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Abstract

We analyze and compare the methods of construction of the recursion operators for
a special class of integrable nonlinear differential equations related to A.III-type
symmetric spaces in Cartan’s classification and having additional reductions.
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1 Introduction

Recursion operators Ay play an important role in the theory of the nonlinear evolution
equations (NLEE), integrable by the inverse scattering method. They have been con-
structed and analyzed for a wide class of Lax operators L and appeared to generate not
only the Lax representations, but also the hierarchy of NLEE’s related to a given Lax
operator L, their conservation laws and their hierarchy of Hamiltonian structures, see
[3, 241 22], [§] and the numerous references therein. Such operators can be viewed also as
the Lax L operator, taken in the adjoint representation of the relevant Lie algebra g.

The construction of Ay for Lax operators, whose explicit dependence on the spectral
parameter \ is comparatively simple (say, linear, or quadratic) has been done a long time
ago [1L 12 4, B]. Furthermore, the completeness property for the set of eigenfunctions of
AL (the ‘squared solutions’ of L) is of paramount importance. The completeness of the
‘squared solutions’ plays a fundamental role in proving that the ISM is, in fact, a nonlinear
analogue of the Fourier transform, which allows one to linearize the NLEE. Using these
relations one is able to derive all fundamental properties of the NLEE on a common basis.

An important tool of extracting new NLEE from a known multi-component ones, is the
the reduction group, introduced in [14} 15} [16]. It led to the discovery of the 2-dimensional
Toda field theories [16], 20]. Latest developments of the method led to the discovery of
new automorphic Lie algebras and their classification [I3] 18], [19].

The problem of deriving recursion operators becomes more difficult when we impose
additional reductions on L. If this additional reduction is compatible with L, being linear
or quadratic in A, the construction of A is not a difficult task, see [§]. An alternative
construction of A as formal recursion operator is given in [10, 9], see also the review papers
[2, 21]. The effect of the Z,-reduction is as follows: i) the relevant ‘squared solutions’ have
analyticity properties in sectors of the complex A-plane closing angles 7 /n; ii) the grading
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of the Lie algebra g = @Z;ég(k) is more involved and as a consequence the recursion
operator is factorized into a product of n factors A = Hz;é Ay, and each of the factors
Ay, maps Ay: g1 — gk,

The situation becomes more complicated if the additional reduction drastically changes
the A-dependence of the Lax operator. Here we address this problem for one of the simplest
nontrivial cases when the Lax operator L, due to an additional Zs-reduction changes its

A-dependence from polynomial into rational one. The linear in A Lax operator
Loty = i0,0 + ALyp(x, ) = 0, (1.1)
was shown to give rise [I0] [6] to the integrable system
iuy = ((1 — uubu,),, ulu =1, (1.2)

where uw is (N — k) x k complex matrix and 1 is the unit matrix. The system ([2) is
S(U(N — k) x U(k)) invariant, and, in this sense, is isotropic. In particular, if & = 1,
equation (L2) can be seen as a U(N — 1) invariant integrable system on CPY~!'. The
corresponding recursion operators, relevant for the fundamental properties of eq. (L2,
were derived in [7].

In [6] we derived new NLEE with additional Zy-reduction, which maps A — A~'. This
reduction is among the simplest nontrivial ones, see [14] [I5] [16, 18, 19]. Due to it, the
relevant Lax operator acquires a rational dependence of \:

and the simplest NLEE take the form

WU = Ugy — (u(u*um + U*Ux))x + SUU*U,

1.4
1 = Vg — (V(W Uy +0"0,)), — Suu'v, (1.4)

where u and v are functions of x and t subject to the condition:
u?] + [v?| = 1 (1.5)

i.e. the vector with components u and v sweeps a 3-dimensional sphere in R*. System
(L4) can also be seen as an anisotropic deformation of (L2) with k£ =1, N = 3.

Our main aim in the present paper is to present two ways of deriving the recursion
operators related to the Lax operators with rational dependence on A. It is a natural
extensions of our previous results [6, [7]. In the next Section 2 we give preliminaries con-
cerning the spectral properties of L (L3). In Section 3 we derive the recursion operator
using the Giirses-Karasu-Sokolov (GKS) method. In Section 4 we use the Wronskian re-
lations to determine the ‘squared solutions of L. Next using the gauge covariant approach
[M, 8] we introduce the recursion operator as the one for which the ‘squared solutions’
are eigenfunctions. In the last Section 5 we give some conclusions, while the Appendix
contains some details from our calculations.

2 Preliminaries

In this section we first formulate the basic results from our previous paper [6]. There
we have shown that eq. (L)), which is naturally related to the symmetric space [11] of
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A ITI-type SU(3)/S(U(1) x U(2)), allows a Lax representation and can be solved by the
inverse scattering method. The Lax operator L is given by eq. (3] and the equation
itself is the compatibility condition between L and the linear operator

At = 0 + (AO + A+ %A_l + A% A4, + %A—z) v =vfN), (2.1)

It is well know the above mentioned symmetric space is constructed by using Cartan’s
involutive automorphism [I1], which induces a Z, grading in the underlying Lie algebra

g=9%ag®,  J =diag(l,—-1,-1)

0 1 (2.2)
09 ={yeg: iYL =Y}  gV={Xeg: J1XJ=-X}

Our Lax representation is such that Ly, A1y € g' and Ay, A4o € g%, for more details see
the Appendix. In particular, for L; and A; we write

0 uwv 0ab
Li=u*00], A= a*00]. (2.3)
v* 00 b* 00

which explicitly involves the first two reduction conditions:
LL, =Ly, AL, =Ay,, AL, = A, (2.4)
We impose also a third reduction of the form
JolyJo = L_q, JyA1Jy = A4, JoAs o = A, (2.5)
where J, = diag (1, —1,1). At this point, we impose one additional requirement
[ul® + Jof* =1,

that is the vector (u,v) lives in a 3-dimensional sphere in R?.
The spectral theory of the Lax operator L (L3]) substantially depends on the boundary
conditions. We have two natural ways to fix the boundary configurations, namely:

Lo lim, oo u(z, t) =1, lim, i v(x,t) =0
2. lim, o u(z,t) =0, lim, poov(z,t) =1

The Jost solutions of L are determined by using the asymptotic potentials Uy 45(\) =
lim, 400 (AL1+A"1L_1) which can be diagonalised for both choices of boundary conditions

1 1 0 1
1) g()_lUﬂ:,aS()‘wO = ']a(>\)7 Jo = ﬁ 1 0 -1
0-v2 0
Ja)\ = )\_>\_1 di 1707_1
(A) = ( )diag ( ) 2.6
1 1 0 -1
2 g UewNgn=h().  g=—5|0v2 0
1 0 1
).
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Figure 1: Continuous spectrum of L, case b).

The continuous part of the spectrum of L for the case a) fills in the real axis R while for
the case b) it is the union of the real axis and the unit circle, see Figlll
In [6] we have constructed the fundamental analytic solutions (FAS) of L for both
cases. Skipping the details, we note only that these FAS can be viewed as solutions of
Riemann-Hilbert problems (RHP):
The Jost solutions of L and the related scattering matrix 7°(\) are defined as follows:
lim s (z, N)e Nrgrt =1,
T—Fo00 0 (27)
T(A) =7 (2, Y- (2, )
For the case a) the fundamental analytic solutions y* and x~ are solutions of the following
RHP
V) = (@ NG), GOY = ST, AR (2.8)

They obey the symmetry relations imposed by the reductions
(), X) = x7 (2, )
JX (@, =A)Jr =X (@, ) (2.9)
J2X:t(x7 1/>\)J2 = Xi(xu )‘>

In the case b) we have 4 fundamental analytic solutions x/) with analyticity regions Q;,
which satisfy a RHP on the contour shown on Figure 1:

(1)(1,’)\): 2) (x, N)G(N), Ae[—-1,1]

)
@2, A) = x® (2, N)G(N), e (—o0,—1] U1, 00) (2.10)
Wz, \) =X (2, )G(\), A=¢€" e (0,7) '
@ (2, A) = xP (2, )G(N), A=¢e"%  pc(rm2n)
where the sewing function is given by
G(A) = (S~(N)'ST(N).
The FAS obey the following symmetry relations:
DRI I ICPY) [“@Yﬂ—u@@MW
T, =N = x® (2, \), JixW (@, =2 = xP(z, A) (2.11)
Jox D (z, 1/X)Jy = xW (z, \), Jox@ (2, 1/0)Jy = x® (z, \).



3 Recursion operators

This section is dedicated to the construction of recursion operator for the NLEE (4.
For this to be done we are applying the method proposed by Giirses, Karasu and Sokolov
(GKS) [I0]. The recursion operator is viewed here a pseudo-differential operator to map
a symmetry of a NLEE into another symmetry. The underlying idea of the GKS method
is to interrelate two adjacent flows A and A with evolution variables 7 and t respectively
through a equality in the form [10] 23]

V=(N+A?)V+B. (3.1)

The matrix-valued functions V and V are involved in the Lax operators A and A as
follows

A =id. +V(x,t,\), (3.2)
A= ’Lat + V(I, t, >\)

All quantities above must be invariant under the action of the Zy reductions (24]) and
(Z3]). This explains the choice of the coefficient before V' in ([B]) which is invariant under
A — —Xand A — A~'. The operator B is chosen to be a rational function of \

1 1
B = By + \B; + XB_1 +A2B, + FB_z, B_p = JBpJo, k=1,2 (3.4)

The matrices involved in B are hermitian ones and have a block structure given by

T
Blz<(?*00)’ 325<gg), DEG‘*?), (3.5)

in a complete analogy with the second Lax operator (2.1]).
At the begining of our consideration, let us remark that the zero curvature condition
of the Lax operators L and A could be written in the following manner:

iLy =[L,V], (3.6)

where L; = ALy, + A'L_y,;. After substituting (B) in the analog of ([B.6]), when the
evolution paramenter t is replaced by 7, we obtain the following basic equation:

iL, =i (NM+X?) L, +[L,B. (3.7)

Then the recursion operator R acts as follows:

(2),5(3),

Since all matrices are traceless, we have
d=—trD=—(a+9).
By comparing coefficients before different powers of A, one splits equation (31) into

iLl’t + [Ll, Bg] =0 = iut + (D* — d)u = 0, (39)



iD, +u'c’ —cu’ =0

ZB2,$ + [le Bl] =0 = de + ule — cTu* =0 (310>
iLy; =1L 14 +iB1, + [L1, Bo| + [L_1, By, (3.11)
iBos + (L1, B_1] + [L_y, By] = 0. (3.12)

The rest of relations could be obtained from those above, by multiplying each quantity
by Jy on its left and on its right hand side.

The system ([B.9) is linear for the matrix elements of D. A solution to (8.9]) is given
by

o = i(uu} +v*v) — d(2|v|* — |ul?) B =i(vu; —u*vy) + 3du™v (3.13)
§ = —i(uu} +v*vy) — d(2ul? — |v[?). '
The solvability condition for the system of linear equations (3.13)) is:
p[v)? + 8, |ul? — Bouv* — Biutv =0 (3.14)

One can check that

e\ i ou(by — o) — 200 u
O () e
where & is real, but otherwise arbitrary, is the general solution of (B.I3]). In what follows

we shall set k = 0 without any loss of generality. It could be written in the following
matrix form

c 15} 0 —v —u 0
s B B o dl—-uw 0 v 0] d
s* ). QT*‘; 0 u* —v*0

Next step is to find the function d, involved in the expressions for «, § etc. For this to
be done, we make use of the condition (314 which leads to a linear differential equation
for d:

—2d, + i(u e +v*v), — i [(wug + v o) (|v]* = Jul?).
— (uvy — vuy) (U ), + (u vy — v ) (wv™),] = 0. (3.17)

After some simple manipulations one obtains
1 1
d= —§(uu;‘ + o)) — 58;1 (wpu), + 00y — ujuy — v;,) (3.18)
where 9, := [{_dy.

To calculate R, one needs the diagonal matrix By. It directly follows from (B.12) that
the following equation holds true

uc* —u*c+ v*s — vs* 0 0
iBy, =2 0 u*c — uc* 0 . (3.19)
0 0 vs* —v*s



Taking into account formulas ([B.I0), one deduces that

a—0 0 0
30:2 0 —a 0
0 0 o

Furthermore, taking into account the structure of (3.I1), one can easily see that R can
be split in the following form:

R=C+Ro+D. (3.20)

The first term C originates from the first term in (BI1]), and it is a constant matrix
diag (—1,1,—1,1). The third operator D is obtained from the two commutators in (3.IT]).
It turns out that it splits into a local term

8lul? — 1 —4u®(3lv]? — 1) 0 12uv|ul?
D 0 —12uv|v|? 1 —8v|? 4% (3Jul?* — 1)
e = | —4(u*)?(Blv]2—1)  SJul>—1 12u*v*|ul? 0
—12u*v*|v]? 0 4(v*)*(Blul* = 1) 1 —8v|?
and a nonlocal one
u (1= 3vf)
B v (3ul? = 1) e
Dnonl =4 u (3‘U|2 o 1) am [(Um, Uyy —Ug, Uw)] .
vt (1= 3[ul?)

Finally the operator Ry = A(Bioc + Buon) splits into a local and a nonlocal parts as
follows:

0 —4u* 20(3v]* —1) —6u*v?
| 20%(1 = 3|v[?) 6u(v*)? 0 du
Broe = 7 g 0 Bu(lo2—|uf?) —v(1 +6jup) [ G2
—u” —v* 0 0
2u™v
31 2uv* 1
nonl — T *7 *7_ xy — Yz )] - 22
Bioni 4 |u|2—|v|2 9, [(ug, vy, —u V)] (3.22)
-1/3

In fact, Ro represents the recursion operator in the case of polynomial bundle Lax pair
[

L= z@x + )\Ll,

A= ’Lat + )\Al + )\2142.

4 Recursion operators and ‘squared solutions’

This approach is based on the Wronskian relations, mapping the potential of the Lax
operator L onto the scattering data, which allow one to introduce the ‘squared solutions’
for L (see, e.g. [8] and the references therein).



The Wronskian relations, derived in [6], take the form:

<iX_1JOX(x> )‘) iJo, Eo >}x__oo / dx <[L1>J0]><I>1(Ia )‘)>
R (4.1)
i{x"'ox(z,\), E >}x__oo —/ dx (0L, P1(x, \)),
where we have introduced the squared solutions:
Oy (2, A) = Aea(®,A) + A po(ea) (2, ), (4.2)
and
ea(T,\) = XEox Mz, \). (4.3)

where E, is one of the Cartan-Weyl generators.

In this approach, see [1}[§], one picks up a certain ‘projections’ of the ‘squared solutions’
(see K li “L(z,\) in eq. [@I2) below) which contribute to the right hand sides of eq. (@I).
Then the recursion operators can be introduced as the ones, that have Kli;;j(:c, A) as

eigenfunctions.
Let us introduce

Jy = diag (1,—-1,—1), K, = diag(1,0,—1), Ky = diag(1,-1,1) (4.4)
and
Oic (2, A) = Neeg (2, A) + A o (eg (2, N)), (4.5)
which satisfy the equations:
0Py,
Q k’ + [L17 q>;ft+1 a(z’ )\)] + [L_l’ q)l:i:—l;a(x7 )\)] =
QOQ((I)]:;Q(ZIZ', )\)) = CD:Ek,a(ZIZ', )\)a QOO((I)(:;:;Q(I” )‘)) - q)(:;a(za )‘) (46)
0P,
i+ (1 + ) [Lr, Do (2, A)] =

ox

In addition, we have:
(A (0) = B (2, 0) + B (20 (4.7)

In what follows we will use only the equations for <I>(jf;a(x, A) and (I)li;a(:z, A):

0.,
I8 (14 o) L, (o, )] =
a% (4.8)
i Ly — Loy, BF, (2, \)] = —(A + A7) (L, &, (2, V)]
Next, we insert the splitting:
Bolr, ) = Hifo e, 0) + K0 X), - 0 (0,0) = HE@N) 4 K@ o

H(jl;:a(x7 )\) = SOO(H(?;:a(I’ )‘))7 Kg;:a(x> )\) - ()OO(K(:)EO[(:E7 )‘))



and obtain

OHF,
IS0 (1 o)L, K 0)] = 0
OKE.
i— 2+ (1 + o) (L, Hisy (2, 0)] =0
0H:€t (4.10)
i 8;0‘ — L1 — Ly, Kgp (2, N)] = —(A+ ALy, Kiy (2, )]
0K, + -1 +
IS [y — Ly H (0 N)]) = (4 A7) L, B )]
The integration the first two of the above equations gives:
Hi (0, 0) = i + 100+ 0)0; (L, K, 0) .

K(:]l;:a(xv >\) = k(:)lz];a + Z(]l + ¢0>8;1[L17 Hi:&l(x7 )‘)]7

where h, ., and ki, are matrix-valued constants. Thus we expressed K, and Hj, in
+,1 +,1
terms of K- and H;,~ where

3

i (@, 0) = Higy (2, 0) = S La(HE,, L)

Lo

(4.12)
L1>

100

1
Kf;:(j_(xv >\) = Kil;:a(']:v >\) - §L1<Ki

where Ly = L? — 2/31l. Let us now derive the equations for K ff(’j and H fj. To do this,
we insert eq. (£I2 and insert it into the last two equations of (AI0). Thus we get:

+,1 . . +
iag;a + %Lz,x<H1i;a, Ly) + %L2W — Ly — L—1>K3§a(1’> A
= —(A+ATH[L1, K, (2, \)] (4.13)
z'aKli“g‘l Iy (Ki,, L) + ) K 1) [Ly — Ly, Hy (7, A
O 5 HLa B iar L1 51 Oz 1 -1, 0.\ T, )l

= —(A+ AY[Ly, HE, (z,\)].

Next, we separate the left hand sides of eq. (AI3) into terms commuting with L; and
Ly and terms ‘orthogonal’ to them. In order to calculate the coefficients <H1i;a, Ly) and

(K7, L), we multiply both sides of the first (resp. the second) of the eqs. [ZI3) by Lo
(resp. by Li) and take the trace. The result is:
JoHfy; O(HE,, Ly)
z< a; ,L2> +zi,);7x —([Ly = Loy, Ko (2,0\)], La) = 0
(4.14)
. aKf-:;xJ_ .8<Kil-:a> L1> +
g 0:); >L1 +ZT - <[L1 _L—1>H0;o¢(x> )\)]>L1> =0
Integrating (A.14) we get:
OH ;"
<Hi|':a> L2> = h(:;:l a 05;1 <%7 L2> - Za;1<[Ll - L—1> K(:)l?oe(x> )\)]7 L2>
(4.15)

OK "
<Ki|;:a>L1>:katl,a_a;1< 821;’ ’Ll>’
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where ki, and hi, are matrix-valued integration constants.
Skipping the details we obtain:

_ 3 _
MEG =W+ XN YH —ad ) <[L1 — L1, hoo] + §L2,Iax N([La, L], kfoo))

31 .
Mo HE = (AV+ ATEGT + gad o} (Lawhoy + iL22 05 ([La, L1), koo))

—ad le ([Ll — L_l, ]{700])

(4.16)

where hgg and kgp are arbitrary constants which we shall set to be equal to zero. The
operators Aj, j = 1,2 are defined as follows:

oKt
AlKlj;:(’lJ‘ = —7ad le ( 8; - (]1 - (,00) [L1 —L_q, 8;1[1417 Ki}-]})

: oKy
it (1)

OH"
AQHf;j = —jad le ( a;a — (1 — o) [Ll — L_1,0,'[Ly, Hlial]]
+, 1
—;Lg,xc‘?;l <<8g;“ ,L2> +([L2 = Lo Ly = L), 07 L, Hi;ﬁ]>>>
(4.17)
Thus, we obtain:
MMKES = A+ ARG (4.18)

AlAgHi&L = ()\ + )\_1)2Hi:;xl

5 Conclusions

We derived the recursion operators A for the system ([L4]) related to the symmetric space
SU(3)/S(U(1) x U(2)) with an additional Zs-reduction. Our first derivation of A is based
on the GKS method [10].

Another way to construct A consists in using the Wronskian relations. They allow us
to determine the ‘squared solutions’ of L which are treated as eigenfunctions of A.

Our results could be extended for operators L related to a generic symmetric space
of the type A.III = SU(n+ k)/S(U(n) x U(k)) as well as to other types of symmetric
spaces.
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A Some intermediate results

In this appendix we will present some intermediate results, used in section 4. The invo-
lutions J induce a Z, grading in the Lie algebra g as follows:

g=g9 @g",
g0 ={y: v =JYyJ ), gV ={X: X=—-JXxJ}
k=m0 0 0 ab (A1)
Y = 0 k- m |, X=(a00
0 m*n b* 00

The inner automorphism ¢q staying in the formula for the “extended squared solutions”

(@3) can be represented in the form:

wo(Z) = Ko ZK, Y,

—k—-—n00 000
Y=Y"+Y", Y= 0O k0], Y7T=100 m|,
0 On 0m* 0 (A.2)
00b 0 a0
X=X"4+X", Xt=[000], X =1a"00],
b* 00 000
Next we take into account that po(Hgy) = Ho and ¢o(Ky) = Ky and therefore:
([Ly = Lo, Kty (2, V)], La) = 2Jul (0 — ki) "
([Ly = Loy, Hi (2, N)], Ly) =0 |
where
0 0 Kp, e W R
Ki,=| 000 |, H,= 0 koo O |, (A.4)
/i(ji;: 00 0 0 ng,
Introduce the notations
0 wljfa zlia —k‘fa nfa 0 0
Kf,=|wy 0 0 |, Hf,= 0 K, mi, (A.5)
Zi%’; 0 0 0 mf:,g nit,a
Then
): by
<Hi|':o¢7 L2> = h’(:)tl a 8;1 < 81706 7L2> - 2ia;1|u|2(v*k(:)%a - Uk(:)%tx>
b b x b b
+ 89, Hul? (v*@;l(umfa) + v@;l(u*mf’;)) (A.6)

OKt
<Ki|;:oc7 Ll) = k(:)tl,a - 85;1 < a; 7Ll>
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