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Abstract — For  robotic manipulators that are redundant or  with high degrees of freedom, an analytical solution to the inverse 
kinematics is very diff icult or impossible. As alternative approaches, neural networks and optimal search methods have been widely 
used for  inverse kinematics modeling and control in robotics. This paper  presents a f irst analytical solution to the inverse kinematics of 
a widely used robotic arm (Pioneer 2 robotic arm), which, combined with an optimal search method, provides an effective solution to 
the modeling and control of the Pioneer  2 robotic arm.  

Keywords: Inverse kinematics, manipulator control, modeling and control, optimization, robotic arm. 

I.  INTRODUCTION 

Inverse kinematics modeling has been one of the main problems in robotics research. The most popular method for controlling 
robotic arms is still based on look-up tables that are usually designed in a manual manner [1]-[3]. Alternative methods include 
neural networks [4]-[11] and optimal search [12], which often encounter problems caused by the fact that the inverse kinematics 
systems of most robotic arms are multi-valued and discontinuous functions [9]. For robotic manipulators that are redundant or with 
high degrees of freedom (dof), there are hardly effective solutions to the inverse kinematics problem except for the manually 
designed look-up table method that is limited to applications with a priori known trajectory movements. The Pioneer 2 robotic arm 
(P2Arm) developed by ActivMedia Robotics has been widely used for robotics research, teaching, and development 
(http://robots.activmedia.com/). However, to date there is no analytical inverse kinematics solution for the P2Arm.  

This paper derives an almost complete analytical inverse kinematics model which, combined with an optimal search method, is 
able to control a P2Arm to any given position and orientation in its reachable space so that the P2Arm gripper mounted on a mobile 
robot can be controlled to move to any reachable position in an unknown environment. In Section II, the P2Arm inverse kinematics 
model is derived in an analytical way. Section III presents an optimal search method as a complementary approach for the P2Arm 
inverse kinematics control. Section IV proposes a hybrid approach that combines the analytical inverse kinematics model with an 
optimal search method for inverse kinematics modeling and control. Experimental results with discussions are given in Section V 
and conclusions are included in Section VI.  

II. DERIVATION OF THE P2ARM KINEMATICS 

A. Forward Kinematics 
P2Arm is a 5-dof robotic arm with a gripper, as shown in Figure 1. All its joints are revolute. Driven by 6 servomotors, the arm 

can reach up to 50 cm from the center of its rotating base to the tip of its closed fingers. The Denavit-Hartenberg (DH) convention 
and methodology [1]-[3] are used in this section to derive its kinematics. The coordinate frame assignment and the DH parameters 
are depicted in Figure 2 and listed in Table 1, respectively. Details about the definitions of the coordinates and DH parameters can 
be found in our technical report [13]. 

 
Figure 1 P2Arm and the robot configuration [14] 

TABLE I.  DENAVIT-HARTENBERG PARAMETERS FOR THE P2ARM 

Link /Joints θθθθ d (cm) a (cm) αααα γγγγ    
1 / 0-1 θ1 0 a1=6.875 90o  0 o 
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2 / 1-2 θ2 0 a2=16 0  0 o 
3 / 2-3 θ3 0 0 0  90 o 
4 / 2-4 θ4 d4=13.775 0 0 -90 o 
5 / 4-endpoint θ5 0 a5=11.321 0  90 o 

 
Figure 2 Coordinate frame assignment 

 

Based on the DH convention, the transformation matrix from joint n to joint n+1, is given by:  
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The general transformation matrix from the first joint to the last joint of the P2Arm can be derived by multiplying all the individual 
transformation matrices, which is as follows: 
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where si=sin(θi), ci=cos(θi), s23=sin(θ2+θ3), and c23=cos(θ2+θ3). On the other hand, if the position and orientation of the end-
effector are given, then the general transformation matrix can be represented as follows: 
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where px, py, and pz are the coordinates indicating the spatial position of the end-effector, and α, γ, and φ  represent the orientation 
in terms of the Euler angles ZYX convention. By equalizing the matrices in (2) and (3), the following equations are derived: 

 )()( 12223415423154152315 acacdcscscssscccap x +++−+=  (4) 
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 (5) 
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From (4)-(15), the position and orientation of the P2Arm end-effector can be calculated if all the joint angles are given. This is the 
solution to the forward kinematics. 

B. Inverse Kinematics 

Although it is very difficult, the inverse kinematics solution can be found by manipulating the following equation:  
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For instance, after multiplying both sides by the inverse matrix of 1
0 A , some elements in the matrices will contain one joint 

variable only. Paring those elements in both sides will produce possible solutions to some joint variables. This process can be 
repeated unti l solutions for all the joint angles are obtained. More details about this process can be found in [13].  

If the position and orientation of the P2Arm end-effector are given, potential inverse kinematics solutions can be obtained in 
terms of the following assumptions:   

 
a) Assuming sin(θ5)>=0 and sin(θ4)>0: 
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b) Assuming sin(θ5)<=0 and sin(θ4)<0: 
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c) Assuming sin(θ5)<=0 and sin(θ4)>0: 
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d) Assuming sin(θ5)>=0 and sin(θ4)<0: 
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e) Assuming sin(θ4)=0: 

 

 ),2(atan1 yx nn−=θ                            (37) 
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The solution under the assumption of sin(θ5)=0 is also available. However, this solution provides the same joint angles as those 
provided by a), b), c) or d). It should be noted that before the joint angles are solved we do not know which assumption is correct. 
Our strategy for choosing the correct solution is to try all the potential solutions and check using the forward kinematics which 
solution produces the given position and orientation correctly. Due to the inaccuracy problem caused by atan2(y, x), when 

0≈≈ yx , there could be no correct solution among all the potential solutions for some given positions and orientations. How 
serious this problem is will be investigated in Section V, and an alternative approach in case this problem exists is developed in the 
next section. 

III. INVERSE KINEMATICS SOLUTION BY OPTIMAL SEARCH  

When the analytical inverse model gives an incorrect solution, a common alternative approach is optimal search that finds a 
solution by minimizing the error between the desired and current positions and orientations: 

 

2

2
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 (45) 

where the current end-effector position and orientation Xcurrent is calculated by the forward kinematics equations (4)-(15). The 
updating of joint angles can be carried out as follows based on a gradient-descent algorithm: 
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where η is a small positive number controlling the search step, J is the Jacobian matrix of the manipulator: 
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The derivatives in the Jacobian matrix can be easily derived using the forward kinematics equations. The gradient-descent-based 

search will stop either when a preset maximum number of epochs have been reached or when the correctness criterion has been 
met. Another optimal search strategy is to design a trajectory between the desired and current positions and orientations. The 
pseudo-inverse of the Jacobian matrix is applied to update the joint angles in each step following the trajectory [9]. However, this 
strategy does not work properly  due to the singularity of the Jacobian matrix when the dof of the robotic arm is less than 6. More 
effort for improving the optimal search performance, e.g., using adaptive search steps, will be made and will be reported in the final 
version of this paper. 

IV. A HYBRID APPROACH FOR P2ARM INVERSE KINEMATICS CONTROL 

The results of testing the derived analytical inverse kinematics model show that it can provide inverse solutions for almost any 
given positions and orientations within the reachable space, with the advantages of high speed and high accuracy over neural 
networks and optimal search methods. However, on some rare occasions, the analytical inverse model provides completely wrong 
solutions due to the inaccuracy problem in atan2 function, which is a disadvantage of the analytical inverse model over neural 
networks and optimal search methods. In order to avoid this disadvantage of the analytical model, we use a hybrid approach, as 
shown in Figure 3.  

 

 
Figure 3 A hybrid approach to inverse kinematics control  

 

Given a position and orientation xd, the analytical inverse model will provide a joint angle vector θθθθc. Its corresponding position 
and orientation will be calculated using the forward kinematics model. If this solution meets the correctness criterion, the joint 
angles will be sent to the robotic arm as control commands, otherwise, an optimal search will be conducted to get a satisfactory 
solution, which will be checked and sent to the robotic arm if correct.  

The correctness criterion used here is defined as follows: 

   norientationorientationorientatio

position

eee

ezzyyxx

≤−≤−≤−

≤−+−+−

φφγγαα ˆ,ˆ,ˆ

ˆˆˆ
222

 (48) 

where (x, y, z, α, γ, φ) represents the given position and orientation, the variables with  ̂ represent the reached position and 
orientation by the inverse kinematics control, and eposition and eorientation are error thresholds for position and orientation respectively.  

Usually the optimal search will take a relatively longer time in comparison with the analytical solution. This is a shortcoming 
for real-time control. However, the optimal search is hardly activated, as shown in the experimental results in Section V.   
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V. EXPERIMENTAL RESULTS 

The testing position and orientation data were generated using the forward kinematics model with random joint angles that are 
within physically limited ranges so that they are guaranteed to be reachable. The experiments were conducted using both the 
simulated arm model and the real P2Arm. As the analytical inverse method is able to provide accurate solutions, we set eposition=1cm 
and eorientation=1o in the correctness criterion for the analytical solution. For the optimal search solution, we set eposition=1cm and 
eorientation=10o, because it is difficult for the optimal search to achieve very high orientation accuracy. We have conducted 
experiments with multiple runs, each run was based on 1 million or 10 million positions and orientations. Table 2 shows some 
average performance of the analytical inverse model and the hybrid approach. It can be seen from the table that the inverse 
kinematics problem of the P2Arm has been almost perfectly solved. We noticed that all the errors correspond to positions and 
orientations generated by o904 ±=θ  and 

32 θθ −= , which result in nx=ny=oz=az=0 and thus make the orientation angles calculated 
by (14) and (15) uncertain. Therefore the errors are not actually caused by the inverse process. These errors could be removed by 
using (nx, ny, nz, ox, oy, oz, ax, ay, az) to represent the orientation rather than (α, γ, φ). This wil l be investigated further and the results 
will be included in the final version of this paper. 

TABLE II.  ERRORS IN THE P2ARM INVERSE KINEMATICS SOLUTIONS 

No. of testing 
positions &  
orientations 

No. of errors from 
analytical inverse 
alone (percentage) 

No. of errors from 
hybrid approach 

(percentage) 
 

1,000,000 5 (0.0005%) 2 (0.0002%) 

10,000,000 50 (0.0005%) 23 (0.00023%) 

 

VI. CONCLUSIONS 

An analytical inverse kinematics model for a widely used robotic arm, P2Arm, is firstly derived in this paper. A hybrid 
approach combining the derived analytical inverse kinematics model with an optimal search method is adopted, which provides 
an almost perfect solution to the P2Arm inverse kinematics problem. We believe that the solution developed in this paper will 
make the P2Arm more useful in applications with unpredictable trajectory movements in unknown environments. The methods 
used for deriving the inverse kinematics model for the P2Arm could be applied to other types of robotic arms. Future work would 
include looking for better analytical inverse kinematics models as the model derived in this paper is not a unique solution, 
improving the optimal search algorithm, integrating with neural networks, and the robustness analysis of the proposed approach.  

Our software for the P2Arm control based on the derived inverse kinematics model will be made available to the public after 
this paper is published.  
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