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Summary: This work aims to investigate the mechanical response of a hierarchical carbon 

fibres graphene reinforced polymer composite materials using analytical multiscale 

approaches. Therefore, a 2-phases graphene/polymer composite is computed under a 

boundary value problem. Mean-field homogenisation schemes for instance the Mori-Tanaka 

are applied to obtain the overall response. The modelling of 3-phases carbon 

fibres/graphene/polymer composite consists on a double-scale approach combining the 2-

phases composite as matrix phase in which are embedded the carbon fibres. The derivation 

of the effective properties remains analytical-based micromechanics formalism. Numerical 

results obtained for thermoset as well as thermoplastic matrix derive the overall nonlinear 

stress-strain response and show the contribution of the graphene in the enhancement of 

mechanical properties. 
 

1 INTRODUCTION 

 

Graphene based nanocomposites are widely used for enhancing the multifunctional response 

of composite materials [1-4]. Indeed, graphene-based polymers show substantial property 

enhancements at much lower loadings than polymer composites with conventional micron-

scale fillers (such as glass or carbon fibres).  

Nowadays, hierarchical advanced graphene based polymer composites constitute efficient 

materials to replace conventional composites in structural applications. In fact, hierarchical 

glass fibres GF reinforced graphene nanoplatelets GNP polypropylene PP composites [5] 

have shown that the combined effect of the two fillers of rather different size scales i.e., 

micro- and nanoscale can lead to significant improvement of the tensile modulus and impact 

strength while the dispersion of the nanofiller in the PP matrix promoted the formation of a 

stronger interface between the matrix and GF. Moreover, carbon fibres CF and GNPs 

reinforced poly-arylene ether nitrile (PEN) PEN/CF/GNP composites [6] have demonstrated 

the synergic effect of combining reinforcements to deliver excellent mechanical properties 

higher 1.7, 4.5 and 6.4 times larger than those of PEN/CF composites, PEN/GNP composites 

and PEN host, respectively. 
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In this work, a multiscale modelling is proposed for deriving the mechanical properties of 

hierarchical fibres reinforced graphene polymer matrix composites FRGPMCs. Graphene is 

considered as continuum platelets embedded within a rate-independent elasto plastic polymer 

matrix leading to a 2-phases composite. For the nonlinear phase, a Hill-type incremental 

linearization is used for rate equation leading to the derivation of the consistent tangent 

operator. Analytical based micromechanics formalism derives the effective non-linear 

response of the 2-phases composite. Next, carbon fibres are embedded in a matrix consisting 

on the 2-phases composite leading to the 3-phases composite.  

 

2 THEORITICAL BACKGROUND 

2.1 Mean field homogenisation 

Let us consider a macroscopic homogeneous and microscopic heterogeneous material under 

the assumption of a representative volume element RVE. The associated boundary-value 

problems are formulated, in the terms of uniform macro field traction vector or linear 

displacement fields with body forces and inertia term neglected. The effective properties are 

given by: 
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with I
c , I

A , If  the uniform stiffness tensor, the strain concentration tensor and the volume 

fraction of phase I respectively. Using, the Eshelby’s inclusion concept [7], the final 

expression of the global strain concentration tensor is given by an iterative procedure [8] such 

as: 
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where I
a  states for the local strain concentration tensor and 

0J J  c c c . 
IJ

T represents the 

interaction tensor between inclusions. In the case where the interactions between inclusions 

are neglected i.e 0IJ T  (most of cases in the open literature), the local concentration tensor 
I

a  reads more simple expression: 
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where S  represents the Eshelby’s tensor [7]. Its expression depends on the aspect ratio 

c a   of the ellipsoidal inclusion of semi-axis  , ,a b c  and the material properties of the 
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surrounding matrix 0
c . Under the Mori-Tanaka MT [9] assumptions, the global strain 

concentration tensor of the matrix is expressed as [8, 10]: 

 

 

1
1

0 0

0

1

:
N

I I

I

I

f f






 
   

 
IA a a a  (5) 

leading to the effective MT properties through Eq. (2) such as: 
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2.2 Non-linear tangent operators 

Within the RVE, let us assume that one or more phases behave elasto-plastically. Referring to 

the work by Doghri and Ouaar [11] at least two tangent operators can be defined: the 

“continuum” (or elasto-plastic) 
ep

C tangent operator, which is derived from the rate 

constitutive equation, and the “consistent” (or algorithmic) 
lga

C tangent operator, which is 

solved by a discretisation in the time interval  1,n nt t  . These tangent operators are related to 

the rate of the constitutive equation as follows: 

 

 
lg

1 1

:

:

ep

a
n n  

 




&& C

C

 

 
 (7) 

They are derived from the classical 2J flow rule: 
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The “continuum” (or elasto-plastic) 
ep

C tangent operator yields: 
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while the “consistent” (or algorithmic) 
lga

C tangent operator is given by: 



W.L. Azoti, A. Elmarakbi, H. El-Hage and M. Elkady 

4 

 

 

 
2lg 2

1 3

2

eqa ep

tr
eq

dev

eq

p







 
  



   



I

N
C C

N
N N





 (10) 

In equations (9) and (10),   denotes the material shear modulus while el
C represents the 

elastic stiffness tensor and  R p  is the hardening stress function with p  the accumulated 

plastic strain. N  represents the normal to the yield surface in the stress space. tr
eq denotes a 

trial elastic predictor of eq . dev
I  stands for the deviatoric part of the fourth order symmetric 

identity tensor. The knowledge of internal variables such as p  and tr
eq  is important for 

computing the algorithmic tangent operator in Eq. (10). A detailed procedure about the 

update of internal variables can be found in Azoti et al. [12]. lga
C  will be later used to 

determine the overall composite behaviour using the MT scheme by Eq. (6). 

 

3 HIERARCHICAL MODELLING 

This modelling is concerned with the derivation of the effective properties for the 

hierarchical composite materials as shown by Figure 1. The multiscale strategy is set up 

around the following points: 

 

Figure1: Multiscale modelling of the hierarchical Short Glass fibres/Graphene platelets/polymer composite 

materials 
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 The modelling of 2-phases graphene/polymer composite. The mechanical properties 

of the graphene which are widely derived at the atomistic scale [13, 14] are 

considered through graphene platelets GPL as continuum phases interacting with a 

rate-independent elasto plastic polymer matrix. The composite response is therefore 

computed under a boundary value problem by applying static or kinematic admissible 

loading. Mean-field homogenisation schemes for instance the Mori-Tanaka are 

applied to obtain the overall response.  

 The modelling of 3-phases carbon fibres/graphene polymer composite. It consists on 

a double-scale approach combining the 2-phases graphene/polymer composite 

developed above as matrix phase in which are embedded the carbon fibres. The 

derivation of the effective properties remains analytical-based micromechanics 

formalism. 

 the full structure simulation. At each Gauss integration point within a macro model, is 

implemented the above constitutive laws for 3-phases glass fibres/graphene polymer 

composite using a User-defined Materials UMAT subroutine. 

 

4 NUMERICAL RESULTS 

Numerical results are conducted on the 3-phases composite. As matrix phase, thermosets 

(EM120, EM180) and thermoplastic (PA6) polymers are used while graphene platelets GPL 

(G2NAN) and short E-Glass fibres as well as carbon fibres are considered as reinforcements. 

Material properties used for analysis are gathered in Table1 and Table 2. 

The following analysis cases are studied: 

 Thermoset    EM120 + G2NAN (0.78%)+carbon fibres (64%) 

 Thermoset    EM180 + G2NAN (0.61%)+carbon fibres (64%) 

 Thermoplastic  PA6      + G2NAN (1%) + short E-glass fibres (35%) 

 
Carbon fibres Short E-Glass fibres Graphene G2NAN 

CFE  CF  EGFE  EGF  IE  I  

230 GPa 0.2 85 GPa 0.23 700 GPa 0.22 

Table 1: Reinforcement material properties 

 

 Thermoplastic      Thermoset-Epoxy 

      PA6 EM120 EM180 

Density 1.13 gm/cm3 1.14 1.17 

Poisson’s ratio 0.39 0.36 0.33 

Young’s Modulus 2000 MPa 3000 MPa 3200 MPa 

Tensile Strength   85 90 

Yield Stress 60.5 MPa 20 MPa 20 MPa 

Hardening Modulus 63 MPa 90 MPa 90 MPa 

Hardening Model Power law Power law Power law 

Hardening exponent 0.4 0.1 0.1 
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Table 2: Polymer matrix properties 

 

 
(a) EM120 + G2NAN (0.78%)+CF (64%)               

 
(b) EM180 + G2NAN (0.61%)+CF (64%) 
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(c) PA6+ G2NAN (1%) + short E-glass fibres (35%) 

 
(d) Response comparison with and without graphene G2NAN 

Figure 3: Effective stress-strain response of 3-phases composite under uniaxial loading 

 

Results on Figure 3 shows the overall equivalent stress-strain response of the composite. The 

contribution of high volume fraction (64%) of carbons fibres in the composite response is 

depicted by. Figures 3(a) and (b) where the effective response shows a trend similar to that of 

the fibres. The 3-phases composite response is bonded between that of the fibres and the 2-

phases composite which in turn is also bonded between the response of the GNP and that of 

the polymer matrix. In Figure 3(c), a trend similar to that of the matrix is obtained since a 

mean volume fraction of short E-Glass fibres is used (35%).  

Also, the composite response, for all studied cases, is analysed with respect to the volume 

fraction of G2NAN in Figure 3(d). For composite without G2NAN ie 0% vol, it is observed a 

decrease in the overall behaviour. In addition, the stress strain response for that case quickly 

shifts to a linear response with the fibres volume fraction. For all studied cases, the presence 

of G2NAN has a significant impact in the enhancement of the overall response. 

5 CONCLUSIONS 

A nonlinear effective response has been proposed for modelling the hierarchical fibres 

reinforced graphene polymer matrix composites. For dealing with the material scale 

transition, the modelling strategy is based on mean-field homogenisation techniques. 

Therefore, micromechanics scheme for instance the Mori-Tanaka derives the effective 

response after the nonlinear consistent tangent operators are resolved from the classical 

2J flow rule. The developed methodology is versatile and can be used analytically as well as 

numerically through a user defined material UMAT. Numerical results that analyse different 

materials case, show the contribution of the graphene in the enhancement of the 3-phases 

composite materials. 
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