’ 241

where A\ = 3\\—3 € C\ {0}, and f,§ € C[z,y] without linear terms.
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The following form will be taken by the system ([2.41]) which defines the folia-

tion F at the x, y-coordinates

% =\t h(e,y), RO <0, B(0,0) =0, (2.42)

where R(\) is the real part. If necessary, the variables would be rescaled.

Indeed, parametrizing the arc as x = xgexp(if), 6 € [0, 27| yields

dx

5 = exp(i6) = iz,

we then conclude from (2.42)) the following ordinary equation

ay _

Y — iy +n(6.), 60,27, heClpy)

with the real time. A monodromy map of the above system together with the

initial condition ¢ = y(0, ¢), is a map of the following form

c— f(e), y(0;¢) = y(2m;c), where y(b;c) = Zciozi(e),
i>0
such that «;(0) =0,Vi > 1 and oy(0) = 1.

However, we compare the above idea in 3D vector field y, when y has two
independent first integrals Fi(x,y,2) = ¢; and Fy(x,y,2) = cg, where (c1,¢3) €
R2. Then, the monodromy can be determined by intersecting these two first
integrals. Indeed, by parametrizing over the loop = = exp(if) of the 3DDS, we

get the following form

dx , dy dz
B LA + - = + 2.43
a0 A1 exp(if), a0 y(Xa +q(0,y,2)), a0 z(M+7(0,y,2)), ( )

47



2.6. Monodromy map

where 6 € [0, 27|, with the initial conditions y(0; yo, 20) = yo and z(0; yo, 20) = Zo.

Then, the monodromy map in (C?,0) is a map of the following

(¥(0; o, 20), 2(05 5o, 20)) — (¥(27; Yo, 20), 2(27; Yo, 20)),

where y(0; y0, 20) = 31 j>0 yézgaij(é’), see Figure 1'

‘ \ l e/_(fla%)

Figure 2.5: The monodromy map in 3D

For applying the monodromy map on the system (2.43) with the resonant
eigenvalues satisfying the condition A+ 1+ v = 0. The following way can be used
at the neighbourhood of the z-separatrix.

Firstly, we will choose a starting point of the first integral Fi(z,y,2) = ¢; at
the chosen point (xg, 3o, 20), we get the value of Fy(z,y, z) = ¢; at the transversal
to the x-separatrix. Then the path surrounding the origin can be chosen of the
form zp = xye® Y.

Secondly, By substituting yp = > -, c;(0)yy with the value of ¢; as a constant
into the second first integral we get a formal map with respect to 3. Therefore,

by using Taylor expansion and simplify the result, we get a linear equation for

each order of yy which depends on the coefficient ¢; in yy9. The monodromy map in
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2.6. Monodromy map

y-coordinate is then given by a map y; which is already composed with a rotation
by the angle —27r:\\—f.

Next, the monodromy map in z-coordinate is given by substituting the map
that was obtained in y-coordinate (previous step) and a power series zg = €27 %2 (1+
9(x0, Y0, 20)) into the first integral. We get a monodromy map in z-coordinate
about z-separatrix which is given by a map z; already composed with a rotation
by the angle —27??—?. Consequently, we get the 2D map in normal form corre-

sponding to the reduced normal form of the following

; i 22 iwA—
=20y =y TN (L4 f(ug), oz =N (14 glug)), (244

where f and g are a formal power series in ug, and wg = xg, Yo, 2o is the resonant
monomial.

We can read off the terms of the reduced normal form with rank-one resonant
eigenvalues from the monodromy map .

In the same way of vector field, a reduction of the map is also needed.
Then, by applying a change of coordinates, we can bring the map into a
reduced normal form for map which only contains a finite number of resonant
monomials. For studying formal normal form for maps see |Abate (2005), Abate

and Tovena, (2005), Abate and Raissy]| (2013)).
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Chapter 3

A Sufficient Condition for
Integrability of Polynomial
System with Rank-One Resonant

Singularities in Three-Dimensions

3.1 Introduction

In this chapter we consider the system ([2.1)) with rank-one resonant eigenvalues,
by which we mean that the eigenvalues of the system have exactly one
independent linear dependency over Q.

There are several techniques to find first integrals of polynomial systems.
Basov and Romanovski| (2010) considered some families of systems to find an
analytic first integral of the three-dimensional system in the case of one zero
eigenvalue and the other eigenvalues have negative real parts by using Darboux
integrability theory. |[Llibre and Zhang| (2012) obtained several results on the Dar-

boux integrability of polynomial vector fields in R™ or C™ with n > 2. [Llibre et al.
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3.1. Introduction

(2012) investigated formal and analytic first integrals of local analytic systems
near a singular point by using the Poincaré-Dulac normal forms. They applied
this method on a system which has a three-dimensional centre, that is, if all the
trajectories near the singular point are stationary or closed, which is equivalent
to considering the case of linearization with one zero eigenvalue. [Zhang| (2014])
proved that if an n-dimensional polynomial differential system has n — 1 func-
tionally independent Darboux Jacobian multipliers, then it has n — 1 functionally
independent Liouvillian first integrals, and vice versa. Here, we generalize the
technique from [Aziz and Christopher| (2012) in order to find two independent first
integral of system (2.1)).

This technique proves that if the system has a Darboux-analytic first
integral and a Darboux-analytic inverse Jacobi multiplier, then the system has
another first integral. This contains logarithm terms if the original system has
resonant monomials, see Theorem [6]

We also prove a sufficient condition for the existence of one first integral for
some families of the three-dimensional Lotka-Volterra systems. These cases have
been left as conjectural in |Aziz and Christopher (2014), who gave a number of
necessary conditions for one first integral but could not prove their sufficiency.
We give the details in Section [3.3.1]

We write the system ([2.1)) in the following form

F=Ar+ Y Pu(w,y,2), =py+ Y Qulr,y,2), i=vz+> Ru(x,y,2),
n>2 n>2 n>2
(3.1)
where A, i, v # 0. In this chapter, we only consider rank-one resonant eigenvalues
which satisfy the condition A+pu+r = 0. This assumption simplifies the exposition
and should be typical of the other cases.

This chapter is organised as follows. In Section [3.2] we describe the technique
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3.1. Introduction

in order to find two independent first integrals for the system (3.1)). Theorem @
explains that how one can find another first integral of the system ({3.1)) if it has
a first integral ¢ = x°y”?27(1 + o(z,y, 2)) and an IJM, M = 2"y*z'(1 + o(x,y, 2)).

The second first integral is in the following form

¥ =1log(X)™ Y~ ep KX 4 log(X)V Y ep, K XM+ 3 KX,

fGEl fEEl fEEQ

where X = zyz(1 + o(z,y, 2)).
In Section [3.3] we assume that the system (3.1)) is normalizable. That is, by a

change of coordinates, we can bring the system (3.1]) to a normal form

p=a(\+ Y ), g=ylp+ Y b)), i=zv+ Y cul), (3.2)

i>1 i>1 i>1

where u = zyz is the resonant monomial. By applying Theorem [6] we show that

the system (3.2)) has two independent formal first integrals

p=myz, =) In(a"y" ) (zyz)F +In(zty ).
k>1

¢=ryzandp =), -, In(xb yPeter)(zy 2)F+In(aty =) if and only if ap+by+cp =

0, k € N, which pulled back to the original coordinates give

Y1 = JZyZ(]. + O(JZ,y,Z)),

= 3 (g (14 ofe,y, 2)) (1) + (@ y (1 + ofx,y, ).

k>1

as two independent first integrals of the system (3.1). We apply this to demon-

strate the (formal) sufficiency of the conditions in |Aziz and Christopher| (2014).
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3.2.  Technique for integrability of 3D systems

3.2 Technique for integrability of 3D systems

We look for two independent first integrals of the system (3.1). We want to show
that if there is a Darboux-analytic first integral and a Darboux-inverse Jacobi
multiplier for the system, then a second first integral can be found (for these two
type of functions, see Definition |4/ and Section .

Aziz and Christopher| (2012) proved that there is a second first integral for
the system at the origin if it has a first integral ¢° = x%y®27(1 + o(x, v, 2)),
§ = (o, B,7) and an IJM, M? = 2"y*2'(1 + o(z,y,2)), 6 = (r,s,t) such that the
dx (0—1—1)#0, for any I = (i, j, k) € Z3,, where 1 = (1,1,1). This condition
forces the integrability of system.

We wish to find a second first integral in the case that there is I = (i, j,k) €
72, such that 6 x (§ —1—1I) = 0. In this case, there can still exist resonant terms
and the first integral will not be of Darboux-analytic type.

We first prove the following proposition which will be used in Theorem [6]

Proposition 6. The polynomial system (3.1) has a first integral of the form
#° = %927 and an inverse Jacobi Multiplier M? = z"y*2!, if and only if, it

satisfies the following
L. Aae+pB +vy =0,
2. aap;r =0, for k+j = n,
3. v¢ijo =0, fori+j=mn,
4. Bbior =0, for k+1i=n,
5. aa;jr + Bbi—1 416 + YCiz1jk1 = 0, for i > 0,

6. N(r—1)+u(s—1)+v(it—1)=0,
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3.2.  Technique for integrability of 3D systems

7. (r—(+1))ai e+ (s — (G +1)bijein + (= (k+1))cijre = 0.

Proof. Without loss of generality, we assume that o # 0. Firstly, suppose that

the system (3.1)) has a non-zero first integral ¢ = 2°y?2?, § = (, 8,7), then

, |
X =i+ g+ =@+ 6L 41 D)0 -0,

which gives

Quiry2) | Ruley.2)

)6 =0, (3.3)
Y z

Po(z,y,
(A+Bu+yr+a (xxyZ)Jrﬁ

we directly obtain the first condition a A + fu + yv = 0. Also, from equation
(3.3) we have

P Q R 1 . o
n no__ § o i, 7+1 k+1 § : o i+1, 7 k+1
+ B fy P - ZL'yZ( aaz,],k 'y z + 5 bz,j,k X yz

i+j+k=n i+j+k=n
n>2 n>2
+ E : Y Cijk szrly]Jrle) —0.
i+j+k=n
n>2

(3.4)

If 1 = 0, then equation (3.4)) becomes

§ : i+1 _k+1 i k—+1 i+1 kY __
(Oé aO,j,k y] V4 + /B bo,j’kxy]z + /VCO,j,k ZL‘yJ z ) = 0,

j+k=n
n>2

we see that the first term of the above equation does not contain any z, then
aag k=0, for k4 j = n. In the same way, when j = 0 and k£ = 0, we obtain the
third and forth conditions, respectively.

When i, 5,k > 0, we see that

1 bt 1 ket 1kt
E (va; jpx'y’ + Bbi_1 ity + 7 Cic1 i1 'Y ) =0,

>0
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3.2.  Technique for integrability of 3D systems

and hence

aa; ik + Bbi—1 i1k + YCiz1 k1 = 0.

Secondly, if M = x"y*z" is an IJM, we have x(M) = M div(x) and write

Pn y Y 2, Y, Rn Y,
div(x) = A+ p+v+i <Iyz)+yQ (#.9,2) | (“"yz),
X Y z
we see that
Pn )90 n v I Rn , Y,
M(x)=(rA+sp+tv+r (xxy Z>+SQ (xyy Z)+t (xzy Z))M.

By subtracting the last two equations, we obtain

Ar—1) 4+ p(s — 1) +v(t —1) =0, (r—i)%Jr(s—j)%Jr(t—k)%:O,

and, hence the sixth condition is obtained form the first part of the above equation.

After equating the monomials in the second part, we obtain

RN

= Z(r —i)ag ;Y 2F + Z(s — Pbijar'y’ T+ Z(t — k)eijpaty’ 2

i>0 §>0 k>0

=D (= (i D)aipa'y’ 2" + (s = (G + )by pa'y’ 2
i>0

+ (= (k 4+ 1))cigppa'y’ 2" =0,

which implies that

(T — ('l + 1))ai+1,j,k + (S — (] + 1))bi7j+17k + (t — (k’ + 1))Ci,j,k+1 = 0,

this is the last condition. O
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3.2.  Technique for integrability of 3D systems

If the system ([3.1]) satisfies all the conditions of the Proposition |§|, then it takes

the following form

=zt Y amgaa’y’) =z (A + Plr,y, ),

i+j+k=n
n>2

g=yn+ Y biasr'y’2") =y (u+Qx,y,2)), (3.5)

i+j+k=n
n>2

Z=zw+ Z Ciipn Ty 2") = 2 (v + R(z,y, 2)).

i+j+k=n
n>2

We can identify the system (|3.5)) with the following 2-form

Q=2 +> CrL,XNdyAdz+y(u+ > Cp,X")dzAdx
I I

(3.6)
+ z(v + ZCIZXI) dx A dy,
T

where 3, (C1,, C1,, Cr) = 22(@is14k, bij+1,6Cigk+1)-

Now, we are interesting to find another first integral of the above system. In
the following theorem, we can show that the system has two independent
first integrals when the system has a Darboux-analytic first integral and an inverse
Jacobi multiplier.

To simplify the notation, the multi-index |I| = i + j + k and notation X! =

2yl 2% will be used. Let Ay = (%A% dznde dridyy opq A, = (do du dz)
yz zT Ty z) Yy z

Theorem 6. we assume the vector field
X =xz(A+ Z Cr, XNox +y(p + Z Cr, XNy + z(v + Z Cr. X" 0z, (3.7)
I I I

has a first integral of the form ¢; = x%y?27(1 + o(x,y, z)) with at least one of

the parameters «, § and 7 is not equal to zero and an inverse Jacobi multiplier
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3.2.  Technique for integrability of 3D systems

T,,8 1

M, = 2"y*2"(1 + o(x,y, z)). Then it has a second first integral of the following

form

¥ =log(XM) Y ¢p KpX"% +1og(X)™ Y ¢y Kp XM0 4+ Y KX
fGEl f€E1 jEEQ
where the set Fy contains all (,j, k) € I such that (0 — I — 1) x § = 0, the set
E, contains all (¢, 5, k) € I such that (§ — I —1) x & # 0, N, and N, are constant

vectors and 1 = (1,1, 1).

Proof. Assume, without loss of generality, that a # 0. After an invertible change

of coordinates in the form

2=

),

(z,y,2) — (z(1+ oz, y, z))é,y(l + o(z,y, z))%, z2(1 4 o(x,y, 2))

we can transform the function ¢; = 29”27 (1+o0(z,y, 2)) to ¢ = X° = 2%9P27, § =
(c, 5,7), which will not change the form of the vector field (3.7) or an IJM, M.
Furthermore, by scaling the vector field, we can take in the factor (1 + o(x,y, 2))

of M into x in the following way

X X X 1 X

M, aryszt(1+o(x,y, 2)) 1t o(z,y,z) xyst M’

where M = 2"y*z! =: X9 with 0 = (r, s,t).

Now, we look for a second first integral. If for all I = (7,7, k), such that
(0 —1—1)x0 # 0, then we directly obtain the second first integral described
by |Aziz and Christopher| (2012). That is, there is a second first integral in the

following form

Y=Y KX where C; = K;(6—1—1) x4 (3.8)
I
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3.2.  Technique for integrability of 3D systems

On the other hand, if there are some I = (i, j,k) such that (6 — I —1) x 6 =0,
then we can define two subsets E; and E5 in Z;O in the following

. B, contains all I = (i, 7, k) such that (0 — I —1) x § = 0.
. E, contains all I = (4, j, k) such that (§ — I —1) x § # 0.

Since we have a first integral ¢ = X° = 29?27, § = («, 8,7), then we obtain

§-Cr =0, where C; = (Cyr,Cyr,Crp) (3.9)

Also, since we have an IJM, M = X? then by using x(M) = M div(x) and

writing div(x) = >.;_,(I + 1)C; X!, where 1 = (1,1, 1), we obtain
0-1-1)-C;=0. (3.10)

For all I € E;, we have (0 iy - 1) x § = 0, hence both vectors should be multiples
each other. This implies that, there is a constant h; such that h;§ = (6 — I— 1).
Clearly, since § £ 0, if § — I — 1 = 0, then h; = 0.

From equation ([3.9]), we see that ¢ is orthogonal to all vectors C}, thus all C;
lie in the same plane. Therefore, for each C} there is an N; = (n,}, nyf, ny3) which

is contained in the same plane with the vector C; such that
Cf:KijX(S. (3.11)

Furthermore, the N; can be expressed as a linear combination of two orthogonal
constant vectors which span the plane orthogonal to d, hence there exist constant

vectors N; and N, (independent of I) such that

Nf = Clel + Cf2N2, (312)
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3.2.  Technique for integrability of 3D systems

for some constants c; and c;,. Now for all I, the 2-form (3.6) becomes

dy N dz dz N\ dx dx N\ dy
0= <(A+ZCIZ) v +(u+ > Cr) +(V+ZC]Z)> X+
T I

ZT T
7 Y

where C; includes Cj and C;. After dividing both sides by M = X, the following

2-form is obtained

Q

7= S0 AXT LN 0p A X T

jEEl fEEQ
By substituting the equations (3.11]) and (3.8)) into the above form

Q

0 = 2 KN o) ALXTI R TR0 - T = 1) x 8- A XTI
! I

= [ YKV A)XTH ST K0 -1 - 1) A)XTT A (8- A).
I I

Since, we have h; 6 = (§ — I — 1), andgb:X‘s,then%:(S%:é(d—z dy dzy

§ Ay, also N; - Ay = d(log(X)N1). This implies that

Q ; d
= > Kpd(log XN XM 4N " Kpd(XTH) | A f
i i

We substitute equation (3.12)) to obtain

Q X X -
M — (Z Kf d(lOgXC[1N1+C[2N2)th(5 + ZKf d(X1—9+I)) A %’
I I

thus, we obtain a formal second first integral of the following form

b =1log(X™) 3" ¢, K o' +10g(X™) Y, K6t + > KX,
I I I
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3.2.  Technique for integrability of 3D systems

Now, suppose that the system is analytic, then we want to show that the
second first integral is also analytic.

In |Aziz and Christopher| (2012), the authors assumed that for any I the cross
product (§ — I — 1) and ¢ is bounded away from zero. Now, we suppose that for
all I in F, the cross product (§ — I — 1) and § is bounded away from zero.

When (6 — I —1) x § # 0, then we can take m > 0 such that for all I in F,
0<m<|(@—1-1)x4|
Since, we have C; = K7((§ — I — 1) x 6), then we obtain
|K;|m < |C;|, forall I. (3.13)
Let the series Y ; C;.X I converges absolutely, then there is M such that
07l < MBI, forall [X| < R,
where R is the radius of convergence. From equation ([3.13)), we obtain
|K7lm < MR forall I,

this implies that
M

IK;| < — R M forall I,
m

choose & = 1, then | Kj| is also bounded by R, so Y ; K7 X I'indeed is convergent.
When (§ — I — 1) x § = 0, for same I, we have C; = K;(N; x §), where

N; = clel + CfQNQ, then

Cj = Kjc (N1 x 8) + Kjcp (No x 8) = K; Vi + K Va, (3.14)
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3.2.  Technique for integrability of 3D systems

where Ky = Kjc;, Ki = Kjcp and V) = N; x 0, Vo = Ny x . We see that
a non-zero vector C; is a linear combination of two constant vectors V; and V5.
Without loss of generality, we can assume that Vj is the unit vector in the x-
direction and V5 is the unit vector in the y-direction. Let 6 be the angle between

the vector C; and z-axis, hence we have the following relationship

K; Vi = cos(0) C;

KfQ ‘/2 = SZTL(@) Cj,
since both |cos(0)|, |sin(f)| < 1, we obtain

| K, Vil = [eos(0)]|C7] < [T,

| K, Val = [sin(0)]|C3] < [Cl.

When the power series ) ; C;.X I converges absolutely, then the both power series
Soici, KiX"% and Y7;c¢; K; X"° are absolutely convergent, hence the second
first integral indeed converges.

Theorem |§| will be applied to show the integrability of the system in the
case when P, = @, = R, = 0 for n > 2 with A\,v > 0 and p < 0, under the
conditions in Proposition [6] In this case, the system is in the following form

A A — A —
C1,0,1 22 4 ( M) €o,1,1 2y + ( 7/) €0,0,2 rn

=Mz -+
2v v v

2 2
+ ap2,0Y” + Go,1,1YZ + Qo227

. HC1po1 M Co M Co,0,2
y=py+——ay+ v+ vz,
v v v

; 2
Z=VZ+Cl1TZ+ Co11YZ+ Cop27" -
—vit+At+rv+p ¢

The above system has a first integral ¢ = zyii and an IJM M =y * A

Therefore, a second first integral can be found directly by using Theorem [6] which
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3.3.  Integrability and normalizability of systems in 3D

gives the following results

. IfXN# p+vand A # 2v, then A second first integral is of the following

2 2 7 T €o,1,1 C1,0,1 €0,0,2 ap,1,1
p=y v 2w oy — ot - xz +
2v v v—A+u
@0,2,0 y2 @0,0,2 22>
20— A 2v -\

Yz

. If A=+ v, then a second first integral contains the logarithm term

_2utv i q-00,1,1 — €o,1,1 C1,0,1
Y=y o == In(y e yr — o — oy — —
w—rv v 2v

€0,0,2 0,0,2 @0,2,0
-z — 22 + 2].
v u—v u—v

. If A=2v, then a second first integral also contains the logarithm term

—2 v 00,0,2 _ Co,1,1 C1,0,1
Y=y R0 (a2 g by 01,2
—v 2v
€0,0,2 ap,1,1 ap,2,0
T2+ ——yz+ —
v w—v nw—v

y?.

3.3 Integrability and normalizability of systems

in 3D
In this section, we use the relationship between the integrability and normaliz-
ability of the system ({3.1]) to demonstrate the sufficiency of the conditions in |Aziz
and Christopher| (2014)).
Firstly,we assume that the system (3.1) is orbitally normalizable, then by

Theorem , the normal form (2.3) can be written in the following form
X=X\ +p), Y=Y(u+q), Z=2Z+r), (3.15)
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3.3.  Integrability and normalizability of systems in 3D

where p, ¢,7 € Clu], and u = X™ Y™ Z" (ny,n9,n3) € Z3, is the resonant mono-
mial.
Since, we only consider the case A + p+ v = 0, then we must have u = XY Z.

This is because by the resonant condition equation (2.2), we have

(A, 1, v) - (n1,ng,m3) = Ang + ung + vng = A(ny — ng) + u(ne —n3) =0,

if (ny —ng) # 0, this yields

b _
_:n3 n2€@7
v

ny —ns

which contradicts ﬁ ¢ Q. Then n; —ng = 0, and ng — ny = 0. Consequently,

ng = ng = n; and all resonant monomials are generated by u = zyz. Therefore,

the system (3.15]) becomes

X:X()\—l—Zanu”), Y:Y(M—I—anu”), Z:Z(V+chu”),

n>1 n>1 n>1

(3.16)
where u = XY Z.

In the following theorem, we want to show that if we have a Darboux IJM,
M, of the form M = (zyz)"(1 + o(x,y,z)) with some conditions on resonant

coefficients then there is a formal first integral of the form ¢ = xyz(1+o(z, vy, 2)).

Theorem 7. Let the system (3.1) be formally orbitally normalizable with rank-
one resonant eigenvalues which satisfies the condition A + p 4+ v = 0, then the

following statements are equivalent:

(i) The system (3.1]) has formal ILJM, M, of the form M = (zyz)" (14 o(z,y, 2)),
forr ¢ {2,3,---}.

(ii) The condition ay + by + ¢, = 0 holds in the formal normal form (3.16]).
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3.3.  Integrability and normalizability of systems in 3D

(iii) The system (3.1)) has formal first integral of the form ¢ = zyz(1+o(z,y, 2)).

Proof. Since (3.1)) is orbitally normalizable, by an invertible change of coordinates
(X7 Y7 Z) = G(x7 y? Z) = (x —"_ 0(1’, y7 Z)? y —"_ O(x7 y7 Z)? Z —"_ 0(x7 y7 Z))?

we can bring (3.1)) to the system ([3.16)) which we identify with the following vector
field

0 0 0
_ k k k
X—X(/\—I—Zaku )a—XqLY(;L—I—Zbku )a—Y-I—Z(V—I—chu )8_Z’ (3.17)
k>1 k>1 k>1

where © = XY Z is the resonant monomial. Given M; = zyz (1 + o(z,y, z)), by

Theorem 7 in Berrone and Giacomini (2003),

M(X,Y,Z)= (M, o GY)X,Y,Z2)|J(GX,Y, 2))|,

is an IJM of the transformed system, where J is a Jacobi matrix and G is the
change of coordinates of the original system. In our case, J is equal to identity at
the origin corresponding to the change of coordinates GG, and then an IJM of the

system (3.17) becomes of the following
M(X,Y,Z) = (XY Z) (14 o(X,Y, Z)). (3.18)

Furthermore, after scaling we can absorb the factor (1 + o(X,Y, Z)) of M into
the vector field, and hence we can suppose that M is of the form (XY Z)", which
will not change the form of the vector field nor the conditions in (ii). The
implication (i) = (i) follows because we seck an IJM M of the form (XY Z)".

And we write the divergence of the system as
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3.3.  Integrability and normalizability of systems in 3D

div(x) = A+ Z(k‘ + Dagu® 4+ p+ Z(k + Db + v+ Z(k + 1)cpuf

E>1 E>1 k>1

k>1

The partial derivative of M associated to the system (3.16]) is

X(M) = (r(\ + Z agu®) +r(p + Z bpu®) 4+ r(v + Z cpul)) M

k>1 k>1 k>1
= (r(A+p+v)+ Y rlax + by + c)ub)M (3.19)
k>1
= Zr(ak + by + ck)uk]\/[.

k>1

Then M is an IJM if x(M) — M div = 0. To achieve this, we have

Zr(ak + bk + ck)uk)M — Z(k? + 1)(ak + bk + ck)uk M = 0,

k>1 E>1

this implies that
(ak+bk+ck)(r—k—1):0, ]{3:1,2,"',

since r # 1+ k for all k, then we have only one solution which is aj + by + ¢ = 0.
Hence M = (XY Z)" is an IJM, if a + by, + ¢, = 0 for all k£ € N. The implication
(77) = (i) follows because the divergence is equal to zero and from equation ({3.19))
we directly obtain an IJM of the form M = (XY Z)" where r is an arbitrary. The
implication (iii) = (i7) follows because by an invertible change of coordinates, we
can bring ¢ = zyz(1 + o(x,y, z)) into ¢ = XY Z(1 + o(X,Y,Z)). We can also
absorb the factor 1+ o(u) as exactly shown above for the IJM, and hence we can

suppose that the first integral is of the form p = XY Z. This gives
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3.3.  Integrability and normalizability of systems in 3D

Op op .. 0p -
x(p) = 8XX+8_YY+3ZZ

=XYZO\+ > aplb) + XY Z(p+ Y bpub) + XY Z(v + > cpu¥)

k>1 k>1 k>1

= Z(ak + bk + Ck)ukJrl,

k>1
hence, ¢ = XY Z is the first integral if ay + bp + ¢ = 0, for all £ € N. The

implication (i) = (4i7), it is clear. O

Now, by using Theorem [, we want to find another first integral of the system.
Since, we have ¢° = XY Z,§ = (1,1,1) and M? = (XY Z)", 6 = (r,7,7), we see
that

§x (0 —1-1)=(0,0,0), VI=(ii,i)€Z, i€ Lso,

then, there is h;, € R such that h;,0 = 60 — I — 1, where 1 = (1,1,1). There-
fore, for each I, >, Cr = > ,(ay,, by, cr,) with Cy = (A, p, v) there is an N; =
(ng,nr,,ng), such that

C[ = K[Z(N[ X 5), (320)

where K, € R. By solving the above equation, we obtain Ny = (i, —A,0) and
for other value of I, we obtain N; = (b, —ay,,0) (for example Ny = (b1, —ay,0)),
with K, =1 for all I.

Now for all I, the 2-form € corresponding to the field (3.6 becomes

0= Zc] (XY 7))+,

where A = (LL4Z dZAdX dXPAY) anq [; = 1,2,---. After dividing both sides by

M? = (XY Z)", we obtain

=> Cr-AXYZ)'t

1

Q
M
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3.3.  Integrability and normalizability of systems in 3D

we substitute equation (3.20]) into the above form to obtain

0
= DKL (N x 6) - A (XY Z)
I
this implies that

— Z K (N V(XY Z)H a5 A
I

where A} = (%X, 4 %) Since, we have ¢ = XY Z, then

this gives

— ZKI log(X)N(XY Z)™i A dgf

where hy, = I; + 1 —r and XNo = Xm0ym0zm0 — X1y~ and for other value of
I, XN = XY =% Since we have K;, =1 and we can choose r = 1. Thus, we

obtain a formal second first integral of the following form

Y=Y In(X"Y ) (XY Z) + In(X"Y ),

i=1

which pulled back to original coordinates gives
6= ety 1 oy D) eya(1 4 ol )+ (a1 0. 2)

as the second first integral of the system (3.1)).
In Theorem [7| we have given the proof in the formal case, in which we mean

that we only use the formal power series in the change of coordinates.
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3.3.  Integrability and normalizability of systems in 3D

3.3.1 The conjecture of Aziz and Christopher

In this section, we apply Theorem [7] to solve the sufficiency for the existence of
one first integral of the three-dimensional Lotka-Volterra system. This problem
have been left as conjectural in |Aziz and Christopher (2014]).

Consider the 3D Lotka-Volterra system

s byter) G—y(uddedeyt f2) E— (vt grt by, (32)

We seek conditions for one first integral of the system . Some necessary
conditions were found by |Aziz and Christopher| (2014)). But they could not prove
sufficiency in every case and left the remaining cases as conjectural. Here we prove
the sufficiency of these conditions for the existence of one first integral.

The necessary conditions for the existence of one first integral were found
in |Aziz and Christopher| (2014) by looking for a first integral of the form ¢, =
zyz(1+ o(z,y, 2)).

The following conditions are given by checking the resonant coefficients in
¢1 = zyz(1 + o(z,y, z)) which are the necessary conditions for the existence of

one first integral of the system . The three cases left as conjectural, where
1. f=d=0,
2. e=0,
3. f+c=g+d=0.

These conditions relate to the numbers (4'), (5') and (6'), respectively of Theorem
4 in |Aziz and Christopher| (2014).

Using Theorem [7], we search for an IJM of the form M = (zyz)"(1+o(z, y, 2)).
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3.3.  Integrability and normalizability of systems in 3D

We write the divergence of the system (3.21]) as
div=(d+g)x+ (b+e+h)y+ (c+ f)z
Then, we have the following IJMs corresponding to the cases (1),(2) and (3)
respectively,
1. M =xyz (1 + %’), corresponding to the condition f =d =0,
2. M = xyz, corresponding to the condition e = 0,

b+2e+h

3. M = (zyz)vre+r | corresponding to the condition f + ¢ = g + d = 0, such

that e +b+h #0.

All these cases are directly consequences of Theorem [7] Hence, there is the formal

first integral of the system which is of the form ¢ = xyz(1 + o(z,y, 2).
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Chapter 4

Normalizability, Integrability and
Monodromy Map of Rank-One

Resonant Singularities in 3D

4.1 Introduction

In this chapter, we continue the investigation of the system with rank-one
resonant eigenvalues satisfying the condition A + p 4+ v = 0.

In Chapter |3 by using the formal normal form method, we found two inde-
pendent first integrals of the system under some conditions on the resonant
coefficients. One of these first integrals is of Darboux-analytic type and the other
contains a logarithmic term allowing for non-zero resonant terms in the formal
normal form. Now, we look at the general case, by which we mean that we intend
to find two independent first integrals of the system in the generic case. One
of these first integrals will still contain a logarithmic term. We give the proof in
the formal case. When results hold in the analytic case, this will be mentioned in

the text.
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4.1.  Introduction

We write the system (3.1)) in the following form

n>2 n>2 n>2
(4.1)
where A +p +v = 0.
As we mentioned in the previous chapter, the system (4.1) can be brought

formally into the orbitally normalizable system ([3.16)) which we can write in the

following form

T=xz(\+ Zakuk), y=y(u+ Z bpu®), 2= z2(v+ chuk)a (4.2)

k>1 k>1 E>1

where u = xyz is the resonant monomial.
Since we work with orbitally normalizability, we can divide the system (4.2))
by 14 (3, axu”) so that, without loss of generality, the system (4.2) can be

taken to be in the following form

T = Az, y‘:y(u+25ku’“), ZZZ(VJFZék“k)’ (4.3)

k>1 E>1

where v = zyz is the resonant monomial. The sum of the resonant coefficients
becomes

be+ G =ap+be+cp, k=12,

where by, + & are the corresponding terms of the system 1' to ag + by + ¢ in
2.

For convenience, we write the system (4.3)) as

=Xz, y=ylp+Qu)), 2Z==z(v+ R(u)), (4.4)
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4.1.  Introduction

where Q(u) and R(u) are formal power series in u: Q(u) = byu + byu? + - -+ and
R(u) = ciu+ cou® + - - -

In 2D, it is known that when the two-dimensional system
b= §=— ytyh(ey),  where hiz,y) € Clr.y)

is normalizable but not integrable, then the above system can be brought by an

analytic change of coordinates Y = y p(z,v), ¢(0) # 0, into the following form
i=z, ¥V =-2Y(1+0(w), (4.5)
q

where 1) = u* — au® + o(u®*) is an analytic function in u = zPY.

In this chapter, we consider when we can further simplify the normal form
by an analytic change of coordinates, in order to obtain a reduced normal
form (RNFS) (see (4.7))). In this way, two independent first integrals can be found

by using Theorem [f] for this RNFS which are of the following forms

1
lexayﬁzv, Hz:x_yz_'_61 1H$‘+€2 lny

We give the details of this in Section

In Section 4.3 we introduce the monodromy map of the reduced normal form
by using the above two independent first integrals, and relate this to the cor-
responding normal form for 2D maps. That is for 2D maps, we can also find
formal normal forms only containing resonant monomials, and in this case the
corresponding map has eigenvalues whose product is equal to unity based on the
condition A + pu + v = 0 of the system ({4.4)).

In a similar way to the case of vector fields, we can also find a change of

coordinates to reduce this map into a reduced map. By which we mean that we
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4.2.  Orbitally normalizable system

can also apply a further transformation to reduce the 2D map obtained by using
the monodromy into a reduced map containing only finite number of resonant

monomials (see Section [4.3.1]).

4.2 Orbitally normalizable system

The aim of this section is to obtain a reduced normal form for the system (4.4)
containing only a finite number of resonant monomials.

In 3D, a suitable reduced normal form is not easy to find. We have tried out
and examined several different types of normal form seeing which is the best form
for the reduced normal form of the system (4.4)).

In the 2D systems, it is known that a further change of coordinates will bring
the system into the reduced normal form

p U*

Y14+ —+—
q 1+CLU’€>7

where U = X?Y?. For more information one can refer to|Christopher et al.| (2003).

In analogy with 2D case, we seek an analytic change of coordinates
(2,Y,2) = (z,ye?, z /), (4.6)

to bring the system (4.4) into the reduced normal form

bU : cU
Z=12Z
1+aU)’ (y+1+aU

i=X\z, Y=Y (u+ ), (4.7)

where U = 2Y Z, and p(u) = ijl fiud, (u) = ijl gjul.
The system (|4.4])) which arises form the system (4.2)) has two independent first
integrals under some conditions (see Chapter [3). In the following theorem, we

want to show that system (4.4) can be reduced to the system (4.7) in order to
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4.2.  Orbitally normalizable system

be able to find two independent first integrals of the reduced normal form of the

generic case. From the system (4.4), where u = zyz, we have

(bQ -+ CQ)U T

i=u*(by +c1+ (ba 4 c)u+--) = (b + cr)u’(1 +

A A 2 M

— (1 + 22+ B 4 = G(u),
aq aq

where we define ay = by, + ¢, k=1,2,--- , and a; # 0.

We summarize all results in this section in the following theorem.

Theorem 8. Given an orbitally normalizable system (4.4]) with rank-one resonant

eigenvalues satisfying the condition A + pu + v = 0.

o Ifb+c¢;=0,fort=1,2,--- Jk—1,and by+c. #0, ¢;,b; #0fori =1,2,---,
then by an analytic change of coordinates (4.6), we can bring the system
(4.4) to a reduce normal form

FU)+bU*
14+aUk

—F(U) +cU*

P= )\ Y=Y
T=AL (p 1+aUF

), Z:Z(V+

),

for some a,b,c € C, where F(U) = bU" + hy jU* + -+ + hy_ U1 and
b, is the first non-zero term of b;, (if ¢; = b; = 0,4 = 1,2,--- ,k — 1, then

F(U)=0).

o [f there are [,k € N with by, c; #0for k > [, and by = --- = b1 = ¢ =
.-+ =1 = 0, then by an analytic change of coordinates (4.6]), we can bring
the system (4.4) to a reduce normal form

cU!
1+alU!

=Nz, Y=uY, Z=Z(w+ ),

for some a, c € C.
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4.2.  Orbitally normalizable system

Now, we split the proof of Theorem [8] into several cases. Firstly, we want to

prove the case k = 1.

Theorem 9. Given an orbitally normalizable system (4.4]) with rank-one resonant
eigenvalues satisfying the condition A + 4+ v = 0. If by,¢; # 0 and ¢; + by # 0,
then by an analytic change of coordinates , we can bring the system (4.4)) to
a reduce normal form for some a,b,c € C.

Proof. Firstly, we take the derivative of Y = ye¥ and Z = ze¥ to obtain

Y =gef+yefpu, Z=ze+zetda, (4.9)

by substituting the system (4.7)) into the first equation in (4.9)) (YV), gives

bU
1+aU

Y (p+ ) =yef +yefya,

substituting the system (4.4) and (4.8]), respectively, at each step, we obtain

) = y(p+ Qu)) e +y ey G(u),

o)
ve (M+1+aU

dividing both sides by ye?, yields

bU
1+aU

= Qu) + G(u)¢'. (4.10)

In the same way, by using a change of coordinates Z = ze¥, and substituting the

systems 1D 1} and l} into the second equation in 1} (Z)7 respectively,

at each step, we directly obtain

cU

g = R+ Gy, (4.11)

75



4.2.  Orbitally normalizable system

where ' = Y. j i/t and ¢ = 30 jgp/t. Writing U = 2YZ =

wyz PP = 4 KW where K(u) = ¢ + 1 = D is1 &ju?. Equation 1) gives

bueK(U)(1_|_aueK(u)+...):blu+b2u2+...+(&lu2+...)(fl+2f2u+...)

:b1u+b2u2_|_..._+_(f1d1u2+...):blu(l_i_...)’

yields

(b — bl)u + ((—G + 51) b— dlfl — bg)u2 + (&Qh — bg (—2 afl + 52) b—2 f2&1

b 2
—d2f1+%)u3+---:().
(4.12)
Hence, from the first and second terms in u, we obtain
b= b17 §1b1 — fldl = ab1 + b2. (413>

From (4.11)), we have

cueK(U)(1+aeK(U)+...):clu(1+wu+...),
1

yields

(c—c)u+ ((—a+&)c—aigr — co)u® + (aPc — c3 + (—2a&y + &) ¢ — 20195

2
. c
—&291—1‘%)“3"‘"‘:07

(4.14)

which gives

c=c1, &1 —giar=ac, +ca. (4.15)

We sum the two equations (4.12) and (4.14)), and substituting the values of b and
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4.2.  Orbitally normalizable system

¢, to obtain

&(by + 1) —&ar =a(ay + c1) + by + co,

and hence a = —Z—f To find f; we can choose one of the equations lD or
[.13)), to give

bi+by b
fothtbe b

C1 @]

We can find further coefficients f; in ¢(u). By substituting equation (4.13]) with
a = —Z—j into 1) the coefficient of u?® term in equation 1' can be solved

with respect to fo which gives

c3 + b1ga bicy? Gt anay a3 | abigi (Gugi +2¢)
c] + dl 2612 (Cl + dl) dl (Cl + &1) 2&% 2012 (Cl + dl)
(4.16)

fo=

In the same way, we can continue to solve equation (4.12), and the coefficients
fi can be determined term by term. In more detail, we want to show that equa-

tion (4.12) is solvable for each individual term. We first need to find the power
series K(u) = > ;5 &ul. We can sum the two equations 1) and |D and

considering the Taylor expansion with substituting the values of ¢ and b to obtain

o & . a
(a2a1—&1§2—a3+1—§1— 1(2aa1+a2))u2—|—(§3+25
1

2
ay  28ay  (a3& —asa; +3a3) & (& — 12a9)
S5+t ——+ — + -
2a; a —2a7 —-12a,

+ Jub 4+ = 0.

This gives from u? and u® terms, respectively,

&152:513—&2&1—7— 1(2aa +ag),

R _as R a26y — Gza1 +3a2) & 2 (aé — 124
2a1£3:—a4—d—§—4§2a2+<12 3a1 2) &, 1<116 2)
1 1

To find for further terms, we continue to compare powers of u in equation (4.12))
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4.2.  Orbitally normalizable system

and (4.14)) which are determined term by term. Now, we want to show that there

K(w) - Following Kostov

is an analytic K(u) in the change of coordinate U = we
(1984), we want to show that the one-dimensional field G(u)% has an analytic

change of coordinate, which brings the system (4.8) into
i = ayu® (14 au + o(u?)), (4.18)

where a = Z—f is a formal orbital invariant. Thus, we need to solve

AU (c+D)U*(1+al)!

du  (by +c)u(l4+au+ o(u?))

Since we have b = b; and ¢; = ¢, then this gives

(1+al)dU du
U? wX(1+au+o(u?))’
This implies that
1 a l—au a? + o(u)
— 4+ =)dU = du.
(U2+U) ( u? 1+&u+0(u2)) B

By integrating, we obtain
1 amr==t + o(u®)
—+alnU=——alnu+o(u),
U U

and using U = ue’, gives

%(1 e ) 4 (a+a) In(w) + a K — o(u®) = 0.

Since, we have a = —Z—f and a = Z—f, and then multiplying by u, gives
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4.2.  Orbitally normalizable system

Flu,K(u))=1-e % +auK — o(u') = 0.

Solving the above equation is equivalent to solving F'(u, K (u)) = 0, where K (u) =
e#WH¥(W - Clearly, F(0,0) = 0, and

OF

6_K = €_K + au,
which implies that g—f;((), 0) = 1, thus giving K = K(u) as an analytic solution to
F(u, K(u)) = 0 by the implicit function theorem.

Now, we want to show that each equations (4.12]) and (4.14]) has a solution for

each individual linear term with respect to the power series ¥ (u) and ¢(u) via the
change of coordinate U = ue®®,

Since, from (4.10) we have

heK(w)

1+ auek®

— Q(u) = G(u)¢',

by integrating with respect to u, and considering the Taylor expansion, we obtain

eKw) 1€1 2 102
o= [ (15 Q) Gy du= [ 2 P22 s oy

1+ aueX a, a; a3

It is clear that the above integral exists and is analytic in giving the change of
coordinate Y = ye?™. Consequently, the change of Z-coordinate also exists by
P(u) = K(u) — ¢(u).

Therefore, by solving (4.12)) and (4.14)), respectively, we obtain power series

gp(u) = (b—l g1 + M)U + (dl (dl - Cl) 912 i Co (dl — Cl) g1

c aic 2¢42 12
azcr® 4+ ((—2 a3 + ¢3) 4y + Gz (a2 — ¢2)) &1 — drerc® + d%022>u2 4.
2012?1% 7
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4.2.  Orbitally normalizable system

A 2 A A 2 A 2/\
a191 a1C1C3 — A1C2~ — A2C1Co + C17A3

€291
+
( C1 201 2Cld%

)u2 +

Y(u) = gru+
O

In the following theorem, if one of the conditions in Theorem [9] does not hold
(i.e., by = 0,¢; = 0 or by + ¢4 = 0), we can not use the RNFS for the
reduction of the normal form . We then seek an another RNFS depending
on vanishing the resonant coefficients b;, ¢; and b; 4+ ¢; in the normal form (4.4]).

Thus, if the situation is not generic, we consider the following possibilities in
turn. In Theorem [I0} we suppose by + ¢; = 0, and by, ¢, by + ¢ # 0. In Theorem
[I1], we suppose b; + ¢; =0, for i = 1,2,--- k—1,1 <k € N, and by + ¢ # 0,
and b;, ¢; # 0 for all ¢ € N. In Theorem we suppose by = 0 and ¢q,by # 0. In
Theorem [I3] we suppose b; = 0,4 =2,3,--- ,k — 1 and ¢1,b; # 0. In Theorem
[14] we suppose by =by =+ =by_1 =c; =co =+ =10 and by, ¢; # 0.

Theorem 10. Given an orbitally normalizable system (4.4)) with rank-one res-
onant eigenvalues satisfying the condition A + g + v = 0. Assume ¢; + b; = 0,
¢y + by # 0 and ¢y, by # 0, then by an analytic change of coordinates (4.6)), we can

bring the system (4.4]) to a reduce normal form

bU + bU? cU +¢U?

i=\r, Y=Y(u+ o) 7 =7+ o) (4.19)
for some a,b,c € C.
Proof. We suppose that b; + ¢; = 0, then b; = —¢; and @ becomes
u:&2u3(1+$u+gu2+---) =: G(u). (4.20)
Qs Qs
where a, = by + ¢ for k = 2,3,---, and as # 0. By the same way that we

showed in Theorem [0 we can substitute the systems (4.4), (4.19) and (4.20) into
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4.2.  Orbitally normalizable system

the change of Y-coordinate, Y = ye? +ye?y 4, to obtain

bU +bU? )
Tral? Qu) + G(u)¥', (4.21)

where U = ue®™ and K(u) = ¢ +¢ =Y., §u/. Equation gives
buet™ + bu2e® ) — (1 + au?e® @) (Q(u) + G(u)¢') = 0. (4.22)
Moreover, using the Taylor expansion to simplify equation , we obtain
—&

(b—b)u+ (b—ci&y — bo)u? + ((T — &)er + 2600+ acy — by — agfi)u’
(4.23)

+...=0.

By solving the first and second terms in u, we obtain

b=b =—c, b=c& +bs. (4.24)

Also, in the same way, we can substitute the systems (4.4)), (4.19) and (4.20)) into

the change of coordinate, Z = ze¥, to obtain
cU+c¢U?
D G ! 4.25
e = R + Gl (1.25)
which yields,

cuefT + cue ) — (14 au?2 T (R(u) + G(u)y') = 0. (4.26)

We consider the Taylor expansion and simplifying equation (4.26)) to obtain
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4.2.  Orbitally normalizable system

2
(c—c)u+ (¢+cr& — cp)u? + ((51 +&)ep + 28 — acy — giag — c3)u®
(4.27)

+..=0.

From the first and second terms in u, gives
c=c, C¢=—c1& + . (4.28)
From sum of the equations and toobtainher, we obtain
E4b=c16 + oy +bi& 4+ by = o+ by = Gy £ 0.

Now, we first need to find a. We sum the equations (4.23)) and (4.27)), considering

the Taylor expansion, and substituting the values of ¢, b,b and ¢, to obtain

(E+ b — ag)u® + (a6 — ag)u® + (2E249 — ady — aséy + ag)u +--- = 0. (4.29)

The terms in u® and u?, respectively, give

as as ay
==, a=2§—-—6——, (4.30)
¢5) 5) ¢5)
and hence,
a = (A—) e
a9 (05}

Thus, it is necessary to find the value of a in the process before seeking for the

value of the each power series ¢ and .

From equation (4.29), we have

fi=—g+—. (4.31)
2
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4.2.  Orbitally normalizable system

Now, we want to find K(u) = Y., §u'. We substitute the values of b, b, a into

(4.29) to obtain

4&2&362 +2 d2d461 ) d%cl
~2
2a;

Ju® 4 - = 0. (4.32)

(G291 — &ac1 — c3 +

This gives
4&2&302 + 2 &2&401 -5 d%cl
/\2 M
2a5

182 = 201 — ¢3
In the same way, from the «°® term, we obtain

A A ~ 3

. . . asas ~ 8as

a8z = 2a3§y —as — 3 a 302
2 2

To find for further terms, we can continue to find the coefficients &; from equation
(4.29) which is determined term by term. In more detail, we want to show that
there is an analytic K (u) in the change of coordinate U = ue™. Since, from the

system (|4.8)), we have

A A

U= agu® (14 2 0+ 222 + o(u?)).
az az

Thus, we need to solve

av (E+bU(1+aU?)!
du  ayud(1+ 2 u+ L2 + o(ud))

Since we have b + ¢ = by + co = a9, this gives

(1+aU?dU du

3 3 ag G4 4,2 3))’
U w(l+ 2 u+ gtu? +o(u?))

which simplifies to
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4.2.  Orbitally normalizable system

(Lay o (e @ G o) .
o v 14 280+ 242 + o(u?) '

Since we have a = (3—3)2 — 2—3, and by integrating on the above equation we obtain

2 —2 a1 .
m—i—aan:?—l— &25+alnu+0(u ),
this implies that
—(1—6’2K)—|—aln(ueK)—alnu—ﬁl—o(uo):0,
u? as U

multiplying by u?, gives
Fu, K(u)) = 2(1 — e X)) + au® K (u) — au — o(u?) = 0.

Solving the above equation is equivalent to solving F'(u, K (u)) = 0, where K (u) =
e#WH¥(W)  Clearly, F(0,0) = 0, and

OF
8_[( = 46_2K + aUQ,
which implies that g—f;(O, 0) = 4, thus giving K = K (u) as an analytic solution to
F(u, K(u)) = 0 by the implicit function theorem.
Also, we want to show that (by the same way shown in Theorem E[) each in-

dividual equations (4.22)) and (4.26)) has a solution with respect the power series

(u) and ¥ (u), respectively. Since, from equation (4.22)) we have

bueK(u) + Z; u262K(u)
1 4+ au2e2K(w)

- Q(U)) Glu) ™ =¢,

by integrating with respect to u and considering the Taylor expansion, and sub-
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4.2.  Orbitally normalizable system

stituting the values of a,b, ¢, b, ¢ and f; we obtain

by e (W +Eu2€2K(u) -
o= [ — Q)

_ /(M +o(u)) du,

as

which is analytic in « and gives the change of coordinate Y = ye?®. Conse-
quently, the change of Z-coordinate also exists by ¥ (u) = K(u) — ¢(u).
Therefore, by solving the equations (4.23) and (4.27)), respectively, we obtain

the power series

dggl — &3 2 d2C3 + ciey — 2 CaoC3 (4 &262 + C163> dg —+ 4&3022
olu) = =20y -

(05} 2&201 2&%61
N N A A A2 A N A /\2 A
(2a9 — co) g+ asc1 (Bag —4c) a3 2azcy (Goaq — a3) N g1 (az — ¢2) w
=3 3 ~1
2a; 2a; 75 c1
+ N
ng4d2 + d501d2 — 402(132 —4 &461&3
Y(u) = gru+ ( =
2a;
ascicy — 2a3coc3 — adazeics + 4 adazes® + 4ade,? N czgl) 2,
J— — u IR
2a5c, 1 ’

]

However, in the above case, from equation 1) (Z~) = 1§ + by), if we choose
that f; = —lc’—f — ¢1, this gives b = 0. Then, by substituting f; and b = 0 into
(4.23]), we obtain

~

~ _ A~ ~ A~ _ 2 A A~ _
((QQ 02) (a2 - 62) - (aché a3) + g1 — 1§ — b3)u2 + <—a3 (a2 62)
2cy as C1
(&2 — CQ) (CAL% (dg - 02)2 + 18 <d2&4 - ’032> 612) R .
Ger22 — (a2 + c2) 2 + (G2 — 2)g2
— 1€ — by + graz)u’ + -+ =0,

(4.33)

solving the above equation with respect to f;, gives
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4.2.  Orbitally normalizable system

(

A4 A2A ~ ~ 2 A2 2 ~
—a5+2a3a3c1+2d284c1”—2 301 c3 co? ao

J2 - 2 +———2+ggl—g2,

2c12a3 c1 2c1

— 1 ~3 A2 2 ~2 AA 2 3452
f3 = 30342 (Gycicagn — 3asazci“gr + 3ageicacs + 6 Gaagci®cy + 3 gzer°a;
+3 d%clgl + 3 d301C3 —6 d%(312C2 -9 EL%&4C12 + 12 &2&%612 —6 dgdgcl

-3 C4Cl2d% — 692612€Lg — CAL%CQ3 -3 CAL%CQZ +3 d%CQ + dg),

o=

substituting f; into equation (4.27]), we obtain

(243 — 24209 — c1a3) (a3 — ascy + c1a3)

/\2 A A
a3 — Q€2 + C103 3
2 Ju

Ju? + (

&1 a2¢y

(4.34)
We note that the second term in u does not contain g;, then we reach a point now
we can not solve equation to find the power series ¥ = gyu + - - -, in which
we mean that we can not find the change of coordinates U = ue® when b=0.
By which we mean that we do not have a freedom choice for chosen the value of

f1. Therefore, it is necessary to find the value of f; in the end of process.

Theorem 11. Given an orbitally normalizable system with rank-one reso-
nance satisfying the condition A\ +pu+v=0. lf b+ ¢=0forve=1,2,--- [k —1
and by 4+ ¢ # 0. Then, by an analytic change of coordinates , we can bring
the system to a reduce normal form

—F(U)—l—wkU"’
14+aUk

F(U)+ hU*

P= )\ Y=Y
T=AL (p+ 1+aUF

), Z=Zw+ ), (4.35)

where F(U) = bU' + hy U + -+ + hy_ U*"1, and b; is first non-zero term of
b;.
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4.2.  Orbitally normalizable system

Proof. Since b,_1 +cx_1 =0, then b; = —¢; fori =1,2,--- ,k — 1, and @ becomes

i =u(Q(u) + R(u)) = apu"™ (1 + Z dg—:juj) = G(u), i=1,2,--.  (4.36)

j>1

where ay = by, + ¢, for k =2,3,---.
Firstly, By the same way that we showed in Theorem [0] we can substitute

the systems (4.4]), (4.35) and (4.36) into the change of Y-coordinate and Z-

coordinates, respectively, to obtain

FU)+ hyU*

Traor Q)+ Gu)e, (4.37)
and
_F<U) + wg Uk . ,
1+ aUF = R(u) + G(u)y', (4.38)

where U = ue™ | and K (u) = o(u) + ¢ (u) = > (fi+ gl =30 &l
Now, we need to find the value of a. We sum (4.37)) and (4.38)) to obtain

(hi + wy,) U* -

1+ aUF Q(u) + R(u) + G(u) K. (4.39)

Since, from the system (4.36]), we have

Thus, we need to solve

du (hg + wp)UF(1 + a U*) 1

du gt (14 S S22 + o(uk )

Since, we have hy + wy = b, + ¢, = ag, this gives
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4.2.  Orbitally normalizable system

1+aURdU du
( _
Uk+l B uk (1 + —dgzl U+ —aZZQ u? + o(u3)’

which simplifies to

1 a l+aiu+ -+ a1t +aur (&Zf)lﬂrl + o(u)
(s T )l = k1 T a du,
U U u 1+ 2w+ o(u?)
(4.40)
where

A gy
= -
A (Gggo A Qg
g = ( ax + a; ax )7
1=12---k—1 k> 2.
A ak:+j A~ Elk+j,1 ~ (A],k+1
= (T +a=5=+ -+ a1750),
S e NI N ST U 251
\ a = ( flk +CL1 ka + +aj &k )’

by determining the above, we can find the value of a. Now, by integrating on

equation (4.40)), we obtain

this implies that

J

— (1 — e "KWy 4 g In(ue®) — a Inu — B ki o(u’) =0,

k —
u = k+1i
multiplying by u*, gives
i,
Ia K — k(1 —k K(u) kK . 1 i k -0
(u, K (u)) = k(1 = ") + au” K (u) ;_kﬂ_u o(u)

Solving the above equation is equivalent to solving F'(u, K (u)) = 0. However,
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4.2.  Orbitally normalizable system

since F'(0,0) = k, and

g—[}; = ke R W 4 gk,
this implies that
oF
6_K<0’0) =k #0,

which gives K (u) as an analytic solution to F'(u, K(u)) = 0 by the implicit func-
tion theorem.

Also, each equation and is solvable with respect to power series
¢ and 1, respectively, by integrating with respect to u as shown in Theorem [9]
For example, when k& = 3, we obtain the two power series ¢ = fiu + fou? + ---
and 1) = giu + gou?® + - - -, given by

s G 17 &2
= +(—P+———==
1ot et g TG

)u2_|_...7

o= (~g1+

1
77Z)(u) = g1u+ 92u2 + g3u3 + (W(Slgl + S99 + 8393) + 5'4) ut 4. ’
5+1

where S;(cy, co, c3, a5, ag, ay) for i = 1,2, 3,4 are polynomials. a

In the above case, we do not have freedom choice for chosen the value of f;

fori=1,2,--- ,k — 1 in order to find the change of Y-coordinate, because from

equation (4.37) we have
F(U) + hU" — (1 +aU") (Q(u) + G(u)¢') = 0.

We use the Taylor expansion of the above equation until the term u*~! to give

2
(c1& — o — ho)u? + ((fa+ g2) &1 — hg — c3 — 2oy + %)ug + (6166

+__2(§%+§2)h2_3§1h3+§361—h4—c4)4_|_...:0’
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4.2.  Orbitally normalizable system

this implies that
hy = 1§ — ¢,

c 2
hs = 1251 + c1&a — 2haéy — cs,

| b=

from the values hy = ¢1&; — ¢3, if we choose for example f; = —g; + g—f, and then
substituting the value of f; in equation . We obtain a term which does not
contain g;. Thus, later on we can not find the change of coordinates (it obtains
contradiction which was showed in Theorem . Again, we must find the value
of f; or g; in the end of the process.

However, if ¢, + b, = 0, Vk, we obtain the following normal form

i=\z, Y=Y(u+F{U), Z=2(-FU)),

which is equivalent to the system and then the condition b, + ¢, = 0, Vk cor-
responding to system (4.4]) is equal to the condition a4+ by +cx = 0 corresponding
to the system . In fact, we have already given this type of normal form in
the previous chapter.

In the following case, we assume that b, = ¢; = 0, for i = 1,2,--- |k — 1 we

clearly have b; + ¢; = 0, in this case we have the following theorem

Corollary 1. Given an orbitally normalizable system with rank-one reso-
nance satisfying the condition A+ pu+v =0. If b;, ¢; =0 fori =1,2,--- [k —1
and by, ¢, # 0. Then by an analytic change of coordinates , we can bring the
system to a reduce normal form

cUF
1+aUk

bU*

p=Ax, Y =Y(ut+-—
AT Wt T

), Z=Zw+ ), (4.41)
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4.2.  Orbitally normalizable system

Proof. Tts proof is similar to Theorem by putting only F(U) = 0. O

The following case is not the general case, but will help in the understanding

of the general case.

Theorem 12. Given an orbitally normalizable system (4.4)) with rank-one res-
onant eigenvalues satisfying the condition A + p 4+ v = 0. Assume b; = 0 and
c1,by # 0, then by an analytic change of coordinates , we can bring the
system to a reduce normal form

i=\z, Y =uY, Z:Z(y+1iZU), (4.42)
for some a, c € C.
Proof. We suppose ¢; # 0, then from (4.8]) & becomes
u:clu2(1+i—fu2+i—fu3+---) =: G(u). (4.43)

By the same way that we showed in Theorem [9] we can substitute (4.4), (4.42)
and (4.43) into the change of Y-coordinate and Z-coordinates, respectively, to

obtain

Q) +¢'Gu) = (bpu+ -+ (fr+2fu+ )’ +av’ +--) =0, (4.44)

and
cu e (W) /
B 4.45
1 + auer(W)+v(u) R(u) +¢'G(u). (4.45)
We consider the Taylor expansion, and substituting f; = —2_?. The equations

(#.44) and (4.45) become
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4.2.  Orbitally normalizable system

(50 a3b
(%—201][.2—()3) U3+ (—2d2f2+%—301f3—b4) U4+"’:0,

C1 1
(4.46)
and
b by boay —
(c—c)u+ _E2 _ca—o u2—|—(c2 +C( 202 — )6
a1 2¢42 1
cby cby A 0912 3
+(ca+—)a—cs+cfo+|———2ca—as | g1 + (c—2¢1) g2 + —)u
C1 C1 2
4o =0,
(4.47)

We solve the first and second terms of equations (4.46) and (4.47)) in u, respec-

tively, we obtain

dQ &% — &262 — &301 + ci1C3
c =1, a=——, f2 = 2 )
C1 2Cl
A~ ~ 2 2
€y — agCy — C1C3 + C2 C201 | 1
201 C1 2
And hence
a3 —2azcr + > g 9i°
So=fatga= 2 + + =
261 C1 2

To find for further terms, we can continue to compare powers of u in the equations
(4.46)) and (4.47)). We can find the coefficients &; which is determined term by term.
In more detail, we want to show that /& (u) in the change of coordinate U = ue/®

exists and is analytic. From the system (4.43]), we see that
i = cyu® (1 +au+ o(u?)),

where a = ‘;—f is a formal orbital invariant. Since we have ¢ = ¢;, thus we need to

solve
du — cU(14al)”!
du  cu(l+au+ o(u?))’
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4.2.  Orbitally normalizable system

which simplifies to

1 a 1—au a* + o(u)
— 4 2\ dU = d
(U2+U) v < u? +1+du+o(u2) o

Since we have a = __0?2 = —a, and by integrating, we obtain
-1 -1
— —alnU=——alnu+o(u’),
7 —aln ——alnu o(u”)

and using U = ueX™ | gives
1 “K\ =~ 0
—(l—e®)—aK—(u)=0,
u

multiplying by u, gives

Flu,K(u)=1-e* —auK —o(u) = 0.

Solving the above equation is equivalent to solving F(u, K(u)) = 0. Clearly

F(0,0) =0, and
OF
8_[( = e*K — &U,
this implies that 37};(0,0) = 1, thus giving K(u) as an analytic solution to

F(u, K(u)) = 0 by the implicit function theorem.
Also, we want to show that (by the same way shown in Theorem E[) each in-
dividual equations (4.46|) and (4.47) has solution for each individual term with

respect to ¢ and 1, respectively. From equation (4.45)), we see that

K(u)

= ( cue

1 4 aueK®)?

- R()) G,

by integrating with respect to u and considering the Taylor expansion, and sub-
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4.2.  Orbitally normalizable system

stituting the values of ¢ and a, we obtain

¢=/(@+0(u))du:/(91+0(u))du,

which is analytic in « and gives the change of coordinate Z = ye?™. Conse-

quently, the change of Z-coordinate also exists by p(u) = K(u) — ¥(u). O

In the following, we want to prove the case when k and [, have different values.
We have already considered k = 2, [ = 1, and know adapt this for k > 3and [ =1,
before talking the general case. This is because this case contain some different

features than the case in Theorem [12

Theorem 13. Given an orbitally normalizable system (4.4)) with rank-one res-
onant eigenvalues satisfying the condition A + ¢ + v = 0. Assume b; = 0 for
1=1,2,--- ,k—1for k> 2 and ¢y, by # 0, then by an analytic change of coordi-
nates , we can bring the system to a reduce normal form

cU
1+aU

=Nz, Y=upY, Z=7Z(+ ), (4.48)

for some a, c € C.

Proof. For k = 2, is the same as Theorem [12] Let k = 3, then @ becomes

i =u(Qu) + R(w) = cru® + -+ + cpoqu" @ + =0 Gu). (4.49)

After substituting (4.4)), (4.48)) and (4.49) into the change of Y-coordinate and

Z-coordinates, respectively, we obtain

Qu) + ¢'G(u) =0, (4.50)
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4.2.  Orbitally normalizable system

and
cu ePW+v(u)

(1 + auer+v(w)

where U = ue®™, and K (u) = ¢(u) +(u) = 35, (f; + g)w! = 3255, G

We want to show that these equations can be solved for same values a and c.

= R(u) + ¢¥'G(u). (4.51)

Now, we need to find the value of c. We sum (4.57) and (4.58]) to obtain

cU B
14+aU

Q(u) + R(u) + G(u) K. (4.52)

Let G(u) = Q(u) + R(u), this gives

G(u) = ” :u(1+z—2u—|—~~—|—%uk’l+%uk+‘~~),
1 1 1

and using U = u X equation (4.52)) gives

cU(1+alU) =Gu)(1+uK')

cuef® (1 4+ quefW)y = ¢ u(1+ %u+-‘~+%uk’1 + %uk—k--‘)(l—l—u[(’),
1 1 1

and hence ¢ = ¢.

We consider the Taylor expansion. Equations (4.50) and (4.51]) become

- 02U3f1 + (—2cafa —cafi — by) ut + (—aafr —3cafs —2c3fo — bs) u’

(4.53)
4. =0,
and
2 912 fl2
((—a+ fi)eg —e)u 4+ ((—+ (fi —2a)g1 — g2 + —+
2 2 (4.54)
CL2 + f2 — 2tf1)61 — C2g1 — 03)U3 + o= 0

Solving the terms in u of the equations (4.53) and (4.54) in wu, respectively, we
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4.2.  Orbitally normalizable system

obtain A
Co Cq — Gy
a=—— f1:O7 f2:07 f3: 5
C1 301
—cy + \/2 1292 + 2103 — 92

a1 =
1

In more detail, we want to show that K (u) = .., &u' in the change of coordinate

U = uef™ exists and is analytic. From the system (4.49)), we see that

0= (1+au+ 2u? + o(u?)),
(&1

where a = i—j is a formal orbital invariant. Since we have ¢ = ¢, then we need to

solve
du cU?(1+aU)?
du cu(1+ 2u+ - +o(u?))
This gives
(14+aU)dU du
U2 w1+ Zu+o(u?))’

which simplifies to

Since we have a = —i—j, and by integrating gives

—1 —1
F—Faan:?—Z—jlnquo(uo),

and using U = ue™ | gives
1 K 0
—(1—e")4+aK —o(u’) =0,
u

multiplying by u, gives
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4.2.  Orbitally normalizable system

Fu,K(u)) =1—¢ " +auK + o(u) = 0.

Solving the above equation is equivalent to solving F'(u, K (u)) = 0, where K (u) =
¢ + 1. Clearly, F(0,0) =0, and

OF K
6_K =€ + au,
this implies that
oF
- -1
oK (0,0) ’

thus giving K = K (u) as an analytic solution to F'(u, K(u)) = 0 by the implicit
function theorem.

Also, we want to show that each equations and has solution for
each individual term with respect to ¢ and v, respectively. From equation (4.51)),

we see that

K(u)
Y= ((140:;7(“)) - R(U)) G(u)™,

by integrating with respect to u and considering the Taylor expansion with sub-

stituting ¢ = ¢; and a = —26—51, we obtain
co (it —c — gi101 + ¢
ID(U):/(— 2(1 1]212 git1 2)+o(u)> du.
1

It is clear that the above integral exists and is analytic in giving the change of
coordinate Z = y e, Consequently, the change of Y-coordinate also exists by
(u) = K(u) —p(u).

For ¢+ = k— 1, by which we mean that by, -+ ,bx_1 = 0 and ¢y, b, - - - # 0, such
that £ > 3. To prove this case, we only need the power series p(u) = ijkfl fiu,

O

and the rest is the same as the above prove, where in this case f,_1 = —(k_bﬁ.
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4.2.  Orbitally normalizable system

Theorem 14. Given an orbitally normalizable system with rank-one reso-
nance satisfying the condition A + p + v = 0. If there are [,k € N for k£ > [ with
b, #0and ¢ = cg = - =¢_1 =by =by=---=¢,_1 = 0. Then, by an
analytic change of coordinates , we can bring the system to a reduce

normal form
cU!

), (4.55)

Proof. Since k > [, then there is ¢ € N such that £ = [+ ¢. Here % becomes

i =u(Qu) + R(u)) = cu' (1 + ?u + %uk_l_l + %uk_l +--0)
! ! I

I+i—1

croqul ag u”
:clul+1(1+zl+—l+z Py = G(u).
l

C C
l L 1

(4.56)

where ar = by + ¢ for k =3,4,---, and Q(u) + R(u) = GS“‘) =: G(u)
By the same way that we showed in Theorem [9] we can substitute the sys-

tems (4.4), (4.55) and (4.56)) into the change of Y-coordinate and Z-coordinates,

respectively, to obtain

Q(u) + G(u)¢' =0, (4.57)
and
U _ / 4.58)
Toall — R(u) + G(u)y', (4.

where U = ue®™), and K(u) = o(u) + ¢ (u) = 3, (f; + gj)u! = 32,5, Gul. We

want to show that these equations can be solved for same values a and c.

Now, we need to find the value of ¢. We sum (4.57)) and (4.58]) to obtain

cU!

Trami — QW+ R +Gu) K, (4.59)

K

and using U = u eX™ | this gives
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4.2.  Orbitally normalizable system

cU'1+aU) ' =Gu)1 +uK')
l+i—1cl o P
11K (u) I IK(uN—1 _ . 1 +1 /
cu'e l4+au'e =cqu (1+ — 4+ 14+u K",
( a0 30 B AR

k

and hence ¢ = ¢.

To find the value of a, we need to solve the

dU UM (14 a U
du  quit (14 Ly 4 - Bl (k)

This gives
1+aU'dU du
I+1 YA Sl 2))"
U w1+ =FHu+ o(u?))
which simplifies to
1 N .
1 a 1+ Zi>1 a;u’ a/k + O(U)
<Ul+1 + ﬁ) dU = ( RS 1+ Zyl + o(u?) )du. (4.60)
a

where a; are polynomials of the variables clc%, Clgf, e “;—’; as follows a; = —Cljll , Gy =
—Ci4241 41 —C4182 4201 Cits

and as = In particular, we must have a = q.

a a

Using U = ue®, equation (4.60) becomes

c a a

! R . J a; w1 .
J(l—€ )+(a—al)1n(ue)—;m—o(u):(),
multiplying by u!, gives
J @yt
F(u, K(u) =1(1—e ' K0) -y~ m —o(ul) = 0.

igeql
Solving the above equation is equivalent to solving F'(u, K(u)) = 0. However,
since F'(0,0) = 0, and

oOF
et l2 -1 K(u)
oK~ °

Y
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4.2.  Orbitally normalizable system

or
oK

F(u, K(u)) = 0 by the implicit function theorem.

this implies that $%(0,0) = I? # 0, which gives K(u) as an analytic solution to

Also, each equation (4.57) and (4.58)) is solvable with respect to power series

¢ and v, respectively. From equation (4.58|) and (4.56) we have

cule KO (14 qui d KW)=1 _ (1 4 % o)

Clqu(l—f—%—f"“)

/

()0:

this gives )
elK(u)(l + aueK(u))_l — (1 + Cf1t + . .)

<

u(l+ =) ’

/

SO:

We consider the Taylor expansion, and simplifying to remove the first term for

the above equation which gives

¢’ = Pla,c, fi, gi) + o(u), (4.61)

where P is a polynomial for parameters a, ¢ and f;, g;, where f;, g; are coefficients

in ¢, 1. By integrating with respect to v on (4.61)), we obtain

2 :/(P(@,C, fi»9i) +o(w)) du.

It is clear that the above integral exists and is analytic in giving the change of

coordinate Y = ye?™. Consequently, the change of Z-coordinate also exists by

p(u) = K(u) = d(u). -

Now, we want to show that the system (4.7) with conditions by, ¢; # 0 and

b1 + c¢1 # 0 has two independent first integrals. Firstly, by multiplying the system
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4.2.  Orbitally normalizable system

(4.7) by 1+ a U, we obtain the following system

t=z(A+XaU),
Y =Y (u+ (pa+b)U), (4.62)

Z =Z(v+ (va+c)U),

which are analytically equivalent. The above system corresponds to putting the

2-form into reduced normal form.

Corollary 2. Assume by, ¢1, by + ¢; # 0, then the system (4.62)) with rank-one
eigenvalues has one Darboux-analytic first integral and one explicit first integral

given in terms of logarithm function.

Proof. System ([4.62]) had the following Darboux factors and cofactors:

Gi(z,Y,Z) = x, Ki(z,Y,Z) = (a\U + \),
GQ(:E7Y>Z):Y7 KQ(.QZ’,Y,Z):(,U—F(ILLCL—Fb)U),

Gs(z,Y,2) =2, Kiyx,Y,2)=w+(va+c)U),

by the Darboux method, we have the following first integral
H(2,Y,Z)=2°Y"Z,
where a = E%b” and 3 = 5¢. We write the divergence of the system as
div=2(b+c)U,
and seek for an IJM, M = 2"Y*Z!. Then, we want to solve the equation

X(M) = M div(x).
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4.2.  Orbitally normalizable system

This gives

(rA+ sp+tv + (rha + spa + sb+ tva + te)U)YM =2 M (b+¢) U,

which gives

rA+sp+tv =0,

and

(rA+sp+tr)a+ (s —2)b+ (t —2)c =0,

we can choose 7 = s = t = 2. Hence, M = U?. By using Theorem [6] the system

has another first integral which is of the following

1
H2:ﬁ+€1 Inz+ e InY,

(a p+b)(b+c

= ) and ey = — 28+ ]

where ¢ = A

The more general cases in Theorem [§| also have explicit first integrals, but we
do not obtain a first integral of Darboux-analytic type. So, here we have only

mentioned the above generic case.

4.2.1 Normalizability and orbital normalizability of criti-
cal points

In this section, we want to try to identify normalizability of the 3D system from
its first integrals, we give the details for this in Theorem [15] Also we want to
find different criteria for bringing an orbital normalizable system to normalizable
system see Theorem [16]

At the first, we give some results on orbitally normalizable systems in the form

(4.1). We consider only the generic case by, c1, by + ¢; # 0, and we look at the
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4.2.  Orbitally normalizable system

relationship between orbitally normalizable and normalizability for the system
(4.1) under these conditions.

After multiplying the system by 1+ au, and consider the case by, ¢y, by +
¢1 # 0. Then, by Theorem [J] via an analytic change of coordinates, an orbitally

normalizable system (4.1]) can be brought into the following form

T =xzA+ Nau)h(z,y, z),
y=vy(p+ (pa+bd)u)h(x,y,z), (4.63)

i=zv+ (va+c)u)h(z,y,=2),

where h(x,y, z) is an analytic and h(0,0,0) = 1. Furthermore, the system (4.63)

has two independent first integral of the form

1
Hy, = z%y’z, Hy=—+¢ Inx+e Iny, (4.64)
TYZz
where a = c“b_;’”, p=7, 6= —(GMTZ\(HC) and ey = ——a(b;c).

To prove the existence of these first integrals, we note that the system (4.63])

has the following Darboux factors and cofactors,

Gi(z,y,2) =z, Ki(z,y,z) = (aAu+ \) h(x,y, 2),
Go(z,y,2) =y,  Ka(r,y,2) = (p+ (pa+b)u) h(z,y,z),

Gs(z,y, 2) = z, Ki(z,y,2) = (v+ (va+c)u) h(z,y, 2).

By the Darboux method, we have the following first integral

Hl(a:,y,Z) = xozy Zﬂ/)

cu—bv

> B = 7 and v = 1. We write the divergence of the system

where o = -
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4.2.  Orbitally normalizable system

(.63) as
div=2 (b+c)uh(z,y,z),

then taking M = z"y*z!, and using x(M) = M div(x), we see that

(rA+ sp+tv + (rAa + spa + sb + tva + te)u)M h(z,y,z) =2 M (b+ c)uh(z,y, 2).
which gives
rA+spu+tr=0, and (rA+sp+tv)a+(s—2)b+ (t—2)c=0.

Taking r = s = t = 2, we obtain M = u%. Then, by using Theorem |§|, we can find

a second first integral which is of the following form

1
Hy=—+¢ Inz+ € Iny,
U

(a p+b)(b+c

A ) and €9 = _albte)

where ¢ = 3

The second first integral will here be more convenient to work in the form HLQ

which is of the form:
U

H, = )
l+eulnz+eulny

Theorem 15. Assume that o, 5,€1,eo # 0. If the system (4.1)) with rank-one
resonant eigenvalues satisfying the condition A + p 4+ v = 0 has two independent

first integrals of the following form

H1<.T, ywr) = xayﬂz h(%l/v 2)7
(4.65)

u

Hy(x,y,z) =

F(x,y,z)+ equlnz + eau Iny’

where u = zyz and F(0),h(0) = 1 are analytic functions, then the system (4.1))
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4.2.  Orbitally normalizable system

is orbitally normalizable.

Proof. We assume that by, cy, by + ¢; # 0, then we consider an analytic trans-

formation (z,Y,7) = (x,ye%, ze¥) to bring 1} into the first integrals |D

respectively. The first one becomes

H\(2,Y,2)=2°YPZ h(z,Y,Z)e? ¥ =2*YPZ h(x,Y, Z) K@Y (4.66)

hMz,Y,Z)=1+o0(x,Y,Z) and K = —% —(x,Y,Z). Now we want to show
that h(x,Y, Z) eK@Y:2) = 1,
Firstly, we want to prove that there is an analytic K(z,Y, Z) in the change of

coordinates. That is, we want to solve

G(x,Y,Z,K) = h(z,Y, Z)eX — 1 =0.

Clearly,
G(0) = h(0)eX® —1=1-1=0,
and
this implies that
oG
8_[((0) =1,

thus giving K as the analytic solution to G(z,Y, Z, K') = 0 by the implicit function
theorem.
By using the same change of coordinates u = xyz = U X, where U = 2Y Z,

the second first integral becomes

H, = UeXk
TP Y, Z)+aUeK n(z) + U In(Yes)’
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4.2.  Orbitally normalizable system

which simplifies to

- U
Hy = .
PTF(,Y,Z)e K —UZ 46 Uln(z) + e U In(Y)

To bring up the above form into the second first integral (4.64]), we can bring it

to the following form

i U
T 14aUn() +eUhy)

(4.67)

Since, we have an analytic power series K = —% —(z,Y, Z), we only need

to solve the following equation

Gi(2,Y,Z,p,9) = F(2,Y, Z)e 7% — UYL —1=0.

g
Clearly,
G1(0) = F(0)eX©® —0 -1 =0,
and
86'1 -1 _e_ 2
— =—Fe ——=U,
dp B
this implies that
0G4 -1
—(0) = — #0,
9 (0) 57

thus giving ¢ as the analytic solution to Gi(z,Y,Z,¢,%) = 0 by the implicit
function theorem. Therefore, the change of Y-coordinate exists and is analytic.
Consequently, the change of Z-coordinate also exists by ¢ = —(K + £).
Therefore, if we have the two first integrals and , we should have
a system like (4.64)). O]

In the case of 2D system, it is known that an orbitally normalizable system
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4.2.  Orbitally normalizable system

can be brought to the following form

&= 2(1 4 au®)h(x,y),

j = —gyu + (a — Dub)h(z,y).

Christopher et al. (2003)) considered that an orbital normalizable system is nor-

malizable to the resonant model

X = X1+ aU"),

Y = —SY(l +(a— 1)U,

where U = XPY? is the resonant monomial. The solving of this problem, it was

given by relative exactness in 1-form
_bp 1\ k k
Q==y(l+ (a — Du")dx + z(1 + au”) dy.
q

Here, we generalize the result in Theorem [9] to normalizable system, in which
we mean that the conditions b,¢, b + ¢ # 0 hold in the system (4.63)). More
precisely, we study when the orbitally normalizable system (4.1]) is normalizable

to the reduced normal form

X=XA\+Xal), Y=Y+ (pat+dU), Z=Zv+wva+c)U).
(4.68)
By Theorem , we can start with the orbitally normalizable system (4.63|) which

has two independent first integrals H; o with an IJM, M,

Hi(z,y,z2) = Pz, Hy(z,y,2z) = 2y e%, M = (:I:yz)z, (4.69)

_ cu—bv —
where a = , 8=

_ (aptb)(bre)
bA bA

, €1 and EQZ—G(%C) such that b+ ¢ # 0 and

[Salfel
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4.2.  Orbitally normalizable system

b,c # 0. We seek when (4.63)) can be put to the normal form (4.68) such that
both have the same formal invariant a, b, ¢ and b+ ¢ # 0. Here u = zyz and
U=XYZ.

We identify the system (4.63) with the following the 2-form

Q=z(A+Xau)dyNdz+y(p+ (pa+bd)u)dz Ndz+ 2 (v+ (va+ c)u)dz A dy,

(4.70)
which gives
dl’ de‘
dt = Atnorm = 2R 4.71
x( A+ Xaw)h(z,y,z)’ 2O+ Naw) (4.71)
we see that
n= dt — dtnorm = dr 1- ]’L(.I, Y, Z) _ O((L’, Y, Z) dxa
z(A+Xau) hz,y,2) o
and hence
nAQ= ; dx Ndy A dz. (4.72)

Theorem 16. Assume b+ ¢ # 0, the system (4.68]) is formally normalizable to
the system (4.63)) if and only if there is a germ of formal power series g(z,y, 2)

vanishing at the origin, such that

(b+c)np—dg) ANQ2=0. (4.73)

(If b+ ¢ = 0, we need an another reduced normal form instead of (4.68)) which

was described in previous section)

Proof. Firstly, we assume that the system (4.68)) is formally normalizable. A

change of coordinates preserving the orbital normal form preserves the invariant
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4.2.  Orbitally normalizable system

coordinate axes, so should be in the following form

X:xm(x,%z), Yzys(x,y,z), Z:ZT(I,y,Z)7 (474)

where m, s, € R[[z,y, z]] and m(0),7(0),s(0) = 1. We require that the two first
integrals H; and H, in (4.69) must be preserved, that is the following relations

must hold
Hl(x7y7 Z) = IN{1<X(xvy7 Z)7Y<x7yaz)7z(xay72))7
) (4.75)
Hy(x,y,2) = Hy(X(x,y,2),Y(x,y,2), Z(x,y, 2)).

In fact, the above two functions in X, Y, Z-coordinates are also first integrals of

the system (4.68)), so the quotient of the two first integrals

Hy(X(x,y,2),Y(z,y,2), Z(z,y,2)) _XYPZ

— - K
Hy(z,y,2) zoyPz 1(0:2) (4.76)
Hy(X Y Z Xaye , L1
2( (‘raya 2)7 (x7y7 Z)7 (x7y7z)> _ eT U — KQ(SU,y, z)eﬁfﬂ,
Hy(z,y, 2) xe1yc2

are also two independent first integrals of (4.63]).
Since, we have the change of coordinates X = re¥ and Y = ye¥, then X =
2% e, Y8 = yP eP¥. Therefore, % = e*FY is analytic. Hence, K; should be

analytic, and it is of the following form

K =m%s%r =1+ o(z,y,2). (4.77)
Also, we see that
X€1 Y€2 _ 661@+€2w
$51y62 )

then K5 is analytic as well, and it is of the following form

Ky =ms? =1+ o(z,y, 2). (4.78)
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4.2.  Orbitally normalizable system

Putting

U uw u msr

msr—1 __ (1to(z,y,2)—1)
msr  14+o(z,y,2)

where 1+ o(z,y,2) =
If g(x,y, 2) is analytic, then Kye9®¥?) is analytic. Therefore, by taking the
logarithm of Hs in , we obtain a meromorphic first integral of the system
(4.63). However, the system is non-integrable because of existence of reso-
nant term. This implies that any meromorphic first integral of is trivial.

Moreover, by taking logarithm of g—z, we give

1, 1 1 1
e1logm + ez log s + —( —1) = — [ u(e;logm + exlog s) + -1
u msr u msr
h(zx,y,2)
= —
where iL(O) = 0. This implies that W is also a first integral of the system. We

assume that there is a term in ﬁ(m, y,z) which is not divisible by u. Then, we

have

B(a:, Y, 2)

u

xX( ) =0,

where x is the vector field corresponding to the system (4.63)). This gives that

X(h(l‘, Y, Z)) = (Lac + Ly + Lz) B(I7 Y, Z),
where L, L, and L, are cofactors for the system (4.63). By simplifying, we obtain
x(h(z,y,2)) = A+ Xau+p+ (pa+ b u+v+ (va+ c)u) h(z,y, 2) hz,y, z)

= (b+c)uh(z,y,2) h(z,y, 2).
(4.80)

Let msr =1+ k(z,y,z), then =250 = 1;’2%1% We see that
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4.2.  Orbitally normalizable system

X €T _kx
x(h) = (yz(61 logm + eglog s) + u(elm + €25 )+

s T (L+k)?
€9 S —k

) 2 ) ek Gt D
€11, €2 S,

k.
+ (xy(el logm + ez log s) + u( - + . )+ i k)2> z(v+ (va + c)u)h.

) 2 (A + Aaw)h

€11y,

+ ([L’Z(él logm + €3 1log s) + u( p- +

(4.81)

It must have that % divisible by z. We see that

—kyyﬂ—kzZV _ _uyf{—VZfﬁﬂfo(x,y,Z)
(1+ k)? (1+k)? ’

which gives that —uy fi — vz f5 = 0. And then (I;kl:)Q should be divisible by yz,
7]{7,!’/

qETAE should be divisible by xz and ( 11’“]5)2 should be divisible by xy. Therefore,

we must have a function of the following

(1‘+k;)2 = ye(ha(z,y,2)),
(1:—/€ly€)2 — xz(kjg(l‘, Y, Z)),

(1 T k’)Z - l'y(kfg(l’,y,Z)),

where ki ks, k3(0) = 0, by integrating, gives

(1:_1k) — .Z'yZ(];l(l',y’ z)) + f1<y’ Z),
(1_+1k) = ayz(ka(z,y,2)) + folw, 2),
-1 ~

(1 + k) = myz(k;g(x,y,z)) + f3(y7 Z);

where k1, ks, /;:3(0) = 0, which gives that
xyz(l%l(x,y, Z)) + fl(ya Z) - iL’yZ(INCQ(Z',y, Z)) - f2($a Z) = 07
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4.2.  Orbitally normalizable system

yields
wyz(kra(@,y,2)) + fi(y, 2) — folw,2) = 0,

where 123172(0) = 0, it must have fi(y, z) — fa(x, z) divisible by yz, then we have one
possibility, is that, fi(y, z) = fa(z, 2), In the same way of other cases, we obtain

f1, f2, f3 = 0. Thus we should have

T = e 2)

where l:c(O) = 0. Since, we have msr = 1 + k(z,y, z) this gives

1

— —zyz(k
— ryz(k(z,y, 2)),

this implies that iz(x, y, z) should be divisible by u, and hence e9®¥2) is analytic.

We note that (4.68) and (4.63)) give

i = (b4 c)uh(z,y,2), U= (b+c)U>

From (4.79)) (g(x,y,2) = —% + %) via the above vector fields with the change of
coordinates (4.74]), the power series g(z,y, z) should satisfies
(b+c)U*  (b+c)u*h(z,y,z2)

i= " - > = (b+c)(1—h). (4.82)

Here, by using the orbitally normalizable system (4.63]), we have

0 0 0

g= S —gy + 295
ox oy 0z (4.83)
dg dg .

= 9. (A + Aau)h + g—z y(u+ (pa 4+ b)u)h + 9, 2(v + (va+ c)u)h .
We see that
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4.2.  Orbitally normalizable system

@dy + @dz) A Q
Yy 2

c@AQZ(@%x+ 5

dr— 0 (4.84)

_ 9 99 99
= &C:U()\—ir)\au)—l— 8yy(u+(ua+b)u)+ 8Zz(u—l—(ya—l—c)u),

then, directly we obtain

(c+b)(1 —h)'

g
dgnQ =19 —
g h h

Therefore, the above form is equivalent to (4.72). Hence, there is a germ g(z,y, 2)
to normalize the system.

Conversely, if there exists a germ, g(z,y, z), satisfies equation then we
want to show that the system is formally normalizable.

To achieve this, we want to find the values of m, s and r in the change of

coordinates (4.74). To motivate the construction, we set K1 = Ky = 1 in the
equations (4.77) and (4.78)), respectively. Then, equation (4.77)) gives

m®sPr =1, (4.85)

and equation (4.76|) gives
m61852 eg(l':y’z) — 1 (486)

Relation (4.78) gives ug(z,y,z) = 1 — - this implies that
msr = (1 —ug(x,y,z))_l. (487>
From (4.85) we have

r = m_ag_'B‘ (488)

113



4.2.  Orbitally normalizable system

We substitute (4.88)) into (4.87)) to give

m!' s = (1 —ug(z,y,2)) ",

this gives

B—1 —1

m = si—a (1 —ug(z,y, z))Ta. (4.89)

Putting (4.89) into (4.86) (m s = e~9@¥2)) which allows to find s, we see that

(B*l)C €
s Tma T — (1 —ug(z, vy, z))ﬁ e 9@Y2)

which gives

€1 _ 11—«
s = (1 — ug(:z;, Y, Z))el(ﬁfl%reg(lfa) e (B Dtegl—a) g(x’y’z).

And, putting this in (4.89)), this allows us to find m, which is

=)
-

l—« -1

(1 - uQ(x7y>z)>m>

€1 _ -«
m = <(1 —ug(z,y, 2))TF-DHal=2) ¢~ aG-Dal-a W*’v”)

which simplifies to

—€2 _ B—1
m = (1 —ug(x,y, z)) 1E-DF20-a) ¢~ aB-DFel-a) 9(@y,2)

Substituting m and s in (4.88]), directly we obtain

aeg—e1 B

r= (1 - ug(a,y, 2) TP B0 ¢t

ﬂ7
3,1)+?2(1,a) g(z,y,2)
)

thus we directly obtain the change of coordinates (4.74)) of the following
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4.8. Using monodromy map

—€2 _ B—1
X =X (1 — ug(x’ 1Y, z))sl(,@—l)+52(1—a) e c1(B—1)+ea(l-a) g(w,y,z),

€1 _ 11—«
Y = Y (1 — ug(x7 Y, Z))61(6—1)+62(1—a) e c1(B—1)tea(1-a) g(ac,y,z)’

aeg—e1 B B—a g(x y Z)
7 =z (1 — ug(x)y’ z))€1(l3—1)+62(1—a) ec1(B—T)+ea(1-a) )

4.3 Using monodromy map
In this section, we introduce the monodromy map in the neighbourhood of the

x-separatrix for the reduced normal form (4.7)) with b,¢, b+ ¢ # 0

bu ) . on cu
2=z(v
14+au’ l+au

),

=Xz, y=y(p+

by using the following two independent first integrals

1
gD(l’,y, Z) = wayﬁza ¢(9€,y, Z) = QC_yZ + € Inz + €2 1ny7

B =3¢ and ¢ = lwbllord o) — k) - Phig will then be

cu=by

where a = %=,

related to the corresponding normal form for two-dimensional maps.

To find the monodromy map we need to consider the trajectory of the system
near a closed loop in the neighbourhood of the z-separatrix. To achieve this, we
take a transversal to the z-separatrix at every point of the loop and we look at
the trajectories which are close to the loop, and hence intersects the trajectory.

Monodromy does not depend up to conjugation on the homotopy class of the
loop if the base point is fixed, and hence a closed loop can be chosen to be of
the form zy = z¢e?, 0 € [0,2n] which starts at a base point (z9,0,0) on the
T-separatrix.

We extract z from the first integral ¢(z,y,2) = k; at the starting point
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4.8. Using monodromy map

(20, Yo, 20) where k; is constant to obtain
(p(l', Y, Z) = xayﬁz = 2= klfL’_a y_ﬂ, (490)

When =z = 7y and y = yp, then k; = 2z yg . Therefore, we substitute equation

(4.90) into the second first integral (¢(z,y, z) = ko) to obtain

i xa_l

k Pl e Inz+ e Iny = ky. (4.91)
1

Y

Secondly, we can substitute a power series yg = .-, ¢;(6)y; into equation (4.91)

which gives

1
1

| | | .
21#9)0(71 21#0) + e Inyy = _nglyg ! +elnzy + eaInyp,

yo ' 4 e In(zge
K

(xge
this implies that
— Ty NPT 1) 6 200 + €5 In(yg — o) = 0.

Since ko = 273 Y, this yields

1 _ ; .
ﬁxa‘“_l yr (0 1) € 200 + €3 In(yg — yo) = 0,
“0To Yo

by simplifying gives

1

Tolo 20 ((Cl + coyo + - - )5*162”9(&*1) — 1) + 612i7T9 + €9 In (Cl + Coyg + - ) — 07

we consider the Taylor expansion to obtain
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4.8. Using monodromy map

B—1,2ir 0 (a—1) __ 1 B—1 24w 0 (a—1)
c e c coe . €9C
! L +eln(e)+2imln,) + (==
Lo Yo o C1To 20 2¢q
B—1 2 . o 2im 0 (a—1)
c 2c3c1 + ¢ 2 e
L@ et e (3-2) (- Yot =0,
C1°2o%0

Since, we have the value of «, 3, €; and €5, then by solving term by term for each

term in yo with respect to the coefficient ¢; in 3y, we obtain

.

= 627271'0%’
Cy = 2i7;\9bx0z0,
3 = _297rb(ia>\+>\227rb9+7r09) (33020)2,
\ 7
which gives
iro 2im0b 20mb(iaA+27b0+7ch
Yo = Yo 62 o5 (1 + h\ ToYoRo — ( 2 ) (x0y020>2 + .. )

Thus the monodromy map of y-coordinate is given by a map y; (6 = 1) which is
of the form

2imb 20mb(ia\+27b+7e)

y1=1yoe” "N (14 ToZoYo — 2

(Toyoz0)” + -+ ),
(4.92)

where ¢; are functions of the parameters a, b and c.
Next, we assume that the monodromy map of z-coordinate is given by substituting
the power series zp = e%™9% 25(1 + g(x0, Yo, 20,0)) with equation (4.91)) into the

first integral to obtain

24w 6 p

k= (e 20)*(yoe™ x (1+cayo +---))2 e % 20(1 4 g(z0, 90, 20, 6)),

this implies that
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4.8. Using monodromy map

20" yo” 20 = x3y§ (I+coyo +--- )B z0(1 + g(xo, Yo, 20)) im0 o IR im0k 5
letting k + a + B/\—“ =0, then k = —b’\ﬂ;# +5= —)‘%” = %, this gives
(1+coyo +---)° (1 + g(x0, yo, 20,0)) = 1,
which simplifies to give
9(x0, Y0, 20,0) = (L +coyo +---) 7 = 1.
We consider the Taylor expansion to obtain
2imlc 2cm @ (iaN+ 76 (b+2¢))

9(z0, Y0, 20,0) = \ (xoYoz0) — (37031020)2 + o

22
Therefore, we have the monodromy map in z-coordinate which is given by a map
z1 of the following

—2imc 2cm (iaX +7 (b+2¢))

— 2i7r§ 1 -
1= e zo(1+ — = (woy020) e

(Zoyoz0)” + ).

Thus, we obtain the 2D map corresponding to the RNFS (4.7 of the following
T = 62i7r Zo,

" 24mbh 2w b (taA 2b
y1:62mxyo(1+ i v — b (ia +7T( +C))ug+---), (4'93)

A A2
v 21 2 A b+2
21 = e X z(1 + chuo— cr (ia +)\72T( i C))ug+...)’

where ug = xg2pyp is the resonant monomial. Moreover, each the resonant coef-
ficient of this map is a polynomial of the parameters a,b and c¢. Hence, we can

read off the terms of the normal form (4.7) from the monodromy map (4.93)).
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As a consequence, from the above technique we see the relation between the
reduced normal form for system and the monodromy map which also gives the
map in normal form.

We started with an orbital normalizable system, and then the monodromy

map is clearly a normalizable map, so we can state the following theorem.

Proposition 7. If the system (4.1)) is orbitally normalizable with rank-one reso-

nant eigenvalues, then monodromy map of the any separatrix is normalizable.

In the similar way to the case of vector field, by using a further change of
coordinates we can bring the map (4.93)) into a reduced normal form.
Now, to simplify calculations, we work in the two variables Y and Z. Then

we can rewrite the maps (4.93)) in the following form

F = fiyo(1+brug +boud +...), G =iz(l+ crup + coug +...), (4.94)
e = 22, 0, = BE5, by b+ b ) s = hliaber— ). =
v = 2%, and ug = ypzo is the resonant monomial.

Since, we have A + pu + v = 0, then

and hence

[0 = 255 = e2im(-1) = 1

)

showing that the eigenvalues have modulus equal to unity at the origin. Thus, the
map (4.94)) has rank-one resonant eigenvalues, in which we mean that the product

of the eigenvalues have logarithm of one independent linear dependency over Q.
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4.3.1 Reduction of normal form for map

In this section, we seek an invertible change of coordinates (Y, Z) = Q(yo, 20)
to bring the map into a reduced map (Fy,G;) = Q7' o (F,G) o Q only
containing a finite number of resonant terms. Through this way, we only need
the non-zero parameters a, b and ¢ in the RNFS to obtain a reduce map, in
order to make a conclusion about the relation between the reduced normal form

and the normalizable system.

Theorem 17. Assume a, b, ¢ and b+ c are not equal to zero, then by an invertible

change of coordinates we can bring the map (4.94]) into a reduced map

Fy=jy(l+k(w), Giy=0z(1+k(u)), (4.95)

where k1 = by ug + by u%, ko = crug + ¢ u% and by, by cq, ¢y are the same as the

original map (4.94)).

Proof. We seek an analytic change of coordinates in the following

Q:(y,2) > (Y, Z2)=(y e¢(“),ze¢(“)), (4.96)

where ¢(u) = fiu+ fou®> + -+, Y(u) = gyu + gou? + - - -, to bring the map (4.94))
into the reduced map (4.95)). To achieve this, we only need to prove that

Q_l o} (F, G) O Q = (Fl,Gl),

has an analytic solution. The above equation implies that

(F(€), G()) = Q(F1, Gy),
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4.8. Using monodromy map

this yields,

(F(Y,2),G(Y, 2)) = (Y(F1,Gh), Z(Fr, Gh)),

we expand out the above equation to obtain
F(Y,Z)=Y(F,G,) =0, and G(Y,Z)— Z(F,G,) =0. (4.97)

We consider the Taylor expansion and By substitute equations (4.94)), (4.95)) and
(4.96) into (4.97)) to obtain

F(Y,Z) =Y (F,Gy) = iY (1 +0,YZ 4 ) — fiy(1 + byu + byu?) (e?F1))
= fye?(1+ blueww + by uZe2letd) 4oL ).
(4.98)
This implies that
[y (1+(b1+f1)u+(b§+f2— (a— % —2h —91)51)U2+-~>
—ﬁy<1+(f1+b1)u+(b12—|—(2f1 —a+%)b1+f2+clf1)u2+...> —0.

By the same way, we obtain

GY,Z) - Z(F,G) = Y1+ YZ +--) —vz(1+ cju+ cpu?) (e?F10))

- b
=vz(1+(ca+g)ut+(E+g—(a—fi—2g — El)cl)qﬂ

o)
(4.99)

This implies that

- b
VZ(1‘}‘(614‘91)%4‘(0%4‘92—(a—fl—zgl—51)01)71124—...)

. b
—VZ(1+(91+01)U+(012+(291—a+§1)01+92+5191)u2+---> = 0.
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4.8. Using monodromy map

Since we have i = 1, and simplifying (4.98) and (4.99), this gives

fix((bigr — cifi)u® — (fibia + 2 gibia — ficia — 2 giby® + 2 by ficr — gibie

— b1 fi? = 2byfigr + fier® + by fo — bigs + 2 facr — b3)ud +

and

vz(bigr — fic)u® — (biagy — 2ciafy — cragy — bi*gr + bicifi — 2bicigr + 2¢1% fi

+2c1fig1 + c1g1® — 2b1ga + fact — 192 + cz)ud + - = 0.

(4.101)
It is clear that each resonant coefficient contains at least one coefficient of the

power series ¢ = fiu + fou®? +--- and ¥ = gyu + gau?® + - - -, respectively. Then,

the coefficients f; and g; are determined by solving of term by term, we have
(big1 — e1fr) =0,

(flbla —+ 291[)1@ — flClCL — 291[)12 + 2 blflcl — 91b101 — blf12 — 2 blflgl
+ fie1® + b1 fo — bigs + 2 foc) — bs) = 0,

(4.102)
(5191 - f101) =0,

(b1a91 — QCl(lfl — ci1agy — b12gl + b101f1 — 2 b10191 —|— 2012f1 —|— 201f191
4 c191% — 2b1go + fac1 — C1g0 + c3) =0,

this gives
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4.8. Using monodromy map

fi = big1
1 c1 ?
f _ (2b3+cs)batbser _ giab + 912(2b1+c1)b1
2 2(bl+cl)2 c1 2c12 ’
9
g1 = 91,
_ (b3+2c3)catbics g12(b1+2¢c1)
92 = 2(b1+c1)” gra+ 2¢1 ’

\

In more detail, we want to show that each equation and has a
solution for each individual term of the power series ¥(u) and ¢(u). Firstly,
we consider the Taylor expansion on , and then the coefficient for each
individual term in u gives an equation with respect to f;. Thus, can be
determined term by term. For example, if we choose a coefficient of the term u*,
we see that we have an equation of f; with f; for ¢ = 1,2,--- /k — 1, and then
we solve this term in u* with respect to fi,. Therefore, we can continue to solve
other term has a lower degree than u*, and so on we find all f; in equation (4.100)).
Moreover, we substitute f; in and consider the Taylor expansion to find

g; in the each individual term in u* by the same way. Then, equation (4.101)

is solvable. Consequently, by using the power series below with the change of

coordinates ([4.96))

b 2bs + ¢3) by + bsc ab 2(2by+c1)b
:(1_91)u+( 3 3)1231_91 1+g1( 121)1)u2+---,
1 2(by + 1) & 2¢,
(bs +2c3) c1 + bics g2 (b +2c1), o
= giu+ —gra+ T
¢ g ( 2 (bl —+ 61)2 o 201 )
the two polynomial maps (4.94)) and (4.95)) are formally conjugated. O
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4.4. Summary for C’h,apterm

4.4 Summary for Chapter

We have started with an orbital normalizable system with rank-one resonant eigen-
values which satisfies the condition A\ + ¢ + v = 0 which is one in the following

form

F=Ar+ Y Puw,y.2), =my+ Y Qulr.y.2), i=vz+)> Ru(z,y,2)

n>2 n>2 n>2

By an invertible change of coordinated (X,Y, Z) = (z,v, z), we bring the above

system to the following normal form

X=X+ auh), Y=Yu+) buh), Z=Zv+) qu),

k>1 E>1 E>1

where u = XY Z is the resonant monomial. After dividing the above system by
1+ % 2@1 apu®, without loss of generality, and to simplify calculations, we have
had the following form

E=Xr, g=ylp+d but), i=zv+ ) qub),

k>1 k>1

where u = xyz is the resonant monomial. We only considered the generic case, in

which we assume that by, ¢, b1 + ¢; # 0. By using a further change of coordinates

(m,Y, Z) _ (Lyew(u)’ Zew(w),

we could bring the above system into the reduced normal form

bU
1+aU

cU
1+ aU

i=X\z, Y=Y (u+ ), Z=Z+ ).
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4.4. Summary for C’hapterm

where U = 2V Z, and ¢(u) = 3o, fiu?, ¥(u) = 37,5, gju/. The above reduced

normal form has the following first integrals
av/ B 1
H1<£L',}/,Z):.T Y Z, H2:ﬁ+61 1n£L‘+62 InY.

Furthermore, we have introduced the monodromy map in the neighbourhood of
the one of the separatrices (we choose x-separatrix) by using the above first in-
tegrals to obtain formal normal form for 2D maps which is one in the following

form

i 24mb 2w b (laA+ 7 (2b+c
Y1 = T Nyo(1 4 U0 ( )\2< ))ugju...)’
. 21 2 a\ b+ 2
e z;\rcuo_ cer (ia —i—)\;r( + C))ug—l—---),

where uy = xg20yo is the resonant monomial.

The above map is determined by the three invariant parameters a, b and c
which appear in the reduced normal form for the system.

In the same way to the case of vector fields, by an invertible change of coordi-

nates we could also reduce formally the above map into a reduced map

2imh 21 b (iaX + 7 (2b + ¢))
b\ ug — /\2 u%)’
N —2)@\'7rc ot 2¢rm (iaX +>\72T (b+2c)) L2),

which only contains the three invariant parameters a, b and ¢, and ug = zg2pyp is
the resonant monomial. We can read off the terms of the reduced normal form for
the system from the reduced map. In which we mean that in three dimensional
system there is a relationship between the reduced normal form for the system

and the reduced map.
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4.4. Summary for C’hapterm

We conclude this chapter by suggesting possible work in this area.

e Extend Theorem [17] to show analytical equivalence for a suitable choice of

reduced normal form for map.

e Investigate the formal monodromy maps in the other cases of reduced normal

forms in Theorem
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Chapter 5

Rank-Two Resonant Singularity

in Three Dimensions

5.1 Introduction

In this chapter, we consider the 3D generalised Lotka-Volterra system (1.2)) with

resonant eigenvalues (A : u : v) as

rT=ux (A + Z ai,j,kxiyjzk) =T (/\ + P(Imyu Z))7

i+j+k=n
n>2

g=ylp+ Y bigsr'y’2) =y (u+ Qx,y,2)), (5.1)

i+j+k=n
n>2

s=2w+ Y cgaaiyi?) = 2 (v + Rlx,y, 2)),

i+j+k=n
n>2

where P,Q, R € Clz,v, z].
We are interested in studying the integrability of the origin when the singular
point of the system (5.1)) has rank-two resonant eigenvalues A,  and v which

lie in the Siegel domain. After a possible scaling of time, we can suppose that
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5.1. Introduction

A\, v € ZN\ {0} and g.c.d.(\, p,v) = 1, and that the eigenvalues must not all
have the same sign. Without loss of generality, we can take A\,v > 0 and p < 0.

To show this, we take two different linear dependencies of the eigenvalues

aX+bpu+cv=0, dX+bpu+dv=0,
and solve the above equations simultaneously to obtain
pulab —a'b) +v(ad —ca’) =0,
setting ab/ —a’'b =k; and acd — cd’ = ko, yields

/Lkl—Fl/kQ:O,

where ki, ko € Z\{0}. If one of them is equal to zero, then one of the eigenvalues is
also equal to zero which contradicts the assumption that the eigenvalues are non-
zero. Also, if both k; and ks are equal to zero, then the two linear dependencies
are not independent which is also a contradiction. Therefore,

14 ]’Cl

—=-—c @7

o ko
and in the same way, we obtain % € Q. Thus after a possible scaling of time we
can assume that A, u, v € Z\ {0}.

In the following theorem, we prove that the normal form of the system (/5.1])

with rank-two resonant eigenvalues can be generated by two independent resonant

monomials under some conditions.

Theorem 18. Suppose that the system (5.1)) is normalizable at the origin with

rank-two resonant eigenvalues C' = (A, i, v), A, u,v € Z \ {0}, such that one of
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5.1. Introduction

the following holds

1. If 4 = —1, then any resonant monomial u in normal form can be expressed

as

uP = 2"yt = (xy")*(y"2)?  where a, € Zsy.

2. If A\ = —np (or, v = —np) for n € N, then any resonant monomial u in

normal form can be expressed as

uP = 2"yt = (zy™)*(y’z ")’ where a, B € Zso.

or

uP = 2"yt = (a7 M) (y2")?  where a, B € Zso.

That is, there are two monomials X* = z%2¢ and X7 = 2¥y" 2¢ such that all
other terms can be constructed in the normal form from these. If the following

condition holds
3. A+ pu+v=0.

Then, any resonant monomial « in normal form can be expressed as

u=x"y’2 = (zyx)*(yz"’, «,B e

Proof. We bring the system ([5.1)) to the normal form

X =X\\+P(X,Y,2)),
Y =Y(u+QX,Y,2)), (5.2)

7 =Zv+R(X,Y,2Z)),
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5.1. Introduction

where P, @, R € C[X,Y, Z] only contain the resonant monomials. Let

M ={D=(r,s,t)€Z’:D-C =0},

Now, we want to choose A and B with respect the eigenvalues A\, ;1 and v of the

following.

1. If p = —1, we can choose A = (1,A,0) and B = (0,v,1). Then, for any

D = (r,s,t) € M we have,

rA+ (=1)s+tv =0,

this implies that s = rA + tv, we see that

D = (r,s,8) = (r,rA + t0,1) = a(1, A, 0) + B(0,,1)

= (o, A + B, B),

this gives

D= (r,s,t)=rA+1tB.

Hence, any resonant monomial is of this form

2. If A = —nu, we can choose A = (1,n,0) and B = (0,v, —pu) such that

ged(p,v) = 1. Then, any D = (r,s,t) € M we have

r(—np) + sp+tv =0,

this implies that
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Introduction

p(—=rn+s)+tv=0.

Since, p is not divisible by v, then it should be divisible by ¢. Let ¢ = uft,

since t > 0 and g < 0, then £ < 0. From the above equation, we obtain
p(—rn+s+tv) =0,
this gives s = rn — v, and we see that
D = (r,s,t) = (r,rn —tv,ut) = a(l,n,0) + B(0,v, —p)

this gives

D= (r,s,t)=rA—1B.

Hence, any resonant monomial in the normal form is of this form

w=a"ys = () () = (0 ()

I AN+ pu+ v =0, we can choose A = (1,1,1) and B = (0, v, —p) such that

gcd(p,v) = 1. Then, for any D = (r,s,t) € M, we have

rA+sp+tv=0.

Let,

rA+ru+rv =0.

We subtract the last two equations to obtain

(s —r)u+(t—r)v=0.
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5.1. Introduction

Since, ged(p, v) = 1, then we should have

(s—r)=kv, and (t —r)=—ku, forke€Z,

this implies that

s=r+kv, and t=r—kpu,

Now, for any D = (r,s,t) € M, we can express it as the following

D= (r,s,t) = (r,r +kv,r = kp) = (1, 1,1) + 50, v, —p),

this gives

D=(rst)=rA—kB.

Hence, any resonant monomial is of this form

w=a"y = () () = () ()

Consequently, the system (5.2)) directly becomes

X=XM\+h(v,7), Y=Y (u+ho(v,v)), Z=2Z(+hs(v,v)),

where h; € Clv,v'] for i = 1,2,3, and v,v’ are resonant monomials as defined

above. O

At this moment, we are unable to prove that —k € Z>.
In the following example, we show that we can not choose any A, B € Z such
that O(,ﬂ € ZZO'

For example consider the case C'= (3 : —4 : 1)-resonance. Then, the normal
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5.1. Introduction

form corresponding to the this case is in the form

&= 2(3 4+ ayxyz + agy'at +asxiy? 4+ -),
9= y(—4+biryz + boy'a + bga'y’ + ), (5.3)

2=z(1+caryz + coy'at + carty - ).

If we choose A = (1,1,1) and B = (0,1,4). Clearly, the vectors A and B are

linearly independent. Let D = (5,4, 1), we see that (5,4,1) - (3,—4,1) =0, and
(5,4,1) = a(1,1,1) + (0,1, 4),

we get o =5, 8 = —1 € Z, which contradicts with the values of o, 8 € Z>,.

Given the eigenvalues A, 1 and v satisfies the first two conditions in Theorem

, then we can rewrite the system (|5.2)) of the form

#=a(A+ Y Pu(u,0)) =z(A+ P(u,v)),

g =y + Y Qnlu,v) = y(u+ Qu,v)), (5.4)
f=2(v+ Y Ru(u,v)) = 2(v + R(u,v)),

where P,Q, R € Clu,v], u = X* = 2%2° and v = XP = 29y”2¢, as shown in

Theorem Taking the derivative on v and v, respectively, we get

i=u()_ Hy(u,0)) =u(Hu,v), o=0v0 K(uv))=(K(u,v)),

n>1 n>1

where H(u,v), K(u,v) € Clu,v] which depend on the eigenvalues. By which we
mean that we can reduce the 3D system into 2D system.

However, the normal form ([5.4)) still contains an infinite number of resonant
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5.2.  Integrability of the cubic polynomial systems in 3D

monomials. We tried to find finite reduced normal form, but we could not find
a suitable form associating to the system (5.4)) at the moment. This situation
is therefore much more complex than the rank-one case and so we simplify the
investigation by truncating the 3D system to a 3D homogeneous cubic system as
a first step to understanding the general case.

Here, we study the integrability and normalizability for the cubic system with
(1, —1, 1)-resonant eigenvalues. By using the Darboux method we can find a first
integral to the cubic polynomial system. In order to find another first integral
which is independent from the first one, we then extract one variable from the
first integral to reduce the cubic system from 3D into 2D, then a second first

integral can be found for the reduced system.

5.2 Integrability of the cubic polynomial systems

in 3D

We firstly consider the 3D system:

r=x+ E ai,j,kajlyjz :x—l—P(x,y, 2)7
i+j+k=n
n>2

g=—y+ > bty =—y+Qz,y.2), (5.5)

z=z+ Z Ci,]}kl'iyjzk =Z+ R(I’,y, 2)7

i+j+k=n
n>2

where P, Q, R € C[z,y, z] without linear term.
We suppose the above system is normalizable at the origin, then there is an
invertible change of coordinates, which transforms the system ({5.5)) into the fol-

lowing normal form
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5.2.  Integrability of the cubic polynomial systems in 3D

&=+ a2y + asxyz + agyz® + - -,
= —y 4+ bixy® + byt + -,
5= 24 cayz + eyt 4+ csriy 4o
Now, we are going to consider the cubic terms in the normal form, by which we

mean that we will truncate the above system to the terms which have the power

three. Therefore, we consider the system

i =z + a2’y + asryz + asys,
=~y +bry® + bay’z, (5.6)

3= 24 qayz + oy + c3x’y.

Now, we want to use an analytic change of coordinates in order to remove some res-
onant monomials. System (5.6)) has the same eigenvalues for both z, z-coordinates,

then we can use the following analytic linear change of coordinates

T=dx+fz, Z=gx+hz, (5.7)

where d, f,g,h € R\ {0} such that dg — fh # 0. The inverse transformation is

hi—f7  —gi+dz

We first take the derivative of equation ([5.7)), and substitute equation (5.8) into

the system ([5.6)) to obtain

T =0+ a3y + asiyZ + asys,
J = —y+ b7y’ + boy’z, (5.9)

2= F 4 B1EYE + G B2y + 332,
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5.2.  Integrability of the cubic polynomial systems in 3D

where
iy = ((—azgh + a1h? + a3g®) d + f (g°ca — crgh + c3h?))
(dh — gf)? ’
o _ ((cdaaf + arf? + asd®) g + h (dPey — ferd + csf))
2 (dh — gf)? |
o (hby — gba) b — (bod — b1 f)
S ah e BT g
iy — ((agh — 2gaz) d* + f ((ay — 2¢2) g+ h(day — 2¢1)) d + f*(ger — 2 hes))
(dh — gf)* ’
& — ((aof — 2daz) g*> + h((ag —2¢y) d + f (4ay — 2c1)) g + B* (e1d — 2c3f))
(dh — gf)? '
iy = (asd® — f (as — 02()CZC;L2jgf;)(2a1 —c)d+ c3f3)’ (5.10)
Gy = (a3g3 — h(ag — CQ()dfjgh;)(Qal —c)g+ Cshg)' (5.11)

We see that the equations and are cubic homogeneous polynomials
of the variables d, f and g, h, respectively, with the same coefficients. To remove
these resonant monomials, we can only choose two different solutions of the equa-
tion or .

To simplify calculations, let as = ay — 3 # 0 and a; = a1 — ¢; # 0 to get

CL3d3 _fdeQ +f2d&1 +03f3 - (d—l—pf)3

as =

(dh — gf)’ ~ dh—gf "’

azg® —hgPas+h*gar+csh®  (h4pg)?

C3 — 5 = — .
(dh - gf) dh —gf

We have the following solutions of the equation ([5.10))

P 2 (CAL% -3 dg Cg) &1

1 :6C3+ CgP +3037
P &%—3&203 dl \/3 P 2(&%—3&203)
pra=— s — SO Y )
2C3 363P 303 2 6C3 303P

ages?—a; (22—9a2 c5))’—4 (a2—3 a2 c3)3 ~ on .
WhereP:4((27 et (2] 102323)) RS )2 — 108 agcs? + 4ay (262 — aycs).
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5.2.  Integrability of the cubic polynomial systems in 3D

If we choose p; and ps, we then directly get az = ¢3 = 0. Thus, by using the
linear transformation ([5.7)), the system ([5.9) becomes the following form

=71+ ady+aswz), §=y(—1+bdy+bys), z=2(1+Ty+ & 5y),

To simplify calculations, we can rewrite the above system of the following form

t=x(14+ a1zy + ayz), y=y(—1+bzy+byz), 2Z=z(1+crxy+ cayz).
(5.12)

Theorem 19. System ([5.6)) with rank-two resonant eigenvalues has two explicit

independent first integrals given in terms of hypergeometric functions.

Proof. We start at the system ([5.6). By an analytic linear change of coordinates

(5.7) we can bring the system ([5.6] to the system ([5.12]).
The system ([5.12)) has the following Darboux factors and cofactors

G1<$,y,2):$, Kl(xvyvz):1+alxy+a2yza
G2<$7yaz):y7 K2($7y72)2—1+51$y+b2yz>
G;;(x,y,z) =z, K3(x7y7z):1+clxy+c2zy7

K - -
iIZ’(CLl —Cl)’ 4(1‘,?/, Z) yZ(C2 a2)7

Then, we get the following generalized Darboux first integral

o=y (1 + ki)o‘, (5.13)
T

where o = @btaice—abicaseithieaber ¢ — wth g | = 2= gych that ay — ¢y #
(a2—c2)(a1—c1) ? a;—ci1 a;—cy’ 2 2

0 and a; — ¢ # 0.

137



5.2.  Integrability of the cubic polynomial systems in 3D

We extract the variable z from equation (5.13), and let w = = to obtain

r=F(y,w )=y w (1+kw)™, (5.14)

We take the derivative on w = £, and after substituting the above equation, the

system (5.12)) becomes
. . 9, 1
w=zyw(c; —a)(1 +kw), y=uxy (—x—y—l—lerbgw),

dlv1d1ng by m, gives

u,) _ Cl - al y _ _we_l (kw + 1)01—1 + wa + bl ) (515>
Yy 7 w (kw+1)

The above system has the following first integral

(w,y) = (c1 —ay) In(y) — by In (w) + (by — b—;) In (kw + 1)

+ (e) wSF (6, —a + 1; 1 + 6 —kw),

where 5 F7 is the hypergeometric function

- If a1 = ¢;. Using the Darboux method with the exponential factor, the
system(j5.12)) has first integrals of the form

—_a kz
o= x1+ayz AT — CL,ywaekw’

where a@ = @+ and k = 2 guch that ¢o —as # 0, and w = £. In
ca—as co—as’ ) z

the same way, by taking the derivative on w = 2, and substituting z =

oy fw e " the system (5.12)) becomes

W= (ag — co)pw e ™ = (by + bow™" — pw®e)kw.
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5.2.  Integrability of the cubic polynomial systems in 3D

We can directly have another first integral of the following

= (ag — c2) In(y) — l)1E — by ln(f) + o kT ek
2 2 (5.16)

— o 'k (0)* 1 Fi(a; a + 1; kw).

- If as = ¢y, then the system ((5.12) has two first integrals of the form

— kz
© :Qfl ayzaew7

Y= (c1 —ar)ln(y) — b 111(%) — by g + o o w® (—kw)* 1 Fi (o o+ 1; kw),

where o = @tb o — bFe gych that ¢; — aq # 0.
al1—c1 al—cCc1

- If a1 = ¢; and as = ¢y, then in the same way the system (5.12)) has two first

integrals of the form:

Open Question for Further study:

We introduced the monodromy method in the 3D vector field with rank-one res-
onant eigenvalues by using two independent first integrals. One of these first
integrals contains logarithm terms. System has the two independent first
integrals. One of these first integrals contains the hypergeometric function. This
result clearly needs a further study. For example, can the second first integral
be used to find the monodromy map in this case in order to make some
conclusions about the relation between integrability and normalizability of the

system (|5.12]) with rank-two resonant eigenvalues.
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Chapter 6

Contribution

In the thesis, we address the question of normalizability, integrability and mon-

odromy maps of singularities for the analytic system

T =X\x+ Z P(z,y,2), y=py+ ZQn(x,y, z), Z=vz+ Z R, (z,y,2).
n>2 n>2 n>2
(6.1)

Firstly, we consider rank-one resonant eigenvalues (A, u, ) which satisfy the
condition A + p+ v = 0.

We at first extend a technique which was described by |Aziz and Christopher
(2012) in order to show integrability for 3D vector fields. We then use this new
technique (see Theorem [f) in order to find two independent explicit first integrals
of the system (6.1]).

We also used the normal form method to find the sufficient conditions for
existence of one first integral of a 3D vector field. This is detailed in Section [3.3]
We apply this idea to demonstrate the (formal) sufficiency of the conditions for
the existence of one analytic first integral in |Aziz and Christopher| (2014). In their

paper a number of necessary conditions for the existence of one first integral for 3D

Lotka-Volterra systems was found. The sufficiency of these conditions was left as
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conjectural. We apply our method to show formal sufficiency of these conditions.
Secondly, we consider when the system (/6.1)) is an orbitally normalizable sys-
tem. Then, by an analytic change of coordinates, we can bring the system (6. 1]

to the following normal form after scaling

X=X\+ Zakuk), Y =Y (u+ Zbkuk), Z=27Zv+ chuk),
k>1 k>1 k>1
where v = XY Z is the resonant monomial. Since, we work with orbitally
normalizability, without loss of generality, we can divide the above system by

Flu)=1++ > k1 aruf. Thus, we obtain the system

T=Ax, y= z(u+2bkuk), z= z(y+chuk).

k>1 k>1

We seek a further analytic change of coordinates to bring the system into one of

the following reduced normal forms:

_ . FU)+bU* . —F(U) +cU*
=A Y=Y _— 7 =7
. . cU!
= A Y=uy, Z=7 —
x '1'7 IU/ J <y+1_'_aUl)7

which depend on the first non-zero resonant monomial in the original system,
where u = zyz and U = Y Z. This is detailed in Theorem [§ This idea in the
case of 2D systems was addressed by (Christopher et al.| (2003).

From now on, we only consider the case k = 1 (the generic case). Then, we

have the following reduced normal form

=Xz, Y=Y(u+ ), Z=2Z(+

1+aU
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where U = xY Z. Using the technique in Section , the system ([6.2]) has one

Darboux-analytic first integral and one explicit first integral of the following form
1

Hi(2,Y,Z)=2°Y?Z, Hy(z,Y,Z)=—+e Inz+e InY. (6.3)
u

The more general cases in Theorem 8| also have explicit first integrals, but we do
not obtain a first integral of Darboux-analytic type, so, we have only mentioned
the generic case here.

Thirdly, we have studied different criteria for bringing an orbital normalizable
system to normalizable system. After multiplying the reduced normal form by
1+ aU, and assuming that the system ([6.1]) is orbitally normalizable, then we can

bring the system formally into the following form, now taking account of time

T =xzAN+ Nau)h(z,y, z),
g=yp+(pa+b)u)h(z,y,2),

Z=zw+ va+c)u)h(z,y,z),

where h(z,y,z) is an analytic and h(0,0,0) = 1. This is detailed in Theorem [16]

We showed that the above model is analytically normalizable to the system
i=azAN+XalU), Y=Y+ (pa+tb)U), Z=Zw+ va+c)l),
if and only if there is an analytic series g(x,y, z) vanishing at the origin such that
(b+c)np—dg) NQ2=0.

This idea generalizes a theorem in |Christopher et al.| (2004)).

Furthermore, we introduce the monodromy map in the neighbourhood of the
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x-separatrix for the system (|6.2)) normal for by the two first integrals. To find the
monodromy map, we need to consider the trajectory of the system near a closed

270 at the z-separatrix. To achieve this, we take a transversal to

loop zy = xpe
the x-separatrix at each point of the loop starting at a base point, and we look at
the trajectories which are close to the loop, and hence intersects the trajectory.
We at first extract Z from the first integral H(x,Y,Z) = k; at the start-
ing point (zo, Yo, Zo) (k1 = x§ YoﬁZo), and then we substitute H; and Yy, =

o1 G ! into the second first integra o(x, Y, = ko) to obtain
i>1 0)Y, h dfi 1 (H. Y. Z k b

1 -1y B-1/ 2i76 .
—— Y e — 1)+ e 2t +es In(Yy —Yy) =0.
28 YL 7, o Yo ) te 2 In(¥p = ¥o)

Solving term by term in Y, we obtain

227;0bx0YOZO 207D (ia) —|—/\227rb49+7r09)

Yy = Yo e? ™K (1 + (20YoZ0)2 + - - - ).

Next, we assume that the monodromy map of Z-coordinate is given by substitut-
ing the power series Zy = 29X Zy(1 + g(x0, Yo, Zo,0)) with Yj into first integral

Hy = ky. After considering the Taylor expansion to find g(zo, Yy, Zo, 0), we obtain

2imlc 2¢O (iaA+ 70 (b+2¢
iy - 27 A 70 0 20)

g(x07}/07Z0a9) = (xOYOZO)2+

Then, the monodromy map in Y, Z-coordinate is given by a map Yy—; and Zy_q,

respectively. Hence, we obtain the 2D map in normal form

T = 6217r o,

24 b 27 b (ia\ + 7 (2b+ ¢)) >

Yy = 2" AV (1 + U — v W),
- 21 2 Ja\ b+ 2
7y =¥ X Zy(1 + mcuo— cm (ia +)\72T< i C))ufﬁ—...)’
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where ug = x¢YpZy. This map is the monodromy map corresponding to the system
(6:2). This is detailed in Section [4.3|
In the same way to the case of vector fields, by an invertible change of coordi-

nates, we can bring the monodromy map formally into the finite reduced map

-y 2imb 27 b (ia\ 20
}/1 _ teWXYb(]_ 4 Z;\T Uy — @ (Za —I;\;T( +C)) u(Q)),
7= 701 2@'/7\rcu0 _ 2cm (1A —1—/\7; (b+26)>u3),

where ug = x0YyZy. We can read off the terms of the system from the
above reduced map. Thus, we can relate the reduced map and the corresponding
system. In the case of 2D vector fields, this idea was addressed by |Christopher
and Rousseau| (2004).

Finally, we consider the case of rank-two resonant eigenvalues (\, u, v) for the

system

F=a(A+ Y Pal,9,2), 9=y(u+ > Qulw,y,2)), 2 =2(v+>_ Rulz,y,2)).

n>1 n>1 n>1

After a possible scaling of time, we assume that A\, u, v € Z, and g.c.d(\, u,v) = 1.
We proved that if the eigenvalues of the above system with rank-two resonance

satisfy one of the following conditions

p=-1, A=—-np(v=-np)neN, or A\+pu+v=0,

then the normal form for the system can be generated by two independent reso-
nant monomials. The following normal form corresponding to the above system

is therefore
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i=aA+ ) Puuv)), g=ylu+) Qu(uw), z=z(v+) Ri(uv)),

n>1 n>1 n>1
where P,, Qy, R, € Clu,v]. This details are given in Theorem .

We have tried to find a finite reduced normal form for the above system, but
we could not at the moment. Thus, we have simplified our investigation by only
considering the case (1, —1, 1)-resonant eigenvalues, and truncating the normal to

terms which have the power three or less. Thus, we consider the following system

i =7+ a7’y + agryz + azy?,

U= —y + biry® + bay’z,

5= 2+ crwyz + o2’y + c3xy.
The above system has two explicit first integrals of the following form

kz
Py, 2) = yal 2 1+ )

and

Y(z,y,2) =(c1 —a1)In(y) — by In (g) + (by — %2) In (% + 1>

—kz

),

where 5[} is the hypergeometric function. This is detailed in Theorem [19]

ZE
+ (ﬂP)_lE oFi(e,—a+1; 1+ ¢

The application of the monodromy in this case using hypergeometric function
in 3D vector field is much harder than the case of rank-one resonance. We have

left this problem as an interesting topic for further investigation.
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