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KOMBUHATOPHAST HAJIEZKHOCTD
CETEBBIX TNITEPT'PA®OB

A. A. Yepnusk, C. B. Cyznajb

B crarpe Teopus JOMUHHMPOBaHHS PaCIPOCTPaHEHA “Ha CUIEPIpa-
b1, Jokazano, uro 1) 3aa9a BBIYUCIEHUs JOMUHUDOBAHUS B KJacce
(s, t)-runeprpadoB OrpaHUIEHHOl CTEIIEHN IOJUHOMUAIBHO PA3PEIIUMa;
2) IOMUHMPOBAHUE IUKJINIECKUX (8,t)-runeprpadoB paBHO HYJIIO, B TO
BpeMs KaK 3a/[a9a BBIYUCJICHNsS JTOMUHUDPOBAHUS B KJIaCCe HECTAHIAPT-
HBIX T-TIUKJINIECKUX (8, t)-runeprpados sgmsgercs P-nonHoit npu mo6oM
(PUKCUPOBAHHOM HATYPaJbHOM 7. BbisBieHa) runeprpadoBast IpUpOa
BCEX paHee MMOJIyIeHHBIX PE3YJIBTATOB O JOMUHUPOBAHUH d-TPUBUAJIBHBIX
rpadOB, HEITOCPEICTBEHHO BBITEKAIONINX M3 MIEPEYNCIEHHBIX BBIIIIE.

KoucTpykTrBHO 10KAa3aHO CYIIECTBOBAHUE IICEBIOIOJINHOMHUAIHHO-
ro (BpeMeHH&s CJIOKHOCThH' KOTOPOrO HOJIMHOMHUAJIbHA OTHOCHTEIHHO
qucsa moAruneprpadOB ) AAropuTMa PeIieHns] TPOGIEMbl BBIYUCICHUST
koMOuHATOpHON HazuékHocTH (Rel-pobiembl) B Kiacce anukimdec-
kux (s,t)-runeprpadoB, orpanndennoil cremenu. Jjisi IIPOU3BOJLHOIO
(s, t)-runeprpadas nojyucHa ajyuruBHas (HOPMYJa CUMBOJLHOTO Bbi-
YUCJIEHUS HAJAEXKHOCTHU, 8 CJIOKHOCTb BBIYUCJIEHUS KaYKIOTO CJIAraeMO-
T'0 OIpeJesIgeTCs TOJIBKO CJI0XKHOCTHIO BBIYUCIIEHNs JIOMUHUPOBAHUS JIO-
KaJIbHBIX TUIieprpados.

Hoxazana P-mmonnora 3a1a9n BBIYUCTEHHST TOJIUHOMA KOMOWHATOP-
HOII Ha/IE¥KHOCTH B KJIACCE AIMKJIMYECKUX TPUBHAJILHBIX (S, 1)-rumep-
rpadoB/Crernenn 2, B KOTOPBIX YUCJI0 MAUHUMAJBHBIX IIyTeil OrpaHUIEHO
CBEpXy JIMHEHHOH (DyHKImeH OT pasMepHOCTH THX (8, t)-runeprpados.
OTo o3Hadaer, B dUacTtHOoCcTH, 4TO ecau P#NP, 1o me cymecrByer
KBA3UIIOJIMHOMUAJIBHOIO aJIFOPUTMa  (BPEMEHHASI CJIOKHOCTh KOTOPO-
IO MOJMHOMUAJIBbHA OTHOCUTEIBHO YHC/Ia MUHUMAJIBHBIX OIATUIIEPrpa-
doB) pemenus Rel-upobieMbl B Kiacce alUKIMYECKUX TPUBHAJBHBIX
(s, t)-runeprpados cremnenu 2.

BBeneunune

Bo muorux CTPYKTYPHO CJIO2KHBIX CUCTEMaX, B y3J/IaX KOTOPBLIX JAO0ITyCKa-
€TCsA IIPOU3BOJIbHAsA JIOTUKa beHKHI/IOHI/IpOBaHI/IH7 CUraaJsi, COOTBeTCTByIOHH/Iﬁ
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1 nm 0, dbopMupyeTcs Ha BBIXOJIE€ BEPIIUHBI B 3aBUCUMOCTHU OT Habopa CUrHa-
JIOB, IOCTYTAIOIINX Ha BXOABI 3TOT'O y3Jia OT APYTUX Y3J0B; IPU 3TOM JIOTH-
Ka (DOPMUPOBAHUST BBIXOHOTO CHUT'HAJIA OIPEIeISIeTCsT MOHOTOHHOM OyJIeBoi
dbyHKmeil, 3ajaHH0l B BUjle JU3BIOHKTUBHON HOpMasibHON dopmbl [2, 3.
JList MOIeTMPOBAHUS TAKUX CUCTEM HEOOXOIMMO HCIIOJIb30BaTh 00JIee CJI0XK-
HBIIl MATEMATHIECKUI 00bEKT, 4YeM rpad, Tak Kak ¢ IOMOIIBIO rpada MOKHO
0TOOpaYKaTh JIUIIb MPOCTEUITNI MaYKOPUTAPHBIN PUHITUIT «ITPOXOJUAT XOTS
OBl O/TMH W3 HECKOJBKUX», T. €. JIOTHKY 3JIEMEHTApPHOW NU3BIOHKINN. AeK-
BATHOW MOJE/IBIO IMOMODHBIX CUCTEM MOXKET CJIYXKHUTL CeTEBOI rumeprpad,
9JaCTHBIN ciryvail Koroporo omucas B [16, 17].

B kauecrBe HauaabHOro npumepa paccmorpum oprpad,. H = (VH, DH)
¢ muokecrBamu BepruH V H u nyr DH, n3obpazk€nublii Ha puc. 1.

Pue. 1. Oprpad H

MHOKeCcTBO JIyT, BXOJSIIUX B BEPIIMHY v;, OygeM o0003HAYaThb depe3
Dy (v;). TIpeaonoxnn;, 1To 110 KazKI0ii Jyre MOKeT IIPOXOJUTh € [MHIIHbII
WM HYJIeBOH culHalL “YCIIOBUMCS TaKyKe, YTO Ha BBIXOJIE KarXKJI0# BEPIINHBI
[0 OLPEJIEIEHHOMY AIpaBULy (ONUCAHHOMY HIUXKE) (DOPMHUPYETCsl BBIXOJIHOI
curtaj 0 mma 1, KOTOpBIii 3aTeM PaCIPOCTPAHSIETCsI IO BCEM JIyTaM, BbIXOJIs-
UM U3 9TON BEepIINHBL.

Hostoxkum cirenyromee. Ha Bbixose BepmuHb! § (hOPMUPYETCsT € TMHAIHBIN
curna, Ha BbIxojie BepIIUHBI U5 (DOPMUPYETCsT €IMHUYHBIA CUTHAJ, €CJIU 1
TOJIBKO €CJIU OH IIPOXOJIUT XOTsI ObI IO OJIHOMY M3 CJIEJIYIOIUX HADOPOB JIyT U3
Dy (vs): [(v2,05), (vs,v5)], [(v2,05), (v4,v5)], [(v3,05), (va,05)]. DT HAGOPHI
Ha30BEM zunepdyzamu, 6TodAUUMY 6 Us. ECIN MHOXKECTBO 3THX THIEPIYT
obosHauuTh wepes Ry (vs), To (Dp(vs), Ry (vs)) siBasierca rumeprpadon.

AHaylornaHO 3a18UM THIIEPIYTH IS IPYTHX BepnH: Ry (vj) = {[(vl,
v)l} mom j = 2,3,4, Ru(ve) = {[(v2, v6)], [(vs, v6)]}, Rur(vr) = {[(vs,07),
(vg,v7)]}, NpUYEM Ha BBIXOJIE BEPIIMHBI ¥; OYJIEeT CUTHAJ 1, €ClM U TOJBKO
ec/I CUTHAJT | MPOXOIUT XOTsi ObI MO OJHOM M3 BXOJANIMX B U; THIEPIYT,
i=2,3,4,5,6,7 (yTOYHUM, YTO €JUHUIHBIH CUTHAJ IPOXOJUT [0 TUIEPILYTE
TOJIbKO B TOM CJIydae, eCJId OH IIPOXOJUT O BCEM JIyTaM, COJIEPIKAIIMMCS B
9TOil TUnepyre).
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Hyra e MOXKeT MCKJII09aThCs 110 TeM WJIM WHBIM IpUYnHaM (C BEPOSITHO-
cTpio 1 —pr(e)) (Ipu 9TOM HCKITIOYAIOTCS M BCE THIIEP/IYTH, UX COMEPIKAIIE).
B srom ciiyuae BazKHO, ITOOBI OCTABIIIHECS IyTH 0OECIIETNBAIN BO3MOKHOCTD
€JIMHUYHOMY CUT'HAJLY, IOCJAHHOMY U3 BEPIIUHBI S, JJOCTUYb BepIMUHbI t. Ha-
npuMep, Ha puc. 2 m3o0paxkenbl jBa oprpada Hy u Hs, nonydennsie uz H
yIaJeHneM HEKOTOPBIX JIyT W TUIEPIYT.

Vv, 1_[I Vv, Hz
Puc. 2. Oprpadwr H; nu ' Hs

B mepBoM citydae e TMHUYIHBIN CUTHAJL JJOCTUTAET BEPIITIHEI {, BO BTOPOM —
Her: 10 Jyre (vs,v7) eIUHUYIHBIA CUrHAJL IPOITH HE MOYKET, TaK KaK Ha BbI-
X0/J1e BepIIUHBI v5 Beerma Oymer 0.

[ycrs T — xomewuHoe MHOMKECTBO, 27 — Gymean muoxectna T,  C 27
npudéM ) COCTOUT U3 HEBJIOKUMBIX JIDYT B spyra muoxkects. [lapa (T, €)
HA3BIBAETCSI NPOCTbIM 2UNEPZPAPOM C MHOYKECTBOM BEPIINH 1 1 MHOXKECTBOM
pédep . TIpocroit runeprpad HaA3BIBAETCS KO2EPEHMHBLM, €CTA KaXKIast €ro
BEPIIINHA COAEPKUTCSI B. HEKOTOPOM pebdpe.

Temeps mepeitiém .k oOMMUM OINpeIeIeHUsIM, JIeMOHCTPUPYS UX Ha MIPU-
mepe oprpada H, mszobpaxkénnoro ua puc. 1. [lycte G = (W, E) — opuen-
tTupoBanHblil rpad (oprpad) ¢ muO)KecTBOM BepiiuH W 1 MHOXKECTBOM JIyT
E,s € Wut e W. I'pad G naseiBaercs (s,t)-opepagom, ecam u3 Kax-
JIOHl er0, BEpHINHBI, UCKJIOYUasT BEPIMUHY t, BBIXOJUT XOTs ObI OJHA JyTa U B
KayKyIo ero BEPINNWHY, UCKJIIOYAs BEPIMUHY S, BXOJUT XOTs ObI OHA YTA.
Yepes Dg(v) 0b603HAUAETCSI MHOKECTBO Beex jiyT oprpada G, BXOAANIUX B

sepuuay v. Ouesnano, uro E = |J Dg(v). Yncno |Dg(v)| nasbiBaercs
veW
cmenenvro BepimuHbl v B (5 HanboJIbIast U3 CTENeHel BEPIINH HA3bIBAETCsI

crenenbio oprpada G. Tak, oprpad H, uzobpak€uubiii Ha puc. 1, aBjsercs
(s,t)-oprpadom, a ero creneHb pasHa 3.

[TpenmookumM, 9TO ¢ KAXKI0# BEPIIUHON v CBI3aH KOT€PEHTHBIH ITPOCTOMN
rutnieprpad (Dg(v), Rg(v)), KOTopblii Oy1eM Ha3BIBATD A0KAAbHbIM 2UNEePePa-
¢om BepmmHBL v. OYEBUIHO, ITO KaxK0e pebpo 9Toro rumeprpada cocrouT
u3 Habopa JIyr, BXOJSAIUX B BEPIIUHY v. DTU HAOODPHI Oy/ileM HA3BIBATH 2U-
nepoyzamu, 6rodauumy 6 sepuuny v. Eciim B BepHUInHY ¥ BXOJIUT TOJIBKO
OJTHA TUTEPIYTa, TO ¥ OYIeT HA3BIBATHCS C-GEPUUHOL; €CIN BCE TUIEPIYTH,
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BXO/ISIINE B BEPIIUHY U, OJIHOJIEMEHTHbBIE U UX YUCJI0 GosibIne 1, To v Gyer
HasbIBaThCA d-sepwunol. Tak, ve, Vs, Vg, U7 ABIAIOTCA c-BepiuHamu B H, a
vg — d-BeprmHOit B H.

Yepes VG, DG u RG 6ynem 0603Ha9aTh COOTBETCTBEHHO MHOXKECTBA
BepIIuH, Jyr u runepayr (s, t)-oprpada G. Tpoiika G = (VG, DG, RG) na-
3BIBAETCS cemesvim 2unepezpagom nm (s,t)-sunepepadom ¢ MHOKECTBAMU
gepid VG, nyr DG u runepayr RG. Takum obpasowm, (s,t)-runeprpad
IPEJICTAB/ISIET COOON CETEBYIO CYIIEPIIO3UINIO JIOKAJBHBIX THIeprpadoB, ITo
HO3BOJISIET € MX IIOMOINBIO MOJEJUPOBATH CJIOXKHBIE CHCTEMbI, KOTOPbIE Ha
CTPYKTYPHOM YPOBHE SIBISIOTCS Tpadamu, a Ha BEPHIMHHOM ypPOBHE — TI'H-
neprpadaMu.

ITodeunepepagom (s,t)-runieprpada G HasbiBaercs (s,t)-runeprpad H,
€CJIN BEPIIUHBI, YT ¥ TUIEPYTU B H sBJISIIOTCS €00TBETCTBEHHO BEPIITHA~
mu gyramu u runepgayravu B G. Ioxrumeprpad. (s, t)-runeprpada, B KO-
TOPOM B KayKJyIO0 BEpIIMHY U, OTJIUYHYIO OT.S, BXOJIUT TOJHKO OJ[HA I'H-
HepJyra, Ha3bIBACTCS MUHUMAALHBIM, 8 60O MHOKECTBO YT — MUHUMAAb-
Howm nymém B G. TlogmuoxkecTBO YT B G, cojepKaliee XoTsi Obl OJINH M-
HUMAJIbHBIN yTh, Ha3biBaercsa _nymeém B G. Tak, (s,t)-runeprpad Hy =
(VHy,DHy, RHy) na puc. 2 siBisiercst nojruneprpadom (s,t)-runeprpada
H, K ToMy K€ MUHUMAJLHBIM, B  TO BpeMsi, Kak Ho TAKOBBIM He sBJIsIET-
csl, MOCKOIBKY Ry, (vs) =2 n Dy, (vs) # @. CieoBarensio, rumneprpad
(D, (vs), Ry (vs)) me sBisieTcs korepentabiM. [lepetmcmy Bee MUHIMAB-
Hble 1yTH B H:

(v6, v7) (U5, v7), (V55 V6), (V2,5), (V3,V5), (V1,02), (V1,v3);
(v6,v7), (vs5v7), (Vs,6), (V2,V5), (V4,v5), (v1,v2), (V1,v4);
(V6,07) 5 (v5,v7), (vs, v6), (v3,v5), (Va,v5), (V1,03), (V1,v4);

(96, v7), (v2,v6), (v1,v2), (vs,v7), (V3,V5), (Va, V5), (v1,v3), (V1,v4);
(U6, v7), (v2,v6), (v1,v2), (vs,v7), (V2,05), (Va, V5), (V1,v4);

( ) ) ( )

ve, U7), (V2,V6), (V1,v2), (vs,v7), (V2,v5), (Vs,v5), (V1,V3).

[Ipenmonoxkum, uro Ha MHOXKecTBe nyr DG omnpenesneHa QyHKIUs

pr: DG — RT rtaxas, aro 0 < pr(e) < 1 s moboit qyru e € DG. Ilyern
M C DG. Bepoamnocmmovim secom pw(M) mHOKecTBa M Ha3bIBaETCsI IUCIIO

=[[rre- ] 1-pr(e.
eeM e€DG\M

Ecin gucio 1 — pr(e) TpakroBaTh Kak BEpOSATHOCTb OTKa3a JYIH €, TO
pw(M) ecTb BepOSITHOCTH COOBITHSI, COCTOSIIIIEIO B TOM, UTO MHOYKECTBO HEOT-
Kas3aBINX Jyr B (s, t)-runeprpade G coBnamaer ¢ M.
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Komburnamoprot nadéorcrnocmvro Rel(G, pr(DQG)) (s, t)-runeprpada G Ha-
3BIBAETCS CyMMa BEPOATHOCTHBIX BeCOB Beex myTeil B . Ecim Bce 3nadenus
dbyukimu pr paBubl p (B 9TUX Cciaydasx Oyjaem mmcath p Bmecto pr(DG)), To

Rel(G,p) = > hip'(1—p)"~", m=|DG|, (1)
=0

re h; — auciio i-3;eMeHTHBIX myTeil B G. CUMBOJILHOE BhIPaskKeHUE B IIPABOIA
4acTy paBeHCTBa (1) HA3BIBACTCS NOAUHOMOM KOMOUHAMOPHOT HAENHCHOCTU
(coxparenno, nosunomom KH) (s, t)-runeprpada G.

Besmuuny Rel(G, pr(DG)) MOXKHO TPaKTOBATh KaK BEPOSITHOCTH COOBI-
THsI, COCTOSIIETO0 B TOM, YTO MHOXKECTBO HEOTKA3ABIIUX Iyl B (S,t)-rumep-
rpade G sBisiercs myTéMm. B peaibHOl cucTeME HaJWdMe UCIIPABHOTO IIYTH
O3HAYAeT CIIOCOOHOCTH EIMHUYIHOIO CUTHAJIA, ITOGJAHHOIO M3 BEPIIMHLI S W
«IIPOXOJIAIIErO» IO THIEPyraM, JOCTUYh BEPUINHBI ¢ (€IMHUYHBIA CHTHAJ
<IPOXOJIUT» 110 TUIIEP/yTe TOJIBKO B TOM'CJyYae, eC/u OH IIOCTyIaeT K Ha-
gajiaM BCEX JIYT, COJEPKAIMXCS B ITQIIHUIIEP/yTe).

Cerenble Tuneprpadbl 00001IAI0T BCe M3BECTHBIE IPadOBbIe MOIEIH, IPH-
MeHsieMbIe JIJIsl AHAJIN3a HaJIEKHOCTH CeTEBBIX CTPYKTYP. B masbHeiinem Bee
9TH MOJEeaUu OYIyT OObEeIUHEHBI-TION OOIMUM HA3BAHUEM <«d-Mpusuasvhvie
epagoiy. PaccMoTpuM TpUWA3 HUX.

1. 2-repmunanbHbliioprpad [30, 18] — sro (s,t)-oprpad G ¢ ucrokom s
U CTOKOM t, KOMOMHATOPHAs HAJEXKHOCTH KOTOPOI'O PaBHA BEPOSTHOCTU Ha-
JIMYHsT UCIIPABHOIO OPIyTH U3 S B t (HAIIOMHUM, 9YTO IIOCJIEI0BATEILHOCTD
ayr (v, v2),(vg,v3), ..., (Vn—2,0n-1), (Un—1,v,) Ha3BIBaETCS OPNYMEM W3
BEPIIUHBL U] "\B BEPIIUHY Up; 9TOT OPIYTh HA3LIBACTCS NPOCTNbILM, €CJIA BCE
BEPIIUHBLA] 4 . . , Uy, PASJIMYIHBL; €CJIA U] = Uy, TO OPILYTh HA3BIBAETCS OPUUK-
A0m). MUHUMAIBHBIMU [y TSIMU 3JI€Ch SBJISIFOTCS IPOCTbIE OPILYTU U3 S B t.
Hpyrumu ciosamu, G siBisiercs (8, t)-runeprpadom, B KOTOPOM BCe THIIED-
JlyTH OJIHO3JIEMEHTHBIE.

2. Ucrok-K-repmunanbubiit oprpad H [27, 29, 26, 11|, komGunaTop-
Hasl HAJEKHOCTH KOTOPOTO PaBHA BEPOATHOCTU HAJUYHS UCIIPABHBIX OPIIYy-
Teifl U3 BEPUIMHBI § B KAXKJIYI BBIXOJHYIO BEpIIMHY U3 MHOXKecTBa K =
{t1,t2,...,t,}. OueBHIHO, MUHUMAIBHBIME [IyTSIME 3/€Ch SIBJISIOTCS K -1e-
PEBbs, T. €. MUHUMAJbHbIE 110 BKJIIOUEHHIO JIEPEBbs CTEHEHN 1 ¢ KOPHEM S,
cojtepxkaiue Bepimabl 13 K. Jobasum kK H HOBYIO BepIIMHY ¢ W T HOBBIX
ayr (ti,t), 1 < i < 7, HOJIOXKUB, YTO B BepIINHY  BXOJUT €[MHCTBEHHASI M-
nepayra [(t1,t), (to,t), ..., (t,t)], a Bce rumepayru, BXOJSAINIE B OCTAJTbHBIE
BEPIIUHBI, OJHO3JIEMEHTHBIE, T. €. COBIIAIAIOT ¢ ayramu oprpada H. Ouesu-
HO, 9TO HOJIy9eHHbII (s, t)-runeprpad G 9KBUBaJEHTEH UCXOAHON IrpadoBoil
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monenu H.

3. K-nommocuble HeopuenTuposanubie rpadst [11, 28|. B rakux rpadax G
3aJ1aH0 MHOKeCTBO NoJifocoB K C VG| a MUHUMAIbHBIME Ty TSIMU SIBJISTIOTCST
K-nomocuble HeOpreHTHpOBaHHbIE AepeBbs (K -depesvs) — moarpadol, co-
JleprKaliue Bee moJroca u3 K 1 aBJISAIONIeCcs: ePEeBbsIMU, B KOTOPBIX KaXK1ast
BUCAYAs BEPIINHA SABJISETCA IOJIOCOM. K -TIOIOCHBIA HEOPUEHTUPOBAHHBIM
rpad MpeBpaIaeTcss B UCTOK- K -TepMUHAIBHBINA oprpad, ecin Kaxkoe ped-
PO € 3aMEHUTD JIBYMsl aHTHUCUMMeTPUIHbIMU jtyraMu (u, v) u (v, u), rie u, v —
KOHIIEBbIE BEPIIUHDLI pebpa €, MCTOKOM OObIBUTH MTPOU3BOJIBHYIO BEPIIUHY §
u3 K, a MHOXKeCTBOM BBIXOJIHBIX BepiinH — MHOxKecTBO A \ {s}. [Tosaraercs,
aro pr((u,v)) = pr((v,u)) = pr(e). IIpn 5ToM OTKa3EL AHTHCHMMETPHTHBIX
JIyT MOT'YT PacCMaTPUBATHCA KaK HE3aBUCUMBIE COOBITH; MO0 3TO HE IIPUBO-
JIAT K U3MEHEHUIO KOMOMHATOPHON Haséx)uoctd cpada [10].

OrmMeTrM, 9TO d-TpUBUAIbHBIE IPadbl ABISTIOTC CIIEIUATBHBIMUI CJTy Yasi-
MU TPAHIIHOTO TOJKIacca (s, t)-runeprpadoB ' — TPUBHAILHBIX (S, t)-rumep-
rpadoB, B KOTOPBIX KaXKJjiasi BepINUHA  sBJsgeTcsi JuO0 d-BepIIUHON, JinbOo
C-BEPIINHON.

Brenienne cereBbix rumeprpadoB 6bII0 BBI3BAHO TaK:Ke TeOpHeil JOMU-
HUPOBAHUS, KOTOPAsA JaJja HOBBIA MMIIYJIHC PA3BUTUIO KOMOMHATOPHBIX Me-
TOJIOB aHaJIN3a HAIEKHOCTI . CETEBLIX CTPYKTYp. Tak, 70-e rojnl 6611H 0TMe-
YEeHBI BCIJIECKOM PaboT, BYKOTOPBIX PACCMATPUBAJINCH PASIUYHBIE AJITOPUT-
MUYECKIEe BEPCUN PACUIETa HAJEKHOCTH d-TPUBUAIBHBIX I'padOB, OCHOBaH-
HbIE Ha JBYX KOMOMHATOPHBIX IPUHIUIAX: BKIIOUEHU-UCKIIOYEHNT 1 (PaK-
Topusalun (aHaIO0Ta MeTo/a BeTBeil m rpanwui). I[Ipu sToM comocraBieHne
3 PEKTUBHOCTH AJITOPUTMOB ITPOBOIMIOCH sMIupuvdecku. KombuHaTopHOE
OCMBICJIEHIE '9TUX METOJIOB M BBISIBJICHUE CPEN HUX ONTUMAJBHBIX CTPATE-
ruit 6puto” nano nosauee B [30, 18, 27, 29, 26, 28, 10, 20, 19, 32, 21| na
6a3e’ TeOPUH JOMUHUPOBAHUS, MCIOJB3YIOMEH CBONCTBA (DYHKIINN JTOMUIHI-
poBaHUsl d-TPUBHAJBHBIX IpadOB B AJrOPUTMaX aHaIN3a KOMOUHATODHOMN
magesknocTn. Ilemounciennas dbynkims 0, 3anannas Ha Oyaeane 27| Ha3bI-
BaeTcst gynrkyuet domunuposanus npocroro runeprpada (1,Q), ecaun s
Jroboro Muoxkecrsa A C T

Z 5(B) = 1, ecau A comepxut pebpo us €;

Boa 0, ecmu A He comepxkut pébep u3 (.
Besmunna 6(7T') HasbiBaercst domunuposaruem runeprpada Z2 = (T,Q) u
obosuauaercst yepes d(Z). Teneps o6o3uaunm depes P(G) MHOKECTBO BCex
MUHIMAaJIBHBIX 1yTeil B (s, t)-runeprpade G. Torma (DG, P(G)) — npocroit
runeprpad, a ero JIOMUHMPOBAHWE HA3BIBAECTCH  JOMUHUPOSAHUEM
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(s,t)-eunepepaga G n obosnavaercs depe3 d(G). JomuHMpOBaHNE JIOKAJIb-
HOro runeprpada BepmmHel v B G oboznavaercs depes d(v, G).

B nammoii craThbe TeOpusa JOMUHUPOBAHMS PACIPOCTPaHEeHA Ha THIEPIPa-
dbl, 9TO MO3BOJIUIIO JOCTUYL MAKCUMAJIBHO BO3ZMOXKHON KOHIEHCAIMH CHUM-
BOJILHBIX BBIPayKeHUilT KOMOMHATOPHON HAJEKHOCTH CETEBBIX TIHIEprpadon
Ha 6a3e BBIABJICHHBIX CBOHCTB MX (PYHKIMH JOMUHUPOBaHHsA. ITOOLI Iepe-
YUCJIUTH OCHOBHBIE Pe3y/IbTaThl, HAM HMOHAI00ATC €IIé HECKOJIBKO OIpesie-
JICHU.

Ecim oprpad (VG, DG) He comep:KUT OpHUKJIOB, TO (S,t)-rumeprpad
G nasbiBaercs ayuksuveckum. Ecmm xe (VG, DG) cogepKur OpliuKJIbl, HO
MUHUMAJIbHbBIE MOATUIIeprpadbl anukandeckne, To G Ha3bIBAETCS YUKAUYEC-
xum. Eciin xoTs Obl OJIMH MUHUMAJILHBIN TOATHIIEPTPAd SBISETCS ITUKINTIEC-
kUM, TO (G Ha3BIBAETCS HECTNAHIAPMHYLM; APAITOM HECTAHIAPTHBII
(s,t)-runeprpad HasbIBACTCS T-IUKITICCKUM, €CJ POBHO T €0 MUHUMAJ b=
HBIX TOArANEPrpadoB MUKJITIECKHE.

Puc. 3. (s,t)-runeprpad Z

Ha puc. 3. u300pazkéH TpuBnasibHblil ($,t)-runeprpad Z: Bce ero Bep-
IIAHBI, KPOME VU T, IBISIOTCA d-BEPIITUHAMY, 8 BEPIIUHBI U4 U © SIBJISTIOT-
cst c-epiiutanvu. OueBuiHO, Z — HuKInIeckuii (s, t)-runeprpad. Ecam xe
BePIUUHY V9 IIPEBPATUTDH B C-BEPIIUHY, TO Z MPEBPATUTCH B HECTAHIAPTHDIIHN
2-nuKingeckuii (s, t)-rumeprpad, MOCKOJbKY B HEM OY/LyT yKe COEPKATHCS
POBHO JIBa, IIUK/JINIECKUX MUHUMAJIBHBIX MTOJArANeprpada, n300pakEéHHble Ha
puc. 4. Ormernm, uto (S, t)-runeprpad H, n3o06pakénnplii Ha puc. 1, aBis-
eTCsI alUKJITIECKIM.

Y

Puc. 4. Munumasibabie noaruneprpadsl 21 u 2o

B nannoit craTbe pelreHa 3a/1ada BBEIYUCICHUS JTJOMUHIPOBAHUS CETEBBIX
rutieprpadoB: JOKa3aHO, YTO JOMUHHPOBAHUE AIMKIMIECKOro (S, t)-rumep-
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rpada paBHO TPOU3BEJICHUIO JOMUHUPOBAHUN BCEX €r0 JIOKAJLHBIX THIIED-
rpadoB H, CjIeI0BaTENbHO, 3a/lada BLIYUCIEHUS JOMUHUPOBAHUS B KJlacce
(s, t)-runeprpadoB OrpaHUYEHHON CTEIIEHN MOJUHOMUATLHO PA3PEIInMa; J10-
Ka3aHO, YTO JOMUHHPOBAaHUE IUKIMIECKUX (S,t)-runeprpacdoB paBHO Hy-
JIF0, B TO BpeMsl KaK 3a/a4a BbIUYUC/IEHUs] JOMUHUPOBAHUS B KJIaCCe HECTAH-
JAPTHBIX T-IUKIMIecKuX (s, t)-runeprpados sipisiercst P-110iHON 11py Jro-
6oM (uKcMpoBaHHOM HaTypaJjbHOM 7. [lapaJuresibHO BBISBIEHA THIIEPrpa-
doBasi Ipuposa BCEX paHee IMOJIYUEHHBIX PEe3YyJIbTaTOB O JOMUHUPOBAHUN
d-TpuBHaIbHBIX I'PadOB, HEIIOCPEICTBEHHO BBITEKAIOIINX U3 [I€PEINUCTICHHBIX
BBIIIIE.

KoncTpykTuBHO —[1OKa3aHO CyIIECTBOBAHUE IICEBJONOTUHOMHUAIBHOIO
(BpeMeHH&sI CJIOXKHOCTH KOTOPOI'O MOJTMHOMHUAJIBHA OQTHOCUTEIHHO YUC/Ia, IO/
rutieprpadoB) aJropuTMa perieHust TpoOIeMbl BbEIMHCIEHNST KOMOMHATOPHOM
Hajé)KHOCTH  (COKpalieHHo, Rel-npobiiembl) B Kjlacce —aIlMKIMYECKUX
(s, t)-runeprpadoB orpaHudeHHOl cTeneHn, Jiis mponsBoIbHOTO (8, t)-TUnep-
rpada oy deHa aJIuTUBHAs (POPMYJIa CIMBOJIBHOTO BBIYUC/IEHUST HAJIEKHOC-
TH, JJIMHA KOTOPOH paBHA YHCJIY aIfUKINYECKUX MOAruieprpados, a Ccaoxk-
HOCTb BBIYHUCJIEHUST KAaXKJIOT0 CJIATAEMOr0 OIMPEIEISIeTCsl TOJBKO CJI0KHOCTHIO
BBIUNC/IEHNS JTOMUHUPOBAHUS JIOKATbHBIX Tumeprpados. lokazana P-mos-
HOTa 33/1a4u BbruncjieHus mojnaova KH B kiracce anuk/imaeckux TpUBUAJIb-
HBIX (8,1)-runeprpadoB ¢renenu 2, B KOTOPbIX YUCJI0 MUHUMAJbHBIX MyTeil
OIPAHNYEHO CBEpXY JMHENHON (yHKImeld 0T pasMepHOCTH 9TuX (S, t)-rumep-
rpadoB. DTO 03HAUAET, B YACTHOCTH, UTO B ciaydae P#NP He cymecTByer
KBa3UIIOTMHOMHUAIBHOTO aJIrOpUTMa (BPEMEHHAST CII0KHOCTH KOTOPOTO MOJIH-
HOMMAJIbHA OTHOCHTETLHO YHUC/Ia MUHUMAJIBHBIX TIOArUIeprpadoB) perieHmust
Rel-mipobieMer B Kitacce anuKINnIeCKUX TPUBAAIBHBIX (S, t)-rumeprpados cTe-
e’ 2.

CretyeT OTMETUTD, ITO JJIsI OCHOBHBIX TIOJKIACCOB d-TPUBUATBHBIX TPa-
dos, Kak nokazano B [13, 14, 24], cyIiecTBy0T KBA3UIOJIUMHOMUAJbHBIE AJIr0-
purmbl perrerust Rel-tipobsiembr. Bosiee Toro, s amukandecKux UCTOK-K -
TepMUHAJBHBIX TpadoB, Korna B K comepkarcsi Bce BEPIITUHBI, KPOME S, 3Ta
npobiieMa peraercs 3a JuHeliHOe BpeMsi [19]. Takum obpasoM, oy ueHHbIe B
cTaThe pe3yabTaThl (PaKTUIECKH PA3IeIAioT MOJAKIACCH (8, t)-rumeprpados,
JJIA KOTOPBIX COOTBETCTBEHHO CYIIECTBYIOT IICEBAOIIOJIMHOMUAJIBHBIE U KBa-
3UTIOJTMHOMHUAJIbHBIE aJrOpUTMbI perteHus Rel-mipobiemsr.

1. BciomorarenbHbIE PE3YJIbTATHI

Nnbextusnas dbynxmusa ¢ : VG — NT maspiBaerca pamnzosoti dynmuyu-
et oprpada (VG, DG), ecmm p(u) < @(v) mius moboit nyru (u,v) € DG,
pu 3ToM p(w) HazbBaeTcs panzom eepwunss w. Oprpad (V G, DG) nveer
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HEKOTOPYIO PAHIOBYIO (DYHKIIMIO, €CJIM M TOJILKO eCJIM OH aluKJIndecKuii 7).
B manbreitmem OymeM camTaTh, 9TO JIIO00H AIMKINIECKA oprpad pPaHKu-
pOBaH, T. €. 33JIaH BMECTEe CO CBOEl PAHTOBON (DPYHKITHEL.

[Iyte II — HekoTOpas nepedncauTe/bHAS 3aa4ua ¢ HADOPOM UHCJIOBBIX
[IapaMeTpoB, XapaKTepU3yIOMnX BXogHyI0 nadopmarnmio 3agaqu [1. Te mapa-
MEeTPBI, KOTOPBIE OIPEJIEISIIOT JIJIMHY BXOIHOTO CJIOBA, HA3BIBAIOTCS OCHOBHDI-
mu. Ecrm BxopubiM ciioBoM 3aaun 1 siBaistercst mpocroit runeprpad (7', Q2),
TO OCHOBHBIMU siBJsitoTcsi napamerpbl |T'| u ||, HeiicrBuresnbro, u3 onpe-
qmenenns () cjaemyer, UTO UHUCIO ¢, TPOCTHIX TUMEPrpadOB ¢ MHOKECTBOM
sepiint T (n = |T'|) pasBuo umciy anruneneii (cemeiicrso Hlnepuepa) B 7T
Pasmep b, naubosbieit antuienn B T' He Menee m = |{2|. Kpome Toro, kax-
Jloe TIOJIMHOYKECTBO ITON aHTHUIENN TaK:Ke sIBJIsieTesl aHTuiennio. [losromy
an > 20 > 2™ Jlng Toro 4ToObI PasIMYATH @ IIPOCTLIX rureprpados,
HeobxomnMo logs a,, 6T nHMOPMAIUN 71l KOTUPOBAHNS HEKOTOPBIX U3 HUX,
T. e. jyist npocroro runeprpada Besmauna, O(m, + n) sBISETCST «pa3yMHON»
JyHOM BXOAHOTO cioBa [4]. CiienoBare/ibHO, JUIMHONE BXOIHOTO CJIOBA Iepe-
YUCUTEBHOM 3a/1a4uu, cBsi3aHHOl ¢ (8, )-runeprpadom G, ciieyer cauTarh

seammmmy O Y (IDa(v)| + |Ba(o))) = O(IDGI + % |Ra(w)]).
veVG veVG
,HJIH JOKa3aTeJIbCTBa OCHOBHDBIX yTBep}K,HeHI/Iﬁ 9TOI'0 paszaesia ITOHa0-

6urcs nponenypa Proc(X, L)y upumensiemasi kK (s,t)-runeprpady G (31ech
X C V@) mist nocTpoeHUsi TaK HA3bIBAEMbIX «yCEYEHHBIX» MUHUMAJbHBIX
myTeil B COOTBETCTBUN ¢ HEKOTOPLIM npasujioM L Bbibopa runepayr. Cunra-
eM, 9TO B CJIydaé anukiAnIHocTu (s,t)-runeprpada G npousBejieHa TOIOJIO-
rugeckasi CoptupoBka Bepimud n3 VG,

ITlar 0."lloMeruts Bce Bepruubl MHOXKecTBa X . llomoxurh: D) = O,
Vi = {t}, w1 =t u nepeiiTu K cieyIONIEMy IIary.

Hlap (@ > 1).

1. Homerurs Bepmmuy u;. B coorBercTBuu ¢ npasuiom L BbIOpaTb B
Re(u;) runepayry [(viy, i), (Vigs wi), - - -, (Vi,, u;)]. Homoxurs

Diy1 =D; U {(vil,ui)} U...u {(UZ‘T,’U,Z‘)}, Viei=V; U {'Uip - ,vir}.

2. Ecnu Bce Bepmunbt B V11 MOMeYEHBI, TO IPOIEIyPa 3aBEPIIACT CBOIO
paboTy MOCTPOEHHEM HEKOTOPOro MHoxKecTBa Jyr D;y1. Eciau me Bce Bep-
IMUHBI B Vi1 [IOMEYeHbl, TO CPEJU HUX BbIOPATH BEPIIUHY Ujy], IPUIEM B
ciaydae anuKJIndHocTH (G BEPIINHA ;4] JIOJPKHA UMETh HANOOJIbINNUNA HOMED.
[TepeiiTu K cjemyromeMy Imary.

IIpennonoxkum, aro X COCTOUT M3 €NWMHCTBEHHO#N BepmuHbl S U M —
HEKOTOPBI MUHUMAJbHBIN Toaruneprpad (s,t)-runeprpada G. Ecau npu
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nocerieHnn Bepiuabl v € VM npasuwio L OyeT npeaiucbiBaTh BHIOOD TH-
nepayru u3 Rys(v) (BBumy munnmasnsaoctu M B Ry (v) comepkures euH-
cTBeHHas rutep/yra), o Proc(s, £) nocrpout Mmunnmasibabiii wyts D M. Tlo-
9TOMY CIIPABEJJINBA, CJIEJLYIOIIAs

Jlemma 1. Ilycts G — (s,t)-runeprpac. Torga s060ii ero MEHHMAJIB-
HBI IIyTh MOYKET ObITh MOCTPOEH HEKOTopoii mporeaypoii Proc(s, L). Bouee
Toro, ecoin G anukandecknii, To mnponeaypa Proc(s, L) ¢ obbiM npaBuiiom
L BbIOOpa rUIepIyrd CTPOUT MHHUMAJIBHBIH myTh B .

OdeBUIHO, U3 KOTEPEHTHOCTH JIOKAJbHBLIX TI'HIEPrpadoB cjeyeT Kore-
PEHTHOCTB JTI060r0 AIUKINIECKOro (8, t)-runeprpada. B 10 2xe Bpemst n3sect-
HO [23|, uTo 3ajava pacro3HaBaHUsI KOTePEHTHOCPH siBjisiercst NP-TpymiHoit
Jlaxke B KJIACCe IUKJINIeCKUX TPUBUAIBHBIX (S, b)-runieprpados.

Dopmayuet (s,t)-runeprpada G Ha3BIBAETCHA MOIMHOMXKECTBO €I0 MUHH-
MaJIbHBIX IIyTeil, oObenaenne Koropbix. éerb DG. TIpu 910M MUHUMAJIbHBIE
Iy TH HA3BIBAIOTCS KOMNOHEHMamu Bopmayuu. Popmalus Ha3LIBACTCS 4EM-
Hol (Hewémnol), ecin 9UCiIo €€ KOMIIOHEHT Y6THO (HEYETHO).

Jlemma 2 [20]. ITycre (T',£2)— 1pousBojibHbL HPOCTOi rumeprpag u

m

A — npomnsposbnoe muoxecrso s 2! . Torma §(A) = S (—=1)¥"1 Dy, rae Dy,
k=1

paBHO 4ducJIy HabopoB.u3 k.pébep rumeprpadga, obbeuHeHne KOTOPhIX €CTh

A, m=19Q|.

[MockobKy WO ompesiesiennto gomuaupoanue d(G) paBHO JOMUHUPOBA-
HUIO IIPOCTOTO, rumeprpada (DG, P(G)), To B cuity JeMMbl 2 d(G) ecThb pas-
HOCTb MEXKily IHCJIOM HEIETHBIX M IHCJIOM Y6THBIX bopMmarumii (s, t)-runep-
rpada G. Kpome Toro, eciiu G He korepenten, 1o d(G) = 0 ((s, t)-runeprpad
HA3BLIBACTCA KO2EPEHMHbLM, €CJIA KOT€PEHTEeH COOTBETCTBYIOIIUII IIPOCTOl -

neprpad (DG, P(G))).
JIemma 3 [31]. Bagaua onpejesienns Bcex palHOHAJIbHBIX KO3(DUITHEH-
n

TOB g; mosimHOMa ¢(x) = Y g;x" HOJIMHOMHAJIBHO CBOJUMA K 3a/1a4e OIPeie-
i=0
JIGHHST 3HAYEHHE 9TOro IOJIMHOMa Ha HEKOTOPOM Habope u3 n+ 1 pas/jmaHbIx

pannoHaJIbHBIX YHCEJI.

Hanomuum, uro muoxkecTBo BepuiuH runeprpada (7),2), B KoTopoMm co-
JIEPZKHUTCsI XOTd ObI OJIHO €ro pedpo, HA3BIBAETCA 346UCUMBIM. BBUIY TOXKIe-
CTBEHHOCTHU MOHATHI ITPOCTOro rurieprpada U KIarTepa CUCTEMbl MHOXKECTB
[5], 3aBucuMBbIe MHOXKECTBa HA3BIBAIOT €IIE NYMAMU. ByaeM Moab30BaThCs
9TOM TepMUHOJJIOTHEH, YTOOBI M30€2KATh JOMOJHUTEILHBIX OllpeaeeHnit hop-
Mannn u noaunoma KH s rumeprpada.
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[Iycrs Z = (T,2) — upocroii runieprpad, B KOTOPOM HA MHOXKECTBE BEp-
mn T onpenenena dbyukiust pr: T — RT rakag, uro 0 < pr(v) < 1 ais
JTI000# BepiuHbl v € 1. Bepoamnocmuwvim eecom muoxkectsa N C T Ha3bI-

Baercs uncsio [[ pr(v):- ] (1 —pr(v)). Kombunamoprot nadéorcnocmovio
vEN veT\N

Rel(Z,pr(T)) runeprpada Z Ha3bIBACTCS CyMMa BEPOSITHOCTHBIX BECOB BCEX
nyreit B Z.

JlemmMma 4. 3ajada onpeneseHus JOMUHUPOBAHHUS IIPOCTHIX THIIEPIPachoB
IIOJTHHOMHAJIBFHO CBOJUMA K 3aJiade BbraucaeHms nx moauaomoB KH.

JOKA3ATENBLCTBO. Ilycrs 2 = (T,)) — upousBObHbI TPOCTON I'ii-
neprpad. Torma

Rel(2.) = 3 (1= = (1= S (2 ) L n =T
=0 =0

rjie h; — 9ucio i-37eMeHTHbIX myTeir Bh.Zw CoryiacHo Teopeme obpalieHus,
n

npumenénnoit K 6yseany 27 [6], umeem'd(Z) = > (—1)""?h;. [TosTomy 3318~
i=0

4a Bbruncjenus d(Z) NoJMHOMHANBHO CBOJIMMA K 3aJade OIPEJIe/IeHUsT KO-

s dunumentos h; momunoma KH runeprpada Z, koropasi, B CBOIO odepen,

B CHJIy JIEMMBI 3 TIOJTMHOMUAIBLHO CBOJIMMA K 33J1a9€ BLIYUCICHUS STOTO IT0-

guHoMa. JlemMma 4 mokas3aHa.

[TycTs 3a1a0 HEKOTOPHKIIT OPSIOK S1, . . ., S, Bepmua 13 T, A = {s;,, ...,
S}, B ={sj,, w8 bstne iy < ... <, uj; <...<jp. Ckazxkem, aro A
ABJISIETCST AE6bLM CO8U20M MHOXKeCTBa B, ecnt 11 < j1, 12 < J2, .- -, 0p < Jr-

[Topsinok BEPIAH B TPOCTOM Tuileprpade Ha3bIBAETCS DPE2YAAPHHLIM, €CJIN
MHOKECTBO,eTQ My Tel 3aMKHYTO OTHOCUTEIHHO JIEBBIX CABUTOB. [IpocToit ru-
neprpad ¢ GUKCUPOBAHHBIM PETYJISPHBIM MOPSIIKOM CBOUX BEPIIUH HA3bIBa~
ercst péayaaproim. PeryspHble rureprpadbl COCTABIISIIOT OJUH U3 HEMHOTHX
MU3BECTHBIX CONEPIKATENBHBIX OJKJIACCOB rutieprpadoB, JJjisi KOTOPBIX JTOKa-
3aHa IIOJMHOMUAJbHAs paspemmMocTb Rel-nipobiemsr [9]. [Tockosbky koadh-
durmentol nosmmHOMOB KH perynsapabix runeprpacdos 53¢ deKTUBHO BBIYUC-
JUMBI 9], U3 J1eMMBbI 4 BBITEKAET CJIE/LYOIINil PE3yIbTAT.

Crnencrue 1. Bagada onpejeaeHust JOMAHIPOBAHUS DETYISPHBIX TH-
1neprpagoB IOJTHHOMHAJBHO PA3PEIIHMA.

O6o3nadenns:, ncrosb3yemble B ganbreiimem. Ecin P — nekoropoe MHO-
JKECTBO KOHEUHBIX MHOXKECTB, TO 4depe3 od(P) u ev(P) obo3Hadaorcs coor-
BETCTBEHHO YUCJIO JIEMEHTOB U3 P HEYETHO MOIIHOCTH U YHCJIO SJEMEHTOB
u3 P uérnoit mommocru; m(P) = od(P) —ev(P). P(H) — MHOXKeCTBO MUHHU-
MaJbHBIX myTeil (s,t)-rumeprpada H; II(H) — muoxkecTBO ero dopmarmi;
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Min(f2) — MHOXKECTBO BCEX MHUHUMAJIBHBIX [0 BKJIOUEHUIO [OJIMHOYKECTB B
cucreme MHOXKecTB (). Eciim R — HekoTOpoe MHOXKecTBO ayT, To V R obozHa-
JaeT MHOXKECTBO BCEX KOHIIEBBIX BEPIIUH STHX JIYT.

2. JlomuHupoBaHMe ceTeBbIX rurieprpadon

Teopema 1. /[oMmuHHpOBaHHE MTPOU3BOJIBHOIO AIMKJIXIECKOrO (S,t)-ru-
neprpaga G paBHO IPOU3BEICHUIO JOMHHHUPOBAHHUI JIOKAJIBHBIX THIIEPIPAa-
¢oB Bcex ero BepIIHH.

JIOKABATEJIBCTBO. Jl0Ka3aTesbCcTBO MPOBEIEM HHAYKIMEH [0 9YucLy
ayr B (s,t)-runeprpadax. ObosHaunm depe3 S MHOKECTBO BCEX TAKUX Bep-
mun v, 910 D (v) cocrour n3 eauucrsennoil ayri (s,v). Ecom VG = S U
{s,t}, ro d(G) = d(t,G) n Teopema Jl0Ka3aHa, HOCKOIbKY B 9TOM CJIydae Jo-
MUHHUPOBaHUs! JIOKAJBHBIX TUIeprpadoB BePIINH, OFIUIHBIX OT ¢, DABHBI 1.

[Tpeanomoxkum, ato MHOXKECTBO VG \ (S U {s,t}) Herycro. Beibepem B
5TOM MHOKECTBE BEPIINHY v HanMeHbIero paura. Torga B(v) C SU{s}, rae
B(v) — MHOXKeCTBO HavIaIbHBIX Bepuind ayT u3 Dg(v). O6osnaunm gepes F
Takoii (s,v)-runeprpad, uro VF = B(v)U{s,v}, DF = D¢g(v) U{Dg(w) |

w € B(v),w # s}, RF = |J Rgw)» Ynamum uz G muoxkecrso ayr Dg(v),
veV'F

JIOKAJIbHBIN rumeprpad (DG, R(;(v)), Bce Te BepimHbl u3 B(v) (u ux Jo-

KaJIbHbIe rueprpadbl), H3'KOTOPHIX BBIXOIUT TOJIBKO OJHA Jyra, 1 100aBUM

ayry (s,v) u runepayny {[(s,v)]}, . e. obpasyem HOBBIl JIOKAIBHBIN TUIIED-

rpad ((s,v), {[(sy0)]}). MTomyuennsiit (s, t)-runeprpad obosnatum depes H.

Ouesnano, uro d(F) = d(v, F) = d(v,G) u d(H) = [] d(x, H) BBUIY HH-
TH#V

JYKTHBHOIO ‘IIpeAosokenns n pasencrsa d(v,H) = 1; d(w,G) = 1 mgua
sroboit BepiruHbl w n3 B(v). Crenosarensro, d(H) = [] d(z, G). [Tosromy
TH#U

ocTaéics jiokasark, uyro d(G) = d(H) - d(F).

[Tycrs Py(H) (P\v (H)) — MHOKECTBO BCEX MUHHMMAJIbHBIX 1IyTeil B H, B
KOTODBIX CYIECTBYeT (He CYIIeCTBYeT) jiyra, HHINAeHTHAs Bepiinae v. Ode-
suHO, uto P\, (H) C P(G). Onpenenum oTobpazenust

g:P(G) = P, (H)U (Py(H) x P(F)),
e: P, (H)U (PU(H) X P(F)) _, 9P(H)UP(F)

caepyrormum obpasom. Ecrm P € P\,(H), To g(P) = P, e(P) = {P}. Ecym
P € P(G) n nexkoropas ayra u3 P uniuientHa eprnne v, 1o g(P) = (R, Q),
e(R,Q)={R,Q},tne @ = PNDF, R = (P\DF)U{(s,v)}. OueBuzno, uaro

oTobpakeHus ¢ u € HHbeKTUBHBI. CIOPHEKTUBHOCTD OTOOPAYKEHUS ¢ CIIEIyeT



KomMmbunaropHast HagesKHOCTb CeTEBBIX THIIEPrPapoB 15

u3 Toro akTa, 4To (R\ {(s, U)}) UQ — MUHUMAJBHLIH yTh B G j1y1s 110601
napsl (R, Q) n3 Py(H) x P(F).

Oupenennm rereps orobpazkenue f : II(G) — II(H)XII(F); & — (P, Pa)
cremytonmmM obpazom: P — MHOKECTBO BCEX TAKUX MUHUMAJBHBIX ITyTei
R w3 P(H), aro mbo R € ¢(P), mbo (R,Q) € ¢g(P) ans mekoroporo
Q € P(F); ®3 — MHOXKECTBO BCEX TAKUX MUHAMAJIBHBIX IyTeil () uz P(F),
aro (R,Q) € g(®) miusa wekoroporo R € P(H). KoppekrHocTh omnpejelie-
HUSl U CIODBEKTUBHOCTH OTOOparKeHust f CJEyIOT U3 OIpeJeIeHus: 0Toopa-

JKEHUs ¢.
Hoxkazkem, aro m(f~1(®1,P2)) = (—1)1®11+1®2] TTyers

®1 = {Blv s 7Bt7Bt+17 .. ‘7Bm}7q)2 = {Bm+17 s 7Bk}7

r7e v He WHIWJIEHTHA HU OJHOI 1yre u3 B;, eciin U Tostbko ecan 1 < 1 < t. 3a-

naum npocroii runieprpad (T, B) ¢ muoxkecrsom sepriun 1= { By, ..., By}
M MHOKECTBOM MuHHMaJbHbIX myreit Bu={{B;},{B;,B;} | | = 1,....t;
t=t+1,...m; j=m+1,..., k} (JIOTYEKATCsI, YUTO OJIHODJIEMEHTHBIE 1y TH

MOTYT OTCyTCTBOBaTH). 10 jl0Ka3afiHOMY BbIIlle OTOOPAYKEHUE €0 g UHLY DY~
eT B3aUMHO OJHO3HAYHOE coonBererbue P « e(g(<1>)) MexK Ty bopMaIusaMu
us f1(®1,Py) u dbopmammsimu, ruteprpaca (T, B), coxpansiomee nx I&T-
HocTh. IToaTomy m(f_l(CI)l, <I>2)) = d(T, B). Nnaykiwmeii o k g0KazkeM, 910
d(T,B) = (=1)*. Hpuk ='m + 1 a0 ouenamo. Ilycrs k > m + 1, Byj, —
MHOZKECTBO Beex myTeiius B, ne coneprkamux By, u B_p = Min(B,,UT), t71e
T coCTOUT U3 BGEX MHOMKECTB, TIOJIyIAEMbIX UCK/IIOUeHneM By U3 Bcex IyTei
B B, comepxkamux Bj. CoryiacHo (haKTOpHU3AIMOHHON TeopeMe O 3HAKOBOM
JIOMUHEPOBaHuM 12| mveem

d(T,B) = d(T \ By, B_1,) — d(T \ By, Bu).

Ho runeprpad (T'\ By, B_j) ue korepentnsiit. [Tostomy d(T'\ By, B_j) =
0, ad(T\ B, B\i;) = (—1)*=! 1o mupyxTHBHOMY TIpeONOKeHuIo. ClieloBa-
renpno, d(T, B) = (—=1)F = (=1)I®11+1®2, Beuny ciopbextusrocrn f mveem

d(@) = > m(f~! (@1, P2))
(®1,P2)€ll(H)XII(F)

= D ™ YT ()P = (—d(H)) - (—d(F)) = d(H) - d(F).

®,€ll(H) PoeTI(F)

Teopema 1 mokaszaHa.

CaenctBue 2. [lycres G — anukindeckuii TpuBHAIBHBII (S, t)-runeprpad,
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n — 4YUCJI0 ero d-BeplinH, cyMMa crereHeil Koropeix pasHa q. Torjga d(G) =
(=1

JTOKABATE/ILCTBO. Ecotn v sisstercs d-seprmanoit, o d(v, G) = (—1)"" 1,
rie r = |Dg(v)|. OcranbHoe ciegyer u3 TeopeMsr 1.

Caencrsue 3 (18, 26, 27, 29, 30|. Ilycrs G — anuk/JamdecKuii HCTOK-
K-repmunabHbBIH oprpag WiIH 2-TepMHHAJIBHBIH oprpad ¢ q JyramMm o n
peprmaamu. Torpa d(G) = (—1)47 7L

JIOKABATEJILCTBO. B G jiobasi ¢-BepIimHa, OTIMIHAsI OT S, UMEET CTe-
nens 1. Iostomy d(w,G) = (—1)""% a1 TPOU3BOMBLHON BEPITHHBI W # §
B G, rjie r = |Dg(w)|. OcranbHoe cirejtyeT U3 TeopeMbl 1, Tak Kak CyMma
creneneil Bcex BepuH B G paBHa ¢ u d(s, G) = 1:

lMuneprpad mHasbiBaeTcs k-yHudopmmvim, €GN KaxKI0€e ero pebpo cocTo-
uT u3 k BepmwuH. [logMHOKeCTBO BepImnH B rumieprpade, He SIBISOINeecs
MyTEM, HA3BIBAEGTCS HE3GEUCUMbBLM.

Jlemma 5. 3agaua omnpejesieHust JOMUHHPOBAHHS B KJACCE IPOCTHIX
k-yaucbopmubix runeprpagos (ob6osnadaemast DHP (k)) siBisiercst P-mostaoit
1pu JiioboM (DUKCHPOBAHHOM Kk 2>-2.

JJOKABATEILCTBO. O6o3naunm wepe3 [(Z) MHOKECTBO HE3aBHCHMBIX
mHOXKecTB B runeprpade. Z. Ussecrna cieayonias P-nosnas 3ama4a [23]:

Bxour: npocroit 2-yundopmusiii runieprpad H = (V) E)

Brixox: Besmmaunma |I(H)|.

JokazkeM HOAMHOMUAIBHYO CBOJIMMOCTD 9TOii 3a1a4n K 3aaa4de D H P(2).

IIycrs V = {vi,...,vn}, bi(H) — 4nciio i-3JIeMEHTHBIX HE3aBHCHMBIX
muoxkecTB B H, G, = (T}, P,) — npocroii 2-yandopmusbiii ruteprpad, B KOTO-
pom T, ={wijli=1,...,n;5=1,...r} u{vij, v} € Py, ecitu 1 TOIBKO €C-

a4 =" wa {v;,vs} € E. Oupeneanm orobpaxenue f : I(G,) — I(H) cne-
aytorgm obpasom: v; € f(U), ecim u Tossko ecot U N{vg; | j=1,...,1r} #
@. KoppekTHOCTE 3aaHust 0TOOparkeHust f Ceayer U3 OlpeesIeHnsT THIIep-
rpada G,. Tak Kak |Uﬂ {vij |7=1,... ,’I“}‘ < 1 s kaxgoro U € I(G,),
o |U| = | f(U)|, | f~(W)| = W st kazxoro W € I(H). Tlosromy |mciio
bi(Gy) i-37eMeHTHBIX HE3aBHCHUMbIX MHOXKecTB B G, pasuo b;(H) - r'. [a-
Jee, ecam h; — YHUCJIO §-3JIEMEHTHBIX IyTeil B Gy, TO (CM. JI0KA3aTEJIbLCTBO
JIeMMBI 4)

1) = Sy = 3y (GEE)

=0 =0
nr I nr ' nr
— 1 nr—1u -1 nr—i+1g . _ 1 nr—i+1 .
S0 () @) =04 S @
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CieoBaTesibHO,
(=)™ 7M(Gy) = Y (=1)'b:(Gr) = D> _(=r)'bi(H) = g(—7),
1=0 =0

n .
rie g(x) = Y bj(H)z'. Orciona B cuity jieMmbl 4 3a1ava Boranciaenus b;(H ),
i=0

0 <7 < n, NIOJIMTHOMUAJIBHO CBOJIUTCS K 3a/a9€ BBIYUCIEHUS JIOMUHUPOBAHUS
n

runieprpados G, r =1,...,n+1. Ho ‘I(H)‘ = Y b;(H). ITosromy uckomast
=0

CBOJIMMOCTD JIOKA3aHa. ’

[Iycrs G = (T, P) — upocroii k-yuudopmusiii runeprpad, T' = {s1, ...,
sn}, P =A{P,...,Py}. Mlonoxum: G' = (T',P"), T = tU {spt1}, P =
{Pl U{sp+1}s--.s P U {sn+1}}. [Momuromuasbaas ceogumocts DHP (k) k
sanaue DHP(k+1) caenyer us ouesunnoro pasenetsa d(G') = d(G). Jlemma
9 IOKa3aHa.

CnencrBue 4. 3a1a4a onpeae/1eHusT JJOMUHIPOBAHHS SBJIseTCsl P-110/1HOIH
B KJIacce aruK/JInIecKux (s,t)-rumeprpados ¢ YucaoM MHHUMAJIBHBIX Iy Tei,
OorpaHHYeHHBIM CBEpXY ITOJHHOMOM OT KBaJpaTa pasMEpHOCTH 3THX T'HIIED-
rpacos.

JOKABATEBLCTBO. Ilycre (I/€)) — npousBosibHbLil IpocToii runeprpad,
B xKotopoum || = O(|T|*)yrne T = {v1,...,v,}. Oupenemmm anukTIecKnii
(s,t)-runeprpad G caémyromum o6pa3oM:

VG ={s,t}UT; DG = U{(s,vi), (fui,s)}, Rg(v) = {(s,vi)}, 1=1,...,n,

i=1

u st Kaxaoro W= {v;;,...,v;, } 13 Q muoxkecrBo {(v),1),..., (v, t)}
SIBJISIOTE THIEP/IyTOi, BXOJAIIEH B BepIlnuHy ¢ (B BEPIIMHY ¢ BXOJAT TOJBKO
takue runepayru). B cmry Teopemsr 1 umeem d(G) = d(t, G). Ocranbhoe
cJleJlyeT U3 JIEMMBI 5.

MHOKecTBO MUHUMAJIBHBIX 1yTedi (s, t)-runeprpada G HA30BEM nokpbi-
muem HEKOTOpOro ero noiruneprpada H, ecian Kaxjas jgyra u3 H npunaj-
JICZKUT XOTd 6])1 O/ITHOMY MHHUMAAJIBHOMY IIYTHU U3 3TOI'O MHO2KECTBA.
(B masnbHeiimeM Be3Jie CYMTACTCs, YTO HOKPBITHSI COCTOSAT TOJBKO U3 M-
HUMAJILHBIX TyTeli rpada G.)

JIemma 6. Ilycrs G — KorepeHTHbII HuKndeckii (s, t)-rumeprpadg. Tor-
aa cymecrByer napa (L, F') takasi, uro L — npocroii opuuki B G, F — vu-
HUMaJIBHBL 1IyTh B G, HE HpUHAJ[IEXKAIINI HH OJJHOMY MHHHMAaJbHOMY (110
BKJIFOUEHHIO) MOKPBITHIO HHKJIa L.

JOKA3ATEILCTBO. yry e = (w,v) B G Ha30BEM Henpusodumot, ecan
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OHA, COJIEPXKUTCST B KAXKJION TUIIep/LyTe, BXOJIAIIEH B BEPIIUHY ¥; B IPOTUBHOM
ciydae e OyJeT Ha3bIBAThCS Npusodumot gyroii. BHavdase mpenosoKmM, 9To
CYIIECTBYIOT IPOCTON OPIUKJ L 1 MUHUMAJIbHBIN 1IyTh F' Takue, uto B F' HET
IpUBOAUMBIX 1yT rpada G, npunasiexamux L. [Ipeamosoxum Tak:ke, 910
P — munmMabHOE MOKpbITHE opuukiaa L, comepxkamee F'. Torma 8 L N F
cymecrByer ayra e; = (up, u2), He IPUHAJJICIKAIIAS HA OJTHOMY MHHUMAJIb-
oMy iyt u3 P\ F.

[Monoxum L = ey, ..., ey, tie ¢; = (uj, Uit1), ¢ = 1,...,n, 0 U] = Up41-
[Tycts k — nammenbiiee Takoe i, 9to ¢; ¢ F (takoe k CyuiecTByer BBU-
JIy AIUKJIMIHOCTH MIHAMAJIBHBIX Toaruieprpados). Tonma e npuHa ekt
HEKOTOPOMY MHUHUMaJbHOMY 1yt A u3 P, a qyru ei;. .., er_1 HEIPUBOIM-
Mbl. I3 ompeiesiennii HENPUBOIUMOCTH U MUHUMAJBHOCTH IIYTHU CJIEJIYET, 9TO
e; € Anpu u;q € VA, 1 < i < k. lHosromy e €A . Tlporusopeune. Nrax,
OCTaeTCs JIOKAa3aTh CyIecTBoBanue napsel (Ly F') Takoii, 9T0 B MUHIMAJILHOM
nyTu I HET IPUBOAUMBIX JIyT' IIPOCTOTO OPIUKIa L.

[Iyctb Tenteps C' — mpous3BoJIbHBLA HpocToOi opriuki B (. BBumy kore-
peHTHOCTH OpIUKJIa G CyIlecTByer HMpocToil opuyTh R = ¢1,q¢2,...,qn U3
BEPIIUHLI § B Bepmiuny t, umeroruitoomue ayru ¢ C'. B muoxkecrse VRNV C
BO3bMEM J1Be OJIMKaiilline BepIIUHBI U, U U], €CJIN CJIEI0BATH BIOJb OPIIyTH
R x Bepmunam s u t coorpércrsenno. Obosnaunm depes C MOCIIEI0BATE b~
HOCTB J1yT opiuKia C';, COCTABISIIOIINX OPIYTh U3 v, B v;. IlycTh ¢r—1 — myra
u3 R, BXojdias B BEPITUHY Uy, q; — JAyra u3 IR, BbIXosIas u3 BEPIIUHbL V].
OueBupno, uro P.= ¢q1,...,7+-1,C1,q, ..., Gn — TIPOCTOI OPIIyTH U3 S B t,
npuuém VP N V.C = V. Orciona ciemayer HCTUHHOCTb UMILIAKAIAH

(u € VOGNV Pu# vy, (v,u) — ayra opuukia C) = ((v,u) € PNC). (2)

O6oznamaun yepes A MHOXKECTBO JIyT, IIOCTPOEHHOE Tporeypoit Proc(s, L£1)
B COOTBETCTBUU CO CJICAYIONIIM TTPABUIOM BhIOOpa L1:

ecim u € VP, 10 B Rg(u) BBIOUpaeTcs rumepiyra, cojeprKaiias JIyry
us P;

ecim u € VO \ VP, 1o B Rg(u) BbIOMpaeTcst TUIIEpyra, CoJeprKaliasi
ayry u3 C;

B OCTAJIBHBIX CJIyYasiX BBIOOD T'HIEPIYTH IPOU3BOJIEH.

[To ompepnenenuto npasuia L1, P C A u, cienosarenbro, {s,t} C VA.
Orcrozia 1o onpeiesiennto poreypsl Proc(s, £) MHoxKecTBO iyr A siBIsieTcst
MUHUMAJIbHBIM TIyTéM B G.

O6o3HaunM depe3 B MHOXKECTBO JIyT, OCTPOEHHOE Tporeaypoii Proc(s,
L2) B COOTBETCTBUY CO CJIEJIYIONMM IIpaBriIoM Bbibopa Lo (31eck Q = q1, . . .,

QT—l):
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ecint |Rg(u)| > 1, u € VAuu ¢ VQ, to B Rg(u) Boibupaercst runepyra,
comepxkaast ayry u3 Dg(u) \ A;

ecian (v,u) — npuBogumasi jyra oprukiaa C, 1o B Rg(u) Bbibupaercs
runepyra, He cojepxaiias (v, u);

eciim u € V@, 10 B R (1) BIOMpaeTcst TUIIep/IyTa, COCTOSINAs TOJIBKO 13
JIyT MEHAMAJILHOTO IIyTH A.

[Tepebie nBa ycioBus npasuia Lo HENPOTUBOPeUnBbI. JleficTBUTEHHO,
eciu (v, u) — npuBoguMast jyra oprukiaa C, u € VAu u ¢ VQ, o B ciiyuae
u € VP u3 (2) caeayer, uro (v,u) € A, a B ciaydae u € VC\V P 10 ke camoe
caieptyer u3 npasusia Boibopa Lq. CresoBaresibho, B 1060M ciiydae B Rg(u)
MOXKHO yKa3aTb I'MIEPJYTY, OJHOBPEMEHHO He Cojep:kaniyto ayry (v,u), HO
conepzxamiyio ayry u3 Dg(u) \ A.

Eciu B siBisiercss MUHUMAJIBHBIM 11yTéM, 1O mapa (C, B) uckomasi, 160
B ne copepXut npuBoauMbix ayr opuukaa,C. BuiiporusaoMm ciydae B He
COJIEPKUT opHyTeil n3 s B t u, ciemoBarenbHo, VB NV(Q = . Ilosromy
UCTHHHA UMILIAKATIASI

(IDc(u)| > 1,u € VBOVA) = (BN (Dg(u) \ A) # )

(cm. ompejiesienue npapuiiaBoicopa Lo). [Tostomy kaxnoit Bepmuse u € V B
MOXKHO IIOCTaBUTh B COOTBETCTBUE JyTy €(u) CIeyIommM 00pa3oM:

ecant |Dg(u)| > 1, 7o e(w) € BN (Dg(u) \ A);

ecan |Dg(u)| =1,/10 e(u) € BN Dg(u).
IIycrs M = |J e(uw):Torma B M umeercst HeKOTOPBIit 1ipocToii opruki N,

ueV'B
nockoJIbKY 8 M uer opryreit u3 s B t u BN Dg(u) # & nist 11060ii BEpUIMHBL

u € VM« Ecmu e(u) — npusoumast jgyra opruukiaa N, 1o |[Dg(u)| > 1 u, cie-
noBapensiose(u) ¢ A. ITosromy mapa (N, A) nckomast. Jlemma 6 j1okazana.

Teopema 2. Ilycrs C — nukmdecknii (s, t)-runeprpadg. Torpa d(G) = 0.

JOKABATENBCTBO. Ot muporusBHOoro. Cpeam BceX NUKIAIECKUAX
(s,t)-runeprpadoB, TOMHHUPOBAHIE KOTOPBIX OTJIMYHO OT HYJsI, BBIOEpEM
(s,t)-runeprpad G ¢ Hammenbinum guciaoMm ayr. CoracHo Jjiemme 6 cyiie-
crByer napa (L, F') takast, aro L — npocroit opniuki B G, F' — MUHIMATHHBILI
MyTh, HE TPUHAIEKAITUN HU OJHOMY MUHUMAJIBLHOMY MOKPBITHIO OPIIUKJIA
L. O6o3nauum yepes P; muoxkecrso dpopmanuii G, He couepxkamux F'; gepes
Py MmuoOkecTBO hopMmaruii G, MOTyIEHHBIX JT00ABICHUEM MUHIMAJIBHOTO ITy-
T F' K Kax10#t hbopmarun u3 Pg; yepes Ps MHO2KECTBO BCEX OCTAJIbHBIX (hop-
mannit G (kaxknast u3 nux cogepxkur F'). Ogesnamo, aro od(Pi) = ev(Pa),
od(P2) = ev(P1). Ilycrb € — MHOXKECTBO NOJAMHOXKECTB MHUHUMAJIBHBIX IIy-
Teit, MOTYIeHHBIX yIAJeHIEeM MUHAMAJILHOTO MyTH F' u3 Kaxkaoit hopMmarun
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P3. Ha muO>X)ecTBe £ BBE/IEM OTHOIEHUE SKBUBAJIEHTHOCTH: st Fg, E,. u3 &
mostoxkuM Fg ~ E,. ecin 1 TOJBKO ec/in 00 beINHEeHNe MITHIMATBHBIX Ty Tel,
Bxojsinux B Fs u E, coorBercrBenHo, coBmagatot. Ilycrs Fi, Fo, ..., Fn —
KJIACCHI 9KBUBAJIEHTHOCTH (OTHOCHTEILHO ~ ), U 1ycThb P, ..., P, — Bce Te
MuHUMAJIbHBIE 1yTH u3 P (G), KOTOpbie X0Tsi Obl pa3 BCTPEYAIOTCSI B OJIHOM U3
ssiemenToB B F;, 1 < i < n. Oupenesmm nopruneprpad G; (s, t)-runeprpada
G caenyromuM 06pasoM:

n; n;
VG =|JVPy, DGi=|J Py, RGi ={Pa,...,Pn,},\i=1,...,n.
j=1 j=1

Corutacuo Bbibopy napet (L, F') umeem L C DG, a ¢OrIACHO OnpeieieHuio Py
B MHOkecTBe DG, Her ayr uz F. Ilosromy |DGj| <. |DG|. CaenosarenbHo,
d(G;)=0,i=1,...,n, 10 MHIYKTUBHOMY IPEIHOIOKEHHIO.

Nraxk,

3

d(G) = Z(od(ﬂ) —ev(P;)) = (0d(P3) — ev(P3))

= —(0d(&) — ev(&))="= Z(Od(fi) —ev(Fi)) = — Zd(Hz) =0.
i=1

=1
ITonydeno nporusopeune. Teopema 2 mokazaHa.

Caencrsue 5. [18, 22, 26, 27, 29, 30, 32|. Ilycre G — nuk/mdecKmii
ncrok-K -repmuHaIBHBIN oprpacg wiam 2-TepMuHAJaBHBIE oprpadg. Torma
d(G) =0.

W3 ciiepctBus 1 u TeopeM 1, 2 BBITEKaeT CIIEAYIONUI pe3yJIbTar.

Cuaencrsue 6. 3ajaua onpeJesienns JoMHHIPoBaHns (s, t)-rumneprpada,

B KOTOPOM BCe€ JIOKaJIbHbIe THIIEPIDAMbI DErYJISIPHBI, TOJTHHOMUAJIbHA Da3De-
IIuMa.

N3 stemmbl 2 1 TeopeM 1, 2 BLITEKaeT CJIEIYIONINI Pe3yabTaT.

Caencrsue 7. Ilpu jioboM hukcupoBaHHOM k 3aja4a OLpeJe/IeHHs JI0-
MHHHPOBaHUS B Kjacce (8,t)-rumeprpagoB, creneHb KOTOPBIX HE MPEBOCXO-
JaT k, MOJTHHOMHUAJIBHO Pa3peIInMa.

Caenctsue 8. IIpu ar0boMm purcupoBaHHOM IiejoM T 2> 1 3amada orpe-
JIeJIeHHsT JJOMUHUPOBaHUs siBjistercsi NP-TpysiHoit B Kjacce HecTaHapTHBIX
r-IUKJInYecKuX (8, t)-rumeprpacos.

JIOKABATEJILCTBO. /lokaxkeMm MOJIMHOMHUAILHYIO CBOJUMOCTD K 9TOM 3a-
nade 3agaaun DHP(2) (em. semmy 5). Ilyers H = (T,P) — mpou3BOJIbHBILIT
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upocroii 2-yuudopmustii runeprpad, T = {e1,...,e,} u P ={Py,..., Py}
OmnpenennM  HecTaHmapTHBIA (s, t)-rumeprpad G ciaemyommM  06pa3oM.
[Iycrs VG = {s,t,v,w,ui,...,Uptr} 1 DG = {(w,t),(w,v),(v,w),(s,ui),
(ui,w)}, i =1,...,n+ r. Bce BepmMHbBI, UCKIIOYasi BEPIIUHY W, OObIBUM
C-BepIIMHAMU; JIEMEHTHI €1, . . . , €, OTOXKIECTBUM COOTBETCTBEHHO C AyraMU
(up,w), ..., (Up,w); momoxkum takxke e; = (uj,w), ¢t = n+1,...,n+r,
€0 = (U7 w),

Re(w) = {Pl, ooy Py {eo, ent1ls - -, {eo, en+r}}.

OdeBuHO, YTO POBHO I MUHUMAJIBHBIX MOATUIEprpadion, (s,t)-runeprpada
G IUKJIMYIeCKNe — OHU COJIePZKAT COOTBETCTBEHHO Tuitepayru {ep, €;}, n+1 <
i < n 4+ 7; ocTajbHBIE M MUHUMAJBHBIX MOJATUIEPIrPAdOB alMK/INIeCKIe —
oHH cojiepxKaT coorsercrBenno runepayru P, 1.< 7' < m. Henocpeacrsenno
uposepsiercs, 4to d(G) = d(w, G) (310T K€ (PaKT OUEBHJIEH B CUILy TEOPEMBI
1, eci yCJIOBHO «yJaiuTb» jyry (w,v)).

Iycre 7" = Dg(w) = {eo, €1, % s€mr}t, P = Rg(w), T* = T\
{eo}, 73< ¢~ MHOXKECTBO BCeX IHMHEpILyT n3 P’, me comepxamux eg, u P’
— MHOXKECTBO BCEX MUHUMAJbHBIX, (0 BK/IIOUYEHHIO) MHOXKECTB U3 P’ B KO-
TOPBIX HET €y MU KOTOPBIEAIONYIACHbI NCKIIOYCHNEM 3JIeMEHTa, €) U3 MHO-
xkectB B P/, comepxkamux eg. Coracno pakTOpU3almoHHON TeopeMe O 3Ha-
KOBOM JIOMHHEpOBaHu#, [12] immeem

d(T';P') = d(T*, PL,,) — d(T", P\,,)-

Tak kak 77< Ve Pyro npocroit runieprpad (1%, 77< 60) HE SIBJISIETCST KOT€PEHT-
HbIM; otoMy d(T™, 73<80) =0. Hamee, P’ ., = {P1,..., Py €ni1,. .. €nir}
O6o3mauuM 77/,60 gepes P*. Ilycrs Dy — unciio nabopos us k pébep ru-
neprpada H* = (T*,P*), obbenunenne koropbix ectb 1%, a Dy — duciio
Habopos u3 k pédep runeprpada H = (T, P), obbejuHeHre KOTOPBIX €CTh
T. Ouesnnuo, uro D =0npu k <ru Dy =Dp . k=1,...,m. Orciona ¢
YIETOM JIEMMBI 2 NMeeM

m+r

dH*)= )  (-1)"'D;
k=r+1

(D)™ 'Di, = (-1)" ) (-1 'Di = (~1)"d(H).
i=1

I
.MS

.
Il
i

Canenosarensao, D(G) = (—1)" - d(H). CuencrBue 8 JOKa3aHO B CHILY JIEM-
MBI 5.
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3. HagéxxkHocTh ceTeBbIX rurieprpadon

IIycts M C DG u Pr(M) = ][] pr(e). Caeayromuii pe3yabrar Hero-
eeM
CPEJICTBEHHO JIOKa3bIBaeTCsl MHyKIWeil o uncay ayr (s,t)-runeprpada G,

B KOTOPOM Ha MHOZKECTBE AYyT 3a/laHa BeCOBasd (byHKHI/IH pr.

JIemma 7 (1, 5|. s sroboro moamuoxkecrsa jqyr M C DG Benmanna
Pr(M) paBaa cymMme BepOsSITHOCTHBIX BeCOB Bcex mojMHoxkecTB B DG, co-
naepxkarux M.

[Tycts M(G) — muO)KecTBO Beex noarumneprpados (s,t)-rumeprpada G
n A(G) — MHOXKeCTBO BCexX aIlUK/Inuecknx noruneprpados.s G.

Teopema 3. Ilycrb G — nponssosbHeiii (s, t)-tuneprpad. Torya

Rel(G, pr(DG)) Z d(H)- Pr(DH),
HeA(G

e d(H) = el:/[H d(v, H).

JOKABATENLCTBO. Ilycrs.P(@) = {Pi,..., Py} — MHOXKeCTBO MUHH-
MaJbHbIX 1myTeit B G. Obozuauum uepes PP; CBOUCTBO «COJEpKATH MHHU-
MaJIbHBIN IyTh Py, i = 14.%.,m. Tormga coriacHo ompeieIeHnI0 BeJTMINHA
Rel(G , pr(DG)) €CTh CyMMa BEPOSTHOCTHBIX BECOB BCEX TIOJIMHOYXKECTB JIYT B
DG, obnagaomux Xorsi Obl ogHuM u3 cBoiicrB PPy, ..., PP,,. Ilo nemme 7
CyMMa BepOSITHOCEHBIX BECOB BCEX IOJAMHOXKeCTB ayr B DG, obnamarommux k
dbukcuposanubivu coiicrsamu PP; , ..., PP, , pasua Pr(P;, UP;,U...UP;, ).
Orcrona ¢ ueloib30BaHneM IPUHITUAIIA BKIIOUEHUS-UCKJIIOUEHUST CIEYEeT, 9TO

m
Rel(G, pr(DG)) = > (~1 > Pr(P,UP,U...UP,). (3)
k=1 1<ii<...<ip<m
Habopy munnmanbueix mwyreit { P, ..., P, } mocraBuM B COOTBETCTBHE MO/

runieprpacd H (s,t)-runeprpada G ciemyomum 06pa3oM:
k
H= U VP,, DH=P,UP,U...UP,, RH={P,,...,P,}.

OueBUIHO, YTO TO COOTBETCTBHUE SIBJISIETCST B3AMMHO OJJHO3HAYHBIM. [loaTOoMYy
IPaBYIO 9acTh B (3) MOXKHO 3aIlMCATh TaK:

> Pr(DH)-(od f(H)—ev f(H)) = Y Pr(DH)-d(H),

HeM(G) HeM(G)
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riae od f(H), ev f(H) ob6o3Ha4a0T YUCIO0 HEYETHBIX U YETHBIX bopMmarmii
nopruneprpada H coorsercrBenno. OTCOfa B CUITy TEOPEMBI 2 MOy YaeM

he(G,pr(DG)) = Y d(H)-Pr(DH).
HeA(G)

Ocraiphoe caemyer u3 TeopeMbl 1. Teopema 3 mokasaHa.

Ha pwuc. 5 wuzobpaxennl Bce anukamdeckue mnoaruneprpadpor  H;
(s,t)-runeprpada Z, n306parxKEéHHOr0 Ha pHUC. 3.

Puc. 5. Muoxecrso A(Z)

[Mosnoxum p; = pr(e;). [Ipumenus reneps ciencreue 2 jist BBIYUCICHHS
d(H;) n Teopemy 3, MOIYUINM CHMBOJIBHOE BBIpayKeHHe KOMOWHATODHO Ha-
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HE>KHOCTHU JJIst Z:

Rel(Z,pr(DZ)) = p1p2papspeprpspo — P2paPspePTP8P9 — P1D2P4P5P6PsP9+
+ P1P2P3P4P6P7P8P9 — P1P3P4P6P7PIPY + P1P3PAPTPIPI —
— P1P2P3P4P7TP8PY — P1P2PAP6P7PIPY + D2D4P7P8P9+
+ P2P4P5PePP9 + D1D2D4P6PIPY — P1P2P3P4P6PIPI 1
+ P1P3PaP6P8P9-

Eciu G — anuksnveckuii (s, t)-runeprpad, To Muoxecrso A(G) ero nos-
ruteprpacos Mozxker GbiTh onpegencno 3a spems O (DG - |A(G)|) [8]. Ho-
STOMY M3 TEOPEMBI 3 U CJIEJCTBUSA 7 HEIOCPEICTBEHHO BBITEKACT CJIe Ly IOt
pesyJIbTar.

Caencrsue 9. [Ipu JsmoboMm pukcupoBaHHoM iejoM k 3ajada olpeje-
JIHHsT KOMOMHATODHOH HAJEKHOCTH B KJIACCe AIlMKJIMIeCKHX (S, t)-rumep-
rpacoB creneHu k paspernMa 3a BpeMst, HOAUHOMHAJIBHO 3aBHCSIIIIEE OT Pas3-
Mepa 9THX THIeprpachoB U UHC/Ia HX-IIOATHIIEPIPApOB.

Jlemma 8. Ilycrb a u b —-HekOTOpHBIE TICJbIe YHCaa, TpuIéM |a| > 8.

Ecan ypaBaenue
n
b= Z z;a’ (4)
=0

AMeeT Takoe TiesouncaeHHoe pemmenue, aTo |a| > |z;]®, 0 < i < n, To 310
peleHne OJHO3HAYHO OLPEEISeTC 3a BPEMsi, MOJHHOMHAIBHO 3aBUCSIIIEE
or n, logy |al ulogs1b|.

HOKA3BATENBCTBO. Ilycts xg,21,...,%, — IEJOYUCIEHHOE PEIeHNe
ypasaennd (4), npmaém |a| > y3, y = max(2, {|z;| | 0 < i < n}). Torma

k-1 ) n .
oxiat b= Y wa
i=0 i=k+1
xp + 2 oF = oF (5)

n
(cymma > x;a" nosaraercsi paBHON HyJlo, eciin k =n) u

i=k+1
k—1 k—1
. 1 11 y 1
—k 7
Al < <y =+t = <z
o ;wza‘ Y fafit y<y3+y6+ > y -1 "2

CuiesioBaTeIbHO, €Ciu paBasi 9acThb B (5) U3BECTHA, TO IEJI0€ YHUCIIO Tf OJIHO-
3HAYHO onpe/iesisercs u3 coornomienus (5). [losromy uncna z,, Tp_1,. .., To
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IIOCJIEIOBATE/IBHO OLpeIesIsioTcst u3 coorromrenus (5). Jlemma 8 rokazara.

Teopema 4. Bazada BeIYuCI€HUS IIOJTHHOMa KOMOMHATOPHOH HAIEKHOC-
TH sBJIsIeTCsT P-110o/IHON B KJ1acce allUKJIMYeCKUX TPHBHAJIBHBIX (S, t)-rumep-
rpacpoB crermenn 2 ¢ UHCJIOM MHHHMAJIBHBIX IYTEH, OrPAHHYCHHBIM CBEPXY
JIMHEHHOI (pyHKImeii or pasmepa s1ux (s, t)-runeprpagos.

JOKABATEJBCTBO. JlokaxkeM TOJWHOMUAJIBHYIO CBOJIMMOCTD 33/ a9
olpe/Jie/ieHnst IOMUHUPOBaHUsl IpocToro 2-yuudopmuoro runeprpada Z(T,
), aBsromeiicss P-tiostroit B cuity semMbl 5, K 3a7a4e, 0 KOTOPOit TOBOPUTCS
B YCJIOBUH TE€OPEMBI.

[ycre T = {s1,...,8n}, || = m, H — nBynossHblii oprpad ¢ momus-
v U = {ug,...,un}t, W = {wy,...,wy,} n muokecrsom ayr DH, xoro-
poe 33a€TCsl B COOTBETCTBHHI CO CJIE/LYIOIINM IPABUIOM: ecin (sj,s;) — k-e
pebpo B 2, To (wj,ur) € DH u (wj,u;) € DH. JlobaBum xk H MHOXKe-
CTBO BepiuH {8, v1,..., Uy} u MHOXKecTBa ayr A = {(s,w;) | i =1,...,n},
B = {(uj,v;) | i=1,...,m}, C = {(vj_nv;) | j = 2,...,m}, nonoxus
S = Up,. Honyuennsit (s,t)-oprpad o6osHaunm 4depe3 G. Bee Bepuiunbl n3
MHOYKECTBA {V2, . . . , Upy } TTOJOKUM d-BEPITIMHAME, & BCE OCTAJIBHBIE BEPIITTHDI
u3 VG — c-Beprmmaamu. B 5T0M ciiydae nMeeM aluKJIMIecKnii TPUBAAIbHBIT
(s,t)-runeprpad G = (VG, DG, RG) crenenn 2.

Ha 6a3e G nocrpounm (8, t)sruneprpad G,s. Kaxayiwo nyry (s, w;) u3 Muo-
’KecTBa A 3aMeHMM OPIYTEM N3 BEPIIMHLI § B BEPIIAHY W;, COCTOSIILYIO
us 7 ayr (s, zi1), (Zi.22)s - -, (Zie—1, ws), a Kaxayo ayry (vio1,v;) m3 C
3aMEHMM OPITyTEM M3+~BEPIIUHBI U; | B BEPIIMHY V;, COCTOSAIIMM M3 S JIyT
(vie1,ti1), (tastia), .+ -, (tis—1,v;). Bee nobaBiienHbIe BEpIIHHBI 24, t;j HOJIO-
JKUM C-BepIIMHAMMY.

Taxum 66pa3oM, IIOCTPOEH AIUKINIECKUN TPUBHAJIbHBII (S, t)-runeprpad
G,s eTemenu 2.

OT1MeTnM, 9TO KaXKIAbIH MUHUMAJIbHBIA yTh M B G mMeeT cjeayioniuii
B

M = {(S,U)i), (57w]')’ (wi7UQ)’ (wj’ UQ)a (UQ’ Ut])’ (UQ’qurl)’ SRR (vmfla t)}

[Tosromy umcso MuHUMANBHBIX myTeil B G (cienoBaresbho, B Grg) paBHO m.
O6osnaunm uepes Ly;; MHOXKeCTBO moruneprpados (s, t)-runeprpada
G, conepxamux ¢ ayr u3 C, | nyr u3 A, k nyr uz B, a gepes L], MHOXKe-
cTBO Beex noaruteprpados (s, t)-runeprpada G, s, KOTOPbIE MOy IaI0TCS U3
nojruneprpadosB B Li; MOCPEJICTBOM 3aMEHBI COOTBETCTBYIOIINX JIYT OIK-
— rs
CaHHBIMH BbIIIe opiyTamu. OdeBnano, uto |Liy;| = |L£17;].
Ilycrs F C L)}, n vj — BepiuHA U3 {V1, ..., Uy} C HAUMEHDBIINM HHIEK-

com, npunaexainas F'. Torna B F' comepkarcs Bee ayru (g, v5), (tis—1,0i),
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=4j+1,....,m. A rak xak B DF wumeercst posuo k mayr u3 B, To cpe-
JII BEPIIAH Vj41,Vj42,- .., Vm POBHO k — 1 Bepmmn OyayT d-BeprmmHaM# B
(s,t)-runeprpade F. s kaxaoil sepmmabl & u3 F umeem d(z, F) = —1.

[osTomy 1o Teopenme 1 d(F) = [] d(z, F) = (=1)*"!. Tamee no reopeme
zeVF
3 nMeeM

Rel(Grs,p) =3 D d(F)-Pr(DF) =3 3 (—1)kiplr+istsk

Lik FELTS, Lik FELTS,

ZPM ZP‘% Z )| Lyl

= k=0
—Rel(Grs,p) (1 & ¥ k
B O = Z Z |Lon—kn—t;m—il.  (6)
p =0 p = =0
IIycTb
i = Y (=" ™| Lot m—il, 0< i <m, 0< 1<, (7)
k=0

&% .
- Z 25Miy 0 <1 < n. (8)
=0

Eciu sieByio saers B (6) o6o3HaunTh depes b u mosoxkuTh p = 1/2™ 10
(6) sammirercs B Buje
n
b= 2"z (9)
1=0

Tax kak umcsio MUHUMAJIbHBIX IyTeil B Grs paBHO m, To |Li;| < 2™
TostoMy |yg| < 23™*+2m . Ho rorpa |z < 23™*+3m+sm®  Ecmu teneps mo-
JO0KATE 7 = 27m? + 27Tm + 9 u s = 9m + 6, To 2™ > |z;|3. Hosromy K (9)
HPUMEHHMA, JIEMMa, 8, B CHJIy KOTOPOH 3HAYEHUS I OIPEICIAIOTC 34 BPEM4,
TIOJTMHOMIAJTLHO 3aBUCATIIee OT M, N U 1ogy b. Amanmormano, 25™ > |y, |3, tue
0<i<m 0<!<n,uk ypaBuerusMm (8) npuMeHuMa jeMMa 8, B CHILY
KOTOPOH 3HAYEHUSI 1J;; ONPEIENAIOTCA 38 BpeMs, IIOJTMHOMUAIBHO 3aBUCSINEe
oT m, n u logy b. Haxomer, 23™ > ]L'm_k’n_l,m_ﬂ?’, U JIeMMa 8 IIPUMEHUMa, K
ypasaenusim (7).

OTMerrM Tak»ke, 9TO pasMep rpada GTS OI'PAHUYEH CBEPXY ITOJIMHO-

MoM or pasmepa rpada G. Ilycrs Dy = Z |L11i|. Tlo oupenenenuto op-

=0
rpada H Bemmunna Dy paBHO 9uciIy Ha6op013 u3 k pébep runeprpada L,
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B 00beIuHEHNN KOTOPBIX mMeeTcs poBHO [ BepmmH u3 1. B cuny jgeMmbr 2

m
d(L) = > (—1)*"! Dy, orkyna u ciemyer nckomas ceogmmocts. Teopema 4

k=1

JTOKa3aHa.

Canencrsue 10. Ecin kiraccel P u NP me coBmasaror, To 3ama4qa onpese-

JICHUsT KOMOMHATOPHOH HAJAEXKHOCTH B KJIACCE AIMKINYECKHX TPHBHAJIBHBIX
rumeprpagoB CTEIeHH 2 HEe MOXKET ObITh pelleHa aJrOPHTMOM C BPEMEHHOI
CJIOXKHOCTBIO, IIOJHHOMHAJBHO 3aBHCSIICH OT 4YHC/Ia MHHHMAJBHBIX ITyTeH
9THX THIIEPrpachoB.
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