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Fig. 1. Overall description of system setup. At the h-th coding stage, the incoming T innovative packets yﬁfl’(h) (1 <m <T) are combined based on RLNC and
K outgoing packets are generated. If T innovative packets are not available for the decoder at the moment of decoding (i.e., K, <T), the proposed
approximate decoding is deployed with side information », which is delivered from the encoder. These are discussed in Sections 2.2 and 2.3, respectively.

While several advantages can be obtained by deploying
network coding techniques for information delivery, it has
a significant drawback in practice, which is also known as
all-or-nothing problem, i.e., a terminal node cannot recover
any information from the received data unless it receives
at least the same number of innovative coded packets' as
the number of source packets. In other words, under the
conventional decoding process (e.g., Gaussian elimina-
tion), the received packets have to form a full-rank system
for decoding. However, perfect decoding might not always
be necessary and approximate reconstruction may be
sufficient for several services that can accept imperfect
reconstruction.

In order to solve this problem, we propose an approach
to approximately recover inter-dependent sources from a
set of network coded data that does not form a full rank
system at receiver. With this same objective, a low com-
plexity approximate decoding algorithm has been pre-
sented in [14], where the receiver simply matches the
most similar data between neighbor sources and thus
reaches only limited approximate decoding performance.
In this paper, we present an improved approximate
decoding algorithm that exploits the source character-
istics, i.e., the distribution of differences between neighbor
source vectors, thereby explicitly considering more general
types of source data. We propose to use the mode of the
distribution (i.e., the value that appears most often in a
distribution) in the source characteristics to build an
approximate decoding algorithm. The mode of the dis-
tribution is referred to as similarity information (SI). We
show that it is sufficient side information to maximize
performance of the proposed approximate decoding. As a
result, the mode-based approximate decoding can sig-
nificantly reduce the amount of side information needed
for decoding. The decoding performance can be further
improved by considering the positions where errors may
occur, which are explicitly captured by the position simi-
larity information (PSI) at the expense of additional side
information. We investigate the tradeoff between the PSI
size (i.e., the amount of side information or communica-
tion overheads) and the corresponding decoding

1 A packet is innovative for a node if its coding vector is not in the
span of the coding vectors of the packets already available at the node
[13].

performance and show that there is an optimal amount of
additional information for approximate decoding. Finally,
the proposed approach is deployed in an illustrative
example of sensor networks and the simulation results
confirm our theoretical performance study.

The main contributions of the paper can be summar-
ized as follows:

® we propose a generalized framework of approximate
decoding that covers large range of source types,

e we develop an algorithm that enables the approximate
decoding solution to be deployed for any linearly inter-
dependent sources,

e we develop decoding algorithms that can exploit both SI
and PSI, leading to significantly improved decoding
performance,

e we analytically study the tradeoff between commu-
nication overhead (incurred by deploying SI and PSI)
and decoding performance gains, and

e we have extensive set of experiment results that con-
firm the theoretical analysis.

The rest of the paper is organized as follows. The gen-
eral network coding framework is presented in Section 2.
The mode-based decoding approximate decoding algo-
rithm that considers inter-dependent source distributions
is proposed and discussed in Section 3. In Section 4, we
show that the decoding performance can be improved by
incorporating PSI into the mode-based approach. In Sec-
tion 5, we evaluate and compare the performance of the
mode-based approach against conventional decoding
methods in an illustrative sensor network scenario. Rela-
ted works are discussed in Section 6 and conclusion is
drawn in Section 7.

2. System setup

We consider data transmission over error-prone net-
works that consist of source nodes, intermediate nodes
and receivers. The source data is delivered to the receivers
through intermediate nodes that are able to perform net-
work coding, similar to the frameworks in [15-17]. The
overview of the proposed system is shown in Fig. 1 and the
details will be discussed next.

Please cite this article as: M. Kwon, et al., Approximate decoding for network coded inter-dependent data, Signal
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2.1. Source description

Consider T source vectors s; (1 <t <T) and lets; be the t-
th measured symbol vector that consists of L symbols
denoted by s{", s, ...,s{". These symbols are discrete, i.e.,
sV eR for 1 <i<I, and inter-dependent. R represents the
field of real numbers. Since the network coding operations
are performed in the Galois field (GF), each s’ has to be
discretized and mapped into an element in GF. This opera-
tion is represented by a function QO that transforms the
source data to GF with size 2, denoted by GF(2™), where M
is a positive integer. The function Q: R —GF(2") is defined as

Q(s(f’) =xVex 1

where x is the GF representation of s’ in its alphabet set .v".
Note that the GF size is determined by M that can be
appropriately chosen by considering the sizes of the source
alphabet, maximum bandwidth constraints, etc. Then, the
measured symbol vector s; =[s{",....s!"]" is mapped into
x=[x", ... xP1T by Q, where the notation (- )" represents
the matrix transpose operator. In order to simplify the
notations used in this paper, the field of operands is impli-
citly assumed to be the same as the field of operators. For
example, if an operator is in a GF, all the associated operands
are implicitly assumed to be elements in the GF. The
operators @ and ® denote the addition and multiplication
in GF, respectively, and the operator ©® represents the mul-
tiplication between matrices in GF. In this paper, & in GF is
performed by the logical bitwise exclusive-OR (XOR) opera-
tor. Conversely, if an operator is in R (e.g., +, —, x ), the
operands are also in R.

2.2. RLNC based encoding

In the network, an intermediate node deploys RLNC
and generates coded packets. Let y“’(h):[y(l”(h),...,
yo(hy, ...,y "(h)]" be incoming packets at the h-th coding
stage; y(')(l) =[x, ...,x"1" is the initial source data packet.
At the h-th coding stage intermediate node, the first T
innovative packets (e.g., y(h) for 1 <m < T) are combined
using RLNC and generate K outgoing packets (e.g.,
yP(h+1) for 1 <k<K) as

yO(h+1)=ch) © y°(h) )
or equivalently,
“><h+ 1) cri(h) Cim(h) cir(h)
yfj’(h+ | =|ca Crm(h) cur(h)
}’;é)(h +1) cx1(h) Cxm(h) cxr(h)
y‘“(h)

T
© yﬁn’)(h) 2 Z @{cm(h) ® yi(h).
y¥’(h)

The number of outgoing packets K is chosen larger than T
(i.e., the number of symbols combined in a packet) and K

may depend on the expected packet erasure rate; higher K
is recommended for higher erasure rate and vice versa. In
terms of element-wise operations, y(”(h+1) is generated
as

Y1) = Z ®{cm © Yo | = (ca () ® Y ()} & -~

® (cn(h) @ Y} @ - @ {curh) @ ' () }.

Each outgoing packet y, ”(h+1) is a linear combination of
the incoming packets y")(h) for 1<m<T with coding
coefficients cyy,(h). The number of combined symbols is
denoted by T and c¢p(h) is a coding coefficient vector that is
defined as

() = [c1m(h), ... Chm(h), ..., Ckm()]

In this paper, network coding is implemented with RLNC
so that the coding coefficients are uniformly and randomly
chosen from GF2M), i.e., cyn(h) € GF2M).

We finally note that the coded packet at the h-th coding
stage of the network in (2) can be expressed as

yO(h+1)=ch) @ y?(h)=c(h) © c(h—1) © - © ¢(1)
o x?=ch) o x?

where C(h) is referred to as a global coding coefficient
matrix [13], which is included in the header of the packet
and delivered to the decoder to enable decoding and
reconstruction. c(h) can be selected such that C(h) is
invertible with high probability in RLNC [11].

In the next section, we focus on designing an approx-
imate decoding approach, which can be deployed if a rank
deficient system of equation is available at the receiver.
Note that the system becomes rank deficient because of
the packet loss and delay, but not because of the random
selection of c(h) (as C(h) is assumed to be full-rank).

2.3. Data reconstruction based on approximate decoding

With the coding procedure described above, K coded
packets are generated at intermediate network nodes
using T innovative incoming packets (K > T) and traverse
error-prone network toward the destination node hp.
When a decoder receives K;, innovative packets? it
attempts to recover the source data &9, In the decoding
process, well-known Gaussian elimination in the con-
sidered GF [18] is employed for matrix inversion and if the
Kin x T global coding coefﬁcient matrix Cthp—1) is full-

rank (ie., Ky =T), then X" =[xV, . %P1 is uniquely
determined by
X0 =&, AP = Cho— 1) © yO(hp) 3)

because the inverse of a full-rank global coding coefficient
matrix C(hp—1)~! is unique.

If the number of received packets is insufficient to
determine C(hp—1)~! uniquely, i.e, in the presence of a
singular matrix C(hp — 1) matrix (e.g., due to packet loss or

2 Note that K;; <K and it depends on packet erasure of network
condition.

Please cite this article as: M. Kwon, et al., Approximate decoding for network coded inter-dependent data, Signal
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Table 1
Summary of Notations.

Notation Description

Notation Description

h Coding stage index

hp Final stage (destination node) index

T The number of innovative packets encoded together

K The number of outgoing packets generated at an intermediate
node (K >T)

Kin The number of innovative incoming packets at a node (K;, <K)

St t-th measured symbol vector in R

S([i) i-th element of s; in R

X¢ t-th source vector

x‘[“ i-th element of x; in GF

yO(h) i-th incoming encoded data vector at the h-th coding stage

yh) m-th element of y®(h) in GF
cn(h) m-th coding coefficient column vector of c(h)

bt Result vector of X;,1 —X;

5({“ i-th element of §;

Yy Distribution of inter-dependent source with mode A

A Similarity Information (SI)

A¢ Result vector of X; @& X¢, 1

Ap n-th candidate for A in GF

AR Random variable for 4,

GF(2My  Galois field with size of 2"

L Length of a source vector

c(h) Coding coefficient matrix (with size K x T) at the h-th
coding stage

Crm(h) k-th element of ¢, (h)

C(h) Global coding coefficient matrix

delays) with K;, < T, the receiver is not able to find the
inverse of the coding coefficient matrix and there are
multiple solutions to the system in (3). With additional
constraints, a good but not-necessarily optimal solution
can still be determined. In order to add constraints and
find a unique solution, the idea of an approximate
decoding approach is introduced in [14] that considers a
simple source model and permits approximate recon-
struction of sources from an insufficient number of
received packets. The approximate decoding method adds
simple constraints in order to form a full rank coding
coefficient matrix, thereby enabling the decoding process
from the system in (3) with external information. In par-
ticular, the inter-dependence between the input data is
exploited in order to build additional constraints D and »
which render the system in (4) solvable:

D B “)

U {C(hD*U} ! o [Y(”(hn)}
The coefficients in D and » are in GF and depend on the
source model. In this paper, » is assumed to be delivered
with high reliability. For example, separate channels such
as control channels can be used [19-22] or high level of
error protection techniques can be deployed for v.

A simple implementation of the approximate decoding
method is presented in [14]. In particular, the matrix D of
size (T—K;,) x T is constructed such that each of its rows
consists of zeros (i.e., additive identity of GF(2M)) except
for two elements with value “1”° that correspond to the
positions of the x’ and x such that x’ =x!" in the
received packets. Then, the vector v is determined
accordingly as a zero vector with size (T—Kj,) (i.e.,
v =0r_,,). This means that x{” and x{ shall have the same
value in the approximate decoding algorithm proposed in
[14]. Finally, an approximation %7 of the original data is

3 Recall that 1 is also an additive inverse of 1 in GF(2M).

obtained as
20 _ [C(hD - 1)} - [yOhp) )
B D o(T*Km)

where Og_g,,) is a vector with (T—Kj,) zeros. This
approach permits the receiver to approximately recon-
struct the original symbols when the number of symbols is
not sufficient for perfect decoding.

The key idea of the approximate decoding method is to
incorporate additional equations (i.e., D) based on source
model, such that the matrix [C(hp — 1) D']" in (5) becomes
full rank. Without changes in conventional decoding
algorithm (e.g., Gaussian elimination), approximate
decoding algorithm does not need complex processes such
as belief propagation [23] and it can be easily used when
the received data does not form a full rank system. While
the approximate decoding algorithm in [14] shows a new
paradigm of network coded data reconstruction, the
additional equations in (5) are very simple and cannot
fully capture complex inter-dependent source models.
Therefore, the algorithm in [14] can be used only in limited
source model. In order to overcome the limitation, we
propose an improved algorithm for approximate decoding
that explicitly considers the statistical characteristics of
the sources.

For reader's convenience, we summarize notations and
abbreviations frequently used in this paper in Tables 2 and
3, respectively.

3. Mode-based approximate decoding for inter-
dependent sources

In this section, we develop a new approximate decod-
ing algorithm that explicitly considers the source char-
acteristics for data reconstruction with incomplete sets of
received packets.

Please cite this article as: M. Kwon, et al., Approximate decoding for network coded inter-dependent data, Signal
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Table 2
Summary of abbreviations.

Notation Description Notation Description

RLNC Random Linear GF Galois Field
Network Coding

R Field of Real SI Similarity Information,
Numbers The mode of ¥,

PSI Position Similarity =~ MSE Mean Square Error
Information

PMSE Peak Mean Square
Error

3.1. Description of inter-dependent source distribution

We consider a set of inter-dependent discrete sources.
The sources are characterized by the distribution (i.e.,
probability mass function) of the difference between
values in source data vectors. Let 6, =[5\", ..., 5"]" be an L-
element vector representing the difference between data
of the t-th and (t+1)-th sources, i.e., X; and X, 1, respec-
tively, and 5. be the i-th element of 5;. We assume that the
elements in §; follow a unimodal distribution ¥, where its
mode is A. Here, the source data can be expressed as

Xi 11 =Xc+0¢ (6)
where 6 ~ ¥,, or equivalently,
X0 =x" 1P forall1<i<L. %)

In order to describe the entire source vectors, a single or
multiple ¥, can be deployed. The inter-dependent source
model can be exploited in a wide range of applications
such as brightness changes in pictures, temperature var-
iances, and seismic signals at different sensors [24,25]. The
unimodal distribution can further represent noise in
source data. A unimodal distribution includes various
stochastic models such as Gaussian, Laplacian, chi-square
and Cauchy distribution. An illustrative example of the
above source model is shown in Fig. 2.

3.2. Approximate decoding algorithm for inter-dependent
sources

We now discuss how to design the constraints
v=1[v1,v2,...,u7_k,] that complete the decoding system in
(4) such that the performance of the approximate decod-
ing is maximized given the inter-dependent source dis-
tribution ¥,. The constraints » can provide additional
equations that render the underdetermined decoding
system solvable. Since the inter-dependent sources are
characterized by 5" ~ ¥,, v needs to be designed such that
it represents the source characteristics.

Let v* be the optimal constraints » that lead to a perfect
decoding in (4). It is therefore desired that v =v*. If v # 1%,
the more zeros in the vector of »—v*, the better perfor-
mance of approximate decoding algorithm [17]. An illus-
trative result is shown in Fig. 3, where source data vectors
have inter-dependency parameterized with vj; =16, ie,
x"  =x"+16 and RLNC is deployed in GF(2'®). The
decoding is based on Gaussian elimination and the
decoding performance is measured by Peak Mean Square

Error (PMSE) [26] for various v =v, - 17—k, in (4). The
average PMSE for 1000 independent experiments is shown
in Fig. 3, where the source vector x; is randomly and
independently determined in every experiment. This
result confirms that approximate decoding leads to the
best performance only when v} =v among 1<, <32.
Contrary to the intuition that closeness of v, to v} would
increase the decoding performance, there is no obvious
relationship between v} —v, and performance. Rather, the
number of zeros in v—»* determines the performance of
approximate decoding.* The analysis of the decoding per-
formance behavior is presented in Appendix A.

The shape of decoding performance given v}, (see Fig. 3
and Appendix A) is well captured by a cost model C(vy; v}),
referred to as the Cauchy-Dirac delta function [27],
defined as

0 ifvy=u}

Clmioi) =limA~funssy ={ | Lot

(€]
where the probability density function of the Cauchy dis-
tribution is given by

1
fnivny) =

”y[1+ <Vn—y; )2}
Y

Here, v} and y are determined by the sources as v}; denotes

the parameter that specifies the position of the peak of the

distribution and y is a scale parameter that specifies the

half-width at half-maximum. Since f(va;v},7) is a prob-

ability measure, f(vn; v}, 7) €[0, 1]. Therefore, the expected

cost, which represents the decoding error, with any inter-

dependent source distribution ¥, is expressed as

E{Cwn; i)} = > _ Clun; vp)Pr(Vin = vn) (10)

vp EV

€))

where V,, is a random variable for v, ev and is character-
ized by ¥,. In Property 1, we show that SI (i.e., 4) leads to
the minimum expected cost given the source distribution
¥a.

Property 1. Given the inter-dependent source distribution,
the mode of distribution (SI) minimizes expected cost of
approximate decoding.

Proof. The goal of the proof is to show that (v};)o, =4 is
the minimizer of the expected cost. The corresponding
optimization problem is given by

(Vn)opt = arg min E{C(un; 1)} 1)
(V)ope = Arg E?RDZEDC(W; VOPT(Viy =) (12)
(Up)opt = aTg {nén > Pr(Vp=uy) (13)

v
Un € V,ln # Uy

(Vp)ope = aTg {11&13 [1-Pr(Vy,=v})]

4 Note that PMSE for v, = v, is not zero in this experiment result. This
is because v = v}, - 17 _g,,) is not enough for perfect decoding in GF where
network coding operations are performed, while it can provide enough
information in R. This is studied in Property 3.
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Wa(s))

1[‘ il Hn

X+l = Xt + Oy
() _ L0 50

Tip1 = Ty t

50~ WA(0)

Fig. 2. An illustrative example of matrix-shaped inter-dependent sources and corresponding difference é;. 6?) is an element of §; and 6‘{" follows a unimodal

distribution ¥, where its mode is A.

Experimental Result of Approximate Decoding Performance when v=16

0.16 T T

0.14 -

0.12 -

0.06 -

Peak Mean Square Error

0.04 -

0.02 -

Fig. 3. An illustrative example for the average performance of approximate decoding with various v, when v}, = 16. The performance of approximate
decoding is maximized only if v, = v}, = 16. In this example, GF(2'%) is used and the sources are randomly and independently determined over 1000 times.

(Un)opr = arg Max Pr(Vyy =v7) (14)

(U:)opt =A. (]5)

The equality between (12) and (13) comes from the defi-
nition of cost function given in (8), ie., Clwn;vj)=1 if
vp # v} and Cvn; vj;) = 0 if vy = vf;. Since Pr(V, =vy) > 0, the
minimization of 1—Pr(V,=1}) is equivalent to the max-
imization of Pr(V, =u}), leading to (14). Since V, is char-
acterized by the inter-dependent source distribution ¥,,
max Pr(V, =v}) is achieved only if 2} =A. Therefore,
(U3)opr =4 minimizes the expected cost.o

The above property means that the decoder only needs
to know A instead of the entire distribution ¥, in order to
have effective decoding; the amount of the additional
information that needs to be delivered is minimized.

This property is confirmed by the simulation results
shown in Fig. 4. To generate an illustrative set of linearly
inter-dependent source data (ie, x, =x{"+4), the
source dependency & is generated based on a Gaussian
distribution A(16,02) in Fig. 4(a), where the mean is 16
and the variance is . For a Gaussian distribution, the
mode is the same as the mean, i.e., SI=16(4 = 16). For the
sources in Fig. 4(b), 5([” is generated based on the Laplacian
distribution £(16, 62 /2) where the location parameter is 16

and the scale parameter is ¢2/2. For the Laplacian dis-
tribution, the mode is the same as the location parameter,
i.e., SI=16(4 = 16). Hence, SI=arg max,,Pr(V, =v,) =16 in
both cases. In these simulations, three source data vectors
are combined together based on RLNC and 1 out of
3 packets is lost (i.e., 1/3 packet loss rate) so that approx-
imate decoding strategies are deployed in GF(2%). The
results are given in average PMSE computed from 1000
independent experiments. For the sake of comparison, we
consider the following alternative three strategies [17]:

e Strategy 1 (S1): Select a single value 4 in ¥, (i.e., SI) as
shown in Property 1, i.e, v =4 17_g,).

® Strategy 2 (S2): Sample the inter-dependent source
distribution ¥, to select values of v, i.e., vy ~ ¥,4.

® Strategy 3 (S3): Sample a uniform distribution
(0,28 —1) to select values of vy, i.e., vy ~U(0,28 —1).

From the results, it is obvious that average PMSE is mini-
mized by selecting SI (i.e., Strategy 1), which confirms
Property 1.

In summary, under the knowledge of inter-dependent
source distribution, SI for v leads to the minimized expected
cost (i.e.,» =4 - 17 _g,,). More importantly, it implies that the
performance of the approximate decoding algorithm

Please cite this article as: M. Kwon, et al., Approximate decoding for network coded inter-dependent data, Signal
Processing (2015), http://dx.doi.org/10.1016/j.sigpro.2015.09.010
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Achieved Performance for Gaussian Distribution
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Standard Deviation (c)

b

Peak Mean Square Error

Achieved Performance for Laplacian Distribution

0 0.5 1 1.5 2

Standard Deviation ()

Fig. 4. Performance comparison of the three different strategies (S1, S2, S3). Sources are generated by (a) Gaussian and (b) Laplacian distributions with SI

(A =16) and variance (¢%). RLNC is deployed over GF(2%).

significantly depends on the number of v, that is exactly the
same as u;. Hence, we will discuss how to maximize the
number of zeros in v, — v}, in the next section.

4. Approximate decoding with PSI for linearly inter-
dependent source data

In Section 3, it is discussed that the increased number
of zeros in v, —v}, improves the performance of approx-
imate decoding. In this section, our focus is on how to
increase the number of zeros by deploying PSI constructed
at the encoder as v = Apg;.

4.1. A-linearly inter-dependent source data and PSI

In Section 3, it is concluded that the approximate
decoding with SI (i.e., the mode A) can minimize the
average decoding error for unimodal inter-dependent
source data. Therefore, the SI (i.e., the value of A) would
be the only side information that needs to be transmitted
to receivers if such decoding systems are implemented.
From the decoder's perspective, the sources are seen as
linearly and deterministically inter-dependent data in
terms of SI. Here, we study the performance of the
approximate decoding algorithm considering linearly and
deterministically inter-dependent sources, which is also
referred to as A-linearly inter-dependent source,” i.e.,

Xei1=Xe+4-1. (16)

Note that if all the operations are performed in R, the
information A is sufficient for the perfect recovery of the
original source data because X;, 1 —X; = 4 - 1. However, the

5 In this paper, we assume that A # 0 in GF, since A = 0 simply means
that two neighbor data vectors x; and X, ; are identical. Thus, if X, ; is
lost, it can be easily recovered simply by duplicating Xx;. For simplicity, we
assume that the largest data is denoted by x; which does not exceed the
size of GF. Hence, x, < 2™ . 1 for GF(2M).

corresponding operation in GF, X;,1 @ X;, includes not
only A but also the other outcomes. For example, when
sources are described as X;—X;,1 =4=16in R, X; & X; 1
in GF includes not only 16 but also other values such as 48,
112, ..., in GF(2%). Hence, we define A; as the vector of
outcomes from X;, 1 @ X, i.e., A =X¢,1 ® X, where each
element in A; is denoted by A,. These elements are refer-
red to as candidates of A. Since there may be different
occurrences of A, in A¢, we consider A,, as a random vari-
able, is denoted by Ag.

As will be discussed later, Pr(Ag = 4,) is decreasing with
respect to n. This means that the probability of A; is the
highest among the candidates of A and A; = A by definition.
This is illustrated in Table 3 and the details are discussed in
Property 3. Moreover, as discussed in Section 3.2, the accurate
positions (or indices) of the candidates are the key information
for improved performance of the proposed approximate
decoding framework. Therefore, Strategy 1 (S1) in Section 3.2,
which is shown to be the best implementation of approximate
decoding for unimodal inter-dependent sources, can be fur-
ther improved by considering the positions of the candidates
A; included in PSL

The PSI includes A; by default as it has the highest
probability of occurrence in A;. Then, it includes the
position indices of 4,, in A; for n > 2. The n-th row of PSI is
filled with position indices of 4,1 in A;. An illustrative
example of PSI construction is shown in Fig. 5. If a decoder
receives PSI, Strategy 1 (S1) that is based only on A is
deployed as the baseline of approximate decoding, i.e.,
Apsi =471 - 17_g,). Next, the elements with the position
indices that are written in n-th row of PSI are replaced by
Ap 41 in Apgp. Finally, v in (4) is replaced by Apg, leading to

20 _ [cmp—l)] - y“khm}

17
D Aps an

In the next section, we study the properties of proposed
approximate decoding with PSI that helps us to increase
performance.
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4.2. Properties of approximate decoding with psi for A-lin-
early inter-dependent source

In this section, we focus on the investigation of the
basic properties of the proposed approximate decoding
algorithm with PSI for A-linearly inter-dependent sources.
We first consider a special case where 4 =2* and then
generalize the case to A # 2.

Property 2. For A-linearly inter-dependent sources, the
expected distortion of approximate decoding with A =2¥
(0<k<M) is always lower than that with A’ such that
2k7‘l<Ar<2k+l A/?ézk.

Proof. Any element in GF(2") can be represented by M-bit
binary numbers. Since X;,1 =X;+A4 -1 in (16), there is no
distortion if

X+A- @@ -1)=x,. (18)

Let w(x,y) denote the number of “1” that are at the same
position of binary representations of x and y. Note that, the
condition given in (18) is satisfied if and only if
w(X¢, A - 1) =0, because an overlap between any two “1”s at
the same position of X; and 4 - 1 results in carriage returns
from x{” +A. This leads to decoding errors (or distortion),
implying that the distortion can be minimized with the

smallest w(X¢, 4 - 1). Since
min o (xﬁ“,A) =1

for all i, the distortion is minimized when 4 =2
0<k<M. This is equivalent to the case where only a

Table 3

Q5 Examples of candidates for 4 = 2% over GF(2%).

Ay Ay A3 Ay As Ag

IRV v IEY LD 5 IPT LD 5 YD 3 M PP

A:23 i Z;::32k 22:32" ZE:32“ ZZ:32’(

a=2* 2! 22:42k Zg:42" 22:42"

a=2 2 yp 2¢ w2

a=2° 2° ¥y ok

Xt Xt4+1 Ay

143 159 Ar=16
355 371 Ar=16
49 65 A3=112
421 | 437 |_ Ar1=16|
23 39 | | A;=148
162 178 Ar=16
486 502 Ar=16
17 33 Ay =48

single bit 1 is set at the (k+1)-th position of the binary
representation of A, which completes the proof.o

In order to construct the PSI, the candidates A; need to
be found, as discussed in Property 3. To be consistent with
the assumptions on the sources, X" +4 does not exceed
the size of GF, ie., 0 <x" <2M 2k such that all source
data are in GF2V).

Property 3. If A=2% (0<k<M) in GF2"), there are at
most (M—k) candidates in A; where n-th candidate A, is
expressed as

k+n-1
Ap= ) 2

i=k
with the probability of

(M—k—n)

Pr(Ag = 4p) = ST

Proof. An element in GF(2V) is represented by M bits. For
an element 4 = 2 in GF(2"), it can be represented by only
a single bit “1” at the (k+1)-th position and “0” at all the
other positions. Recall that the candidates are generated
when

X0y @a=(x"+a) @a~x.

If bit “1” is set for (k+1)-th, ..., (k4+n—1)-th position ofxf’
when the bit “1” is set for both (k+ 1)-th position of A and
X, A, is generated with a value of 4, = S-¥X7~121, Since
A, is in GF2M), 1<n<M—k, there are at most M—k
candidates.

Next, we show that Pr(Ag =A4,) =2M k=1 /M- _1),
Since x{ is in the range of 0 <x{’ <2M—2% x{ can take
one of 2" —2* different values. Given a 4,, there are 2"~"
different values for x{” because the (k+n)-th position of x{’
is set to “0” and the positions of x" from (k4+n—1)-th to
(k+1)-th are set to “1”. Therefore, 4,, is generated with
probability

(M—n)
Pr(4g =An)=m (19)
Position
Index
1 PSI

(Position Similarity Information)

L

............... ¥ Ay is included by default.

Fig. 5. An illustrative example of PSI construction. In this example, X; —X;,1 =4 = 16 in R. However, X; @ X1 in GF includes not only 16 but also other
values such as 48, 112, ..., in GF(2%). The results from x; & X, 1 are referred to as candidates of A =16. The PSI includes A, by default and the position

indices for A, for n> 2.
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2(M—k—n)

Pr(AR :An) = 5

SR forl<n<M-k (20)

which completes the proof.o

The candidates A; and the corresponding probability
mass function (PMF) based on Property 3 are shown in
Table 4 when 4 = 2¥ in GF(2M). This enables us to construct
a PSI matrix, where each row of PSI represents a candidate.
For example, the first row has the index numbers of A,, the
second row has the index numbers of A3, and in general,
the (M —n—1)-th row has the index numbers of Ay _, for
n=1,...,k. As discussed above, while the approximate
decoding with the PSI leads to improved performance, the
use of PSI results in more communication overhead com-
pared to SI. Hence, it is essential to investigate the tradeoff
between the amount of overhead for transmitting PSI and
the performance improvement. This tradeoff is studied in
Property 4.

Property 4. If the (n—1)-th row of PSI or A, is additionally
used for approximate decoding, its performance can be
improved by a factor of 120"V,

Proof. As shown in Table 4, Pr(Ag=4,) is given by
2M-k=m 5M=-b _ 1 This means that Pr(4g = 4,) decreases
by 1/2", as n increases. Thus, if 4, is additionally used for
approximate decoding, the performance can be improved
by 1/2"~V times compared to the gain obtained if 4,_1
is used.o

The performance improvement based on additional
information in PSI is interpreted as an additional refine-
ment. Property 4 is used as a guideline for the trade-off
between the communication overhead and the decoding
performance of the proposed approximate decoding
algorithm.

Unlike the case of A = 2%, the candidates for the case of
A+ 2¥ cannot be easily identified. In this case, the candi-
dates A, can be found by decomposing into the sum of 2*s
for 0 < k < M and using the candidates of A = 2*. The above
description is explained in Algorithm 1.

Algorithm 1. Candidates A;.

Given: A and GF(2V).

1: if A =2 then

20 Ar={41,....,An, ... Ay_;} where 4, = S¥*1-121 |/ Prop-
erty 3

3:else [ if A #2K

4: Find py,p,,...,p, such that A= 377, 2% for
0<py<-<py<pi

5:  Find all the candidates A; based on Property 3, if A =2
(denoted by A¢(2P")).

6: Compute Cartesian product set,
TT7_ (AP = {15 o 7n)  7i € AP}

Table 4
Candidates of 4 and PMF of the candidates if A = 2% in GF2M).

7. Calculate the sum of a tuple I'; = ZJ’?: 17j» where I'; is sum of i-
th tuple elements
8: S={I'1,I3,....,Iq}, where = H?:HAt(ZP’)\ and | - | denotes

cardinality
9: if there are even number of 7 in S then
10: Remove r; from S
11: else// odd numbers
12: if there are multiple instances of 7 in S then
merge them to a single I';
13: end if
14: A(<S
15:  end if
16: end if

4.3. PSI properties illustrations

We implement here our approximate decoding method
in conjunction with PSI and we experimentally analyze the
properties studied in the previous section. In the following
simulations, we consider a set of three A-linearly inter-
dependent sources, which are randomly generated as in (16).

Fig. 6 shows the performance of approximate decoding
with PSI, which is measured by PMSE over various packet
loss rates with different amounts of additional information
delivered by the PSI.

In these experiments, the first source data vector x; is
randomly generated and neighbor source vectors are
generated by X, =x;+(t—1)-4 for t=1,...,T. Hence, the
sources are A-linearly inter-dependent. For Fig. 6(a) and
(b), A =8 and A = 10 are used, respectively. Since A =10 is
not the form of 2%, candidates are found based on Algo-
rithm 1. Ten data vectors are combined together based on
RLNC in GF2'°). The experiments are independently
repeated 1000 times.

It is clear from Fig. 6(a) and (b) that the approximate
decoding solution for different PSI outperforms the approx-
imate decoding with PSly or SI, over all the range of packet
loss rates. Moreover, the approach proposed in Algorithm 1 is
effective for any As that are not necessarily powers of 2. The
results indicate that the additional information given by PSI
needs to be adaptively structured by explicitly considering the
packet loss rates and the targeted performance.

Fig. 7 confirms Property 4, which says that additional 4,
can improve the performance of approximate decoding by a
factor of 1 /2"’1. For example, if A, is used in addition to A4,
the performance (measured by PMSE) improves from
approximately 0.06 to 0.03. Similarly, if A3 is used in addition
to A; and A,, the performance improves again from approxi-
mately 0.03 to 0.015. We finally note that there is no error if
Aq,...,Ag are included in PSI. This is because 41, ..., Ag are the
information that can be maximally provided to the decoder
(recall that M-k=8-2=6 for A=2¥=4 and
GF(2M)=GF(2®8) as discussed in Property 3).

Aq Vips Ap Ay —k

k k+1 o) k+(n—1) 5j M-15j
A 2 itk PN it 2
Pr(Ag = 4n) Z(M—k—n Z(M—k—Z) 2|M—k7n) 1

M- _q M= _q M= _ 1 M-k _1
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a b
PMSE for Packet Loss Rates (A=8 in GF(2'°)) PMSE for Packet Loss Rates (A=10 in GF(2'%))
0.08 T T T T T T 0.16 T T T T T T
0.07 ¥ ¥ ¥ ¥ H——h— - ¥ d 014 L % % e " * * % 5
0.06 q
g 8
& X //+ =
005 - E I
g g
(E 0.08 / —x—PSI (8] | ‘;’?
s A —— PSI, g
é 0.03 e e PSL, é
@ / PSI, &
0.02 — PSI4 7
—a— PSI5
0.01 . q
_— n
0 i ! . . . . .
10 15 20 25 30 35 40 45 50
Packet Loss Rate [%] Packet Loss Rate [%]
Fig. 6. Average PMSE of the proposed decoding algorithm for various sizes of PSI. In order to find candidates for A4 = 10, Algorithm 1 is used. PSI, denotes
the case where only SI is delivered and PSI, denote cases where {4, ...,4,} is included in PSI. (a) A =8, GF(2'%) and (b) 4 = 10, GF(2'°).
PMSE for PSI_(A=4 in GF(ZB)) o Performance Comparison of Approximate Decoding
n 10 T T T T T
0.07
SI: packet loss rate > 0.5
q
0.06 4
Sl: packet loss rate < 0.5
5 4
5 0.05 5
i o
o )
= >
5 004f 1 g 10"
o
@ §
§ £
2 0.03 - 1 I~ packet loss rate
~ 3 =3/17
3 * ket loss rats
qQ L i packet loss rate
0.02 —e—[14] =217
S packet loss rate
0.01 - . —+—PsI =117
1072 C L L L L L ]
0 i i i i 10 15 20 25 30 35 40

Fig. 7. Average PMSE for PSI,. PSI, (1<n<6) denote cases where
{Aq,....,An} is contained in PSI.

5. Simulation results

In this section, we quantitatively evaluate the perfor-
mance of the proposed approaches and compare them
with other existing approaches such as the approach
presented in [14], Strategy 1 (S1) discussed in Section 3.2
(denoted by the SI scheme), and the method described by
(17) (denoted by the PSI scheme). We then deploy the
proposed approach in a sensor network scenario.

5.1. Performance comparison of approximate decoding
algorithms

Unlike the approaches shown in [14] and the SI scheme,
the proposed PSI scheme requires additional information
as a form of PSI, which can be considered as an overhead.
The overhead is defined in the simulations as the ratio of
the amount of data additionally added to the amount of

Overhead [%]

Fig. 8. Performance comparison for three different approximate decod-
ing algorithms.

original data. For fair comparison, the source node in [14]
and the SI scheme repeatedly transmit packets such that
they have the same amount of overhead as the PSI scheme,
since [14] and the SI scheme do not require additional
information for decoding. For example, 25% overhead for
[14] and the SI scheme means that one packet is trans-
mitted in addition to every four packets, resulting in five
transmissions in total. In case of the PSI scheme, however,
the amount of additional information included in PSI is
25% larger than the total packet size (i.e., four packets).
The simulation results for performance comparison are
shown in Fig. 8. In the simulations, A =8 and 17 packets
are network coded over GF(2'?). Fig. 8 shows the average
PMSE for the considered approaches over 100 indepen-
dent experiments. For the SI scheme, the packet loss rates
are set in the range of (0, 0.5] and (0.5, 1), and the corre-
sponding average PMSEs shown in Fig. 8 are indicated by
“SI: packet loss rate < 0.5” and “SI: packet loss rate > 0.5”,
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respectively. For the PSI scheme, the packet loss rates are
set to 1/17,2/17 and 3/17 for illustration.

It can be easily observed that the performance of all the
approaches improves as the overhead increases. This is
because the additional information can help the decoder
to recover more data correctly. In particular, the impact of
the additional information on the performance improve-
ment of the PSI scheme is the greatest among the con-
sidered approaches, which is consistent with the analytical
results discussed in Section 3.2. It is also observed that the
performance curves converge into two PMSE levels as the
overhead approaches 0%, which are determined based on
the packet loss rates, i.e., packet loss rate is higher or lower
than 50%. If the packet loss rate is higher than 50%,
approximate decoding needs more artificially generated
information (e.g., using (4)) than innovative (received)
packets, thereby leading to performance degradation.

5.2. lllustrative application: approximate decoding deploy-
ment in sensor networks

In this section, we consider an illustrative application of
the proposed approximate decoding algorithm with PSI in
seismographic networks. In this simulation, we use seis-
mic data that is actually collected from 30 sensors that
measure the amplitude of a seismic signal at a distance of
100 m from each other. A sensor t captures signal s; that
represents a series of sampled observations in a time
window of size L, ie., s;=[s!",....s”]". The measured
symbol is quantized and mapped into GF(2¥) elements,
and the resulting data is denoted by x,, i.e., Q") =x{" e
GF(2M). Each sensor makes measurements and forwards
them to its neighbor encoding sensors. An index vector of
sensors whose data are encoded together at sensor t is
denoted by H; e t, where i is a vector index. An encoding
sensor t may receive multiple data from sensors in H; and
combine them based on RLNC, where the combined data is

Y (2) B

o = e e = - ~ ( —-

( H,={1, 2, 31
P 100m 1 :
wre @G0 1@

I/81 ) sz sz I

1 1

N o= 7 '

(O Sensor

@ Encoding Sensor

again forwarded to its neighbor nodes or the final desti-
nation (i.e., receiver). The elements of coding coefficient
vector ¢, are randomly selected from GF(2M). The encoded
data packets generated at the first coding stage are
expressed as y?(2)=3",. 4 ® (1) ® x’. The encoded
packets are mixed again at the intermediate nodes while
traversing network towards the destination. An illustrative
example for simulation setup is shown in Fig. 9.

As a representative example, we consider the case
where the data measured from sensors 1-3 are collected
and combined by sensor 3 based on RLNC in our experi-
ments. The measured signals from a set of sensors are
mostly time-shifted and energy-scaled. The energy dif-
ference between sensors is modeled as the Gaussian
distribution. The similarity of the signals becomes higher
as sensors are closer to each other. In this simulation, the
energy difference between the signals captured by
neighbor sensors is modeled as Gaussian random variable
with mean value of 8 and variance of 022, ie,
s —s? ~N(8,0.2%) for t=1,2. In Fig. 10, the seismic
data measured from three sensors are depicted. We set
the temporal window size by L=256 for data repre-
sentation and use the quantizer x,e GF(2V) for source
data quantization. The GF size is set to 27, i.e., GF(27) and
packet loss rate is set to 1/3. The receiver reconstructs the
original source data based on the data collected from the
three sensors.

In the decoding process, we deploy SI as v, ie,
v =8 1r_g,), in (4). This is the S1 discussed in Section 3.2.
We also deploy the proposed decoding algorithm includ-
ing the PSI, which is discussed in Section 4. The results are
shown in Fig. 11. Fig. 11(a-1) shows the original signal
captured by sensor 3 and Fig. 11(a-2) shows the decoded
signal based on S1 that depends only on SI. Fig. 11(a-3) and
(a-4) shows the decoded signals based on PSI with 4, and
with A, and As, respectively. The average PMSE is pre-
sented in Table 5, where the amount of decoding error is

)

RX

) -

St:[st )t 737§L)]

Fig. 9. An illustrative example of sensor network for seismic data. Sensors are deployed and capture seismic signals. The symbols s‘]i’,sg', and sg’ measured

at sensors 1, 2 and 3, respectively, are transformed into GF

(i)

(e, xPxP.x9) and encoded based on RLNC. In this example,

y}j’(Z) ={n(l) ® x‘]i)} @ {Ca(l) ® xg’) P {c3(1) ® xg’). The encoded data forwarded to their neighbor nodes through error-prone networks. Some packets
can be lost in the transmission and the receiver reconstructs source data based on the proposed approximate decoding algorithm.
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reduced to 17.3% and 6.7% of (a-2), in (a-3) and (a-4),
respectively. As discussed, the performance of approx-
imate decoding improves as more 4; is included in PSL

6. Related works

In this section, we study prior work related with the
proposed approaches. Several regularization techniques
[28] can be deployed for overcoming the all-or-nothing
problem of network coding in finite fields. For example,
the pseudo-inverse of underdetermined coefficient matrix

Seismic Data Measured from Sensors
T

g sof | semwort|]
= 50t 1
0 50 100 150 200 250
Time
g sof ‘ ‘ ‘ ==
g °f i
= 50t :
0 50 100 150 200 250
Time
§ 0 [ sensar3]]
E N -
g ' \ /\/\A/ —
= -50 | \/ 4
0 50 100 150 200 250
Time

Fig. 10. Seismic data measured from sensors. Sensor 1 measures the
seismic data and forwards it to sensor 2 with energy attenuation with
N(8,0.22).

can be used for decoding. However, it is generally known
that this type of regularization techniques may result in
unreasonable approximations [28]. Alternatively, Tikhonov
regularization [29] can improve the decoding performance
by slightly modifying the standard least square approach.
However, this technique cannot be easily deployed in
practice because it requires to determine additional opti-
mization parameters. Sparsity assumptions can also be
used for regularized decoding in underdetermined sys-
tems in cases where a model of the signal of interest is
known a priori [30]. However, all of these regularization
techniques have been designed and developed in the field
of real numbers, but not in finite fields that are used in
network coding approaches. Hence, they may show sig-
nificant performance degradation if they are blindly
deployed in the proposed framework, as they cannot
consider several properties (e.g., cyclic properties) of finite
field operations. Underdetermined systems can also be
solved approximately based on the maximum likelihood
estimation (MLE) techniques (see e.g., Part II of [31]) or
based on mixed integer linear programming [32]. How-
ever, these techniques require effective data models and
may typically involve large computational complexity.
Unlike the approaches mentioned above, several
approaches have been proposed to overcome the all-or-
nothing problem of network coding in finite fields (see e.g.,
[33,32]). In [33], a loss-tolerant protocol for broadcasting,
named by Dragoncast, based on network coding is pro-
posed. In [32], a coding scheme that jointly considers both
network coding and multiple description coding is pro-
posed. The problem of data reconstruction is formulated as
a mixed integer quadratic programming and robustness
against missing packets is achieved. Our prior work [14]
propose an approximate decoding approach based on

(a-1) Seismic Signal Measured from Sensors

100 — T T

Magnitude
& o
o o o
E

|

T T
— Original Data

0 50 100

150 200 250

Time

100 [ ) N

(a-2) Decoded Signal with SI (A)
T

(0]
S s0f — 1))
é 0\ W Al — — -~ — ]
= 50 I ! ! ! !

0 50 100 150 200 250

Time
(a-3) Decoded Signal with PSI ( A, Az )
o 100 [ ‘ ‘ ‘
5 s0 M ———PSI(A, A
2 AN R LN
S s0p U ‘ B
50

100

(a-4) Decoded Signal with PSI ( A, Ay A3 )
T

150 200 250

Time

100 T

Magnitude
o

T
———PSI(A, Ay A

0 100

K }J\/'\\J SN ]
50

150 200 250

Time

Fig. 11. Seismic signals measured from sensors and decoded signals by approximate decoding with PSI. Energy difference on the signals is modeled by
Gaussian distribution, A’(8,0.2%), and network coding and approximate decoding are performed in GF(27).
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Table 5
Average PMSE for different approximate decoding algorithms.

Fig. 11  Fig. 11 (a-3) PSI (4,45) Fig. 11 (a-4) PSI
(a-2) SI (4,45,43)
(4)

PMSE(%) 0.0010
(100 %)

1.7266 x 10~ 4(17.3%) 6.7118 x 107°(6.7%)

simple matches of the most similar data between neighbor
sources.

The information on the inter-dependency of the sour-
ces has been exploited in order to improve the perfor-
mance of data reconstruction. In [34], network coding for
two arbitrary inter-dependent sources is studied in a
generic network and an upper bound on the probability of
decoding errors is found as a function of the network
parameters such as the number of links upstream of a
receiver or network topologies. Several practical aspects of
joint source and network coding are investigated in [35].
However, the proposed approach is sub-optimal and pro-
vides a solution only for two inter-dependent sources that
are transmitted over binary symmetric channels. The
design of optimal network codes under joint distributed
source and network coding framework is studied in a
sensor network [36]. The goal is to find the optimal tra-
deoff between compression efficiency and network
robustness. However, the complexity of the proposed
solution in [36] grows exponentially with the network
size. In [23], an iterative decoding algorithm for source
reconstruction is proposed for inter-dependent sources
following a belief propagation approach that incorporates
inter-dependence characteristics. However, none of prior
works solve the all-or-nothing problem of network coding
in finite fields with low-complexity, while the algorithm
proposed in this paper can be implemented with low-
complexity and it is compatible with well-known Gaussian
elimination methods. Several extensions of [14] can be
found in [15] and [16] for deterministic sources with SI and
PSI, respectively. In [17], approximate decoding algorithm
for sources that have bell-shaped, symmetric and unim-
odal distribution is proposed. Unlike these prior works, we
propose more generalized framework that can cover a
large range of source types. Moreover, the proposed
approximate decoding solution can exploit both SI and PSI
such that the approximate decoding performance can be
significantly improved.

Since additional information is transmitted [37] in the
proposed scenario, the proposed approach can be con-
sidered as an index coding problem [38]. However, the
index coding is generally considered in broadcasting sce-
narios (i.e., a single server wishes to communicate with
several clients) and the side information in the index
coding contains the source information [39]. Hence, the
amount of additional information required for the pro-
posed approach is significantly smaller than that for index
coding.

7. Conclusion

In this paper, we consider the transmission of network
coded inter-dependent sources in error prone networks. In
order to solve the all-or-nothing problem of network
coding approaches, we propose a solution that approxi-
mately reconstructs the source data when the number of
received data packets is not sufficient for perfect recovery
without major change in the conventional decoding
architecture. Unlike prior works, we consider a generalized
source inter-dependency characterized by unimodal
shapes. Given the information about source distributions,
we show that the performance of the proposed approx-
imate decoding algorithm is improved by using the mode
of the distributions (SI). We further improve the perfor-
mance of the proposed approximate decoding algorithms
by deploying additional information called PSI. We evalu-
ate the proposed approaches in an illustrative example of
sensor network and the simulation results confirm that
approximate decoding along with minimal side informa-
tion leads to effective source reconstruction.

Appendix A

In Appendix A, we show that the approximate decoding
performance is maximized only when v, =}, and is flat for
all other value of vy( # 1) values, which justify the use of
the Cauchy-Dirac delta function in Section 3.2.

The approximate decoding algorithm in (4) can be
expressed as

-1 i
20 _ {C(hnfl)} 5 {y‘)(ho)} _c
D v

(h 3 - )
© [Y (VD)} = [€1, s €kys €y 15 -5 T

(h 3 B ' ) .
© |:y f/ D):| = [C],-..,CKM} © y(l)(hD) (<) [CK."+‘1,-.-,CT}

oOv

_ -T
where C2 |Chp—1)",D"| =[¢y,...,¢7] and €; is in
GF(2M). Hence, the squared decoding error can be
expressed as

. |2 _ 2
‘X(”—X“)‘ =€k, +1. - €] © @ =", (21)

The squared decoding error shown in (21) implies that
v =v* is the condition that minimizes the error. However, a
small distance between v and »* (v #v*) in t_hg GF does not
directly lead to small distance of x(”—ﬁ“)‘ due to the
cyclic property of the operations in the GF and the random
selection of the coding coefficients. The characteristics of
the decoding performance (i.e., the squared decoding
error) can thus be well captured by the Cauchy-Dirac delta
function. An illustrative example shown in Fig. 12 for the
squared decoding error in (21) also confirms the
discussion above.
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x 10" \:tﬁ,l) - 12 = |ckm ® (v —w)]? in GF(28)
T

4 — T T T

25 1

(1) ‘2

—In

|2

151 b

0 50 100 150 200 250

V= Vn

Fig. 12. An illustrative example of the squared decoding error
XD 2012 = e ® (W —wn)l® in GF(2®). ¢ is randomly selected in
GF(28).
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