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CHAPTER 1 INTRODUCTION

This dissertation is concerned with a class of stochastic models formulated using stochas-
tic differential equations with regime switching represented by a continuous-time Markov
chain, also known as hybrid switching diffusion processes. Our motivations for studying such
processes in this dissertation come from emerging and existing applications in biological sys-
tems, ecosystems, financial engineering, modeling, analysis, and control and optimization of
stochastic systems under the influence of random environments, with complete or partial
observations.

Chapter 2 focuses on Lotka-Volterra models given by stochastic differential equations with
regime switching represented by a continuous-time Markov chain. There have been resurgent
efforts in treating partially observed systems in the control and systems community. This
chapter is devoted to a class of such systems that have been around for many years, but
got more recent attentions owing to the new modeling perspective for complex systems
with random environment. Assuming the random environment can only be observed with
noise and focusing on Lotka-Volterra systems, we develop a new approach that will be of
interest not only to researchers in ecology and bio-systems, but also for control theorists,
operations researchers, and people who are working in system biology. Different from the
existing literature, the Markov chain is hidden and can only be observed in a Gaussian white
noise in our work. For such partially observed problems, we use a Wonham filter to estimate
the Markov chain from the observable evolution of the given process, and convert the original
system to a completely observable one. Then, we establish a number of essential biological

properties of the solution including regularity and positivity, stochastic boundedness, path



continuity, asymptotic properties, permanence, and extinction. We also show how to design
feedback controls to make a population system permanent or extinct when the Markov chain
is only observed in white noise.

In Chapter 3, we develop optimal harvest strategies for Lotka-Volterra systems so as to
establish economically, ecologically, and environmentally reasonable strategies for popula-
tions subject to the risk of extinction. It is noted that simple-minded myopic unconstrained
harvesting strategies and over-harvesting could lead to detrimental effect causing local ex-
tinctions or depletion of numerous species; see the examples documented in [30]. Thus the
study on the optimal harvesting strategies has significant impact on the environment, ecol-
ogy, economy, and the society. To better reflect reality, a continuous-time Markov chain is
used to model the random environment. The underlying systems are thus controlled regime-
switching diffusions that belong to the class of singular control problems. Starting with a
model having multiple species, we construct upper bounds for the value functions, prove the
finiteness of the harvesting value, and derive properties of the value functions. Then we con-
struct explicit chattering harvesting strategies and the corresponding lower bounds for the
value functions by using the idea of harvesting only one species at a time. We further show
that this is a reasonable candidate for the best lower bound that one can expect. Moreover,
in some cases, the lower bounds provide a good approximation of the value functions.

In Chapter 4, we study optimal harvesting problems in random environments. For
stochastic control problems, to find the value function and the harvesting strategy, one
usually solves a so-called Hamilton-Jacobi-Bellman (HJB) equation. However, for singular
control problems with regime switching, the HJB equation is in fact a coupled system of non-

linear quasi-variational inequalities. A closed-form solution is virtually impossible to obtain.



We take an alternative approach by using the Markov chain approximation methodology
developed by Kushner and Dupuis [28]. In contrast to the existing literature on numerical
methods for singular control problems, in the current work, we take a step towards more
useful and realistic model where the Markov chain is unobservable. Although much work was
devoted to to the analysis of systems in the past, there are key differences in the model that
make our analysis more delicate. Using a Wonham filter, we convert the partially observed
system into a fully observed controlled diffusion. Then to approximate the value function and
optimal strategies, Markov chain approximation techniques are used to construct a discrete-
time controlled Markov chain. Convergence of the algorithm is obtained by weak convergence
method.

Finally, in Chapter 5, we provide further discussions. We summarize the central theme
of the dissertation, provide further remarks, and present some future directions for future

work.



CHAPTER 2 STOCHASTIC COMPETITIVE
LOTKA-VOLTERRA ECOSYSTEMS
UNDER PARTIAL OBSERVATIONS:
FEEDBACK CONTROLS FOR PER-
MANENCE AND EXTINCTION

2.1 Introduction

The traditional Lotka-Volterra equations, also known as the predator-prey equations, are
a pair of first-order, nonlinear, differential equations, which are frequently used to describe the
dynamics of biological or ecological systems in which two species interact, one as a predator
and the other as prey. Initially proposed in 1910 by Lotka in the theory of autocatalytic
chemical reactions [37], the equations were used to model predator-prey interactions [38§]
in 1925. The rationale is that when two or more species live in proximity and share the
same basic requirements, they usually compete for resources, food, habitat, or territory. In
reference to the study of the systems in the literature, this work develops asymptotic analysis
of Lotka-Volterra models when random environment has to be taken into consideration. In
particular, we treat the case that the random environment is given by a hidden Markov chain
in continuous time.

Owing to the importance, the Lotka-Volterra models have received considerable atten-
tions from multi-disciplinary communities such as biology, ecology, dynamic systems, and
control and systems theory among others. There is a vast literature associated with the
models. Along with the development of the deterministic models (see [18,38,62]), increas-
ing attentions have placed on the stochastic counterpart that enables the consideration of

randomly perturbed systems. As pointed out in [47,48] (see also [12,13]), population mod-



els should contain a multiplicative noise term, taking into account of the interaction of the
ecosystem with the environment. The interaction between noise and nonlinear determinism
in ecological dynamics adds an extra level of complexity and can give rise to the complex be-
havior of the system, which becomes very sensitive to initial conditions, various deterministic
external perturbations, and to fluctuations always present in nature (see [55,61]).

Because of the recent effort in modeling systems with both continuous dynamics and
discrete events, the so-called hybrid models have gained much popularity. A trend of effort
is to depict the random environment that cannot be described by stochastic differential
equations using random switching processes; see for example, [34,42,70,71] among others
and also [44,68] for a comprehensive treatment of switching processes.

The main issues concerning such systems include: Under what conditions, do the systems
have global solutions? When will the systems be stable? Whether the systems are stochas-
tically bounded? Whether or not the systems are stochastically permanent? Under what
conditions, the species will extinct? If there is a tendency of extinction, can we find feed-
back controls so that this extinction be suppressed. More specifically, for ¢ = 1,2,...,n,
let z;(t) be the population size of the i th species in the ecosystem at time ¢, denote
x(t) = (x1(t),...,2,(t)) € R™ (where 2’ denotes the transpose of z for » € R\ with
l1,l > 1). Consider a competitive Lotka-Volterra model in random environments with n

species given by

dx(t) = diag (z1(t), ..., x,(t)) { [b(u(t)) — A(a(t)z(t)]dt + Z(a) o dw(t)}, (2.1)

and a constant initial condition #(0) = xg. In the model, w(-) = (w;(-),...,w,(-)) is an

n-dimensional standard Brownian motion, and b(a) = (b1(a),...,b,(a)), A(a) = (a;j(a)),



E(a) = diag (o1(@),...,0n(a)), . € M = {1,...,m} represent the different intrinsic growth
rates, the community matrices, and noise intensities in different external environments, re-
spectively; a(t) is a finite state Markov chain. The above formulation is seen to be in the
sense of Stratonovich integral. This form is often considered to be more suitable for environ-
mental modeling (see [22]). For the stochastic differential equations in Stratonovich form, we
refer to [56]; see also [23, Section 5.5] and [49, Chapter 3| for explanations why Stratonovich
integral are more suitable for modeling in many applications.

Denote

1 2 . / n
ri(a) = bi(a) + 20 (@), r(a)=(r(a),...,r(a)) €R", 2.9
diag(z) := diag (xy,...,2,), z=(1,...,2,) € R™.

Then the equivalent system in It6 sense is as follows
dx(t) = diag (x(t)) |r(a(t)) — A(a(t))x(t) | dt + diag (z(t)) = (a(t)) dw(t). (2.3)

The population model (2.3) was proposed and studied in details in [70,71]. A question
naturally arises in practice: Can we design feedback controls so that the resulting system
becomes permanent or extinct if we only control a partially observed system? In particular,
an important problem concerns that the Markov chain «/(t) is unobservable. That is, at any
given instance, the exact state of residency of the Markov chain is not known. Thus, we
cannot see «(t) directly but only have noise-corrupted observation in the form of «(t) plus
noise. Such scenarios frequently arise in the real world. Taking this fact into account, in our
previous work [57], we consider the case Z(«) = Z being independent of « and the population
process x(t) represents the noisy observation-hidden Markov chain observed in white noise.

We then used estimation schemes by means of the observable process z(t). Distinct from



that work, here we suppose that the diffusion matrix Z(«) depends on environments. If we
consider partially observed systems and use Wonham’s filter similar to [7,57], a problem
arises since the filter is no longer finite dimensional. To be able to treat models in which the
diffusion coefficients depend on the Markov chain, we consider (2.3) in which the Markov
chain can only be observed in a Gaussian white noise. In addition, we consider the model

with a control built in. Consider the controlled population system
dx(t) = diag (x(t)) [r(a(t)) — Ala(t))x(t) + u(t) | dt + diag (x(t)) = (a(t)) dw(t),  (2.4)
and

dy(t) = f(a(t))dt + B(t)dB(t), y(0) =0, (2.5)

where 5(+) : [0,00) — R is a continuously differentiable function satisfying inf;~o 5(t) > 0,
f: M — R is a one-to-one function, B(t) is a one-dimensional standard Brownian motion
being independent of w(t) and a(t), and u(t) = (uy(t),. .., u,(t)) € R" is a feedback control.

For control problems of such partially observed systems, it is essential to converted them
to completely observed ones, which can be done by using a Wonham filter. For results on
the Wonham filter, we refer the reader to [63,69]. Numerical results, including sample means
and variances, assessment of approximation errors for Wonham’s filter are presented in [67].
In the literature, the Wonham filters have been used widely to investigate control problems
with partial observations; see [7,14,69] for applications in engineering science and finance,
respectively. For related uses of hidden Markov chains and filtering theory in ecology and
biology, we refer the readers to [15,31] and references therein.

In contrast to the existing results, our new contributions in this chapter are as follows.



(i) We use Wonham’s filter to build a stochastic competitive Lotka-Volterra ecosystem when
the Markov chain is only observable in white Gaussian noise. (ii) We convert the partially
observed system to a fully observed system by replacing the unknown Markovian states
by their posterior probability estimates. (iii) We establish a number of essential biological
properties of the solution including regularity and positivity, stochastic boundedness, path
continuity, asymptotic properties, permanence, and extinction. (iv) We show how to design
feedback controls to make a population system permanent or extinct when the Markov chain
is only observed in white noise.

The rest of this chapter is organized as follows. Section 2.2 begins with the preliminaries
and problem formulation, where Wonham’s filter is introduced and the partially observed
models are converted to completely observable ones. Section 2.3 is devoted to the suppression
of population expression and biologically essential properties of the solution. Section 2.4
considers stochastic permanence and extinction. Feedback controls are investigated in Section
2.5 and numerical examples are provided in Section 2.6. Finally, the chapter is concluded

with some concluding remarks.
2.2 Formulation

Let «(t) be a finite state Markov chain taking values in M = {1,2,...,m} with the
generator () = (g;;) € R™*™. Assume throughout this chapter that both the Markov chain
a(t) and the n-dimensional standard Brownian motion w(t) are defined on a complete filtered
probability space (2, F, P,{F;}) with the filtration {F;} satisfying the usual conditions (i.e.,

it is right continuous, increasing, and Fy contains all the null sets). Denote by 1 g the indicator



function of the event F, and use the following notation throughout the chapter:

pe(t) = Lpa@y=ry, k=1,...,m,

p(t) == (p1(t), -, pm(t)) € R™,

Fi=o{y(s),0 < s <t}

pi(t) == P(alt) = k| FY) = Elpp (DI F], k=1,...,m,

p(t) = (p1(t), -, (1)) € R™,

a;j = max a;;(k), a;j = mkin a;j(k),

Ty = ml?xri(k;), Ti = mkinri(k), 67 = mlftxaf(k’), 57 = mkina?(k:),
R} :={z = (z1,...,2,) €R" 12, > 0,0 =1,...,n},

Smi=1{p= (01, om) ER™ x>0, g =1},
k=1

7i(p) = Zai(k:)gok, 7i(p) == Zri(k’)gok, flp) = Zf(k;)gok, for a p € Sy,.
k=1 k=1 k=1

We first recall some results on Wonham’s filter. As we mentioned in Section 2.1, the
Markov chain a(t) is observed through (2.5). It was proved in [63] that the posterior proba-

bility ¢(-) satisfies the following system of stochastic differential equations

(

dog(t) = | 3o ausen(t) = B2 (F() = T ()] (0(0) 5(0) |t

B2 () — F (o)) s (Ddy(), j=1,....m, (26

L SOJ(O):SO_?’ j:17""m7

where ©° = (¢9,...,¢%)" € R™ is the initial distribution of «(t). Let

dw(t) = 7 (t) (dy(t) = f ((t)) dt), w@(0) =0,

be the one dimensional innovation process. Then the first m equations in (2.6) can be rewrit-
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ten as

dos(t) = Y aer(t)dt + 57 () (f(G) = F(0(1) )ps(Ddw(t), j=1,....m,  (2.7)

which are easier to work with in the subsequent analysis. Equivalently,

dp(t) = Q"p(t)dt + 571 (1)C(t)p(t)dw(t), (2.8)

where C(t) = diag (f(1),..., f(m)) — f (¢(t)) L, and I,,, is the m x m identity matrix. Note

that system (2.4) can be written as

dz(t) = diag(z(t)) {Z pi(t) (T(k:) - A(k:)x(t)) + u(t)} dt + diag(z(t)) Y pe(t)=(k)dw(t).
) ) (2.9)
The solution of (2.8) is the well-known Wonham filter ¢(¢). which is an estimate of the

hidden state p(t). Replace p(t) by ¢(t) in (2.9), we arrive at

dz(t) = diag(z(t)) {Z or(t) (r(k) — A(k)x(t)) + u(t)} dt + diag(z(t)) Y pr(t)Z(k)dw(t).

In component-wise form, system (2.10) becomes

(1) = (0] Y- (8 = D (0,0 u(0) + i) |-+ ) Y- sy
J=1 k=1
(2.11)
Hence (2.8) and (2.10) form a competitive Lotka-Volterra ecosystem with complete observa-

tions.

We assume the following standing assumptions.
(A) Fori,j=1,...,n with i # j, mkinaii(k) > 0, mkinaij(k) > 0.

(B) The feedback control is u(t) := u(z(t), p(t)), where u(z, ) is locally Lipschitz in (z, ¢).
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Moreover, for ¢,7 = 1,...,n, there are constants ¢; , d;, A\j;j > 0, p;; > 0, p;; > 0, and

Aii > 0 such that for any tuple (z, ) € Rt X Sy,

n

Zp”x] < wui(x, o)+ Z (rz a;;(k)x (t)) ) < ¢ — Z Nijz;. (2.12)
1

Jj=

Observe that assumptions (A) and (B) ensure that our original population system is
competitive and this property still holds in the controlled system (2.11). For convenience,

let us combine (2.8) and (2.9) to obtain the following system

(

dx(t) = diag(x [Zcpk — A(k)z(t)) + u(t)|dt
+diag(z ngk t)Z(k)dw(t), (2.13)

dip(t) = Q'p(t)dt + B~ ()C(t)p(t)dw(t).

\

Let A(x,p,t) denote the diffusion matrix of the population model (2.13). Then

diag(x) 3 pe2(k) 0 diag(z >§: k)0
Az, p,t) = k=1 k=1
0 Bt Co 0 Bt C
A 0
0 A 7

where

Ar = diag{z? (71(¢))", ... @7 (Fu())’} and Ay = 872(t)Cip(Cp)'
Remark 2.1. Note that o(t) is the probability vector conditioned on the observation o{y(s) :

0 < s <t}, for each k € M and each t > 0, px(t) > 0 and > @x(t) =1, i.e., (t) € S,,. We
k=1

will use this property of ¢(t) frequently.

For z = (z1,...,2,) € R, its norm is denoted by |z| = (Y1, = ) . The operator

zlz

associated with (2.13) is defined as follows: For a sufficiently smooth real-valued function
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h: R} x R™ = R being independent of ¢, let

m

Z 3% {Z (n(/f) - iaij(k>l’j>§0k +u1~1 Z gQZ 22 (7). (2.14)

Now the study of (2.4) can be carried out by investigating system (2.13). Throughout
the chapter, we use K, K, to denote a generic positive constant whose exact value may be
different in different appearances where K, indicates that the constant depends on a quantity

k to be specified later.

2.3 Properties of the Solution

Theorem 2.2. Assume (A) and (B) hold. Then for any initial condition (x(0),p(0)) €
R X S,,, there is a unique solution (x(t), p(t)) to (2.13) ont > 0 such that x(t) remains in
R almost surely, i.e., P{z(t) € R} : for allt >0} = 1.

Proof. Since the coefficients of (2.13) are locally Lipschitz, there is a unique local solution
(x(t),¢(t)) on t € [0,(), where ( is the explosion time (see [42, Theorem A.2]). Let [y be

a sufficiently large positive integer such that every component of x(0) is contained in the

1
interval ( = N/ ) For each [ > [, we define
0

1
7, := inf {t >0:m(t) ¢ (7’l> , for some i =1, ..,n} : (2.15)

Clearly the sequence {7;} is monotonically increasing. Let 7., := hm 7;. Then 7o, < (. It
l—00

suffices to show that 7., = oo w.p.1. If this were false, there would exist a T'> 0 and € > 0

such that P{7., < T} > e. Therefore we can find some l; > [y such that
P{n <T}>e, foralll>1. (2.16)

Consider the Liapunov function V(z,¢) = Y (2; — 1 —1Inz;), (z,¢) € RL x S,,. Then

i=1
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V(x,p) > 0 for every (z,¢) € R} x S,,. Using (2.10), detail computations lead to

n

.cm,@zzm—n[z( Zam )k+u]+§z<a<w>>2

i:l k 1 i=1

Z (e Zm) —di+zpim+§z<5i(s@))2 2.17)
>

o
< — Xiil} <7, z)z - - 7,]
= [ r; + c+;pj x+2

Hence LV (x, ) is bounded above by some constant K > 0. By Dynkin’s formla, we obtain
AT
EV(x(n AT),o(n AT)) — EV (2(0),9(0)) = E / LV (x(s),¢(s))ds < KT.
0

It follows that
KT +V (2(0),(0) > EV (z(n AT),o(n AT)))
(2.18)
> E [V (2(n), o(n)) Ln<n] -

Note that for each w € {7, < T}, there is some i such that z;(7(w)) > [ or z;(7(w)) < %

Hence the properties of the function V(-,-) give us

V(z(n),e(n)) (w) > (1" —=1—=~Inl) A <l% -1+ ’ylnl) : (2.19)

In view of (2.16) and (2.19), we get from (2.18) that

KT+V@ﬂm¢®D25kW—1—7mDA(%—1+7m0}.

This leads to a contradiction as [ — oco. Therefore, 7., = 0o a.s. O
Next we shall show that solutions of the converted completely observable system (2.13)

has such properties as finite moments, path continuity, and positive recurrence. These prop-

erties are important from the biological point of view.

Theorem 2.3. Assume that (A) and (B) are satisfied. Then the following statements hold.
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(a) For any k> 0,

sup E[|z(t)]"] < oo.

t>0

(b) For any k > 0,

limsup E[|z(t)]"] < K, < o0,

t—o0

where the constant K, is independent of (x(0), ¢(0)).

(¢) The process x(t) is stochastically bounded, i.e., for any € > 0, there is a constant

H = H(e) such that for any (x(0), »(0)), we have

limsup P{|z(t)| < H} > 1 —e.
t—o00

(d) The process (x(t), p(t)) is a Markov process having continuous sample paths a.s.

Proof. (a) Let

Using (2.14), detail computations give us that

n

0= 3wt |3 (i) - iam@)wk b 43D @) ol 107
OGRS wUCH PR

J=1

— 1|62
Sﬁzxf [Cz’—)\u‘xiﬂL‘ﬁ%}
i=1

(2.20)

Hence LV (x,¢) is bounded above by some constant K > 0. Note that the boundedness of

—1l62
HZ { +ci+ ¥—)\u‘$i],
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by a positive constant can be obtained by studying the range of the above function in the

variable z; € (0,00),i = 1,...,n. Applying Itd’s formula to the function e’V (x, ), we obtain

n
et Z it A7)
i=1

where 7; is the stopping time defined by (2.15). Using (2.20), we have

n t/\’Tl
:Efo(O)Jr/ e[V + LV] (2(s), ¢(s)) ds

i=1 0
E|:t/\TlZ:L‘ t/\T:| Z:p —|—E/Mnﬁezn: [ +e + _|’€_1‘_&i2_)\..x. ds

=~ l ) 9 it
t/\Tl
< fo(O) —|—E/ e’ K,.ds
i=1 0

< ixf(O) + K,(e' —1).

(2.21)
Letting k — oo in (2.21), by virtue of Fatou’s lemma,
3] £ 3w 0) + Kole! 1),
i=1 i=1
ie.,
E zn:xf(t)] <et zn:xf(()) + K. (1 —e™").
i=1 =1
Note that for = (z1,...,2,) € R, |z|* < (\/ﬁmlaxxi)ﬂ < nk/? éxf, then
E[lz(t)|"] < n*/? {et Zn:xf(O) + K.(1—e")]. (2.22)
i=1

The desired inequality is easily obtained.
(b) follows from (2.22).
(c) follows from (b) with k = 2 and Tchebyshev’s inequality.

(d) Both the drift and the diffusion coefficient given in (2.13) satisfy the linear growth and

Lipschitz condition in every bounded open set in R"*™. By [23, Theorem 3.5], it suffices to
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show that there is a nonnegative, twice continuously differentiable function V' : R%} xS, — R

such that " Ii%nf < V(z,p) — oo as R — oo and that there is an ¢ > 0 satisfying LV < ¢V
x|> ,PEOm

To this end, take V(x,p) = > x2. Then o Ii{nf < V(z,) — oo as R — oo and by the
i=1 z|>2R,p€ESm
(2.20

calculation and estimation in ) with k = 2, we have
LV (z,¢) < max (2¢; + 67)V(z, ).

This completes the proof. O

Theorem 2.4. Assume (A) and (B) hold. Then the following assertions hold.

(a) limsup In o ()]

t—o00 h’l

In |z(1)]

<1 as.,

(b) limsup <0 as.

t—o00

Proof. (a) The proof is a modification of that of [71]. We only give a sketch of the outline

and omit some technical details. Define
V(ta,¢) = e(lel), (t2,9) € [0,00) x RY x Sy

By Ito’s formula, we obtain

Using the argument as in [71, Theorem 3.3], there exist a 2y C 2 with P(€)y) = 1 satisfying

that for any positive constants v > 0, § > 1, ¢ € (0,1) and any w € €, there is a positive
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integer & = £y(w) such that £ > &(w) and ¢ € [0,&y] imply

" Eox2(s nee &Y : €7 1n
Z/Oesuz(i)’)?a( (5)) dwi(s) < 5 Z/ i |4A3ds+971(5>. (2.24)

It follows from (2.23) and (2.24) that

2.25
L 0 In() (22
9

Note that for any ¢ € [0,&7], s € [0,t], and (z,¢) € R} X Sy, there exist K; > 0 fori =1,2,3

such that

1 " neet4 1
A _A,Q} Ti 52 i 52
n (J)) +Z| |2[ Ti+ 50 + 5 ‘x|4 i Zmzx i

i=1
L1 —~ .
<In(|z|) +Z 5(cit+ 507) = Z)\” S+ K
@ | = =l (2.26)
mln i

< In(fa]) - \/ﬁ |z + K1 + K

§K3+K1+K2:K
In the above, we used the fact that mjn ei; > 0 and the function in variable ¢, In (|¢])— \Z/_

n

is bounded above on (0, 00). We also used the inequality Z x> —|:B]3

\/_
It then follows from (2.25) and (2.26) that

et In(€)
—

e'In(Jz(t)]) — In (J2(0)]) < K(e' — 1) +
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The desired result is obtained by repeating the argument in [71, Theorem 3.3].

In (¢
(b) It is easily obtained from (a) that lim % = 0. O

t—o00

This theorem says that the process z(t) will growth at most polynomially. By virtue of
this result, for any ¢ > 0, there is a positive random time 7. such that for any ¢ > T,

|z (t)| < 17 as.

2.4 Stochastic Permanence and Extinction

It is well known that in the study of stochastic population systems, stochastic perma-
nence, which indicate that the species will survive forever, is one of the most important
concepts. Many works have been devoted to stochastic permanence for different population
models; see [32, 34, 35] among others. We first recall the definition of stochastic perma-

nence [32, Definition 3.2].

Definition 2.5. The population system (2.13) is said to be stochastically permanent if for

any € € (0, 1), there exist positive constants H = H(¢) and K = K(¢) such that
li{n inf P{|x(t)| > H} > 1 —c¢, li{n inf P{|lz(t)| < K} >1—¢, (2.27)
—00 —00

where (z(t), p(t)) is the solution of the population system (2.13) with any initial condition

(2(0),0(0)) € R? x S,

Theorem 2.6. Assume that (A) and (B) are satisfied, and for i,7 = 1,...,n, there are

constants v; > 0, ;5 > 0, €; > 0, such that

m n

ui()+Y (k)= 30 ay (R (1)) ut) ey (7 (1) V=Y eymi(t). t20i=1..n

(2.28)

Then the population system (2.13) is stochastically permanent.
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Proof. Let 62 := 1gun 62. Since v := mln ~; > 0, then there are positive constants 6 and
such that
A2 .o NK .
v—0.506° >0, ~v—0.500 —7>0, 1=1,...,n. (2.29)
Define

n

Vi(z) = (Z@-)_l, r e RY.

i=1
Applying 1t6’s formula to Vi (z(t)) leads to

dvl(x):{—vf(x)ixi{z( Zam 75 ) nl —|—u1(t)}

i=1 k=1
n

) 3 01 (o) e =7 Zm 1) dus),

i—1

K3
where we suppressed ¢ in z(t) for simplicity.

Define
Va(z) = (1 4+ Vi(2))’, Vi(z) = "Va(z), =R
Then by Ito’s formula,
V() = 61+ Vi)’ dVi(x) + 5006 — 1)(1 + Vi(2)" (Vi (x))*

That is,

W) = 001+ Vi) - (14 il sz

x {Em: (Ti(k) - az’j(’ﬂ%) pr(t) + Uz‘(t)}

k=1 j=1

+H1+ Vi) V@) Y (@ (o)) 2f + 9%1%4(96) > 2t (@ ((1))) }dt

i=1 i=1

—0(1 4+ Vi(2) V2 (2 me t)) dwi(t).
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It also follows from It0’s formula that
dVs(z) = ke™Vy(z)dt + e dVy(z)

= 0e" L (x(t), p(t)) — 0 (1 + Vi (x)) V2 (2 Zm ) dw;(t),

D>l (@ <q (ixi)zvmx) < Vi(2)6*, .

Vi)Y € () = - S
We also have - -
SIEIEE) S I CICE jiaixk)xj)wk(t) )]
< (1 )VED) s 2 (0 (000 = 3 e )
) i=1 (2.33)

< —VP(x) e [% + %(52 (p(t)) )2} + (L4 Vi(2)) max e
< —Vi(z) zn::rf [% + %(Ei ((1)) )2] + (14 Vi(2)) max e
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In views of (2.31), (2.32), and (2.33),

L((t), ¢(1) < (1+ V()" 2{v1< )5+ @) (5 + 6+ mas &)

S RAAC)M (RS o)) - o))
<1+ v1<:c>>“{vf<x>§ v v1<:c>(29“ vy mx)

s~ (= 030V Yt
SG+¥H@V4{W@O(:+U+£BﬁQJ

B SR )

It follows from (2.29) that

M :=sup L (z(t), o(t)) < oo.

t>0

Integrating and taking expectations on both sides of (2.30), we have
t
E[Vs(z(t))] — Va(z(0)) < M/ fe™*ds,
0

ie.,

E[(1+ Vi(z(t)] <e ™ (1+ Vl(O))e + Mo

—
Note that for z = (z1,...,z,) € R, (X1, z ) < n?|z|’. Now for any given ¢ € (0,1), let

Hn? M6
H > 0 be such that — "7 < e. By Tchebychev’s inequality, we obtain
K

P(le(t)] < H) = PV (x(t) > 255) < H'nE[Vi(x(1))]’

< H'n'E[(1 + Vi(x(t)))’]

M6O
< H%* e”“(1+V1(O))9+T .
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This implies that

H'n Mo
limsup P(|z(t)] < H) < et A

t—00 K
That is, litm inf P(|z(t)] > H) > 1 — e. Hence the first inequality in (2.27) has been es-
—00
tablished. The second inequality can be obtain by using the boundedness of moments in

Theorem 2.3 (b) and Tchebychev’s inequality. The proof is thus completed. O

Remark 2.7. Assume that v = 0 and o;(k) = o; forall k = 1,... mand i = 1,...,n,
i.e., the matrix of intensities is independent of the environment. The assumption (2.28) now
becomes Hll}ﬁn b;(k) > 0. In this case, the above theorem reveals the important fact that the
unobservable environment mental noise cannot make the population extinct if the intrinsic

growth rates of species are positive. This also presents a characterization of the white noise

represented by a Stratonovich integral in our population system.

Recall that the population is said to reach the extinction if tlim lz(t)] = 0 as., ie.,
—00

thm Z x;(t) = 0 a.s. We now provide a sufficient condition for extinction and estimates of
*)OO

the average in time of the underlying population.

Theorem 2.8. Assume that (A) and (B) are satisfied. Then the following statements hold.

Inx;(t
(a) For each i = 1,...,n, limsup&() < pp = sup (uz(t) + Ti(p(t)) —
t—00 t >0

0.5 (Ei(go(t))f) a.s. Hence if u; < 0 for all i = 1,...,m, the population will decay

exponentially and reach the extinction.

(b) Suppose that fori =1,...,n9g < n,j =1,...,n, there are constants v; > 0, €;; > 0,

€y > 0, such that

t) + ; <r1 Za” >90k:(t) v + %(Ei ((t))* = ;gijxj(tm > 0.
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In addition, p; < 0 for i > ng. Then

0 =1
where Yng = 121? Yi, 51 ng -— 1<I£lja<Xn €ij-
n0 <1,)Sno

(¢) Under the hypotheses of part (b), suppose for all 1 <i < mng andt >0,

)+ Z <T’Z Z az-j(k)xj(t)>g0k(t) —0.5m9"" min &7 + ZE,]:E] < Bine-

1<i<ng
7=1
Then
t Mo
nOﬁl,no
hmsup E zi(s)ds < ————, a.s..
t—00 min &g
1<i<ng

Proof. (a) By Itd’s formula, for each i = 1,... n, we derive from (2.13) that
dn ()] = [ D (ritk) - > ayk)a, (1)) ult) + wi(t) = 0.5 (Fi(p(1)))” |t
+7;(p(t))dw;(t) a.s.

Hence

Inz;(t) = Inz; (0 +/

t

+ / 71(p(s))duw(s).

0

{Xm: - En: az-j(k)rcj(s)) or(s) +ui(s) — 0.5 (T:(p(s)))? ] ds

k=1 Jj=1

That is,
() < an(0)+ [ (Rlels) + (s) = 05 @(e(6)) s + [ 7(els))dunts
o 0 (2.34)
<Inz;(0) + tu; + /Ei(go(s))dwi(s).

0

Inz;(t
Dividing both sides by ¢ and then letting ¢ — oo we obtain lim sup %()

t—o00

< w; a.s. The

conclusion readily follows.
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(b) By Ito’s formula, we derive from (2.13) that

3 SLACOIIOLG
d[lnz ( > [71 o Zlglax g5 (1) | dt + = e ) (2.35)
i=1 i=no ;xz(t)
Hence
n [Zx,(t)] —1In [le(O)
7l (s)du ()
> tYimg — Z [nax €ijr;(s)ds + = o
/ ’ /0 ;Ii(s)
That is,

no no =.
/ Zm (s 2 0+ [ 3 s0)] ~n [ i) + I

=1 i(s)
1=1
(2.36)
It follows from Theorem 2.4 that limsup 1 In [ZO z;(t)] < 0. By the strong law of large
t—o0 =1
numbers for local martingales [36],
no
¢ 2 0i(p(s))zi(s)dwi(s)
lim [ = - =0 a.s
t—oo Jq Z ZL’Z(S)
i=1
We can therefore divide both sides of (2.36) by ¢ and then let ¢ — oo to obtain
h{gglf / Z max €25 (8)ds > Y1 - (2.37)

n

Since p; <0 fori=mng+1,...,n, lim > z;(t) =0. Thus (2.37) yields the conclusion.

t—o0 i=no+1

(¢) We proceed as in (b). In view of (2.35), we obtain

no no
i=1 i—1

1<i<ng



25

Hence
In [le(t)} —1In [Z ;(0)]
' g DILACOVEAOTIE
S tﬁl,no — Z nal 1£ni<n 87;7;1’2'(3)613 + =1 o )
O/izl = /0 Z:Z:l%(s)
/ Z ng’ 1%127110 giixi(s)ds
" " STl )ai(s)duys)  (23)
< tP1n, +1n [Z%(O)} —1In [sz(t)} + / i=1 _
i=1 i=1 0 ;xz(s)

Using the same argument as in (b), to obtain (c), all we need is to show that

N
lim n In [;xl(t)] =0 as.

t—o00

This follows from Theorem 2.4 part (b) and the fact that for any w € €,

t—o00

t

N N

lim n In [z;:vi(t,w)] < 0 implies tlgglo n / z;xi(s,w)ds =0.
1= 0 1=

This completes the proof of the theorem. O

Remark 2.9. By virtue of Theorem 2.6, if condition (2.28) holds, the population system
(2.13) is stochastically permanent. Now we can see from Theorem 2.8 that in such case,
(2.13) will not reach extinction almost surely, i.e., P{|z(t)] — 0, — oo} = 0. In addition,

we also have P{|z(t)| — oo,t — oo} = 0.

2.5 Feedback Controls

Our goal here is to design suitable and simple feedback controls so that the resulting pop-

ulation model (2.13) has the desired asymptotic properties such as permanence, extinction,
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ete.

We first suppose that the species are certain insects and we wish to get rid of this
population. Thus we design a feedback control u so that the species become extinct. Such
controls can always be designed by the following theorem, which can be seen as a consequence

of Theorem 2.8.

Theorem 2.10. Assume that (A) is satisfied. If the feedback control u satisfies (B) and

wi(t) < —ri = Tilp(t) + 0.5(F(p(1))°, i=1,...,n, (2.39)

for some constants k; > 0, then the controlled population system (2.13) decays exponentially

and reach the extinction. In particular, we can take

wi(t) = —r; — Ta(p(t)) + 0.5 (0(1))?, i=1,...,n. (2.40)

In z;(t)

If we use the control (2.40), by virtue of Theorem 2.8 (a), limsup

t—o0
x ((0))] < —g;t for all t > 0. Hence it is worth to
Z;

mention that constants x; can be chosen to yield a desired rate of extinction for z(¢).

< —k;. More-

over, it also follows from (2.34) that £ [ln

Let us now consider the design of feedback controls to make the controlled system be
stochastically permanent. Such controls can always be designed by the following theorem,

which can be seen as a consequence of Theorem 2.6.

Theorem 2.11. Assume that (A) is satisfied. If the feedback control u satisfies (B) and

k=1 j=1

for some constants k; > 0, €;; > 0, €;; > 0, then the controlled population system (2.13) is
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stochastically permanent. In particular, we can take

ui(t) = ki + %(52‘ (o()) )2 - Z (Tz(k) - Zaij(k)xj(t))%(t) - Z&j%’(t)ai =1,....n,

k=1 j=1

(2.41)

wi(t) = ki + = (@ (1)) =T (p(t)), i=1,...,n. (2.42)

By virtue of Theorem 2.8, if we use the control (2.41) (resp., (2.42)), then constants r; and
1t
gij (resp., k;) can be chosen depending on our desired asymptotic behavior of i i Z
01 =1

In addition, we can maintain the persistence in the mean (see [35]) of ny species while making

other species extinct. Note that the sub-ecosystem of species 1, ..., ng is called persistent in

the mean if there exist positive constants M; and Ms such that

L E RS
Mlghgégf;/ le )ds < limsup — /ngi(s)dsgl\/[g a.s.

t—o00

The corresponding feedback control can be constructed by using Theorem 2.8.

Theorem 2.12. Assume that (A) is satisfied. To maintain the persistence in the mean of the

first ng species while making other species extinct, we can use the following feedback controls

(TZ(kZ> — Zazj(k;)x](t)>g0k(t) — Zéz‘jl’j(t),i = 1, ..., N,

1 j=1

(o) i=no+1,....n,

wi(t) = ki + %(Ei (p()) )2 -

TTMS

Ql

ui(t) = =i — Ti(p(t)) + 0.5(
(2.43)

for some constants k; > 0, €;; > 0, €;; > 0, or

wi(t) = r = Ta(p(t) + 0.5(@(2(1)%, i=1,...,no,

wi(t) = —ri — Ta(p(t) + 0.5(@(2(1)?, i=no+1,...,n

Again, by virtue of Theorem 2.8, constants ; and ¢;; are chosen depending on our desired
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t ng

asymptotic behavior of = [ > x;(s)ds and desired rate of extinction of species ng + 1,..,n.
0 i=1

When the population of species ng + 1,...,n is smaller than a very small number, it can

be thought that they are extinct. Then the population system of the first ng species is
stochastically permanent by virtue of Theorem 2.6. If the noise intensities Z(k) is independent
of k, our feedback control can remove the effect of the random environment from the system,
and gives desired asymptotic properties. The following result follows from our preceding
analysis and [19]; see Theorem 3.1 and Theorem 4.2.

Theorem 2.13. Assume that (A) is satisfied, =(k) = Z for all k, and z* = (xF,...,2%) € R"
1s given. Then the following statements hold.

(a) Suppose xF >0 for alli =1,...,n. Let u(t) be in Eq. (2.41) with

n 6 n
K}i—g —rk; >0, Eeijxj:m, i=1,...,n.
Jj=1

8 ..
i#j=1 77

Then

t—oo t

¢
1
lim—/xi(s)ds:x;k, i=1,...,n.
0

(b) Suppose xf >0 fori=1,...,n9 <mn and x} =0 fori=mng+1,...,n. Let u(t) be in

Eq. (2.43) with

no

no
Z Sij Z . .
Ki — — R > 0, Eijl; = Ki, 1=1,...,np.
J=1

itjm S
Then

t
1
lim—/xi(s)ds:xj, i=1,...,n9, limaz;(t)=0, i=ng+1,...,n.

t—oo t t—o0
0

Remark 2.14. Note that mathematically, it is possible to control a stochastic differential

equation by adding a white noise [45]. It is also proved that for a population system in which
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white noise is represented by a Itd’s integral, a white nose with sufficient large intensity may
make the underlying population extinct [32,34,35,42]. For this approach, we refer the reader
to [45,57]. Moreover, one can also consider another feedback control in the diffusion part,
which can maintain the validity of Theorem 2.13 when the noise intensities =(k) depends on

k. In this work, we only discuss a feedback control in drift part since it is more practical.

2.6 Numerical Examples

This section is devoted to a couple of examples. They are for demonstration purposes.
We begin with the Wonham filter equations. After ¢(t) being found, we use it to obtain
the feedback control u(t). Although the filter provides precise results in the posterior prob-
abilities, the system often has to be solved numerically because it is nonlinear and because
observations are frequently collected in discrete moments.

To construct approximation algorithms, one may wish to discretize the stochastic dif-
ferential equations (2.6) directly. However, such a procedure is numerically unstable due to
the white noise perturbations [24, Section 13.3] and [43]. It may produce a non-probability
vector (e.g., some components might be less than 0 or the sum of the components might be
not 1). To overcome this difficulty, the authors in [43] suggested a method based on Clark
transformations, whereas a logarithm transformation was used in [67] to build approxima-
tions. Note that we are mainly interested in sample path approximations of the filters. Using
the approach suggested in [67] (see Section 8.4), we first transform the stochastic differential
equations and then design a numerical procedure for the transformed system.

Let v;(t) := Ing;(t) for t > 0 and j = 1,...,m. It follows that ¢;(t) = e%{®). A straight-
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forward application of It6’s formula to (2.6) leads to the following. For each j = 1,...,m,
( pr(t)
k _ N =
duy(t) = [asg + D0 g — 67O G) = T )T e(0)
k#j J

5B (FG) — Te(e) )t + 5720 (1) ~ Tleo))au(e), &Y

0;(0) =l (0).

\

Then we use Euler-Maruyama type approximations of (2.5) (see [67, p. 186]), (2.44), and
(2.10) to mimic the dynamics of our population system. Note that in the above, by using
the transformation ¢;(t) = %), we have assumed implicitly that {¢;} is bounded below
from zero. The relaxation of this condition can be found in [67]. Now we will use the above
results for numerical examples. To demonstrate the validity of our model, we denote by Z(t)
the actual population process defined by (2.4) and compare x(t) with #(¢). By path mean
square error, we mean %Jgjl |29 — #7|%, where N is the number of iterations, 2/ and 17 are

Jj th iterations of sample path approximations of x(t) and Z(t), respectively. Our numerical

experiments show that our method is effective (see Figures. 1-5).

Example 2.15. We first consider a single species ecosystem in random environment (also
called a logistic model with regime switching). Let z(t) denote the population size of a certain

species at time t. Suppose that the Markov chain «(-) € {1, 2} that models random environ-

-2 2
ment. The generator of the continuous-time Markov chain is given by ) = , and

3 =3
b(1) = 3,a(1) = 4,0(1) = 2,b(2) = —2,a(2) = 1,0(2) = 1. In this case, the corresponding

population system (2.3) is stochastically permanent (see [34, Theorem 6.1]). Now we sup-
pose that the Markov chain can only be observed through dy(t) = f(«(t))dt+2dB(t), where

f(1) = —1 and f(2) = 1. Then the population size x(t) and Wonham’s filter ¢(t) satisfy the
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following equations

dz(t) =z(t)[5 —4a(t) + u(t)]ei (t)dt + x(t)[ — 1.5 — 2(t) + u(t)] o (t)dt

+(t) [201(8) + @o(t) ] duw(t),

dr(t) = [ = 201(0) + 3¢a(t) = (L= Tle(0) T (0)r ()]t
+(1 = Jle(1))er(t)dy(t),

dios(t) = |201() = 3a(t) = (2= T(2(1) Flo (D)o (t) | at
+(2 = fe(t) ea(t)dy(t),

where f(p(t)) = —@1(t) + pa(t) and u(t) is a feedback control.

(2.45)
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Figure 1: Sample paths of z(¢) and Z(t), with u(¢) in (2.46)

Suppose that the species is a certain insect of the ecosystem for which we would like to

get rid of. By Theorem 2.10, we add a feedback control
2
u(t) = =k — [5e1(t) +250:(8)] +0.5[201(0) + @2(8)] (2.46)

where k > 0 is chosen depending on the rate of extinction. Taking x = 1, we perform a
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computer simulation of 10,000 iterations of a sample path of x(t) with step size A = 0.005
and initial conditions z(0) = 3,¢1(0) = 0.1, 2(0) = 0.9, u(t) in (2.46). The corresponding
sample paths of z(t) are shown in Figure 1. For these sample paths of x(¢) and z(t), the

path mean square error is only 6 x 1074, It shows that the feedback control work very well.

Example 2.16. Consider a Lotka-Volterra model of two species competitive ecosystem with

a hidden Markov chain with

—0.5 -1 2 3 1 1 2 0
b(1) = b(2) = sa(l) = ,a(2) = o(l) = ,0(2) = )
-3 -1 1 2 0 3 2 2
-1 1
and «(+) is a continuous-time Markov chain generated by @ = . In this case, a
1 -1

x(t) +x(t)
Kalt) +elt)

T T T T T T T T T T T T
o 10 20 30 40 50 o 10 20 30 40 50

Time Time

Figure 2: Sample paths of x1(t) + z2(t) and 1 (t) + Z2(t), with u(t) in (2.48)

similar argument as in Theorem 2.8 (see also [32]) tell us that the corresponding population

system (2.3) reaches the extinction. Now we suppose that the Markov chain can only be
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observed through dy(t) = (a(t))2dt + (t* 4+ 1)dB(t). We would like to find a feedback con-
trol such that the controlled population size (x;(t), x2(t)) is stochastically permanent. The

population size (z1(t), z2(t)) satisfy
(

dzy(t) = 21 (t)[1.5 — 221 (t) — 3zo(t) + w () |1 () dt

1 (t) [ — 1 — 21(t) — za2(t) + wr ()] 2 (t)dt + 221 ()1 (t)dun (2),
(2.47)

dao(t) = 2a(t)[ — 1 — 21(2) — 222(t) + ua(t)] 1 (¢)dt

+22(t) [1 — 3aa(t) + ua(t)] pa(t)dt + 225 (t)dws(2),

\

and (p1(t), pa(t)) satisfies Wonham’s equation. By Theorem 2.11, we can use the following

uy (t) = k1 — [L.51(t) — @a(t)] + 207 (1), (2.48)

us(t) = ko + 2 — [— @1(t) + 902(t)}>

where ki1, ko are positive constants. We can choose ki, ko to give a desired asymptotic

behavior of goft (z1(s) + 22(s))ds. Taking k; = Ky = 2, we perform a computer simulation
of 10,000 iterations of sample paths of z;(t) and &(t) with step size A = 0.005 and initial
condition x1(0) =4, 22(0) = 5,1(0) = 0.9, 2(0) = 0.1, (u1(t), uz(t)) in (2.49). Since in this
case we are interested in xy(t) + xa(t) and Z1(t) + Z2(t), then we plot sample paths of these
processes in Figure 2. The path mean square errors are only 0.07866089 and 0.06132534, for
species 1 and 2, respectively. The histograms of the 10,000 iterations of z(t) + z2(¢) and
Z1(t) + Z2(t) is shown in Figure 3.

Repeating the simulation N = 1,000 times, the corresponding frequency distributions
of x1(50) + x2(50) and Z1(50) + Z2(50) are displayed in Figure 4. Approximately, we have

E|x1(50) + 22(50) — £1(50) — 22(50)|? ~= 0.1399255. It can be seen that the solutions of our

model are very close to the actual evolution of population process on both qualitative and
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quantitative aspects.

Suppose we wish to maintain the second species and make the first species extinct. By
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Figure 5: Sample paths of x;(t) and Z;(t), i = 1,2, with u(t) in (2.49)

Theorem 2.12, we can use the following
w(t) =0, wu(t)=r+2—[—pi(t)+ea(t)], (2.49)

where x is a positive constant. We can choose k to give a desired asymptotic behavior of
% Oft xo(s)ds. Taking k = 3, to visualize the effect of our feedback control, we plot sample
paths of the controlled population process z;(t) and #;(t) in Figure 5. The path mean square
errors are only 0.002089295 and 0.2592157, for species 1 and 2, respectively. Not only do
the above observations and calculations support the theoretical results but also show the

efficiency of our feedback controls.

2.7 Further Remarks
This chapter is devoted to the study of stochastic competitive Lotka-Volterra models
in random environments with an unobservable Markov chain. Under the framework of the

Wonham filtering, we first converted the underlying system to a fully observable system. Next
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we established the regularity, positivity, stochastic boundedness, permanence and extinction.
The design of feedback controls for stochastic permanence and extinction as well as other
desired asymptotic properties has been obtained. These results pave a way for practical

consideration for control problems of ecosystems under partial observation.
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CHAPTER 3 OPTIMAL HARVESTING STRATE-
GIES FOR STOCHASTIC COMPET-
ITIVE LOTKA-VOLTERRA ECOSY S-
TEMS

3.1 Introduction

This chapter develops optimal harvesting strategies for stochastic Lotka-Volterra models
of ecosystems that are represented by stochastic differential equations with regime switching
modeled by a continuous-time Markov chain. As noted by many researchers, one of the most
important problems in modern natural resources management is the establishment of eco-
logically, environmentally, and economically reasonable wildlife management and harvesting
policies; see [54] and references therein. It is noted that simple-minded myopic unconstrained
harvesting strategies and over-harvesting could lead to detrimental effect causing local ex-
tinctions or depletion of numerous species; see the examples documented in [30]. Thus the
study on the optimal harvesting strategies has significant impact on the environment, ecol-
ogy, economy, and the society.

Building on the corresponding models without controls in [70,71], the problem we consider
belongs to a class of singular stochastic control problems motivated by the establishment of
reasonable wildlife management and harvesting policies. There has been resurgent interests
in determining the optimal harvesting strategies in the presence of stochastic fluctuations
recently. Radner and Shepp [51] considered certain optimal corporate strategies. Alvarez and
Shepp [1] and Alvarez [3] studied optimal harvesting plans for the stochastic Verhulst-Pearl
logistic model and a similar model in the presence of a state-dependent yield structure.

Similar problems for another logistic population model were investigated in [39] by Lunggu
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and Oksendal. The papers [40] and [4] were one of the first in the analysis of the harvesting
problem for interacting populations. All of the aforementioned works dealt with species living
in a static environment. Recently, Song, Stockbridge, and Zhu [53], and Song and Zhu [54]
treated such class of singular control problems in random environments modeled by a Markov
chain, where the first one deals with a single species and the second one deals with multiple
species in the class of constrained harvesting options. Some results on numerical methods
for the above singular control formulations can be found in Jin, Yin, and Zhu [20].

In virtually all ecosystems, many species interact with each other and compete for re-
sources, food, habitat, or territory. Therefore, it is more practical and natural to consider
multiple interacting species. One of such most important population models is competitive
Lotka-Volterra ecosystems; see for example [6,32,58,70,71]. In particular, the hybrid stochas-
tic Lotka-Volterra ecosystems capture both stochastic fluctuations in intrinsic growth rates as
well as the abrupt changes in a random environment. However, to the best of our knowledge,
there have not been published results for the optimal harvesting problems. Our objective is
to fill in this gap. In fact, the known results on interacting population systems are of limited
scope (see [4,40]). The difficulty arises from the complexity in the model of our interest, in
which the methods in [1-3] are no longer applicable. In this chapter, we establish properties
and characterizations of the value functions and develop optimal harvesting policies in some
special cases. It is worth to remark that the optimal harvesting problems under considera-
tion are not simple generalizations of the corresponding models in a static environment (see
Theorem 3.7) and also not a trivial combination of logistic population systems (see Theorem
3.7 as well as Example 3.9). Moreover, let us add that singular stochastic control has many

applications in various areas, for them we refer the reader to [17,50,53] and many references
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therein for such examples; see also [68] and [44] for comprehensive treatments of switching

diffusion process and applications.

In contrast to the existing results, our new contributions in this chapter are as follows.

(i)

(i)

(iii)

In lieu of a single species, we treat multi-species. Our model is a Lotka-Volterra ecosys-

tem with regime switching.

By constructing upper bounds for the value functions, not only do we prove the finite-
ness of the harvesting value but also derive further properties such as the continuity
of the value function, and the impact of large noise on extinction. When n = 1, we
characterize the value function as a viscosity solution of a coupled system of quasi-
variational inequalities. In particular, Theorem 3.5 and Corollary 3.11 are nontrivial

extensions of [53, Theorem 4.9] and [1, Proposition 1], respectively.

We construct explicit chattering harvesting strategies and the corresponding lower
bounds for the value functions by using the idea of harvesting only one species at a time.
We further show that this is a reasonable candidate for the best lower bound that one
can expect. Moreover, in some cases, the lower bounds provide a good approximation
of the value function. In particular, Theorem 3.7 and Corollary 3.10 are nontrivial

extensions of [53, Theorem 2.4] and [3, Lemma 3], respectively.

The rest of this chapter is organized as follows. Section 3.2 begins with the problem

formulation. Section 3.3 is devoted to properties and upper bounds for the value function.

Section 3.4 considers chattering harvesting policies and we use them to establish a lower

bound for the value function. Finally, the paper is concluded with some further remarks in

Section 3.5. To facilitate the reading, all proofs are placed in Section 3.6.
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3.2 Formulation

We work with a complete filtered probability space (€2, F, P, {F;}) with the filtration
{F:} satisfying the usual conditions (i.e., it is right continuous, increasing, and F, contains
all the null sets). For i = 1,2,...,n, let &(¢) be the population size of the ith species in
the ecosystem at time ¢, and denote by £(t) = (&§1(t),...,&n(t)) € R™ (where 2’ denotes the

transpose of z for z € R“*2 with [;,l, > 1). Consider a competitive ecosystem of n species

given by

dg(t) = diag (£(t)) { [b(a(t)) — Ala(t))8(t)]dt + E(Q(t))dW(t)}, (3.1)
and a constant initial condition £(0) = x. In the model, w(:) = (w;(-),...,w,(+))" is an
n-dimensional standard Brownian motion, and b(a) = (bi(a), . .., ba(a)), A(a) = (ay(a)),

E(a) = diag (o1(a),...,on()) with « € M = {1,...,m} represent the different intrinsic
growth rates, the community matrices, and noise intensities in different external environ-
ments, respectively; a(t) is a finite state Markov chain.

The population model (3.1) was proposed and studied in details in [70, 71]. Necessary
and sufficient conditions for permanence and extinction were proved in [34]. In a recent
work [58], we designed feedback controls for permanence and extinction when the Markov
chain is unobservable. In this work, we consider that the ecosystem is subject to harvesting.

Our formulation follows that of [54] closely. Denote
F(z,a) = diag (z) [b(e) — A(a)z], G(z,a) = diag () Z(«).

For later use, we introduce the generator of the process (£(t), «(t)). For a function A(:,-) :

[0,00)" x M +— R such that h(-,«) is twice continuously differentiable function for each
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a € M, we define

", Oh = 1 <= 0h
£h(x, Oé) = Z '(33’, Oé)iL'Z' (bz(a) — Z Qi (a)xj) + 5 @.’E?O’ZZ(@)
; j=1 i=1

+ Z o [h(x,j) — h(z, oz)}.

jeM
where VA(-, ) and V?h(-, @) denote the gradient and Hessian matrix of h(-, ), respectively.
Let Z(t) = (Z1(t),..., Z,(t)) € R™, where Z;(t) denote the total number harvested (to

be defined shortly) from the species ¢ up to time t. Then X (¢t) = (X (¢),..., X, (1)) € R",
y

the population size of the harvested population, satisfies

t t

X(t)=z+ /F(X(s),a(s))ds + /G(X(s),a(s))dw(s) — Z(t), (3.2)

0 0

with initial conditions
X(0-)=z€R}, «o0)=aecM. (3.3)

Let fi(+,+) : [0,00)™ x M + (0, 00) represent the instantaneous marginal yields accrued
from exerting the harvesting strategy Z; for the species 7, also known as the price of species 1.
Let 7 =inf{t > 0: X;(t) =0, for alli = 1,...,n} be the extinction time of the ecosystem.
Let r > 0 be the discounting factor and E,, denote the expectation with respect to the
probability law when the process (X (t),a(t)) starts with initial condition (x,«). For an

appropriate control process Z(-), the expected total discounted reward is defined by

T

I 0, 7): = Ex,a/e”f(X(s—),a(s—)) - dZ(s)
0 (3.4)
— B [ X (s a%(s-)) - d2(9)

0

Harvesting strategy. An n-dimensional admissible harvesting strategy is a stochastic pro-
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cess Z(t) satisfying the following conditions:

(a) Z;(t) is nonnegative for any ¢t > 0 and nondecreasing with respect to t,
(b) Z;(t) is cadlag and adapted to F; = o{w(s),a(s),0 < s < t}, and
(c) J(z,0,Z) < o0, for any (z,«) € R x M, where J(-) is the functional defined above.

(d) X;(t) >0, for any ¢ < 7, where 7 = inf{t > 0: X;(¢t) =0, foralli = 1,...,n} is the

extinction time of the population system.

Thus, (3.4) represents the total discounted reward from harvesting. Note that 7 might
be infinite. Let A, , denote the collection of all admissible harvesting strategies with initial
conditions given by (3.3). Then the optimal harvesting problem is to maximize the expected
total discounted reward from harvesting and find an optimal harvesting strategy Z* € A, ,

such that

V(z,a) = J(z,0,Z") = sup J(x,a,Z2). (3.5)

Z€Az,a
For each time ¢, note that X(t—) is the state before harvesting starts at time ¢, while
X(t) is the state immediately after. Hence X (0) may not be equal to X(0—) due to an
instantaneous harvest Z(0) at time 0. Throughout the paper we use the convention that
Z(0—) = 0. If Z consists of an immediate harvest at time ¢, then this jump size is denoted
by AZ(t) := Z(t) — Z(t—), and Z(t) := Z(t) — o<2< AZ(s) denotes the continuous part of
<s<t
Z. Also note that AX(t) := X(t) — X(t—) = —AZ(t) for any ¢ > 0. Denote the solution to
(3.2) with initial condition specified by (3.3) by (X*(t),a*(t)) if necessary. For z,y € R",

with = (z1,...,2,) and y = (y1,...,yn)", we write z <y if x; < y; for each j =1,...,n.

We also define = -y := > x;y;.
j=1
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For convenience, let us combine frequently referred hypotheses in the following.

(A) (i) aij(o) >0 and a;(a) >0, for any 4,5 =1,...,n,a € M,

(ii) For each i and «, f;(-,«) is continuous. Moreover, f;(x,a) > f;(y,a) for each

a € M whenever z < y.

Condition (A)(i) means that the ecosystem under consideration is of competitive type.
Condition (A)(ii) is motivated by the fact that “the law of decreasing demand guarantees
that the profitability of a harvested individual increases as its density decreases” (see [2]).
It is argued that the smaller the population becomes, the higher the harvesting costs are.

However, as long as the harvesting costs increase at a smaller rate than that of the revenues,

then (A)(ii) still holds.

3.3 Properties and Upper Bounds of Value Functions

This section is devoted to several properties of the value function. We first establish a
verification theorem whose proof utilizes the generalized It6 formula, the monotonicity of
f, and the regularity of (X?*(t),a“(t)). Then we obtain some upper bounds for the value
function. Further properties when n = 1 are also provided. We present a number of results

below. The proofs are relegated to Section 3.6.

Theorem 3.1. Assume (A). Suppose that there exists a function W : R x M — R such
that W (-, «) is twice continuously differentiable for each o € M and that W(-) solves the

following coupled system of quasi-variational inequalities

(s;g)) {(E —r)W(z, oz),mlax [fl(x, a) — ?;[j (z, oz)]} <0, (3.6)

where (L —r)W(z,a) = LW (x, o) — rW(x, ). The following assertions hold.
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(a) We have

V(z,a) <W(z,a) for all (x,a) € R} x M.

(b) Define the non-intervention region C = N{_,C;, with

Ci:={(z,a) e R} x M : fi(z,a) — ?;;V

(x,a) < 0}.
Suppose that (L —r)W (z,a) =0, for all (z,a) € C, and that there ezists a harvesting

strategy Z € Ayo and a corresponding process X such that the following statements

hold:

(i) (X(t),(t)) € C for Lebesque almost all 0 < t < 7.

(ii) j [VW()N((S),Q(S)) - f(X(s)),a(s)] -dZ°(s) =0 for anyt < T.

(iii) lim E,, [e*’"TNW()?(TN), a(TN))} = 0, where for each N =1,2,...,

N—oo

By :=inf{t >0:|X ()| >N}, Tn:=NABNAT. (3.7)

(iv) If X(s) # X(s—), then

W(X(s),als)) = W(X(s5=),a(s—)) = —f(X(s-)),a(s—)) - AZ(s).

Then V(z,o) = W(z,a) for all (z,o) € R} x M, and Z is an optimal harvesting

strategy.

By virtue of Theorem 3.1 (a), any twice continuously differentiable solution to (3.6) is
an upper bound for the value function. Furthermore, the additional conditions in Theorem
3.1(b) help us to find an optimal harvesting strategy. In practice, it is, however, usually very

difficult to find an explicit solution. We now give some explicit upper bounds for the value
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function.
To proceed, for each i = 1,...,n, e; denotes the standard unit vector in the ith direction.
It is worth to mention that in the following result, we will show that the value function is

continuous at 0 without using the approach in [53]; see Lemma 4.3 and Proposition 4.7.

Theorem 3.2. Assume that (A) holds and for each i = 1,...,n and each o € M, f;(-, «)
15 continuously differentiable. Then the following assertions hold.

(a) There exist positive integers N and K such that

Viz,a) < 2”:/0% filpe;,a)dp + KNZn:xg/N forall (r,a) € R x M. (3.8)
i=1 i=1
Therefore, ilir(l) V(z,a) =0 for all « € M.
(b) Suppose that for each i =1,...,n and each o € M,
Mifa) = sup i) (4(a) - as(a)y)

©>0
m © ®
+ank/ fi(uei,k)du—r/ fi(uei,a)du
k=1 0 0

Then there exists a positive number M such that

(3.9)

< Q.

V(z,a) < Z/o filpe;,a)dp+ - for all (z,a) € RT x M.
i=1

Remark 3.3. Note that (3.9) holds for a wide class of price functions f;(-). For instance,
(i) if fi, (-, @) is independent of «, then (3.9) holds for i =iy and all « € M,
(ii) if Jl_{go ofi(Liyp, a) = 00, then (3.9) is satisfied . Moreover, if there are positive numbers
C1,Co, v > 0,7 € (71, 11+1) such that Cop™ < f; (Liyp, @) < Cr~ " foralla € M

and for all sufficiently large ¢, then (3.9) holds for i =iy and all & € M.

Using the same arguments as in the preceding theorem, we obtain the following result

for the case all species have the same price.
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Theorem 3.4. Assume that (A) holds. Moreover, for each o € M, f(-,a) : [0,00) + (0, 00)
s mon-increasing, continuously differentiable, and
filz,a) = f(ij,(Jz), (z,a) € R x M.
j=1
Then the following assertions hold.

(a) There exist positive integers N and K such that

diey i n
V(:c,a)g/ f((p,a)dgo—i-KNZ:ci/N for all (z,a) € R x M.
0

i=1

(b) Suppose that for each i =1,...,n and each o € M,
M;(a) :== sup {xlf(z T, Q) (bi(a) — aii(a)xi>
j=1

z€RY
m 2¥;1$j 23;1xj
+> QQk/ flp, k)dp — r/ fle, a)(ﬁ@} < o0,
k=1 0 0
(3.10)

Then for each (x,a) € R x M, we have

>ty T M
V< [ flpayde+ o
0
for some positive constant M.

To proceed, we derive the next result.

Theorem 3.5. Assuming that (A) holds, we have the following results.

(a) For each « € M and any 0 < y < x, we have

V(z,a) > f(z,a) - (x —y) + V(y,a). (3.11)

(b) Ifn =1, V(-,«) is continuous on [0,00) for each o« € M. Moreover, V (-) is a viscosity
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solution of the system of quasi-variational inequalities

max {(/J —r)W(z,a), f(z,a) — C;—Z/(x,a)} =0, (r,a)€eRixM, (3.12)

that is,

(i) for any (2°,a°) € Ry x M and W(-,a) € C*(Ry) satisfying (V — W)(z,a) >
(V —W)(2°,a®) =0, for all x in a neighborhood of ° and all « € M, we have

aw

max {(,c — )W (a°,a?), f(@o, a0) = (o, ao)} } <0.

(ii) for any (z°,a") € Ry x M and W(-,a) € C*(R,) satisfying (V — W)(z,a) <
(V —=W)(2°,a®) =0, for all x in a neighborhood of x° and all o € M, we have

max {(c — )W (2%, a0), f (o, ) — C;—Vr(xo,%)} > 0.

Example 3.6. Consider a stochastic logistic population model with harvesting,
dX(t) = X(t) {b(a(t)) —a(at)X(t)| + o(a(t) X (t)dw(t) — dZ(t). (3.13)

This model without harvesting was studied in details in [34]. The optimal harvesting
problem when M = {1} and a constant price function was also explicitly solved in [1].
Unfortunately, due to the presence of random environment modulated by a Markov chain,
we are unable to find an explicit optimal harvesting strategy and the corresponding value
function. However, by virtue of Theorem 3.5, the value function V(-) is a viscosity solution
of the coupled system of quasi-variational inequalities (3.12) with the boundary condition
V(0,a) = 0, € M. Moreover, [20] provides us with ways to approximate the optimal

harvesting strategy and the corresponding value function using numerical methods.
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3.4 Chattering Harvesting Strategies

The term “chattering harvesting strategy” was introduced in [53, Theorem 2.4] and pre-
viously exploited in [2, Corollary 1]. A chattering strategy is an admissible harvesting policy
that instantaneously harvests a sufficiently small amount many times in a sufficiently small
interval of time until the population system becomes extinct.

For optimal harvesting problems in one dimension [1,53], when the discounted factor is
sufficiently large, driving the process instantaneously to extinction is the optimal harvesting.
Another interesting result is that the chattering harvesting strategy might give an approxi-
mation of an optimal harvesting, [53, Theorem 2.4]. In light of these observations, we now
study the chattering harvesting policy for the stochastic competitive Lotka-Volterra models.
Compared to the case of a single species in [53], our ecosystem is of multi-species and co-
efficients in the model are not linear growth, then the analysis is more delicate. Since our
ecosystem has more than one species, a question naturally arise: should we make all species
extinct at a time or in some specific order? The authors in [40] stated a conjecture that it
is almost surely never optimal to harvest from more than one population at a time. Our

chattering harvesting strategy will be designed by using this idea. To proceed, let S,, be the

set of all permutations of {1,...,n}, and
H(z,a)= sup Hg, ao(@«a), (r,a) € R} x M,
(il,..‘,in)esn
where

x1 €2
Hag,. . py(z,a): = / file, xay ..o xy, a)de + / f2(0, 0,23, ..., xp, a)de
0 0

++/ fn(oa--'a()a(pva)d(p7 (:p,a)ERiXM,
0

and for any permutation (i1, ...,4,) of {1,...,n}, Hy, .. (z,a) is analogously defined.
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Theorem 3.7. Suppose that (A) holds and for each a € M, f(-,«) is uniformly Lipschitz
continuous. Then for any (z,co) € R} x M and € > 0, there exists a admissible harvesting

strateqy Z° € Ayo under which
J(z,a,Z%) > H(x,a) — €.

The harvesting strateqy Z¢ is a policy that instantaneously harvests a sufficiently small
amount many times of species in some specific order in a sufficiently small interval of time

until the ecosystem becomes extinct. As a result,
V(z,o) > H(z, ), forall (z,o) € R} x M.

The chattering harvesting strategies {Z¢} that we obtained above give us a lower bound
for the value function. For the system of n species, in a very small time interval, we harvest
only one species until its extinction. In the next time interval, we harvest another species
until its extinction. We then repeat this process until the extinction of the whole population
system. Continuing in this way, we harvest only one population at a time. One can try to
harvest a small amount of all species at a time and make them all extinct at the same time,

but the stated lower bound cannot be attained.

Remark 3.8. Using the same argument as in [53, Remark 3.2], we can show that if f(z,a)
is strictly decreasing in = for each a € M, then assumptions in Theorem 3.1(b) can never
be satisfied, i.e., no optimal harvesting strategy Z* (defined in (3.5)) can be constructed
by using Theorem 3.1. Moreover, there might be no optimal harvesting policy Z* at all.
Indeed, consider the logistic population model (3.13). Assume (A) and for each a € M,

f(+, @) is uniformly Lipschitz, continuously differentiable and strictly decreasing. Moreover,
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suppose that r is sufficiently large so that (£ —r)H (z,a) < 0 for all (z,a) € Ry x M with

H(z,a) = [ f(¢,a)dg. By virtue of Theorem 3.1(a) and Theorem 3.7,
V(z,a) = H(x,a), (z,a) € Ry x M.

Now for any admissible strategy Z € A, , and a corresponding harvested process X, a

similar argument as in [53, Proposition 2.3] (or [2, Lemma 2]) leads to
J(z,0,Z) < H(z,a) + Ez,a/ e (L —r)H(X(s),as))ds. (3.14)
0

If P(t>0) >0, then E, o [j e (L —r)H(X(s),a(s))ds < 0. It follows from (3.14) that
J(z, o, Z) < H(z,«). Otherwise, Z is the policy that drives the system instantaneously to

extinction w.p.1, i.e.,

J(x,a,Z) =xf(x,a) < /090 flp,a)dp = H(z,a) = V(x,a),

due to the fact that f(-,«) is strictly decreasing for each «. Hence there is no optimal
harvesting strategy at all. However, for sufficiently small €, chattering harvesting strategies

{Z*} are e-optimal or near-optimal harvesting ones.

1 1

= , x1, %9, ) = — . Let us consider
o Plorme) =

Example 3.9. Suppose fi(z1, g, )
the harvesting problem for a competitive Lotka-Volterra ecosystems of 2 species
4X; (1) = X (1) (bi (1) = an (D)X (1) - an(a(t) Xa(t) ) dt
—|—0'1 (Oé(t))Xl (t)dwl (t) — dZ1 (t)
(3.15)
AXs(t) = Xa(t) (ba(a(t)) — @z (D)X (1) — aza(a(t) Xa(t) ) dt

+09 (Oé(t))XQ (t)d’wg (t) — dZQ (t),
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with initial conditions z = (z1,z2) € R%, a € M. We have

H(1,2)('r7a):/ fl(QO,IQ,()é)ng—i—/ f2<07()07a)d90:1n‘1+x1|+ln|1+x2’7
0 0

and Hppy(x, ) = In|l + 21 + x5|. Hence V(z, o) > H(z,a) = In|l + 21| + In|1 + x|.
Now we suppose that by(«) < r and be(a) < 7 for all @« € M. Then detail computations
give us that (£ — r)H(z,a) < 0 for all (z,a) € R2 x M. By virtue of Theorem 3.1,
V(z,a) < H(z,«a). Therefore, V(z,a) = H(x, ). The chattering harvesting strategies can
provide an approximation of the optimal harvesting. Indeed, since V(z,a) = Hp9)(2, a),
for given € > 0, by chattering harvesting the first species, and then the second one as in
Theorem 3.7, in a sufficiently small time interval, we have a e-optimal harvesting strategy.

We now consider the case

ap(a) = an(a) =0, fi(z,a) = fi(z1,a), fo(z,0) = fol22,0), (2,a)€ RL x M,

that is, there is no interaction between species in the ecosystem, then (3.15) is just a trivial

combination of logistic population systems. By virtue of Theorem 3.7,

V(z, ) 2/0 1 fl(np,O,oz)dgo—i-/O 2 f2(0,0,a)dp, (z,a) € R x M. (3.16)

In practice, different species interact with each other and compete for resources, food,
habitat, or territory. Therefore, it is natural to ask whether (3.16) still holds. In other words,

is it true that

/ fl(cp,O,a)dsOJr/ f2(0, ¢, a)dep,
0 0

a lower bound for the value function? We claim that this statement might be false. Indeed,

suppose that two species have the same price, that is, there are nonincreasing functions
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f(,a) @ [0,00) — (0,00) such that fi(z1,29, ) = fo(x1,29,0) = f(21 + 22, ). Detail

computations give us

1 T2 xr1+T2
H(w,a)z/o f(so+rc27a)dso+/0 f(soaa)dsoZ/o flp,a)dy,

and

/Oxl fi(p,0,a)de + /Om £2(0, 0, a)dp = /OI1 flp,a)de + /OIQ f(p,a)d

Suppose that by(a) < 7, by(a) < r for all @« € M. Again, by Theorem 3.1 (a) and
Theorem 3.7, we can show that V(z,a) = H(z, ). In many cases, for instance, taking

1
flp,a) “Tio (z,a) € RL x M,

we have

x1 €2
H(ZE,Oé) = V(I,OZ) < / fl(Q0,0,0Z)dQD—f—/ f2(07Q0,Oé)d()0, for all (Qoa Oé) < R+ x M.
0 0

Thus fo fi(p,0,a)dy + f a)dy cannot be a lower bound for the value function.

As a consequence of Theorem 3.1(a), in an extreme case the discounting is so severe that
the population evolves almost surely towards extinction independently of its initial state. In
this case, it is optimal to harvest the entire population instantaneously. As pointed out in [3],
if this condition holds, other ecological and preservation issues may enter to preclude this
tactic. However, this may not be the case for the chattering harvesting strategies because we
can use this strategy and stop it before the possible extinction. Then the ecosystem evolutes
and approaches its stationary state. Hence it is interesting to study the efficiency of the
chattering harvesting strategies in some special cases. To proceed, we assume the following

condition.



53
(B) Either

(i) fi(-, ) is continuously differentiable with bounded first order partial derivatives

and (3.9) holds for each (i, «), and
H(z,a) = Z/ filpe, a)dy, (z,a) e R} x M,
i=1 70

(i) or for each (i,«), there is a continuously differentiable function with bounded

derivative f(-, ) : [0, 00) — (0, 00) satisfying (3.10) and
filz, o) = f(ij,a), i=1,...,n,(z,a) e R} x M.
j=1

Corollary 3.10. Assume that (A) and (B) hold. Then there is a positive constant M such

that
H(z,a) <V(z,a) < H(x,o) + M, forall (x,a) € R} x M. (3.17)

Moreover, if there ezists (i, ) such that

T

lim filpei, a)dp = oo, (3.18)

Ti—>00 0
then

. H(z,a)
lim ——
ride0 V(z,a)

=1.

Intuitively, H(x, «) can be seen as the current harvesting potential since for any € > 0, the
value H(x,a)—e can be obtained by using a suitable chattering harvesting strategy. By virtue
of Corollary 3.10, the value function is the sum of the current harvesting potential H (z, «)

and the maximum present expected value of the accumulate net convenience yields accrued

from postponing the harvesting decision and keeping the population alive after a small time
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interval. Moreover, under condition (3.18), chattering harvesting strategies become optimal
when some initial population z; is sufficiently large.

When n =1, M =1 and f(z) = 1, the author in [1] studied how the value of harvesting
reacts when stochastic fluctuations are so severe, that is, the noise intensities are very large.
It is proved that in that case, the value of harvesting approaches the value which is attained
by instantaneously depleting the population. This is reasonable since for sufficiently large
noise intensities, the population tends to extinct [32,34]. It indicates that the harvesting
activity should be done in a very short time interval. Due to the complexity in the model
of our interest, the approach in [1] is no longer applicable, so we proceed using the upper

bounds of the value function.

Corollary 3.11. Assume that (A) and (B) hold. Let x := inf o?(«). Then

(i,cx)

lim V(z,a) = H(z,a),

RKR—00

uniformly in (z,a) such that |x| < M and o € M, for any positive constant M.

Example 3.12. Let us consider the optimal harvesting problem for a competitive Lotka-

Volterra ecosystems of 3 species, with initial conditions © = (z1,29,23) € R}, a € M =

{1,2}, and

Ao ) =1, fi(52) =1+ —

x = a’/’ =

1\4y ) 14, 371+1’

Pl ) = (2 = 14—

x? = ) x? = )

? VI +ao+1 2 V2+ 19+ 13
1 1

f3(x7 1) = f3(x7 2) =

| * T3+ 1
Since fl(xul) = f1<l’1,1>, fg(l’,l) = fz(x1,$2,1), and fg(l’,l) = f3($1,l’3,1), then the

sequence of chattering harvesting strategies which approximates H(x, 1) make species extinct
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in the order of corresponding numbers in (1,2, 3), i.e.,

x3 1
dy +/ (14+——=)dy
0

x1 T2 1
H(z,1)=H x,1 :/ d+/
V= Huaale )= o der | 7o T

=21 +2(Vre+1—-1)+ 23+ In(zz + 1).

Similarly, the sequence of chattering harvesting strategies which approximates H(x,2)
make species extinct in the order of corresponding numbers in (1, 3,2). Therefore, we obtain
that

(@.2) w2 =[ (1+— T : 1

H(z,2) = Hy a0 (2,2 :/ (1+—>d¢+/ (1+—>d¢+/ (1+—>d¢
(152 0 o +1 0 o+ 1 ; NoEST

=a +In |1+ 2|+ o+ In |1+ 2] + 29+ 2(Va, + 2 — V2).

By virtue of Corollary 3.10, there exists a positive constant M such that
H(z,a) <V(z,a) < H(z,a)+ M forall (z,a)€R3 x M.

H(z,«
Moreover, we have lim M

= 1. This tells us that if initial population of some species 7
|z|—00 V(ZE, Oé)

is very large, then the sequence of chattering harvesting strategies provides a good approxima-
tion for the optimal harvesting. Finally, by virtue of Corollary 3.11, ,}Lrglo V(z,a) = H(x, @),
uniformly in (z,«a) such that || < M and o € M, for any positive constant M, where
k := inf o?(a). In other words, the intertemporal profits accrued by waiting and postponing

(i,a)

the harvesting decision are arbitrarily small for sufficiently large noise intensities.

3.5 Further Remarks

In this chapter, we have developed optimal harvesting strategies for regime-switching
Lotka-Volterra systems. One of the interesting aspects of our results is the chattering strate-
gies developed. Although the idea was exploited in [40], it has not been fully developed prior
to our work. This work is devoted to Lotka-Volterra ecosystems. Nevertheless, the methods

developed can be adopted to other optimal controls involving harvesting.
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3.6 Proofs of Technical Results

Proof of Theorem 3.1. The proof is similar to that of [53, Theorem 2.1]; see also [40].
Since we use part (a) frequently in this chapter, for convenience, we provide a detail proof
for this part. Fix some (z,) € Rt x M and Z € A, ,, and let X denote the corresponding

harvested process. Choose N sufficiently large so that |x| < N. By virtue of [70],
By — o0, as.as N — oo, (3.19)

where Sy and T were defined in (3.7). Then Dynkin’s formula leads to
Epo [e7W(X(Ty), (Tw))] — W(z, a)
TN TN
~E,, / &L — rYW(X(5), a(5))ds — Ep / VIV (X (s), a(s)) - dZ°(s)
0 0

tEpe > e_’"s[W(X(s),a(s—))—W(X(s—),oz(s—))].

OSSSTN

It follows from (3.6) that
E,o [ W(X(Ty), a(Ty))] — W(z, )

<_E,. /O VWX (), a(s)) - dZ5(s) + Bra Y e TAW(X(5), als-)),

(3.20)
where AW (X (s),a(s—)) = W(X(s),a(s—)) — W(X(s—),a(s—)). By virtue of the mean
value theorem, we obtain

AW (X (s),a(s—)) = VIV(Xz(s),a(s—)) - AX(s) = =VW(Xz(s),a(s—)) - AZ(s),

for some point X(s) on the line connecting the points X (s) and X (s—). Using (3.6) again,

also noting that f(-, ) is nonincreasing for each o € M and AZ(s) > 0, we have

AW (X (s), a(s=)) < —f(X(s), a(s=)) - AZ(s). (3.21)
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Since W (+) is nonnegative, it follows from (3.20) and (3.21) that

W(z,a) > {EJW/O ) e (X (s),a(s)) - dZ°(s) + Ep g Z e (X (s—),a(s—)) - AZ(s)

_ B, /0 " e F(X (5—), als—)) - dZ(s).

Letting N — o0, it follows from (3.19) and the bounded convergence theorem that

W(,0) > Foa / e F(X (s)— a(s—)) - dZ(s).

0

Taking supremum over all Z € A, ,, we obtain W(z,«) > V(z,a). O

Proof of Theorem 3.2.

(a) Let W(z,a) = Zf filpe;, a) dga—l—KNle/N, (z,a) € RT x M. Then
i=1

oW K 0w of, K(N —1)

a_xi<x>a) - fz(mz eiaa)_kxil,l/]va ang (.1',0() or; (l'z el,a/) W?

(x, ) € R} xM,

ow

where K and N are to be specified. For each i = 1,...,n, fi(z,«a) — 5 (x,a) < 0, for all
T

(z,a) € R} x M. By virtue of Theorem 3.1(a), it suffices to show that (£ — )W (z,a) <

0 forall (z,a)€ R} x M. Indeed,
(L — Zfz T;€;, sz(z Zau )—I—Zank/oxiflgoel, a)dy
+ZK1'1/N(z Zau ) ”

=1

Zaf’ (riesalot(eet =r / fipe: >dso—rKNZx”N
< sz <fz($z e;, a)b; (o) + Z o fi (0, Oé))

k#a

Z <rN—b )1/N ZKOL“ HI/N

1
KN
Z(sz 02x1+1/N 7"2 351‘1/N>

(3.22)
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2b;
with C, Cs are positive constants being independent of 7, & and N > max (@) . Note that

Qa0 r

in the above, we used the fact that f;(-, a) is nonincreasing for each (i, «). It can be shown

that for sufficiently large K, (£ — r)W(z,«) < 0 for all (z,) € R} x M. The conclusion

follows.
(b) Let
Wiz, a) = i/ox filpe, a)dp + g, (z,0) € R} x M.
i=1
Then
ow PwW dfi

o (x,a) = fi(z; e;, ), a—x?(x,a) o, ——(z;e;,a), (z,a) € R} x M,

It suffices to show that (£ — )W (x,a) <0 for all (z,a) € R} x M. Indeed,

(£ - Zfz T €, :vz( i Z“” )+ZZQak/ fileip, k

i=1 k=1
—l—zafz (x; €, a)o; (a)x; —TZ/ filpe,a)dp — M
< Z {xz’fz’(eﬂi: ) (bi(a) - aii(&)ﬂii)
i=1
+ank/ filpe;, k)dp — r/ fi(goei,a)dgpl — M.
P 0 0
The conclusion follows from (3.9). O
Proof of Theorem 3.5.
(a) The proof is similar to [53, Lemma 4.1]. The details are thus omitted.

(b) Using the same argument as in Lemma 4.2 [53], for each & € M and any 0 < y < =z,

we obtain

V(z,a) < V(y,a) + max V(z -y, j). (3.23)
JEM
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Hence for y < x < z, using (3.11) and (3.23) yield
Vv < — <V — ]
(,0) <V(y,0) + maxV(z —y,j) < V(z, @) + maxV(z —y,j),
and

_ —z.9) < - —z,9) < .
V(e a) —maxV(z —,j) < V(z a) —maxV(z —z,j) < V(z,0)

By virtue of Theorem 3.2(a),

ImV(z—z,a) =limV(zx —y,a) =0,

zlx yTx

for each a € M. Taking the limit when y T x and z | z, we arrive at

V(z,a) <limV(z,a) < V(z,a) <limV(y,a) < V(z,a).

zlx ytx
Hence V (-, «) is continuous on [0, 00) for each o € M. Now the proof of Theorem 4.9 [53]

still holds in our case. The conclusion follows. O

Proof of Theorem 3.7. Fix some (z, o) € R} x M and € > 0. Throughout the proof, we use
Ky to denote a generic positive constant depending only on z, m, and constant coefficients
of (3.1). The exact value of K, may be different in different appearances.

Without loss of generality, let the permutation (1,2,...,n) of {1,...,n}. We will design

a chattering harvesting strategy Z°¢ such that
J(.%,Q,ZE) EH(LZ ..... n)($,04)—€.

The order of each number in (1,2,...,n) is the order of extinction of the corresponding
species in the system. We first describe Z° and then for simplicity, we only give a detail

proof for the case n = 2. For n > 2, we use the analogously argument.
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Let k£ and ~ be positive integers. Define
p=k7, 0 =ax;/k, azf =2, — 6, i=1,...,n, j=1,... k%
and
ti=jp/k", j=0,1,...,k"—1

We construct a harvesting strategy Z° = (Z§,...,Z%)', where Zf increases only on the
set {t; : j = 0,...,k" — 1}. The corresponding harvested process is denoted by X =
(X1,...,X,). Note that X(tg—) =z = (29,...,20%). Define AZ(to) = Z(to) = (61,--.,0,)-

Then X (to) = (1,...,zL), and it therefore implies

rrn

X(t-) :X(t0)+/1F(X(s),a(s))ds+/t1G(X(s),a(s))dw(s). (3.24)

to

For each real number a, we denote a® := max{a,0}. At time ¢t = ¢, define
AZi(t) = (Xi(th—) — )7,

so that X;(t;) < 2? and allow the process X to diffuse until time ¢t = t,. For j =1,..., k—1,

we define

)

AZi(t) = (Xu(t;—) — )

Then

X(t1—) = X(t;) + /t "UR(X(s), als))ds + G(X(s),a(s))dw(s),  (3.25)

J t;

where X(t;) = X(t;—) — AZ(t;). Hence AZ;(t;_1) = Xi(tx—1—) and species 1 is extinct at

time t;_1. Next we harvest remaining species. In general, define

Jj+1 + . . i—1 %
AZ,L(tj) = <Xl(tj—>—$2 > 5 222,..,77,,]:]{ ,...,k —1,
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and

Xi(tj—) = Xi(t;) + /t TR () als)ds+ [ GUX(s), als))dw(s).

j tj
Hence AZ;(tyi_1) = Xi(tgi_1—), species i is extinct at time ¢i_;, and the population system
is extinct at time txn_1. In the above, we adopt the convention that X;(t) = 0if ¢ > ;. We
will show that for sufficiently large v and &, J(z,a, Z%) > H(1 2. n) (2, o) — €. For simplicity,
let n = 2.
The expected total discounted reward from the first species corresponding to the har-

vesting strategy Z° is

k—1

J1<JZ, a, ZE) = Ex,a Z e_rtjfl(X(tj_)a a(tj_))Azl(tj)'
=0
Define
k—1 o
Ry(x,a) := Zfl(a:{,x%7a)(51.
=0
We want to estimate |Jy(z, o, Z¢) — Ry(x, v)|. In fact, we have

k—1

[ (2, @, Z°) = Ba (2, )| < Z Eyale™™ fu(X (=), a(t;=)AZi(t;)) — fil]. ), )b

< z £
AX (). alt;=) [AZi(t) - 51
[ — 1 A(X (1), 0l -)AZ()

[AX (), a(t-)) = filad 24 0)]a4]

|

+Ex,o¢

+E:v,a

-1

N

(A} + B +C}).

Il
—

J

In what follows, we analyze the terms A1 B; ! C’l separately. First we note that for any
Jj=0,....k—1, |X;(t;)| < z;. Using the similar argument as in Theorem 3.1 [70], it can

be shown that for any p > 0, E|X(¢)]? < K, forall ¢ € [t;,tj11). Observe that for each
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a € M, Fi(-,a) and G;(-, ) are polynomials with order 2 and 1, respectively. It follows that

2

B| 7 PUX(s)ala))ds + 77 GuX(s) alodu(s)] < Folty—t)
= Koty,
and as a consequence,
E|AZi(t;)| = BI(Xi(t;—) — )] < Ko, (3.27)

where recall that K, is a generic positive constant depending only on x,m, and constant

coefficients of (3.1). It follows from (3.24) and the Chebyshev inequality that
P{AZ;(t1) = 0} = P{Xi(ti—) < a7}

— Plal+ / " F(X(5), als))ds + / " Gi(X (), als))du(s) < o2}

:P{/tlE(X(S),a(s))ds—l—/tlGi(X(s),a(s))dw(s) < _5i}
< P{ / R(X(s), a(s)ds + / G (X(s), () du(s)| > 5}
Kotr ’
<5
(3.28)
Note that X;(t;) = z7 if AZ;(t;) > 0. Hence we have
P{X;(t)) # 2?2} < P{AZ(t;) =0}
- Koty (3.29)
<

Using the same argument as that of (3.28) and (3.29), we obtain

P{AZi(ts) = 0} = P{AZi(t2) = 0, Xi(t1) = 22} + P{AZi(t2) = 0, X,(t1) # 22}
KOtl Kotl Kotz

= 52 52 52

and

Kots
602

P{X(ts) # x}} < P{AZ;(ty) = 0} <
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Continuing in this manner, it follows that

Kot
P{AZ(t;) = 0} < 502% j=1,2,... k-1, (3.30)
and
A Kot
P{X.(t;) # I} < 502%7 i=19. . k-1 (3.31)

Using the conditions that fi(-, «) is Lipschitz continuous for each @ € M with Lipschitz

constant L > 0 and uniformly bounded, we obtain

Al=F

fl(X(tj_)>a<tj_)) - fl(xiax%'?a) 01
< B|A(X (=), @) = filad ah,0)|01 + E|ACX (1), alt=) = A(X(5-).a) |6

< L(BIX:(t-) - ol + BIXa(t,-) — 23] )01 + KoP{a(t;—) # a}d)

< L(E|Xa(t;—) — | + B|Xa(t;—) — 3] )01 + Koty
(3.32)

where in the last inequality we used the property of the Markov chain «(-). Using (3.25),
(3.26), and (3.31), we obtain
E|Xi(t;—) — ]| < E|Xi(tj1) — ]|

+E‘/ a(s))ds + /ttjl Gi(X(s), als))ds

j—

(3.33)
< B2 Xi(tj0) — o] EW[ ity ) + KoV
Kox] \/
e 5, — + Ko/t < O\/_+K0\/_
Since §; € (0,1), then t; < \/f; and \/t; < /f;. With these observations, using (3.32) and

(3.33), we arrive at

K, K,
Al < L( oVl | Kovty | KO\/E) 81 + Kot

01 52 (3.34)
),

§K0<



64

Next we estimate B}. Since fi(+,) is uniformly bounded, it follows that
B! < KoE|AZy(t;) — ]
= KoB|(AZ1(t;) — 01) [{azy =0y | + KoE|(AZu(t)) — 61) Iiaz, )01 x, ()=t

+ KoL (AZl (t;) — 51)I{AZl(tj)aéO}I{Xl(tj,l);ex{}|

1+ Bj2 + Bys.

(3.35)
By virtue of (3.30),
Bj < 6, I?f = [?ltj : (3.36)
It follows from (3.26) that
Bjy = KoE|(AZy(t, 51)I{A21(t3)¢0}1{xl(tj =i
= KoB|(X(t;=) = 21" = 61) [iazi 01 Lx, 4, y—aty]
= KoE|(X(t;—) — xi)I{Azum#oﬂ{xl( 4 1)=el}]
t;
_ K0E|[ / FL(X(s), a(s))ds + /t | lGl(X(s),a(s))dw(s)] sz g, oyt
< Kot
(3.37)

For the term Bj3, using the Cauchy-Schwarz inequality, (3.27), and (3.31), we obtain

Bjs < KoE'2|(AZi(t)) = 61) inzienzor P BV x4,y
< g, Vi (3.38)

1

< i,V

1

From (3.35), (3.36), (3.37), and (3.38), we have

Kot Ko /T
B! < 60” +Km/t1+%
1 (3.39)
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since v/t < /%; and t; < /%;. For the term C;, we again use the uniform boundedness of
f1(+,+) and (3.27) to obtain
= B[ — 1] (X (), alt-)AZi (1)
< Ko(1 —e™") (3.40)
< Kot,;.

It follows from (3.34), (3.39), and (3.40) that

k—1

51/ 7
‘Jl(l',Oé, Z€> - Rl(l',Oé)‘ < (KO(\/E—i_ 15—{7> +K0\g_1_J +K0t])
j=1
S +1 Sl ~
<KoV | S5+ 2| Vi (3.41)
j=1

S Kok—ﬂ.f)'y—lk,k,? — [{'Ok,—O.S’y-ﬁ-Z7

where we used

k—1 k—1
o . Oh+1 & Ky, &
th=k72 E: <§: +1) < Kok?, + = < — + — < Kok.
1 '_\/5 Jlj 0 5 5 5 5 0

The expected total discounted reward from the second species corresponding to the harvest-

ing strategy Z°¢ is
k—1
o0, 29 = Eua (S £UX () alt; )0 Z(5)
= (3.42)

+ 3 TR0, Xalt ). alty-DAZ() ).

j=k
Define

k2—1

a) = Z f2(0, 23, )8,
j=k

We will estimate

k21
o Y 7 o0, Xalty-). alty =) AZa(t) — Rafe, )

J=k
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as the way we did for |J;(x, o, Z%) — Ry(x, «)|. We have

Bra & ¢ B0 Xa(t;),alt;-)AZ() ~ Rali,a)]
J:
k21
< Z E,ole™™ f2(0, Xo(tj—), a(t;—)) AZs(t;)) — f2(0, 3, )6,
=k

k2—-1

< Z [ o
1200, Xa(t;-), alt;=)) [AZy(t5) — 53]

[e*”j — 1} f2(0, Xo(t;—), alt;—)) AZs(t;)

[f2(0, Xa(t;—), a(t—)) — f2(0, 23, )] 63

(3.43)
+Ea:,o¢

+E;t,a

|

Note that (3.26), (3.27), (3.30), and (3.31) still hold for i = 2 and all j = k, ..., k*—1. Hence

k2—1
=) (A2+B+C)).
=k

using the same arguments for A}, B}, Cj, we obtain

£ < Ko

t.
Bf» < Ko\g—_j, (3.44)

2

C} < Kotj, j=k,....k"—1.

k*—1 k2-1
Now we observe that t; = k=772, Z Vi< Z (j+1) < Kok*, — (5 < Kok?. Tt follows from

(3.43) and (3.44) that

k2—1

;ﬁ e f2(07X2(tj_>7 a<tj_))AZQ(tj) - R2(x7 Oé)

SKO\/E(S—EZ /i (3.45)

S Koka.E)’yfl k2k4

_ —0.57+5
= Kok 7™,
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By virtue of (3.41) and (3.45), for v = 12 and sufficiently large k, we obtain

e, 2%) = Ra(,)| < 7,

k21 - (3.46)
’ > e f5(0, Xo(t;—), at—)) AZs(t;) — R2(35704)‘ <7
j=k
Moreover, since fi(-, @) is nonincreasing and continuous, then for sufficiently large k,
k—1 o k—1 .
Ri(z, ) = Zfl(ﬂﬁ]laﬂ?%;a)él > Zf1(${,$27a)51
j=0 =0 (3.47)
X1 €
> fl((pvx%a)dsp_zl'
0
Similarly, for sufficiently large k,
k2—1 ' k-1 '
RQ(£7 O{) = Z f2<07 .T%, 05)52 - Z f2<07 .T;, a)(SQ
§=0 §=0
| " ( )
> 0,25, @) — — f2(0,0 3.48
_;][é( ax27a> 2 k'f2< ) ,CY)

To e
> f2(0?§07a>d90_ Z_l
0
It follows from (3.42), (3.46), (3.47), and (3.48) that

k2-1
J(LE,O[, Zg) > Jl(x,oz, ZE) + E:):,a Z €7rtjf2(0,X2(tj—>,Oé(tj—))AZQ(tj)
j=k
> Ryi(z,a) — Z + Ry(z, o) — Z

Z/ f1(90,$2704)d90+/ f2(0, ¢, a)dp — €.
0 0

Since ¢ is arbitrary,

V(z,a) > Hi o) (2, @) :/ fl(so,wz,a)dso+/ f2(0, ¢, a)dep.
0 0

Moreover, since we can interchange the order of species in the harvesting policy, we also have

x2 x1
V(z,a) > Hop(z, @) =/ f2(f€1,90704)ds0+/ f1(p,0,a)de.
0 0

The conclusion follows. O
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Proof of Corollary 3.10. By virtue of Theorem 3.7, V(x,«) > H(z,«) for each (z,a) €
R? x M. If (B)(i) holds, from Theorem 3.2, we have V(z, o) < H(z, o)+ M for a sufficiently

large positive number M. Otherwise, (B)(ii) is satisfied. In this case,
H(z,0) = Hap,..m (2, ) Z/ Flo+ i+ + 20,0 dso+/ flp,a

:/0 me(% a)dp.

Hence it follows from Theorem 3.4 that V(z,a) < H(x,a) + M for some positive number

M. Therefore (3.17) always holds. Suppose that (3.18) is satisfied. Then lim H(z,«a) =

T;—00

lim [ fi(¢e;,a)dp = oo. The conclusion follows. O

T;—r00

Proof of Corollary 3.11. For any M > 0 and € > 0, let N be sufficiently large such that
1 n
Nng/N < e, whenever |z|<M,ae M.

1 n
Let W(z,a) = H(z,a) + N Zx}/N, (z,) € R? x M. Suppose that (B)(i) holds. The
i=1

other case is analogously proved. Proceeding as in Theorem 3.2, it follows from (3.22) that

(L—=—r)W(z,a) < sz (fz(l’z e, a)bi(a) + Z o fi (0, 04))

k;éa
n

TN 1/N a;i(a) 1+1/N N—-1 yn
_Z Z N2 L _Z IN3 RT;

i=1 =1
n

1+1/N K 1/N
<Z<Clx’ v =g

b;(«
with C}, Cy being positive constants independent of 7, & and N > sup ﬁ It can be shown

7,00 r

that for sufficiently large x, (£ — )W (z,a) <0 for all (z,a) € R} x M. Hence
H(z,a) <V(z,a) < W(z,a) < H(x,a) + & whenever |z| < M,a € M.

The conclusion follows from the fact that € > 0 is arbitrarily small. O
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CHAPTER 4 NUMERICAL METHODS FOR OP-
TIMAL HARVESTING STRATEGIES
IN RANDOM ENVIRONMENTS UN-
DER PARTIAL OBSERVATIONS

4.1 Introduction

This chapter focuses on optimal harvesting problems for ecosystems formulated by
stochastic differential equations with regime switching represented by a continuous-time
Markov chain. The problem belongs to the class of singular stochastic control problems mo-
tivated by the establishment of ecologically, environmentally, and economically reasonable
wildlife management and harvesting policies. Recently, there has been a resurgent interest
in determining the optimal harvesting strategies in the presence of stochastic fluctuations.
Radner and Shepp [51] derived the optimal strategy of a model for corporate strategy. Al-
varez and Shepp [1] studied the optimal harvesting plan for the stochastic Verhulst-Pearl
logistic model. All the aforementioned works dealt with species living in an environment
with a fixed configuration. Recently, Song, Stockbridge, and Zhu [53] and [59] considered
singular control problems in random environments modeled by a Markov chain. Note that
the paper [53] dealt with a single species and [59] treated multiple species with interactions.

Suppose that there is a single species X (¢) whose growth is subject to the usual fluc-
tuations as well as the abrupt changes of a random environment. Harvesting strategies are
introduced to derive financial benefit as well as to control the growth of the population.
Let Z(t) denote the total amount harvested from the species up to time t. The goal is to
find a harvesting strategy Z(t) that maximizes the expected total discounted reward from

harvesting, up to the time when the population falls to a given threshold (e.g., extinction),
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which has the following economic interpretation. Let X () be the value at time ¢ of as-
set/security /investment and Z(t) represent the total amount paid in dividends up to time
t. Then R, = (0,00) can be regarded as the solvency set, and (4.13) becomes the problem
of finding the optimal stream of dividends from the collection of assets until the time of
bankruptcy; see [5,11,20].

Harvesting may occur instantaneously, so results in a singular stochastic control problem
in the sense that the optimal harvesting strategy Z(t) may not be absolutely continuous
with respect to the Lebesgue measure of the time variable. For instance, if the discounted
reward and noise intensity are sufficiently large, driving the population to extinction in-
stantly or chattering harvesting strategies might be optimal or near-optimal; see [1, 53, 59].
Similarly, for insurance problems, insurance companies may distribute dividends on discrete-
time intervals resulting in unbounded payment rate. In other words, in contrast to regular
stochastic control problems, in which the displacement of the state due to control is dif-
ferentiable in time, the harvesting problem considered in this work allows the displacement
to be discontinuous. To find the value function and the harvesting strategy, one usually
solves a so-called Hamilton-Jacobi-Bellman (HJB) equation. However, for singular control
problems with regime switching, the HJB equation is in fact a coupled system of nonlin-
ear quasi-variational inequalities. A closed-form solution is virtually impossible to obtain.
The Markov chain approximation methodology developed by Kushner and Dupuis [28] be-
comes a viable alternative. As pointed out in [28], a probabilistic approach using the Markov
chain approximation method for controlled diffusions has the following advantages. First, the
Markov chain approximation method allows one to use physical insights derived from the

dynamics of the controlled diffusion in obtaining a suitable approximation scheme. Second,
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the Markov chain approximation method does not require much regularity of the controlled
processes (solutions of the controlled stochastic differential equations) nor does it rely on
the uniqueness properties of the associated HJB equations. This is particularly appealing
when the not much information concerning the regularity of the associated PDEs is known.
Though it is important to develop methods for numerical approximations for singular control
problems, the results are still scare. For singular controlled diffusions without regime switch-
ing, Budhiraja and Ross [9] and Kushner and Martins [27] are two of the representative
works that carry out a convergence analysis using weak convergence and relaxed control for-
mulation for singular control problems in the setting of Ito diffusions. Recently, some works
have been devoted to numerical methods for singular controls with regime switching. Jin,
Yin, and Zhu [20] developed numerical algorithms for finding optimal dividend pay-out and
reinsurance policies under a generalized singular control formulation. A numerical algorithm
for optimal dividend payment and investment strategies of regime-switching jump diffusion
models with capital injections was then introduced in Jin and Yin [21].

In our work, we focus on the harvesting problem for a partially observed system with a
hidden Markov chain. So far, the work on numerical solutions has mostly concentrated on the
case the Markov chain being observable. In reality, the environment (Markov chain) can often
be only observed with noise. That is, at any given instance, the exact state of residency of the
Markov chain is not known. Thus, we cannot see «(t) directly but only have noise-corrupted
observation in the form of «/(t) plus noise. An effective way to handle control problems of such
partially observed systems is to converted them to completely observed ones, which can be
done by using a Wonham filter (see, for example, [63]). In the literature, the Wonham filters

have been used widely to investigate control problems with partial observations; see [58,64]
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for applications in engineering, finance, and ecology.

Compared to the aforementioned works on numerical methods for singular control prob-
lems, in the current work, we take a step towards more useful and realistic model where the
Markov chain is unobservable. Although main ideas developed are crucial to the analysis of
the current work, there are key differences in the model that make our analysis more deli-
cate. Using a Wonham filter, we convert the partially observed system into a fully observed
controlled diffusion. We then design approximation procedures for the optimal strategies and
the value function. We need to use a couple of step sizes h = (hq, hy). The parameter hy > 0
is a discretization parameter for state variables, and ho > 0 is the step size for time variable.
In the actual computing, the computations are involved due to the presence of the Wonham
filter.

In contrast to the existing results, our new contributions in this chapter are as follows.

(i) We use Wonham’s filter to formulate the harvesting problem in random environments

when the Markov chain is only observable in white Gaussian noise.

(ii) We convert the partially observed system to a fully observed system by replacing the

unknown Markovian states by their posterior probability estimates.

(iii) We develop numerical approximation schemes based on the Markov chain approxi-
mation method. Although Markov chain approximation techniques have been used
extensively in various control problems, the work on combination of such method for
a singular control problem with partial observation seems to be scarce to the best of

our knowledge.

The rest of this chapter is organized as follows. Section 4.2 begins with the problem formula-
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tion. Section 4.3 presents the numerical algorithm based on the Markov chain approximation
method. In Section 4.4, we establish the convergence of the algorithm. Finally, the chapter is

concluded with a numerical example for illustration; some further remarks are also provided.

4.2 Formulation

For i = 1,...,r, let X'(t) be the population size of the ith species in the ecosystem
at time ¢ and denote X (t) = (X'(¢),... ,Xr(t))/ € R” (with 2’ denoting the transpose of
z € R with 7,75 > 1). Suppose that species X*() live in random environments. In
addition to the random fluctuations of the population, we also assume that the growth of
the species is subject to abrupt changes within a finite number of configurations of the
environment. For simplicity, we assume that the switching among different environments is
memoryless and that the waiting time for the next switch is exponentially distributed. In
fact, this phenomenon is frequently observed in nature; see [52,68]. Thus we can model the
random environments and other random factors in the ecological system by a continuous-
time Markov chain «(t) taking values in M = {1,2,...,m} with the generator given by
Q = (¢”) € R™™ Assume throughout this chapter that both the Markov chain «a(t)
and the r-dimensional standard Wiener process w(-) = (w'(-), ... ,w”(-)), are defined on a
complete filtered probability space (2, F, F(t), P), where {F(t)} is a filtration satisfying the
usual conditions (i.e., it is right continuous, increasing, and F(0) contains all the null sets).

In an effort to capture the salient feature that continuous dynamics and discrete events
coexist in the ecosystem, we model the evolution in the absence of harvesting by the stochas-

tic differential equation

dX (t) = b(X (1), a(t))dt + o(X (1), a(t))dw(t), X(0) =0 € R, a(0) = g € M, (4.1)
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where b() : R" x M +— R", o(-) : R" x M +— R™" are suitable functions. Furthermore,
we assume that the Brownian motion w(-) and the Markov chain a(-) are independent, a
commonly used assumption in the literature.

We attempt to answer the question: Can we solve optimal harvesting problems if the
Markov chain is hidden and we can only treat a partially observed system? In particular, we
cannot see «(t) directly but only have noise-corrupted observation in the form of «(¢) plus

noise. That is, we can observe the following process
dy(t) = g(a(t))dt + oodB(t), y(0) =0, (4.2)

where 0y is a positive constant, g : M +— R is a one-to-one function, B(t) is a one-dimensional
standard Brownian motion being independent of w(t) and a(t).
To proceed, we denote by 1 g the indicator function of the event E, and use the following

notation throughout this chapter.

p](t) = ]l{a(t)z'}a ] = 17 s, M,
’ (4.3)

P (t) == P(at) =jly(s),0<s<t), j=1,....m.

Since ?(t) is the probability vector conditioned on the observation o{y(s),0 < s < t},

tual computation. The actual state space for p(t) is

-1
St i={p = (' ..., 0™ Y eR™ 1 ¢/ >0, @ <1} (4.4)
1

3

J
For given functions b(-) : R" x M — R", (:) : R" x M — R™" and g : M — R, we define

m m m

b, ) =D ¢b(x,5), Tlx,0) =Y olwh), gle)=>_ q0),
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for each (z,¢) € R" x S,,,_1, where S,,,_; was defined in (4.4) and ™ =1— > ¢
We first recall some results of Wonham’s filter. As was mentioned, the Markov chain «(t)

is observed through (4.2). It was proved in [63] that the posterior probability ¢7(-) satisfies

p

[Z A (1) — o3 (95) — (1) )Tlp(1) ¢ (1) dt
- N ; . 4.5
+00(9(7) = 9(e(®) ¢’ O)dy(t), j=1,....m, (4.5)
| PO =w, J=1.m,
where (), ..., @) is the initial distribution of «(¢). Introduce a one dimensional innovation

process
dw(t) = oy ' (dy(t) — glp(t))dt), w(0) = 0.
Then the first m — 1 equations in (4.5) can be rewritten as
dy’ (t) = iqkjsa’“(t)dt +og o () (90) — gle®))dw(t), j=1,....m—1 (4.6
k=1
With the use of (4.3), (4.1) can be written as

P (s)o(X(s), j)dw(s), (4.7)

<.
Il
—

=
o
8
+
]
=
&
=
ja
&
<
=
+
o\“
NE

Replacing the hidden state p’(t) by its estimate ’(t) in (4.7), we arrive at

X(t) :mo+/t§;g0j(s)b( ds+/zm: ,7)dw(s),

X(t) = 2o + /B(X(s), o(t))ds +

Let Z(t) = (Z'(t),...,Z"(t)) € R", where Z'(t) denote the total number harvested (to

a(X(s), (t))dw(s), (4.8)

o\“

be defined shortly) from the species ¢ up to time t. Then £(t) = (£1(t),...,£"(t)) € R", the
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population size of the harvested population, satisfies

t t

§(t) = w0 + /5(5(3), p(t))ds + /5(5(8), p(t)dw(s) = Z(t), (4.9)

0 0

with initial data
§(0-) =z € R}, ©(0) =g € S (4.10)

At each time ¢, {(t—) is the state before harvest starting at time ¢, while £() is the state
immediately after. Hence £(0) may not be equal to £(0—) due to an instantaneous harvest
Z(0) at time 0. Throughout the work we use the convention that Z(0—) = 0. If Z consists
of an immediate harvest at time ¢, then this jump size is denoted by AZ(t) := Z(t) — Z(t—),
and Z¢(t) .= Z(t) — 0<Z< AZ(s) denotes the continuous part of Z. Since Z(-) is not required

<s<t
to be absolutely continuous with respect to the Lebesgue measure of the time variable, it
is referred to as singular control. Also note that A&(t) := &(t) — £(t—) = —AZ(t) for any
t > 0. Hence (4.6) and (4.9) form a controlled process (£(t), p(t)) € R" X S,,_1 with complete
observation and the initial condition (x, ).

An admissible harvesting strategy is a stochastic process Z(t) satisfying the following

conditions:
(a) Z(t) is right continuous, nonnegative, and nondecreasing with respect to t,
(b) Z(t) is adapted to a{w(s), p(s) : 0 < s < t}, augmented by the P-null sets,
(c) J(zo, 0, Z) < 00, for any (xo, o) € R, X Sp,_1, where J(-) is the functional defined
below.
(d) &(t) > 0, for any t < 7, where 7 = inf{s > 0: &(s) =0, foralli = 1,...,r} is the

extinction time of the system.
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Note that 7 might be infinite. If 7 = 0o a.s., then the corresponding harvesting strategy
belongs to the class of singular control with state constraints [54]. Let A, ,, denote the
collection of all admissible harvesting strategies with initial conditions given by (4.10).

Let fi(-) : M +— R, := (0,00) represent the instantaneous marginal yields accrued from
exerting the harvesting strategy Z¢ for species i, also known as the price of species i. Define
7(@) =YL P fi(j) for each p € Sy, y, With o™ =1 — Z;”;ll ©’. Then R, is regarded as
the survival set of each species and we impose £'(t) = 0 for ¢ > inf{s > 0: £(s) = 0}. For a
fixed harvesting process Z € Ay, ., the expected total discounted reward from harvesting

is defined by

T

T0,50.2) = 3 B / T (o (s))dZi (s), (4.11)

0

where a > 0 is the discounting factor and E, ., denotes the expectation with respect to the
probability law when the process (£(t), ¢(t)) starts with initial condition (xg, ¢g). The goal
is to maximize the expected total discounted reward from harvesting and find an optimal

harvesting strategy Z* such that

J(x07 $o, Z*) - V([L‘(]? 900) = sup J<x0a $o, Z) (412)

To proceed, we introduce the generator of the combined process (X (¢),¢(t)). For any

twice continuously differentiable function W(-,-) : R" x S,,,_1 — R, we define

LW (z,¢) = Z W, (2, 0 (2, ) + % Z @9 (2, ) Wigs (2, 0) + Z Wz, 0) S g
g5 2 | 2 99 (00) ~0) (69 3061 | Wornt ),

(4.13)
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where

-1

E(ZE,QO) = (b (xv 90)7 s ’ET(:B790))/ e R, E(ZB,QD) - (aij(xa 90)) = 5(93, @)EI(ZB,QD) € R™.

Our standing assumptions are as follows.

(A1) b(-,-) and &(-,-) satisfy the usual local Lipschitz condition and there exists a positive

constant C] such that

2'b(z, o) + |7z, o)> < Ci(|z]* +1) for all (z,0) €R" x S,,_1. (4.14)

(A2) There exists a positive constant Cy such that a(z, ) — CsI, is positive definite for each

(x,p) € R" x S,,_1, and

a'(z,0) = Y |a(x, )| >0 forall (x,0) ER" X Spy,i=1,...,r,  (4.15)

JigF
where I, is the r x r identity matrix.

Under (A1), for any initial condition (2o, o) € R? x S,,_1, the system (4.6)-(4.8) has the
unique global solution (z(t), p(t)) € R" x S,,_1 for all £ > 0 (see [68]). Assumption (A2) is
imposed for convenience. There are several ways of relaxing the condition (4.15) for which we
refer to [27, p.110]. Meanwhile, the first condition in (A2) is a non-degeneracy requirement
for the diffusion part. If it does not hold, one can use a trick in [27, p.288-289] which requires
more complex notation and the use of another Brownian motion.

Before proceeding further, recall that if the value functions are sufficiently smooth, they

are solutions of the following system of HJB equations (see [53])

max ((E — T)W(x,w)ji(gp) — Weilz,9),i=1,... ,7’) =0, (z,9)€RL xSy,

W(ZL’, 90) =0, (J?,QO) = {0} X Sm—l'
(4.16)
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Using the same argument as in [53, Theorem 2.1], one can also establish a verification
theorem that leads to an optimal harvesting strategy. However, due to the presence of partial
observation, it is very difficult to find value functions and optimal harvesting policies explic-
itly except for some special cases. Our task to follow is to construct a numerical procedure

for solving the optimal control problem.

4.3 Numerical Algorithm

The basic idea behind the numerical method is to find a controlled Markov chain in
discrete time to approximate the controlled diffusions. The method is similar to [9,20,27,28].
However, some important modifications are required due to the presence of a combination

of singular control and partial observation.
4.3.1 Approximation Algorithm of the Wonham Filter

In this section, we deal with the numerical algorithms for the two components system.
We begin with the Wonham filter equations. To construct approximation algorithms, one
may wish to discretize the stochastic differential equations (4.5) directly. However, such a
procedure is numerically unstable due to the white noise perturbations. It may produce
a non-probability vector (e.g., some components might be less than 0 or the sum of the
components might not equal to 1). To overcome this difficulty, we use the approach sug-
gested in [67, Section 8.4], in which a logarithm transformation is used to transform the
stochastic differential equations and then a numerical procedure for the transformed system
is constructed.

Define

V(t):=Inp'(t) for t>0, j=1,...,m.
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It follows that ¢(t) = ). An application of Ité’s formula to (4.6) leads to that for each

7=1,...,m,

w0 =[S0 50 — L (00) - 3(610) it + - ) ~ 3(el0)) (o),

l\J

v/ (0) = In(gh).
(4.17)

We use the constant step size hy > 0 for time variable. There are a couple of ways to
construct discrete-time approximation of Wonham’s filters. One possibility is the approach
in [67] (see Section 8.4). Here employing the approximation algorithm constructed in [64],

we can discretize (4.17) as follows.

(

v =(ep), @ = e,
S
o i ki h2’ 1 . —h
= Z it th - 3(9(3) 9n2) ; (4.18)
| 1 =
Uﬁi’{ = hZ’J + ho Th2’J + — ( ] _h2) Cn;
onit = exp (v31)/ Zexp (vn21),

\

where {(,} is a sequence of independent and identically distributed random variables.

Let {¢"} be the sequence of discretized posterior probabilities in which @2 =
(Qh2t . phem=1Y We use the last equation in (4.18) to reinforce that "2 € S, ; for
each n. Such property is convenient for convergence verifications of the problem under con-
sideration. Note that ¢27 appeared as the denominator in (4.18) and we have focused on

the case that /27 stays away from 0. A modification can be made to take into consideration

the case of ¢ = (. This is done as follows. In lieu of (4.18), let M be a fixed but otherwise



81

arbitrarily large real number. Construct the approximation according to:

(

w =), e’ =,

—hz Z q(k hz,

m h2
j 2 : Pn” : —h2)2
= [ o} hzu a _g(g(j) N 922) }H{WZQ"“ZFM} B Mﬂ{cpf?‘k@‘M}’ (4.19)
=1
. . : 1
UZ%F’{ = U:?’] + hQ?”hQ’J + —( ) — gfﬁ) \V4 h2Cn7

h2,j th h2,
Prtl —exp Unt1 / exp n+1

\

The conditions needed for the convergence analysis of the Wonham filter approximation

are as follows.

(A3) {¢.} is a sequence of independent and identically distributed random variables satis-

fying
E¢, =0, EC=1, FE|¢[*™ < oo, for some v > 0.
4.3.2 Approximation Algorithm of the Harvested Process

In what follows, we construct a discrete-time finite state Markov chain to approximate
the harvested process £(t). Let hy > 0 be a discretization parameter for state variable, and
recall that hy > 0 is the step size for time variable that we used above. Denote h = (hq, hy).
In the later presentation, for simplicity, we also use " for ©"2. By writing A — 0, we mean
h = (h1,hy) — (0,0).

Let U € (0,00) be an upper bound introduced for numerical purpose only. Moreover,

assume without loss of generality that the boundary point U is an integer multiple of h;.

Define

Ly, = {x=(k'hy,... . k"h)) € R" : k' =0,41,42,...}N[0,U + hy]".
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Let {¢" :n =0,1,...} be a discrete-time controlled Markov chain with state space Lj,
such that the controlled Markov chain well approximates the local behavior of the controlled

diffusion (4.9). We define the difference
ASZ = Z+1 - 52 :
At any discrete-time step n, we can either exercise a harvesting action, a reflection action,
or not to apply a control. Each of these is described precisely in what follows. If we do not

apply a control, then the increment AE" is to “behave like” an increment of [ bdt + [ Tdw

over a small time interval. We call this a “diffusion step”. We can write

Afﬁ = Afrrlzj{diﬂ“usion step at n} + Aé“g]{harvesting step at n} + Afrr]:]{reﬂection step at n}- (420)

The chain and the control will be chosen so that there is exactly one term on the right-
hand side of (4.20) is positive. Let 7" = (7, 7, ...) denote the sequence of control actions
at time 0, 1, ... We take " = —i, 0, or i, if we exercise a reflection on species i, not to apply
a control, or harvesting action on species i at time n, respectively. Let {1} be the sequence
of discretized posterior probabilities associated with {'}, to be defined shortly. Let Eﬁ;n,

C’ovz:g,n denote the conditional expectation and covariance given by

h h h h h h
{£k7wk7ﬂ-kzak S nvgn = x7¢n = w:ﬂ-n = 7'['},

respectively. By stating that {£"} is a controlled discrete-time Markov chain on a finite
state space Lj, with transition probabilities from state = to another state y, denoted by
p"((z,y)|m, 1), we mean that the transition probabilities are functions of control action 7

and posterior probability . The sequence {£"} is said to be locally consistent with respect
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to (4.9) if it satisfies

BN AE" =B, ) hy + o(hy),  CovlS AL =a(x,1)hy + o(hy),

x?’lp?n w7w’n

(4.21)
sup |AE"| =0, h—0.

n, w

We define & = xy and ¥} = ¢y, where ¢ is the initial value of the Wonham filter. For

each n > 0, if 7 = 4, we assume that the harvesting amount for species i at time n is h;.
T

Hence the harvesting amount for the chain at time n is Azl = hy > el n_yy. If the i th
i=1

component of £ equals U + h; for some i, a reflection step on species iy = inf{£"¢ = U+ hy }
1

h

is exerted definitely. i.e.,

= —ig. Moreover, we require that reflection takes the iy th
component of the chain from U + h; to U. We denote by Ag" the random vector that is
the reflection amount for the chain at time n, then Ag! = hy i ey To reflect the
i=1
fact that reflection and harvesting terms change the population process instantaneously, we
define ¢! | =t if 7l =i or 7! = —i. If 7 = 0 and ¢ = ¢} for some integer k, we define
b1 = ¢, Hence we have defined the sequences {¢"} and {¢/'} recursively.

As described above, the control at each step, is specified by the choice of an action:

diffusion, harvesting, or reflection. Denote F!* = o{&" h 70 k < n}. The sequence 7" is

said to be admissible if 7 is o{&l ... &r Wk ..t xh ... 7h |} — adapted, and for any

x € Ly,, we have

P{&yy = ol P} = P{&r = gy, v mp} = p" (&, ol ),
P{?TZ = —irilf{é“ﬁ’i =U + h}|€"" = U+ hy for some i,]—",ff} =1,
P{m, = —ilgy' <U.Fy} =0,
where £ denote the i th component of the vector £". The class of all admissible control

h

sequences for initial state (g, ¢o) will be denoted by A3, -
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For each triple (z,v,i) € Lp, X Sp—1 x {0,4,—i : i =1,...,r}, we first define a family
of the interpolation intervals At"(x,,4). For diffusion steps, if the state of the chain is =
and the state of the discretized Wonham'’s filter is v, At"(x,4,i = 0) will be taken to be
hy; whereas for harvesting steps and reflection steps, At"(x, 1), 1) will be taken to be 0. This
reflects the fact that for the controlled diffusion process, reflection and harvesting terms can

change the state instantaneously. Therefore, we define

Ath({E, V,1) = haolji—gy,

(4.22)
Aty = A (&R, P ),

n—1
=> At}
k=0
Let

=inf{n:€&"=0¢€ Ly}, m:= tzh.

For (o, o) € Lp, X Sp_1 and 7" is admissible, the cost function for the controlled Markov

chain is defined as

r nh_l
TM(@o, 00, 2") =Y B Z e () Az (4.23)
=1
where Az = (Az e ,AzZ’T)’. The value function of the controlled Markov chain is
Vi(z0,00) = sup J"(x0, po, 2"). (4.24)
Sh

4.3.3 Transition Probabilities and Local Consistency

Let e; € R" be the standard unit vector in the ¢ th direction, i = 1,...,r. Now we define

the approximation to the first and the second derivatives of V' (-, -) by finite difference method
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using stepzise hy > 0 for the state variable as

V(z,p) = Vi(z,9),

Vil ) » LRI ) >0
1

Vil ) LA T en d) e o) <,
Voo (.0) Vi(z + hlei,lgo) - 2Vhl§:215, @)+ Vh(x — hie, go)’
Viis (3, 0) — 2Vh(z, ) + V" (x + hléi + h;ZjQ, @)+ V'(z — hie; — hiej, )

_Vh(:v + hiey, @) + Vi(z — hye;, gp);f;QVh(; + hiej, ) + V'(x — hye;, gp)’ i 79 (2, ) > 0,
Voo (. 0) — 2V, ) £ V(@ + hleil— hQIZJ; )+ Vh(z — hne; + hie, )

+Vh(yc + hies, ) + Vi{(x — hye;, @)QZQV’Z(:L’ —L hiej, @) + Vi(x — hye;, c,p)7 if 39z, ) < 0.

1

(4.25)
For the first and the second derivatives with respect to the posterior probability, we use
similar approximations. We proceed to figure out the transition probabilities. We define for
a real number a that a* = max{a,0}, a~ = —min{0,a}. Then a = a* ifa > 0 and a = —a~
if a < 0. Moreover, |a| = a™ 4+ ¢~ and a = a™ — a~. To find transition probabilities of the
controlled Markov chain, we plug all the necessary expressions into the first part of system
(4.16), then use the symmetry of the a(z, ¢) matrix, combine like terms and divide by the
coefficient of V" (z, ). The transition probabilities are coefficients of the resulting equation.
For z € Ly, and ¢ € S,,_1, we define the transition probabilities at diffusion steps in the

following way,

(@@, 0)/2 = 5 @@, 0)l/2+ 5" (@, 0)h )b

P, + hey,m=0) = i 2 ’
) I - (4.26)
(@@ w)2= 3 @ o248 @ o)h)h

ph(l',{lf—hlei”gb,’ff:(]) = 2 )
1
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Fij+ h
P2, 2+ hie; + hiey|p, m = 0) = p'(x, 7 — hye; — hiey|th, w = 0) = a’ " (x,1)hy

2h? ’
p"(z, 7+ hie; — hie;l, m=0) = p"(z,x — hie; + hie;l, m=0) = %,
1
Pz, ), m=0)=1— th(x,x + hiei|y, 7 =0) — th(:p,x + hie; = hyelyp, m = 0).

(4.27)

Assumption (A2) guarantees that p"(z,z + hie;|v), 7 = 0) > 0 and p"(z,x — hye;|), ™ =

0) > 0 for all (z,v%) € Ly, X S;—1. Moreover, by choosing proper h; and hs (for instance,
hy = o(h?)), we can reasonably assume that p"(z,z[1),7 = 0) > 0, that is, the transition
probabilities in (4.26) and (4.27) are well-defined. At reflection steps and harvesting steps,

we define
p(z,x — hiey) |, m = +i) = 1. (4.28)

The definition of the transition function at 0 is not important since in the analysis of the
control problem, the chain will be stopped the first time it hits 0. For the sake of specificity, we
set @ (z,1) = @'(z,0) = b (x,9) = 0for all j = 1,...,r if 2 = 0 and p"(0, 0y, 7 = 0) = 1.

Let £" denote the i th component of the vector £". Using the above transition probabil-

ities, we have

By wEN = By (&t — &)

z,),n Aa:,w,n n (429)
- Z_)Z(*Ia ¢)h27
for i # 7,
N A h 2a"" h
Eh,z (AgZ,ZAé'ZJ) — a ($;¢) 2h% . a (x;¢) Qh%
Lw,n 2h1 th (430)
= aij<xaw)h2>

and E™? (Affj‘)z = @"(x,v)hy + o(hy), when h — 0. Note that b(-,-) is bounded on L;, x

x?’lp?n

Sp_1. The local consistence of the controlled Markov chain {£"} with transition probabilities
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defined in (4.26) and (4.27) follows.

4.4 Convergence
4.4.1 Continuous-Time Interpolation and Time Rescaling

One of the main goals of the study is to show that the value function of the controlled
Markov chain defined in (4.24) converges, as h = (hy, ha) — (0,0), to the value function of
the limit control problem. This convergence result allows for the computation of near optimal
policies for the control problem by numerical method. We next introduce the continuous-
time interpolation and time rescaling techniques that will be used in the proof of our main
convergence result.

The continuous-time interpolations of various processes will be constructed to be piece-
wise constant on the time interval [t7,¢" ), n > 0. For use in this construction, we define
n(t) = max{n : th < t},¢+ > 0. We first define discrete time processes associated with the

controlled Markov chain as follows. Let 2 = gi = Bl = M}’ = 0 and define for n > 1,

n—1 n—1
h h h h
2z = E Az, g, = E Agy,
k=0 k=0

n—1 n—1 (431)
Bl =) W o BRAL, My =) (AG — EfAG)L_qy.
k=0 k=0

The piecewise constant interpolations, denoted by (£"(-), ¥"(-), 2"(-), g"(-), B"(-), M"(-))

are naturally defined as

fh(t) = éﬁh(t), 1/Jh(t) = ¢Zh(t)7

Zh(t) = Zsh(t)a gh(t) = gﬁh(t), (4.32)

BM"t) = By, M"Mt)= M}, t>0.

n

Define F"(t) = o{&"(s),v"(s), g"(s), 2" (s) : s < t} = fffh(t). Using the representation of
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diffusion steps, harvesting steps, reflection steps in (4.20), we obtain
n—1 n—1 n—-1
&n = x0+ kZ Afﬁﬂ{wgg—l} + kZ Aﬁi}él{w{;zl} + > Aflfcln{w,’;:o} (4.33)
=0 =0 k=0
Using the interpolations defined above, we have
&' (t) = wo + B"(t) + M"(t) — 2"(t) — g"(#). (4.34)

Recall that Atl = hy if 7 = 0 and At} =0 if 70 > 1 or 7 < —1. It follows that

nh(t)—1

BMt) = ) b(& . viAL

k=0

= [ber et enas = [ 6. v s (4.35)

- / B(eM(s), 0(s))ds + €l (1),

0

with {e?(-)} is an F"(¢)-adapted process satisfying

lim sup E|e"(t)| =0, for any 0 < Ty < oo.
h=04e10,17)

We now attempt to represent M"(-) in a form similar to the diffusion term in (4.9). Factor

a(z, ) = 7(x, 0)7 (x, ) = Pz, 0)D*(z,0)P'(z,¢),

where P(-) is an orthogonal matrix, D(-) = diag{d'(-),...,d"(-)}. By assumption (A2),

inf d'(x,) >0 foralli=1,...,r. Define Do(-) = diag{1/d*(-),...,1/d"(-)}. Define

(z,0)

/ Do(€"(s), 1"(5)) P (€"(s), 1" ())dM" (s)
S (4.36)
Z fkvwk Pl(fka¢k)(Afk EIZLA&?)]I{#Z:O}'

Then we can write

Mh () = / 7 (€M (s), " (s))du" (s) + A1), (4.37)
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with {e(-)} is an F"(t)-adapted process satisfying

lim sup Eleh(t)] =0, for any 0 < T < 0.
h=0 te0,y)

Using (4.35) and (4.37), we can write (4.34) as

€ (t) = o + / B(eM (s), v (s))ds + / T (€M (5), 0"(5))duh () — (1) — g"(t) + (1), (4.38)
with e"(-) is an F"(t)-adapted process satisfying

lim sup Ele"(t)] =0, for any 0 < Tj < 0.
h=0 te0,y)

The modified dynamics of (4.9) corresponding to (4.38) is given by

t t

§(t) = xo + /5(5(8)7 p(t))ds + /5(5(3), p(t))dw(s) — 2(t) — g(t), (4.39)

0 0

with the presence of the reflection component ¢(-) and the harvesting component z(-).

The cost function in (4.23) can also be rewritten as

(20, 0, 2 ZE / e~ T (" (s))d=4 (5), (4.40)

where 2"(-) = (2™1(-),...,2""(-)). In fact, since we have defined p"(0,0|¢, 7 = 1) = 1, we
can rewrite (4.40) with 7, = oo.

Time rescaling. Next we will introduce the time rescaling that will be used in our
work. Our ultimate goal is to show that V" converges to V in a large enough interval [0, U]
as h = (hi,hs) — (0,0). A common approach for proving the convergence of V" to V is
to begin by showing that the collection {£(-),¥"(-), w"(-), g"(-), 2"(-)} is tight, and then
characterize the subsequential weak limits suitably. However, for singular control problems,
showing the tightness of the above family becomes problematic since in general, the family

{g"(-), 2"(-)} may fail to be tight. To overcome this difficulty, the analysis must be done in
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a “stretched-out” time scale, analogously to the approach previously used by Kushner [27],
Budhiraja and Ross [9] on singular control problems.

First the rescaled time increments {Aﬂi :n=0,1,...} are defined as follows

Ath = hollgenoy + il pne 1y + bl sy,
(4.41)

~

n—1
tOIO, %\n:ZAEz, nZl
k=0
The time scale is stretched out by h; at the reflection and harvesting steps.

Definition 4.1. The rescaled time process T\h() is the unique continuous nondecreasing

process satisfying the following;:
(a) T"(0) = 0;
(b) the derivative of 7"(-) is 1 on (th, 1, ) if 7" =0, i.e., n is a diffusion step;

(c) the derivative of T"(-) is 0 on (¢, ) if 7 # 0, ie., n is a reflection step or a

harvesting step.

Thus fh() does not increase at these ¢ at which a harvesting step or a reflection step

occurs. It follows from the above definition that
T'E) =t and T'(E4) — TM(E,) = Ath.

Moreover, for t > 0and d > 0,0 < T"(t+6)—T"(t) < 4. Define the rescaled and interpolated
process £'(t) = £M(T(t)) and likewise define ¢"(-), 21(-), §*(-), B"(-), M"(-), @"(-), and the

filtration F"(-) similarly. It follows from (4.34) that

EM(t) = 2o + B"(t) + M"(t) — 2(t) — 3" (v). (4.42)
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Using the same argument that produced (4.38) we obtain

€(t) =m0+ /0 B(E" (s), 4" (5))dT" (s) + /O (& (s), " (s))did" (s) — (1) — §*(1) + (1),

with "(-) is an F "(.)-adapted process satisfying

lim sup EJE"(t)] =0, for any 0 < Tp < oo. (4.44)
h—0 te[O,To]

Denote
H'() = (€000, 8" (). 28" 0. T0))s k= (o).

To proceed, we give the definition of existence and uniqueness of weak solution and state

some more assumptions.

Definition 4.2. By a weak solution of (4.6)-(4.39) we mean that there exists a prob-
ability space (Q,F, P), a filtration F(t), and process (£(-),%(-),2(-),g(-),w(-),w(-)) such
that w(-) and w(-) are independent F(t)-Wiener processes, z(-) and g(-) are F(t)-adapted,
and (4.6)-(4.39) are satisfied. For an initial condition (xg, o), by the weak sense unique-
ness, we mean that irrespective of probability space, the probability law of solution
(), ¥(), 2(4), 9(-),w(-),w(-)) to (4.6)-(4.39) is determined by the probability law of
(%), 2(),w(), w()).

(A4) For each initial condition, there exists a solution to (4.6)-(4.39) and this solution is

unique in the weak sense.

4.4.2 Proof of Convergence

In this subsection, we use the weak convergence methods to obtain the convergence of

the algorithms. We refer the readers to [8,16] for standard references and [26, 28] for a brief
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account of concepts and results in the theory of weak convergence that we will use in the
sequel. Let DI]0,00) denote the space of functions that are right continuous and have left-
hand limits endowed with the Skorohod topology. All the weak analysis will be on this space

or its k-fold products D*[0, c0) for appropriate k.

Theorem 4.3. Assume (A1)-(Ad). Let the approzimating chain {&"} be constructed with

transition probabilities defined in (4.26)-(4.28),
() = (€100, 91 (), (), 2(), 6" (). 7))
be the continuous-time interpolation defined in (4.31)-(4.32), (4.36), Definition 4.1, and

H"(-) be the corresponding rescaled processes. Then H"(-) is tight. As a result, H"(-) has a

weakly convergent subsequence with the limit denoted by

~

A() = (00,000, 80),20),50), 7)),
having continuous paths w.p.1.

Proof. Tt follows from the definition of {/"} and interpolation intervals constructed in (4.22)
that if n is a harvesting step or a reflection step, At! = t" | — ! = 0 and ¢!, = ¢

Otherwise, n is a diffusion step, At! =t | —t! = hy and ¢, | = ¢}, | if P! = . By virtue

of the continuous time interpolation ¢"(-) in (4.32), we have
Y(t) = o, for t € [khy, khy +hy), k=0,1,...,

with the sequence {©"} constructed in (4.18). With this observation, the tightness of 1" (-)
can be obtained as in [67, Theorem 8.15|. For other components, we use the same estimations

as in [27, Theorem 5.3 using the tightness criteria in [25, p. 47]. Let Ty < oo be a positive
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constant and 7y be a stopping time which is not bigger than Tj. Then for any 6 > 0,
2
Efo ‘wh(ro +4) — wh(70)| = 0(0) +"(6), (4.45)

where terms Ele"(§)] — 0 uniformly in 75 as h — 0. Taking lim sup,_,, followed by lims_
yield the tightness of {w"(-)}. The tightness of {Jh()} and {@" ()} are obtained due to the
stretching out of the timescale.
Following the definition of “stretched out” timescale,
En 219 + 6) — 2"(70)[> < rhiE! (number of harvesting steps in

interpolated interval 1o, 7 + 4))?

(4.46)
< rhimax{1,46%/h3}
< r(h]+6%).
Similarly,
B} 13" (10 +6) = §"(10)[* < r(hf + 6%). (4.47)

Thus {Z"(-),3"(-)} is tight. The tightness of {T"(-)} follows from the fact that

0<T"(ro+68)—TMr) <6

Next we prove the tightness of {é\h()} It follows from (4.42), (4.46), and (4.47) that
EA €70+ 6) — & (70)[* < 4EA|B" (70 + 6) — B"(70)|” + 4Bl [M" (70 + 8) — M" ()
HAEL |2 (10 + 0) = 2" (70) |* + 4B [§" (10 + 6) — §"(10)
< K& + K&+ 8r(hi + 6%),
where K is a positive constant depending only on upper bounds of b(-,-) and &(-,-) on
Lp, X Spy € [0,U + 1]" X Sp—1. This show the tightness of {?‘()} Hence H"(-) is tight.

By virtue of Prohorov’s Theorem, i "(.) has a weakly convergent subsequence with the limit
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H().

By the definition of T\h(-), it is Lipschitz continuous with Lipschitz coefficient 1. By
virtue of the Skorohod representation, such property also holds for f() Since sizes of jumps
of Eh(), w"(-), 2"(-), and g"(-) go to 0 as h — 0, then their limits have continuous paths w.p.1
(see [26, p. 1007]). Finally, consider the tight sequence (Qbh(-),@h(-),fh(-)) with the weak
limit (QZ(), 7:/}\(), f()) Using the same argument as in (see [67, Section 8.4]),we obtain that
12?() solves the Wonham filter equation, then it has continuous paths w.p.1. It then follows
from @//J\h() = @Dh(fh()) that {[;() = J(f()) Therefore, {[;() has also continuous paths w.p.1.

This completes the proof. O

In what follows, for notational simplicity, we still denote the convergent subsequence of
H"(-) by H"(-). By Skorohod’s representation, with a slight abuse of notation, we can always
assume that the convergence is also pathwise w.p.1 in the topology of the path space and is

uniform on bounded time interval. We proceed to characterize the limit process.
Theorem 4.4. Under conditions of Theorem 4.3, let ]?(t) be the o-algebra generated by

{€(5), 9(5), @(s), 2(5), 9(5), T(s) : 5 <t}
Then the following assertions hold.
(a) @(t) is an F(t)- martingale with quadratic variation process T(t)1,.
(b) 2(-), §(), and T(-) are nondecreasing and nonnegative.

(¢) The limit processes satisfy
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Proof. (a) Let E{l denote the expectation conditioned on .7?”(15) = Fh(fh(t)). Recall that

wh(+) is an F"(-)- martingale and by the definition of @"(-), for any § > 0,
EMa@"(t + 8) — @"(t)) = 0,
(4.49)
EM@"(t + 6)@"(t + 0) — @")@" (1)) = (T"(t + &) — T"(t)) I, + E"(5),
where E|g"(§)] — 0 as h — 0. To characterize @(-), let ¢ be an arbitrary integer, ¢t > 0,

d > 0 and {tx : k < ¢} be such that ¢, <t <t+ ¢ for each k. Let U(-) be a real-valued and

continuous function of its arguments with compact support. Then in view of (4.49), we have
BW(H" (1), k < q)[@"(t +6) - @"(1)] =0, (4.50)

and
EV(H" (), k < q) [(@h(t F Ot +0) — @ ()" (t) — (T"(t+ ) — T"(t)) I, — ?(5)} = 0.
(4.51)

By using the Skorohod representation and the dominated convergence theorem, letting h — 0

in (4.50), we obtain
BU(H(t), b < o)[@(t +0) — a(t)] =0. (4.52)

Since @(-) has continuous paths w.p.1, (4.52) implies that @(-) is a continuous F(-)-

martingale. Moreover, (4.51) gives us that
EV(H(t;), k < q) [w(t + 0@ (t + ) — wt)w(t) — (T(t+0) — f(t))fr} =0.  (4.53)

Then part (a) follows.
(b) The monotonicity and non-negativity of 2(-), g(-), and T(-) follow immediately from

that of 2%(-), §"(-), and T"(-), respectively.
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(¢) The proof of this part is motivated by that of [28, Theorem 10.4.1]. By virtue of
Skorohod representation, the uniform convergence of (@(), D (), fh()) to (E(), o(-), f())

on bounded time interval, we obtain

~

/0 b(E"(s), " (s))dT" (s) — /0 b(E(s), D (s))dT(s) = 0 as h — 0, (4.54)

uniformly in ¢ on any bounded time interval w.p.1. For each positive constant ¢ and a process
U(-), define the piecewise constant process 7°(-) by 7°(t) = v(kd) for t € [kd, ké + 6),k =

0,1,... Then, by the tightness of (gh(), @h()), (4.43) can be rewritten as

&"(t) =x0+/0 5(@(8),$h(8))dfh(8)+/0 F(€M(s), O™ (5))dd" (s) — 2" () — §"() + 8" (1),
(4.55)

where (lsir% limsup E|g"°(t)| = 0. Owing to the fact that ¢ and ¢ take constant values on
-V h—0

the intervals [nd,nd + 0), we have

/O (M0 (s), ¥ (1)) dw"(s) — /0 7(9(s), 00 (1)) dw(s) as h — 0, (4.56)

which are well defined w.p.1 since they can be written as finite sums. Combining (4.54)-

(4.56), we have

t t
€)=+ [ BE)DNAT(s) + [ o@0s). P (0)d(s) - 30 - 5(0) + (1), (457
0 0
where (lsin(l) E|2°(t)| = 0. Taking limit in the above equation as § — 0 yields the result. O
—

Theorem 4.5. Under conditions of Theorem 4.3, for t < oo, define the reverse R(t) =
inf{s: T(s) > t}. For any process 0(-), define the rescaled process v(-) by v(t) = D(R(t)). Let
F(t) be the o-algebra generated by {(s),¥(s),w(s), z(s), g(s), R(s) : s < t}. The following

assertions hold:
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(a) R(:) is right continuous, nondecreasing, and R(t) — oo ast — oo w.p. 1.

(b) z(:) and g(-) are right-continuous, nondecreasing, nonnegative, and F(t)-adapted pro-

CESSES.

(c) w(-) is a standard F(t)-Wiener process, (-) satisfies the system of Wonham filter

equations (4.5), and
£() = w0 + / B(E(s), s))ds + / F(€(s), 0()dw(s) — =(t) — glt).  (4.58)

Proof. (a) We will argue via contradiction that f(t) — 00 as t — oo w.p.l. Suppose

P[sup;> T(t) < o] > 0. Then there exist positive constants ¢ and Ty such that

PlsupT(t) < Ty — 1] > e. (4.59)

t>0

We first observe that

nh(t)—1
)+ g ) = Y (hgn{ﬂhzo} + hyd sy + hln{whg,l})
k=0

Since T"(-) is nondecreasing and T" (") = ¢

n?
nh(t)—1

T (t+rl2"() + g"O) = T"( Y (halimicgy + hillgmnsyy + lulgc 1)) (4.60)
k=0 4.60

= T"(Bingy) =ty 2t — 1.
The last inequality above is a consequence of the inequalities tﬁh ® <t< tﬁh(t) 41 = ch(t) +
hy <ty + 1.
It follows from (4.34) that for each fixed ¢ > 0, s%p E(]zh(t) + gh(t)|> < 00. Hence for a
sufficiently large K,

TE‘Zh(To) + gh(To)‘ -

P{rlz"(Ty) + ¢"(Ty)| > 2K} < c
{r|z"(To) + ¢"(Tp)| > }< oK 5

(4.61)
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In views of (4.60) and (4.61), we obtain
P[TMTy +2K) < Ty — 1] < P[T"(Ty + r|2"(To) + ¢"(T)]) < To — L.7|2"(Ty) + ¢"(To)| < 2K]
FP[r|M(Ty) + ¢ (Ty)] = 2K]

< for all small h = (hy, hs).

DO ™

(4.62)
Since T" converges weakly to T, it follows from (4.62) that 1i£Ln_>i(€1f P [fh (To+2K) < Ty—1] <
£/2. This contradicts (4.59) (see [8, Theorem 1.2.1]). Hence T'(t) — 0o as t — 0o w.p.1. Thus
R(t) < oo for all ¢t and R(t) — oo as t — oco. Since T(-) is nondecreasing and continuous,

R(-) is nondecreasing and right-continuous.

(b) follows the fact that z(-) and g(-) are continuous, nondecreasing, nonnegative, and
R(-) is right-continuous.

(c) We first note that although R(-) might fail to be continuous, w(-) = wW(R(-)) has
continuous paths w.p.1. Indeed, consider the tight sequence (wh(-),@h(-),fh(-)) with the
weak limit (@(-), @(-),T(-)). Since @"(-) = w"(T"(-)), we must have that @(-) = @(T(-)).
It follows from the definition of R(-) that for each ¢ > 0, we have f(R(t)) = t. Hence
w(t) =w(R(t)) = {D(T\(R(t))) = w(t). Since magnitude of jumps of w"(-) go to 0 as h — 0,
w(-) also has continuous paths w.p.1. This shows that w(-) = @w(R(-)) has continuous paths
w.p.1. By the same argument for the tight sequence (¢h(-), L/b\h(-), fh()), we obtain that ()
also has continuous paths w.p.1. Moreover, it satisfies the system of Wonham filter equation
(4.5) (see [67, Section 8.4]).

Before characterizing w(-), we note that for ¢ > 0, {R(s) < t} = {T'(t) > s} € F(t) since

A~ A~

T(t) is F(t)-measurable. Thus R(s) is an F(t)-stopping time for each s > 0. Since @(t) is
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~

an F(t)-martingale with quadratic variation process T(t)I,,

A~

E[wW(R(t) An)|F(R(s))] = @W(R(s) An), n=1,2,...,
(4.63)
E®(R(t) An)@D(R(t) An) = ET(R(t) An),,
and f(R(t) An) < T(R(t)) = t. Hence for each fixed ¢ > 0, the family {w(R(t) An),n > 1}

is uniformly integrable. By that uniform integrability, we obtain from (4.63) that
E[®(R(t))|F(R(s))] = ©(R(s)),

that is E [w(t)|F(s)] = w(s). This proves that w(-) is a continuous F(-) -martingale. We next
consider its quadratic variation. By the Burkholder-Davis-Gundy inequality, there exists a

positive constant C' independent of n = 1,2, ... such that

El@(R(t) An)|? < C’E[( sup |w(R(s) /\n)|2)}

0<s<R(t)
< CE|T(R(t) An)| < Ct.
Thus the families {@(R(t) An),n > 1} and {T(R(t) An),n > 1} are uniformly integrable
for each fixed ¢ > 0. Combining with the fact that @(-), T(-) have continuous paths, for

nonnegative constants s < t, we have

W(R(s) An)B(R(s) An) — T(R(s) An)l, = E[D(R(t) An)B(R(t) An) — T(R(t) An)L|F(R(s))]

— E[G(R())D(R(t)) — T(R(s))L,|F(R(s))]

= Elw(t)w(t) —tI,|F(s)].
(4.64)

Note that the first equation in (4.64) follows from the martingale property of @(-)@(-)' =T (-)1,

with respect to F(t). Letting n — oo in (4.64), we arrive at

Elw(t)wt) —tI,|F(s)] = w(s)w(s) — s,.
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Therefore, w(-) is an F(t) - Wiener process. A rescaling of (4.48) yields
€(t) = o+ [ BE), voNds + [ (el v(O)duts) - 2(0) - glt).
0 0
The proof is complete. O

Theorem 4.6. Under conditions of Theorem 4.3, let V' (xo,p0) and V(xg, o) be value

functions defined in (4.24) and (4.12), respectively. Then V" (xq, o) — V(x0, o) as h — 0.

Proof. We first show that as h — 0,

(@0, 00, 2 %ZE/ e (1)) (1)

(4.65)
= J(CCOa 0, Z())u
where 7 = inf{s : £(s) = 0}. Indeed, for a harvesting strategy 2" = {z"}, we have
r np—1 -
JM(20, 0, 2 ZE Z T () )Az!
= (4.66)

-3 / T OT (G 1) ).

By a small modification of the proof in Theorem 4.5 (a), we have Th(t) — 00 as t — 0o
w.p.1. It also follows from the representation (4.34) and estimates on B"(-) and M"(-) that

{z"(n+1) — 2"(n) : n, h} is uniformly integrable. Thus, by the definition of 7% (-),

Z E[;e —aT"(t (z/;h ) < ZE/ Ke dz"(s)

mln{t Th( ) >To}
<ZE T ke a2 (s) — 0,
uniformly in A as Ty — oo. In the above argument, we have employed the fact that we
can replace %Z;h in (4.66) by infinity, and fh(T 0) < Ty. Then by the weak convergence,

the Skohorod representation (therefore, the uniform convergence of (Eh(),{b\h(),fh()) to
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(E(), 1; (+), f()) on bounded time interval), and uniform integrability, for any Ty > 0,
- oo i - Too i, ;
SB[ T OF@ a0 - B [ e T GoE .
i=1 0 ' 0

Therefore, we obtain

SF / T MO G atin) 3 F / T e TOT ((1))d3 1),

=1

or equivalently,

where 7 = inf{s : £(s) = 0}. On inversion of the timescale, the above expression can be

written as

ZE / eF (b ()= (1),

ThuS, Jh<x07 ¢07Zh) — J('IOJ 90072(')) as h — 0.

Next, we prove that

lim sup V" (20, o) < V (20, o). (4.67)
h

For any small positive constant ¢, let " be an e-optimal harvesting strategy for the chain

{&h) e,

Vh<x0a900) = sup Jh(x()?SDOazh) < ‘]h(ajov‘pﬂ?zh) +E.
2h

Choose a subsequence {h} of {h} such that

lim sup V"(zg, o) = lim Vﬁ(xo, @o) < limsup Jﬁ(xo, ©o, ’zvﬁ) +¢. (4.68)
h—0 h—0 h—0

Without loss of generality (passing to an additional subsequence if needed), we may assume
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that

converges weakly to

)

H() = (€60, 200, 8(),20),30), T()).
and z(-) = Z(R(-)). It follows from our claim in the beginning of the proof that

lim T (20, 00, ") = J (w0, 0, 2(-)) < V(20, 0), (4.69)
n

where J(xg, po, 2(+)) < V(xq, o) since V(xg, @) is the maximizing cost function. Since ¢ is
arbitrarily small, (4.67) follows from (4.68) and (4.69).

To prove the reverse inequality limhinf V(xo,00) > V(xg,p0), for any small positive
constant ¢, we choose a particular e-optimal harvesting strategy for (4.6) and (4.39) such
that the approximation can be applied to the chain {£"} and the associated cost compared
with V"(z¢, o). By an adaption of the method used for singular control problems [27,41],
for given £ > 0, there is a e-optimal harvesting strategy z(-) and Wiener process w(-) for
(4.6)-(4.39) with the following properties: (a) There are T, < oo, p > 0, and 6 > 0 such that
z(+) are constants on the intervals [np,np + p), only one of the components can jump at a
time, and the jumps take values in the discrete set {kd : k = 1,2,...}; also z(+) is bounded

and is constant on [T, 00); (b) there is a > 0 such that
P(Az(np) = kdl=(mp), m < n,w(s), ¥(s), s < np)

= anz(kpaz(mp)7m < n7w(p0)7¢(p9)7p0 < np)a t=1,...,n,

where ¢,xi(+) can be supposed to be continuous in the w variables. Next, we adapt this

harvesting strategy to the chain {¢"} by a harvesting strategy 2" = {z"} using the same
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method as in [27, p. 1459]. As a preparation, we first note the following. Suppose that we wish
to apply a harvesting action of ”impulsive“ magnitude Az to the chain at some interpolated
time to. Define nj, = min{k : t} > to}, with ¢! was defined in (4.22). Then starting at step ny,
apply [Az/h,] successive harvesting steps. Let 2"(-) denote the piecewise interpolation of the
harvesting strategy just defined. Since the values of the times t* do not increase during the
sequence of successive harvesting steps just described, z"(-) is just a step function with jump
hi[Az/hq] at time ¢! . Moreover, 2"(-) is constant on time intervals [np,np + p). Therefore,
when using such controls, there is no need to rescale time in the convergence proof and
{z"(-)} is tight in the Skorohod topology.

With the observations in the last paragraph, we are ready to define the "adapted* form
of z(-) to use on {¢"}. Let 2""(-) denote the interpolated form of the ”adaption®. We will
define z"(-) such that it has the same number of impulsive changes as does z(-). Each of
the impulses is to be realized for the chain via the method used in the above observation.
By the weak convergence argument analogous to that of preceding theorems, but with-
out the time rescaling, we obtain the weak convergence (£"(-), ¥"(-),w" ("), 2"(-),¢"(-)) —
(E(),0(),@(-), 2(-),3(-)), and the limit solves (4.6)-(4.39), where (¢(-),@(-),2(-)) has the
distribution of (¢(-),w(-), z(-)). By the weak sense uniqueness assumption (A4), (E(), J())
is the unique solution to (4.6)-(4.39) with the e-optimal strategy z(-). It follows that
J (0, 00, 2(+)) > V(z0,0) — €. By the optimality of V"(xg, ) and the above weak con-

vergernce,

Vh<$07¢0) 2 Jh(IO)QOOVZh) — ‘](I()?SOOaE;(.))‘
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Thus,
lim inf V" (o, o) > V (20, 0) — €.
h—0
Since ¢ is arbitrarily small, the conclusion follows. O

4.5 A Numerical Example

We consider a single species ecosystem in random environment subjected to the harvesting

as follows

ag(t) = £(t) (blalt) — cla(®)(t) ) dt + o(a(t)duw(t) - dZ(). (4.70)

Suppose that the Markov chain a(-) € {1,2} that models random environment. The gener-

-1 1
ator of the continuous-time Markov chain is given by () = , and

1 -1

We suppose that the Markov chain can only be observed through dy(t) = g(a(t))dt + dB(t),

where g(1) = —1, ¢g(2) = 1. Introduce the innovation process
dw(t) = dy(t) — g(L)¢' (t)dt — g(2)¢*(t)dt, w(0) = 0.

Using the Wonham filter, we can convert the incompletely observed system to the following

system with complete observation

(

ds(t) = &) [b(1) — c(DEWD)] @' (t)dt + £(1) [b(2) — e(2)5(1)] ™ (t)dt

+o(De' (t) + a(2)9*(t)]dw(t) — dZ(t),
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Let a = 0.05, f(1) = f(2) = 1. In this case, ¢(t) = ©'(t) and f(¢(t)) = 1. Then for an

admissible strategy Z(-),

J(x, 0, Z) = E/ e dZ(s).
0

Based on the algorithm constructed in Section 4.3, we carry out the computation by value
iterations. Let Z; be the harvesting policy that drive the system to extinct immediately.
Then J(z,p, Zy) = x for all (x,¢). Letting Zy be the initial harvesting strategy, we set the

initial values
Vi(z,0) =2, x=0,h;,2hy,...,U =10, ¢ =0 hy,2hy,...,1.

We outline how to find an improved values of V(-,-) as follows. At each level z =
hy,2hy,...,U, denote by m(x,n) the action we choose, where 7(z,n) = 2 if we choose a
harvesting action and 7(z,n) = 1 if we choose not to do such action. Thus, initially we
choose m(x,0) = 2 for all x and we seek for better policies which give larger values. If we

take a harvesting action, an improved value of V' (z, ¢) is calculated by using

Vnhfl (z,0) = V'"(z — hy,0) + f(p)h.

Otherwise, we choose not to harvest. Plugging all the necessary finite difference expressions

into the first part of system (4.16), we obtain

Vh('r’ 90) = |:Vh(x + h17 (p)ph(‘rv r + h1|90a ﬂ-) + Vh(x - h1> (p)ph(‘rv r— h1|<)07 7T)

1+ CLhQ
IRVIP (6" + ¢ — ¢%'9) Thaly + 10?(—2 + 2¢)?hy

hi
11 21 21 - 1 92 2
¢ e+q" —q7p) hohi+ 307 (=24 2¢)%h,
+V”<x,<,o—h1>( ) = 2
11 21 _ 211 hoh 2(_9 4+ 9,512,
+Vh(x790><ph(x’x’(p,ﬂ)_|q 0+ ¢ — g 2%1—1-4,0( +2p) 2>}
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1 ~ ,—aho
where T €

plays the role of discounting part. Hence an improved value Vnhjrll (z, )
is calculated by using

h’
VnJrll (‘7;7 90)

= ViH(x + ha, 0)p" (z, 2 + halo, 1) + V. (@ — ha, @)p" (z, 2 — hap, )
1 +6Lh2

11 21 21, \* 1,2 2
+ — hohy + = —2 4 20)°h
+Vnh(x’¢+hl)(q ¢+ ¢ — ¢*'¢) hahy + 10%( ©)hy

hy
11 21 21 - 1,2 2
g p+q7 —qp) hohy + 50°(—24 2p)°h
o — ) ) R ( [
11 21 21 hh 2 -9 2 Qh
+Vnh(:c,<p)<ph(:c,:c\so,7r)— LA Sk 221“0( +2) 2)]
1

(63}

1
<
=8
c
Sl
-
c
S
o
=3
o
=1

Figure 6: Optimal value function versus initial population and initial filter state

Therefore, we can find the optimal action and the corresponding improved V", (z, ¢) as
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follows.
m(x,n) = argmaz{i =1,2: V", (z,¢)},
and
Vi (e, 9) = Vil @, ).

The iterations stop as soon as the increment V", (-) — V(-) is below some tolerance.

Value Function

Initial Population

Figure 7: Optimal value function versus initial population with ¢ = 0.1 and ¢ = 0.9

Figure 6 shows the value function V' (z, ¢) as a function of initial population = and initial

filter state . To highlight the effect of initial filter states, in Figure 7, we plot graphs of
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Figure 8: Optimal policies versus initial population and initial filter state

V(-,0.1) and V'(+,0.9). Note that J(-, -, Zy) is also referred as current harvesting potential, and
V(-,-) — J(-,+, Zy) can be seen as the maximum present expected value of the accumulate
net convenience yields accrued from postponing the harvesting decision and keeping the
population alive after a small time interval; see [1] and [59]. Figure 8 and Figure 9 provide
optimal policies, with “1” denoting not to harvest and “2” denoting harvesting actions.
It can be seen from Figure 6 and Figure 7 that the value function is concave and the
optimal harvesting policy is a barrier strategy. This notice agrees with observations and

results in [20] and [11]. To be more specific, if the population is higher than some barrier
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level, a harvesting action is chosen, and the value function increases with unity slope (since
we take f(1) = f(2) = 1). Moreover, the barrier levels are different in different Wonham

filter states.

o
N
oo i
= ] :
o i
Q © '
O — X
B |
a X
< X
E <« :
2 - !
o !
o i
= :
5 — ¢=01
o | | ---- $=0.9
—
| | | | | |
0 2 4 6 8 10

Initial Population

Figure 9: Optimal policies versus initial population with ¢ = 0.1 and ¢ = 0.9

4.6 Further Remarks

This chapter focused on numerical methods for solution of optimal harvesting strategies
in random environments. Note that different from applications in finance, in which the X (¥)
is observed, here we have another observation y(t) process. Such a model is natural for
ecological systems. They also appear in many communication systems, networked systems,

as well as cyber-physical systems. The novelties of our approach include that (1) we depicted
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the random environment as a hidden Markov chain; (2) we treated the resulting singular
control problem under partial observations; (3) we used Wonham filter as a bridge and built
numerical approximation methods based on Markov chain approximation techniques to solve
the optimal control problem under partial observations.

The convergence of the algorithms was proved. A numerical example was used to demon-
strate the performance of our algorithm. The problem considered here can be modified to
treat dividend optimization in insurance risk management, and networked control systems.
Not only can the approach be applied the harvest problem under consideration, but also
it opens up the domain for treating more general singular control problems under partial

observations.
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CHAPTER 5 CONCLUDING REMARKS AND FU-
TURE DIRECTIONS

In this dissertation, we have concentrated on asymptotic properties and controls for
stochastic population systems with Markovian switching. First, we study ecological proper-
ties of Lotka-Volterra models with partial observations. Then, stochastic permanence and
extinction using feedback controls are investigated. Next, we keep working on Lotka-Volterra
systems under a different objective in which we aim at constructing optimal harvesting strate-
gies. Finally, we focus on the optimal harvesting problem for a general switching diffusion
with partial observations by Markov chain approximation method.

Although the dissertation is mainly devoted to ecosystems, the methods and techniques
developed can be used in certain related systems with a hidden Markov chain or involving
optimal controls of harvesting. Thus the results and the simulation study will be of interests
not only to people working in ecological systems, but also for researchers in other disciplines
as well.

Several directions may be worthwhile for further study and investigation. One can study
the design of feedback controls of an ecosystem modulated by a regime-switching jump dif-
fusion system in which the hidden Markov chain is observed in white noise. Such models
are more realistic since many sudden-environmental shocks, e.g., earthquakes, hurricanes,
epidemics, etc. can be taken into account. Using switching diffusions with delays for model-
ing population dynamics has drawn much attention recently; see [33]. A related problem of
interest is to develop optimal harvesting strategies for such models. The Markov chain ap-

proximation method developed for numerical methods of controlled stochastic systems with
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delays in [29] appears promising. Although for ecological applications, one usually examines
continuous-time systems, it is also interesting to study similar problems in discrete time for
other applications with a hidden Markov chain.

Regarding to the harvesting problem, we have assumed that the Markov chain takes value
in a finite set M. Frequently, one deals with the situation that the random environment
has many discrete states (i.e., the state space of M is large). To reduce the computation
complexity, we may consider the cases that the Markov chain is nearly decomposable. To
be more specific, the generator may be written as Q¢ = (@/5) + @, where @/5 models the
fast varying dynamics and @ depicts the slowly varying motions. Such a structure enables
us to reduce the computational complexity by using time-scale separation techniques. The
second possibility is that the Markov chain is time varying with a generator ((t). Assume
that the rate of change of the generator ((t) varies slowly in time that the Markov chain can
achieve its equilibrium before there is any significant change in the rate. Treating queueing
models, a singularly perturbed model was proposed in [46]. Such an idea can be adopted
to our current problem to treat time-varying systems with similar feature. These problems

deserve in-depth study and investigation.
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ABSTRACT

NONLINEAR STOCHASTIC SYSTEMS AND CONTROLS:
LOTKA-VOLTERRA TYPE MODELS, PERMANENCE AND EXTINCTION,
OPTIMAL HARVESTING STRATEGIES,

AND NUMERICAL METHODS FOR SYSTEMS UNDER PARTIAL OBSERVATIONS

by
KY QUAN TRAN

August 2016

Adyvisor: Dr. G. George Yin
Major: Mathematics (Applied)

Degree: Doctor of Philosophy

This dissertation focuses on a class of stochastic models formulated using stochastic dif-
ferential equations with regime switching represented by a continuous-time Markov chain,
which also known as hybrid switching diffusion processes. Our motivations for studying such
processes in this dissertation stem from emerging and existing applications in biological sys-
tems, ecosystems, financial engineering, modeling, analysis, and control and optimization of
stochastic systems under the influence of random environments, with complete observations
or partial observations.

The first part is concerned with Lotka-Volterra models with white noise and regime
switching represented by a continuous-time Markov chain. Different from the existing litera-

ture, the Markov chain is hidden and can only be observed in a Gaussian white noise in our
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work. We use a Wonham filter to estimate the Markov chain from the observable evolution
of the given process, and convert the original system to a completely observable one. We
then establish the regularity, positivity, stochastic boundedness, and sample path continuity
of the solution. Moreover, stochastic permanence and extinction using feedback controls are
investigated.

The second part develops optimal harvest strategies for Lotka-Volterra systems so as to es-
tablish economically, ecologically, and environmentally reasonable strategies for populations
subject to the risk of extinction. The underlying systems are controlled regime-switching
diffusions that belong to the class of singular control problems. We construct upper bounds
for the value functions, prove the finiteness of the harvesting value, and derive properties
of the value functions. Then we construct explicit chattering harvesting strategies and the
corresponding lower bounds for the value functions by using the idea of harvesting only one
species at a time. We further show that this is a reasonable candidate for the best lower
bound that one can expect.

In the last part, we study optimal harvesting problems for a general systems in the
case that the Markov chain is hidden and can only be observed in a Gaussian white noise.
The Wonham filter is employed to convert the original problem to a completely observable
one. Then we treat the resulting optimal control problem. Because the problem is virtually
impossible to solve in closed form, our main effort is devoted to developing numerical ap-
proximation algorithms. To approximate the value function and optimal strategies, Markov
chain approximation methods are used to construct a discrete-time controlled Markov chain.

Convergence of the algorithm is proved by weak convergence method and suitable scaling.
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