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Introduction

Cosmology today is a vibrant scientific enterprise. New precision measurements
are revealing a universe with surprising and unexpected properties and the theory
of general relativity has allowed the development of theoretical models capable of
describing quantitatively for the structure and the evolution of the present universe.
The greatest progress in cosmology was achieved in the last two decades and the
primary role has been played by the observation of the cosmic microwave background
anisotropies, formed at the time of recombination, about thirteen billion years ago
and just four hundred thousand years after the big bang. These anisotropies provide
crucial information on quantities such as the density of dark matter or the density of
baryons present in the universe, the curvature of the universe itself and the spectrum
of primordial perturbations. Moreover, these involve important implications in
the fields of fundamental and particle physics, making it possible to investigate
phenomena at high energies that are difficult to reach in standard laboratories. An
important example is the neutrino: the amount of primordial relativistic neutrinos
changes the epoch of the matter- radiation equality, leaving an imprint on both
cosmic microwave background data anisotropies and on structure formation, while
non relativistic neutrinos in the recent universe suppress the growth of matter density
fluctuations and galaxy clustering.
The currently available data are several and highly accurate: galaxy surveys such as
the Sloan Digital Sky Survey are making the first large-scale maps of the universe,
and satellites such as WMAP and Planck have make exquisitely precise measurements
of the cosmic microwave background. A special mention goes to the Planck satellite
and its first data release (made available in March 2013) which provide measurements
of the cosmic background radiation anisotropies with an unprecedented accuracy,
due to a higher angular resolution and a broader frequency range. Furthermore,
we have high expectations for the next decade mission Euclid, which will provide
complementary measurements of the large scale structures of the universe.
This brings us to the current state of modern cosmology: we have a theory that
makes predictions, and these predictions can be tested by observations.
Although the ΛCDM model is in an impressive agreement with all the available
observations, on the one hand it depends on some parameters whose value has to be
constrained through observations, and on the other hand it has some known critical
issues that led cosmologists to formulate some complementary or alternative theories
beyond the standard model in order to address these features. Indeed, even in the
simplest picture of the universe provided by the standard model there are still some
open questions in cosmology, among which we can mention the existence and the
nature of the two dark components of the universe and the initial conditions (and
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the shape) of the primordial perturbations.
In this thesis, the attention is focused on the inflation. The inflationary paradigm is
an integral part of the currently accepted concordance cosmological model, explain-
ing the flatness and homogeneity of the observed universe, as well as providing a
mechanism to produce the primordial curvature perturbations that eventually led to
the formation of structures. The cosmic microwave background data are in excel-
lent agreement with the prediction of the simplest inflationary scenario of a single,
minimally-coupled scalar field slowly rolling down a smooth potential which produce
a nearly scale-invariant power spectrum of scalar perturbations. Nevertheless, a
scale-invariant power spectrum could be easily put in agreement with data in some
non-minimal models.
One of the aims of our work is to derive constraints on the parameters of slow-roll
inflation also in the context of non-minimal models, like those that include massive
neutrinos and/or a non-standard number of relativistic degrees of freedom.
On the other hand, models with localized features in the power spectrum (like
those generated by violation of slow roll) may provide a better fit to the data with
respect to a smooth power-law spectrum. This is mainly due to the presence, in
the temperature anisotropy spectrum, of two outliers at large scale. Features in the
primordial power spectrum can be generated following departures from slow roll,
that can happen in more general inflationary models. In particular, in multi-field
super-gravity- or M-theory-inspired models, a field coupled to the inflaton can un-
dergo a symmetry-breaking phase transition and acquire a vacuum expectation value.
Such a phase transition corresponds to a sudden change in the inflaton effective
mass and can be modeled as a step in the inflationary potential. The presence of the
step produces, in turn, a burst of oscillations in the power spectrum of curvature
perturbations, localized around the scale that is crossing the horizon at the time the
phase transition occurred.

Summarizing, in this thesis we will focus on some specific topics, namely:

• the inflationary theory in the context of the standard cosmological model and
its prediction;

• implications of considering an inflationary scenario on the constraints on a
minimal cosmological model;

• constraints on inflationary parameters from current data and reconstruction of
the inflationary initial potential;

• constraints on effective number and masses of neutrinos using current data,
and their impact on the reconstruction of the inflationary potential;

• the presence of such a step-like feature in the inflaton potential, implications
and constraints from the data;

The first chapter introduces the standard cosmological model, the definition of the
Cosmological Principle and the Friedmann-Lemaître-Robertson- Walker metric. We
introduce background evolution of the homogeneous universe and give a picture of
the universe history at the best of our knowledge.
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The second chapter complicates the assumptions, studying the case of non-
homogeneous universe. We present the current theory of structure formation based on
a linear perturbations of Einstein equations, obtaining a system of linear differential
equations which must be integrated numerically. In the second part of the chapter,
we give an overview of the properties of the cosmic microwave background radiation
describing the basic mechanisms of the formation of the anisotropies dividing them
into two categories: primary and secondary anisotropies.

In order to solve the perturbed equations it is necessary to define the initial
conditions determined during the inflationary process. The third chapter describes
the fundamental principles of the inflationary model and we show how it solves the
well known problems of the big bang theory and how it provides the production
mechanism of the primordial perturbations which, in turn, form the seeds of the
cosmological structures.

In the last two chapters we present the results obtained in the work performed
during my Ph.D. In the fourth chapter, we show the constraints that can be
obtained on minimal Harrison-Zel’dovich models extended with both parameters
of inflation and of neutrino. So, we extract information from recent observations
on the inflationary theory and we show how to reconstruct the initial inflationary
potential from the data.

Finally, in chapter five, we address particular inflationary models able to produce
features in the anisotropy spectrum of the cosmic background. We discuss the theory
and constraint its parameters, seeing how much they are in agreement with the
recent cosmological experiments.

In appendix, we review some of the statistical methods used in cosmology for
extracting information from current data.





1

Chapter 1

The Standard Cosmological
Model

The aim of cosmology is the development of a universe evolution model that is in
agreement with the observed data.
A good description of the universe is provided by the theory of general relativity.
As gravity is the overriding force at cosmological distances, Einstein’s theory allows
the description of space-time geometry and explains the distorting effect of gravity
on space. However, the relevant equations get very complicated when applied to
the universe, since the universe is not homogeneous. Nevertheless, the problem
can be simplified in the first instance by considering a model which approximates
a homogeneous universe. This is called the standard cosmological model and al-
lows the study of the universe as a first-order perturbation of a homogeneous universe.

In this chapter we introduce the Cosmological Principle and the Friedmann-Lemaître-
Robertson-Walker metric. We also define the concept of distances in an expanding
universe and we describe how we measure them. Then, we give an overview of the
components of the universe and the history of the early universe. However, in the next
chapter, we will complicate the assumptions studying the case of non-homogeneous
universe.

1.1 The cosmological principle: Metric and dynamic of
universe.

The standard cosmological model is based on the assumption of the so-called
Cosmological Principle which state isotropy (rotational invariance) and homogeneity
(translational invariance) of the universe on large scales (larger than 100− 200Mpc).
This leads to the absence of a privileged position or direction in the universe.
The application of the cosmological principle significantly limits the great variety of
possible cosmological models. Isotropy has been confirmed on large scales by many
factors, such as:

• the distribution of clusters and super-clusters of galaxies,

• the distribution of radio-sources,
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• the uniformity of the background radiation, particularly the Cosmic Microwave
Background radiation (CMB) temperature, with δT/T ' 10−5, which describes
a strongly isotropic universe at the time of the emission of the radiation (about
300000 years after the big-bang), or the background X-radiation between 2
and 20 keV produced by unresolved sources up to distances of thousands of
Mpc.

It can be shown that, by increasing the number of samples of cosmological object,
isotropy rises. According to the Copernican principle, there is no reason to consider
our position privileged, hence there must be isotropy in each point of the universe.
At last, there is a theorem of geometry that states that isotropy at every point
implies homogeneity [1].

1.2 The Friedmann-Lemaître-Robertson-Walker metric.

Once the cosmological principle is proved, the metric to use for four dimensional
space-time is the Roberson-Walker metric. We assume a system of coordinates in the
space-time: three space coordinates (xα where α = 1, 2, 3) and a temporal coordinate
(t), measured by a freely-falling observer. As known from the theory of general
relativity, the geometrical properties of the coordinate system are determined by the
metric tensor gµν . The interval ds between two events in space-time is given by the
following expression:

ds2 = gµνdx
µdxν . (1.1)

In a space-time that is not curved by gravitational effects, as in the theory of special
relativity, we have:

gµν =


−1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

 .
The interval ds can be written in the simplest form ds2 = −c2dt2 + dx2 + dy2 + dz2

from which, converting to spherical coordinates, we can obtain Minkowsky’s metric
(which is therefore only applicable within special relativity):

ds2 = −c2dt2 + dr2 + r2dΩ2, (1.2)

where dΩ2 = dθ2 + sin2 θdϕ2.

When gravity is also included, Minkowsky’s metric is no longer applicable. In
1939, A. Friedmann [2], G. Lemaître [3] , H. P. Robertson [4] and A. G. Walker [5]
independently developed a metric of a homogeneous and isotropic space, where the
distances can expand or contract as functions of time. The Friedmann-Lemaître-
Robertson-Walker (FLRW) metric can be written in the following way:

ds2 = −c2dt2 + a2(t)[dχ2 + Sk(χ)2dΩ2], (1.3)

where:
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Figure 1.1. It shows an embedding diagram of a 3D hypersphere in 4D Euclidean space.
The horizontal directions in the diagram represent the normal spatial x, y, z dimensions,
with one dimension z suppressed, while the vertical dimension represents the 4th spatial
dimension.

• the coordinate t, called cosmic time or proper cosmological time, is the time
measured by an observer who sees the universe evolving in a uniform expansion
around him;

• the spatial variables (see Fig.(1.1)) are called comoving coordinates because
they describe the position of an object in the expanding universe reference
frame. Therefore they are constant because they label material objects that
are in their rest frame;

• the scale factor a(t), which describes the way in which the distances contract
or expand in function of time, is normalized to a(t0) = 1 at the present time.
The expansion can be described only for scales greater than 100Mpc, where
the cosmological principle is valid and there is a homogeneous and isotropic
expansion;

• the value of the function Sk(χ)2 depends on the curvature of the universe.

A more general form of the FLRW metric can be written in the following way [6]:

ds2 = −c2dt2 + a2(t)
[

dr2

1− kr2 + r2dΩ2
]
, (1.4)

where we use the comoving radial coordinate r and the curvature constant k. It is
dimensionless and can always be renormalized so that can take the values:

• k = +1, for universe positively curved with spherical geometry,

• k = 0, for universe spatially flat,

• k = −1, for universe negatively curved with hyperbolic geometry.

The comoving coordinate distance r is related to χ by χ = r if k = 0, by χ = sin−1 r
if k = 1, and by χ = sinh−1 r if k = −1.
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1.3 Hubble law and expansion of the universe.
The observed shift of a galaxy’s spectrum through the identification of spectral
absorption lines allows the calculation of the relative motion between source and
observer on the basis of the Doppler effect:

z = λ0 − λe
λe

, (1.5)

where λe is the emission wavelength and λ0 the observed wavelength. There are
three possible cases:

• if z < 0, the source is approaching the observe, this will result in a blueshift
(all spectral lines are displaced towards shorter wavelengths).

• If z = 0, the source would not be moving either towards or away from the
observer.

• If z > 0, the source is moving away from the observer. This will result in a
redshift (all spectral lines are displaced towards longer wavelengths).

Since the first studies made by V. Slipher [7], C. W. Wirtz [8] and E. Hubble [9] on the
redshift of distant galaxies, in most cases the spectral lines of galaxies are red-shifted.
In 1929, Edwin Hubble established the existence of a linear relationship between the
recession speed of a galaxy v and its distance from the observer (Fig.(1.2)). The
Hubble law states that

v ' H0d = cz, (1.6)

where c is the speed of light and H0 is the Hubble constant, which corresponds,
as we will see, to the present value of the Hubble parameter that appears in the
Friedmann equation.
A recent estimate of the value of H0 has been obtained using data from a mid-infrared
calibration of the Cepheid distance scale based on recent observations at 3.6 µm
with the Spitzer Space Telescope: H0 = 74.3± 0.4(statistical) ±2.1(systematic) km
s−1/Mpc [10].
The correct interpretation of the redshift and the recession of galaxies establishes
that, as time elapses, space expands, leading to an increase in the distance between
galaxies. By the same token, the wavelengths of photons are stretched, since they
expand with space. In other words, wavelengths extend in the same manner as
intergalactic distances lengthen. From this law we infer that the observable universe
must have a finite range, approximately equal to what has been called the Hubble
time:

t0 '
r

v
= r

rH0
= H0

−1 ' (14.0± 1.4)Gyrs. (1.7)

In fact, assuming that the relative velocity is constant, since galaxies are rapidly mov-
ing away from one another, they should have been much closer in the past. About 14
Gyrs ago (a Hubble time ago) they must have been compressed in an extremely small
volume. This leads naturally to the big-bang model for the evolution of the universe.
This model implies that the universe has expanded to its present low-density state
from an initial hot and dense state, in a homogeneous and isotropic way. However
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Figure 1.2. Diagram of the recession velocity in km/sec of extragalactic nebulae (the units
are accidentally written as km rather km/s) plotted against their distances in parsecs as
originally observed by Edwin Hubble in 1929.

the Hubble time only gives a natural scale of time. The age of the universe might
not necessarily be equal to H−1

0 . Indeed, if the expansion velocity in the past had
been different than it is now, then the age of the universe would be different fromH−1

0 .

The proper distance dp(t) is the length of the spatial geodesic between the two
points for a defined value of a(t), referring to a given instant of time. This distance
can change over time due to the expansion of the universe and we can obtain it by
integrating over the comoving radial coordinate r the Eq.(1.4), since the universe is
flat and angles are constant over the spatial geodesic:

dp(t) = a(t)
∫ r

0
dr = a(t)r. (1.8)

Indeed the proper velocity of a receding galaxy is:

vp(t) = ḋp(t) = ȧ(t)r ≡ ȧ(t)
a(t)dp(t) = H(t)dp(t), (1.9)

where H(t) ≡ 1
a
da
dt = ȧ

a measures how fast the scale factor changes with time.

It is convenient to define the conformal time, the distance that light can travel
(in the absence of interactions) since t = 0. In a time dt, light travels a comoving
distance dx = dt/a (if we set c = 1), so the total comoving distance is:

η ≡
∫ t

0

dt′

a(t′) . (1.10)

The Hubble causal horizon is the spacetime region in which one point could affect or
have been affected by other points. Objects separated by comoving distances larger
than η today were not ever in causal contact: there is simply no way information
could have propagated over distances larger than η. It exists a maximum distance
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to which the observer can see, known as the particle horizon distance and it exists
a limit to space-time events which can be influenced by the emitter, known as the
event horizon distance.
Just as the Hubble time H−1

0 provides a rough guide for the age of the universe, the
Hubble distance:

dH(t0) = c

H0
, (1.11)

provides a rough estimate of the event horizon distance in a matter- or radiation-
dominated universe. It is a critical distance such that two points at a distance
greater than dH(t0) will have vp > c. This result refers to the relative motion of
objects inside an expanding universe and therefore does not violate the law limiting
the speed of massive objects at the speed of light. With H0 obtained from prior
observations, we have dH(t0) ∼ 4062 Mpc. Galaxies farther than this distance are
moving away from us at superluminar speeds.

There is also a very important relation between the redshift of a galaxy z and
the value of the scale factor at the time te of the emission of observed photon, a(te):
it shows that the redshift of a distant object depends only on the ratio of the scale
factor at the times of emission and observation and not on the way in which the light
travelled between a(te) and a(t0). Since photons follow a null geodesic 1, we have
that c2dt2 = a(t)2dr2 → c dt

a(t) = dr. Integrating between te and t0 and considering
a monochromatic wave with wavelength λe we have [6]:

c

∫ t0

te

dt

a(t) =
∫ r

0
dr = r. (1.12)

For the next crest emitted at the time t0 + λ0
c it will be possible to write a similar

integral. By equating the integrals of two successive wave crests it is possible to
obtain:

c

∫ te+λe
c

te

dt

a(t) = c

∫ t0+λ0
c

t0

dt

a(t) . (1.13)

Since H0 � λ
c , we can assume that between the emission and the observation of two

wave crests the universe has not expanded by a significant amount. Hence we can
say that a(t) has remained constant during that time. Thus we get, by integrating
the Eq.(1.13):

λe
a(te)

= λ0
a(t0) . (1.14)

By substituting the Eq.(1.5), we obtain:

1 + z = a(t0)
a(te)

= 1
a(te)

, (1.15)

where the equation has been normalized with a(t0) = a0 = 1. Therefore, measuring
the redshift z of a galaxy allows to determine a(te).

1with ds2 = 0 and constant angles θ and ϕ.
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1.4 Einstein equations and Friedmann equations.

The Einstein equations.

In order to explain the dynamic of the universe, it is necessary to determine the
evolution of the scale factor. This can be done by establishing the relationship
between the description of the metric of a homogeneous and isotropic space and the
mass-energy contained in the universe. This relationship is given by Einstein’s field
equations which describe the dynamics of the universe by determining the evolution
of the scale factor a(t). If Gµν is the Einstein tensor, Tµν the stress-energy tensor
(also called energy-momentum tensor), Rµν the Ricci curvature tensor, and R the
scalar curvature, defined by R = gµνRµν , then Einstein’s equations can be written:

Gµν ≡ Rµν −
1
2Rgµν = 8πGTµν , (1.16)

where G is the Newton constant.
This set of ten equations describes the fundamental interaction of gravity as a result
of space-time being curved by matter and energy. It gives the relationship between
space-time geometry (represented by the metric and the Ricci tensor and scalar) and
the energy and pressure at a point in space-time (related to the stress-energy-tensor).
Einstein’s equations will eventually require the calculation of the tensor components
of the equation. First we consider the left side of Eq.(1.16). The Ricci tensor Rµν
can be expressed through the Christoffel symbols Γijk = 1

2g
αβ[gµβ,ν + gνβ,µ + gµν,β]

[11] in the following way:

Rµν = Γαµν,α − Γαµα,ν + ΓαβαΓβµν − ΓαβνΓβµα, (1.17)

where the commas indicate the derivatives with respect to the coordinate. Using
the expression of the metric given by Eq.(1.4) in the above expression of Γµαβ, we
obtain the Christoffel symbols and, consequently, the Ricci tensor and Ricci scalar.
This allows the calculation of the Einstein tensor, which can then be written:

G00 = 3
(
ȧ

a

)2
+ 3k
a2 , (1.18)

G11 = G22 = G33 = −2 ä
a
−
(
ȧ

a

)2
− k

a2 , (1.19)

Gothers = 0. (1.20)

The Friedmann’s Equations.

On cosmological scales it is possible to model the energy content of the universe as
a perfect fluid2. Considering this particular case, the energy-momentum tensor Tµν
takes the form:

Tµν = (ρ+ P )UµUν + Pgµν , (1.21)
2A perfect fluid is defined as a medium for which at every point there is a locally inertial

Cartesian frame of reference, comoving with the fluid, in which the fluid appears the same in all
directions. It is an isotropic fluid with negligible viscosity and heat conduction.
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where ρ is the energy density of the fluid, P its pressure and Uµ its four-velocity,
with the normalization UµUµ = 1. According to the FLRW metric, the pressure P
must be isotropic. Hence it can be written, with P and ρ only depending on time,
as:

Tµν =


−ρ 0 0 0
0 P 0 0
0 0 P 0
0 0 0 P

 .
Combining the expression of the stress-energy tensor with the FLRW metric equation,
we can obtain the first Friedmann’s equation [2] [6]:

H2 =
(
ȧ

a

)2
= 8πG

3c2

∑
i

ρi −
kc2

a2 . (1.22)

For any given value of the Hubble parameter, we can define the critical energy
density as:

ρc = 3H2c2

8πG . (1.23)

If the energy density is greater than ρc, the universe is positively curved (k = 1) and
vice versa. Therefore, we can introduce the density parameter as the ratio of the
total energy density and the critical energy density:

Ωtot(t) =

∑
i
ρi

ρc
. (1.24)

Friedmann’s equation can then be written:

1− Ωtot(t) = − kc2

a(t)2H(t)2 . (1.25)

The density parameter relates the total energy density to the geometry of the
universe:

Ωtot > 1→ k = 1,

Ωtot = 1→ k = 0,

Ωtot < 1→ k = −1.

We define the curvature component:

Ωk(t) = 1− Ωtot(t) = − kc2

a(t)2H(t)2 . (1.26)

The curvature of the universe depends on the total energy density at any time t,
knowing Ωtot|today the sign of the curvature k can be found.

Looking again the energy-momentum tensor Tµν (Eq.(1.21)), the energy-momentum
conservation is expressed in general relativity as 5µT

µν = 0. For the assumption of
FLRW metric with ν = 0 component and flat geometry k = 0, energy conservation
reads:

dρ

dt
+ 3H(ρ+ P ) = 0. (1.27)
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This equation is actually not independent on the Friedmann and acceleration equa-
tions, but is required for consistency. It implies that the expansion of the universe
can lead to local changes in the energy density. Note that there is no notion of
conservation of total energy, as energy can be interchanged between matter and the
space-time geometry.

It is convenient to define an equation of state parameter, that relates pressure
and density. Assuming that the universe is well described by a perfect fluid, it is
possible to use the simple formulation:

w ≡ P

ρ
. (1.28)

If w is constant (with value dependent on the considered component and varying in
the range −1 < w < 1), then the solution of Eq.(1.27) is straightforward:

ρ ∝ a−3(1+w). (1.29)

Note that the behaviours of dust (non-relativistic particles, w = 0) and radiation
(gas of radiation, whether it be actual photons or other highly relativistic species,
w = 1/3) is consistent with what we would have obtained by more heuristic reason-
ing.
If we consider a fixed comoving volume of the universe with a given fixed number of
dust particles (of mass m) inside, the energy density will scale just as the physical
volume, a(t)−3, in agreement with Eq.(1.29) with w = 0.
To make a similar argument for radiation, we see Eq.(1.5). First, we note that the
expansion of the universe with the time results in a shift to longer wavelength λ of
photons propagating in this background. Therefore the energy density, in a fixed
number of photons in a fixed comoving volume, drops with the physical volume
(as for dust) and by an extra factor as the expansion of the universe stretches the
wavelengths of light. Thus, the energy density of radiation will scale as a(t)−4, once
again in agreement with Eq.(1.29) with w = 1/3.

Combining Eq.(1.27) with Eq.(1.22) we can derive the acceleration equation
which gives the variation of acceleration with time:

ä

a
= −4πG

3c2

∑
i

(ρi + 3Pi). (1.30)

It is the second Friedmann’s equation [6], the acceleration equation. It describes
the time variation of the expansion rate of the universe and so the possibility of
accelerated or decelerated expansion. If the energy density is greater than or equal
to zero 3, it gives a negative acceleration which means that the relative speed of two
points decreases. Hence, both components of matter and radiation cause negative
acceleration.
A case of particular interest is w ≤ −1/3, a component with negative pressure that

3noting that a gas of ordinary baryonic matter has a positive pressure, resulting from the random
thermal motions of the molecules, atoms or ions of which the gas is made. A gas of photons also
has a positive pressure.



10 1. The Standard Cosmological Model

determines the acceleration of the universe, generally called dark energy (it will be
discussed afterwards).
A particularly interesting kind of dark energy is the cosmological constant Λ, because
its existence is strongly supported by observational evidence.

1.5 The deceleration parameter.
The time evolution of the scale factor can be studied by expanding in a Taylor series
around t0:

a(t) = a(t0) + ȧ(t0)(t− t0) + 1
2 ä(t0)(t− t0)2. (1.31)

We define the dimensionless deceleration parameter :

q0 = −
(
äa

ȧ2

)
t=t0

= −
(

ä

aH2

)
t=t0

. (1.32)

Its value is negative if the expansion of the universe is accelerating, vice versa if is
decelerating. The above equation became, at t0 (a(t0) = 1):

a(t) = 1 +H0(t− t0)− 1
2q0H

2
0 (t− t0)2. (1.33)

In order to measure the value of the scale factor and to understand the evolution of
the universe, we need to know q0 and H0. The value of q0 in a universe with many
components can be provided by the acceleration equation (Eq.(1.30)). Considering
this equation for the present time, we obtain the relationship between q0 and the
density parameter at the present moment:

q0 = 1
2
∑
i

Ωi,0(1 + 3ω), (1.34)

where for each component is defined the density parameter Ωi = ρi
ρc
. Hence, for a

universe formed on radiation, matter and cosmological constant we have:

q0 = Ωr,0 + 1
2Ωm,0 − ΩΛ,0. (1.35)

1.6 The luminosity distance and the angular diameter
distance.

Measurement of H0 in principle is simple. For small value of the redshift we use the
Eq.(1.6). Knowing d and the redshift value by the measure of a great number of
galaxies, from the plot of cz versus d we can obtain the slope of the interpolation,
which give an estimate of H0.
To measure the distance of distant galaxies, we have already introduced the proper
distance and derive the Eq.(1.12).
Since a(te) ∼ 1

ze
from Eq.(1.5), and the expansion in a Taylor series of the scale

factor (Eq.(1.33)), by inverting the relation we obtain:

t0 − t = 1
H0

[
z −

(
1 + q0

2

)
z2 + ...

]
. (1.36)
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The distance can be approximated inserting the expansion of the scale factor
(Eq.(1.33)) in the Eq.(1.12), that is:

dp(t0) ' c(t0 − te) + cH0
2 (t0 − te)−2. (1.37)

A critical issue is to measure distances using the observation of the physical properties
of other galaxies. One of the most important methods is based on the use of the so-
called standard candles, which are objects whose luminosity L is known. Measuring
the energy flux f received on earth and knowing the luminosity we can define a
function called luminosity distance:

dL =
(
L

4πf

)1/2
. (1.38)

In an expanding universe governed by the FLRW metric, the relationship between
flux and luminosity is:

f = L

4πS2
k(1 + z)2 . (1.39)

Hence the luminosity distance is dL = Sk(1 + z).
The luminosity distance of an object with redshift z depends both on the geometry
of the universe and on its dynamics. In our case the latest observational data seem
to indicate a flat geometry for our universe. Since k = 0, the luminosity distance
can then be written [6]:

dL = r(1 + z) = dp(t0)(1 + z). (1.40)

Moreover, when z � 1, using Eq.(1.36) we can write dL as:

dL '
c

H0
z

[
1 + 1− q0

2 z

]
. (1.41)

For a flat universe and assuming z → 0, the luminosity distance is a good approxi-
mation of the proper distance at the present time. Indeed, dp(t0) ' dL ' (c/H0)z.

We now introduce another kind of distance, the angular diameter distance.
Knowing the length of an object l (proper length), assuming for simplicity that
this object is disposed perpendicularly to the view line and measuring the angular
dimension δθ of the object, we can define:

dA ≡
l

δθ
. (1.42)

The angular distance corresponds to the proper distance only if the universe is
static and euclidean. For the FLRW metric, the length l measured at time te of the
emission of the light is l = ds = a(te)Sk(r)δθ = Sk(r)δθ

1+z , from which:

dA = Sk(r)
1 + z

. (1.43)
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Comparing this relationship with the definition of dL when k = 0 (Eq.(1.40)) we
obtain the relationship between the angular diameter and the luminosity distance:

dA = dL
(1 + z)2 = dp(t0)

1 + z
= dp(te). (1.44)

Furthermore, if z � 1, dA ' c
H0
z
[
1− 3+q0

2 z
]
. As z → 0, becomes:

dA ' dL ' dp(t0) ' c

H0
z. (1.45)

The angular diameter distance has a maximum for a precise value of z, denoted by
zmax. In a model with Ωm,0 = 0.3 and ΩΛ,0 = 0.7, zmax = 1.6 which corresponds to
the angular distance dA,max = 1800Mpc.

1.7 The cosmological constant.
In 1917, Einstein applied his equations to the universe as a whole and, without
experimental evidence, he was persuaded that the universe was static. He imagined
that much of the radiation in the universe was provided by stars and that the main
contribution to the energy density came from non-relativistic matter. He therefore
considered the approximation of a universe without pressure.
Einstein realised that a universe that contains nothing but matter could not be
static, so he inserted in his equations a term Λ called cosmological constant. It
can be treated as an energy-density component with the energy-momentum tensor
Tµν = − Λ

8πGgµν . It is defined as a component of the universe with:

w = −1, P = −ρ, ρ = Λ
8πG = constant, (1.46)

where ρΛ does not depend on the scale factor which means that it remains unchanged
over time. We say that the cosmological constant is equivalent to vacuum energy.
The Friedmann equations that describe a static universe filled with matter are:(

ȧ

a

)2
= 8πG

3c2 ρ−
kc2

a2 + Λ
3 , (1.47a)

ä

a
= 4πG

3c2 (ρ+ 3P ) + Λ
3 . (1.47b)

In order to have a static universe, both ȧ and ä must be zero, then Λ = 4πGρ/c2.

From these equations, adding the density parameter of dark energy ΩDE and
developing the Hubble parameter expression in terms of the redshift z, in the case
of a flat universe (Ωm + ΩDE = 1) we obtain:

H(z) = H0[Ωm,0(1 + z)3 + ΩDE(1 + z)3(1+w)1/2 ]. (1.48)

If w = −1, then ΩDE = ΩΛ. In the standard model of cosmology, dark energy
accounts for 74% of the total mass-energy of the universe. The cosmological constant
is one of the proposed forms for dark energy and it is physically equivalent to vacuum
energy (other form include, for instance, quintessence which is a dynamical quantity
whose energy density can vary in time and space).
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1.8 Component of cosmological fluid.

The main components of the universe are photons, baryons, dark matter, neutrinos
and dark energy. As they appear in the Friedmann’s equations and influence the
cosmological evolution of our universe, it is necessary to introduce these components
and know their energy density and the evolution with the scale factor. Here, we also
provide a density estimation for each component of the universe, referring to the
first data release of the recent and highly precise Planck experiment.

1.8.1 Matter.

In order to obtain the density of matter present in the universe, we must consider
that there are two kinds of matter: ordinary matter which can be observed directly
(called baryonic matter), and dark matter whose existence can only be measured by
its gravitational effect on baryonic matter but whose nature is still unknown.
We will now analyse these two kinds of matter.

Baryonic matter. Baryonic matter is no longer homogeneous. Indeed, there are
such great density perturbations that we cannot define a simple distribution function
depending, for example, only on temperature. Consequently, the baryonic density
must be determined from observation. It can be determined from measurement of
the CMB anisotropy power spectrum or through hydrogen absorption lines of distant
quasar (their strength indicates the quantity of gas the light has passed through
before it is observed). Another method consists of determining the baryonic density
from visible sources in nearby galaxies, although this method does not take into
account the vast amount of baryonic matter in the interstellar gas, which is not
contained in stars and galaxies.
Moreover, the study of primordial nucleosynthesis allows a good estimation of
baryonic density. Nucleosynthesis is the process of creating new atomic nuclei
from nucleons (protons and neutrons). Primordial nucleosynthesis took place a few
minutes after the big-bang (we see this briefly later) and during it are created the
first heavier isotopes of hydrogen, known as deuterium. These deuterium nuclei
reacted between themselves, forming the helium isotopes (He-3 and He-4) and the
lithium isotopes (Li-6 and Li-7). The amount of deuterium is very sensitive to the
conditions at this early stage, from the amount of deuterium left we can estimate
the baryonic density. Nowadays there are about 30 atoms of deuterium per a million
hydrogen atoms and it can be shown that about 25% of the total density of particles
in the universe is made up of helium and almost all the remaining is hydrogen.
Several different methods give similar values for the baryonic density. The Planck
collaboration has estimated for the matter density the value of:

Ωb = 0.02205± 0.00028,

with h = 0.673 ± 0.12 km s−1 Mpc−1 (this value is in tension with recent direct
measurements of H0 we have said, but are in excellent agreement with geometrical
constraints from baryon acoustic oscillation (BAO) surveys).
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Dark matter. The existence of dark matter was first hypothesized by F. Zwicky
[14] to account for evidence of missing mass in the orbital velocities of galaxies in
galactic clusters. He estimated, studying the characteristic of the Coma cluster, the
mass of the orbiting galaxies from their luminosity and compared it with the mass
estimated from the measure of the dispersion velocity of the galaxies. He found that
the virial theorem gave a mass 400 times greater than the mass obtained from the
luminosity of the Coma cluster. The gravity of the visible galaxies in the cluster
would be far smaller for such fast orbits, so extra mass was required. Based on these
conclusions, Zwicky inferred that there must be some non-visible form of matter
which would provide enough mass and gravity to hold the cluster together: the dark
matter.
The comparison of the speed curve in spiral galaxies against the distance from the
centre is another approach that has given irrefutable evidence of the existence of
dark matter. In the 1950s V. Rubin [15] shows that the observed speed profile, at
great distances from the galactic centre, does not decrease as 1/

√
r, as would be

expected, but remains constant. This show that there must be a large amount of
mass that is not visible, an enormous dark matter halo around the visible mass of
the galaxy.
Dark matter can also be revealed through gravitational effect on other observed
radiation sources. The phenomenon is called gravitational lensing, and consists of
unseen matter that bends light from sources behind it. This fact makes dark matter
extremely difficult to detect, as it can only be observed through its gravitational
effect.
Candidates for nonbaryonic dark matter are hypothetical particles such as axions, or
supersymmetric particles; neutrinos can only form a small fraction of the dark matter,
due to limits from large-scale structure and high-redshift galaxies. Nonbaryonic dark
matter is classified in terms of the mass of the particle(s) that is assumed to make
it up, and/or the typical velocity dispersion of those particles (since more massive
particles move more slowly).
There are three prominent hypotheses for non-baryonic dark matter, called cold dark
matter (CDM), warm dark matter (WDM), and hot dark matter (HDM), depending
on its speed at the moment of decoupling from baryonic matter (i.e. hot if the speed
is relativistic, that is kTdec > mc2).
The most widely discussed models for nonbaryonic dark matter are based on the
CDM hypothesis, and the corresponding particle is most commonly assumed to be a
weakly interacting massive particle (WIMP).
Many methods allow the measurement of the density parameter of dark matter
(among them, the study of the CMB anisotropies). The Planck data provides for
the CDM density today a value of:

Ωdmh
2 = 0.1199± 0.0027.

1.8.2 Neutrinos.

The neutrino was postulated first by W. Pauli [17] to explain how beta decay could
conserve energy, momentum, and spin. E. Fermi, who developed the theory of
beta decay, coined the term neutrino and gave a solid theoretical basis for future
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experimental work [17].
Overlooking the interesting history that leads to the current knowledge of neutrino
physics, we briefly introduce that neutrinos are created from radioactive decay or
nuclear reactions, such as those taking place in the sun, in nuclear reactors or when
cosmic rays hit atoms. Neutrinos do not carry electric charge, which means that
they are not affected by the electromagnetic forces that act on charged particles
such as electrons and protons; they are affected only by the weak sub-atomic force,
of much shorter range than electromagnetism, and gravity, which is relatively weak
on the subatomic scale. Therefore a typical neutrino passes through normal matter
unimpeded. Neutrinos have half-integer spins ( h̄2 ) and is therefore a fermion. There
are three types (or flavors) of neutrinos: electron neutrinos νe, muon neutrinos νµ
and tau neutrinos ντ . Each type of neutrino is associated with an antiparticle, called
antineutrino, which also has neutral electric charge and half-integer spin.
The discovery of neutrino flavor oscillations implies that neutrinos have mass. The
strongest upper limit on the masses of neutrinos comes from cosmology: the big-bang
model predicts that there is a fixed ratio between the number of neutrinos and the
number of photons in the CMB, from this we can obtain the number of neutrinos. It
can be demonstrated that if the total energy of all three types of neutrinos exceeded
an average of 50 eV per neutrino, there would be so much mass in the universe that
it would collapse. Clearly, this not happened. This limit can be circumvented by
assuming that the neutrino is unstable (first hypothesized by B. Pontecorvo [18]);
however, there are limits within the standard model that make this difficult.
A stringent constraint comes from a careful analysis of cosmological data, such as
the CMB radiation, galaxy surveys, and the Lyman-alpha forest. By the Planck
experiment, we estimate the effective number of relativistic degrees of freedom for
neutrino: Neff = 3.30 ± 0.27, and the upper limit value for the sum of neutrino
masses:

∑
mν = 0.23 eV (in comparison, the electron mass is 0.5 MeV).

As the mass of neutrinos is very small, we can conclude that neutrinos are relativistic
particles. At low energies the density values is

Ωνh
2 ∼ 10−4,

insignificant in the space-time evolution of the universe. Despite this, neutrino
research is very important in astrophysics because of its implication in many fields,
such as probing astrophysical sources beyond our solar system or measuring the
neutrinos produced in the galactic core of the Milky Way. These are only two of
many examples of the reasons to observe neutrinos in astrophysics. We will talk
more about neutrino and we will put constraints on its parameters in Chapter 4.

In the 1980s it was proposed that these may be the explanation for the dark
matter thought to exist in the universe. Neutrinos have one important advantage
over most other dark matter candidates: we know they exist. However, they also
have serious problems. First, neutrino speeds close to the speed of light. Thus, dark
matter made from neutrinos is termed hot dark matter. The problem is that being
fast moving, the neutrinos would tend to spread out evenly in the universe before
cosmological expansion made them cold enough to congregate in clumps. This would
cause the part of dark matter made of neutrinos to be smeared out and unable to
cause the large galactic structures that we see. Further, these same galaxies and
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groups of galaxies appear to be surrounded by dark matter that is not fast enough
to escape from those galaxies. Presumably this matter provided the gravitational
nucleus for the formation. This implies that neutrinos make up only a small part of
the total amount of dark matter.
From cosmological arguments, relic background neutrinos are estimated to have
a density of 56 of each type per cubic centimeter and temperature 1.9 K if they
are massless, much colder if their mass exceeds 0.001 eV. Although their density is
quite high, due to extremely low neutrino cross-sections at sub-eV energies, the relic
neutrino background has not yet been observed in the laboratory. In contrast solar
neutrinos, which are emitted with a higher energy, have been detected definitively
despite having a space density that is lower than that of relic neutrinos by some 6
orders of magnitude.

1.8.3 Photons. The Cosmic Microwave Background radiation.

The photon is an elementary particle, the quantum of the electromagnetic interaction.
It is massless, has no electric charge, is stable and has two possible polarization
states. Photons are emitted in many natural processes. For example, when a
charge is accelerated it emits synchrotron radiation. During a molecular, atomic or
nuclear transition to a lower energy level, photons of various energy will be emitted,
from radio waves to gamma rays. A photon can also be emitted when a particle
and its corresponding antiparticle are annihilated (for example, electron-positron
annihilation). Certainly there is much to say on the subject, what we’ll do in this
section is to briefly recall the photons in the CMB.

In the recombination epoch (see later), the universe became transparent and
neutral. At that time were formed first atoms and the photons started to travel
freely through space rather than constantly being scattered by electrons and protons
in plasma. The photons that existed at the time of photon decoupling have been
propagating ever since, though growing fainter and less energetic, the expansion
of space causes their wavelength to increase over time. This is the source of the
alternative term relic radiation. The temperature of the decoupled photons at the
recombination time was about 3000 K, now extremely less and their temperature will
continue to drop as the universe expands. These photons form the CMB radiation,
discovered by A. Penzias and R.W.Wilson which were awarded the 1978 Nobel Prize
in Physics.
At first approximation, from the last scattering to the present time there are not
processes able to change the shape of this spectrum. The only variation concerns
the temperature. This has been well verified by several observation of the last
15 years, starting from the COsmic Background Explorer (COBE) [21]. COBE
confirmed the black body nature of the background, measuring a temperature
T0 = 2.725 ± 0.002K through the spectrometer FIRAS (Far Infrared Absolute
Spectro-photometer). Moreover the Differential Microwave Radiometer (DMR)
carried on COBE allowed the first observation of an intrinsic anisotropy in the CMB
temperature on scales of several degrees. The most relevant characteristic of the
CMB is its noticeably isotropy. Temperature fluctuations are of the order of ∼ 10−5,
that is at the order of µK. These small fluctuation are indeed of greatest interest
and they will be discussed in detail in the next chapter. As the angular dimensions of
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these anisotropies depend on the curvature of the universe (the angular dimension of
an object of fixed linear dimension are smaller in a negatively curved universe rather
then in positively curved universe), the current measures of the angular dimension
of these anisotropies lead to the conclusion that we leave in flat universe with zero
curvature (k = 0).
For our aim, let us look the relationships:

TCMB = 2.728(1 + z),

ργ,CMB = π2

15T
4.

We can see that the energy density of photons in the universe only depends on
T . The number of photons per unitary volume is nγ = 4.11× 108m−3, i.e. there are
411 photons per cubic centimeter in the present universe.
The energy of the photons is very low, and the fact that it is called Cosmic Microwave
Background depends on the mean energy density of the photons that corresponds
to a wavelength of two millimeters, that is placed in the millimetric range of the
electromagnetic spectrum.
Considering the energy density of photons equation with the current value of the
temperature, we obtain ργ and hence the density parameter:

Ωγ(t0) = Ωγ = 2.47× 10−5

h2a4 .

We have seen that neutrinos are relativistic and therefore they are coupled with
photons, which allow us to treat them together: we define the radiation density
parameter Ωr = Ωγ + Ων .

1.8.4 Dark energy.

Dark energy is the most accepted hypothesis to explain observations from Super-
novae4, CMB5 and other6,7 indicate that the universe is expanding at an accelerating
rate. It is, therefore, a hypothetical form of energy that permeates all of space and
tends to accelerate the expansion of the universe [23].

Two proposed forms for dark energy are the cosmological constant [24], briefly
4The Nobel Prize in Physics 2011 won by S. Perlmutter, B. P. Schmidt and A. G. Riess "for the

discovery of the accelerating expansion of the universe through observations of distant supernovae"
[22].

5Measurements of CMB anisotropies indicate that the universe is close to flat. To get this shape,
the mass/energy density of the universe must be equal to the critical density. If the total amount of
matter in the universe accounts for only about 30% of the critical density, then there must be an
additional form of energy to account for the remaining 70%.

6Confirmation to cosmic acceleration independent of supernovas come from the WiggleZ galaxy
survey (2011), scanned more than 200,000 galaxies to determine their redshift. The data con-
firmed cosmic acceleration up to half of the age of the universe (7 billion years) and constrain its
inhomogeneity to 1 part in 10.

7The Integrated Sachs-Wolfe effect (ISW) shows that accelerated cosmic expansion causes
gravitational potential wells and hills to flatten as photons pass through them, producing cold spots
and hot spots on the CMB aligned with vast supervoids and superclusters. It is a direct signal of
dark energy in a flat universe.
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introduced in the previous paragraph it is a constant energy density filling space
homogeneously, and scalar fields such as quintessence or moduli, dynamic quantities
whose energy density can vary in time and space. It is crucial to understand how
the dark energy evolves: measure the equation of state for dark energy is one of the
biggest efforts in observational cosmology today. Assuming the cosmological constant
the simplest solution for the dark matter problem, according to the Planck mission
team [13] and based on the standard model of cosmology, the total mass-energy of
the universe contains 4.9% ordinary matter, 26.8% dark matter and 68.3% dark
energy. It is clear, therefore, that the dark energy plays a key role, although it is still
matters of speculation. By the Planck experiment, the dark energy density divided
by the critical density today has the values:

ΩΛ = 0.685+0.018
−0.016

1.9 The evolution of the scale factor.
The study of the evolution of the universe is complicated by the presence of many
components, each with a different equation of state. We have seen the different
components of the universe, we understand now what role plays these components
in our universe and in the last paragraph of the chapter we will talk briefly about
their history in the history of the universe.

The energy density and the pressure can be summed for each component: the
total energy density can then be written:

ρ =
∑
w

ρw, (1.50)

where ρw is the energy density of the component with the equation of state charac-
terized by the parameter w; the total pressure, using the Eq.(1.28) is:

P =
∑
w

Pw =
∑
w

wρw. (1.51)

Assuming that there are no interactions between the different components, the fluid
equation can be written as in Eq.(1.27). Integrating and normalizing to the present
time when a0 = 1 and the energy density is ρw,0, the Eq.(1.29) is written as:

ρw(a) = ρw,0a
−3(1+w). (1.52)

A flat universe constituted of radiation, matter, curvature and cosmological constant
is the model that best fits with our universe: Ω0 = Ωr,0 + Ωm,0 + Ωc,0 + ΩΛ,0. In
this case, recalling Eq.(1.24) and Eq.(1.26), we have:(

H

H0

)2
=
(Ωr,0
a4 + Ωm,0

a3 + Ωc,0
a2 + ΩΛ,0

)
. (1.53)

Looking at the Fig.(1.3), we see the evolution of the single components and we
see that each period of the universe story has a dominant component in which the
Friedmann equation can be considerably simplified. Considering a flat universe
(Ω = 1,k = 0), and neglecting the period dominated by the curvature, we have:
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Figure 1.3. Evolution of ρ(a) as function of the scale factor a in the universe story.
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ȧ
a

2 = ΩΛH
2
0 −→ a(t) = e

√
ΩΛH0(t−t0).

During the equivalent time we must consider both components that participate in
the change of domination. In that case a(t) does not have a simple analytical form
and the Friedmann equation (Eq.(1.22)) became:

ȧ2 = 8πG
3c2

∑
w

ρw,0a
−1−3w − kc2. (1.54)

Considering now the phase when matter and cosmological constant dominated in
the Eq.(1.53), rewrite using ΩΛ,0 = 1− Ωm,0:(

H

H0

)2
= Ωm,0

a3 + (1− Ωm,0). (1.55)

Depending on the value of Ωm,0, as we can see in Fig.(1.4), different scenarios are
possible:

• Ωm,0 < 1. In this case the second term is positive and the expansion will last
forever.

• Ωm,0 > 1. In this case the cosmological constant will be attractive. There will
a phase of expansion until the maximum value amax = Ωm,0

Ωm,0−1 , followed by
a phase of contraction with tc = 2π

3H0
1√

Ωm,0−1 which will be earlier if Ωm,0 is
greater.

The most general expression for the age of universe is:

H0t =
∫ a

0

da(
Ωr,0
a2 + Ωm,0

a + ΩΛ,0a2 + (1− Ω0)
)1/2 . (1.56)
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Figure 1.4. The ultimate fate of an expanding universe depends on the matter density Ωm
and the dark energy density ΩΛ

In the case with Ωm,0 = 0.3, ΩΛ,0 = 0.7 and H0 = 72 ± 8km/s/Mpc, results
t0 = 13.5± 1.3Gyrs.

For completeness (and in anticipation of the next section) we report the estimates
of the redshift of the equivalent time matter-radiation and matter-Λ (see Fig.(1.3)).

The equivalent time for matter and Λ correspond to:

am,Λ =
(

Ωm,0
ΩΛ,0

)1/3

∼
(0.3

0.7

)1/3
∼ 0.75, (1.57)

which corresponds to the redshift zm,Λ ∼ 0.33.
For the equivalent time for radiation and matter we have:

ar,m = Ωr

Ωm
∼ 8.4× 10−5

0.3 , (1.58)

which correspond to the redshift zr,m ∼ 3600.

1.10 Early universe, epochs and thermal history.

With the knowledge seen before, we could turn the clock back and extrapolate the
epochs of the universe.
Since the universe is expanding now, it is probable that in the early time a→ 0. If
it is so, it must have been in a very different physical state than the current one: the
universe must have been much hotter going back in time, with the baryonic matter
component in an ionized state and the photons not free to propagate itself in the
primordial plasma, trapped in this very dense environment.
Starting from the very early era, we assumed the existence of different epochs during
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Figure 1.5. History of the universe in a concise picture. Credit: Fermilab

the cooling process of the expanding universe. Here we speak briefly about the very
early universe as the modern cosmology now suggests (see Fig.(1.5)), omitting to
talk about the structure formation and the recent periods of our universe.

The Planck Epoch.

This period was at Planck time tPl < 10−43s and at Planck energy EPl ∼ 1019

GeV. In these energy conditions the theory of general relativity has to take into
account the quantum effect and the field theories must abandon the assumption
of static Minkowsky space time background. During this epoch the fundamental
forces (electromagnetism, gravitation, weak nuclear interaction, and strong nuclear
interaction) may have been unified.
Traditional big-bang cosmology predicts a gravitational singularity before this time,
but this theory is based on general relativity and is expected to break down due to
quantum effects. Proposed theories of quantum gravitation, such as string theory,
loop quantum gravity, and causal sets, could lead to a better understanding of this
epoch.
In inflationary cosmology, before the end of inflation (t < 10−34s) the universe is a
near-vacuum with a very low temperature, and persists for much longer than 10−34s.
Times from the end of inflation are based on the big-bang time of the non-inflationary
big-bang model, not on the actual age of the universe at that time, which cannot
be determined in inflationary cosmology. Thus, in inflationary cosmology there is
no the Planck epoch in the traditional sense, though similar conditions may have
prevailed in a pre-inflationary era of the universe.
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The Grand Unification Epoch.

The Planck epoch may have inaugurated a period of unification, known as the grand
unification epoch, and that symmetry breaking then quickly led to the era of cosmic
inflation, during which the universe greatly expanded in scale over a very short
period of time.
At the time 10−43s < t < 10−34s, the temperature of the universe was comparable
to the characteristic temperatures of grand unified theories (EGUT ∼ 1015 GeV).
During this period, three of the four fundamental interactions (electromagnetism,
the strong interaction, and the weak interaction) were unified as the electronuclear
force and, further cooling, the strong force separated from the other fundamental
forces8. During the grand unification epoch, physical characteristics such as mass,
charge, flavour and colour charge were meaningless.
This phase transition is also thought to have triggered the process of cosmic inflation
that dominated the development of the universe during the following inflationary
epoch. In addition, this transition should produce magnetic monopoles in large
quantities, which are not observed today. The lack of magnetic monopoles was one
problem solved by the introduction of inflation theory.

The Electroweak Epoch.

In traditional big-bang cosmology, the electroweak epoch was at t > 10−34, when
the temperature of the universe is low enough ∼ 1015 GeV to separate the strong
force from the electroweak force. Particle interactions in this phase were energetic
enough to create large numbers of exotic particles, including W and Z bosons and
Higgs bosons [26].
Around this time also the process called Baryogenesis could take place (when
1017GeV < T < 1012GeV). It is required to explain why, by observational evidence,
today the universe contains far more baryons than antibaryons.
The quantum field theory guarantees that a particle and its antiparticle have exactly
the same mass and lifetime, and exactly opposite charge. Given this symmetry, it is
puzzling that the universe does not have equal amounts of matter and antimatter.
Indeed, there is no experimental evidence that there are any significant concentrations
of antimatter in the observable universe, we can then think about a set of phenomena
contributed to a small imbalance in favour of matter over time.
We may think that during this phase, the universe becomes asymmetric in the baryon
number: the number of baryons is slightly higher than the number of antibaryons.
Following the decrease of the temperature, the antibaryons annihilate leaving an
excess of baryons, which they survived until today. A candidate explanation for this
phenomenon must allow the Sakharov conditions9 [27] to be satisfied at some time
after the end of cosmological inflation. While particle physics suggests asymmetries
under which these conditions are met, these asymmetries are too small empirically
to account for the observed baryon-antibaryon asymmetry of the universe.
This can be explained by inflationary theory. The inflationary epoch comprises the

8Gravity had separated from the electronuclear force at the end of the Planck era.
9These are: baryon number violation, C-symmetry and CP-symmetry violation, interactions out

of thermal equilibrium. We do not deepen this argument, and not even introduce the basics of CPT
symmetry.
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first part of the electroweak epoch following the grand unification epoch. It lasted
from 10−36s to ∼ 10−34s. Following the inflationary period, the universe continued
to expand, but at a slower rate.
We will see in depth the inflationary theory after in chapter inflation model, let us
just say here that this is in a rapid exponential expansion. This rapid expansion
increased the linear dimensions of the early universe by a factor of at least ∼ 1026

(and possibly a much larger factor), and so increased its volume by a factor of
at least ∼ 1078. The rapid expansion of space meant that elementary particles
remaining from the grand unification epoch were now distributed very thinly across
the universe. However, the huge potential energy of the inflation field was released
at the end of the inflationary epoch, repopulating the universe with a dense, hot
mixture of quarks, anti-quarks and gluons as it entered the electroweak epoch.

The Radiation Dominated Epoch.

This epoch extends to the temporal range 10−10s < t < 102s and it includes some
important sub-steps with the decrease of temperature that lead to a value of energy
∼ 102 GeV, to ensure the unification of forces, to energies ∼ 0.1 MeV that allow the
formation of 4He.
First, we have the electroweak symmetry breaking at time < 10−6s and energy
lower than the electroweak symmetry scale. In this epoch the weak force and
electromagnetic force, and their respective bosons (the W and Z bosons and photon),
manifest differently in the present universe, with different ranges. At the end
of this epoch, the fundamental interactions of gravitation, electromagnetism, the
strong interaction and the weak interaction have now taken their present forms, and
fundamental particles have mass, but the temperature of the universe is still too
high to allow quarks to bind together to form hadrons. Indeed the universe was
filled with a dense, hot quark-gluon plasma, containing quarks, leptons and their
antiparticles. Collisions between particles were too energetic to allow quarks to
combine into mesons or baryons. It was called quark epoch of the universe and ended
at time of 10−6s, when the average energy of particle interactions had fallen below
the binding energy of hadrons and quarks became confined within hadrons. This
period is known as the hadron epoch. Initially the temperature was high enough to
allow the formation of hadron/anti-hadron pairs, which kept matter and anti-matter
in thermal equilibrium. However, as the temperature of the universe continued to
fall, hadron/anti-hadron pairs were no longer produced. Most of the hadrons and
anti-hadrons were then eliminated in annihilation reactions, leaving a small residue
of hadrons.
The elimination of anti-hadrons was completed by one second after the big-bang,
when the following lepton epoch began. It started roughly 1 second after the big-bang,
the temperature of the universe was still high enough to create lepton/anti-lepton
pairs, so leptons and anti-leptons were in thermal equilibrium. Approximately 10
seconds after the big-bang the temperature of the universe had fallen to the point
where lepton/anti-lepton pairs were no longer created. Most leptons and anti-leptons
were then eliminated in annihilation reactions, leaving a small residue of leptons.
When the temperature of the universe falls to the point where atomic nuclei can
begin to form, at energy of ∼ 0.1 MeV, starts the process of nucleosynthesis. It
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occurred during the first few minutes of the photon epoch; protons (hydrogen ions)
and neutrons begin to combine into atomic nuclei in the process of nuclear fusion,
free neutrons combine with protons to form deuterium. Deuterium rapidly fuses into
4He. Nucleosynthesis only lasts for about seventeen minutes, since the temperature
and density of the universe have fallen to the point where nuclear fusion cannot
continue. By this time, all neutrons have been incorporated into helium nuclei.
This leaves about three times more hydrogen than 4He (by mass) and only trace
quantities of other nuclei.
For the remainder of the radiation epoch the universe contained a hot dense plasma
of nuclei, electrons and photons.

The Matter Dominated Epoch.

Around 7 × 104 year, the densities of non-relativistic matter (atomic nuclei) and
relativistic radiation (photons) are equal.
The Jeans length λJ =

√
πc2s
Gρ0

10 [28], which determines the smallest structures that
can form, begins to fall and perturbations begin to grow in amplitude. At this stage,
cold dark matter dominates paving the way for gravitational collapse to amplify
the tiny inhomogeneities left by cosmic inflation, making dense regions denser and
rarefied regions more rarefied.
At the time of ∼ 104 years, the temperature of the universe falls to around 1 eV,
that is the order of the binding energy of the hydrogen atom. For the first time after
the big-bang, the universe becomes something other than dense plasma of photons,
electrons, and protons. This plasma was effectively opaque to electromagnetic
radiation, as the distance each photon could travel before encountering a charged
particle was very short.
As the universe expanded, it also cooled to the point that the formation of neutral
hydrogen was energetically favored: ionized hydrogen and helium atoms capture
electrons thus neutralizing their electric charge. This time was named recombination
epoch, by the name of this transition.
Shortly after, at ∼ 380,000 years and energy of ∼ 0.1 eV, photons decoupled from
matter in the universe. This allows them to travel freely through the universe
without interacting with matter, making this the earliest epoch observable today.
The photons present at the time of decoupling are the same photons that we see in
the CMB radiation, after being greatly cooled by the expansion of the universe.
By the end of this period, the universe consists of a fog of about 75% of hydrogen
and 25% of helium, with just traces of lithium.

10where cs is the sound velocity in the fluid, and ρ0 is the density of the static fluid.
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Chapter 2

Cosmological perturbation
theory and structure formation

In the previous chapter we have treated the universe as isotropic and homogeneous,
with a gravitational field described by the FLRW metric. Now, we can move to a
more realistic scenario. The observed universe, indeed, is far from perfectly homoge-
neous and isotropic, as matter is arranged in clusters and large voids containing very
little matter and in CMB radiation tiny anisotropies are clearly seen. The universe,
at small scale, it is too inhomogeneous to be described in a simple way. We should
therefore consider the primordial universe, when matter had not yet gravitationally
collapsed and the inhomogeneities of matter were so small (δρ/ρ � 1) that they
could be treated as first-order perturbations. Starting from here, the study of the
evolution of the perturbations in the distribution function of photons by perturbing
at linear order around the solution of a FLRW universe will help to have a deeper
understanding of the CMB anisotropies.

The aim of this chapter is the analysis of these perturbations that represent the
seeds of the structures we see nowadays in our universe. We will show how to
treat the perturbations of the different components of the universe by deriving the
general relativistic equations that govern such small fluctuations. This will allow us
to obtain a much better description of the universe, which also takes into account
the presence of inhomogeneities. The comprehension of the role of perturbations
is crucial to understand the anisotropies in the cosmic distribution of photons and
inhomogeneities in the matter. We will see here in detail the anisotropies of the
CMB radiation, that corresponds to density, velocity and gravitational potential
fluctuations present at the decoupling epoch. In what follows, we will derive a set of
linear differential equations that we need to integrate in order to compute the value
of the CMB fluctuations today. We will leave to the next chapter the discussion of
the initial conditions necessary to solve the equations derived here.
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2.1 Perturbation Theory and the Boltzmann equation.
As a first step, we need to perturb the FLRW metric. We consider a most general
form for the metric:

ds2 = g00(cdt)2 + 2g0idx
idt− gijdxidxj . (2.1)

In order to observe the effects of a space-time coordinate transformation on the
perturbation, we need to have transformations that do not affect the coordinates
and the unperturbed fields but have only effect on the perturbations to the fields.
This problem can be solved by fixing a coordinate system and considering gauge
transformations, which only affect the perturbations.
Two popular choices are the synchronous gauge and the conformal Newtonian
gauge. Historically, most calculations of linear fluctuation growth have been carried
out in the synchronous gauge, so called because the t coordinate defines proper
time for all comoving observers. Although this gauge is affected by ambiguities,
the synchronous coordinates are generally considered the most efficient reference
system for doing numerical calculations, and are used in many modern cosmology
codes, such as CAMB. The results presented in this thesis in chapters 4 and 5 are
obtained using “exact" equations and synchronous gauge, as shown in Ref. [29].
The conformal Newtonian gauge, instead, is free of the gauge ambiguities associated
with the synchronous gauge and we choose to use it in our review. Using this gauge
transformation with the potentials Φ and Ψ, we obtain:

g00(~x, t) = −1− 2Ψ(~x, t), (2.2a)
g0i(~x, t) = 0, (2.2b)

gij(~x, t) = a2δij(1 + 2Φ(~x, t)), (2.2c)

where function Ψ corresponds to the gravitational Newtonian potential and the
function Φ to the perturbation to the spatial curvature. If Φ and Ψ are both zero
we obtain the unperturbed FLRW metric.
It can be shown that the degrees of freedom of the perturbed metric can be of three
kinds: scalar, vectorial or tonsorial. Eqs.(2.2) contains only scalar perturbations
and the two scalar potentials transform themselves as scalar quantities (they are
invariant under transformation of coordinates).
As said, in principle it is possible that the metric of our universe also has vector
or tensor perturbations. If so, gµν would require other functions besides Φ and Ψ
to fully describe all perturbations. For example, the off-diagonal elements become
non-zero if there are vector perturbations. Indeed, there are many cosmological
theories wherein there are both tensor and vector perturbations. For example, the
inflation model tends to predict that there will be tensor perturbations, while models
based on topological defects tend to produce large vector perturbations.
For now we focus on the scalar perturbations; these are the only ones that couple to
matter perturbations and are the most important that couple to photon perturbations
as well. Moreover, the Decomposition Theorem allows one to treat the scalar, vector
and tensor perturbation separately since each of these evolves independently at
linear level and it is not incorrect to build a perturbative model based only on scalar
perturbations.
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We notice also that these functions are small perturbations at the scale of interest,
therefore, as we will see, it is possible to neglect the quadratic and higher-order
terms when we will consider the Einstein equations.

2.1.1 The Boltzmann equation.

The metric which determines the gravitational forces is influenced by all the compo-
nents of the universe, thus to solve for the photon and dark matter distributions we
need to simultaneously solve for all the other components.
There is a systematic way to account for all of these couplings: we will write a
Boltzmann equation for each species in the universe. The most general form of the
equation for a distribution function f(~x, ~p, t) is:

df

dt
= ∂f

∂t
+ ∂f

∂xi
dxi

dt
+ ∂f

∂p

dp

dt
+ ∂f

∂p̂i
dp̂i

dt
= C[f ]. (2.3)

The term on the left-hand side is the total derivative of the distribution function
with respect to time and it represents the explicit time variation of the distribution
function. The right-hand side contains all the collision-related terms of the compo-
nent under consideration by all the other component (for instance the scattering
process) and hence represents the effects of collisions; it is therefore a complicated
function of all the distribution functions of the various components.
For df/dt = 0 (in the absence of collisions), the equation means that the number
of particles in a given element of phase space does not change with time and that
we can still progress systematically by re-expressing the full derivative in terms of
partial derivatives.
Each of the total derivatives at the right of equation must be expressed explicitly,
starting from the definitions of the four-momentum and Christoffel symbols [11].

With the risk of being too detailed for the purpose of this thesis, we will dis-
cuss in detail only the treatment for photons. As we will see, for the remaining
components of the universe we can have a similar discussion and we can directly
write the conclusions.

Boltzmann equation for photons.

Let us now remember the definition of the four-momentum of a particle: Pµ = dxµ

dλ ,
where the affine connection λ parametrizes the path of the particle in space-time. It
is used in general relativity as the parameter in function of which it is possible to
express the coordinate variation.
Photons or massless particles satisfy the condition for the four-momentum:

P 2 = gµνP
µP ν = 0. (2.4)

So there are only three independent components of the momentum vector. We can
therefore write the time component, defining p2 = gijP

iP j , and using Eqs.(2.2) as:

P 2 = 0 = −(1 + 2Ψ)(P 0)2 + p2 −→ P 0 = p√
1 + 2Ψ

= p(1−Ψ). (2.5)
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The last equality is because we are truncating at first-order perturbation theory in
the small quantity Ψ. We use the convention for which an over-dense region has
Ψ < 0. Therefore, in an over-dense region, the term in parentheses on the right-hand
side here is greater than one. Thus, Eq.(2.5) tells us photons lose energy as they
move out of a potential well.
The spatial component of the four-momentum at the first-order in perturbation
theory takes the form:

P i = pp̂i
1− Φ
a

, (2.6)

which involves dxi

dt = p̂i

a (1 + Ψ + Φ). An over-dense region has Ψ < 0 and Φ > 0,
making the term in parentheses less than one. This expression shows that a photon
“slows down", or rather loses energy (dx/dt becomes smaller), when traveling through
an over-dense region. This makes perfect sense: we expect the gravitational force of
an over-dense region to “slow down" even photons.
At once, it is possible to write dp/dt as (the complete calculations can be found in
[11]):

1
p

dp

dt
= −H − ∂Φ

∂t
− p̂i

a

∂Ψ
∂xi

. (2.7)

It describes the change in the photon momentum as it moves through a perturbed
FRW universe. The first term accounts for the loss of momentum due to the Hubble
expansion. To understand the significance of the next two terms we remember
the definition of over-dense region in conventions. Therefore, the second term says
that a photon in a deepening gravitational well (∂Φ/∂t > 0) loses energy. This is
understandable: the deepening well makes it more difficult for the photon to emerge,
thereby increasing the magnitude of the redshift. Finally, a photon travelling into
a well (p̂i∂Ψ/∂xi < 0) gains energy because it is being pulled toward the centre.
Conversely, as it leaves the well, it gets red-shifted.
The last term of Eq.(2.3) does not contribute of first-order in the perturbation
theory, because it turns out to be the product of first-order terms (which makes of
this a term of the second-order). In this way we obtain the Boltzmann equation for
photons:

df

dt
= ∂f

∂t
+ p̂i

a

∂f

∂xi
− p∂f

∂p

[
H + ∂Φ

∂t
+ p̂i

a

∂Ψ
∂xi

]
= C[f ]. (2.8)

The equation includes all the information on the behaviour of photons in an expand-
ing universe: the first two terms on the right are due to the classical equation of
hydrodynamics; the third term dictates that photons lose energy in an expanding
universe; the last two encode the effects of under/over-dense regions on the photon
distribution function.

The perturbation of the distribution function can be characterized by introducing
the function Θ, that does not depend on the magnitude of the momentum, as it is
assumed that during Compton scattering the total momentum is conserved.
The distribution function for photons at zero-order is identified with the Bose-Einstein
distribution [11] with zero chemical potential:

f (0) ≡ (ep/T − 1)−1.
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The perturbed expression becomes:

f(~x, p, p̂, t) =
[
exp

(
p

T (t)[1 + Θ(~x, p̂, t)

)
− 1

]−1
. (2.9)

where Θ = δT/T depends on both the position ~x and the direction of propagation p̂.
Since Θ is small, we can expand to first-order as follows:

f(~x, p, p̂, t) ∼ 1
e(p/T ) − 1

+
(
∂

∂T
[ep/T − 1]−1

)
TΘ = f (0) − p∂f

(0)

∂p
Θ. (2.10)

The left term of the Boltzmann equation for the photon at first-order assumes then
the form: (

df

dt

)
Iorder

= −p∂f
(0)

∂p

[
∂Θ
∂t

+ p̂i

a

∂Θ
∂xi

+ ∂Φ
∂t

+ p̂i

a

∂Ψ
∂xi

]
. (2.11)

In the next step we show the collision term due to the Compton scattering. The
process of scattering is given by e−(~q) + γ(~p)←→ e−(~q′) + γ(~p′).
In the case in which we neglect the angular dependence and polarization, it is possible
to write the collision term C[f(~p)] expanding and truncating at the first-order:

C[f(~p)] = −p∂f
(0)

∂p
neσT [Θ0 −Θ(p̂) + p̂ · ~vb], (2.12)

where we have defined the monopole moment perturbation as:

Θ0(~x, t) ≡ 1
4π

∫
dΩ′Θ(p̂′, ~x, t). (2.13)

We must highlight the inability to absorb the term of the monopole in the definition
of temperature of the zero-order since the latter is constant over all space. The
perturbation Θ0 represents the deviation of the monopole at a given point in space
from its average in all space.
In the case where the bulk speed of the electrons is zero, the Compton scattering
should be very efficient and only the monopole perturbation survives; all other
moments are washed out. Intuitively, strong scattering means that the mean free
path of a photon is very small. Therefore, photons arriving at a given point in
space last scattered off very nearby electrons if Compton scattering is efficient.
These nearby electrons most likely had a temperature very similar to the point of
observation. Therefore, photons from all directions have the same temperature. This
is the characteristic signature of a monopole distribution: the temperature on the
sky is uniform.
The situation changes slightly if the electrons carry a bulk velocity. In that case,
the photons will also have a dipole moment, fixed by the amplitude and direction of
the electron velocity. Even in this case, though, all higher moments will vanish. The
shape of the photon distribution takes a simple form (being characterized only by
its monopole and dipole) and photons behave like a fluid. Indeed, strong scattering,
or tight coupling, produces a situation where in the photons and electrons behave as
a single fluid.
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Equating Eq.(2.11) and Eq.(2.12) we have:

∂Θ
∂t

+ p̂i

a

∂Θ
∂xi

+ ∂Φ
∂t

+ p̂i

a

∂Ψ
∂xi

= neσT [Θ0 −Θ + p̂ · ~vb]. (2.14)

In terms of the conformal time (Eq.(3.16)), the Boltzmann equation (Eq.(2.14))
becomes:

Θ̇ + p̂i
∂Θ
∂xi

+ Φ̇ + p̂i
∂Ψ
∂xi

= neσTa[Θ0 −Θ + p̂ · ~vb], (2.15)

where overdots represent derivatives with respect to conformal time. Eq.(2.15) is a
partial differential linear equation coupling Θ to Φ and Ψ variables and ~vb. Since it
is linear (true if Θ is small), each mode k evolves independently.
The Fourier transform of the perturbation variable is:

Θ(~x) =
∫

d3k

(2π)3 e
i~k·~xΘ̃(~k). (2.16)

Before rewriting Eq.(2.15) in terms of Fourier modes, let us make two final definitions.
First, define the angle between the wave number ~k and the photon direction p̂ to be

µ ≡
~k · p̂
k
. (2.17)

The wavevector ~k points in the direction in which the temperature changes, so it is
perpendicular to the gradient. If µ = 1, the photon travels in the direction along
which the temperature changes, while if µ = 0 the photon travels in a direction in
which the temperature remains the same.
Next, we define the optical depth:

τ(η) ≡
∫ η0

η
dη′neσTa, (2.18)

where σT is the Thompson scattering cross-section, ne is the electron number density
and a the scale factor. At late times, the free electron density is small, so τ � 1,
while at early times it is very large.
With these definitions, we are finally left with:

˙̃Θ + ikµΘ̃ + ˙̃Φ + ikµΨ̃ = −τ̇ [Θ̃0 − Θ̃ + µṽb]. (2.19)

We found useful to define the monopole (Eq.(2.13)) of the photon distribution. More
generally, it is useful to define the lth multipole moment of the temperature field as

Θ` ≡
1

(−i)l
∫ 1

−1

dµ

2 P`(µ)Θ(µ), (2.20)

where P` is the Legendre polynomial of order `. The quadrupole corresponds to
` = 2, octopole to ` = 3, etc. The higher Legendre polynomials have a structure
on smaller scales, so the higher moments capture information about the small scale
structure of the temperature field. So the photon perturbations can be described
either by Θ(k, µ, η) or by a whole hierarchy of moments, Θ`(k, η).
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The temperature anisotropies are coupled to the polarization field, so an accurate
determination of the former requires a treatment of the latter. ΘP describes the
change in the polarization field in space and, upon Fourier transforming, it depends
on k, µ and η.
Adopting the convention Θ̃ ≡ Θ to describe perturbation in Fourier space and
defining Π = Θ2 +ΘP2 +ΘP0 (that accounts for the angular dependence of Compton
scattering) and P2(µ) = (3µ2−1)/2 the Legendre polynomial of order 2, the equation
for the radiation is:

Θ̇ + ikµΘ = −Φ̇− ikµΨ− τ̇ [Θ0 −Θ + µvb −
1
2P2(µ)Π]. (2.21)

Note that ΘP is sourced by the quadrupole, Θ2 , and none of the other temperature
moments.

Boltzmann equation for the Neutrino component.

In the most part of the universe history, the Neutrinos are ultra-relativistic and
we can assume them massless. We introduce Fourier transform of the perturbation
variable analogous to Θ of radiation component, Ñ(k, µ, η), in order to find the
evolution equation of the perturbations for the neutrino. We can observe that there
is no scattering term since neutrinos interact only very weakly, so the Boltzmann
equation for the neutrino distribution is:

Ṅ + ikµN = −Φ̇− ikµΨ. (2.22)

Boltzmann equation for Cold Dark Matter.

There are several ways in which the dark matter distribution differs from the photon.
First, by definition that does not interact with other constituents in the universe,
thus we need not deal with any collision terms. Second, the cold dark matter is
non-relativistic.
Therefore we need to redo some of the kinematics which led to the left side of the
Boltzmann equation. Starting from Eq.(2.4), this becomes:

P 2 = gµνP
µP ν = −m2. (2.23)

The equivalent of Eq.(2.5) and Eq.(2.6) for the four-momentum of a massive particle
is:

Pµ =
[
E(1−Ψ) , pp̂i 1− Φ

a

]
, (2.24)

with E =
√
p2 +m2. We can see that only the time component is different from

that of a massless particle, with E replacing p.
Using E as one of the dependent variables, the total time derivative of the dark
matter distribution function fdm (Eq.(2.3)) becomes:

dfdm
dt

= ∂fdm
∂t

+ ∂fdm
∂xi

dxi

dt
+ ∂fdm

∂E

dE

dt
+ ∂fdm

∂p̂i
dp̂i

dt
. (2.25)

The last term (again) can be neglected since it is a second-order term. Since the
dark matter is non-relativistic (cold), the thermal motion can be neglected too.
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Instead we cannot neglect the velocity completely, because the density perturbations
themselves induce velocity flows in the dark matter via the continuity equation.
We must consider the term p/m ∼ v, but we explicitly drop all terms on second
and higher-order, closing the hierarchy for the dark matter distribution. If we
are interested in dark matter particles with much smaller masses, such as massive
neutrinos, we would need to keep these higher moments.
Instead of finding an explicit form for fdm, we multiply both sides by the phase
space volume d3p/(2π)3 and integrate:

∂

∂t

∫
d3p

(2π)3 fdm + 1
a

∂

∂xi

∫
d3p

(2π)3 fdm
pp̂i

E

−
[
da/dt

a
+ ∂Φ
∂t

] ∫
d3p

(2π)3
∂fdm
∂E

p2

E
− 1
a

∂Ψ
∂xi

∫
d3p

(2π)3
∂fdm
∂E

p̂ip = 0
(2.26)

The last term can be neglected since the integral over the direction vector is non-zero
only for the perturbed part of fdm. To simplify the equation, we use the expressions
for the dark matter number density and velocity:

ndm =
∫

d3p

(2π)3 fdm (2.27)

vi ≡ 1
ndm

∫
d3p

(2π)3 fdm
pp̂i

E
. (2.28)

Referring for the calculation step to the [11], here we define the expand of the dark
matter density ndm out to include a first-order perturbation:

ndm = n
(0)
dm[1 + δ(~x, t)], (2.29)

where n(0)
dm is the first-order term, with n(0)

dm ∝ a−3, and δ is the density perturbation
given by δρ/ρ.
We can collect zero-order and first-order terms of Boltzmann equation:

∂n
(0)
dm

∂t
+ 3da/dt

a
n

(0)
dm = 0, (2.30)

∂δ

∂t
+ 1
a

∂vi

∂xi
+ 3∂Φ

∂t
= 0. (2.31)

The additional equation is found by extracting the first moment from the Eq.(2.25)
with no collision term:

∂vj

∂t
+ da/dt

a
vj + 1

a

∂Ψ
∂xj

= 0. (2.32)

The last two equations govern the evolution of the density and velocity of the cold
dark matter. In Fourier space the two equations become:

˙̃δ + ikṽ + 3 ˙̃Φ = 0, (2.33)

˙̃v + ȧ

a
ṽ + ikΨ̃ = 0. (2.34)
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Boltzmann equation for baryonic component.

The Boltzmann equation for the baryonic component includes information on elec-
trons and protons. These are coupled by Coulomb scattering (e+ p→ e+ p), where
the scattering rate is much larger than the expansion rate at all epochs of interest.
This tight coupling forces the electron and proton overdensities to a common value:

δb = ρe − ρ(0)
e

ρ
(0)
e

= ρp − ρ(0)
p

ρ
(0)
p

, (2.35)

where δb indicates the density perturbation in the baryonic component.
We can write the Boltzmann equation for the electron and proton:

dfe(~x, ~q, t)
dt

=〈cep〉QQ′q′ + 〈ceγ〉pp′q′ (2.36a)

dfp(~x, ~Q, t)
dt

=〈cep〉qq′Q′ (2.36b)

where we have indicated the initial and final electron momenta by q and q′, of the
proton by Q and Q′ and for the photon with p and p′. The 〈cxx〉 indicates the
collision term of Compton scattering and the brackets stands for the integration on
the indicated momenta.
We multiply both sides of Eq.(2.36aa) by the phase space volume d3q/2π3 and
integrate (the cross-section of scattering between protons and photons is very small
compared with the cross-section for Compton scattering and it is therefore negligible).
The left-hand side then becomes identical to the left-hand side we derived for the
cold dark matter, so we can immediately write the Boltzmann equation:

∂ne
∂t

+ 1
a

∂(nevib)
∂xi

+ 3
[
da/dt

a
+ ∂Φ
∂t

]
ne = 〈cep〉QQ′qq′ + 〈ceγ〉pp′q′q, (2.37)

with vb velocities of the two species (ve = vp = vb). Both terms on the right vanish:
the integration measure in the first term on the right is completely symmetric under
the interchange of Q ∼ Q′ and q ∼ q′ while the term 〈cep〉 is antisymmetric under this
interchange. The examined process conserves the number of electrons so dn/dt = 0.
In Fourier space , the Eq.(2.37) becomes:

˙̃δb + ikṽb + 3 ˙̃Φ = 0 (2.38)

The second equation for baryons is obtained by taking the first moments of both
Eqs.(2.36a) and adding them together. We did something similar for the dark matter;
there we first multiplied by ~p/E and then integrated over all momenta. Since the
proton mass is so much larger than the electron mass, the sum of the two left-hand
sides will be dominated by protons. So:

mp
∂(nbvjb)
∂t

+4da/dt
a

mpnbv
j
b+

mpnb
a

∂Ψ
∂xi

= 〈cep(qj+Qj)〉QQ′q′q+〈ceγqj〉pp′q′q. (2.39)

Using the conservation of momentum, the integral of cep(~q + ~Q) over all mo-
menta vanishes. Furthermore, from conservation of total momentum, 〈ceγ~q〉pp′q′q =
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−〈ceγ(~p)〉pp′q′q. By Eq.(2.20) we define the first-order momentum in perturbation
theory Θ1 and we can write, switching to conformal time and in Fourier space, the
previous equation as:

˙̃vb + ȧ

a
ṽb + ikΨ̃ = τ̇

4ργ
3ρb

[
3iΘ̃1 + ṽb

]
. (2.40)

It quite generally governs the evolution of the baryon velocity.

2.1.2 Perturbed Einstein equations.

With the above consideration, we now have all the equations that determine the
evolution of the different components of the universe as functions of the scalar
perturbation Φ and Ψ. Now we see how these functions evolve using Einstein’s
equations, for a complete analysis we refer to [11] (here we limit the analysis briefly
reporting the conceptual development and results).
The Eq.(1.16) contains 10 distinct relationships. To determine Φ and Ψ is sufficient
to solve only two of these, chosen from the simplest to solve. The first is the
one that involves the term µν = 00 of Eq.(1.16), the second involves the spatial
part of Gij multiplied by a projection operator allowing the extraction of only the
tensor component with zero trace. Evaluating the left-hand side of the Einstein
equation (Eq.(1.16)) requires three pre-steps: compute the Christoffel symbols for
the perturbed metric of Eq.(2.2), from these form the Ricci tensor Rµν12 and finally
contract the Ricci tensor to form the Ricci scalar R ≡ gµνRµν .
We then consider the first-order part (δR) got through the multiplication of terms
and keeping only those first-order in Φ and Ψ. This give:

δR = −12Ψ
(
H2 + d2a/dt2

a

)
+ 2k2

a2 Ψ + 6Φ,00 − 6H(Ψ,0 − 4Φ,0) + 4k
2Φ
a2 . (2.41)

So now we can compute the first-order part of the time-time component and of the
spatial part component of the Einstein tensor:

δG0
0 =− 6HΦ,0 + 6ΨH2 − 2k

2Φ
a2 ,

Gij =Aδij + kikj(Ψ + Φ)
a2 .

(2.42)

To complete our derivation of the first evolution equation for Φ and Ψ, therefore,
we need to compute the first-order part of the energy-momentum tensor T 0

0 , that
corresponds to the sum of the energy density of the components.

T 0
0 (~x, t) = −

∑
all species i

gi
d3p

(2π)3Ei(p)fi(~p, ~x, t). (2.43)

To get the first-order part of the energy-momentum tensor, we must naturally
consider the first-order part of the distribution function we defined in the previous
section for photons, neutrinos, dark matter and baryons. We find:

12Being Rµν = Γαµν,α − Γαµα,ν + ΓαβαΓβµν − ΓαβνΓβµα.
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• for the photon: T 0
0 = −ργ [1 + 4Θ0]

• for the neutrino: T 0
0 = −ρν [1 + 4N0]

• for the baryons and dark matter: T 0
0 = −ρi[1 + δi]

The factor 4 for photon is easily explained: the perturbation variable Θ is the
fractional temperature change, while the energy momentum tensor is interested
in the perturbed energy density, δρ. We should have expected that since ρ ∝ T 4,
δρ/ρ = 4δT/T .
In principle, we should also include a term for the perturbation to the dark energy.
In practice, though, most models of the dark energy predict that it should be smooth
and it should be important only very recently and we can neglect the dark energy
as a source of perturbations to the metric.
The perturbed Einstein equations are (in Fourier space with the convention to omit
the tilde):

k2Φ + 3 ȧ
a

(
Φ̇−Ψ ȧ

a

)
= 4πGa2[ρdmδdm + ρbδb + 4ργΘ0 + 4ρνN0],

k2(Ψ + Φ) = −32πGa2[ργΘ2 + ρνN2].
(2.44)

In practice, the photons quadrupole contributes little to this sum, because it is very
small during the time when it has appreciable energy density. Only the collisionless
neutrino has an appreciable quadrupole moment early on when radiation dominates
the universe.
The Einstein-Boltzmann equations thus found can be used to describe the behaviour
of the cosmological fluid in the linear regime, and to calculate the cosmological
observable.

2.1.3 The Einstein-Boltzmann equations at early times.

In the previous sections we have defined the system of differential equations governing
the perturbations of the distribution of the different components of the universe.
We can now study the initial conditions of the perturbations of matter and radiation
as functions of the metric perturbations. We will determine how at primeval times
all variables depend on the potential Φ (we remember that Ψ is related to the
perturbation to the time-time component g00 of the metric and Φ is related to the
perturbation of the spatial part gij).
First, we introduce the two types of initial perturbations mode [30]. The adiabatic
mode is defined as a perturbation affecting all the cosmological species such that
the relative ratios in the number densities remain unperturbed, i.e., such that
δ(nX/nY ) = 0. It is associated with a curvature perturbation, via Einstein’s equations,
since there is a global perturbation of the matter content (this is why the adiabatic
perturbation is also called curvature perturbation). In terms of the energy density
contrasts, defined by:

δX ≡
δρX
ρX

, (2.45)
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the adiabatic perturbation is characterized by the relations:

1
4δγ = 1

4δν = 1
3δb = 1

3δdm, (2.46)

where each coefficient depending on the equation of state of the particular species.
Since there are several cosmological species, it is also possible to perturb the matter
components without perturbing the geometry. This corresponds to isocurvature
perturbations, characterized by variations in the particle number ratios but with
vanishing curvature perturbation. The variation in the relative particle number
densities between two species can be quantified by the so-called entropy perturbation:

SX,Y ≡
δnX
nX
− δnY

nY
. (2.47)

When the equation of state for a given species is such that ω ≡ p/ρ =Const, then
one can re-express the entropy perturbation in terms of the density contrast, in the
form:

SX,Y ≡
δX

1 + ωX
− δY

1 + ωY
. (2.48)

It is convenient to choose a species of reference, for instance the photons, and to
define the entropy perturbations of the other species relative to it:

Sb ≡ δb − 3
4δγ , (2.49a)

Sdm ≡ δdm − 3
4δγ , (2.49b)

Sν ≡ 3
4δν −

3
4δγ , (2.49c)

thus define respectively the baryon isocurvature mode, the dark matter isocurvature
mode, and the neutrino isocurvature mode. In terms of the entropy perturbations,
the adiabatic mode is obviously characterized by Sb = Sdm = Sν = 0.
In summary, we can decompose a general perturbation, described by four density
contrasts, into one adiabatic mode and three isocurvature modes. Indeed, the prob-
lem is slightly more complicated because the evolution of cosmological perturbations
is governed by second order differential equations and a perturbed (perfect) fluid is
described locally by its density contrast and by its velocity field. The primordial per-
turbations are constrained by the requirement that the perturbations do not diverge
when going backwards in time deep in the radiation era. With this prescription,
there remains one arbitrary relative velocity between the species, which gives an
additional mode, usually named the neutrino isocurvature velocity perturbation.

During the early times, the universe was still in the radiation-dominated era. In
this context, most perturbations had dimension much larger than the Hubble causal
horizon. It is hence possible to consider the fact that at this epoch, for most of
the perturbations, kη � 1. This inequality allows many simplifications. First, in
the Boltzmann equation for photons, Θ̇ ∼ Θ/η and ikµΘ ∼ kΘ. Then, the terms
multiplied by k can be neglected. Moreover, as photons that arrive at point x have
only had the time to travel for very short distances, they will all have the same
temperature. Hence multipoles with temperatures of orders greater than zero, as
for instance the dipole Θ1, can be neglected. So from the Boltzmann equation,
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we obtain the evolution of the temperatures perturbations for the components of
universe:

Θ̇0 + Φ̇ = 0
Ṅ0 + Φ̇ = 0
δ̇dm = −3Φ̇
δ̇b = −3Φ̇.

(2.50)

The Einstein equations at early times, ignoring the matter terms that are negligible
at early times since radiation dominates, is:

3 ȧ
a

(
Φ̇− ȧ

a
Ψ
)

= 16πGa2(ρνN0 + ργΘ0). (2.51)

Since radiation dominates, a ∝ η, so ȧ/a ≡ 1/η. Defining fν ≡ ρν
ρν+ργ as the ratio

of neutrino energy density to the total radiation density, we rewrite the previous
formula:

Φ̇η −Ψ = 2(fνN0 + [1− fν ]Θ0). (2.52)

Differentiating both right- and left-hand sides and using Eq.(2.50) we have:

Φ̈η + Φ̇− Ψ̇ = −2Φ̇. (2.53)

Moreover, as the multipole moments of higher order are negligible, from Eq.(2.44)
we obtain Φ̈η + 4Φ̇ = 0. Its solution, substituting in Eq.(2.52) give the relation
between the gravitational potential and the neutrino and photon perturbations:

Φ = 2(fνN0 + [1− fν ]Θ0). (2.54)

We know from observations that perturbations are mainly adiabatic, i.e. there was
no difference between the perturbations of neutrinos and photons. Accordingly, we
get Θ0 = N0, where both quantities are consequently constant. We finally get the
relationship that relates the primeval space-time perturbations to the monopole
deviation of the temperature photons:

Φ(k, ηi) = 2Θ0(k, ηi). (2.55)

For what concerns matter density, substituting the first of Eq(2.50) in the third
of the same set, we have δdm = 3Θ + const. The primordial perturbations are so
divided into those for which the const is zero (adiabatic perturbations) and those
for which the const is nonzero (isocurvature perturbations). Similar arguments are
also made for the baryons.
For the most part, velocities and dipole moments are negligibly small in the very
early universe. However, we will encounter situations where we need to know the
initial conditions for these as well. We assume the initial conditions [11]:

Θ1 = N1 = ivb
3 = iv

3 = − kΦ
6aH . (2.56)
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2.2 The angular power spectrum.
In order to describe the fluctuations in temperature we can write the temperature
field in the following way:

T (~x, η, p̂) = T (η)[1 + Θ(~x, p̂, η)]. (2.57)

The temperature field is defined in any point of space and time, however, it can
be observed only in our position defined by ~x0 and at our time given by η0. The
changes in temperature on the sky are identified in terms of the angles θ and φ.
The perturbation Θ can been written in terms of spherical harmonics:

Θ(~x, p̂, η) =
∞∑
`=1

∑̀
m=−1

a`m(~x, η)Y`m(p̂), (2.58)

where the indices ` and m are the conjugate variables of the real unit vector p̂. The
expansion given by Eq.(2.58) can be thought as a generalization of Fourier transform,
where now the complete set of functions in which one expands are given by the
spherical harmonics Y`m(p̂). All the information relating to the field of temperature
must be contained in the amplitude coefficient a`m.
From Eq.(2.58) it can been derived an expression for the coefficients of the expansion:

a`m(~x, η) =
∫

d3k

(2π)3 e
i~k~x
∫
dΩY ∗`m(p̂)Θ(~k, p̂, η), (2.59)

where Θ(~k) is the transformed variable by Fourier transform of Θ(~x). It is not
possible to give an exact theoretical prediction for each a`m. However, inflation
predicts (as we will see later) that these variables must be Gaussian distributed with
zero mean 〈a`m〉 = 0 and non zero variance C`, given by:

〈a`ma∗`′m′〉 = δ``′δmm′C`, (2.60)

where the average is taken over different realizations. Clearly it is impossible to
measure the value of the anisotropies in several realizations since we have only
one universe that we can actually measure. Thanks to the ergodic theorem we can
however assume that an average on just a portion of the universe will be sufficient
to get a good estimate of the variance C`. However this introduce a fundamental
limitation on the measurement of the C` that will start to be significant only at very
large angular scales. Since the C` are distributed as a chi-square distribution with
2`+ 1 degrees of freedom, this uncertainty, called cosmic variance is given by:

∆C`
C`

=
√

2
2`+ 1 . (2.61)

In order to compare data with theory we therefore need to connect the variance C`
with the perturbation variables Θ`. This can be found by using 〈Θ(~k, p̂)Θ∗(~k′, p̂′)〉.

The power spectrum in temperature is:

C` = 2
π

∫ ∞
0

dkk2P (k)
∣∣∣∣Θ`(k)
δ(k)

∣∣∣∣2 , (2.62)
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where P (k) is the power spectrum of primordial fluctuations, which is usually taken
to be a power law P (k) ∝ kn−1.
In a flat universe the relationship between angular scale and the wavelength λ of
a fixed mode is given by the θ ∼ λ/D, where D identifies the distance from the
last scattering surface (LSS). This relation changes if the universe is not flat, for
example in an open universe the geodesics are such that a particular angular scale
correspond to much larger physical scales on the LSS.

2.3 Anisotropies.
Cosmological information of fundamental importance come from the temperature
anisotropies of the CMB, they correspond to density fluctuations present at the
decoupling epoch. There are several physical processes that have a direct effects on
the temperature distribution of the CMB and the common approach is to order them
chronologically, starting from those more distant in time. Physical processes around
the redshift of last scattering (z ∼ 1100) produce the primary anisotropies, while
instead processes between then and the present time produce secondary anisotropies
which somewhat alter the former.

As the photons decouples from the baryons around redshift z ∼ 103, they carry
three different imprints of the region of the last diffusion, corresponding to the
gravitational potential, the peculiar radial velocity vr and to the density fluctuation.
Indeed we remember what has already been said:

• The photons diffused from a potential well (Ψ < 0) will suffer of a gravitational
redshift as they will come out.

• The photons diffused from matter whose peculiar velocity is in the opposite
direction respect to the observer vr > 0 will undergo a Doppler redshift and
those with vr < 0 a blueshift.

• The photons emerging from, say, an over-dense region (δ > 0) will have a
larger temperature, simply because the over-dense regions are hotter, and
under-dense regions are colder.

These three effects can be summarized in the following equation:

∆T
T

(r̂) = Ψ(r)− r · v(r) + 1
3δ(r) (2.63)

where the length of the vector r is the comoving distance to the LSS and the fields
Ψ, v and δ are to be calculated at the time of the recombination at z ∼ 103. In
Fig.(2.1) we can see the CMB angular power spectrum and intuitively explain
its characteristics in the following way. Adiabatic initial conditions produce a
coincidence of the positions of over-densities and potential wells, and so the third
term is partially erased with the first one. It follows that, for large scale fluctuations,
δ ∼ −2Ψ and so the two terms are combined in Ψ/3: this is the so-called Sachs-Wolfe
effect. It is responsible of the flat left part of the plot, where the pre-factor `(`+ 1)
is customarily used: in a cosmological model with a primordial power spectrum
with ns = 1, the Sachs-Wolfe contribution is proportional to 1/`(` + 1) and it is
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Figure 2.1. CMB power spectrum for a CDM model.

dominant at large scales. On smaller scales, instead, the fluctuations in Ψ, v and δ
have time to oscillate acoustically before the recombination and this will produce
the Acoustic peaks on the right of the same figure. As the LSS is not infinitesimal,
the CMB temperature that is measured in a given direction in the sky will be the
weighted average of all photons incoming from both the nearest and the farthest
part of the LSS. This effect cancel out the fluctuation of scales smaller than the
one corresponding to the thickness of the LSS, that is ` ∼ 103. There exist also
secondary and tertiary perturbations referring to processes that the photons undergo
in their way from the LSS to us, and we will discuss these effects briefly.

2.3.1 Large-scale.

If we limit to very large angular scales, the anisotropies that we see today are mainly
originated by two mechanisms: intrinsic fluctuations of the temperature field at the
time of recombination, given by Θ0, and fluctuations in the gravitational potential,
given by the Newtonian potential Ψ. Since we are considering the perturbation in
the linear regime, the total anisotropy is just given by the sum of this two terms:
(Θ0 + Ψ). The Ψ term is introduced because photons must travel outside of the
potential in which are trapped at the time of recombination; when photons emerge
from the potential well they lose energy.

Let us now study these large scale anisotropies in detail. For modes outside the
horizon we have kη � 1, the terms proportional to k in the evolution equations
for the baryon component Eq.(2.38), for the matter component Eq.(2.33), and in
the perturbed Einstein equation Eq.(2.44) can be eliminated. Neglecting the higher
multipoles, the evolution equations are reduced to:

3 ȧ
a

(
Φ̇ + ȧ

a
Φ
)

= 4πGa2[ρdmδ + 4ργΘ0]. (2.64)

The solution for the perturbations in radiation at large scales, assuming that recom-
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bination takes place long after the era of equality between radiation and matter,
takes the form:

(Θ0 + Ψ)(k, η∗) = 1
3Ψ(k, η∗), (2.65)

with η∗ evaluated at the time of recombination.
The observed anisotropies expressed in terms of fluctuations of dark matter density
are:

(Θ0 + Ψ)(k, η∗) = −1
6δ(η∗). (2.66)

The Fourier transform of Eq.(2.66) shows that the anisotropy of a region with high
density will be negative. For large scales at the time of recombination, over-dense
regions contain more hot photons compared to less dense regions, so Θ0 > 0 and
Ψ < 0. However, in order to reach the observer, photons must escape from the
potential wells, losing energy. The loss of energy compensates the fact that photons
were hotter than the average: Θ0+Ψ is a negative quantity when Ψ < 0. The blueshift
or redshift associated with emerging photons from the potential wells determines
the so called Sachs-Wolfe effect. In conclusion, the hotter points observed today in
the sky really identify regions with lower density at the time of recombination. The
large-scale modes evolve very slowly, this is because perturbations with wavelength
greater than the horizon are not in causal contact, so the modes called super-horizon
exhibit a small evolution.

2.3.2 Small-scale, primary anisotropies.

Gravitational potential

Let us now assume that after equality era most of the matter component is in
the form of cold dark matter (i.e. we neglect for the moment baryons or hot dark
matter). It is possible to infer the evolution of photons and baryons from the
potential Ψ. The evolution of the perturbations in cold dark matter density can be
derived from a single second order differential equation:

δ̈ + 2 ȧ
a
δ̇ − 4πGρ̄δ = 0 (2.67)

where ρ̄ is the total mean energy density. In an era dominated by radiation the
last term of Eq.(2.67) is negligible, in this case we have two linearly independent
solutions δ = cost and δ ∼ ln t, i.e. perturbations in the cold dark matter density do
not vary too significantly when the universe is radiation dominated. However, in a
universe dominated by matter there are two solutions δ ∝ t2/3 and δ ∝ t−1. Since we
assumed a primordial homogeneous universe, we need to consider only the growing
solution. It is interesting to note that if we put this solution in the Poisson equation
for the Newtonian potential we find in Fourier space ∇2Ψ = 4πGρ̄δa2. During the
matter regime δ ∼ a and δ ∼ a−3 and therefore Ψ is independent of time [31].

The acoustic oscillations

Before recombination the photons have to be strongly coupled with the electrons
and protons, consequently the mean free time between a photon and the subsequent
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collision is small compared to other important timescales. In this approximation,
frequent scattering isotropizes the photon distribution, that is characterized by
the temperature distribution. Furthermore, the photon and baryon densities are
coupled adiabatically: nγ ∝ nB ∝ T 3. The behavior of the photon-baryon fluid is
therefore characterized by a single variable, it is convenient to take as our variable
the fractional temperature fluctuation, which is simply one third of the baryon
density fluctuation:

Θ(x, t) ≡ ∆T
T

(x, t) = 1
3δ(x, t). (2.68)

With these approximations, the dynamics of the photon-baryon fluid is described by
the single equation:

d

dη

[
(1 +R)Θ̇

]
+ k2

3 Θ, (2.69)

where R ≡ 3ρB/4ργ is essentially the baryon-to-photon energy ratio.
Let us now assume that R and Ψ are independent of time. Then the gravitation is
the leading term and we can simplifies the Eq.(2.69) [31] as:

(1 +R)Θ̈ + k2

3 Θ = −k
2

3 (1 +R)Ψ. (2.70)

This is the equation for a simple harmonic oscillator, with solution:

Θ(η) = −(1 +R)Ψ +K1 cos(kcsη) +K2 sin(kcsη). (2.71)

Here K1 and K2 are constants to be fixed by the initial conditions and cs =
(3(1 +R))−1/2 is the sound speed. In this approximation, then, each Fourier mode
represents an acoustic plane wave propagating at speed cs.
There is a simple physical picture underlying this result. The baryon-photon fluid
wants to fall into the potential wells, but it is supported by radiation pressure. The
balance between pressure and gravity sets up acoustic oscillations. The three terms
in Eq.(2.70) come from the inertia of the fluid, the radiation pressure, and the
gravitational field.
In many theories, the initial perturbation is adiabatic, meaning that the matter
and radiation fluctuations are the same at any particular point. With these initial
conditions, Θ̇ = 0 at very early times and Θ(0) = −2Ψ/3, so the previous equation
becomes:

Θ(η) = −Ψ + 1
3Ψ cos(kcsη), (2.72)

where we make the important assumption R = 0.
Focusing our attention on a single Fourier mode, let us determine what kind of
anisotropy we would expect to see on the sky. Ignoring the Doppler term for the
moment, we note by Eq.(2.72) that the two terms Ψ and Θ give a pure cosine
oscillation, so ∆T/T is large when kcsη is an integer multiple of π. Therefore, if the
initial conditions have a smooth power spectrum, ∆T/T will have a harmonic series
of peaks in k-space, leading to a harmonic series in the angular power spectrum of
anisotropy on the sky. This is the origin of the acoustic peaks in Fig.(2.1), caused
by modes that have reached maxima of compression and rarefaction at the time of
last scattering. The first peak is caused by modes that have had time to oscillate
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Figure 2.2. In the graphic is shown a simple mechanical model for a single mode of acoustic
oscillation of the photon-baryon fluid. In the figure the springs represent the restoring
force of the photon pressure and the balls represent the effective mass of the system.
The upper panel shows the case in which the baryonic component is negligible, while,
the bottom panel includes the effect of baryons in the photo-baryonic fluid. The plots
on the right shown that baryons oscillations proceed more slowly and also reduce the
Doppler contribution to ∆T/T relative to the intrinsic and Sachs-Wolfe contributions.
Credit: W. Hu et.al [32].

through exactly one half of a period before last scattering; the modes that cause the
second peak have oscillated through a full period, and so on.
The physical scale of the first peak is therefore λ ∼ k−1 = csη/π ∼ 30Mpc. The
distance to the LSS is ∼ 6000Mpc, so the angular scale of the first peak is λ/D ∼
0.25◦.
With simple algebra we can derive the Doppler contribution (for a complete discussion
we refer to [31]): [∆T

T

]
Doppler

= i

3Ψ sin(kcsη). (2.73)

This has the same amplitude as the (Θ + Ψ) contribution, but is 90o out of phase in
both time (it goes like a sine instead of a cosine) and space (it has an extra factor of
i). The total ∆T/T is then the quadrature sum of Eq.(2.72) and Eq.(2.74):(∆T

T

)2
∝ sin2(kcsη) + cos2(kcsη) = 1. (2.74)

Let us remove that assumption R = 0, but keep the approximation that R is
time-independent. The adiabatic solution to Eq.(2.69) is now

Θ(η) = 1
3(1 + 3R)Ψ cos(kcsη)− (1 +R)Ψ (2.75)

By allowing R to be nonzero:

• the amplitude of the cosine oscillations is increased by a factor (1 + 3R).
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Figure 2.3. In the graphic one can see the different types of trends for the acoustic
oscillations, the case of adiabatic initial conditions opposed to a model that provides
the initial conditions for isocurvature. In the adiabatic case the potential is not crucial,
since causes an increase in amplitude of the oscillations, while in the case of isocurvature
is observed that Ψ + Θ0 is zero at the beginning and the oscillations are driven by the
growth of Ψ.

• there is now an offset in the combined Sachs-Wolfe and adiabatic contributions
to ∆T/T : in the limit R→ 0, we found that Θ + Ψ oscillated symmetrically
around zero, now it oscillates around −RΨ

• reduces the amplitude of the Doppler contribution to the anisotropy, relative
to the Sachs-Wolfe contribution. Since the cosine oscillations are now larger
in amplitude than the sine oscillations, we do indeed expect to see a series of
peaks at kcsη = mπ.

The essential reason of these effect is that baryons contribute to the effective mass
of the photon-baryon fluid, but not to the pressure: the first term of Eq.(2.75)
representing the effective mass and depends on R, but the second term representing
pressure support, does not. The effect of the baryons, therefore, is to slow down
the oscillations, and also to make the fluid fall deeper into the potential wells.
This explains all three of the key effects we have just mentioned: the increased
oscillation amplitude, the offset in the center of the oscillations, and the reduction
in importance of the velocity term relative to the other terms. These effects are
represented pictorially in Fig.(2.2).
The only condition left to be relaxed is the fact that Eq.(2.69) is constant with

time. If the driving term varies significantly with time on a time scale comparable
to the period of the oscillations, resonant driving can occur. Ψ is constant during
matter domination, but it decays during the radiation epoch. For modes that enter
the horizon before matter domination, Ψ decays while that mode is undergoing its
oscillations. The decay in Ψ therefore boosts the amplitude of those short-wavelength
modes. The modes that receive the largest boost are those that entered the horizon
before matter-radiation equality.
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If we consider isocurvature models, the effect of the driving term becomes even more
evident. In isocurvature models, the total density perturbation vanishes at early
times:

δρtotal = δρB + δργ + δρCDM + ... = 0. (2.76)

In contrast to the adiabatic case, these isocurvature oscillations are proportional to
sin kcsη rather than cos kcsη. The peaks in an isocurvature spectrum are therefore
different in phase from adiabatic peaks. The peak locations in the CMB anisotropy
spectrum can distinguish quite robustly between adiabatic and isocurvature models.
Fig.(2.3) illustrates the origin of the peaks in isocurvature models.

Diffusion damping
The discussion just completed is valid before recombination, when we can consider
the baryon-photon plasma as a single fluid. The decline of the power spectrum on the
right of Fig.(2.1) is due to the fact that the recombination is not instantaneous and
so there is the fail of the tight coupling approximation, especially around the the last
scattering time. Moreover, the LSS is really a shell of some thickness. Oscillations on
scales smaller than this thickness do not show up as observable anisotropies on the sky.
This diffusion process is known as Silk damping effect, and it happens for the greater
part around the last scattering epoch because that is the time in which the free mean
path becomes large. We have to consider that when we measure the temperature in
one direction in the sky, we are actually averaging photons that undergo the last
scattering both near the front end and in the background of the LSS. This pro-
jection effect erases the fluctuations over scales smaller than the thickness of the LSS.

In conclusion to this argument we would like to point out the dependences of
the details of the power spectrum on the variation of some important cosmological
parameters.

• Ωtot: lowering the value of the total density has the main effect of shifting
the spectrum to the right, towards higher multipoles, mainly due to curvature
effect. If Ωtot 6= 1 (models with spatial curvature) the position of the acoustic
peaks shifts due to the geodesic deviation. Moreover, the Integrated Sachs
Wolfe (ISW) effect raises the power at large scale (see next section). Fig.(2.4)
panel (a).

• Λ: the raising of the cosmological constant, keeping the space flat, raises the
low multipoles because it increases the distance to the LSS (and again the
ISW effect raises the power at large scales). Fig.(2.4) panel (b).

• Ωb: raising the baryonic fraction makes the peaks higher. Moreover, this
enhances the compression peaks in a much higher extent with respect to the
rarefaction peaks. Fig.(2.4) panel (c).

• h: lowering h, the epoch of the matter-radiation equivalence is delayed because
it reduces the matter density (at a fixed Ωtot); this produces an enhancement
of the peaks because of the decaying potential due to the radiation pressure
inside the horizon during the radiation domination. Moreover, changing the
rate of expansion makes the peaks slightly shift. Fig.(2.4) panel (d).
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Figure 2.4. Sensitivity of the acoustic temperature spectrum to four fundamental cos-
mological parameters (a) the curvature as quantified by Ωtot ; (b) the dark energy as
quantified by the cosmological constant ΩΛ; (c) the physical baryon density Ωbh2; (d) the
physical matter density Ωmh2; all varied around a fiducial model of Ωtot = 1, ΩΛ = 0.65,
Ωbh2 = 0.02, Ωmh2 = 0.147, n = 1. Credit: Hu and Dodelson 2001 [33].

• ns: by enhancing the tilt of the primordial power spectrum we are increasing
the slope of the angular power spectrum C`.

2.3.3 Small-scale, secondary anisotropies.

If the intergalactic medium reionize at sufficiently high redshifts, then a fraction
of photons will interact again after the last scattering. The main result is that the
primary anisotropies are erased, and new fluctuations can be generated from the
new LSS. However, this latter surface is extremely thick (because the baryon-photon
coupling is weak), so that the nature of the new anisotropies is quite different
from the primary anisotropies. Moreover if the intergalactic medium reionized at
sufficiently early redshift, then some fraction of the photons will interact again after
the time of last scattering.
The causes of the secondary anisotropies are mainly due to gravity, and the dominant
effect is the Integrated Sachs-Wolfe effect.

Integrated Sachs-Wolfe effect
The fluctuations in the curvature of space-time yield to two types of anisotropies
in the power spectrum of the CMB. The ordinary Sachs-Wolfe effect is simply a
gravitational redshift due to the difference between points of emission and reception
of photons, while, if the gravitational potential is also time dependent, one has the



2.3 Anisotropies. 47

Figure 2.5. Contributions to the CMB temperature power spectrum. Credit: Hu et al.
[32].

integrated Sachs-Wolfe effect.
If the potential does not change over time, a photon falling and then escaping from
a potential well, does not undergo to substantial changes in the energy [31]. In the
case in which there is a well with a potential decreasing in time, the photon at the
time of escaping will gain energy respect to the time of falling into the well. The
magnitude of the Integrated Sachs-Wolfe (ISW) effect is given by the integral along
the line of sight between the photon and the observer:(∆T

T

)
=
∫

(Ψ̇(~x, η)− Φ̇(~x, η))dη (2.77)

By looking at the previous equation, we understand that the gravitational potential is
time-independent only if certain conditions are satisfied: in particular, the universe
must be dominated by matter (ρm � ρr), the curvature of space-time must be
negligible, and, the first term of the perturbation must be appropriate (δ � 1).
In most models the equality between matter and radiation occurs close to the epoch
of last scattering, in this case the universe is not fully matter dominated at recom-
bination and the gravitational potential has a small time dependence given by the
residual amount of radiation. The decay of the gravitational potential around the
last scattering gives the early ISW effect. The modes k−1 comparable with the time
scale in which the potential decays are the most affected. Since the time scale in
which the potential decays is of order of the horizon at last scattering, the early ISW
effect appears at larger scales ` ∼ 200.
The largest scales are affected by late ISW effect, that occurs when the universe
start to be dominated by a cosmological constant at redshifts z ∼ 0.3. Again, the
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affected modes are those which have a wavelength the order of size of the horizon at
the time of the decay of the potential, i.e. ` < 20.

Gravitational lensing
The weak gravitational lensing is due to the distribution of matter clusters at large
scale. The detection comes from the cumulative effect of the structures along the line
of sight. The result of the weak gravitational lensing is that our image of the LSS is
slightly distorted, as if we were looking at it through an irregular refracting medium.
The total detection is predicted to be coherent on scales of ∼ 1o, and preserves the
luminosity simply by remapping the points in accordance with a detected field. For
the anisotropies in temperature, the remapping involves a flattening of the acoustic
peaks, the result is a change of 1/10 in the power spectrum CT` around ` ∼ 2000. A
key feature of lensing is to introduce non-Gaussian effects in the spectrum of the CMB.

Reionization
Once structure formation had proceeded to produce the first sources of ionizing
radiation, neutral hydrogen and helium began to reionize. The resulting free electron
density could then re-scatter CMB photons, and this affected the observed CMB in
several ways. The only significant effect for the temperature anisotropies in linear the-
ory is a uniform screening by e−τ , where τ is the optical depth through reionization,
on scales ` < 10. Anisotropies on such scales are generated from perturbations that
are sub-Hubble at the time of reionization. For these modes, the radiation is already
significantly anisotropic at reionization since the perturbations vary significantly
over the scattering electron’s own LSS. The net effect of in-scattering from different
lines of sight thus averages to zero, leaving a suppression by 3−τ due to scattering
out of the line of sight. In the power spectrum, this becomes e−2τ . However,Fourier
modes that are still super-Hubble at reionization produce negligible anisotropy by
the time of reionization since the perturbations over the electron own LSS are almost
uniform. Scattering isotropic radiation has no effect, and so reionization does not
alter the temperature anisotropies from recombination for ` < 10. Scattering around
reionization also generates new large-angle polarization and also, at second order,
small-scale temperature anisotropies. From what we have said the determination of
the amplitude and shape on the primordial power spectrum from temperature data
alone rather degenerate with τ

2.4 Polarization.

The main advantage of CMB versus more local probes of large-scale structure is
that the fluctuations were created at an epoch when the universe was still in a linear
regime. While this fact has long been emphasized for temperature anisotropies, the
same holds also for polarization in CMB and as such it offers the same advantages
as the temperature anisotropies in the determination of cosmological parameters.
The main limitation of polarization is that it is predicted to be small: theoretical
calculations show that CMB will be polarized at 5-10% level on small angular scales
and much less than that on large angular scales. Anyhow, CMB missions have
sufficient sensitivity that even such low signals are measurable and allow us to
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exploit the wealth of information present in the polarization.
In general, the polarization is created via Thomson scattering between photons

and electrons. The electric field of the incident photon causes the electron to oscillate
in the direction of the photon’s field. The electron radiates according to the dipole
emission formula. Dipole radiation emits preferentially perpendicular to the direction
of oscillation, so the light we observe will be polarized. If the radiation that hits the
electron is isotropic there will be no net polarization after the scattering, because of
the symmetry of the problem. Dipole distribution also does not generate polarization.

Linear polarization is usually decomposed into an electric (E) and magnetic
(B) type and they transform, respectively, as a scalar and pseudoscalar. With
polarization there are three additional power spectra that can be measured: E and
B autocorrelation plus E and T cross-correlation, while all other correlations (TB
and EB) vanish for symmetry reasons. This is important because it adds important
additional information on the physics of the universe.

The CMB radiation field is characterized by a 2 × 2 intensity tensor Iij and
it is a function of direction on the sky ~n and two directions perpendicular to ~n
that are used to define its components (ê1,ê2). The Stokes parameters Q and U
are defined as Q = (I11 − I22)/4 and U = I12/2, and the temperature anisotropy
is given by T = (I11 + I22)/4 (the factor of 4 relates fluctuations in the intensity
to those in the temperature). In principle there is a fourth Stokes parameter V
that describes circular polarization. It can be ignored since it cannot be generated
through Thomson scattering.

The Stokes parameters are not invariant under rotations in the plane perpendic-
ular to ~n. For this reason it is more convenient to work with scalar and pseudoscalar
polarization fields E(~n) and B(~n), which are invariant under rotations. In the small
scale we can parametrize the direction in the sky with two-dimensional angle θ, so
we have in terms of the Stokes parameters

E(`) =
∫
d2θ[Q(θ) cos(2φ`) + U(θ) sin(2φ`)]e−i`·θ,

B(`) =
∫
d2θ[U(θ) cos(2φ`)−Q(θ) sin(2φ`)]e−i`·θ,

(2.78)

with E(`) and B(`) the components of the two scalar fields.
To obtain them in real space we can perform the transform:

E(θ) = (2π)−2
∫
d2`ei`θE(`),

B(θ) = (2π)−2
∫
d2`ei`θB(`).

(2.79)

These two quantities describe completely the polarization field. By construction,
E(θ) and B(θ) are rotationally invariant and the variable B is a pseudoscalar.
In the small scales limit, we can test the structure of polarization without measuring
the whole sky (as long as the measured field is contiguous) and without worrying
about mode coupling because of incomplete sky coverage. E type polarization is
the only pattern that is produced by density perturbations and radial polarization
pattern is found around the cold spots of E.
To obtain B type polarization we can rotate all polarization “vectors" by 45◦. Hot
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Figure 2.6. Polarization fields examples: E-modes have tangential or radial alignments (top
two configurations), while B-modes are aligned at 45 degrees (bottom configurations).
Matter and energy density perturbations in the early universe give rise to only E mode
in the polarization of the CMB. Gravity waves in the early universe due to inflation
produce both E and B modes. Credit: Krauss et al. [35].

and cold spots of the B field correspond to places where the polarization vectors
circulate in opposite directions. From Fig.(2.6) we can see that such polarization
pattern is not invariant under reflections (parity transformation).
Scalar perturbations cannot induce B polarization. A detailed explanation of the
reason why can be found in Ref.[34]. In a few words, it depends on the fact that
polarization is invariant under the reflection across the axis determined by the k̂
(direction of Fourier mode) and ~n (line of sight), because polarization amplitude only
depends on the angle between k̂ and ~n. Therefore any integration around this circle
will produce only E and not B. For tensor perturbations this argument no longer
applies because here the amplitude of perturbation depends also on the orientation
of the stretching of space.

Note that polarization cannot be generated after recombination because the
universe becomes transparent for the photons. Therefore, polarization is only
generated by quadrupole moment prior to last scattering. The production of
polarization takes place almost before the era of decoupling: at that time photons
and electrons are strongly coupled, which gives rise to a very small quadrupole term.
It is expected that the polarization should not become predominant compared to
the temperature anisotropy. A certain amount of polarization is also produced, at
the large scales, after the Universe gets reionized at z ∼ 10.
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Chapter 3

Inflation Model

In the previous chapter we derived the general relativistic equations that govern the
small fluctuations and we explained the physics of the CMB. However, until now
we have not considered the origin of the primordial fluctuations that underlie the
observations.

In this chapter, we show how the presence of small quantum fluctuations dur-
ing a phase of accelerated expansion in the very early universe provides an elegant
mechanism to dynamically explain the seeds of all structure in the universe. We
analyse then the inflationary paradigm, that provides the initial conditions to solve
the equations governing the evolution of perturbations and is the currently-favoured
candidate for the origin of structure in the universe, such as galaxies, galaxy clusters
and CMB anisotropies. We begin with a quick review of the big-bang model prob-
lems which led to the introduction of inflation, like the flatness and homogeneity
of our universe. The inflationary theory, indeed, explains why distant, apparently
causally disconnected regions of the universe display the same temperature or similar
structures and why the curvature of the universe appears to be at or very close
to one. We describe the modelling of the inflationary epoch using scalar fields,
and discuss the observational predictions and the generation of primordial density
fluctuations. Finally, we will see the current observational situation and its tests
of the inflationary predictions. Of course, the primary source of information is the
analysis of CMB and the large scale distribution of galaxies in the sky, from which
we can infer the spectrum of primordial perturbations set during inflation, and thus
probe the underlying physics of that age.
We mainly refer in this chapter to the extensive work [36, 37, 38, 39, 40, 41].

3.1 The standard model problems and the inflationary
solutions.

The basic picture of big-bang cosmology is a hot and uniform early universe, expand-
ing and cooling at late times. It is very successful and has (so far) passed a battery of
increasingly precise tests, explaining the observed primordial abundances of elements,
the observed redshifts of distant galaxies, and the presence of the CMB. However,
on closer inspection there remain key conceptual puzzles. In particular, how did the
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universe get so big, so flat, and so uniform? These observed characteristics of the
universe are poorly explained by the standard big-bang scenario, whereas it all make
sense if we add, to the standard picture, the inflationary paradigm.

Flatness problem.

From the first Friedmann equation (Eq.(1.25)) we have the definition of Ωtot and we
see how from its value depends the universe evolution.
A priori, the general relativity allows any value for Ωtot and the observations show
that in the present universe is very close to unity. Moreover, in standard big-bang
cosmology, Ωtot = 1 is an unstable solution: any slight difference from unity in the
early universe will rapidly grow, e.g. if were 0.9 at one second after the big-bang, it
would be only 10−14 today; if were 1.1 at one second, then it would grow so rapidly
that the universe would have re-collapsed just 45 seconds later. To explain the
geometric flatness of space today therefore requires an extreme fine-tuning in the
big-bang cosmology without inflation.

Horizon problem.

Observations of the CMB imply the existence of temperature correlations across
distances on the sky that corresponded to super-horizon scales at the time when the
CMB radiation was released. In fact, regions that in the standard big-bang theory
would be causally connected on the LSS correspond to only an angular separation
of order 1o on the sky. This implies that the largest observed scales today were
outside the each other horizon at early times. Quantitatively, according to the
standard big-bang theory, the CMB at the LSS should have consisted of about 104

causally disconnected regions. However, the CMB has nearly the same temperature
in all directions on the sky as we can see in the CMB map in Fig.(3.1) where the
relative variations from the mean, which presently is still 2.7 K, are only of the order
of 5 × 10−5 K. The temperature variations corresponding to the local directions
are presented through different colors (the “red" directions are hotter, the “blue"
directions cooler than the average). Yet there was no way to establish thermal
equilibrium if these points were never in causal contact before last-scattering.
Quantitatively, according to the standard big-bang theory, the CMB at the LSS
should have consisted of about 104 causally disconnected regions.

Magnetic-monopole problem.

Modern particle theories predict a variety of unwanted cosmological relics, which
would violate observations. These include magnetic monopoles, domain walls, super-
symmetric particles such as the gravitino and “moduli" fields associated with super-
strings. Typically, the problem is that these are expected to be created very early
in the universe history, during the radiation era. But because they are diluted by
the expansion more slowly than radiation (eg. as a−3 instead of a−4) it is very easy
for them to become the dominant component in the universe, in contradiction to
observations. One has to dispose of them without harming the conventional matter
in the universe.
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The inflationary solution.

The inflation scenario was proposed first by Guth in 1981 [43] though some of the
key ideas were developed earlier and independently by Starobinsky [44] and others.
It attempts to solve these problems by positing a phase in the very early universe,
when the dominant form of stress-energy is a component with negative pressure that
produces accelerated expansion for a fraction of a second. During inflation, the rate of
expansion was accelerating and a small homogeneous patch not bigger than 10−26m
(orders of magnitudes smaller than an atomic nucleus) grew within about 10−34

seconds to macroscopic size of order one meter. Eventually, the acceleration stopped
and the expansion slowed down to the more moderate rate that has characterized
our universe ever since. The one meter patch grew to become the observable universe.

Let us assume that the inflation stress-energy component has constant energy
density ρφ. Ignoring matter and radiation but including ρφ, the Friedmann equation
(Eq.(1.22)) is:

H2 =
(
ȧ

a

)2
= 8πG

3c2 ρφ −
kc2

a2 . (3.1)

In contrast to the matter- or radiation-dominated case, the gravitational term grows
relative to the curvature term. Thus, it is driven towards one instead of away from
one. Once the curvature term is negligible, the solution to the Friedmann equation
is exponential expansion:

a = a0e
t/tH , (3.2)

where the scale factor can grow by an enormous factor in a moderate number of
Hubble times tH :

tH = H−1 =
(8πGρφ

3c2

)−1/2
. (3.3)

In similar way, we can write the equation for the acceleration:

ä

a
= −(1 + 3ω)

(4πG
3 ρφ

)
. (3.4)

Figure 3.1. Temperature fluctuations in the CMB as seen by ESA’s Planck satellite, the
most precise image so far of the CMB. Although the temperature of the CMB is almost
completely uniform at 2.7 K, there are very tiny anisotropies on the order of 10−5 K.
Credit: Planck Collaboration [42].
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Figure 3.2. Flatness problem: as the sphere becomes larger, its surface becomes flatter
and flatter. Similarly the inflation of space causes it to become geometrically flat, and
general relativity implies that the mass density of a flat universe must equal the critical
value. Credit: A. Guth.

We see immediately that the condition for acceleration ä > 0 is ensured if the
equation of state is characterized by negative pressure, 1 + 3ω < 0.

To understand how long the inflationary period should be, we note that in in-
flationary epoch the size of a causal region was about

dH(ti) ∼ H−1 ∼ mPl/T
2
i ∼ 10−11GeV−1,

with mPl = 1019GeV/c2 the Planck mass and the Newtons constant G written in
terms of the Planck mass, so that G = m−2

Pl in units where c = h̄ = 1. We assume
the teperature Ti ∼ 1015 GeV (the temperature when a grand unification symmetry
might break). In order for inflation to solve the horizon problem, this causal region
must be blown up to at least the size of the observable universe today,

dH(t0) ∼ H−1
0 ∼ 1041GeV−1.

So that the scale factor must increase by about

δa

a
∼
(
a(ti)
a(t0)

)
dH(t0)
dH(ti)

∼
(
T0
Ti

)
dH(t0)
dH(ti)

∼ 1024,

or somewhere around a factor of e55, or e-foldings number N ∼ 55. Assuming from
here N = 60, the expansion happens in a time of ∼ 60 H−1 ∼ 10−34 seconds, if
inflation occurs at Ti.

We will now demonstrate how this brief period of accelerated expansion solves
the problems of the standard big-bang cosmology.

• Resolution of the flatness problem. If the scale factor grew by at least a
factor of e60 during inflation, then we see from the Eq.(1.22) that the universe
is very flat at the end of inflation, since the curvature term drops while the
gravitational term remains constant. Therefore, Ωtot is driven so close to unity
that we will still observe it near unity today (even though Ωtot = 1 is unstable).
In Fig.(3.2) we see how the expanding sphere illustrates the solution to the
flatness problem in inflationary cosmology.
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• Resolution of the horizon problem. For any FLRW space with constant
equation of state, there is a conserved quantity given by:(

d

dH

)2
|Ω− 1| = const. (3.5)

Using Eq.(3.4), we see that comoving scales grow in size more quickly than
the horizon,

d|Ω− 1|
d log a

d

dH
> 0. (3.6)

This is a very remarkable behavior. It means that two points that are initially
in causal contact (d < dH) will expand so rapidly that they will eventually
be causally disconnected: during inflation the universe expands exponentially
and physical wavelengths grow faster than the horizon. Fluctuations are hence
stretched outside of the horizon during inflation and re-enter the horizon in the
late universe. Scales that are outside of the horizon at CMB decoupling were
in fact inside the horizon before inflation. The region of space corresponding
to the observable universe therefore was in thermal equilibrium before inflation
and the uniformity of the CMB is given a causal explanation, as shown in
Fig.(3.3). Putting in numbers shows that N > 60 e-folds of inflation are
required to achieve this, and a brief period of acceleration therefore results in
the ability to correlate space over apparently impossible distances.
In effect, inflation answers the horizon paradox by saying that we calculated
the particle horizon incorrectly, assuming that the expansion of the universe
was always decelerating. The last scales to leave the event horizon during the
inflationary epoch are the first ones to reenter the particle horizon during the
subsequent radiation/matter dominated era.

• Resolution of the magnetic-monopole problem. The rapid expansion
of the inflationary stage rapidly dilutes the unwanted relic particles, because
the energy density during inflation falls off more slowly (as a−2 or slower) than
the relic particle density. Very quickly their density becomes negligible. This
resolution can only work if, after inflation, the energy density of the universe
can be turned into conventional matter without recreating the unwanted
relics. This can be achieved by ensuring that during the conversion, known as
reheating, the temperature never gets hot enough again to allow their thermal
recreation. Then reheating can generate solely the things which we want.
Such successful reheating allows us to get back into the hot big-bang universe,
recovering all its later successes such as nucleosynthesis and the microwave
background.

An enormous amount of entropy is created during the reheating epoch, explaining
the large entropy within the curvature radius: the energy conservation implies
that the enormous energy in ρφ must be converted into radiation. While we have
considered ρφ = const, and thus pφ = −ρφ and exponential expansion, solving
the horizon and flatness problems in this way requires only that the expansion
be accelerating (growing faster than a ∝ t). The acceleration by the Friedmann
equation is ä ∝ (ρ+ 3p), so accelerated expansion only requires ω ≡ pφ/ρφ < 1/3.
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Figure 3.3. Conformal diagram of inflationary cosmology. Inflation extends conformal
time to negative values. The end of inflation creates an “apparent" big-bang at τ = 0.
There is, however, no singularity at τ = 0 and the light cones intersect at an earlier time
if inflation lasts for at least 60 e-folds. Credit: D. Baumann [36]

For 1 < w < 1/3, ρφ falls with time but slower than a2, so the gravitational term
still grows relative to the curvature term. Of course, the weaker the acceleration,
the longer inflation must last to solve the horizon and flatness problems.

3.2 Physics of Inflation.

Inflation is a very unfamiliar physical phenomenon: within a fraction a second the
universe grew exponential at an accelerating rate. In Einstein gravity this requires
a negative pressure source or a nearly constant energy density. In this section we
describe the physical conditions under which this can arise.

3.2.1 Slow roll inflation.

We have already seen that a cosmological constant due to nonzero vacuum energy
results in accelerating cosmological expansion. While this is a good candidate for
explaining the observations of Type Ia supernovae, it does not work for explaining
inflation at early times for the simple reason that any period of accelerated expansion
in the very early universe must end. Therefore the vacuum energy driving inflation
must be dynamic. To implement a time-dependent cosmological constant, we require
a field with the same quantum numbers as vacuum, i.e. a scalar. We will consider a
scalar field minimally coupled to gravity, with potential V (φ) and Lagrangian

Lφ = 1
2g

µν∂µφ∂νφ− V (φ). (3.7)
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The equation of motion for a homogeneous mode of the field φ(t, x) called inflaton is

φ̈+ 3Hφ̇+ dV

dφ
= 0. (3.8)

This is the familiar equation for a free scalar field with an extra term, 3Hφ̇, that
comes from the use of the FRW metric in the Lagrangian. This is of interest because
the zero mode of the field forms a perfect fluid, with energy density and pressure:

ρφ = 1
2 φ̇

2 + V (φ)
pφ = 1

2 φ̇
2 − V (φ)

Note in particular that in the limit φ̇ → 0 we recover a cosmological constant,
p = −ρ, as long as the potential V (φ) is nonzero. The Friedmann equations are:

H2 = 8π
3m2

Pl

[1
2 φ̇

2 + V (φ)
]

(3.9)

(
ä

a

)
= 8π

3m2
Pl

[
V (φ)− φ̇2

]
(3.10)

and in the φ̇→ 0 limit, we have:

H2 = 8π
3m2

Pl

V (φ) = const (3.11)

so that the universe expands exponentially, a(t) ∝ eHt.
This can be generalized to a time-dependent field and a quasi-exponential expansion
in a straightforward way. If we have a slowly varying field (1/2)φ̇2 � V (φ), we can
write the equation of motion of the field as

3Hφ̇+ V ′(φ) ∼ 0 (3.12)

and the Friedmann equation as

H2(t) ∼ 8π
3m2

Pl

V (φ(t)) (3.13)

so that the scale factor evolves as a(t) ∝ exp
∫
H(t′)dt′ ≡ e−N(t), with N e-folds

number (that is large in the past and decreases as we go forward in time and as the
scale factor a increases).
This is known as the slow roll approximation, and corresponds physically to the field
evolution being dominated by the “friction" term 3Hφ̇ in the equation of motion.
This will be the case if the potential is sufficiently flat, V ′(φ)� V (φ). It is possible
to write the equation of state of the field in the slow roll approximation as

p =
[2

3ε(φ)− 1
]
ρ. (3.14)

The ε parameter

ε ≡ m2
Pl

4π

[
H ′(φ)
H(φ)

]2
∼ m2

Pl

16π

[
V ′(φ)
V (φ)

]2
, (3.15)
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Figure 3.4. Example of an inflaton potential. Acceleration occurs when the potential energy
of the field dominates over its kinetic energy. Inflation ends at φend when the kinetic
energy has grown to become comparable to the potential energy. CMB fluctuations
are created by quantum fluctuations δφ about 60 e-folds before the end of inflation.
At reheating, the energy density of the in inflaton is converted into radiation. Credit:
Baumann [36]

and the η parameter

η ≡ m2
Pl

4π

[
H ′′(φ)
H(φ)

]
∼ m2

Pl

8π

[
V ′′(φ)
V (φ) −

1
2

(
V ′(φ)
V (φ)

)]
(3.16)

are referred to as slow roll parameters, and the slow roll approximation is valid as
long as both are small (ε� 1, |η| � 1).
This parameterization is convenient because the condition for accelerating expansion
ä > 0 is ε < 1:

ä

a
= H2(1− ε), (3.17)

and the parameter ε is related to the evolution of the Hubble parameter by

ε = −d lnH
d ln a = 1

H

dH

dN
. (3.18)

In the same way we can write number of e-folds as a function N(φ) of the field as:

N ≡ ln a(tend)
a(tinit)

= −
∫
Hdt = −

∫
H

φ̇
dφ = 2

√
π

mPl

∫
dφ
√
η
∼ 8π
m2
Pl

∫ φ

φend

V (φ)
V ′(φ)dφ.

(3.19)
Notice that between two scalar field values it can be calculated without needing
to solve the equations of motion, and also that it is unchanged if one multiplies
V (φ) by a constant. As seen, the minimum amount of inflation required to solve
the various cosmological problems is about 60 e-foldings, but inflation is typically so
rapid that most inflation models give much more.
Looking at Fig.(3.4), we can intuitively understand the behavior of the field φ. At
early times, the energy density of the universe is dominated by the field, that slowly
evolves on a nearly constant potential. The universe is exponentially driven toward
flatness and homogeneity and inflation ends as the potential becomes more steep and
the field begins to oscillate about its vacuum state at the minimum of the potential.
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In order to have a transition to a radiation-dominated universe, the energy in the
inflaton field must decay into standard model particles. The process is generically
called reheating and it is model-dependent, but it typically happens very rapidly.
The field φ need not be a fundamental field like a Higgs boson (although it could
in fact be fundamental). The simple single-field described here is an effective
representation of a large variety of underlying fundamental theories. All of the
physics important to inflation is contained in the shape of the potential V (φ).
The details of the underlying theory are important for understanding the epoch of
reheating, because the reheating process depends crucially on the specific couplings
of the inflaton to the other degrees of freedom in the theory.
As we know that the universe has to be radiation dominated and in equilibrium
by the time of primordial nucleosynthesis, at temperatures of order MeV, a typical
assumption is that the reheat temperature is something between 1 TeV and 1016

GeV, which translates into a range for Nmin ∼ [46, 60] .

3.3 Inhomogeneities.
Inflation models not only explain the large-scale homogeneity of the universe, but
also provide a mechanism for explaining the observed level of inhomogeneity as well.
During inflation, quantum fluctuations on small scales are quickly red-shifted to
scales much larger than the horizon size, where they are “frozen" as perturbations
in the background metric. The metric perturbations created during inflation are
of two types: scalar, or curvature perturbations,which couple to the stress-energy
of matter in the universe and form the seeds for structure formation, and tensor,
or gravitational wave perturbations, which do not couple to matter. Both scalar
and tensor perturbations contribute to CMB anisotropy. Scalar fluctuations can
also be interpreted as fluctuations in the density of the matter in the universe.
Scalar fluctuations can be quantitatively characterized by the comoving curvature
perturbation R = H δφ

φ̇
and the two-point correlations PR. As long as the equation

of state ε is slowly varying, the power spectrum of curvature perturbation can be
shown to be:

P1/2
R (k) =

(
H2

2πφ̇

)
k=aH

=
[
H

mPl

1√
πε

]
k=aH

. (3.20)

The fluctuation power spectrum is in general a function of wavenumber k, and is
evaluated when a given mode crosses outside the horizon during inflation, k = aH.
Outside the horizon, modes do not evolve, so the amplitude of the mode when it
crosses back inside the horizon during a later radiation- or matter-dominated epoch
is just its value when it left the horizon during inflation. Instead of specifying the
fluctuation amplitude directly as a function of k, it is convenient to specify it as
a function of the number of e-folds N before the end of inflation at which a mode
crossed outside the horizon. The spectral index ns for PR is defined by:

ns − 1 ≡ d lnPR
d ln k , (3.21)

so that a scale-invariant spectrum, in which modes have constant amplitude at
horizon crossing, is characterized by ns = 1.
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The power spectrum of tensor fluctuation modes T and the corresponding ten-
sor spectral index is given by:

P
1/2
T (kN ) =

[ 4H
mPl
√
π

]
N

, (3.22a)

nT ≡
d lnPT
d ln k . (3.22b)

The ratio of tensor-to-scalar modes, frequently expressed as a quantity r, is then

r = PT
PR

= 16ε, (3.23)

so that tensor modes are negligible for ε� 1.
In the limit of slow roll, the spectral indices ns and nT vary slowly or not at all
with scale. We can write the spectral indices to lowest order in terms of the slow
roll parameters ε and η as:

ns ∼ 1− 4ε+ 2η, (3.24a)

nT ∼ −2ε = −r8 . (3.24b)

The second equation is known as the consistency relation for inflation.
Deviations from a simple power-law spectrum of perturbations are higher order in
the slow-roll parameters, and thus serve as a test of the consistency of the slow-roll
approximation. Scale dependence in the observables corresponds to scale dependence
in the associated slow-roll parameter, and can be quantified in terms of the infinite
hierarchy of inflationary flow equations [45],

dε

dN
= 2ε (η − ε) ,

dη

dN
= ξ − εη,

...
d`λ

dN
= [(`− 1)η − `ε] `λ+ (`+1)λ. (3.25)

The higher-order flow parameters are defined by

ε ≡ 2m2
Pl

(
H ′(φ)
H(φ)

)2
,

η ≡ 2m2
Pl

H ′′(φ)
H(φ) ,

ξ ≡ 4m4
Pl

H ′(φ)H ′′′(φ)
H2(φ) ,

...
`λ ≡

(
2m2

Pl

)`H ′(φ)(`−1)

H(φ)`
d(`+1)H(φ)
dφ(`+1) , (3.26)

where the prime denotes derivatives with respect to scalar field φ.
A given inflation model can therefore be described to lowest order in slow roll by
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three independent parameters: PR, PT and ns. If we wish to include higher-order
effects, we have a fourth parameter describing the running of the scalar spectral index
dns/d ln k. The scale-dependence of the spectral index can be found by relating the
wavenumber k to the number of e-folds N ,

dn

d ln k ≡ nrun = − 1
1− ε

d

dN
(2η − 4ε) = 10εη − 8ε2 + ... (3.27)

Since the running depends on higher-order flow parameters than the spectral index
itself, it is an independent parameter, even in slow-roll inflation models. In typical
single-field inflation models, the running of the spectral index is negligible, so a
detection of scale dependence in the spectral index would rule out a large class
of viable single-field inflation models, and would therefore be a powerful probe of
inflationary physics.

Calculating the CMB fluctuations from a particular inflationary model reduces
to the following basic steps:

• from the potential, calculate ε and η;

• from ε, calculate N as a function of the field φ;

• invert N(φ) to find φN (where φN is the value of the inflaton field when there
are e-foldings until the end of inflation);

• calculate PR, ns, and PT as functions of φ, and evaluate them at φ = φN .

3.4 Old Inflation and New Inflation.
In Guth’s original inflation scenario [43] , the inflaton field φ sits at a local minimum
and is trapped in a false vacuum state. The vacuum state of a field or particle is the
lowest energy state available to the system. The concept of false vacuum comes from
examination of Fig.(3.5). If φ is placed in the potential well on the left, the lowest
energy available is that of the true vacuum. The only way φ can get out of this local
minimum is by quantum tunneling, after some characteristic time. As tunneling
takes place the universe inflates. Inflation halts when φ reaches the true vacuum
and bubbles of the true vacuum coalesce releasing the latent heat that was stored in
the field. Tunneling that leads to bubble nucleation is a first order phase transition.
This is very similar to processes that take place in the study of condensed matter
physics, fluid dynamics, and ferromagnetism. The bubbles experience a state of
negative pressure. Once created, they continue to expand at an exponential rate.
Each expanding bubble corresponds to an expanding domain. However, when one
carefully investigates this situation, one finds that the bubbles can collide as they
reach the true vacuum. Furthermore, the size of these bubbles expands at too great
of a rate and the corresponding universe is left void of structure. One finds that too
much inflation occurs and the visible universe is left empty.
Guth and others further tried to remedy these problems by fine-tuning the bubble
formation. The problem with this is twofold. One, cosmologists and particle theorists
do not like fine-tuning. The idea is to form a model that gives our universe as a
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Figure 3.5. Toy Model For Original Inflaton. In this model of inflation the inflaton finds
itself trapped in a false minimum. It is freed from this minimum when tunneling is
allowed to occur resulting in a first order phase transition in the early universe.

usual result that follows from natural consequences. By natural one means that the
scales of the model are related to the fundamental constants of nature; e.g., quantum
gravity should occur at the Planck scale, since this scale is the only one natural in
units (c, h̄, G). Secondly, if the model is fine-tuned to agree with the observations of
the anisotropies in the cosmic background, the bubbles would collide far too often.
This results in the appearance of topological defects, like the monopoles. However,
this was the whole reason inflation was invoked in the first place.

In 1982, a solution to the problem was proposed by Linde [46] and independently
by Steinhardt and Albrecht [47]. This New Inflation model assumes the inflaton
field evolves very slowly from its initial state, while undergoing a phase transition of
second order. Fig.(3.6, panel a) illustrates this by again considering the evolution
of φ. If φ ‘rolls’ down the potential at a slow rate, one obtains the amount of
inflation needed to solve the initial value problems. After the universe cools to
a critical temperature, Tc, φ can proceed to its ‘true’ vacuum state energy. The
transition of the potential is a second order phase transition, so this model does not
require tunneling. This type of transition is similar to the transitions that occur in
ferromagnetic systems.

The majority of current models rely on another concept coined by Linde as chaotic
inflation. This model differs from old and new inflation in that no phase transitions
occur. In this scenario the inflaton is displaced from its true vacuum state by some
arbitrary mechanism, perhaps quantum or thermal fluctuations. Given this initial
state, the inflaton slowly rolls down the potential returning to the true vacuum (see
Fig.(3.6, panel b)). This model has the advantage that no fine-tuning of critical
temperature is required. This model presents a scenario, which can be fulfilled by
a number of different models. After the displacement of the inflaton, the universe
undergoes inflation as the inflaton rolls back down the potential. Once the inflaton
returns to its vacuum (true) state, the universe is reheated by the inflaton coupling
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Figure 3.6. Left panel: Toy Model For New Inflation - When the temperature of the
universe decreases to the critical temperature Tc, the scalar field potential experiences a
second order phase transition. This makes the ‘true’ vacuum state available to φ.
Right panel: Toy Model For Chaotic Inflation - The inflaton finds itself displaced from
the true vacuum and proceeds to ‘roll’ back. Inflation takes place while the inflaton is
displaced.

to other matter fields. After reheating, the evolution of the universe proceeds in
agreement with the standard big-bang model.
Although the inflaton could in principle be displaced by a very large amount, we
must deal with the last moments of the evolution. This is when the perturbations
in the scalar field are created that eventually lead to large-scale structure and
anisotropies in the cosmic background. As long as the inflaton is displaced by a
minimal amount (minimal to be defined in a moment) the initial value problem will
be solved. When considering quantum fluctuations resulting in the displacement of
φ, minimal displacement is easily achieved.

3.5 Single field models.
The standard scenario is associated to one-single field models of inflation, and the
observed density perturbations are due to fluctuations of the inflaton field itself.
When inflation ends, the inflaton oscillates about the minimum of its potential and
decays, thereby reheating the universe. The initial inflaton fluctuations are adiabatic
on large scales and are transferred to the radiation fluid during reheating. In such a
standard scenario the inflaton decay rate has no spatial fluctuations.
Even restricting ourselves to a simple single-field inflation scenario, the number
of models available to choose from is large. It is convenient to define a general
classification scheme, or zoology for models of inflation. We divide models into three
general types: large-field, small-field, and hybrid, with a fourth classification, linear
models, serving as a boundary between large- and small-field. In Fig.(3.7) we show
the r − ns plane divided into these regions. A generic single-field potential can be
characterized by two independent mass scales: a height Λ4, corresponding to the
vacuum energy density during inflation, and a width µ, corresponding to the change
in the field value ∆φ during inflation:

V (φ) = Λ4f

(
φ

µ

)
(3.28)
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Figure 3.7. Regions in the r−ns plane corresponding to large field, small field, and hybrid
models. Credit: S. Dodelson [48]

Different models have different forms for the function f . The height Λ is fixed by
normalization, so the only free parameter is the width µ.
With the normalization fixed, the relevant parameter space for distinguishing between
inflation models to lowest order in slow roll is then the r − ns plane (To next order
in slow-roll parameters, one must use the running of ns Eq.(3.27)). Different classes
of models are distinguished by the value of the second derivative of the potential, or,
equivalently, by the relationship between the values of the slow-roll parameters ε
and η.

Large field inflation. −ε < η ≤ ε

Large-field models are characterized by so-called chaotic initial conditions, in which
the inflaton field is displaced far from its minimum, typically to values φ ∼ mPl, and
rolls toward a minimum at the origin. Such models are characterized by V ′′(φ) > 0
and −ε < η ≤ ε.
The generic large-field potentials we consider are polynomial potentials V (φ) =
Λ4(φ/µ)p, and exponential potentials, V (φ) = Λ4 exp(φ/µ).

For the case of an exponential potential, V (φ) ∝ exp(φ/µ), the tensor/scalar
ratio r is simply related to the spectral index as:

r = 8(1− ns), (3.29)

and the slow roll parameters are constant (there is no dependence upon N).

For inflation with a polynomial potential, V (φ) ∝ φp in Fig.(3.8), we have:

ns − 1 = −2 + p

2N , (3.30a)

r = 8p
2N = 8

(
p

p+ 2

)
(1− ns), (3.30b)
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Figure 3.8. Large-field inflation. The inflationary dynamics is driven by a single monomial
term in the potential, V (φ) ∝ φp. In these models the inflaton field evolves over a super-
Planckian range during inflation, ∆φ > MPl, and a large amplitude of gravitational
waves is produced by quantum mechanical fluctuations. Credit: Baumann [36]

so that tensor modes are large for significantly tilted spectra.
By shifting the number of e-foldings by ∆N one therefore expects

∆(ns − 1)
ns − 1 = ∆r

r
= −∆N

N
. (3.31)

From these relations we deduce that sizeable correlated theoretical errors should be
expected for those large-field models characterized by large deviations from a flat
spectrum and by large values of the tensor-to-scalar amplitude ratio. Furthermore
these errors increase with the potential of the polynomial p. Of course, these state-
ments are based on relations valid only at first order in the slow roll parameters.
This means that for very large values of (ns − 1) and r higher order corrections
become relevant and may significantly alter the simple relations of Eq.(3.31).
Vice versa, we can note that no intrinsic errors of the observables ns and r are
expected in exponential potential case.

One of the most elegant inflationary models is natural inflation where the potential
takes the following form, see Fig.(3.9):

V (φ) = V0

[
cos

(
φ

f

)
+ 1

]
. (3.32)

This potential often arises if the inflaton field is taken to be an axion. Depending on
the parameter f the model can be of the small-field or large-field type. However,
it is particularly attractive to consider natural inflation for large-field variations,
2πf > mPl, since for axions a shift symmetry can be employed to protect the
potential from correction terms even over large field ranges.

Small field inflation. η < −ε

Small-field models are of the form that would be expected as a result of spontaneous
symmetry breaking, with a field initially near the origin and rolling toward a
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Figure 3.9. Natural Inflation. If the periodicity 2πf is super-Planckian the model can
naturally support a large gravitational wave amplitude. Credit: Baumann [36]

minimum at φ 6= 0. In this case, inflation occurs when the field is small relative to
its expectation value.
Small-field models are characterized by V ′′(φ) < 0 and η < −ε. Typically ε (and
hence the tensor amplitude) is close to zero in small-field models. The generic
small-field potentials we consider are of the form V (φ) = Λ4[1− (φ/µ)p], which can
be viewed as a lowest-order Taylor expansion of an arbitrary potential about the
origin. The cases p = 2 and p > 2 have very different behavior:

p = 2,ns − 1 ∼ −(1/2π)(mPl/µ)2, (3.33a)

p > 2,ns ∼ 1− 2
N

(
p− 1
p− 2

)
. (3.33b)

In the first case there is no dependence upon the number of e-foldings. On the other
hand

r = 8(1− n) exp[−1−N(1− ns)] −→
∆r
r

= (ns − 1)∆N. (3.34)

In the second case the scalar spectral index is independent of mPl/µ. Assuming
µ < mPl results in an upper bound on r of

r < 8 p

N(p− 2)

( 8π
Np(p− 2)

)p/(p−2)
. (3.35)

The corresponding theoretical errors read

∆(ns − 1)
(ns − 1) = −∆N

N

∆r
r
∼ (ns − 1)∆N ∼ −2(p− 1)

p− 2 .
∆N
N

(3.36)

Due to the tiny predicted values of r, for small field models one expects generically
tiny errors in the tensor-to-scalar amplitude ratio, but sizeable errors in the spectral
index.

Hybrid inflation. 0 < ε < η

Hybrid models are characterized by a field evolving toward a minimum of the
potential with a nonzero vacuum energy. These generally involve more than one
scalar field, but can be treated during the inflationary epoch as single-field inflation,
with φ small and V ′′(φ) > 0. The end of inflation arises as a result of instability in
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a second field. Hybrid inflation is the only class of models which predicts a blue
spectrum, n > 1.
We consider generic potentials for hybrid inflation of the form V (φ) = Λ4[1+(φ/µ)p].
The field value at the end of inflation is determined by some other physics, so there
is a second free parameter characterizing the models. Because of this extra freedom,
hybrid models fill a broad region in the r − n plane.
For (φN/µ)� 1 one recovers the same results of the large-field models.
On the contrary, when (φN/µ) � 1, the dynamics are analogous to small-field
models, except that the field is evolving toward, rather than away from, a dynamical
fixed point.
This distinction is important because near the fixed point the parameters r and n
become independent of the number of e-folds N , and the corresponding theoretical
uncertainties due to the uncertainty in N vanish. However, there is an additional
degree of freedom not present in other models due to the presence of the additional
parameter (the second field). Therefore the theoretical uncertainties in the predictions
of a generic hybrid inflation model are decoupled from the physics of reheating. The
distinguishing observational feature of many hybrid models is η > 0 and a blue
scalar spectral index, ns > 1. Notice that at first order in the slow roll parameters,
there is no overlap in the r − ns plane between hybrid inflation and other models.
However, as we will explicitly show, this feature is lost going beyond first order:
by changing N models can flow from the hybrid regions to other model regions;
this feature is generic, models can flow from one region to another. Therefore it is
important to distinguish between models labeled hybrid in the sense of evolution
toward a late-time asymptote and the region labeled hybrid in the zoo plot. The
lowest-order correspondence does not always survive to higher order in slow roll.

Linear inflation. ε = −η
Linear models, V (φ) ∝ φ, live on the boundary between large-field and small-field
models, with V ′′(φ) = 0 and η = −ε. The spectral index and tensor/scalar ratio are
related as:

r = 8
3(1− ns). (3.37)

For linear models, Eq.(3.31) applies.

3.6 Multiple fields models.

In this section we get out of the classical treatment of inflation with single field
models, speaking briefly of multiple fields models. The presence of more fields
during inflation can lead to quite different inflationary dynamics, that might appear
unnatural in a single field model, and to spectra of primordial perturbations that
would be impossible in single field models.
The presence of multiple light fields leads to the generation of non-adiabatic field
perturbations during inflation. This can alter the evolution of the overall curvature
perturbation, for instance leading to detectable non-Gaussianity, and may leave
residual isocurvature fluctuations in the primordial density perturbation on large
scales after inflation, which can be correlated with the curvature perturbation. Such
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alternative models are interesting not only as theoretical possibilities, but because
they could be distinguished by observations [49].
As we say in section 3.2, the time-evolution of a single, spatially homogeneous scalar
field is governed by the Klein-Gordon equation (Eq.(3.8)), while the Friedmann
equations for the dynamics of the cosmology is reported in Eq.(3.9). The set of
equations of the multiple scalar fields, instead, obey the Klein-Gordon equation:

ϕ̈I + 3Hϕ̇I = − ∂

∂ϕI

(∑
J

UJ

)
, (3.38)

where one must allow for the possibility that the potential energy is given by a sum
over many terms

V =
∑
J

UJ . (3.39)

The wider range of interaction potentials possible in multiple field models leads to
possibilities such as hybrid inflation.
Another more subtle change enters through the Friedmann constraint:

3H2 = 8πG
(
V +

∑
I

1
2 ϕ̇

2
I

)
. (3.40)

We note that even in the absence of explicit interactions in the scalar field Lagrangian,
the fields will still be coupled gravitationally. The Hubble expansion rate is due to
the sum over all fields and this can alter the field dynamics even if the potential for
each individual field is left unchanged. The additional Hubble damping present due
to multiple fields can be used to drive slow-roll inflation in assisted inflation models
where the individual potentials would be too steep to drive inflation on their own.
Even though the background dynamics can be reduced to an equivalent single field
with a specified potential, there is an important qualitative difference between the
inflationary dynamics in multiple field inflation with respect to the single field case.
The Hubble damping during inflation drives a single scalar field to a unique attractor
solution during slow-roll inflation where the Hubble rate, field time-derivative and
all local variables are a function of the local field value: H(φ), φ̇(φ), etc. This means
that the evolution rapidly becomes independent of the initial conditions.
In multiple field models we may have a family of trajectories in phase space where,
for example, the Hubble rate at a particular value of ϕ1 is also dependent upon
the value of ϕ2. In this case the inflationary dynamics, and hence observational
predictions, may be dependent upon the trajectory in phase space and thus the
initial field values. It is this that allows non-adiabatic perturbations to survive on
super-Hubble scales in multiple field inflation. It is important to distinguish between
models, such as most hybrid models, with multiple fields but only one light direction
in field space with small effective mass ∂2V/∂ϕ2 � H2 during inflation, and models
with many light fields, such as assisted inflation models. Only models with multiple
light fields can have multiple slow-roll trajectories.

A topical example of multiple field inflation is Nflation [50]. This model is based on
the very large number of fields with a potential energy near the minimum of the
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effective potential
V = 1

2
∑
I

m2
Iϕ

2
I . (3.41)

With a single scalar field the quadratic potential yields the familiar chaotic inflation
model with a massive field V = m2φ2/2. But to obtain inflation with a single massive
field the initial value of the scalar field must be several times the Planck mass and
there is a worry that we have no control over corrections to the potential at super-
Planckian values in the effective field theory. But with many scalar fields the collective
dynamics can yield inflation even for sub-Planckian values if there are a sufficiently
large number of fields. For random initial conditions, −mPl < ϕI(0) < mPl, the
total number of e-folds is given by nf/12, where nf is the total number of fields.
Thus we require nf > 600 for sufficient inflation if none of the fields is allowed to
exceed the Planck scale.
As remarked earlier, in the presence of more than one light field, the trajectory in
field space at late times, and hence the observable predictions, may be dependent
upon the initial conditions for the different fields. Instead, we have evidence that
the predicted spectral index, nR, is independent of the precise initial conditions for
a sufficiently large number of fields [51]. Indeed inflation with an arbitrary number
of massive fields always yields a robust prediction for the tensor-to-scalar ratio r in
terms of the number of e-foldings, N , from the end of inflation r = 8/N , completely
independently of the initial conditions. Thus Nflation seems to be an example of a
multiple field model of inflation which makes observable predictions which need not
depend upon the specific trajectory in field space. In the limit where the masses
become degenerate, m2

I → m, the Nflation dynamics becomes particularly simple.
The fields evolve radially towards the origin and the potential Eq.(3.41) reduces to
that for a single field V → 1

2m
2σ2 where σ is the inflaton field. Thus in this limit

Nflation reproduces the single field prediction for the tensor-scalar ratio r = 0.16
and the spectral index nR = 0.96. However the presence of nf light fields during
Nflation also leads to nf − 1 isocurvature modes during inflation and these have an
exactly scale-invariant spectrum (up to first order in the slow-roll parameters) in the
limit of degenerate masses. For a thorough discussion on the multiple fields models,
we refer to [49].

3.7 Evidence for Inflation.
Looking at the CMB, we discuss now the non-trivial qualitative features of the
observations that inflation explains naturally.
Inflation produces a nearly scale-invariant spectrum of perturbations,

〈RkRk′〉 = (2π)3δ(k + k′)PR(k) (3.42)

The truly striking aspect of perturbations generated during inflation is that all
Fourier modes have the same phase.
Consider a Fourier mode with physical wavelength λ. While the mode is inside the
horizon during inflation it oscillates with a frequency given by k = 2π/λ. However,
before inflation ends, the mode exits the horizon, i.e. its physical wavelength gets
stretched to a length greater than the instantaneous Hubble radius, λ > H−1. After
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that its amplitude remains constant. Only at a much later time, when the mode
re-enters the horizon, causal physics can affect it and lead to a time-evolution. Since
the fluctuation amplitude was constant outside the horizon, R is very small at
horizon re-entry. In general, each Fourier mode could be a linear combination of
a sine and a cosine mode. However, the special feature of inflation is that excites
only the cosine mode (defining horizon re-entry as t = 0). Once inside the horizon
the curvature perturbation R sources density fluctuations δ which evolve under the
influence of gravity and pressure

δ̈ − c2
s 52 δ = Fg|R| (3.43)

where cs is the sound speed and Fg is the gravitational source term. This leads to
oscillations in the density field. In the plasma of the early universe, fluctuations in
the matter density were strongly coupled to fluctuations in the radiation. The CMB
fluctuations therefore provide a direct snapshot of the conditions of the underlying
density field at the time of recombination. Imagining that recombination happens
instantaneously, that is not a terrible approximation, fluctuations with different
wavelengths would be captured at different phases in their oscillations. Modes
of a certain wavelength would be captured at maximum or minimum amplitude,
while others would be captured at zero amplitude. If all Fourier modes of a given
wavelength had the same phases they would interfere coherently and the spectrum of
all Fourier would produce a series of peaks and troughs in the CMB power spectrum
as seen on the LSS. However, in order for the theory of initial fluctuations to explain
this it needs to involve a mechanism that produces coherent initial phases for all
Fourier modes. Inflation does precisely that. Because fluctuations freeze when
the exit the horizon the phases for Fourier modes were set well before the modes
of interest entered the horizon. When we admire the peak structure of the CMB
power spectrum we are really admiring the ability of the primordial mechanism for
generating fluctuations to coordinate the phases of all Fourier modes. Without this
coherence, the CMB power spectrum would simply be white noise with no peaks
and troughs.

When we consider CMB polarization, we see that the cross-correlation between CMB
temperature fluctuations and the E-mode polarization has a negative peak around
100 < ` < 200, as shown in Fig.(3.10) and Fig.(3.11). This anti-correlation signal is
also the result of phase coherence, but now the scales involved were not within the
horizon at recombination. Hence, there is no causal mechanism (after τ = 0) that
could have produced this signal. One is almost forced to consider something like
inflation with its shrinking comoving horizon leading to horizon exit and re-entry.
At recombination, the phase difference between the monopole (sourcing T ) and the
dipole (sourcing E) of the density field, causes the product of the two to be negative
for 100 < ` < 200 and positive on smaller scales until ` ∼ 400. And this is what we
can see in Fig.(3.10) and Fig.(3.11) where we observe the WMAP and Planck results.
We have clear evidence that the monopole and the dipole were out of phase with
each other at recombination. This evidence is exciting for the small scale modes
(` > 200).
Just as the acoustic peaks bear testimony to coherent phases, the cross-correlation
of polarization and temperatures speaks to the coherence of the dipole as well. The
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Figure 3.10. Power spectrum of the cross-correlation between temperature and E-mode
polarization anisotropies for the WMAP experiment data. The anti-correlation for
` = 50−200 (corresponding to angular separations 5o > θ > 1o) is a distinctive signature
of adiabatic fluctuations on superhorizon scales at the epoch of decoupling, confirming a
fundamental prediction of the inflationary paradigm. Credit: WMAP [52].

Figure 3.11. Power spectrum of the cross-correlation between temperature and E-mode
polarization anisotropies for the Planck experiment data, together with the polariza-
tion spectra predicted from the six-parameter ΛCDM model, fit only to the Planck
temperature data. In the y-axis D` = `(`+ 1)C`/2π. Credit: Planck Collaboration [53].
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evidence from the larger scale modes (` < 200) is a great confirmation. For, these
modes were not within the horizon at recombination. So the only way they could
have their phases aligned is if some primordial mechanism did the job, when they
were in causal contact.

High precision measurements of the B-mode polarization will probe the gravitational
radiation produced by inflation, and they will also show whether the energy scale of
inflation predicted by the simplest models (1015 − 1016 GeV) is correct.
We wait for these data by the Planck experiment, although it is unclear if the signal
will be visible, or if contamination from foreground sources will interfere with these
measurements. Other forthcoming measurements, such as those of 21 centimeter
radiation (radiation emitted and absorbed from neutral hydrogen before the first
stars turned on), may measure the power spectrum with even greater resolution
than the CMB and galaxy surveys, although it is not known if these measurements
will be possible or if interference with radio sources on earth and in the galaxy will
be too large.

3.8 Testing slow-roll models.
The simplest versions of inflation predict that the scalar perturbations are nearly
scale-invariant, Gaussian and adiabatic. In this section we give the latest quantitative
constraints on these fundamental predictions of the theory.

Quasi scale-invariants.

Generically, the power spectrum will not be scale independent, with a scale de-
pendence induced by the variation of, e.g., the potential energy and the Hubble
parameter as the inflaton field rolls down the potential. The deviation from scale-
invariance provides the first test of the detailed time-dependence of the inflationary
expansion. In fact, as we have seen, inflation predicts this percent level deviation
from scale-invariance: for inflation to end, the Hubble parameter H has to change in
time. This time-dependence changes the conditions at the time when each fluctuation
mode exits the horizon and therefore gets translated into a scale-dependence of the
fluctuations.
In the slow roll regime, however, the scale dependence is rather weak and PR(k) can
be reasonably well approximated by a power law:

∆2
s(k) ≡ k3

2π2PR(k) = As(k?)
(
k

k?

)ns−1
(3.44)

with ns given by Eq.(3.24a) and the normalization As:

As ∼
1

24π2
V

ε

∣∣∣∣
k?=aH

. (3.45)

Measurements of ns are degenerate with the tensor-to-scalar ratio r so constraints
on ns are often shown as confidence contours in the ns − r plane. The Planck
collaboration’s values are reported in the top of Fig.(3.12), while the figure shows
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Figure 3.12. Marginalized joint 68% and 95% CL regions for ns and r using k? = 0.002
from Planck experiment in combination with other data sets compared to the theoretical
predictions of selected inflationary models. Credit: Planck Collaboration [54].
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the Planck constraints in the ns − r plane and indicates the predictions of a number
of representative inflationary potentials for a review of particle physics models of
inflation [54]. Planck data favour models with a concave potential and most of
the joint 95% allowed region lies below the convex potential limit, and concave
models with a red tilt in the range [0.945− 0.98] are allowed by Planck at 95% CL.
Models with an exponential potential, a monomial potential with a power larger
than two, or hybrid models driven by a quadratic term are disfavored at more than
95% confidence. The quadratic large field model, in the past often cited as the
simplest inflationary model, is now at the edge of the 95% CL contours allowed by
the data.

Gaussianity.

Inflation predicts that the primordial perturbations will be distributed according to
Gaussian statistics, while the non-Gaussianity is suppressed in slow-roll inflation.
However, detection of even moderate non-Gaussianity is considerably more difficult.
If the perturbations are Gaussian, the two-point correlation function completely
describes the perturbations. This is not the case for non-Gaussian fluctuations:
higher-order correlations contain additional information and it is a measure of self-
interactions of the inflaton field. However, higher-order correlations require more
statistics and are therefore more difficult to measure, especially at large angular
scales where cosmic variance errors are significant. For the non-Gaussianity, the
fluctuations have a non-zero bispectrum BR(k1; k2; k3) (corresponding to three-point
correlations in real space). In the case of the standard single-field models of inflation
in order to characterize the primordial non-Gaussianity we can expand R in Fourier
space as:

R(k) = R(1)(k) + 1
(2π)3

∫
d3k1d

3k2δ
(3)(k1 + k2 − k)× fRNL(k1, k2)R(1)(k1)R(1)(k2),

(3.46)
where we have introduced a momentum-dependent non-linearity parameter fNL(k1, k2),
that is the non-Gaussianity generated during inflation:

fRNL(k1, k2) = 1
2(η − 3ε) + I(k1, k2) (3.47)

where I(k1, k2) is first order in the slow-roll parameters. Thus the level of non-
Gaussianity generated during inflation is typically fNL ∼ 10−1 − 10−2 [55]. Notice
that an fNL value of order 100 corresponds to a 0.1% correction to R(1)(k) ∼ 10−5.
For slow-roll dynamics to occur, the inflaton has to be very weakly self-interacting
(the potential is very flat) and the non-Gaussianity is necessarily small. The latest
constraint on fNL from Planck experiment [56] is consistent with zero. This result
is compatible with zero spatial curvature and a small value of fNL, as predicted in
the simplest slow-roll inflationary models.

Adiabaticity.

In single-field inflation, the fluctuations of the inflaton field on large scales (where
spatial gradients can be neglected) can be identified with a local shift backwards
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or forwards along the trajectory of the homogeneous background field. These
shifts along the inflaton trajectory affect the total density in different parts of the
universe after inflation, but cannot give rise to variations in the relative density
between different components. Hence, single-field inflation produces purely adiabatic
primordial density perturbations characterized by an overall curvature perturbations,
R. This means that all perturbations of the cosmological fluid (photons, neutrinos,
baryons and cold dark matter (CDM) particles) are originated from the same R and
satisfy the adiabaticity property, δ(nm/nr) = 0, or

δρm
ρm

= 3
4
δρr
ρr

(3.48)

where the index m collectively stands for non-relativistic species (baryons or CDM)
and r for relativistic species (photons or neutrinos).
If isocurvature modes are present, the most plausible mechanism for exciting them
involves inflation with a multicomponent inflaton field. To have an observable effect
at the large scales probed by the CMB, isocurvature modes require long-range
correlations. Inflation with a multi-component inflaton provides a well motivated
scenario for establishing such correlations. In models of inflation with light (compared
to the Hubble expansion rate) transverse directions, the scalar field along these
transverse directions becomes disordered in a way described by an approximately
scale-invariant spectrum. If the inflaton has M light components, there are (M − 1)
potential isocurvature modes during inflation. Whether or not the fluctuations
along these transverse directions are subsequently transformed into the late-time
isocurvature modes depends on the details of what happens after inflation.
The latest data shows no violation of the condition Eq.(3.48). The oscillatory
pattern in the Planck temperature spectrum is compatible with purely adiabatic
perturbations, and therefore constrains any isocurvature contribution to be small.
However, multi-field inflationary scenarios can produce the mixture of curvature and
isocurvature fluctuations to provide a good fit to the Planck data. We wait for the
Planck high frequency polarization likelihood to make a better analysis and to be
able to say something more.
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Chapter 4

Constraints on inflationary and
neutrino parameters from CMB
observation

In the previous chapter we have introduced the theory of cosmological inflation as
an initial condition to explain the evolution of the primordial perturbations in the
standard model context. We have seen the formulation of the theory, its parameters
and its predictions.

Now we will see how the current observational data constrain the cosmological
parameters and the difficulty of relating the theory to the observations. Starting
from a simple reference scale-invariant model, we complicate the set of parame-
ters considering both inflationary parameters, such as the spectral index and its
running, and parameters related to neutrino physics, as the sum of the neutrino
masses mν and the effective number of relativistic degree of freedom Neff [57]. Both
extended models are extremely interesting and are well constrained by observations
of the CMB. The high precision measurements of CMB anisotropies made by Planck
satellite have provided, indeed, not only a wonderful confirmation of the standard
model of cosmological structure formation but also relevant information on key
parameters in particle physics. The first release of Planck [58] presented a bound on
the total neutrino mass (combining CMB data with BAO data) of

∑
mν < 0.23 eV,

while constrain Neff at 3.3± 0.27. The results for Neff are in excellent agreement
with big bang nucleosynthesis and the standard value of Neff = 3.046, due to non
instantaneous decoupling corrections. The bound on neutrino mass is much better
than the current laboratory experimental upper limit inferred from a combination
of beta-decay experiments and neutrino oscillation data [59].

In inflationary context, this is particularly interesting because a change in neu-
trino physics can have important implications for interpretation of inflationary
parameters from CMB anisotropies [60, 61, 62]. For example, varying Neff can have
an impact on determination of ns and its running, since it changes both the position
of the CMB peaks in the angular spectrum and the structure of the “damping tail”
at very large multipoles [63]. In general, a higher Neff can put higher values of
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ns in better agreement with the data, i.e., there is a positive correlation between
the two parameters. Masses for neutrinos also have important implications for
interpretation of inflationary parameters from CMB anisotropies. Massive neutrinos
damp the dark-matter fluctuations on scales below the horizon when they become
non-relativistic [64]. Neutrinos with masses mν < 0.3 eV are relativistic at recombi-
nation and affect the CMB anisotropy mainly through gravitational lensing, while
neutrinos with larger masses slightly increase the CMB small-scale anisotropy by
damping the gravitational potential at recombination. The final result is a small
anti-correlation with ns, i.e., larger neutrino masses shift the constraints on ns to
smaller values.

In this chapter we so investigate whether there are indications for new physics
using both a power spectrum with the addition of parameters motivated by infla-
tionary cosmology and a nonstandard effective neutrino number and/or nonzero
neutrino mass. Moreover, we will use the models analysed in order to explain the
method of the inflationary potential reconstruction. We therefore realize as the
cosmological model studied constrain the shape of the primordial potential.

4.1 Data sets.

Let us start with a brief introduction of the the selection of cosmological data used.
We note that the results we refer have been derived prior to Planck 2013 data release,
and use the most recent data available at the time.

First, the Wilkinson Microwave Anisotropy Probe (WMAP) experiment data,
that we consider in our analysis as the base CMB data set, to be integrated with
other data as indicated. WMAP is a NASA mission (launched in 2001) that mapped
the pattern of tiny fluctuations in the CMB radiation and produced the first fine-
resolution (0.2 degree) full-sky map of the microwave sky. In 2012 were released the
nine-year WMAP data and related images [52], covering the range of multipoles of
2 < ` < 1200.

Another data set is from the Atacama Cosmology Telescope (ACT) experiment,
that is one of the highest permanent, ground-based telescopes in the world. Build
in 2007, in 2010 it released results, measuring the statistical properties of the
temperature of the CMB down to arcminute scales [65][66].

We also considered the South Pole Telescope (SPT) experiment, that is a 10
meter diameter telescope located at the Amundsen-Scott South Pole Station. It
saw first light on 2007, and with the SPTpol camera on 2012 it has measured the
B-mode component due to lensing of the polarized CMB [67][68].

The ACT and SPT experiments allow to extend the dynamic range of CMB
observations to larger multipoles with respect to WMAP, thus measuring the damping
tail of the CMB angular power spectrum. While SPT probes the small scales in the
range of multipoles 650 < ` < 3000, the ACT telescope spans a range of multipoles
that goes up to ` = 10000, although the signal at ` > 3000 is dominated by the power
coming from extragalactic point sources. For this reason, for ACT we only consider
the less contaminated 148 GHz spectrum up to `max = 3300 to perform cosmological
parameters extraction. We also consider the measurements of Hubble Space Telescope
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Figure 4.1. Two-dimensional probability in the ns vs. r plane for the HZ +ns + r model
in the left panel, and the HZ +ns + nrun model in the right panel. Credit: Benetti [57].

[69] using Gaussian prior on the Hubble constant H0 = 73.8 ± 2.4 km s−1 Mpc−1,
and include information from measurements of baryonic acoustic oscillations (BAO)
from galaxy surveys [70] [71] [72].

In what follows we will consider two combinations of data sets. We refer to an
analysis using the WMAP+ ACT + HST + BAO data sets as the “extended ACT”
(eACT) data set and to an analysis with the WMAP+ SPT + HST + BAO data
sets as the “extended SPT” (eSPT) data set. Because of the tension between the
data shown in Ref. [73], we do not use the combination of ACT + SPT. We will
also see that these tensions are evident in our analysis.

4.2 Constraints on inflationary perturbations.
We choose as reference the Harrison-Zel’dovich (HZ) model, which has spectral index
ns = 1 and, therefore, a scale-invariant spectrum. We start considering a model
in which we only vary the five cosmological parameters: the physical baryon Ωb,
the cold dark matter densities Ωc, the ratio between the sound horizon and the
angular diameter distance at decoupling θ, the optical depth to reionization τ , and
the amplitude of the primordial power spectrum As. The other parameters are
initially fixed as ns = 1, r = 0, nrun = 0, mν = 0, Neff = 3.046. Then, we will
leave these free to vary in different combinations with the cosmological parameters.
We therefore constructed, starting from the model HZ, four extended models and
constrained them with the two chosen sets of data (eSPT and eACT). The results
of our analysis is reported in Tab.(4.1).
For convenience, we report in the Appendix A the explanation of the statistical
analysis and the definition of concepts such as posterior, likelihood, best fit, χ2

and mock analysis. For the comparison, we use the minimum χ2 values estimated
by computing the likelihood ratio between models. As a rule of thumb, given two
modelsM1 andM2, where the latter reduces to the former for a particular choice
of parameter values (in which case the two models are said to be “nested”), we
say that the data show preference for M2 over M1 when the absolute value of
∆χ2 ≡ χ2

min(M2)−χ2
min(M1) is larger than the number of additional parameters in

the extended model. A more accurate assessment of the relative probability of the



80 4. Constraints on inflationary and neutrino parameters from CMB observ.

Table 4.1. Augmenting the minimal Harrison-Zel’dovich cosmological model through
inflationary parameters. Listed are posterior means for the cosmological parameters
from the indicated data sets (errors refer to 68% confidence intervals, unless otherwise
stated).

Data Parameter
Reference Model Inflation-Motivated Extensions

HZ HZ +ns HZ +ns + r HZ +ns + nrun HZ +ns + r + nrun

eSPT

100 Ωbh
2 2.331± 0.025 2.225± 0.032 2.228± 0.032 2.236± 0.031 2.272± 0.036

Ωch
2 0.1148± 0.0017 0.1167± 0.0018 0.1166± 0.0018 0.1180± 0.0019 0.1178± 0.0018

100 θ 1.0430± 0.0009 1.0419± 0.0009 1.0419± 0.0010 1.0422± 0.0009 1.0424± 0.0009

log[1010AS ] 3.12± 0.03 3.21± 0.03 3.20± 0.03 3.14± 0.04 3.04± 0.07

τ 0.096± 0.013 0.078± 0.012 0.077± 0.012 0.090± 0.014 0.095± 0.015

ns ≡ 1 0.959± 0.008 0.962± 0.008 1.037± 0.029 1.107± 0.045

r ≡ 0 ≡ 0 < 0.12 (d) ≡ 0 0.28± 0.16

nrun ≡ 0 ≡ 0 ≡ 0 −0.029± 0.011 −0.051± 0.015

H0
(a) 71.33± 0.65 69.33± 0.74 69.42± 0.76 69.08± 0.76 69.51± 0.78

−2 logL (b) 7653.4 7624.7 7625.6 7616.8 7615.9

∆χ2 (c) ≡ 0 −28.7 −27.8 −36.6 −37.5

eACT

100 Ωbh
2 2.356± 0.027 2.282± 0.035 2.290± 0.037 2.283± 0.035 2.302± 0.038

Ωch
2 0.1163± 0.0021 0.1165± 0.0021 0.1162± 0.0021 0.1166± 0.0021 0.1167± 0.0022

100 θ 1.0416± 0.0016 1.0399± 0.0018 1.0399± 0.0017 1.0400± 0.0017 1.0403± 0.0018

log[1010AS ] 3.14± 0.03 3.19± 0.03 3.18± 0.03 3.19± 0.04 3.13± 0.05

τ 0.102± 0.014 0.090± 0.014 0.089± 0.013 0.092± 0.015 0.094± 0.015

ns ≡ 1 0.971± 0.009 0.976± 0.009 0.978± 0.031 1.016± 0.042

r ≡ 0 ≡ 0 < 0.18 (d) ≡ 0 < 0.34 (d)

nrun ≡ 0 ≡ 0 ≡ 0 −0.003± 0.011 −0.014± 0.014

H0
(a) 70.50± 0.71 69.24± 0.83 69.43± 0.83 69.24± 0.81 69.47± 0.83

−2 logL (b) 7617.9 7608.2 7608.4 7608.3 7608.7

∆χ2 (c) ≡ 0 −9.7 −9.5 −9.6 −9.2

akm s−1 Mpc−1

bWhen comparing to the χ2 values reported e.g. in the WMAP9-year paper [74], it should be
taken into account that we use a pixel based likelihood at low-`s instead than the Gibbs-based
likelihood.

c∆χ2 ≡ (−2 logL)− (−2 logLHZ)
d95% c.l.
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Figure 4.2. One- and two-dimensional posterior probabilities for ns, r, and nrun. Upper
panel: One-dimensional parameter posteriors for the models considered in the text, using
the eSPT (top row) and eACT (bottom row) datasest. Lower panel: Two-dimensional
posteriors for the HZ+ns+r+running case. Dark- and light-shaded regions correspond
to 68 and 95% credible intervals, respectively. Credit: Benetti [57].

two models would require the calculation of the Bayesian evidence; see e.g. Refs.
[75] and [76] for an application to inflationary models.
As we can see from the table, both for the eACT and eSPT data sets, models with
ns 6= 1 are highly favored over the HZ reference model. For the eSPT data set,
allowing one additional parameter, ns, to vary results in change in χ2 of

∆χ2 ≡ (−2 logL)− (−2 logLHZ) = −28.7. (4.1)

For the eACT data set, allowing one additional parameter, ns, to vary results in

∆χ2 ≡ (−2 logL)− (−2 logLHZ) = −9.7. (4.2)

If we allow other parameters describing the perturbation spectra to vary, such as
nrun and r, there are different indications from the different data sets.
Let us first consider the eSPT data set. The natural parameter space for constraining
simple slow-roll inflation models is to include the tensor/scalar ratio r in addition to
spectral tilt ns. Two-dimensional contours for ns vs. r are shown in Fig.(4.1), along
with the predictions of three simple slow-roll models. This extended model results
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Figure 4.3. Comparing the constraints on ns (top panel) and nrun (bottom panel) for
different model/data sets combinations. The solid and dashed bars denote 1- and 2-σ
constraints, respectively [57].

in a very marginal decrease in χ2 of −0.9 compared to a model just allowing ns to
vary. Hence, the data do not seem to call for the additional variable r. However,
the situation is quite different if we allow a running of the scalar spectral index,
nrun 6= 0, either keeping r = 0 or allowing r to vary.
Adding one additional parameter, nrun, results in ∆χ2 = −36.6 compared to the
reference HZ model, which corresponds to a change in χ2 of −7.9 compared to the
HZ +ns model. If we allow both r and nrun to vary (in addition to allowing ns to
vary) there is a gain of ∆χ2 = −37.5 compared to the reference HZ model, or a
change in χ2 of −8.8 compared to the HZ +ns model.

Our conclusion is that the eSPT data strongly prefers a running of the scalar
spectral index. The one-dimensional probability distributions for ns, r and nrun
with the eSPT data set are shown in Fig.(4.2) in the upper panel. Two-dimensional
contours of r vs. ns, nrun vs. ns and nrun vs. r are also shown in Fig.(4.2), lower
panel.

The eACT data set also prefers a scalar spectral index different from unity.
Recall that adding one additional parameter ns results in a decrease in χ2 compared
to the reference HZ model of ∆χ2 = −9.7. If we then allow one additional parameter,
either r or nrun, there is only a very marginal change in χ2 beyond the HZ + ns
model. Even allowing both additional parameters nrun and r again results in a
very marginal decrease in χ2 at the expense of two additional parameters. The
one-dimensional probability distributions for ns, r and nrun with the eACT data set
are also shown in Fig.(4.2), and the two-dimensional contours of r vs. ns, nrun vs.
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ns and nrun vs. r are also shown in Fig.(4.2).

We summarize our findings with respect to ns and nrun in Fig.(4.3), where
we compare the constraints on these parameters for the different model/data set
combinations considered here. It is clear from this figure that the tension between
the two data sets increases when the model complexity is also increased. Moreover,
we also notice that the results of parameter estimation from eACT are more stable,
with respect to eSPT, to the increase of the complexity of the model.

Our conclusion is that the eSPT and eACT datasets are not consistent, as long
as inflation-motivated extensions to the minimal model are concerned.
While both call for a scalar spectral index different than unity, the eSPT dataset
seems to be better described by a more complicated perturbation spectrum than
just a scalar spectrum of constant spectral index. On the other hand, the eACT
dataset seems to be well described by a constant scalar spectral index (slightly less
than unity), and does not seem to require additional complexity.

The extended-ACT data set is perfectly consistent with negligible running of the
spectral index, as predicted by simple slow-roll inflation models. The eACT data are
consistent at the 95% confidence level with simple chaotic inflation V (φ) = m2φ2,
and with power-law inflation, V (φ) ∝ exp (φ/µ), as well as “small-field” models
predicting negligible tensors and ns < 1.

The extended-SPT data set, instead, prefers a non-power-law scalar spectral
index with a very large variation with scale of the spectral index. The eSPT data,
however, are inconsistent with a purely power-law power spectrum, favoring negative
running of the spectral index nrun = −0.029± 0.011 in the case with a prior of r = 0,
and nrun = −0.051 ± 0.015 in the case where r 6= 0 is allowed. While the eSPT
data are not in disagreement with the most general possible single-field inflation
models, they are in significant conflict with slow-roll models predicting nrun � ns
(the eACT data are consistent with such models).

For the eACT dataset, just adding a tilt to the scalar spectrum seems to be all
that is demanded of the data. This would tell us something about inflation, but
there are a large number of inflation models that can give a slightly red spectrum.

For the eSPT dataset however, the data seems to demand more than simply a
tilt to the scalar spectrum. A much improved fit can be obtained by allowing the
possibility of a large running of the scalar spectrum. The running could be so large
as to have a large impact in inflation model building and call in doubt the simple
slow-roll approximation.

Alternatively, to a non-power-law scalar spectral index with a very large variation
of the spectral index, one might invoke models where the flattening of the inflaton
potential is obtained through the inclusion of large quantum corrections in the mass
parameter which result in large variation of the spectral index with the scale. Or
another class of models which allow for a large negative running are models in which
inflation occurs near an inflection point of the potential, where the third derivative
V ′′′ of the potential is substantial, and the higher-order slow roll parameter ξ is com-
parable to the lower-order parameters ε and η. Inflection point inflation models have
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been argued, e.g. in Ref. [77], to be characteristic of inflation on the string landscape.

In conclusion, it is very important to assess the data set to use, since the analysis
results may depend a lot (as seen) from the chosen data. We note indeed that
considering the ACT and SPT data separately results in qualitatively different
conclusions about extensions to a standard scale-invariant Λ+Cold Dark Matter
concordance cosmology, a the tension from ACT and SPT is not evident when
considering combined constraints from ACT and SPT.

4.3 Extensions of the neutrino sector.

In what follows we examine the possibility of new neutrino physics as an alternative
to extending the complexity of primordial perturbations.

One direction for new neutrino physics is a change in the effective number of
relativistic degrees of freedom, Neff , that defines the physical energy density in
relativistic particles ρrad, defined by

ρrad =
[
1 + 7

8

( 4
11

)4/3
Neff

]
ργ , (4.3)

where ργ is the energy density of the CMB photons and Neff is the effective
number of light neutrino species. In the standard scenario, assuming three active
massless neutrino species with standard electroweak interactions and the present
CMB temperature of Tγ = 2.726 K [78], the expected value is Neff = 3.046. This
is slightly larger than 3 because of non-instantaneous neutrino decoupling [79]. As
mentioned previously, any new species that is relativistic around recombination will
contribute to Neff , whether it is a neutrino species or not. The exact contribution
of a new relativistic species will depend on the number of spin degrees of freedom,
whether the new species is a boson or fermion, and the temperature of decoupling of
the new species. We also consider the possibility of a mass for one or more of the
three known active neutrino species. The present contribution to the overall energy
density is given by

Ωνh
2 = Σ mi

92.5 eV , (4.4)

where mi are the masses of the three neutrino mass eigenstates.

The constraints from the eSPT and eACT data set are in Tab.(4.2). We see that
allowing Neff improves the fits of both eSPT and eACT by about as much as
allowing the spectral index to vary from unity. However, allowing the neutrino mass
to vary, we again obtain different indications from the two data sets. For the SPT
data set, adding a neutrino mass improves the χ2 by −8.1 if Neff is kept fixed and
by −8.8 if it is allowed to vary. For the ACT data set, on the contrary, the goodness
of fit improves only marginally (at the price of one additional parameter) by allowing
a non-zero neutrino mass, independently of whether Neff is fixed or not.
In Fig.(4.4) we compare the constraints onNeff and

∑
mν for the different model/data

set combinations considered. Again we see the same trend observed in the case of
the spectrum parameters, namely that the values estimated from the two data sets
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Table 4.2. Augmenting the minimal Harrison-Zel’dovich cosmological model through new
neutrino physics. Listed are posterior means for the cosmological parameters from the
indicated data sets (errors refer to 68% credible intervals, unless otherwise stated).

Data Parameter
Reference Model Neutrino-Motivated Extensions

HZ HZ +Neff HZ +mν HZ +Neff +mν

eSPT

100 Ωbh
2 2.331± 0.025 2.311± 0.024 2.330± 0.024 2.332± 0.037

Ωch
2 0.1148± 0.0017 0.1394± 0.0057 0.1100± 0.0023 0.1315± 0.0057

100 θ 1.0430± 0.0009 1.0404± 0.0010 1.0434± 0.0009 1.0412± 0.0011

log[1010AS ] 3.12± 0.03 3.15± 0.03 3.12± 0.03 3.14± 0.03

τ 0.096± 0.013 0.085± 0.012 0.103± 0.014 0.095± 0.014

Neff ≡ 3.046 4.26± 0.26 ≡ 3.046 4.45± 0.32∑
mν

(a) ≡ 0 ≡ 0 0.39± 0.14 0.96± 0.53

H0
(b) 71.33± 0.65 75.5± 1.1 69.82± 0.76 74.0± 1.2

−2 logL (c) 7653.4 7625.9 7645.3 7617.1

∆χ2 (d) ≡ 0 −27.5 −8.1 −36.3

eACT

100 Ωbh
2 2.356± 0.027 2.332± 0.029 2.358± 0.029 2.337± 0.029

Ωch
2 0.1163± 0.0021 0.1318± 0.0057 0.1156± 0.0021 0.1296± 0.0057

100 θ 1.0416± 0.0016 1.0382± 0.0020 1.0421± 0.0016 1.0387± 0.0020

log[1010AS ] 3.14± 0.03 3.16± 0.03 3.13± 0.03 3.15± 0.03

τ 0.102± 0.014 0.097± 0.014 0.105± 0.015 0.099± 0.014

Neff ≡ 3.046 3.88± 0.28 ≡ 3.046 3.80± 0.28∑
mν

(a) ≡ 0 ≡ 0 0.24± 0.15 < 0.46 (e)

H0
(b) 70.50± 0.71 73.2± 1.1 69.82± 0.79 72.4± 1.2

−2 logL (c) 7617.9 7609.7 7616.7 7609.2

∆χ2 (d) ≡ 0 −8.2 −1.2 −8.7

aeV
bkm s−1 Mpc−1

cWhen comparing to the χ2 values reported e.g. in the WMAP9-year paper [74], it should
be taken into account that we use a pixel based likelihood at low-` instead than the gibbs-based
likelihood.

d∆χ2 ≡ (−2 logL)− (−2 logLHZ)
e95% c.l.



86 4. Constraints on inflationary and neutrino parameters from CMB observ.

Figure 4.4. Comparing the constraints on Neff (top panel) and
∑
mν (bottom panel) for

different model/data sets combinations. The solid and dashed bars denote 1- and 2-σ
constraints, respectively [57].

tend to diverge as new parameters are added, and that the values estimated from
eACT are more stable than those estimated from eSPT when the complexity of the
model is increased.
In Fig.(4.5), we report the one- and two-dimensional posterior probabilities and we
can see that the eACT data are consistent at 95% with zero neutrino mass, with∑
mν = 0.24± 0.15 eV (with Neff ≡ 3.04), and

∑
mν < 0.46 eV (with Neff 6= 3.04).

Instead, the eSPT data favor nonzero neutrino mass, with
∑
mν = 0.39± 0.14 eV

(with Neff ≡ 3.04), and
∑
mν = 0.96± 0.53 eV (with Neff 6= 3.04).

We can conclude that, as in previous scenario of HZ + inflation, the HZ + neutri-
nos models considering the ACT and SPT data separately results in qualitatively
different conclusions about extensions to a standard scale-invariant Λ+Cold Dark
Matter concordance cosmology, a tension which is not evident when considering
combined constraints from ACT and SPT.

4.4 Monte Carlo Reconstruction of the inflationary po-
tential.

We now show the impact of the different extended models of previous sections on
the reconstruction of the inflaton potentials shape by means of a technique known
as Monte Carlo reconstruction of the inflationary potentials. It is a stochastic
method for inverting observational constraints to obtain an ensemble of inflationary
potentials compatible with observations. The method basically relies on solving the
inflationary flow Eqs.(3.25) for randomly chosen initial values of the inflationary
parameters, and is described in Refs. [45, 80, 81], to which we refer the reader for
further details. Here we choose to use the parameter σ = 2η − 4ε in place of η with
the advantage that to first order in slow roll, σ = ns − 1. So, we recall the main
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Figure 4.5. One- and two-dimensional posterior probabilities for the eACT and eSPT data
for the parameters Neff and

∑
mν [57].
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steps of the analysis:

1. Choose random initial values for the inflationary parameters in the following
ranges:

N = [40, 70]
ε = [0, 0.8]
σ = [−0.5, 0.5]
ξ = [−0.05, 0.05]

3λ = [−0.005, 0.005]
...

6λ = 0.

truncated at M = 6.

2. Evolve forward in time until either (a) inflation ends (ε > 1), or (b) the
evolution reaches a late-time fixed point (ε = `λ = 0, σ = const).

3. In case (a), evolve N e-folds backwards in time from the end of inflation and
calculate the observables ns − 1, r, and the running nrun at that time; in case
(b), calculate the observables at the time the evolution reaches the fixed point.

4. Repeat the above procedure NMC times.

5. Choose a window of acceptable values for the observables ns − 1, r, and the
running nrun, and then extract from the NMC models those that satisfy the
observational constraints.

6. Reconstruct the potential for these models from Eq.(3.13).

We have performed this procedure with NMC = 5 × 105. We consider four sets
of observational constraints, namely those for the ΛCDM+r+nrun and for the
ΛCDM+r+nrun+ν models, obtained for the eACT and eSPT data sets. In Fig.(4.6),
we show a scatter plot of the (n, nrun) values corresponding to our ensemble of
reconstructed potentials, coloured according to the value of r, together with boxes
(ellipses) showing the relevant observational constraints. It is already clear from this
plot that, for the case of the ΛCDM+r+nrun, it is very difficult to find values of
the inflationary parameters satisfying the constraints coming from the eSPT data
set. Models with negative running either have a red spectrum and large tensor-to
scalar-ratio, or a blue spectrum and a small tensor-to-scalar ratio, while the eSPT
data prefer a scalar blue spectrum with negative running and a large value of r.
Indeed, out of 500,000 models, we could find only one potential satisfying these
constraints at the 1σ level (16 at 2σ).

In Fig.(4.7), we show samples of the reconstructed potentials for the four model-
data set combinations under consideration. We indicate the constraints on the
inflationary parameters at 68% c.l with the black thick line and 95% c.l. with
the blue thin line. We show 50 potentials in each case, with the exception of the
ΛCDM+r+nrun model with the eSPT data set, for which we have only found 16
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Figure 4.6. Models generated by the Monte Carlo plotted in the (ns, nrun) plane. The
points are colored according the value of the tensor-to-scalar ratio of the corresponding
model, going from blue (r = 0) to red (r = 1). The boxes show the experimental 1σ
constraints corresponding to the four cases described in the text and stated above the
graph.
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Figure 4.7. Reconstructed potentials satisfying the 68% (black thick) and 95% (blue thin)
c.l. constraints on the inflationary parameters. The potential and field values have been
renormalized so that 0 ≤ V (φ) ≤ 1 and 0 ≤ φ ≤ 1. We use the eSPT and eACT data
set.

acceptable potentials. The main difference between the two data sets is the fact that
the very flat potentials typical of the models where the inflationary flow reaches a
late time attractor are allowed by the eACT data set but excluded by the eSPT data
set. The reason is that the late-time attractor of the “fixed point” models is ε = 0
(so that the corresponding potentials end up being very flat), `λ = 0 and σ = const.
This implies, using Eq.(3.27), that in general these models predict nrun ' 0.
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Chapter 5

Constraints on interrupted slow
roll

In chapter 3 and 4 we have introduced the inflationary cosmology and discussed the
observational predictions. In this chapter, we conclude the work of this thesis, going
beyond the slow-roll assumptions and looking at models with interrupted slow-roll.
In particular, we choose to analyse models with step-like features in the inflationary
potential and their signatures on the current observable data.
The idea of introducing features in the inflationary potential has a long history
[82]. They came into vogue as a possible explanation for the apparent low multipole
glitches at 20 < ` < 40 in the angular spectrum of CMB radiation. The common
characteristics of models with features are the breaking of the scale-invariance of the
power-spectrum and an enhancement of higher-order correlators. The traditional
road followed to deal with models with step features is to specify a form for the
inflaton potential V (φ) and then study the background evolution of the field, derive
expressions for the modified slow-roll parameters and finally study their effects on
the behavior of the correlation functions of curvature perturbations.

So, we begin to generalize the method to spectra corresponding to a whole class of
step inflation models with arbitrary (slow-roll) background inflaton potentials. This
allows us to derive constraints on parameters characterizing the feature in a more
model independent way. Then, we study the observable spectra and the constraints
on this kind of models by CMB and matter power spectrum data sets.

5.1 Formalism.

In more general classes of inflationary models, slow roll may be violated for a brief
instant [82]. In single-field inflation models, such an effect can be modelled by
introducing a feature such as a kink, bump or step [83] to the inflaton potential. A
step, in particular, can be regarded as an effective field theory description of a phase
transition in more realistic multi-field models [84], which may arise naturally in,
e.g., supergravity- [85] or M-theory-inspired inflation models [86]. This interruption
of slow-roll will leave possibly detectable traces in the primordial power spectrum.
Specifically, wavelengths crossing the horizon during this fast-roll phase will be
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affected , leading to a deviation from the usual power-law behaviour at these scales.
Such non-standard power spectra have been brought forward to explain the peculiar
glitches in the temperature anisotropies as well as the observed low power at the
largest scales.

Now, we briefly introduce the exact formalism of calculating the power spectrum
from a given inflaton potential and compare it with the slow-roll approximation.
In the following, we will set c = h̄ = 8πG = 1 and use the variable u = aδφ, that we
can write in terms of the curvature perturbation R:

u ≡ −zR (5.1)

where z ≡ aφ̇/H. The Fourier components of u obey to the equation

u′′k +
(
k2 − z′′

z

)
uk = 0, (5.2)

with a prime denoting a derivative with respect to conformal time τ .
In order to find a solution to Eq.(5.2), one needs to know the behaviour of the term
z′′/z:

z′′

z
= 2a2H2

[
1 + ε− 3

2η + ε2 − 2ηε+ 1
2η

2 + 1
2ξ

2
]
. (5.3)

Note that these expressions are exact: they do not assume the slow roll parameters
to be small. The z′′/z evolution is determined by the dynamics of the Hubble
parameter and the unperturbed inflaton field, governed by Friedmann equation
(Eq.(3.9)) and the Klein-Gordon equation for φ (Eq.(3.8)). In terms of N , we can
write the system of equations:

H ′ =− 1
2Hφ

′2,

φ′′+
(
H ′

H
+ 3

)
φ′ + 1

H2
dV

dφ
= 0,

uk′′+
(
H ′

H
+ 1

)
uk′ +

[
k2

e2(N−N0)H2

(
2− 4H

′

H

φ′′

φ′

− 2
(
H ′

H

)2
− 5H

′

H
− 1
H2

d2V

dφ2

)]
uk = 0.

(5.4)

with N0 determining the normalization of the scale factor and with a prime denoting
the derivative respect to N . This coupled system of differential equations can easily
be solved numerically, once a suitable set of initial conditions has been chosen.

Supposing that at a time Nsr the system has reached the inflationary attractor
solution φ̈� 3Hφ̇, and is rolling slowly, φ̇2 � V (φ), the initial condition for φ and
H will be given by:

φ(Nsr) = φsr,

φ,N (Nsr) = − 1
V (φsr)

dV

dφ

∣∣∣∣
φsr

,

H(φsr) =

√
V (φsr)

3 .

(5.5)
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The initial conditions for uk can be obtained by requiring the late time solution of
Eq.(5.2). The form of the solution depends on the relative sizes of k2 and z′′/z.

In the slow-roll limit k2 � z′′/z, where ε,|η|,|ξ2| � 1, with wavelengths much
smaller than the horizon, the solution is given by

uk →
1√
2k
e−ikτ , (5.6)

where the normalization is determined by the quantum origin of the perturbations
[87]. Fixing the irrelevant phase, we obtain the initial conditions for a mode k

uk(τ0) = 1√
2k
,

uk(τ0) = −i

√
k

2 ,
(5.7)

In the limit k2 � z′′/z we have a growing mode solution uk ∝ z, which means that
the curvature perturbation, |R| = |uk/z|, remains constant on superhorizon scales,
i.e. the perturbations “freeze in".
We can conclude that for a perturbation with k2 ∼ z′′/z the spectrum will have its
final shape imprinted on horizon exit. It is not until much later, when the modes
reenter the horizon during radiation or matter domination, that they will exhibit
dynamical behaviour again.

We can also define the primordial power spectrum of curvature perturbations PR(k)
via the two-point correlation function of Eq.(3.42). Assuming gaussianity and adia-
baticity, this quantity contains all the necessary information for a complete statistical
description of the fluctuations. It is related to uk and z via:

PR(k) = k3

2π2

∣∣∣∣ukz
∣∣∣∣2 . (5.8)

Tensors perturbations are given by:

Pg(k) = k3

2π2

∣∣∣∣vka
∣∣∣∣2 . (5.9)

and the mode equation:

v′′k +
(
k2 − a′′

a

)
vk = 0. (5.10)

This equation is very similar to the scalar one. This similarity can be readily seen if
we express the “mass term" a′′/a in terms of the slow roll parameters:

a′′

a
=2a2H2

[
1− 1

2εH
]

∼2aH2
[
1− 1

2ε+ 2
3ε

2 − 1
3εη

]
,

(5.11)
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Similarity to the Eq.(3.44), tensor perturbations will also freeze in at horizon exit.
In the slow roll case their spectrum is approximately

Pg(k) ∼ AT (k?)
(
k

k?

)nT
(5.12)

with the tensor spectral index nT ∼ −2ε and the normalisation AT :

AT ∼
2

3π2V

∣∣∣∣
k?=aH

. (5.13)

5.2 Numerical solution.

Normally, the perturbation spectra of inflationary models driven by a continuously
evolving, minimally coupled scalar field can be calculated using the slow roll ap-
proximation. However, when the potential has a sharp feature, its derivatives with
respect to φ and the time derivatives of the field need not be small. Consequently,
we evolve the full mode equation numerically, without any approximations other
than those already implicit in the use of perturbation theory. In Eq.(5.2), the mode
function is expressed in terms of conformal time. The intrinsic time-scale of the
dynamics is not constant in conformal time, so we shift the independent variable to
α = log a, facilitating the numerical integration. With this replacement, the system
of equations we are to solve, with a prime denoting a derivative with respect to α, is:

H ′ =− 4πGHφ′2,

φ′′+
(
H ′

H
+ 3

)
φ′ + 1

H2
dV

dφ
= 0,

u′′+
(
H ′

H
+ 1

)
u′+[

k2

e2αH2

(
2− 4H

′

H

φ′′

φ′
− 2

(
H ′

H

)2
− 5H

′

H
− 1
H2

d2V

dφ2

)]
= 0.

To compute the spectrum, we repeat the integration for many values of k. In general,
u has two distinct solutions since it is a second order linear differential equation,
and we must choose the combination which guarantees that the mode equation has
the limiting form, Eq.(5.6). We impose the initial conditions when the mode is far
inside the horizon assuming that the conformal time τ is zero, which amounts to an
irrelevant choice of phase. Consequently,

u|τ=0 = 1√
2k
,

du

dα

∣∣∣∣
τ=0

= −i

√
k

2
1

eαH

∣∣∣∣∣∣
τ

= 0
(5.14)
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Rather than work with complex co-efficents in the numerical code, we define two
orthogonal solutions, u1

k and u2
k, such that

u1
k

∣∣∣
τ=0

= 1,

du1
k

dα

∣∣∣∣∣
τ=0

= 0,

u2
k

∣∣∣
τ=0

= 0,

du2
k

dα

∣∣∣∣∣
τ=0

= 1.

(5.15)

At any subsequent time uk is thus

uk = 1√
2k
u1
k − i

√
k

2
1
eαH

∣∣∣∣∣∣
τ=0

u2
k. (5.16)

We start the evolution by evolving the two background equations until any initial
transient solution has died away but the mode is still well inside the horizon. We
then identify the two orthogonal solutions that contribute to uk and extract the
coefficients in Eq.(5.16). This ensures that an initial transient contribution to the
background dynamics cannot contaminate the initial values of u and uα. Finally, to
compute the spectrum, we need the asymptotic value of |u/z|, and we find this by
continuing the integration until the mode is far outside the horizon and this value is
effectively constant. The numerical integrations are carried out using the Bulirsch-
Stoer algorithm [88], and we check our calculations by ensuring that the results are
independent of the distance inside the horizon where we apply the normalization,
and the distance beyond the horizon where we evaluate the asymptotic value of
|u/z|.

5.3 Inflationary potential with step.
The validity of the power-law parameterization of the primordial spectra rests on
the assumptions that the slow-roll parameters are small and change slowly with
time. Let us relax the latter and allow ε and η to change significantly on a timescale
∆N ∼ 1. This has the consequence that we can also allow ε and/or η to become
of order unity momentarily, provided that at a later time, the system returns to
the slow roll regime. We also assume here that the system starts in a state where
the slow roll conditions are fulfilled, in order to give it enough time to reach the
inflationary attractor solution. This effect can be modelled by adding a local feature,
such as a step or a bump, to an otherwise flat inflaton potential
The inflationary models with a scale dependent spectrum are often somewhat con-
trived. However, arguing that using a feature in the inflaton potential to generate a
complicated spectrum requires fine tuning assumes that the potential has just one
feature, but is otherwise smooth. Adding a large number of features to the potential
makes it far more likely that a randomly chosen piece of the perturbation spectrum
will exhibit considerable scale dependence. In particular, Adams et al. [85] showed
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Figure 5.1. The scalar and tensor power spectrum for c = 0.002 and d = 0.01. The z′′/z
term for these parameters is shown in Fig.(5.2). Credit: Adams [83]

that a class of models derived from supergravity theories naturally gives rise to
inflaton potentials having a large number of sudden steps. Each step corresponds
to a symmetry breaking phase transition in a field coupled to the inflaton, since
the mass changes suddenly when each transition occurs. In the scenario studied by
Adams et al., a spectral feature is expected every 10− 15 e-folds, so if this model
had driven inflation it is likely that one of these features would be visible in the
spectrum extracted from observations of large scale (LS) structure and the CMB.

Motivated by the existence of models which naturally and generically lead to scale
dependent spectra, we examine the consequences of introducing a step in the inflaton
potential. We focus on spectral features which may be observable in the LS structure
or CMB anisotropy, and therefore had their origin around 50 e-folds before the end
of inflation.
For physically realistic models, inflation is not interrupted but the effect on the
density perturbations is still significant. If inflation is actually interrupted the effect
on the perturbation spectrum is severe enough to rule out models where this happens
during the interval of inflation corresponding to observable scales.

We can write the potential for the inflaton field in the form:

V (φ) = V0(φ)
[
1 + c tanh

(
φ− φstep

d

)]
, (5.17)

This potential describes standard V0(φ) = 1
2m

2φ2 chaotic inflation with a step
centered around φ = φstep. The height of the step is determined by c, its gradient by
d. We do not want inflation to be interrupted by the step, so we stipulate |c| � 1 to
ensure that the potential energy will always dominate over the kinetic one. We shall
work in reduced Planck units, so that all dimensional quantities like m, φstep and d
should be multiplied by the reduced Planck mass Mp = 2.435× 1018 GeV in order
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Figure 5.2. Evolution of z′′/z and ä for c = 0.02 and d = 0.01 with the number of e-folds
of inflation N = 0 at the step in the potential. Credit: Adams [83]

to get their values in physical units. In Fig.(5.1) is showed the power spectrum for
the potential of Eq.(5.17) with c = 0.002, or a 0.4% change in the amplitude of the
potential.

As pointed out above, the eventual spectrum crucially depends on the dynamics of
z′′/z. We can understand the numerical results noting that the energy conservation
requires that the change in the inflaton kinetic energy term cannot exceed the change
in the potential energy so, if we are originally well inside the vacuum-dominated
regime, a small change in the amplitude of the inflaton potential cannot suspend
inflation. The evolution of ä in Fig.(5.2) clearly shows that the expansion is always
accelerating. However the z′′/z term of Eq.(5.3), also shown in Fig.(5.2), determines
the growth of the scalar perturbations and is very different from 2a2H2. Generically,
we find that (z′′/z)2a2H2 has a maximum before the inflaton field reaches φstep, a
minimum shortly afterwards and it will return to the asymptotic slow roll value.
So, it first grows in magnitude as the inflaton field accelerates and then drops to a
large negative amplitude as the field slows. However, the tensor power spectrum is
unaffected since ä/a remains constant throughout the step.

To understand the scalar power spectrum we begin by considering the evolution of a
particular scalar mode. The evolution is governed by the competition between the
k2 and z′′/z terms. A step in the potential of the magnitude we are interested in
only has a lasting effect on k modes within the horizon, and not on modes which
are already well outside the horizon. That is the lowest wavenumber affected is
approximately given by klow ∼ aH|step. Moreover, from the form of the k2 − z′′/z
term in the mode equation, we can see that the range of k affected by the step will
scale roughly with the square root of the maximum value of z′′/z in the region of
the step.
In Fig.(5.3, right panel) we show the evolution of u1

k, u2
k and uk for an intermediate



98 5. Constraints on interrupted slow roll

Figure 5.3. Left Panel: These figures show the evolution of uk in the complex plane, where
uk has been normalised to one in the oscillating limit. The choice of initial conditions
(Eq.(5.14)) ensures that the motion will be initially circular. The top left plot shows a
mode that is not affected by the feature, so that the circular oscillation goes straight into
a growing motion. In the other two plots the circle gets deformed by an intermittent
phase of growth triggered by the peak of z′′/z , to be followed by another phase of elliptic
oscillations (caused by the dip of z′′/z) until finally the modes leave the horizon and
start growing. Whether a mode is suppressed or enhanced by this mechanism depends
on the phase of the oscillation when the growth sets in. Growth along the semi-major
axis will lead to an enhancement (top right), whereas growth along the semi-minor axis
entails a suppression (bottom) with respect to the modes of the corresponding featureless
model. Credit: Hamann [89].
Right panel: Evolution of the independent modes u1

k and u2
k (with initial conditions for

u1
k and u2

k given in Eq.(5.15)) and the linear combination of their amplitude, Eq.(5.16)
for k = 0.3. Credit: Adams [83].
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wavenumber in the range of k affected. The rise in z′′/z introduces a brief interlude
of growing mode behavior into the oscillatory regime. The subsequent interval where
z′′/z is negative causes the amplitude of uk to briefly resume its oscillatory behavior.
It is obvious that modes with k2 � Max|z′′/z|, i.e., modes that are well within the
horizon at the time of the step, will not be affected at all and uk will remain in the
oscillatory regime. For k2 ≤ Max|z′′/z|, the maximum in z′′/z will result in a boost
of exponential growth for uk, reverting to oscillations when z′′/z goes negative and
eventually return to the growing solution. We depict the motion of uk in the complex
plane in Fig.(5.3, left panel). When an oscillatory phase is preceded by a growing
phase, the initial circle will be distorted to an ellipse. As the growth sets in again,
the mode will be suppressed or enhanced, depending on the phase of the oscillation,
which itself is k-dependent. In the spectrum, this can be observed as oscillations.
This mechanism will be most effective for modes that are just leaving the horizon,
for modes with k2 � Max|z′′/z| the phase difference will be the wavelengths affected
by the feature are those that are about to leave the horizon as the inflaton field
reaches the centre of the step. In particular, also the frequency of the oscillations of
the spectrum is proportional to this scale.

Finally, when the inflaton field resumes slow rolling, the oscillations leave the
horizon with altered phase and increased amplitude. Both of the two initially inde-
pendent solutions are affected similarly, as they now have the same phase, and the
amplitude of their linear combination oscillates. In other words, the presence of the
step introduces a boundary condition which selects a solution with an oscillating
envelope in contrast to the unconstrained plane wave solution with constant envelope
seen at small k.
As in the case of a featureless inflaton potential uk obtains a growing mode solution
once it is outside the horizon. However the asymptotic limit reached by the curvature
perturbation |Rk| depends on the oscillation phase of the mode at horizon exit, so that
|Rk| oscillates, with maxima corresponding to the modes which exit at an extremum.
Setting the position of the step so that the scale where the oscillations begin, klow
(it is probed by observations of the galaxy correlation function and the anisotropy
in the CMB), the proper time interval between the step and when the mode with
wavenumber k exits is approximately ∆τ ∼ 1/aH|step − 1/aH|exit = 1/klow − 1/k
and in this time the amplitude of the mode will have undergone 1/π(k/klow − 1)
oscillations. Thus the period of the variation in |Rk| is approximately πklow. For
higher wave-numbers the effect of the z′′/z term is smaller, the amplitude of their
oscillation is not increased and the two modes are not set exactly in phase with
each other. However their phases are still altered so that the linear combination
uk oscillates, but with a diminished amplitude compared to the lower k modes.
The magnitude of z′′/z depends on both the parameters c and d in the potential,
and in a well motivated model these will be determined by from particle physics.
Alternatively, given accurate observations of the CMB and LS structure, it may
be possible to put cosmological constraints on the values of these parameters, and
in the next section we examine the observable consequences of a scale dependent
primordial spectrum.

What remains is to identify the horizon size at the step with a physical scale
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today. This connection can be made if one knows the total number of e-foldings
N? of inflation that took place after a known physical scale k? left the horizon.
Technically, we evolve the background Eqs.(5.4) until the end of inflation Nend,
(defined by ä(Nend) = 0). The scale k? can then be determined in units of aH|φ=φstep
via

k? ←→
a(Nend −N?)H(Nend −N?)

aH|φ=φstep
. (5.18)

As long as the spectrum of the c = 0 background model is only mildly scale dependent,
there will be a strong degeneracy between N? and φstep: shifting the feature in the
potential will have the same effect as shifting the scale of k. In the following we will
therefore not treat N? as a free parameter, but set N? = 50 for k? = 0.05hMpc−1.
If we want the feature to affect scales that are within reach of current observations,
this will require φstep to lie in the interval 14 < φstep < 15.

5.4 Observable spectra.

In this section, we briefly show the effect of the step-like features model on the
CMB temperature power spectrum and on the galaxy matter power spectrum. We
will show some simulations, simple but meaningful, using different step parameters
values. We start by showing the shape of inflationary potential (Eq.(5.17)) varying
the step parameters, and the respective primordial power spectrum.

5.4.1 Inflationary potential and primordial power spectrum.

The spectrum of primordial perturbations resulting from the potential in Eq.(5.17)
can be calculated as outlined in the previous section, and is found to be essentially
a power-law with superimposed oscillations. The oscillations are localized only in a
limited range of wavenumbers (centered on a value that depends on φstep) so that
asymptotically the spectrum recovers the familiar kns−1 form typical of slow-roll
inflationary models.
In particular, for a chaotic potential, the underlying power law has a spectral index
ns ' 0.96. In Fig.(5.4) we show the shape of potential of Eq.(5.17) form = 7.5×10−6

and different credible values of the step parameters, compared to a smooth m2φ2/2
potential (c = 0), while in Fig.(5.5) we show the correspondents primordial power
spectrum from Eq.(5.8).
We note that the results obtained in the case of a specific potential will be, by

definition, model-dependent. As argued in Ref. [89], we can see this considering a
more general potential

V (φ) = V0 + f(φ)S(φ− φstep) (5.19)

As we have seen above, the derivatives of the potential are crucial to determining
the spectrum. Near the step, the derivatives of V will have a contribution from
the derivatives of S. If the step is sharp enough, the nth derivative of V will be
dominated by the nth derivative of S, since the other terms are suppressed with
factors of the order of the slow roll parameters of the background model. Hence, the
dynamics of z′′/z near the step hardly depends on the background, but is determined
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Figure 5.5. Primordial power spectrum for an inflationary potential of the form Eq.(5.17).
The values of the step parameters are the same as in Fig.(5.4), namely: φstep = 14.23,
c = 0.001, d = 0.025 (red long-dashed), φstep = 14.23, c = 0.005, d = 0.025 (blue
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c = 0.005, d = 0.025 (magenta dot-dashed) [90].
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Figure 5.6. Primordial power spectra of a hybrid inflation type step model 5.20 (dashed
blue line), and of potential 5.21 (dotted green line). The hybrid inflation background
model has ns > 1, suppressing large scale fluctuations, while the λφ4 model has ns < 1
with more power on large scales. Credit: Hamann [89].

by the form of S. On the other hand, any S that gives a z′′/z which roughly shows
a behaviour like the one depicted in Fig.(5.2), will lead to a burst of oscillations
in the power spectrum. The similarities between spectra of different background
models are illustrated in Fig.(5.6), where we plot the spectra of a hybrid inflation
type potential

V (φ) = V0(φ) + 1
2m

2φ2
[
1 + c tanh

(
φ− φstep

d

)]
, (5.20)

and another monomial potential

V (φ) = λφ4
[
1 + c arctan

(
φ− φstep

d

)]
, (5.21)

with a different form of the step function. Note that despite the difference in
background models and step functions, the maxima and minima of the oscillations
occur at the same wavelengths. The issue of model dependence can be alleviated in
a phenomenological way by restoring the spectral index as a free parameter, i.e., by
defining the “generalized” spectrum Pgen

R as

Pgen
R (k) = Pch

R (k)×
(
k

k0

)ns−0.96
, (5.22)

where Pch
R (k) is the spectrum induced by the chaotic potential of Eq.(5.17). Since

the latter has a overall tilt of 0.96, ns will describe the overall tilt of the generalized
spectrum.
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5.4.2 Anisotropy and matter power spectra.

Let us now see how the primordial potential Eq.(5.17) produces oscillation on the
temperature and matter power spectra. In these simulations we assume a flat geom-
etry, three families of massless neutrinos and the cosmological parameters values
fixed to: Ωbh

2 = 0.02258, Ωch
2 = 0.1109, τ = 0.088, h = 0.71, ns = 0.96, nrun = 0.

In Fig.(5.7) we show the simulation for the angular anisotropy power spectrum.
The potential with step-like features produces intriguing oscillations, and we note
that vary the φstep value correspond to vary the position of the oscillations in the
spectrum, while the variation of c and d values determine the oscillation amplitude
(with greater dependence on c value). This dependence is also observed in the spec-
tra of angular temperature-polarization cross-correlation, which is shown in Fig.(5.8).

Of particular interest may be the analysis of the matter power spectrum, which adds
important information about LS structure to the CMB analysis. We can construct it
by the linear spectrum of matter fluctuations and the linear matter transfer function
T (k), appropriate to the (dark) matter content, which tracks the scale-dependent
rate of growth of linear perturbations. The spectrum of mass fluctuations after
matter domination (per unit logarithmic interval of wavenumber k) is [85]:

Pδ ≡ PRT 2(k)
(

k

aH0

)3+n
. (5.23)

In Fig.(5.9) we show the simulation for the matter power spectrum. In this case, the
dependence on the φstep parameter of the starting point of the oscillation is clear.
The aim of these simulations is only the understanding of the step parameters effect,
in Fig.(5.10) we show similar analysis made by Adams et. al. using the potential in
Eq.(5.17).

5.5 Approximate solution.
We have seen in section 5.2 how to evaluate the density perturbation spectrum
by numerical integration of the set of differential equations. As an alternative
way, we can employ an approximate form of the power spectrum, reproducing the
features caused by a steplike inflaton potential. For the derivation of approximate
solutions to the evolution of the inflaton on an inflationary potential that undergoes
a sharp downward step, we refer to the works [91, 92]. So, we use the analytical
parametrization for the scalar primordial power spectrum given by:

PR(k) = exp[lnP0(k) + Af
3 D

(
kηf
xd

)
W ′(kηf )], (5.24a)

D(y) = y

sinh y (5.24b)

W ′(x) = (−3 + 9
x2 ) cos 2x+ (15− 9

x2 )sin 2x
2x , (5.24c)

where P0(k) = As( kk? )ns−1 is the smooth spectrum with the standard power law
form, Af is the kinetic energy perturbation of the step, ηf is the step crossing time
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Figure 5.7. Effect of inflationary potential with step on the CMB anisotropy power
spectrum. In the upper and middle plot we vary the values of log c and log d, while
φstep is set at 14.8 (in top plot) and 14.5 (in middle plot). In the bottom plot we fix the
values of log c = −2.7 and log d = −2.5, and vary the value of φstep, denoted by “ b ".
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Figure 5.8. Effect of inflationary potential with step on the CMB cross-correlation TE
power spectrum. In the first and second plot we vary the values of log c and log d, while
φstep is set at 14.8 (in first plot) and 14.5 (in second plot). In the third plot we fix the
values of log c = −2.7 and log d = −2.5, and vary the value of φstep, denoted by “ b ".
The last plot is a zoom of the third plot in the range 2 < ` < 100.
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Figure 5.9. Effect of inflationary potential with step on the matter power spectrum. In
the upper and middle plot we vary the values of log c and log d, while φstep is set at
14.8 (in top plot) and 14.5 (in middle plot). In the bottom plot we fix the values of
log c = −2.7 and log d = −2.5, and vary the value of φstep, denoted by “ b ". P(k) is in
(h−1Mpc)3 unity.
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Figure 5.10. Matter power spectrum for the primordial spectra of Eq.(5.17). The data
points are from the PSCz catalogue. Credit: Adams [83].

Figure 5.11. Primordial power spectra for inflationary potentials with step. The red line
shows the Planck best-fit spectrum in the case of the numerical integration approach
with m = 7.5 x 10−6, while the black line shows the Planck best-fit spectrum of the
respective approximate parametrization analysis.
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in units of Mpc and xd the dimensionless damping scale. This analytic solutions for
the power spectrum is valid in the limit that the step is short and sharp.
Briefly, we clarify that these equations were obtained by choosing F (x) = − tanh(x)
and V0 = m2φ2/2 in the generic equation:

V (φ) = V0(φ)
[
1 + cF

(
φ− φstep

d

)]
. (5.25)

In Eq.(5.24a), D is the damping envelope for the tanh step profile and we note that
different functions F simply change the damping envelope, so also the oscillating
windows function W ′ is modulated by the decaying envelope D.
Using this approach, we have three new step parameter ηf , Af and xd, related to
the parameters c and d and the slow roll parameter at first order ε0. Indeed, for
c� 1 we have:

Af = 6c
ε0 + 3c , (5.26a)

xd =
√

2ε0 + 6c
πd

, (5.26b)

while ηf value depends on when the inflaton crosses φf : φ − φf =
√

2ε0 ln(η/ηf ).
Approximately, we can say that for c = 10−5, the inflaton crosses φf at ηf ∼ 1455
Mpc, for c ∼ 10−3 it correspond to ηf = 1270 Mpc arriving to ηf = 1456.1 Mpc for
c = 0.
Using this method, by placing the features directly on the density power spectrum,
we do not integrate the system of differential equations, with a significantly smaller
computing time and small deviation from the result of numerical calculation. We
can clearly see this in Fig.(5.11), where we plot the primordial power spectra for the
best-fit models, using the Planck data, obtained in the case of numerical integration
(red line) and for the case of analytical approximation (black line).

5.6 Constraints on inflationary potential with step.
In this section, we compare the proposed model with step-like features in the pri-
mordial potential with the data. The work has been carried out over the three years
of my Ph.D, the analysis has been implemented step by step with the most recent
data, improving the results. The results have been published in several papers in
scientific journals with referee (Benetti et. al. [90][93][94]), that can be found in the
appendix.

In addiction to the WMAP and ACT experiments, introduced in the previous
section 4.2, here we consider also the Planck data and matter power spectrum data
sets.

Planck is a space observatory operated by the European Space Agency, launched
in 2009 and its results are eagerly awaited in recent years. It complements and
improves the WMAP results and provides a major source of information relevant to
several cosmological and astrophysical issues, such as testing theories of the early
universe and the origin of cosmic structure. In 2012 was released the mission’s all-sky
map of the CMB [53][58], covering the multipoles range 2 < ` < 2500.
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Figure 5.12. One-dimensional posterior probability density for φstep = b (left panel), log c
(middle panel) and log d (right panel) for model A (thin curves) and B (thick curves)
using WMAP7-year data (dashed curves) and the WMAP7-year+ACT dataset (solid
curves).

For the SDSS data sets, we considered data from the Sloan Digital Sky Survey
(SDSS), that is a multi-filter imaging and spectroscopic redshift survey using a
dedicated 2.5-m wide-angle optical telescope. Data collection began in 2000, now
the survey covers more than a quarter of the sky and creates 3-dimensional maps
containing more than 930,000 galaxies and more than 120,000 quasars. The last
SDSS data released was in 2012, the Data Release 9 (DR9), and includes the first
results from the Baryon Oscillation Spectroscopic Survey (BOSS) spectrograph [95].
The SDSS survey for CMB analysis is a extremely interesting independent data
set and covers the multipole range 300 < ` < 9800. For our analysis we chose to
consider data only in the linear scales regime.

In the analysis we choose to work with a ΛCDM model with six cosmological
parameters free to vary, to which we add the three parameters of step of inflationary
potential. We consider purely adiabatic initial conditions, impose flatness and neglect
neutrino masses, and limit our analysis to scalar perturbations.
Before proceeding further, we point out the parameter degeneracies question, stating
that the presence of a feature does not bias our estimates for the values and errors
of the cosmological parameters. The introduction of the step parameters does not
pollute (or has little effect on) the constraints on the cosmological parameters, as
we can see later in tables Tab.(5.2) and Tab.(5.3). So, we can say that degeneracies
of the oscillation with standard cosmological parameters are virtually non-existent.
Moreover, as we have said in the end of section 5.3, we choose to explore the interval
14 < φstep < 15. In the case of c and d, since we do not have any a priori information
on these parameters, not even on their order of magnitude, we find convenient to
consider a logarithmic prior on both of them. It can be seen, however, that the
probability density becomes half of its asymptotic value at c = 0 for c = 10−2.

5.6.1 Constraints from WMAP7-year and ACT observations.

Our analysis starts using data from the WMAP7-year [96] and ACT [97][98].
We have compared the theoretical predictions of the chaotic inflation model, where
the scalar spectral index is being fixed to ns = 0.96 (Model A), and of a more general
phenomenological model, where ns is being treated as a free parameter (Model B),
in order to find constraints on the parameter describing the model. We choose to
use k? = 0.025 Mpc−1, as said in section 5.3 it is in a strong degeneracy with the
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φstep value: the pivot wavenumber changes the relationship between the value of
φstep and the position of oscillations in k−space; this should be taken into account
when comparing the results of different studies. In particular, changing k0 from 0.05
to 0.002 Mpc−1 shifts φstep by ∼ 0.5 towards lower values.
From the analysis we see that for the cosmological parameters the width of the
posterior is much smaller than the prior range, so that the latter is not really relevant.
For the step parameters, the situation is complicated by the fact that the posterior
does not go to zero in certain directions of the subspace. In Fig.(5.12) we show the
one-dimensional posterior distributions results for the step parameters φstep = b,
log c and log d. It can be noted that the posterior for φstep has a peculiar shape. The
posterior does not drop to zero because it still exist a fair amount of parameter space,
i.e., models with low c, than can fit the data even with the oscillations placed in
the “wrong” place. The posterior going to a constant value at the edges of the prior
range is instead related to the oscillations being moved out of the observable scales.
The inclusion of the ACT data in addition to WMAP7-year helps in constraining
small values of φstep, i.e., oscillations at small scales.
The shape of the log c posterior is typical of a quantity parameterizing the amplitude
of a non-standard effect: it is constant for “small” values of the parameter (when
the step model becomes indistinguishable from standard ΛCDM), and then rapidly
vanishes above a critical value. It can be seen that the probability density becomes
half of its asymptotic value at c = 0 for c ≥ 10−2.
Finally, the posterior for log d clearly shows that this parameter is largely uncon-
strained by data.

We have also studied the possibility of detecting the oscillations with the upcoming
Planck data. In order to do this, we simulate “mock” data corresponding to the step
model that yields the best fit to the WMAP7-year and then perform a statistical
analysis on these data as if they were real. The forecast method we use is identical to
the one presented in [99] and we refer to this paper for further details and references.
The synthetic dataset is generated by considering for each C` a noise spectrum given
by:

N` = w−1 exp(`(`+ 1)8 ln 2/θ2
b), (5.27)

where θb is the full width at half maximum (FWHM) of the beam assuming a
Gaussian profile and where w−1 is the experimental power noise related to the
detectors sensitivity σ by w−1 = (θbσ)2. The experimental parameters are reported
in Tab.(5.1).
We have assumed as a fiducial model a generalized step model with step parameters
corresponding to the Model B best fit to the WMAP7-year data. The one-dimensional
posteriors for φstep, log c and log d are shown in Fig.(5.13) As we can see the prior
range dependence goes away with Planck data and we can quote marginalised credible
intervals. We also show the two-dimensional posteriors for the step parameters
in Fig.(5.14). It was evident that the Planck data would greatly increased the
precision to which the step parameters can be measured; in particular, a detection
of oscillations.
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Experiment Channel FWHM ∆T/T ∆P/T

Planck 70 14’ 4.7 6.7

fsky = 0.85 100 10’ 2.5 4.0

143 7.1’ 2.2 4.2
Table 5.1. Planck [100] experimental specifications. Channel frequency is given in GHz,

FWHM in arcminutes and noise per pixel for the Stokes I (∆T/T), Q and U parameters
(∆P/T) is in [10âĹŠ6µK/K], where T = TCMB = 2.725K. In the analysis, we assume
that beam uncertainties and foreground uncertainties are smaller than the statistical
errors.
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Figure 5.13. One-dimensional posterior probability density for φstep named φstep (left
panel), log c (middle panel) and log d (right panel) derived from the mock Planck data,
for best-fit models using WMAP data with ns fixed (dashed curves) and ns free (solid
curves) [90].
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5.6.2 Constraints from CMB and LRG observations.

We improve over previous works by using a more complete dataset. For the CMB
data, we consider the WMAP7-year temperature and polarization data [96] and
the small-scale CMB data from ACT [97][98] and SPT [68], that allow to extend
the dynamic range of CMB observations to larger multipoles with the respect of
WMAP7-year, thus measuring the damping tail of the CMB angular power spectrum.
For the matter power spectrum, we use the Luminous Red Galaxies (LRG) sample
of the Sloan Digital Sky Survey (SDSS) 7th data release [101]. The inclusion of
different datasets allows us to explore a wider range of scales with respect to previous
analyses, going from the Hubble radius down to the smallest linear scales, k ' 0.1
Mpc−1. In particular, this leads to the clear identification of a “forbidden” range
where oscillations are not allowed.
We consider as our basic dataset a combination of three different CMB datasets
(WMAP7, ACT and SPT) and we refer to this case simply as “CMB”, and then we
also consider an enlarged dataset, dubbed “CMB+LRG”, where we also add the
LRG SDSS catalog, the Supernovae Ia Union Compilation 2 data [102], and impose
a prior on the Hubble constant from the Hubble Space Telescope (HST) [103].
In the analysis we choose to work with the pivot wavenumber value k? = 0.05
Mpc−1.
We initially choose a flat prior for φstep in the range 13.5 < φstep < 15.5, that
conservatively encompasses the whole range probed by the WMAP, ACT, SPT and
LRG datasets. We use this prior for the CMB only dataset.
We first focus the best fit parameters, i.e., the parameter values that maximize the
likelihood. In the second column of Tab.(5.4) we show the best-fit values, for this
dataset, of the primordial spectrum parameters. In the best-fit model, the step in
the primordial spectrum is located in b = 14.66, consistently with previous studies
[104, 90].
We explicitly show the projected likelihood, as well as ∆χ2 = χ2−χ2

min, as a function
of φstep in the two panels of Fig.(5.15). It is interesting however that a distinct
although low peak is present in the likelihood in φstep ' 14. We also note that the
χ2 does not become arbitrarily large (i.e., the likelihood does not asymptotically
vanish) far from the minimum, but instead tends to a constant value. This is related
to the fact that towards the extremes of the φstep range the oscillations are moved
outside the range of scales probed by the dataset, and thus the model becomes
completely equivalent, as long as data fitting is concerned, to ΛCDM. Thus from
the plot we can roughly estimate that the best fit at φstep = 14.66 represents a
∆χ2 ' 7 improvement with respect to the ΛCDM best fit, while for the model with
φstep = 14, ∆χ2 ' 3.5.
The primordial power spectra correspoding to the two minima in the χ2 are shown
in Fig.(5.16). On the other hand, models with 14.1 < φstep < 14.5 perform worse
with respect to ΛCDM.
For a better understanding, we also show in Fig.(5.17) the comparison between the
WMAP7-year best fit, the two models with features corresponding to the two peaks
in the likelihood seen in Fig.(5.15), and the data present in the CMB dataset. It
is clear from these plots (especially from the plot of residuals shown in the lower
panel) that the model with φstep = 14.66 improves over ΛCDM by being able to fit
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Figure 5.15. Model likelihood (upper panel) and ∆χ2 (lower panel) as functions of φstep = b
for the CMB dataset, obtained by maximization.

the two outliers in ` = 22 and ` = 40, thus confirming our previous findings [90].
The interpretation of the peak in φstep = 14 is more puzzling; by looking at the lower
panel of Fig.(5.17), however, it can be seen that the CMB spectrum for this model
resembles what it would be obtained by adding a negative running dns/d ln k to the
scalar spectral index. Thus this result could be reminiscent of the WMAP7-year
preference for a negative running, that is indeed even more pronounced when high-`
data are added to the analysis [96]: dns/d ln k = −0.034 ± 0.026 (WMAP7 only)
and dns/d ln k = −0.041+0.022

−0.023 (WMAP7+ACBAR+QUaD).

We now turn to the posterior distributions. In Fig.(5.18), we show the one-
dimensional posteriors for φstep = b, log c and log d. The posterior for φstep still
shows the two peaks in φstep ' 14.7 and φstep ' 14 that were present in the likelihood.
The largest value at the edges of the prior range is due to a volume effect, since
the one-dimensional posterior is obtained by marginalization (as opposed to the
one-dimensional likelihood that was obtained by maximization). On the other hand,
the probability density for 14.1 < φstep < 14.4 is practically equal to zero. For
what concerns log c, as it could be expected, “large” values are disfavored by the
data (as they produce large - in amplitude - oscillations that cannot, on average,
be reconciled with observations) while for smaller values the posterior tends to a
constant value as the oscillations become so weak as to be practically undetectable
for the current experimental precision and thus the value of c becomes unimportant.
As already noted, a posterior with this characteristic that extends, in principle, down
to log c = −∞, cannot be properly normalized (since the corresponding probability
mass is infinite) and, as a consequence, credible intervals are ill-defined. One could
be tempted to impose a lower cut-off but then the credible intervals will end up
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Figure 5.18. One-dimensional posterior probability density for the step parameters from
the CMB dataset.

 0

 0.2

 0.4

 0.6

 0.8

 1

 14.2  14.3  14.4  14.5  14.6  14.7  14.8  14.9  15

R
e

l. 
P

ro
b

.

b

 0

 0.2

 0.4

 0.6

 0.8

 1

-4 -3.5 -3 -2.5 -2 -1.5 -1

R
e

l. 
P

ro
b

.

logc

 0

 0.2

 0.4

 0.6

 0.8

 1

-2.5 -2 -1.5 -1 -0.5

R
e

l. 
P

ro
b

.

logd

Figure 5.19. Comparison of the one-dimensional posterior probability density for the step
parameters from the CMB (red solid line) and CMB+LRG (blue dashed line) datasets.

depending on the choice of the cut-off itself, so this should be avoided, at least in
the absence of a clear physical reason for doing so.

We can still, however, compare probability densities, as well as probabilities
integrated over finite intervals, since probability ratios do not depend on the overall
normalization. We can use, as a benchmark value to compare the constraining
power of different datasets, for example, the value of log c where P (log c) is half of
its asymptotic value for log c→∞. This should not be taken as an “upper limit”
in the common sense of the word, but as said is a useful tool for comparison. In
the case under consideration, we estimate that this happens for log c = −2.32, or
c = 4.8× 10−3.

Finally, we examine the posterior for log d. This is in part similar to the posterior
for log c, once one recalls that small values of log d produce a steep step in the
potential and consequently large oscillations, so one should expect the probability
to go to zero for small values of log d, as it is. However, in this case, the posterior
range is not wide enough to see the asymptotic part, for log d→∞ (where ΛCDM
should be recovered), of the distribution.

The fact that the posterior is bimodal in φstep creates some difficulty for the Monte
Carlo, as the chains cannot easily jump from one peak to the other, and thus take a
longer time to sample satisfactorily the actual distribution. For this reason, in our sec-
ond Monte Carlo run, using the CMB+LRG dataset, we have decided to concentrate
on the region of the peak at φstep = 14.66 and impose the prior 14.2 ≤ φstep ≤ 15.
We find that the best fit for this dataset, shown in the third column of Tab.(5.4)
has still φstep = 14.66. In Figs.(5.19) we compare the one-dimensional posteriors for
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Figure 5.20. One-dimensional posterior probability densities for the step parameters of
an inflationary model with steplike features in the potential, obtained by numerical
integration of the mode equations using the Planck data [94].

the step parameters in the CMB+LRG dataset with those obtained previously with
the CMB dataset. In order to allow for comparison, the distributions for the latter
have been obtained by imposing a posteriori the condition φstep ≥ 14.2 (which, in
practical terms, that we have discarded all samples with φstep < 14.2, and reanalyzed
these new chains from scratch). We find that there is practically no difference with
respect to the position of the oscillations (which makes sense, since this is driven by
the requirement of fitting the outliers in the WMAP7 data at relatively low-`’s). The
amplitude of the oscillations is slightly more constrained, with the posterior going
down at half of its plateau value at log c = −2.48 (c ' 3× 10−3). The posterior for
log d is also slightly different, as it shows a more distinct peak in correspondence of
the best-fit value log d ' −1.5.

5.6.3 Constraints from Planck observations.

Finally we came to the last analysis, using the recent and highly precise Planck data
[53].
We essentially consider three types of analysis with the results reported in Tab.(5.3).

The first analysis assumes a simple ΛCDM model with a featureless spectrum.
For the second analysis we considered the step-like model in the inflationary

potential, numerically integrating the relevant equations and assuming the following
priors on the corresponding parameters: 14.2 ≤ b ≤ 15.5, −4 ≤ log c ≤ −1,
−2.5 ≤ log d ≤ −0.5.

In the third analysis we used the analytical formula presented in section 5.5
Eq.(5.24a), with the same choice of priors of [54] and given by:

0 ≤ Af ≤ 0.2, 0 ≤ ln(ηf/Mpc) ≤ 12, − 1 ≤ lnxd ≤ 5. (5.28)

As we can see in Tab.(5.3), introducing oscillations in the primordial spectrum
either by numerical integration of the relevant equation or by using the above-
mentioned analytical formula, reduces the χ2 of the best-fit model by ∆χ2 ∼ 9.

However, the feature parameters are poorly constrained, as also shown in Fig.(5.20)
where we report the posterior probabilities for the numerical integrating analysis.
We can also note that the posteriors are better defined with respect to those present
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Figure 5.21. Primordial power spectra for inflationary potentials with step. The red
line shows the best-fit spectrum in the case of the numerical integration approach
exploring low-` region, the black line shows the best-fit spectrum of the approximate
parametrization analysis exploring the low-` region, while the blue line plots the best fit
of the approximate parametrization analysis exploring the first-peak region [94].

in our previous work of [93] although they are significantly different from a Gaussian
distribution. In particular, we see that the use of the Planck data eliminates a
bimodal form in the posterior probability for the b parameter, present in the WMAP
data.

Both the analytical and the numerical method provide the same reduction in the
χ2 value, but the effects on the CMB angular spectra are drastically different. The
best-fit model obtained from a numerical integration provides significantly different
oscillations with respect to the best-fit model obtained in the case of the analytical
approximation.

We can clearly see this in Fig.(5.16), where we plot the primordial power spectra
for the best-fit models obtained in the case of numerical integration (red line) and
for the case of analytical approximation (blue line) used in the Planck analysis.

In Fig.(5.22) we compare the best fit CMB angular spectra obtained in the two
cases. As we can see, the numerical integration method identifies the oscillations on
large angular scales (10 < ` < 60) while the analytical method provides a better fit
by producing oscillations around the first Doppler peak.

This difference is essentially due to the different choice of priors on the feature
parameters assumed in the two analyses. To check this, we changed the priors for
the analysis based on the empirical formula to

0.8 ≤ Af ≤ 1, 7 ≤ ln(ηf/Mpc) ≤ 8, 0 ≤ lnxd ≤ 0.5. (5.29)

obtaining the best-fit values reported in Tab.(5.4), last column. As we can see, the
best fit has now Af ∼ 1, a value that was excluded by the choice of priors used
in [54]. The corresponding primordial spectrum is reported in Fig.(5.16) as a black
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Figure 5.22. Upper panel: Planck temperature power spectrum for the best fit ΛCDM
model (light blue line), for best fit of features model using initial potential as Eq.(5.17)
with numerical resolution and exploring oscillation in low-` region (red line) and best
fit approximate parameterization as Eq.(5.24a) and exploring features in ` ∼ 200 (blue
line), compared to the Planck temperature data. Middle panel: The same as above,
zoomed in the region 10 < ` < 60 and 150 < ` < 300. Lower panel: The same as above,
plotted in terms of residuals with respect to the ΛCDM best fit [94].
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Table 5.2. 68% confidence limits for the cosmological parameters using WMAP+ACT+SPT
data (column named "Features (CMB)" ) and WMAP+ACT+SPT+SDSS data
(column named "Features (CMB+LRG)"), relate to the ΛCDM model using the
WMAP+ACT+SPT data (column named "ΛCDM model" ).

Parameter ΛCDM model Features (CMB) Features (CMB+LRG)

100 Ωbh
2 2.215± 0.041 2.204± 0.044 2.215± 0.037

Ωch
2 0.1114± 0.0046 0.1125± 0.0050 0.1122± 0.0029

100 θ 1.0411± 0.0016 1.0409± 0.0016 1.0414± 0.0015

τ 0.085± 0.014 0.086± 0.014 0.087± 0.015

ns 0.962± 0.011 0.959± 0.014 0.959± 0.011

109As (k0 = 0.05 Mpc−1) 2.17± 0.06 2.18± 0.08 2.19± 0.07

Age [Gyr] 13.78± 0.09 13.81± 0.09 13.78± 0.07

zre 10.4± 1.2 10.5± 1.2 10.5± 1.2

H0 [km s−1 Mpc−1] 70.45± 2.1 69.9± 2.3 70.3± 1.3

line and, as we can see, is in full agreement with the best-fit spectra obtained from
the analysis made assuming the numerical integration method.

We can therefore conclude that one needs to be extremely cautious in the choice
of priors when looking for features in the CMB spectra since probability distributions
for the parameters are highly multi-modal.

From our tests we can observe that the proposed inflationary potential is in good
agreement with observed data and that models with a step provide a significantly
better fit than standard featureless power-law spectra. We understand also that
the data are not yet constraining enough to allow to discriminate between these
inflationary models and the standard inflationary scenario.
Furthermore, it is evident that the Planck data greatly increase the precision to
which the step parameters can be measured. Future polarization data will further
improve the constraints presented here, we therefore await for the next release of
the Planck collaboration, in October 2014.
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Table 5.3. 68% confidence limits for the cosmological parameters using the Planck data.
Second column refer to ΛCDM “vanilla" model; the third column show the constraints
on the features model using initial potential as Eq.(5.17) with numerical resolution
and exploring oscillation in low-` region; the fourth column refer to analysis using
approximate parameterization as Eq.(5.24a) and exploring features in ` ∼ 200.

Parameter ΛCDM model Features low-` Features first peak

100 Ωbh
2 2.220± 0.028 2.220± 0.028 2.220± 0.029

Ωch
2 0.1199± 0.0027 0.1203± 0.0028 0.1200± 0.0026

100 θ 1.0413± 0.0006 1.0413± 0.0006 1.0413± 0.0006

τ 0.090± 0.013 0.091± 0.014 0.089± 0.010

ns 0.961± 0.007 0.959± 0.008 0.960± 0.007

109As (k0 = 0.05 Mpc−1) 2.20± 0.05 2.21± 0.06 2.22± 0.04

Age [Gyr] 13.82± 0.05 13.82± 0.05 13.82± 0.05

zre 11.1± 1.1 11.2± 1.2 11.1± 0.9

H0 [km s−1 Mpc−1] 67.3± 1.2 67.1± 1.2 67.3± 1.2

−2 logL 9803 9794 9793

Table 5.4. best-fit values for the step parameters using: in second column the
WMAP+ACT+SPT data, in third column the WMAP+ACT+SPT+SDSS data, in
fourth and fifth columns the Planck data. The name of the columns refer to the analysis
reported in the tables 5.2 and 5.3.

Inflationary potential with step

Parameter CMB CMB+LRG Planck low-` Planck first peak

φstep 14.66 14.66 14.66 −

log c −2.69 −2.80 −2.85 −

log d −1.42 −1.51 −1.44 −

Af − − − 0.10

ln ηf/Mpc − − − 7.25

ln xd − − − 4.47
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Chapter 6

Conclusions

Modern cosmology offers several opportunities for investigating the properties and
evolution of our universe. A valuable tool to impose constraints lies in examining
the anisotropies of the cosmic microwave background radiation, the first picture
available of the history of the universe. Another valuable source of information is
the galaxy surveys and the large-scale maps of the universe.
In this thesis we have put new constraints on the inflation theory from the most
up-to-date cosmological data. We initially reviewed the standard cosmological model
and its theoretical predictions, and discussed the observable effects introduced by the
inclusion of the inflationary theory. We proceeded to a comparison with the current
state of the observations, in particular with data from the Wilkinson Microwave
Anisotropy Probe (WMAP) satellite and others CMB data sets like Atacama Cos-
mology Telescope (ACT) and South Pole Telescope (SPT) experiment. Also, we
considered a particular class of inflationary models, able to produce oscillation at
the large scale of the cosmic microwave background anisotropy power spectrum, and
compared these models with the data from CMB, in which we consider the first data
release of Planck experiment, and Sloan Digital Sky Survey (SDSS) data.
In these conclusions we summarize the main results obtained in the work performed
during my Ph.D and presented in this thesis.

In Chapter 4 we analysed the recently released ACT and SPT data in combination
with the WMAP9-year data. We tested these data against two cosmological scenarios:
(1) a scale-invariant, purely scalar “Harrison-Zel’dovich” (HZ) power spectrum with
the addition of parameters motivated by inflationary cosmology, tilt ns, nonzero
tensor/scalar ratio r, and running of the spectral index ns, and (2) the HZ power
spectrum with a nonstandard effective neutrino number Neff and/or neutrino mass
mν . We find that both the extended ACT data (eACT) and the extended SPT data
(eSPT) favor extensions to the simple HZ model to at least 95% confidence.

In the case of the inflation-motivated extensions to HZ, both eACT and eSPT
favor a deviation from a scale-invariant power spectrum with “red” tilt, ns < 1,
and neither show any evidence for a nonzero tensor/scalar ratio. The eACT data
are consistent with negligible running of the spectral index, as predicted by simple
slow-roll inflation models. The eACT data are consistent at the 95% confidence
level with simple chaotic inflation V (φ) = m2φ2, and with power-law inflation,
V (φ) ∝ exp (φ/µ), as well as “small-field” models predicting negligible tensors and
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ns < 1.
The eSPT data, however, are inconsistent with a purely power-law power spectrum,
favoring negative running of the spectral index nrun = −0.029±0.011 in the case with
a prior of r = 0, and nrun = −0.051±0.015 in the case where r 6= 0 is allowed. While
the eSPT data are not in disagreement with the most general possible single-field
inflation models, they are in significant conflict with slow-roll models predicting
nrun � ns. The eACT data are consistent with such models.

In the case of extensions to HZ involving additional light degrees of freedom, eACT
and eSPT again produce qualitatively different constraints. Both the eACT and
eSPT data favor additional light degrees of freedom, with Neff = 3.88 ± 0.28 for
eACT, and Neff = 4.26± 0.26 for eSPT (with a prior of mν = 0). The eACT and
eSPT data differ, however, with respect to nonzero neutrino masses. The eACT
data are consistent at 95% with zero neutrino mass, with

∑
mν = 0.24± 0.15 eV

(with a prior of Neff ≡ 3.04), and
∑
mν < 0.46 eV (with Neff 6= 3.04). The eSPT

data favor nonzero neutrino mass, with
∑
mν = 0.39 ± 0.14 eV (with a prior of

Neff ≡ 3.04), and
∑
mν = 0.96± 0.53 eV (with Neff 6= 3.04).

In either scenario, HZ + inflation or HZ + neutrinos, considering the ACT and
SPT data separately results in qualitatively different conclusions about extensions
to a standard scale-invariant Λ+Cold Dark Matter concordance cosmology, a ten-
sion which is not evident when considering combined constraints from ACT and SPT.

In chapter 5 we have considered inflation models with a small-amplitude step-
like feature in the inflaton potential. Features of these kind can be due for example
to phase transitions occurring during the slow roll in multi-field inflationary models.
In these models the primordial perturbation spectrum has the form of a power-law
(as in the standard featureless case) with superimposed oscillations, localized in a
finite range of scales that basically depends on the position of the step in the potential
and whose presence can be tested through the analysis of CMB and large-scale
structures data.

We have compared the theoretical predictions of a specific model, i.e., chaotic
inflation, and of a more general phenomenological model [90][93][94]. We use different
dataset and step by step we improve the constraints on the inflationary potential
parameters. We start using data from the WMAP7-year and ACT, than update
the data using the combination WMAP7-year + ACT + SPT data with the LRG-7
sample of the Sloan Digital Sky Survey. Finally, we analyse the model using the
Planck data and considering two different methods. The first uses a numerical routine
to accurately calculate the primordial density spectrum corresponding to a given
inflaton potential. The second employs an approximate form of the power spectrum,
reproducing the features caused by a step-like inflaton potential. For the latter
analysis, we have also studied the impact of different prior ranges, corresponding to
features in the low-` and mid-` ranges.
The analysis done performing the exact integration of the mode equations shows
a minimum χ2 value with ∆χ2 ' 9 with respect to the featureless ΛCDM model,
at the cost of three new parameters. This improvement is due to the presence of
oscillations in the multipole range 10 < ` < 60.
These results can be matched using instead the analytical approach, choosing to
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explore oscillations in the range 150 < ` < 300. The improvement in the goodness
of fit is still ∆χ2 ' 9, although it is caused by oscillations in a completely different
range of scales.
The possibility of no oscillation at all is still, however, perfectly consistent with the
data. In conclusion, although multifield inflationary models can definitely reproduce
the two glitches in the large scale temperature spectrum, current data are not yet
constraining enough to allow to discriminate between these models and the standard
inflationary scenario. Future polarization data, as discussed in [93] will clearly
further improve the constraints presented here, possibly confirming the presence of
glitches in the region 20 < ` < 60.
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Appendix A

Statistical Methods in
Cosmology

In this appendix we will describe some of the statistical techniques commonly used
in cosmology to analyse experimental data, and in particular the general problem
of estimating parameters from data (for a complete study we refer to Ref.[105]).
Any particular model, from which these parameters are taken, is only able to make
statistical predictions about the properties of the universe. Therefore, we need
to extract the largest amount of information from the data in order to better
characterize the model we are testing.
Most data analysis problems are inverse problems. Typically the problems of interest
are divided in three categories: Hypothesis testing, Parameter estimation and Model
selection.
Inference is the method by which we translate observations into constraints on our
theoretical models. The model is a representation of the physical processes that we
believe are relevant in the observables we plan to observe. To be useful, the model
must be sufficiently sophisticated to be able to explain the data, and simple enough
that we can make predictions for observational data from it.
The goal of parameter estimation is to provide estimates of the parameters and their
errors, or ideally the whole probability distribution of the parameters. The data
which we obtain by the experiment may be subject only to experimental uncertainties,
or they may also have a fundamental statistical uncertainty due to random nature
of the underlying physical processes. In cosmology there exist both type of data.
For example, the detailed pattern of the CMB is not believed to be predictable
even in principle, being only a particular random realization of quantum processes
occurring during inflation. Fortunately this type of uncertainty can be modeled and
incorporated in addition to measurement one.
Regarding the model selection, several different models might be proposed as an
explanations of the observational data. These models would represent alternative
physical processes, and as such would correspond to different set of parameters that
are to be varied in fitting the data.
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A.1 Bayesian inference.
Within cosmology the most commonly used paradigm for statistical analysis is the
Bayesian inference. Instead, the traditional practice of particle physicists assumes a
frequentist approach, although even in this field there is an increasing interest in
applying Bayesian methods.
The essence of Bayesian analysis is to assign probabilities to all quantities involved,
and to treat them according to a series of rules, among which the Bayes’ theorem
is the most important. The aim of the procedure is to update our knowledge with
new emerging data. An important implication of this way of thinking is that we
have to quantify what we thought we knew before collecting the data: this is known
as the prior probability. All the subsequent steps are algorithmic but the definition
of the prior is not, and different researchers may have different views on what is
appropriate.
The posterior probability is the probability of the parameter of the model to take
certain values, after doing the experiment. It can be written as:

p(θ|x), (A.1)

where θ is the unknown model parameter and x the observed data. From this, one
can calculate the expectation values of the parameters, and their errors.
Often, what may be easily calculable is the opposite, p(x|θ). For example, consider
a model which is a Gaussian with mean µ and variance σ2. The model has two
parameters, θ = (µ, σ), and the probability of a single variable x given the parameters
is

p(x|θ) = 1√
2πσ

exp
[
−(x− µ)2

2σ2

]
, (A.2)

but this is not what we want. However, we can relate this to p(θ|x) using the Bayes’
Theorem:

p(θ|x) = p(θ, x)
p(x) = p(x|θ)p(θ)

p(x) , (A.3)

where: p(θ|x) is the posterior probability for the parameters; p(x|θ) is called the
likelihood and given its own symbol L(x; θ); p(θ) is called the prior, and expresses
what we know about the parameters prior to the experiment being done (this may
be the result of previous experiments, or theory) and in the absence of any previous
information the prior is often assumed to be a constant or “flat prior"; p(x) is
the evidence. For parameter estimation, the evidence is a normalization of the
probabilities,

p(x) =
∫

dθp(x|θ)p(θ) (A.4)

and the relative probabilities of the parameters do not depend on it, so it is often
ignored. However, the evidence does play an important role in model selection, when
more than one theoretical model is considered, and one wants to discriminate among
models, whatever the parameters are.
Actually, all the probabilities above should be conditional probabilities, given any
prior information I which we may have. I may be the result of previous experiments,
or may be a theoretical prior, in the absence of any data. In such cases, it is common
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to adopt the “principle of indifference" and assume that all values of the parameter
are equally likely, and take p(θ) =constant in the range of interest. This is referred
to as a flat prior. Thus for flat priors, we have simply

p(θ|x) ∝ L(x; θ) (A.5)

Although we may have the full probability distribution for the parameters, often
one simply uses the peak of the distribution as the estimate of the parameters. This
is called a maximum likelihood estimate. If the priors are not flat, the peak in the
posterior p(θ|x) is not necessarily the maximum likelihood estimate.
For multi-parameter models one is interested to extract from the multivariate poste-
rior distribution the posterior of a subsample of parameters. The posterior probability
is mapped onto a lower-dimensional subspace by the process of marginalisation,

p(θ1) =
∫
dθ2....dθN p(θ) (A.6)

where θ(1) represents the parameters in the n-dimensional subspace.
The set of parameters most favored by the data can be figured out finding the set of
parameters for which the posterior probability p(θ|x) has its maximum:

θBF = |max θ p(θ|x)| . (A.7)

This represents the most probable parameter values given the data and priors, and
it is often referred to as the "best fit", although, strictly speaking, the term refers
to those values of the parameters that maximize the likelihood and it is equivalent
to take θBF only for uniform priors. On the other hand, one can estimate the best
values for the parameters by calculating the posterior mean (also called "marginalized
mean").

A.2 Monte Carlo Markov Chains.
If the dimensionality of the parameter space is very large, it becomes rapidly
unfeasible to evaluate the likelihood on a grid basis, as the number of grid points
grows exponentially with dimension. There are various ways to sample the likelihood
surface more efficiently, concentrating the points more densely where the likelihood
is high. A widely used solution in cosmology is the Monte Carlo Markov Chain
methods.
Monte Carlo methods are algorithms based on random sampling, with the algorithm
that is guided by some rules defined to give the desired outcome. An important
sub-class of Monte Carlo methods are Monte Carlo Markov Chain (MCMC) methods,
defined as those in which the next step in the sequence depends only upon the
previous one. The sequence of steps is then known as a Markov Chain. Each step
correspond to some particular value of the parameters, for which the likelihood is
evaluated.
The Markov chain elements are constructed to correspond to random samples from
the posterior parameter distribution of the parameters, i.e. each chain element
represents the probability that those particular parameter values are the true ones.
The simplest algorithm which achieves this is the Metropolis-Hastings algorithm. It
works as follows:
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1. Choose a starting point within the parameter space.

2. Propose a random jump. Any function can be used as the proposed probability
distribution for the length and direction of the jump, as long as it satisfies
the ’detailed balance’ condition for which a jump back to the starting point
is as probable as the jump away from it. This is most easily done using a
symmetric proposal function, e.g. a multivariate Gaussian about the current
point. Evaluate the likelihood at the new point, and hence the posterior by
multiplying by the prior at that point.

3. If the probability at the new point is higher, accept the jump. If it is lower,
we accept the jump with a probability given by the ratio of the posterior
probabilities at the new and at the old point. If the jump is not accepted, stay
at the same point, creating a duplicate in the chain.

4. Repeat from Step 2, until the probability distribution is well mapped out. This
may be done for instance by comparing several chains run from different starting
points, and/or by using convergence statistics among which the Gelman-Rubin
test [106] is the most commonly used.

The chance of moving to a lower probability point let the algorithm explore accu-
rately the shape of the posterior in the vicinity of the maximum.
The generic behavior of the algorithm is to start in a low likelihood region, and
migrate towards the high likelihood regions. The first phase is called “burn in" and
has a dependence on the starting point, so it has to be eliminated in the analysis
phase of the chain. Once near the top, most possible jumps are in the region of
lower probability, and the chain wanders around the maximum mapping its shape.
The proposal function should be tuned to the scale of variation of the likelihood
near its maximum. The usual choice is of a Gaussian, and its axes should ideally
be aligned to the principal directions of the posterior (so as to be able to navigate
quickly along parameter degeneracies). Therefore it is a common practice to make a
short initial run to roughly map out the posterior distribution which is then used to
optimize the proposal function for the actual computation.
It can be demonstrated that the chain should fairly sample the target distribution
once it has converged to a stationary distribution.

A widely use tool for Monte Carlo Markov Chain analysis in cosmology is the
software CosmoMC [107], that allows to sample several cosmological parameters
spaces analysing basically any kind of cosmological data. The calculation of theoreti-
cal observables is done through the CAMB (Code for Anisotropies in the Microwave
Background) [108] software. The code allows for different sampling algorithms, as
the Metropolis-Hastings, and different convergence tests, such as the Gelman-Rubin
convergence test.

A.3 Gelman-Rubin convergence.
The classic test of convergence of the chain is the Gelman-Rubin (1992) convergence
criterion [106] , calculated by the program getdist in the CosmoMC package. This
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criterion can be used when a number of chains m are running at the same time.
The idea is that the quantities inferred from each chain, such as the sample mean
and variance of the simulated draws, should be the same once the chains converged.
Thus, Gelman and Rubin suggested to compare these inferences calculated within
each chain to the inference made by mixing together the m× n draws from all the
chains, where n is the number of draws in each chain.
After some running time, one can suppose that each of the m chains contains n
sampled points in the parameter space. For each parameter θ, with mean value
µ and variance equal to σ2, it is possible to estimate the mean of the variances
calculated within each chain j as:

W = 1
m(n− 1) =

m∑
j=1

∑
t=1

n(θjt − θ̄j)2, (A.8)

where θ̄j is the average value of the parameter θ in j-chain. On the other hand, one
can also estimate the variance between chains as:

B

n
= 1
m− 1

m∑
j=1

(θ̄j − θ̄)2, (A.9)

where θ̄ is the mean of the averages θ̄j within each chain. This last quantity is
expected to approach zero once the chain reaches the convergence. By using these
quantities it is possible to estimate the variance on the parameter θ. This can be
found as the weighted mean of the two, and satisfies the following expression:

σ̂2
+ = n− 1

n
W + B

n
. (A.10)

The estimate variance σ̂2
+ is overestimated when the chains have still not reached the

convergence. The reason is due to the fact that the chains begin from appropriately
dispersed starting points. If they have not all converged to the common favored
region of the parameter space, the points of each chain are still around the distant
starting points, so the averages θ̄j for every chain will be very different from each
other. Consequently, this lead to an overestimation of B/n. If the starting points are
too close, the variance is underestimated: in this case the convergence diagnostics
fails. In order to take into account the sampling variability of the estimator µ, the
estimated pooled posterior variance is then equal to:

V̂ = σ̂2
+

B

(mn) . (A.11)

The convergence parameter is defined by using this last expression and by comparing
with W , and it takes the following form:

R = V̂

W
= n− 1

n
+

B
n + B

nm

W
(A.12)

R is expected to be 1 for a complete convergence of the chains. A run can be
considered to have an acceptable level of convergence when the covergence parameter
R satisfies this condition 1−R� 0.03, and this value is what we impose in all our
analysis in this thesis.
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A.4 Model Selection.
Estimation of cosmological parameters, as described in the previous section, assumes
that we have a particular model in mind to explain the data that we assume to be the
true one. More commonly, however, there are competing models available to describe
the data. Each model corresponds to a different choice of variable parameters, along
with a prior distribution for those parameters. An important implication of Bayesian
analysis is that there is a clear distinction between a model where a quantity is fixed
to a definite value, versus a more general model where that parameter is allowed
to vary but happens to take on that special value. Assume we have two competing
models by M and M ′ and furthermore that M ′ is a simpler model, which has fewer
(n′ < n) parameters in it. Moreover, assume that it is nested in Model M ′, i.e. the
n′parameters of model M ′ are common to M , which has p ≡ n−n′ extra parameters
in it. These parameters are fixed to fiducial values in M ′.
We denote by x the data vector, and by θ and θ′ the parameter vectors (of length n
and n′). The posterior probability of each model comes from Bayes’ theorem:

p(M |x) = p(x|M)p(M)
p(x) (A.13)

and similarly for M ′. The marginalisation of p(x|M) is the evidence and it is:

p(M |x) =
∫
dθp(x|θM)p(θ|M) (A.14)

which is a multidimensional integration. The ratio of the posterior probabilities of
the two models is

p(M ′|x)
p(M |x) = p(M ′)

p(M)

∫
dθ′p(x|θ′M ′)p(θ′|M ′)∫
dθp(x|θM)p(θ|M) (A.15)

If we do not have preferences about any model p(M ′) = p(M), this ratio simplifies
to the ratio of evidences, called the Bayes Factor,

B =
∫
dθ′p(x|θ′M ′)p(θ′|M ′)∫
dθp(x|θM)p(θ|M) (A.16)

The complicated modelM will (ifM ′ is nested) inevitably lead to a higher likelihood,
but the evidence will favor the simpler model if the fit is nearly as good, through
the smaller prior volume. We assume uniform (and hence separable) priors in each
parameter, we can write p(θ|M) = (∆θ1 ... ∆θn)−1 and

B =
∫
dθ′p(x|θ′, M ′)∫
dθp(x|θ, M)

(∆θ1 ... ∆θn)
(∆θ′1 ... ∆θ′n′)

(A.17)

So from this equation it is clear that to get the evidence we need to integrate
the likelihood throughout the parameter space. In principle this is a standard
mathematical problem, but it is made difficult because the integrand is likely to
be extremely highly peaked and we do not know in advance where is the peak in
parameter space. Further, the parameter space is multi-dimensional the individual
likelihood evaluations are computationally expensive. Successful Bayesian model
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selection algorithms are therefore dependent on efficient algorithms for tackling this
type of integral. Model probabilities are meaningful in themselves and do not require
further interpretation, but it is useful to have a scale by which to judge differences
in evidence. The usual scale employed is the Jeffreys scale [109] which, given a
difference ∆ lnE between the evidences E of two models, reads:

• ∆ lnE < 1 Not worth more than a bare mention.

• 1 < ∆ lnE < 2.5 Significant.

• 2.5 < ∆ lnE < 5 Strong to very strong.

• 5 < ∆ lnE Decisive.

In practice the divisions at 2.5 (corresponding to posterior odds of about 13 : 1) and
5 (corresponding to posterior odds of about 150:1) are the most useful.
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We update the constraints on possible features in the primordial inflationary density perturbation

spectrum by using the latest data from the WMAP7 and ACT (Atacama Cosmology Telescope) cosmic

microwave background experiments. The inclusion of new data significantly improves the constraints with

respect to older work, especially to smaller angular scales. While we found no clear statistical evidence in

the data for extensions to the simplest, featureless, inflationary model, models with a step provide a

significantly better fit than standard featureless power-law spectra. We show that the possibility of a step in

the inflationary potential like the one preferred by current data will soon be tested by the forthcoming

temperature and polarization data from the Planck satellite mission.
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I. INTRODUCTION

Current cosmological observations can be explained in
terms of the so-called concordance�CDMmodel in which
the primordial fluctuations are created during an early
period of inflationary expansion of the Universe. In par-
ticular, the spectrum of anisotropies of the cosmic micro-
wave background (CMB) is in excellent agreement with
the inflationary prediction of adiabatic primordial pertur-
bations with a nearly scale-invariant power spectrum [1–5].
In its simplest implementation, inflation is driven by the
potential energy of a single scalar field, the inflaton, slowly
rolling down towards a minimum of its potential; curvature
perturbations, that constitute the primordial seeds for struc-
ture formation, are originated during the slow roll from
quantum fluctuations in the inflaton itself. The scale in-
variance of the spectrum is directly related to the flatness
and smoothness of the inflaton potential that are necessary
to ensure that the slow-roll phase lasts long enough to solve
the paradoxes of the big bang model.

However, inmore general inflationarymodels, there is the
possibility that slow roll is briefly violated. This naturally
happens in theories with many interacting scalar fields,
as it is the case, for example, in a class of multifield,
supergravity-inspired models [6,7], where supersymmetry-
breaking phase transitions occur during inflation. These
phase transitions correspond to sudden changes in the in-
flaton effective mass and can be modeled as steps in the
inflationary potential. If the transition is very strong, it can
stop the inflationary phase as it happens in the usual hybrid
inflation scenario; on the contrary, inflation can continue but
the inflationary perturbations and thus the shape of the
primordial power spectrum are affected. Departures from
the standard power-law behavior can also be caused by
changes in the initial conditions due to trans-Planckian
physics [8–10] or to unusual initial field dynamics [11,12]

A violation of slow roll will possibly lead to detectable
effects on the cosmological observables, or at least to the
opportunity to constrain these models by the absence of
such effects. In particular, steplike features in the primor-
dial power spectrum have been shown [13,14] to lead
to characteristic localized oscillations in the power spec-
trum of the primordial curvature perturbation. Such oscil-
lations have been considered as a possible explanation
to the ‘‘glitches’’ observed by the Wilkinson Microwave
Anisotropy Probe (WMAP) in the temperature anisotropy
spectrum of the CMB, although the WMAP team notes
that these could be caused simply by having neglected
beam asymmetry, the gravitational lensing of the CMB,
non-Gaussianity in the CMB maps and other ‘‘small’’
(&1%) contributions to the covariance matrix. In the
following we will assume that these features have indeed
a cosmological origin as in the class of extended models
described above, and we will use CMB data to constrain
the phenomenological parameters describing the step in the
inflaton potential.
Constraints on oscillation in the primordial perturbation

spectrum, as well as best-fit values for the step parameters,
have been previously derived in Refs. [15–19]. Here we
improve on the previous analyses in several aspects. First,
we use more recent CMB data, in particular, the WMAP
7-year and the Atacama Cosmology Telescope (ACT) data.
This allows us to derive tighter constraints on the parame-
ters; in particular, we get an upper limit on the step height
(related to the amplitude of oscillations) that is indepen-
dent on the position of the step itself in the prior range
considered. We also find a clear correlation between the
position and the height of the step. Second, we generate
mock data corresponding to the model providing the best
fit to the WMAP data, and use these data to assess the
ability of the Planck satellite to detect the presence of
oscillations in the primordial spectrum.
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The paper is organized as follows. In Sec. II we describe
the evolution of perturbations in interrupted slow roll and
the phenomenological model used to describe a step in the
inflationary potential. In Sec. III we discuss the analysis
method adopted. In Sec. IV we present the results and in
Sec. V we derive our conclusions.

II. INFLATIONARY PERTURBATIONS INMODELS
WITH INTERRUPTED SLOW ROLL

Steps in the potential can naturally appear in ‘‘multiple
inflation’’ models, where the inflaton field � is gravita-
tionally coupled to a ‘‘flat direction’’ field � (belonging to
the visible sector of the theory), i.e. a direction in field
space along which the potential vanishes. The �-field can
undergo a symmetry-breaking phase transition and acquire
a vacuum expectation value h�i. The gravitational coupling
between the � and the inflaton field will cause the effective
mass-squared of the latter to change; for example, in the
case in which the coupling between the two fields is
described by a term ��2�2=2 in the Lagrangian, the in-
flaton mass-squared after the phase transition will become
m2

effð�Þ ¼ m2
0 þ �h�2i. It is worth noticing that the pres-

ence of flat field directions also opens the possibility to
have inflation with a curved trajectory in field space; how-
ever, in the following, we will disregard this scenario.

The exact behavior of the inflaton mass will depend on
the dynamics of the phase transition; however, this is so
fast that the �-field reaches the minimum of its potential
very rapidly. It is then very reasonable to model the inflaton
mass in a phenomenological way as

m2
effð�Þ ¼ m2

�
1þ c tanh

�
�� b

d

��
: (1)

Here, the parameter b is of the order of the critical value of
the inflaton field for which the phase transition occurs, c is
the height of the step (related to the change in the inflaton
mass), and d is its width (related to the duration of the
phase transition). In the following we shall work in reduced
Planck units (c ¼ ℏ ¼ 8�G ¼ 1), so that all dimensional
quantities like m, b, and d should be multiplied by the
reduced Planck mass Mp ¼ 2:435� 1018 GeV in order to

get their values in physical units.
Let us now briefly recall how to compute the spectrum of

primordial perturbations, as discussed in detail by Adams
et al. [13]. For the moment, we do not specify the exact
form of the inflaton potential Vð�Þ; we will return to this
in the next section. In the case of scalar perturbations,
it is useful to define the gauge-invariant quantity [20]

u � �zR, where z ¼ a _�=H, a is the scale factor, H is
the Hubble parameter,R is the curvature perturbation, and
dots denote derivatives with respect to the cosmological
time t. The Fourier components of u evolve according to

u00k þ
�
k2 � z00

z

�
uk ¼ 0; (2)

where k is the wave number of the mode, and primes
denote derivatives with respect to conformal time �.
When k2 � z00=z, the solution to the above equation tends

to the free-field solution uk ¼ e�ik�=
ffiffiffiffiffi
2k

p
.

In the slow-roll approximation, z00=z’2a2H2. However,
in the models considered here this expectation can be
grossly violated near the phase transition, and the time
evolution of z has to be derived by solving the equations
for the inflaton field and for the Hubble parameter:

€�þ 3H _�þ dV

d�
¼ 0; (3)

3H2 ¼
_�2

2
þ Vð�Þ: (4)

Once the form of the potential is given, these can be
integrated to get H and �, and thus z, as a function of
time. At this point, it is possible to integrate Eq. (2) to get
ukð�Þ for free-field initial conditions when k2 � z00=z.
Finally, knowing the solution for the mode k, the power
spectrum of the curvature perturbation PR can be com-
puted by means of

PR ¼ k3

2�

��������
uk
z

��������
2

(5)

evaluated when the mode crosses the horizon. The result-
ing spectrum for models with a step in the potential is
essentially a power law with superimposed oscillations;
thus, asymptotically, the spectrum will recover the familiar
kns�1 form typical of slow-roll inflationary models.
In practice, however, one has to relate the horizon size at

the step with a physical wave number. For a general wave
number k? one can write k? � a?H? ¼ aende

�N?H?,
where a? and H? are the scale factor and the Hubble
parameter at the time the mode crossed the horizon, aend
is the scale factor at the end of inflation, and N? is the
number of e-fold taking place after the mode left the
horizon. We choose N? ¼ 50 for the pivot wave number
k? ¼ k0 ¼ 0:0025 Mpc�1. A different choice would cor-
respond to a translation in the position of the step in � and
would thus be highly degenerate with b. For this reason we
do not treat N? as a free parameter, consistent with what
has been done in previous studies [16,17].

III. ANALYSIS METHOD

We compare the theoretical predictions of a class of
inflationary models with a step in the inflaton potential
with observational data. We use a modified version of the
CAMB code that solves Eqs. (2)–(4) numerically using a

Bulirsch-Stoer algorithm in order to compute the initial
perturbation spectrum (5) and, from that, the CMB anisot-
ropy spectrum for given values of the relevant parameters
describing the model. CAMB is then interfaced with a
modified version of the Markov chain Monte Carlo pack-
age COSMOMC [21], that we use to find the best-fit value of
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the parameters, to reconstruct their posterior probability
density function, and to infer constraints on the parameter
themselves.

Models. We consider a chaotic inflation potential of the
form Vð�Þ ¼ m2

effð�Þ�2=2. Using Eq. (1), this corre-

sponds to a potential

Vð�Þ ¼ 1

2
m2�2

�
1þ c tanh

�
�� b

d

��
: (6)

In Fig. 1 we show the shape of this potential for
m ¼ 7:5� 10�6 and different values of the step parame-
ters (close to the best-fit values), compared to a smooth
m2�2=2 potential (c ¼ 0).

The potential (6) uniquely defines the spectrum of per-
turbations PR. The parameters that define the primordial
spectrum and the initial conditions for the evolution of
cosmological perturbations are then the inflaton mass m
and the step parameters b, c, and d. The inflaton mass sets
the overall scale for the potential and consequently for the
amplitude of the perturbations; it can then be traded, in the
Monte Carlo analysis, for the more familiar parameter As,
i.e., the amplitude of the primordial spectrum at the pivot
wave number k0 ¼ 0:0025 Mpc�1. On the other hand, as
already noted above, a step in the potential produces a
perturbation spectrum with oscillations superimposed over
a smooth power law. In the case of the potential (6), the
underlying power law has a fixed spectral index ns ¼ 0:96.
In Fig. 2 we show the primordal spectrum for different
values of the step parameters.

The results obtained in the case of a specific potential
will be, by definition, model-dependent. However, as

argued in Ref. [17], the issue of model dependence can
be alleviated in a phenomenological way by restoring the
spectral index as a free parameter, i.e., by defining the
‘‘generalized’’ spectrum P gen

R as

P gen
R ðkÞ ¼ P ch

RðkÞ �
�
k

k0

�
ns�0:96

; (7)

where P ch
RðkÞ is the spectrum induced by the chaotic

potential (6). Since the latter has an overall tilt of 0.96,
ns will describe the overall tilt of the generalized spectrum.
Summarizing, we consider two classes of models.

Models belonging to the first class (referred to as class
A) corresponding to the potential (6), are described by
eight parameters: the physical baryon and cold dark matter
densities !b ¼ �bh

2 and !c ¼ �ch
2, the ratio � between

the sound horizon and the angular diameter distance at
decoupling, the optical depth to reionization �, the parame-
ters b, c, and d of the step-inflation model, and the overall
normalization of the primordial power spectrum As

(equivalent to specifying m2 as discussed above). Models
in the second class, referred to as class B, correspond to the
generalized step model (7) and are described by the effec-
tive tilt ns in addition to the eight parameters of the first
class. In both cases, we consider purely adiabatic initial
conditions, impose flatness, and neglect neutrino masses.
We limit our analysis to scalar perturbations.
Priors. Apart from the hard-coded priors of COSMOMC

on H0 (40 km s�1 Mpc�1 <H0 < 100 km s�1 Mpc�1)
and the age of the Universe (10 Gyr< t0 < 20 Gyr), we
impose flat priors on!b,!c, �, � and, when considered, ns
and a logarithmic prior on As. As we shall see, for these
parameters the width of the posterior is much smaller than
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FIG. 1 (color online). Inflationary potential (6) for m ¼
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the prior range, so that the latter is not really relevant. For
the step parameters, the situation is complicated by the fact
that the likelihood (and the posterior) does not go to zero in
certain directions of the subspace. This happens, in par-
ticular, for very small values of c, for which the spectrum
becomes indistinguishable from a power law, and for val-
ues of b either too large or too small so that the features in
the spectrum are moved outside the range of observable
scales. Then we choose for b a flat prior 13 � b � 15, that
roughly encompasses said range. In the case of c and d,
since we do not have any a priori information on these
parameters, not even on their order of magnitude, we find it
convenient to consider a logarithmic prior on both of them.
Hence, we take (in the following, logx denotes the base 10
logarithm) �6 � logc � �1 and �2:5 � logd � �0:5.
Additionally, since the combination c=d2 is better con-
strained by the data than d alone, we also impose
a priori�5 � logðc=d2Þ � 3. Finally, we recall that, since
the posteriors for b, logc, and logd do not necessarily
vanish at the edge of the prior range, all integrals of the
probability density function depend on the extremes of
integration and are thus somewhat ill defined. Care should
then be taken when quoting confidence limits in the b,
logc, and logd subspaces.

Data sets.We perform the statistical analysis for each of
the models by comparing the theoretical predictions to two
different data sets. The first includes the WMAP 7-year
temperature and polarization anisotropy data (WMAP7).
The likelihood is computed using the the WMAP like-
lihood code publicly available at the LAMBDA Web site
[22]. We marginalize over the amplitude of the Sunyaev-
Zel’dovich signal. The second data set includes the
WMAP7 data with the addition of the small-scale CMB
temperature anisotropy data from the ACTexperiment. For
the ACT data set we also consider two extra parameters
accounting for the Poisson and clustering point sources
foregrounds components. The ACT data set is considered
up to ‘max ¼ 2500.

Other than deriving the limits on the models from exist-
ing data, we also assess the ability of future experiments, in
particular, of the Planck satellite, to improve these con-
straints. In order to do this, we simulate ‘‘mock’’ data
corresponding to the step model that yields the best fit to
the WMAP 7 and then perform a statistical analysis on
these data as if they were real. The forecast method we use
is identical to the one presented in [23] and we refer to this
paper for further details and references. The synthetic data
set is generated by considering for each C‘ a noise spec-
trum given by

N‘ ¼ w�1 expð‘ð‘þ 1Þ8 ln2=�2bÞ; (8)

where �b is the full width at half maximum (FWHM)
of the beam assuming a Gaussian profile and where w�1

is the experimental power noise related to the detectors

sensitivity � by w�1 ¼ ð�b�Þ2. The experimental parame-
ters are reported in Table I.
Together with the primary anisotropy signal we also take

into account information from CMB weak lensing, consid-
ering the power spectrum of the deflection field Cdd

‘ and its

cross correlation with temperature maps CTd
‘ .

Analysis. We derive our constraints from parallel chains
generated using the Metropolis-Hastings algorithm. We
use the Gelman and Rubin R parameter to evaluate the
convergence of the chains, demanding that R� 1< 0:03.
The one- and two-dimensional posteriors are derived by
marginalizing over the other parameters.

IV. RESULTS AND DISCUSSION

We first consider the WMAP7 and WMAP7þ ACT
data sets. We find that the �CDM fit to both data sets
can be improved by the inclusion of a step in the infla-
tionary potential, in both cases when the scalar spectral
index is being fixed to ns ¼ 0:96 (model A), and when it is
being treated as a free parameter (model B). The best-fit
values for the step parameters are reported in Table II. We
also show the full likelihood for b in Fig. 3. It can be seen
that in all cases the maximum in the likelihood occurs
for b ’ 14:2; as we show below, this is due to oscillations
placed in correspondence to the WMAP glitches at ‘� 20
and ‘� 40 and thus able to improve, for suitable values of
the other parameters, the goodness-of-fit with respect to the
vanilla �CDM model. We found that in the case of the
WMAP7 analysis the best-fit vanilla �-CDM model is at
about �	2

eff � 6 from the global best fit with features.

TABLE I. Planck [24] experimental specifications. Channel
frequency is given in GHz, FWHM in arcminutes and noise
per pixel for the Stokes I (�T=T), Q and U parameters (�P=T)
is in ½106 
K=K�, where T ¼ TCMB ¼ 2:725 K. In the analysis,
we assume that beam uncertainties and foreground uncertainties
are smaller than the statistical errors.

Experiment Channel FWHM �T=T �P=T

Planck 70 140 4.7 6.7

fsky ¼ 0:85 100 100 2.5 4.0

143 7:10 2.2 4.2

TABLE II. Best-fit values for the parameters of the primordial
spectrum.

Model A Model A Model B Model B

Parameter WMAP7 WMAP7þ ACT WMAP7 W7þ ACT

b 14.23 14.25 14.24 14.25

logc �3:11 �2:71 �2:97 �2:67
logd �1:58 �1:60 �1:65 �1:45
ns � � 0.953 0.959

ln½1010As� 3.08 3.06 3.07 3.08

	2 7469.4 7489.6 7467.9 7491.4

BENETTI et al. PHYSICAL REVIEW D 84, 063509 (2011)

063509-4



As far as Bayesian statistics is concerned, the actual
probability density distribution for a parameter is not given
by the likelihood (the probability of the data given the
parameters) but instead by the posterior (the probability
of the parameters given the data). In Fig. 4 we show the
one-dimensional posterior distributions for the step pa-
rameters b, logc, and logd. It can be noted that the poste-
rior for b has a peculiar shape, presenting a peak for
b ’ 14:2 and a fairly wide dip for b & 14. The peak traces
the peak in the likelihood discussed above. The decrease
for b < 14 is instead due to the fact that, lowering b, the
oscillations are moved to larger multipoles where they tend
to spoil the �CDM fit unless c is set to a very small value.

This is clearly illustrated in Fig. 5, where we compare
the WMAP7 data with three realizations of the CMB
spectrum: the �CDM best fit to the WMAP data, the
generalized step model best fit to the same data (corre-
sponding to the third column of Table II), and a generalized
step model with the same parameters as the best fit, with
the exception of b that is set to b ¼ 13:9. It is clear,
especially from the second panel, that for b ¼ 14:2 the
oscillations improve the fit in the region 20 & ‘ & 50. On

the other hand, when b ¼ 13:9 the height of the first peak is
diminished so that the predicted spectrum is completely at
variance with the data. The posterior does not drop to zero
because a fair amount of parameter space still exists, i.e.,
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models with low c, than can fit the data even with the
oscillations placed in the ‘‘wrong’’ place. The posterior
going to a constant value at the edges of the prior range is
instead related to the oscillations being moved out of the
observable scales. The inclusion of the ACT data in addi-
tion to WMAP7 helps in constraining small values of b,
i.e., oscillations at small scales (large ‘’s).

The shape of the logc posterior is typical of a quantity
parametrizing the amplitude of a nonstandard effect: it is
constant for small values of the parameter (when the step
model becomes indistinguishable from standard �CDM),
and then rapidly vanishes above a critical value. It can be
seen that the probability density becomes half of its asymp-
totic value at c ¼ 0 for c � 10�2. Finally, the posterior for
logc clearly shows that this parameter is largely uncon-
strained by data.

We do not quote one-dimensional confidence limits on
the parameters because, as noted in Sec. III, the posteriors
do not vanish at the edge of the prior range and in this case
the confidence limits depend on the integration range

chosen. However, for illustrative purposes, in Fig. 6 we
show the two-dimensional 95% confidence regions, com-
puted assuming that the posterior vanishes outside the prior
range, in the ðb– logcÞ plane. It is clear from the plots that
there is a region below b ¼ 14 where the data are more
sensitive to the value of c; this is related as noted above to
the oscillations being placed in the region where the data
are more accurate and favor a smooth spectrum over one
with oscillations.
The results presented here are fully compatible with the

analysis made by [25] where the WMAP5 data set was
considered. The apparently different value for the best-fit b
parameter found in that paper is due to the different choice
of the pivot scale (k0 ¼ 0:05 Mpc�1 instead of k0 ¼
0:0025 Mpc�1 as assumed in our analysis). We have
checked that performing the analysis on the WMAP7
data set with the assumption of k0 ¼ 0:05 Mpc�1 results
in a best-fit value of b� 14:7 in agreement with the results
of [25].
Finally, we show our results on the sensitivity of Planck

to the step parameters. We have assumed as a fiducial
model a generalized step model with b ¼ 14:2, logc ¼
�2:97, logd ¼ 1:65, ns ¼ 0:953, As ¼ 2:16� 10�9

(basically corresponding to the model B best fit to the
WMAP7 data, i.e., the third column of Table II). The
one-dimensional posteriors for b, logc, and logd are shown
in Fig. 7, while in Table III we report the mean values for
the primordial spectrum parameters together with their 2�
error. As we can see, the prior range dependence goes away
with Planck data and we can quote marginalized credible
intervals. We also show the two-dimensional posteriors for
the step parameters in Fig. 8. It is evident that the Planck
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TABLE III. Parameter constraints from Planck.

Parameter Model A Model B

b 14:200	 0:010 14:200	 0:011
logc �3:00	 0:32 �3:00	 0:34
logd �1:66	 0:22 �1:64	 0:23
ns 0.96 (fixed) 0:957	 0:007
ln½1010As� 3:073	 0:016 3:074	 0:016
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data will greatly increase the precision to which the step
parameters can be measured; in particular, a detection of
oscillations will be possible.

V. CONCLUDING REMARKS

We have considered inflation models with a small-
amplitude steplike feature in the inflaton potential.
Features of this kind can be due, for example, to phase
transitions occurring during the slow roll in multifield infla-
tionary models. In these models the primordial perturbation
spectrum has the form of a power law (as in the standard

featureless case) with superimposed oscillations, localized
in a finite range of scales that basically depends on the
position of the step in the potential. We have compared
the theoretical predictions of a specific model, i.e.,
chaotic inflation, and of a more general phenomenological
model to the WMAP7 and ACT data, in order to find
constraints on the parameter describing the model. We
have also studied the possibility of detecting the oscillations
with the upcoming Planck data in the case that they really
exist.
We have found that models with features can improve

the fit to the WMAP7 data when the step in the potential is
placed in such a way as to produce oscillations in the
region 20 & ‘ & 60, where the WMAP7 data shows
some glitches. We found no further evidence for small
scales glitches from the recent ACT data, this is fully
consistent with the recent analysis of [5]. We have also
found that models with too high a step are excluded by the
data. Finally, assuming as a fiducial model the generalized
step model that provides the best fit to the WMAP7 data,
we have found that the Planck data will allow one to
measure the parameters of the model with remarkable
precision, possibly confirming the presence of glitches in
the region 20 & ‘ & 60.
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5Dipartimento di Fisica, Università di Ferrara and INFN, Sezione di Ferrara,
Polo Scientifico e Tecnologico—Edificio C Via Saragat, 1, I-44122 Ferrara, Italy

6SISSA, Via Bonomea 265, Trieste 34136, Italy
7INFN, Sezione di Trieste, Via Valerio 2, 34127 Trieste, Italy
(Received 17 October 2012; published 24 January 2013)

Using the most recent data from the WMAP, ACT and SPT experiments, we update the constraints on

models with oscillatory features in the primordial power spectrum of scalar perturbations. This kind of

features can appear in models of inflation where slow-roll is interrupted, like multifield models. We also

derive constraints for the case in which, in addition to cosmic microwave observations, we also consider the

data on the spectrum of luminous red galaxies from the 7th SDSS catalog, and the SNIa Union Compilation

2 data. We have found that: (i) considering a model with features in the primordial power spectrum increases

the agreement with data compared to the featureless ‘‘vanilla’’ �CDM model by ��2 ¼ 6:7, representing

an improvement with respect to the expected value ��2 ¼ 3 for an equivalent model with three additional

parameters; (ii) the uncertainty on the determination of the standard parameters is not degraded when

features are included; (iii) the best fit for the features model locates the step in the primordial spectrum at a

scale k ’ 0:005 Mpc�1, corresponding to the scale where the outliers in the WMAP7 data at ‘ ¼ 22 and

‘ ¼ 40 are located.; (iv) a distinct, albeit less statistically significant peak is present in the likelihood at

smaller scales, whose presence might be related to the WMAP7 preference for a negative value of the

running of the scalar spectral index parameter; (v) the inclusion of the LRG-7 data does not change

significantly the best fit model, but allows to better constrain the amplitude of the oscillations.

DOI: 10.1103/PhysRevD.87.023519 PACS numbers: 98.80.Cq, 98.70.Vc, 98.80.Es

I. INTRODUCTION

The inflationary paradigm is an integral part of the
currently accepted concordance cosmological model,
explaining the flatness and homogeneity of the observed
Universe, as well as providing a mechanism to produce the
primordial curvature perturbations that eventually led to
the formation of structures. The shape of the power spec-
trum of primordial perturbations can be constrained, at
least at the largest scales, using cosmic microwave
background (CMB) data. The 7-year WMAP data are in
excellent agreement with the assumption of a nearly scale-
invariant power spectrum of scalar perturbations [1,2].
Such a spectrum, described by a simple power law with
spectral index ns very close to (albeit different from) unity,
is the one that would be produced in the simplest
inflationary scenario, that of a single, minimally coupled
scalar field slowly rolling down a smooth potential. The
expectation of a power-law spectrum continues to hold up
against scrutiny also when tested against observations
at scales smaller than those probed by WMAP, like the

small-scale CMBmeasurements of the Atacama Cosmology
Telescope (ACT) [3–5] and South Pole Telescope (SPT)
[6], and the spectrum of luminous red galaxies [7].
Nevertheless, a scale invariant power spectrum with
ns ¼ 1 could be easily put in agreement with data in
some nonminimal models, e.g., considering an extended
reionization process [8–10], nonstandard processes during
recombination like dark matter annihilation [11–14], extra
relativistic particles (see e.g., Refs. [15,16]) and so on.
In spite of this, however, models with localized

‘‘features’’ in the primordial power spectrum provide a
better fit to the data [17–23] with respect to a smooth
power-law spectrum. This is mainly due to the presence,
in the WMAP temperature anisotropy spectrum, of two
outliers in correspondence of ‘ ¼ 22 and ‘ ¼ 40. In
particular, these ‘‘glitches’’ are well fitted by a primordial
power spectrum featuring oscillations localized in a suit-
able range of wave numbers. On the other hand, it is worth
noticing that the ‘‘glitches’’ could have a more conven-
tional explanation, steaming from some still unknown
systematics in the WMAP data.
Features in the primordial power spectrum can be

generated following departures from slow roll, that can
happen in more general inflationary models. In particular,

*Micol.Benetti@roma1.infn.it
†lattanzi@ferrara.infn.it

PHYSICAL REVIEW D 87, 023519 (2013)

1550-7998=2013=87(2)=023519(9) 023519-1 � 2013 American Physical Society



in multifield supergravity- or M-theory-inspired models
[24,25], a field coupled to the inflaton can undergo a
symmetry-breaking phase transition and acquire a vacuum
expectation value. Such a phase transition corresponds to a
sudden change in the inflaton effective mass and can be
modeled as a step in the inflationary potential. The pres-
ence of the step produces, in turn, a burst of oscillations in
the power spectrum of curvature perturbations [26,27],
localized around the scale that is crossing the horizon at
the time the phase transition occurred. Departures from the
standard power-law behavior can also be present in trans-
planckian models [28–31], in models with a phase of fast
roll [32], or with a sudden change in the speed of sound
[33–35]. Similarly, in the so-called Starobinsky model
[36], a change in the slope of the potential causes a step
in the perturbation spectrum. In addition to their effect on
the power spectrum, these nonstandard inflationary scenar-
ios can also be constrained through their predicted bispec-
trum [35,37,38].

The purpose of the present work is to use current data to
update previous constraints that have been put on the pres-
ence of such a steplike feature in the inflaton potential. We
improve over previous works by using a more complete
dataset that includes the WMAP temperature and polariza-
tion data, the small-scale CMB data fromACTand SPT, and
the matter power spectrum obtained from the Luminous Red
Galaxies (LRG) sample of the Sloan Digital Sky Survey
(SDSS) 7th data release [39]). The inclusion of different
datasets allows us to explore a wider range of scales with
respect to previous analyses, going from the Hubble radius
down to the smallest linear scales, k ’ 0:1 Mpc�1. In par-
ticular, this leads to the clear identification of a ‘‘forbidden’’
range where oscillations are not allowed.

The paper is organized as follows: in Sec. II we
briefly recall the theory concerning the evolution of infla-
tionary perturbations in interrupted slow roll models; in
Sec. III we describe the phenomenological model used to
describe a step in the inflationary potential, and the analy-
sis method adopted in the present work; in Sec. IV we
present the results of the analysis, and in Sec. V we derive
our conclusion.

II. INFLATIONARY PERTURBATIONS IN
MODELS WITH INTERRUPTED SLOW ROLL

A. Inflationary perturbations

Let us start by briefly recalling how to compute the
spectrum of primordial perturbations for a given inflation-
ary potential Vð�Þ [26]. In the following we shall work
in reduced Planck units (c ¼ ℏ ¼ 8�G ¼ 1). The first
step is to solve the Friedmann and Klein-Gordon equations
(dots denote derivatives with respect to the cosmological
time t):

3H2 ¼
_�2

2
þ Vð�Þ; (1)

€�þ 3H _�þ dV

d�
¼ 0 (2)

to determine the background dynamics of the Hubble
parameter H and of the (unperturbed) inflaton field �.
In order to study the evolution of the curvature perturba-

tionR, one introduces the gauge-invariant quantity [40–42]

u � �zR, where z ¼ a _�=H and a is the scale factor. The
Fourier modes uk of u evolve according to (primes denote
derivatives with respect to conformal time �):

u00k þ
�
k2 � z00

z

�
uk ¼ 0: (3)

In the limit k2 � z00=z, the solution to the above equation

should match the free-field solution uk ¼ e�ik�=
ffiffiffiffiffi
2k

p
. The

evolution of z is determined directly by the solution of
Eqs. (1) and (2), although during slow roll one can approxi-
mate z00=z ’ 2a2H2. At this point, it is possible to integrate
Eq. (3) to get ukð�Þ for free-field initial conditions.
Finally, the power spectrum of the curvature perturba-

tion PR is related to u and z through

PR ¼ k3

2�

��������
uk
z

��������
2

; (4)

evaluated when the mode crosses the horizon.

B. Models with interrupted slow roll

In the following we shall consider models where slow
roll is briefly violated. Phenomenologically, these can be
described by adding a step feature to a Vð�Þ ¼ m2�2=2
chaotic potential, i.e., by considering a potential of the
form

Vð�Þ ¼ 1

2
m2�2

�
1þ c tanh

�
�� b

d

��
; (5)

where b is the value of the field where the step is located,
c is the height of the step and d its slope. Although the
underlying potential is taken to be the one of chaotic
inflation, we shall see below that this form can also be
used to describe different kinds of potential.
A sharp step in the inflaton potential, like that described

by Eq. (5), can appear for example in multifield inflation
models, following a symmetry-breaking phase transition
undergone by another field coupled to the inflaton. This
induces a rapid variation in the inflaton effective mass meff

that is reflected in the potential (indeed, the potential (5) is
of the form Vð�Þ ¼ 1

2m
2
eff�

2, with a step in meff). In this

regard, one can think of b as being related to the time when
the phase transition occurs, c to the change in the inflaton
mass, and d to the width of the transition.
The spectrum of primordial perturbations resulting

from the potential (5) can be calculated as outlined in the
previous section, and is found to be essentially a power-
law with superimposed oscillations. The oscillations are
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localized only in a limited range of wavenumbers (centered
on a value that depends on b) so that asymptotically
the spectrum recovers the familiar kns�1 form typical of
slow-roll inflationary models. In particular, for a chaotic
potential, the underlying power law has a spectral index
ns ’ 0:96.

One issue that we have left aside so far is how to relate
the horizon size at the time the step occurs to a physical
scale. This depends on the number N? of e-folds taking
place between the time a given mode has left the horizon
and the end of inflation. We choose N? ¼ 50 for the pivot
wavenumber k? ¼ k0 ¼ 0:05 Mpc�1. This choice is some-
what arbitrary; however, a different choice would corre-
spond to a translation in the position of the step in � and
would thus be highly degenerate with b. For this reason we
do not treat N? as a free parameter, consistent with what
has been done in previous studies [18,19].

III. ANALYSIS METHOD

In order to compare the theoretical predictions for the
constraints on the parameters characterizing inflationary
models with a step in the inflaton potential with observa-
tional data, we performed a Monte Carlo Markov Chain
analysis via the publicly available package COSMOMC [43].
We used a modified version of the CAMB ([44]) code
in which we numerically solve Eqs. (1)–(3) using a
Bulirsch-Stoer algorithm in order to theoretically calculate
the initial perturbation spectrum (4), needed to compute
the CMB anisotropies spectrum for any given values of the
parameters describing this type of inflationary model. Then
we compare these theoretical models with two different
combination of data sets. We will briefly come back on
describing the principal characteristics of each of the data-
set considered in this work.

We consider chaotic inflation potentials of the type of
Eq. (5). Following the prescription described in Sec. II A,
this potential leads to a well-defined primordial perturba-
tion spectrum PR. The free parameters in Eq. (5) are then
the inflaton mass m and the step parameters b, c and d. In
our analysis we map the mass m onto As, i.e., the amplitude
of the primordial spectrum at the pivot wavenumber
k0 ¼ 0:05 Mpc�1, as indeed the inflaton mass sets the over-
all scale for the potential and consequently for the amplitude
of the perturbations. We note also that the choice of the
pivot wavenumber changes the relationship between the
value of b and the position of oscillations in k—space; this
should be taken into account when comparing the results of
different studies. In particular, changing k0 from 0.05 to
0:002 Mpc�1 shifts b by �0:5 towards lower values.

As previously noted in Sec. II B, for the chaotic potential
of Eq. (5) the smooth power law has a fixed spectral index,
that is ns ’ 0:96. However, as noted in Ref. [19], more
general forms of the potential can be phenomenologically
taken into account by promoting ns back to a free parame-
ter and defining a ‘‘generalized’’ primordial spectrum as

P gen
R ðkÞ ¼ P ch

RðkÞ �
�
k

k0

�
ns�0:96

; (6)

where P ch
RðkÞ is the spectrum induced by the chaotic

potential (5).
Therefore the theoretical model we are considering is

described by the following set of parameters:

f!b;!c; �; �; b; c; d;As; nsg; (7)

where!b ¼ �bh
2 and!c ¼ �ch

2 are the physical baryon
and cold dark matter densities, � is the ratio between the
sound horizon and the angular diameter distance at decou-
pling, � is the optical depth to reionization, b, c and d are
the parameters of the step-inflation model,As is the over-
all normalization of the primordial power spectrum
(equivalent to specifying m2 as discussed above), and ns
is the effective tilt. We consider purely adiabatic initial
conditions, impose flatness and neglect neutrino masses,
and limit our analysis to scalar perturbations.
We consider as our basic dataset a combination of three

different CMB datasets: WMAP7 (both temperature and
polarization), ACT and SPT (in what follows we will refer
to this case simply as ‘‘CMB’’), and then we also consider
an enlarged dataset, dubbed ‘‘CMBþ LRG’’, where we
also add the information on the power spectrum of the halo
density field as derived from the LRG sample of SDSS
catalog [7], the Supernovae Ia Union Compilation 2 data
[45], and impose a prior on the Hubble constant from the
Hubble Space Telescope [46]. We choose not to use the
information associated to the presence of baryon acoustic
oscillations (BAO) [47] in the matter power spectrum since
the very presence of oscillations induced by features in the
inflationary potential would spoil the distinction between
the ‘‘smooth’’ part of the spectrum, and the ‘‘wiggles’’
induced by BAO, that is necessary to correctly interpret
the observations. In other words, applying the BAO like-
lihood as described in Ref. [47] without properly account-
ing for the possible presence of oscillations of primordial
origin (as opposed to those induced by BAO) could lead to
biased results (see e.g., Ref. [15] for a detailed discussion).
To compute the likelihood of the data we have properly

modified the COSMOMC package in order to make use of the
routines supplied by the WMAP and ACT teams for their
datasets, both publicly available from the LAMBDAweb-
site [48], and of the likelihood code provided by the SPT
team [6] for the SPT dataset.
The ACT and SPT experiments allow to extend the

dynamic range of CMB observations to larger multipoles
with the respect of WMAP7, thus measuring the damping
tail of the CMB angular power spectrum. While SPT
probes the small scales in the range of multipoles 650<
‘< 3000, the ACT telescope spans a range of multipoles
that goes up to ‘ ¼ 10000, although the signal at ‘ * 3000
is dominated by the power coming from extragalactic point
sources. For this reason, for ACTwe only consider the less
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contaminated 148 GHz spectrum up to ‘max ¼ 3300 to
perform cosmological parameters extraction. In order to
account for the foreground contributions at ‘ & 3000, we
add three extra amplitude parameters: the Sunyaev-
Zel’dovich (SZ) amplitude ASZ, the clustered point sources
amplitude AC and the amplitude of Poisson distributed
point sources AP. We consider for both ACT and SPT
experiments a joint amplitude parameter for each compo-
nent and the templates provided by Ref. [6]. No SZ
contribution is considered for WMAP7, as explained in
the analysis performed by Ref. [6]. We have however
verified that different choices for the foreground templates
has negligible effect on the constraints of cosmological
parameters and produces minimal effects on foreground
parameters.

For what concerns the SDSS LRG7 catalog, we chose to
consider data only in the linear scales regime, i.e., up to
k ¼ 0:1 hMpc�1. Indeed, HALOFIT, the CAMB routine
that should correct for nonlinearity effects at the smallest
scales, is tested only for a smooth primordial power spec-
trum and therefore is not appropriate for dealing with
power spectra with features, like those considered in the
present analysis.

Regarding the prior on the model parameters, we impose
flat priors on!b,!c, �, � and ns and a logarithmic prior on
As. We check a posteriori that these priors result to be
much wider than the corresponding posteriors and thus
their upper and lower limits do not affect our final results.
The priors on the step parameters need however to be
discussed in more detail. The parameter b controls the
position of the oscillations in k—space. Larger values of
b correspond to ‘‘later’’ phase transitions and thus move
the oscillations towards larger scales (smaller values of k
and ‘). Viceversa, smaller values of b shift the oscillations
in the direction of large wave numbers. As a rule of thumb,
we note that the peak in the oscillations is located at
k ’ 0:015 Mpc�1 (‘ ’ 200) for b ¼ 14:5, and that it is
shifted down (up) by roughly a factor 2 in k for each 0.1
increment (decrement) in b. Thus, outside of a given range
in b, oscillations are moved to wave numbers that are not
probed by observations of the CMB nor of large scale
structures. Based on the considerations above, we initially
choose a flat prior for b in the range 13:5 � b � 15:5, that
conservatively encompasses the whole range probed by the
WMAP, ACT, SPT and LRG datasets. We use this prior for
the CMB only dataset. Then, in view of the results of the
first Monte Carlo run, we also consider a restricted prior
14:2 � b � 15, that we use for the analysis of the enlarged
dataset. We have also explicitly checked that adding, in
b ¼ 13:5 or b ¼ 15:5, a step-like feature with c ¼ 10�2

(a value already large enough to produce, on average,
oscillations that are at variance with observations [22])
and d ¼ 3� 10�2 (the median point of our prior) to the
WMAP7 best-fit model produces no appreciable effect
(at least within CAMB’s numerical precision) in the CMB

spectrum up to ‘ ¼ 3000 nor in the matter power spectrum
between k ¼ 0:02 and k ¼ 0:1 Mpc�1. For what concerns
c and d, parameterizing the height and width of the step
respectively, we choose a logarithmic prior for both of
them, i.e., a uniform prior on logc and logd. The reason
for this choice is that we want for these parameters to,
potentially, assume values spanning several orders of
magnitude with equal a priori probability. Indeed this is
accomplished using a logarithmic prior that naturally
assigns equal probability to each decade. In particular,
we take �4 � logc � �1 and �2:5 � logd � �0:5.
We derive posterior distributions and parameter

constraints from parallel Markov chains generated using
the Metropolis-Hastings (MH) algorithm. We use the
Gelman and Rubin R parameter to evaluate the conver-
gence of the chains, demanding that R� 1< 0:04. Since
as we shall see the resulting posterior distributions are
highly non-Gaussian, we have also explicitly checked
that sub-sets of the chains yield the same one-dimensional
distributions. We note that there are some issues related to
the fact that some of the posteriors do not vanish at infinity;
we address them in Sec. IV.
In addition to reconstructing the posterior distribution,

we also find the best-fit values of the parameters of the
models, and assess the improvement in �2 of the features
model with respect to standard �CDM. Since the MH
algorithm needs to evaluate the model likelihood at each
point traversed by the chains, it gives, as a by-product,
the position in parameter space of the best-fit model and
the associated �2. However, the MH algorithm is designed
to draw samples from the posterior distribution, and not
to find the best-fit model, so that its assessment of the
latter can be grossly wrong. A better approach is to use
optimization methods, like for example the conjugate
gradient method. This method unfortunately has the
disadvantage that it does not work for parameters with
priors that cut the posterior where this is not negligible,
as it is the case for the features parameters. However, the
new version of CosmoMC released in October 2012 imple-
ments to this purpose the Bounded Optimization BY
Quadratic Approximation (BOBYQA) algorithm devel-
oped by Powell [49], that works also in this case. Thus in
the following section we quote results for the best-fit values
of the parameters, as well as for the value of the �2 itself,
obtained using Powell’s routines as implemented in
CosmoMC. We have explicitly checked that our results
were unchanged when increasing the accuracy settings of
the algorithm.

IV. RESULTS AND DISCUSSION

First of all, we check how the constraints on the six
‘‘vanilla’’ parameters are changed when the possibility of
having features in the primordial power spectrum is con-
sidered. To this purpose, we show in Table I the mean of the
posterior distribution, and the corresponding 68% credible
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intervals, for each vanilla parameter, as well as for some
derived parameters (most notably the reionization redshift
zre, the age of the Universe, the Hubble constant H0), and
compare them with the corresponding values found in a
test �CDM run using the CMB dataset. We note that the
uncertainty on the determination of the vanilla parameters
is not degraded when features are included (and it is
actually better for the CMBþ LRG dataset, although this
should probably be ascribed to the inclusion of additional
data). The mean values found for the features model are all
within one sigma of the corresponding �CDM values.

Now let us analyze the results on the primordial spec-
trum parameters from one dataset at a time, starting from
the CMB-only dataset. We recall that this analysis assumes
the prior 13:5 � b � 15:5. We first focus the best-fit
parameters, i.e., the parameter values that maximize the
likelihood. In the second column of Table II we show the
best-fit values, for this dataset, of the primordial spectrum
parameters. With the precision settings used, the accuracy
in the determination of these values is of 10�3 or better. In
the best-fit model, the step in the primordial spectrum is
located in b ¼ 14:66, consistently with previous studies
[20,22]. The best-fit model has �2 ¼ 7528:5; for compari-
son, the minimum �2 found in our test �CDM run was
7535.2. Thus the features model represent an improvement
of��2 ¼ 6:7with respect to standard�CDM. This should
be compared with the value of ��2 ¼ 3 (given the number

of additional parameters of the features model) expected if
the two models were equivalent.
For illustrative purposes, we also explicitly show the

projected likelihood, as well as ��2 ¼ �2 � �2
min, as a

function of b in the two panels of Fig. 1. We remark that
the shape of the likelihood function is obtained through the
chains generated using the MH algorithm (see discussion
in the previous section). We note that there is a distinct
although lower peak in the likelihood in b ’ 14, having
��2 ’ 3:5, as can be inferred from Fig. 1. Nevertheless, we
stress that the MH algorithm is not fully efficient, espe-
cially in the presence of multimodal likelihood distribu-
tions, thus the��2 values that can be inferred from the plot
are not completely trustworthy (as opposed to those
obtained using Powell’s algorithm). In order to operate a

TABLE I. Posterior mean for the vanilla cosmological parameters. The errors refer to 68%
credible intervals.

Parameter �CDM (CMB)a Features (CMB)b Features (CMBþ LRG)c

100�bh
2 2:215� 0:041 2:204� 0:044 2:215� 0:037

�ch
2 0:1114� 0:0046 0:1125� 0:0050 0:1122� 0:0029

100� 1:0411� 0:0016 1:0409� 0:0016 1:0414� 0:0015
� 0:085� 0:014 0:086� 0:014 0:087� 0:015
ns 0:962� 0:011 0:959� 0:014 0:959� 0:011
109As

d 2:17� 0:06 2:18� 0:08 2:19� 0:07
Age [Gyr] 13:78� 0:09 13:81� 0:09 13:78� 0:07
zre 10:4� 1:2 10:5� 1:2 10:5� 1:2
H0 [km s�1 Mpc�1] 70:5� 2:1 69:9� 2:3 70:3� 1:3

aPosterior mean for the parameters of the �CDM model, using the CMB dataset.
bPosterior mean for the parameters of the features model, using the CMB dataset.
cPosterior mean for the parameters of the features model, using the CMBþ LRG dataset.
dk0 ¼ 0:05 Mpc�1.

TABLE II. Bestfit values.

Parameter CMB CMBþ LRG

b 14.66 14.66

logc �2:69 �2:80
logd �1:42 �1:51
ns 0.949 0.959

ln½1010As� 3.08 3.09

�2 logðLÞ 7528.5 8086.0
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FIG. 1 (color online). Model likelihood (upper panel) and ��2

(lower panel) as functions of b for the CMB dataset, obtained by
maximization.
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more accurate statistical analysis of this secondary peak a
different sampling method should be used (like a nested
sampling algorithm, see e.g., Ref. [50]), but this type of
investigation is beyond the scopes of the present work.

We also note that the �2 does not become arbitrarily
large (i.e., the likelihood does not asymptotically vanish)
far from the minimum, but instead tends to a constant
value. This is related to the fact that, as explained to the
previous section, towards the extremes of the b range the
oscillations are moved outside the range of scales probed
by the dataset, and thus the model is expected to tend to
�CDM, as long as data fitting is concerned.

The primordial power spectra corresponding to the two
minima in the �2 are shown in Fig. 2. On the other hand,
models with 14:1 & b & 14:5 perform worse with respect
to �CDM.

For a better understanding, we also show in Figs. 3 and 4
the comparison between the WMAP7 best-fit, the two
models with features corresponding to the two peaks in
the likelihood seen in Fig. 1, and the data present in the
CMB dataset. It is clear from these plots (especially
from the plot of residuals shown in the lower panel)
that the model with b ¼ 14:66 improves over �CDM
by being able to fit the two outliers in ‘ ¼ 22 and
‘ ¼ 40, thus confirming our previous findings [22]. The
interpretation of the peak in b ¼ 14 is more puzzling; by
looking at the lower panel of Fig. 3, however, it can be seen
that the CMB spectrum for this model resembles what it
would be obtained by adding a negative running dns=d lnk
to the scalar spectral index. Thus this result could be
reminiscent of the WMAP7 preference for a negative run-
ning, that is indeed even more pronounced when high-‘

data are added to the analysis [1]: dns=d lnk ¼ �0:034�
0:026 (WMAP7 only) and dns=d lnk ¼ �0:041þ0:022

�0:023

(WMAP7þ ACBARþ QUaD). We however think that a
deeper investigation is in order, although it goes beyond the
aim of the present paper.
We now turn to the posterior distributions. In Fig. 5,

we show the one-dimensional posteriors for b, logc and
logd. We recall that standard �CDM is recovered for
logc ! �1 or logd ! þ1, as it is clear from expression
(5) for the inflationary potential. The posterior for b
still shows the two peaks in b ’ 14:7 and b ’ 14 that
were present in the likelihood. The largest value at the
edges of the prior range is due to a volume effect, since the
one-dimensional posterior is obtained by marginalization
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FIG. 2 (color online). Primordial power spectrum for an
inflationary potential of the form (5) with m ¼ 7:5� 10�6.
The values of the step parameters are: b ¼ 14:66,
logc ¼ �2:75, logd ¼ �1:42 (red), b ¼ 14:00, logc ¼ �2:66,
logd ¼ �0:54 (magenta dotted), corresponding to the two peaks
in the likelihood. For comparison, we also show the best-fit
�CDM power spectrum (black dot-dashed). We note that the
model with b ¼ 14 resembles, in the k—range considered, a
model with a negative running index.
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(as opposed to the one-dimensional likelihood that was
obtained by maximization). On the other hand, the
probability density for 14:1 & b & 14:4 is practically
equal to zero. For what concerns logc, as it could be
expected, ‘‘large’’ values are disfavored by the data
(as they produce large—in amplitude—oscillations that
cannot, on average, be reconciled with observations) while
for smaller values the posterior tends to a constant value
as the oscillations become so weak as to be practically
undetectable for the current experimental precision and
thus the value of c becomes unimportant. As already noted,
a posterior with this characteristic that extends, in princi-
ple, down to logc ¼ �1, cannot be properly normalized
(since the corresponding probability mass is infinite) and,
as a consequence, credible intervals are ill-defined. One
could be tempted to impose a lower cut-off but then the
credible intervals will end up depending on the choice of
the cut-off itself, so this should be avoided, at least in the
absence of a clear physical reason for doing so.

We can still, however, compare probability densities, as
well as probabilities integrated over finite intervals, since
probability ratios do not depend on the overall normaliza-
tion. We can use, as a benchmark value to compare the
constraining power of different datasets, for example, the
value of logc where PðlogcÞ is half of its asymptotic value
for logc ! 1. This should not be taken as an ‘‘upper

limit’’ in the common sense of the word, but as said is
a useful tool for comparison. In the case under considera-
tion, we estimate that this happens for logc ¼ �2:32, or
c ¼ 4:8� 10�3.
For comparison, the corresponding value that we had

previously found using WMAP7 and ACT data only was
logc ¼ �2 [22]. We also show, in Fig. 6 the two-
dimensional posterior Pðb; logcÞ where it is clear that
probability is concentrated in two distinct, disconnected
regions. One corresponds to models with b ’ 14:7 and
logc ’ �3, while the other to models with b ’ 14
and logc located more towards the edge of the prior range,
logc & �3:5. Finally, we examine the posterior for logd.
This is in part similar to the posterior for logc, once one
recalls that small values of logd produce a steep step in the
potential and consequently large oscillations, so one should
expect the probability to go to zero for small values of
logd, as it is. However, in this case, the posterior range is
not wide enough to see the asymptotic part, for logd ! 1
(where �CDM should be recovered), of the distribution.
The fact that the posterior is bimodal in b creates some

difficulty for the Monte Carlo, as the chains cannot easily
jump from one peak to the other, and thus take a longer
time to sample satisfactorily the actual distribution. For
this reason, in our second Monte Carlo run, using the
CMBþ LRG dataset, we have decided to concentrate on
the region of the peak at b ¼ 14:66 and impose the prior
14:2 � b � 15. We find that the best-fit for this dataset,
shown in the third column of Table II has still b ¼ 14:66.
In Figs. 7 and 8 we compare the one-dimensional like-
lihoods and posteriors, respectively, for the step parameters
in the CMBþ LRG dataset with those obtained previously
with the CMB dataset. In order to allow for comparison,
the distributions for the latter have been obtained by
imposing a posteriori the condition b 	 14:2 (which
means, in practical terms, that we have discarded all
samples with b < 14:2, and reanalyzed these new chains
from scratch). We find that there is practically no differ-
ence with respect to the position of the oscillations (which
makes sense, since this is driven by the requirement of
fitting the outliers in the WMAP7 data at relatively low
‘’s). The amplitude of the oscillations is slightly more
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FIG. 6 (color online). Joint two-dimensional posterior for
ðb; logcÞ using the CMB dataset.
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constrained, with the posterior going down at half of its
plateau value at logc ¼ �2:48 (c ’ 3� 10�3). The poste-
rior for logd is also slightly different, as it shows a more
distinct peak in correspondence of the best-fit value
logd ’ �1:5.

Tighter constraints on the features model parameters
could be placed by future precision polarization data.
Indeed, as the authors of Ref. [20] pointed out, the appear-
ing of the features (also) in the polarization power spec-
trum is important for a cross-check with the temperature
power spectrum on the constraints obtained on the features.
It is important either for features appearing at ‘ < 30
(because in the TT spectrum these would be smoothed
out by projection effects), or for features appearing at
‘ > 30 (to verify the possible sources of error in the sig-
nificant determination of the parameter constraints, such as
the inclusion of tensor modes and the relaxation of the
instantaneous reionization hypothesis) (for further details
we refer the reader to Ref. [20] and references therein).

V. CONCLUDING REMARKS

We have studied cosmological models with a steplike
feature in the inflationary potential. Such a feature would
produce oscillations in the primordial spectrum of scalar
perturbations, whose presence can be tested through the
analysis of CMB and large-scale structures data. We have
found, consistently with previous studies, that in these

models the agreement with the CMB data is improved,
with respect to the�CDMmodel, when the oscillations are
placed in such a way as to match the two outliers in the
WMAP7 spectrum at ‘ ¼ 22 and ‘ ¼ 40 (in particular, the
�2 changes by ��2 ¼ 6:7). The posterior probability also
has a maximum close to this point, corresponding to
b ¼ 14:66, while it clearly shows that oscillations in the
range 14:1 � b � 14:5 are currently forbidden by the data.
The possibility of no oscillation at all is still, however,
perfectly consistent with the data. In conclusion, although
multifield inflationary models can definitely reproduce the
two glitches in the WMAP7 temperature spectrum, current
data are not yet constraining enough to allow to discrimi-
nate between these models and the standard inflationary
scenario.
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Abstract. Data from the Atacama Cosmology Telescope (ACT) and the South Pole Tele-
scope (SPT), combined with the nine-year data release from the WMAP satellite, provide
very precise measurements of the cosmic microwave background (CMB) angular anisotropies
down to very small angular scales. Augmented with measurements from Baryonic Acoustic
Oscillations surveys and determinations of the Hubble constant, we investigate whether there
are indications for new physics beyond a Harrison-Zel’dovich model for primordial perturba-
tions and the standard number of relativistic degrees of freedom at primordial recombination.
All combinations of datasets point to physics beyond the minimal Harrison-Zel’dovich model
in the form of either a scalar spectral index different from unity or additional relativistic
degrees of freedom at recombination (e.g., additional light neutrinos). Beyond that, the
extended datasets including either ACT or SPT provide very different indications: while
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the extended-ACT (eACT) dataset is perfectly consistent with the predictions of standard
slow-roll inflation, the extended-SPT (eSPT) dataset prefers a non-power-law scalar spectral
index with a very large variation with scale of the spectral index. Both eACT and eSPT
favor additional light degrees of freedom on top of the Harrison-Zel’dovich model. eACT is
consistent with zero neutrino masses, while eSPT favors nonzero neutrino masses at more
than 95% confidence.

Keywords: inflation, cosmological neutrinos, cosmological parameters from CMBR
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1 Introduction

A wide variety of observations of Cosmic Microwave Background (CMB) and Large Scale
Structure (LSS) power spectra over the last decade have indicated that cosmic structures
originated from seed fluctuations in the very early universe. The leading theory explaining
the origin of the cosmological seed perturbations is cosmic inflation [1], a period of accelerated
expansion at very early times. During the inflationary stage, microscopic quantum fluctua-
tions were stretched to macroscopic scales to provide both the initial seeds for the primordial
density perturbations and tensor (gravitational-wave) fluctuations [2–6]. Despite the simplic-
ity of the inflationary paradigm, the exact mechanism by which cosmological perturbations
are generated is not yet established.

In the standard slow-roll inflationary scenario associated with the dynamics of a single
scalar field (the inflaton), density perturbations are due to fluctuations of the inflaton itself
as it slowly rolls down along its potential. In the simplest case, fluctuations are of the adia-
batic type, namely they are sourced by the degree of freedom that is dominating the energy
density during inflation (the inflaton). In other mechanisms for the generation of perturba-
tions, e.g., the curvaton mechanism [7], the final adiabatic perturbations are produced from
an initial isocurvature mode associated with quantum fluctuations of a light scalar degree of
freedom (other than the inflaton), whose energy density is negligible during inflation. The
isocurvature perturbations are then transformed into adiabatic perturbations when the extra
scalar degree of freedom (the curvaton) decays into radiation after the end of inflation. A
precise measurement of the spectral index, nS , of the scalar perturbations together with a
detection of gravity-wave signals in CMB anisotropies through its B-mode polarization will
provide a strong hint in favor of single-field models of inflation. Indeed, alternative mecha-
nisms predict an amplitude of gravity waves far too small to be detectable by experiments
aimed at observing the B-mode of the CMB polarization.

While inflation is the leading candidate model for the generation of primordial pertur-
bations, in the words of ref. [8]: “Inflation is at the same time a spectacular phenomenological
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success, and an enduring theoretical challenge.” The phenomenological success is that infla-
tion is a simple model for the generation of seed perturbations. The theoretical challenge
is to understand how inflation is embedded in a broader theory or model of fundamental
physics. Detailed examination of the CMB perturbations are a possible way to discriminate
among inflation models [9], perhaps even leading to a reconstruction of the inflaton poten-
tial [10] (see also ref. [11] for a recently-developed approach to the issue of how to constrain
the inflationary scenario from the new CMB data).

Another application of CMB data is to search for evidence of “new” physics, like addi-
tional relativistic degrees of freedom at recombination [12], neutrino masses [13], early dark
energy [14], modified gravity [15], or variation of fundamental constants like the fine-structure
constant [16] or the gravitational constant [17].

The goal of this paper is to examine whether existing cosmological datasets can provide
evidence for the dynamics of the inflaton field during inflation or evidence for new “neutrino”
physics. Evidence for the dynamics of the inflaton field during inflation would be a departure
from the Harrison-Zel’dovich (HZ) model (a scalar spectral index of unity and no tensor
perturbations).1 The departure from the HZ model could take the form of a scalar spectral
index different than unity, a “running” (a scale-dependence) of the scalar spectral index, or
evidence for tensor modes.2

The type of new “neutrino” physics we model would be a mass for neutrinos or addi-
tional relativistic degrees of freedom contributing to the expansion rate around the time of
recombination.3

Our analysis will include CMB data from the nine-year data release of the Wilkinson
Microwave Anisotropy Probe (WMAP9) [23], the South Pole Telescope (SPT) [24], and
the Atacama Cosmology Telescope (ACT) [25], including measurements up to a maximum
multipole number of lmax ' 3000. We will also include information from measurements of
baryonic acoustic oscillations (BAO) from galaxy surveys in the form of three datasets: data
release 7 (SDSS-DR7) [26] and data release 9 (SDSS-DR9) [27] from the Sloan Digital Sky
Survey, and the WiggleZ project [28]. We will also use data on the Hubble constant [29].

This study has two motivations. On one hand, the Planck collaboration [30] will release
soon their first flow of data regarding the CMB anisotropies, and therefore it is timely to
have a state-of-the-art pre-Planck assessment of slow-roll inflation. On the other hand, we
wish to answer three basic questions:

1. Is the simple Harrison-Zel’dovich model compatible with current cosmological datasets,
or is there support for a more complicated perturbation spectrum?

2. Is standard neutrino physics consistent with current cosmological datasets, or is there
support for new neutrino physics in the form of a neutrino mass in excess of a few
tenths of an electron volt or a change in the effective number of light neutrinos?

1We note that a scalar spectral index of unity is possible within slow-roll inflation [18, 19].
2Note that the estimated values for these parameters somewhat depend, other than on the data used,

also on the assumptions about the underlying cosmological model. For example, the effect of considering
more general reionization scenarios on the extraction of inflationary parameters has been investigated in
refs. [20–22].

3Although we parameterize the additional relativistic degrees of freedom as a contribution to the effective
number of light neutrinos, Neff , of course the new relativistic species need not be neutrinos.
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3. In the event that there is support for physics beyond the HZ spectrum and standard
neutrinos, can one tell whether the data provides information about the primordial
perturbation spectrum or the neutrino sector?

As we will see, all combinations of current datasets point to physics beyond the minimal
HZ model with standard neutrino physics. In particular, allowing for either a scalar spectral
index different from unity or an additional number of relativistic degrees of freedom, produces
a significant increase in the goodness of fit with respect to the minimal HZ model. Information
beyond that depends on the dataset used.

For a dataset with ACT (and not SPT), there is no significant increase in the goodness
of fit by increasing the complexity of the perturbation spectra by allowing for running of the
scalar perturbations and/or a tensor component. Concerning neutrino physics, there is no
significant further increase in the goodness of fit by allowing for a nonzero neutrino mass.
For the dataset with ACT, we can only say that a model with a scalar spectral index different
than unity is a much better fit than the HZ model, and a model with a non-standard number
of neutrinos is also a much better fit. In the sections below we will quantify these statements.

The situation is much different if we examine a dataset with SPT (and not ACT).4 There
are a significant increases in goodness of fit allowing either a running of the scalar spectral
index (and not much increase in goodness of fit just by allowing a tensor component) on top
of the HZ+ns model, or a nonzero neutrino mass to the HZ model. Again, in the sections
below we will quantify these statements.

Therefore, we conclude that a cosmological dataset including SPT suggests either a more
complex perturbation spectrum than simply a scalar spectral index different than unity, or
some other new physics such as a modification of the number of relativistic degrees of freedom.
The data do not prefer one approach over the other.

The papers is organized as follows: in the next section we review the pertinent features
of slow-roll inflation. In section 3 we review how neutrinos (or other light species) affect
the CMB anisotropies. In section 4 we discuss our data analysis method and the datasets
examined. Section 5 presents our results for cosmological parameters and the maximum
likelihood for various models. In section 6 we discuss implications for physics beyond the HZ
model for neutrino physics and for inflation. Section 7 contains our conclusions.

2 Slow-roll inflation and CMB anisotropies

As mentioned in the introduction, we will work under the hypothesis that the adiabatic
perturbations originated within the single-field, slow-roll framework of inflation. It should
be kept in mind that if future experiments do not detect isocurvature modes or large non-
Gaussianity it will not be possible to distinguish directly the inflaton contribution from the,
e.g., curvaton contribution, see ref. [32]. On the other hand, a detection of a significant
amount of tensor modes through CMB anisotropies will disfavor curvaton-like models as
they tend to generate a negligible tensor contribution.

Within the single-field slow-roll paradigm, many specific models for inflation have been
proposed. We limit ourselves here to models with “normal” gravity (i.e., general relativity)

4Ref. [31] concluded that datasets including either ACT or SPT give a consistent picture for cosmological
parameters, as long as HZ+nS and HZ+ns + Neff are concerned. We find however that the answer to the
question of whether cosmological data points to physics beyond an HZ +nS model strongly depends on the
choice of whether the dataset includes ACT or SPT.
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and a single order parameter for the vacuum, described by a canonical scalar field φ, the
inflaton, with Lagrangian

L =
1

2
gµν∂µφ∂νφ− V (φ) . (2.1)

The equations of motion for the spacetime are given by the Friedmann Equations, which for
a homogeneous field φ are

H2 =

(
ȧ

a

)2

=
8π

3m2
Pl

[
1

2
φ̇2 + V (φ)

]
,

(
ä

a

)
= − 4π

3m2
Pl

[
φ̇2 − V (φ)

]
. (2.2)

The equation of motion for the field φ is

φ̈+ 3Hφ̇+ V ′ (φ) = 0. (2.3)

We have assumed a flat Friedmann-Robertson-Walker metric gµν = diag(1,−a2,−a2 − a2),
where a(t) is the scale factor of the universe. Inflation is defined to be a period of accelerated
expansion, ä > 0. If the field evolution is monotonic in time, we can write the scale factor
a (φ) and Hubble parameter H (φ) as functions of the field φ rather than time, i.e., we define
all of our physical parameters along the trajectory in phase space φ̇ (φ) corresponding to the
classical solution to the equations of motion. Equations (2.2) and (2.3) can then be re-written
exactly in the Hamilton-Jacobi form

φ̇ = −m
2
Pl

4π
H ′(φ),

[
H ′(φ)

]2 − 12π

m2
Pl

H2(φ) = −32π2

m4
Pl

V (φ). (2.4)

These are completely equivalent to the second-order equation of motion. The second of the
above equations is referred to as the Hamilton-Jacobi equation, and can be written in the
useful form

H2(φ)

[
1− 1

3
ε(φ)

]
=

(
8π

3m2
Pl

)
V (φ), (2.5)

where ε is defined to be

ε(φ) ≡ m2
Pl

4π

(
H ′(φ)

H(φ)

)2

. (2.6)

The physical meaning of ε(φ) can be seen by expressing ä in eq. (2.2) as
(
ä

a

)
= H2(φ) [1− ε(φ)] , (2.7)

so that the condition for inflation, (ä/a) > 0, is equivalent to ε < 1. The scale factor is
given by

a ∝ eN = exp

[∫ t

t0

H dt

]
, (2.8)

where the number of e-folds N is

N ≡
∫ te

t
H dt =

∫ φe

φ

H

φ̇
dφ =

2
√
π

mPl

∫ φ

φe

dφ√
ε(φ)

. (2.9)
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Most simple inflation models satisfy the slow-roll approximation, which is the assump-
tion that the evolution of the field is dominated by the drag from the cosmological expansion,
so that φ̈ ' 0 and φ̇ ' −V ′/3H. The equation of state of the scalar field is dominated by
the potential, so that p ' −ρ, and the expansion rate is approximately H2 ' 8πV (φ)/3m2

Pl.
The slow roll approximation is consistent if both the slope and curvature of the potential are
small, V ′, V ′′ � V (in units of the Planck mass mPl). In this case the parameter ε can be
expressed in terms of the potential as

ε ≡ m2
Pl

4π

(
H ′ (φ)

H (φ)

)2

' m2
Pl

16π

(
V ′ (φ)

V (φ)

)2

. (2.10)

We will also define a second “slow-roll parameter” η by

η (φ) ≡ m2
Pl

4π

(
H ′′ (φ)

H (φ)

)

' m2
Pl

8π

[
V ′′ (φ)

V (φ)
− 1

2

(
V ′ (φ)

V (φ)

)2
]
. (2.11)

Slow roll is then a consistent approximation for ε, η � 1.
Perturbations created during inflation are of two types: scalar (or curvature) perturba-

tions, which couple to the stress-energy of matter in the universe and form the “seeds” for
structure formation, and tensor, or gravitational-wave perturbations, which do not couple to
matter. Both scalar and tensor perturbations contribute to CMB anisotropies. Scalar fluc-
tuations can also be interpreted as fluctuations in the density of the matter in the universe.
Scalar fluctuations can be quantitatively characterized by the comoving curvature pertur-
bation PR. As long as slow roll is attained, the curvature (scalar) perturbation at horizon
crossing can be shown to be [1]

P
1/2
R (k) =

(
H2

2πφ̇

)

k=aH

=

[
H

mPl

1√
πε

]

k=aH

. (2.12)

The fluctuation power spectrum is, in general, a function of wavenumber k, and is evaluated
when a given mode crosses outside the horizon during inflation, k = aH. Outside the horizon,
modes do not evolve, so the amplitude of the mode when it crosses back inside the horizon
during a later radiation- or matter-dominated epoch is just its value when it left the horizon
during inflation. Instead of specifying the fluctuation amplitude directly as a function of k, it
is convenient to specify it as a function of the number of e-folds N before the end of inflation
at which a mode crossed outside the horizon.

The scalar spectral index nS for PR is defined by

nS − 1 ≡ d lnPR
d ln k

, (2.13)

so that a scale-invariant spectrum, in which modes have constant amplitude at horizon cross-
ing, is characterized by nS = 1.

To lowest order in slow roll, the power spectrum of tensor fluctuation modes and the
corresponding tensor spectral index is given by [1]

P
1/2
T (kN ) =

[
4H

mPl
√
π

]

k=aH

,

nT ≡
d lnPT
d ln k

. (2.14)
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The ratio of tensor-to-scalar modes is then PT /PR = 16ε, so that tensor modes are negligible
for ε � 1. In the limit of slow roll, the spectral indices nS and nT vary slowly or not at
all with scale. We can write the spectral indices nS and nT to lowest order in terms of the
slow-roll parameters ε and η as

nS ' 1− 4ε+ 2η,

nT ' −2ε. (2.15)

The tensor/scalar ratio is frequently expressed as a quantity r, which is conventionally
normalized as

r ≡ 16ε =
PT
PR

. (2.16)

The tensor spectral index is not an independent parameter, but is proportional to the ten-
sor/scalar ratio, given to lowest order in slow roll by nT ' −2ε = −r/8. A given inflation
model can therefore be described to lowest order in slow roll by three independent parameters:
PR, PT , and nS .

Deviations from a simple power-law spectrum of perturbations are higher order in the
slow-roll parameters, and thus serve as a test of the consistency of the slow-roll approximation.
Scale dependence in the observables corresponds to scale dependence in the associated slow-
roll parameter, and can be quantified in terms of the infinite hierarchy of inflationary flow
equations [33],

dε

dN
= 2ε (η − ε) ,

dη

dN
= 2λ− εη,

...
d`λ

dN
= [(`− 1)η − `ε] `λ+ (`+1)λ. (2.17)

The higher-order flow parameters are defined by

ε ≡ 2M2
P

(
H ′(φ)

H(φ)

)2

,

η ≡ 2M2
P

H ′′(φ)

H(φ)
,

2λ ≡ 4M4
P

H ′(φ)H ′′′(φ)

H2(φ)
,

...

`λ ≡
(
2M2

P

)`H ′(φ)(`−1)

H(φ)`
d(`+1)H(φ)

dφ(`+1)
, (2.18)

where the prime denotes derivatives with respect to scalar field φ. It is then straightforward
to calculate the scale-dependence of the spectral index by relating the wavenumber k to the
number of e-folds N ,

dn

d ln k
≡ nrun = − 1

1− ε
d

dN
(2η − 4ε)

= 10εη − 8ε2 − 2
(

2λ
)

+O(ε3) + · · · . (2.19)
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Since the running depends on higher-order flow parameters than the spectral index itself, it is
an independent parameter, even in slow-roll inflation models. In typical single-field inflation
models, the running of the spectral index is negligible, so a detection of scale dependence
in the spectral index would rule out a large class of viable single-field inflation models, and
would therefore be a powerful probe of inflationary physics.

3 Neutrinos and CMB anisotropies

In what follows we we examine the possibility of new neutrino physics as an alternative to
extending the complexity of primordial perturbations.

One direction for new neutrino physics is a change in the effective number of relativistic
degrees of freedom, Neff , that defines the physical energy density in relativistic particles ρrad,
defined by

ρrad =

[
1 +

7

8

(
4

11

)4/3

Neff

]
ργ , (3.1)

where ργ is the energy density of the CMB photons and Neff is the effective number of light
neutrino species. In the standard scenario, assuming three active massless neutrino species
with standard electroweak interactions and the present CMB temperature of Tγ = 2.726K
(see, e.g., ref. [34]), the expected value is Neff = 3.046. This is slightly larger than 3 because
of non-instantaneous neutrino decoupling (see, e.g., ref. [35]). As mentioned previously, any
new species that is relativistic around recombination will contribute to Neff , whether it is a
neutrino species or not. The exact contribution of a new relativistic species will depend on
the number of spin degrees of freedom, whether the new species is a boson or fermion, and
the temperature of decoupling of the new species.

We also consider the possibility of a mass for one or more of the three known active
neutrino species. The present contribution to the overall energy density is given by

Ωνh
2 = Σi=1,2,3

mi

92.5 eV
, (3.2)

where mi are the masses of the three neutrino mass eigenstates.

A change in neutrino physics can have important implications for interpretation of
inflationary parameters from CMB anisotropies, see refs. [36–38]. For example, varying Neff

can have an impact on determination of nS and its running, since it changes both the position
of the CMB peaks in the angular spectrum and the structure of the “damping tail” at very
large multipoles (see ref. [12]). In general, a higher Neff can put higher values of nS in better
agreement with the data, i.e., there is a positive correlation between the two parameters.

Masses for neutrinos also have important implications for interpretation of inflationary
parameters from CMB anisotropies. Massive neutrinos damp the dark-matter fluctuations
on scales below the horizon when they become nonrelativistic (see e.g., [39]). Neutrinos with
masses mν . 0.3 eV are relativistic at recombination and affect the CMB anisotropy mainly
through gravitational lensing, while neutrinos with larger masses slightly increase the CMB
small-scale anisotropy by damping the gravitational potential at recombination. The final
result is a small anti-correlation with nS , i.e., larger neutrino masses shift the constraints on
nS to smaller values.

– 7 –



J
C
A
P
1
0
(
2
0
1
3
)
0
3
0

4 Data analysis method

The analysis method we adopt is based on the publicly available Monte Carlo Markov Chain
(MCMC) package cosmomc [40] with a convergence diagnostic done through the Gelman and
Rubin statistic.

We sample the following four-dimensional standard set of cosmological parameters,
adopting flat priors on them: the baryon and cold dark matter densities Ωb and Ωc, the
angular size of the sound horizon at decoupling θ, and the optical depth to reionization τ .

As discussed in a separate section, we will also vary the relativistic number of degrees
of freedom parameter Neff and the total neutrino mass Σmν . The standard three-neutrino
framework predicts Neff = 3.046, while oscillation neutrino experiments place a lower bound
Σmν > 0.05 eV [41].

For the inflationary parameters we consider the scalar spectral index nS and its running
nrun, the overall normalization of the spectrum AS at k = 0.002 Mpc−1 and the amplitude
of the tensor modes relative to the scalar, r = AT /AS , again at k = 0.002 Mpc−1.

We consider purely adiabatic initial conditions and we impose spatial flatness.

We analyze the following set of CMB data: WMAP9 [23], SPT [24], and ACT [25],
including measurements up to a maximum multipole number of lmax ' 3000. For all these
experiments we make use of the publicly available codes and data. For the ACT experiment
we use the “lite” version of the likelihood [42].

We also consider the effect of including additional datasets to the basic datasets just
described. Consistently with the measurements of HST [29], we consider a Gaussian prior
on the Hubble constant H0 = 73.8 ± 2.4 km s−1 Mpc−1. We also include information from
measurements of baryonic acoustic oscillations (BAO) from galaxy surveys. Here, we follow
the approach presented in ref. [23] combining three datasets: SDSS-DR7 [26], SDSS-DR9 [27]
and WiggleZ [28].

Since, as we see in the next section, the ACT and the SPT datasets are providing
significantly different conclusions on inflationary parameters, we will include them separately.
In what follows we will consider two combinations of datasets. We refer to an analysis using
the WMAP9 + ACT + HST + BAO datasets as the “extended ACT” (eACT) dataset and
to an analysis with the WMAP9 + SPT + HST + BAO datasets as the “extended SPT”
(eSPT) dataset.

We use the Markov chains obtained from CosmoMC to reconstruct the posterior distri-
butions of each of the model parameters. In the tables, we present our results in the form of
the 68% credible interval for each parameter, i.e., the interval symmetric around the mean
containing 68% of the total posterior probability. We make an exception to this rule in those
cases where the posterior probability is not vanishingly small at the edge of the prior range;
this happens in particular around r = 0 and

∑
mν = 0. In this case we adopt the following

rule: if the maximum of the posterior distribution is clearly distinguished from zero, we quote
the 68% interval as above; otherwise, we quote a 95% upper limit.

We also use our Markov chains to recover the maximum likelihood (i.e., minimum χ2)
parameter values. We use the minimum χ2 values estimated from the chains to perform an
approximate model comparison by computing the likelihood ratio (actually, equivalently, the
difference in χ2) between models. As a rule of thumb, given two modelsM1 andM2, where
the latter reduces to the former for a particular choice of parameter values (in which case
the two models are said to be “nested”), we say that the data show preference for M2 over
M1 when the absolute value of ∆χ2 ≡ χ2

min(M2) − χ2
min(M1) is larger than the number of
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additional parameters in the extended model. A more accurate assessment of the relative
probability of the two models would require the calculation of the Bayesian evidence; see
e.g. refs. [43] and [44] for an application to models with extra neutrinos and to inflationary
models, respectively.

We note however that MCMC methods are usually optimized to sample the full posterior
distribution around the region of maximum probablity, and not to recover the exact value
and position of the maximum likelihood. The precision to be associated with our estimate
of the minimum χ2 can be evaluated by computing the probability of finding in the chains a
sample having a χ2 within δ(χ2) from the actual minimum (see e.g. [45]). This probability
depends on the dimensionality of the parameter space and on the number of independent
samples in the chains. We let our chains run until we can claim a 95% probability of having
found the best-fit model with an uncertainty δ(χ2) ≤ 1.

5 Extensions of the HZ model and eACT and eSPT

As a first step in our analysis we evaluate the compatibility of current cosmological datasets
eSPT and eACT with a simple reference model, which we choose to be the Harrison-Zel’dovich
(HZ) model with nS = 1, r = 0, nrun = 0, mν = 0, and Neff = 3.046. We then consider
extensions of this model involving more complex perturbation spectra, with various combi-
nations of nS 6= 1, r > 0, and nrun 6= 0. Then we examine extensions of the HZ model with
nonstandard neutrino physics with combinations of mν 6= 0 and/or Neff 6= 3.046.

5.1 Extensions of the perturbation sector

The results of our analysis with regard to perturbation spectra is reported in table 1. As
stated in the previous section, we analyze the eACT and eSPT datasets and we consider
different cases for primordial perturbations and compare them with the reference HZ model.
In all models analyzed in this section we assume massless neutrinos and Neff = 3.046.

As we can see from the table, both for the eACT and eSPT datasets, models with
nS 6= 1 are highly favored over the HZ reference model.

For the eSPT dataset, allowing one additional parameter, nS , to vary results in change
in χ2 of ∆χ2 ≡ (−2 logL)− (−2 logLHZ) = −28.7. The one-dimensional probability distri-
bution for nS with the eSPT dataset is shown in figure 1. For the eACT dataset, allowing
one additional parameter, nS , to vary results in ∆χ2 ≡ (−2 logL) − (−2 logLHZ) = −9.7.
The one-dimensional probability distribution for nS with the eACT dataset is also shown in
figure 1.

If we allow other parameters describing the perturbation spectra to vary, such as nrun

and r, there are different indications from the different datasets. Let us first consider the
eSPT dataset.

The natural parameter space for constraining simple slow-roll inflation models is to
include the tensor/scalar ratio r in addition to spectral tilt nS . Two-dimensional contours
for nS vs. r are shown in figure 2, along with the predictions of three simple slow-roll models.
For the eSPT dataset, allowing r to vary in addition to allowing nS to vary results in a very
marginal decrease in χ2 of −0.9 compared to a model just allowing nS to vary. Hence, the
data do not seem to call for the additional variable r. However, the situation is quite different
if we allow a running of the scalar spectral index, nrun 6= 0, either keeping r = 0 or allowing
r to vary. Adding one additional parameter, nrun, results in ∆χ2 = −36.6 compared to the
reference HZ model, which corresponds to a change in χ2 of −7.9 compared to the HZ +nS
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Dataset Parameter
Reference Model Inflation-Motivated Extensions

HZ HZ +nS HZ +nS + r HZ +nS + nrun HZ +nS + r + nrun

eSPT

100 Ωbh
2 2.331± 0.025 2.225± 0.032 2.228± 0.032 2.236± 0.031 2.272± 0.036

Ωch
2 0.1148± 0.0017 0.1167± 0.0018 0.1166± 0.0018 0.1180± 0.0019 0.1178± 0.0018

100 θ 1.0430± 0.0009 1.0419± 0.0009 1.0419± 0.0010 1.0422± 0.0009 1.0424± 0.0009

log[1010AS ] 3.12± 0.03 3.21± 0.03 3.20± 0.03 3.14± 0.04 3.04± 0.07

τ 0.096± 0.013 0.078± 0.012 0.077± 0.012 0.090± 0.014 0.095± 0.015

nS ≡ 1 0.959± 0.008 0.962± 0.008 1.037± 0.029 1.107± 0.045

r ≡ 0 ≡ 0 < 0.12 (d) ≡ 0 0.28± 0.16

nrun ≡ 0 ≡ 0 ≡ 0 −0.029± 0.011 −0.051± 0.015

H0
(a) 71.33± 0.65 69.33± 0.74 69.42± 0.76 69.08± 0.76 69.51± 0.78

−2 logL (b) 7653.4 7624.7 7625.6 7616.8 7615.9

∆χ2 (c) ≡ 0 −28.7 −27.8 −36.6 −37.5

eACT

100 Ωbh
2 2.356± 0.027 2.282± 0.035 2.290± 0.037 2.283± 0.035 2.302± 0.038

Ωch
2 0.1163± 0.0021 0.1165± 0.0021 0.1162± 0.0021 0.1166± 0.0021 0.1167± 0.0022

100 θ 1.0416± 0.0016 1.0399± 0.0018 1.0399± 0.0017 1.0400± 0.0017 1.0403± 0.0018

log[1010AS ] 3.14± 0.03 3.19± 0.03 3.18± 0.03 3.19± 0.04 3.13± 0.05

τ 0.102± 0.014 0.090± 0.014 0.089± 0.013 0.092± 0.015 0.094± 0.015

nS ≡ 1 0.971± 0.009 0.976± 0.009 0.978± 0.031 1.016± 0.042

r ≡ 0 ≡ 0 < 0.18 (d) ≡ 0 < 0.34 (d)

nrun ≡ 0 ≡ 0 ≡ 0 −0.003± 0.011 −0.014± 0.014

H0
(a) 70.50± 0.71 69.24± 0.83 69.43± 0.83 69.24± 0.81 69.47± 0.83

−2 logL (b) 7617.9 7608.2 7608.4 7608.3 7608.7

∆χ2 (c) ≡ 0 −9.7 −9.5 −9.6 −9.2

akm s−1 Mpc−1.
bWhen comparing to the χ2 values reported e.g. in the WMAP9 paper [23], it should be taken into account

that we use a pixel based likelihood at low ls instead than the Gibbs-based likelihood.
c∆χ2 ≡ (−2 logL)− (−2 logLHZ).
d95% c.l.

Table 1. Augmenting the minimal Harrison-Zel’dovich cosmological model through inflationary pa-
rameters. Listed are posterior means for the cosmological parameters from the indicated datasets
(errors refer to 68% confidence intervals, unless otherwise stated).

model. If we allow both r and nrun to vary (in addition to allowing nS to vary) there is a gain
of ∆χ2 = −37.5 compared to the reference HZ model, or a change in χ2 of −8.8 compared to
the HZ +nS model. The eSPT dataset strongly prefers a running of the scalar spectral index.
The one-dimensional probability distributions for nS , r and nrun with the eSPT dataset are
shown in figure 1. Two-dimensional contours of r vs. nS , nrun vs. nS and nrun vs. r are also
shown in figure 1.

The eACT dataset also prefers a scalar spectral index different from unity. Recall that
adding one additional parameter nS results in a decrease in χ2 compared to the reference HZ
model of ∆χ2 = −9.7. If we then allow one additional parameter, either r or nrun, there is
only a very marginal change in χ2 beyond the HZ + nS model. Even allowing both additional
parameters nrun and r again results in a very marginal decrease in χ2 at the expense of two
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0Figure 1. One- and two-dimensional posterior probabilities for nS , r, and nrun. Upper panel: one-

dimensional parameter posteriors for the models considered in the text, using the eSPT (top row) and
eACT (bottom row) datasest. Lower panel: two-dimensional posteriors for the HZ+ns+r+running
case. Dark- and light-shaded regions correspond to 68 and 95% credible intervals, respectively.

additional parameters. The one-dimensional probability distributions for nS , r and nrun with
the eACT dataset are also shown in figure 1, and the two-dimensional contours of r vs. nS ,
nrun vs. nS and nrun vs. r are also shown in figure 1.

We summarize our findings with respect to ns and nrun in figure 3, where we compare the
constraints on these parameters for the different model/dataset combinations considered in
the paper. It is clear from this figure that the tension between the two datasets increases when
the model complexity is also increased. Moreover, as discussed above in the context of the
goodness-of-fit of the various models, we also notice that the results of parameter estimation
from eACT are more stable, with respect to eSPT, to the increase of the complexity of the
model.

Our conclusion is that the eSPT and eACT datasets are not consistent, as long as
inflation-motivated extensions to the minimal model are concerned. While both call for a
scalar spectral index different than unity, the eSPT dataset seems to be better described by
a more complicated perturbation spectrum than just a scalar spectrum of constant spectral
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Figure 2. Two-dimensional probability in the nS vs. r plane for the HZ +nS + r model in the left
panel, and the HZ +nS + nrun model in the right panel.

Figure 3. Comparing the constraints on ns (top panel) and nrun (bottom panel) for different
model/datasets combinations. The solid and dashed bars denote 1- and 2-σ constraints, respectively.

index. On the other hand, the eACT dataset seems to be well described by a constant scalar
spectral index (slightly less than unity), and does not seem to require additional complexity.

5.2 Extensions of the neutrino sector

We now repeat the analysis presented in previous subsection but now considering the possi-
bility of an extra effective neutrino number and including neutrino masses.

The constraints from the eSPT and eACT dataset are in table 2. For both datasets,
adding the additional parameter Neff greatly improves the fit. In fact, allowing Neff improves
the fits of both eSPT and eACT by about as much as allowing the spectral index to vary
from unity.

However, allowing the neutrino mass to vary, we again again obtain different indications
from the two datasets. For the SPT dataset, adding a neutrino mass improves the χ2 by −8.1
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Dataset Parameter
Reference Model Neutrino-Motivated Extensions

HZ HZ +Neff HZ +mν HZ +Neff +mν

eSPT

100 Ωbh
2 2.331± 0.025 2.311± 0.024 2.330± 0.024 2.332± 0.037

Ωch
2 0.1148± 0.0017 0.1394± 0.0057 0.1100± 0.0023 0.1315± 0.0057

100 θ 1.0430± 0.0009 1.0404± 0.0010 1.0434± 0.0009 1.0412± 0.0011

log[1010AS ] 3.12± 0.03 3.15± 0.03 3.12± 0.03 3.14± 0.03

τ 0.096± 0.013 0.085± 0.012 0.103± 0.014 0.095± 0.014

Neff ≡ 3.046 4.26± 0.26 ≡ 3.046 4.45± 0.32
∑
mν

(a) ≡ 0 ≡ 0 0.39± 0.14 0.96± 0.53

H0
(b) 71.33± 0.65 75.5± 1.1 69.82± 0.76 74.0± 1.2

−2 logL (c) 7653.4 7625.9 7645.3 7617.1

∆χ2 (d) ≡ 0 −27.5 −8.1 −36.3

eACT

100 Ωbh
2 2.356± 0.027 2.332± 0.029 2.358± 0.029 2.337± 0.029

Ωch
2 0.1163± 0.0021 0.1318± 0.0057 0.1156± 0.0021 0.1296± 0.0057

100 θ 1.0416± 0.0016 1.0382± 0.0020 1.0421± 0.0016 1.0387± 0.0020

log[1010AS ] 3.14± 0.03 3.16± 0.03 3.13± 0.03 3.15± 0.03

τ 0.102± 0.014 0.097± 0.014 0.105± 0.015 0.099± 0.014

Neff ≡ 3.046 3.88± 0.28 ≡ 3.046 3.80± 0.28
∑
mν

(a) ≡ 0 ≡ 0 0.24± 0.15 < 0.46 (e)

H0
(b) 70.50± 0.71 73.2± 1.1 69.82± 0.79 72.4± 1.2

−2 logL (c) 7617.9 7609.7 7616.7 7609.2

∆χ2 (d) ≡ 0 −8.2 −1.2 −8.7

aeV.
bkm s−1 Mpc−1.
cWhen comparing to the χ2 values reported e.g. in the WMAP9 paper [23], it should be taken into account

that we use a pixel based likelihood at low ls instead than the gibbs-based likelihood.
d∆χ2 ≡ (−2 logL)− (−2 logLHZ).
e95% c.l.

Table 2. Augmenting the minimal Harrison-Zel’dovich cosmological model through new neutrino
physics. Listed are posterior means for the cosmological parameters from the indicated datasets
(errors refer to 68% credible intervals, unless otherwise stated).

if Neff is kept fixed and by −8.8 if it is allowed to vary. For the ACT dataset, on the contrary,
the goodness of fit improves only marginally (at the price of one additional parameter) by
allowing a non-zero neutrino mass, independently of whether Neff is fixed or not.

In figure 5 we compare the constraints on Neff and
∑
mν for the different model/dataset

combinations considered in the paper. Again we see the same trend observed in the case of
the spectrum parameters, namely that the values estimated from the two datasets tend to
diverge as new parameters are added, and that the values estimated from eACT are more
stable than those estimated from eSPT when the complexity of the model is increased.
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Figure 4. One- and two-dimensional posterior probabilities for the eACT and eSPT data for the
parameters Neff and mν .

6 Directions for new physics

Using the two data combinations described here, models with either primordial perturbations
beyond the HZ model or additional light degrees of freedom provide a much better fit than the
HZ model. Thus, cosmological data point to some interesting new physics. Unfortunately,
the direction is unclear.

Probably the most dramatic explanation would be additional light degrees of freedom:
it would be very surprising if there is a new light species beyond the standard model of
particle physics (as we have emphasized, it need not be extra neutrino species, although we
parameterize them as such).

For the eACT dataset, just adding a tilt to the scalar spectrum seems to be all that is
demanded of the data. This would tell us something about inflation, but there are a large
number of inflation models that can give a slightly red spectrum.
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Figure 5. Comparing the constraints on Neff (top panel) and mν (bottom panel) for different
model/datasets combinations. The solid and dashed bars denote 1- and 2-σ constraints, respectively.

For the eSPT dataset however, the data seems to demand more than simply a tilt to the
scalar spectrum. A much improved fit can be obtained by allowing the possibility of a large
running of the scalar spectrum. The running could be so large as to have a large impact in
inflation model building and call in doubt the simple slow-roll approximation. Alternatively,
as data seem to indicate a non-power-law scalar spectral index with a very large variation of
the spectral index, one might invoke models where the flattening of the inflaton potential is
obtained through the inclusion of large quantum corrections in the mass parameter [46] which
result in large variation of the spectral index with the scale. Another class of models which
allow for a large negative running are models in which inflation occurs near an inflection
point of the potential, where the third derivative V ′′′ of the potential is substantial, and the
higher-order slow roll parameter 2λ is comparable to the lower-order parameters ε and η.
Inflection point inflation models have been argued, e.g. in ref. [47], to be characteristic of
inflation on the string landscape.

7 Conclusions

We analyzed the recently released Atacama Cosmology Telescope (ACT) and South Pole
Telescope (SPT) data in combination with the Wilkinson Microwave Anisotropy Probe 9-
year data (WMAP9), the Sloan Digital Sky Survey Data Release 9, the WiggleZ large-scale
structure data, and the Hubble Space Telescope determination of the Hubble parameter
(HST). We tested these data against two cosmological scenarios: (1) a scale-invariant, purely
scalar “Harrison-Zel’dovich” (HZ) power spectrum with the addition of parameters motivated
by inflationary cosmology, tilt nS , nonzero tensor/scalar ratio r, and running of the spectral
index nS , and (2) the HZ power spectrum with a nonstandard effective neutrino number
Neff and/or neutrino mass mν . We find that both the extended ACT data (eACT) and
the extended SPT data (eSPT) favor extensions to the simple HZ model to at least 95%
confidence.

In the case of the inflation-motivated extensions to HZ, both eACT and eSPT favor a
deviation from a scale-invariant power spectrum with “red” tilt, nS < 1, and neither show
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any evidence for a nonzero tensor/scalar ratio. The eACT data are consistent with negligible
running of the spectral index, as predicted by simple slow-roll inflation models. The eACT
data are consistent at the 95% confidence level with simple chaotic inflation V (φ) = m2φ2,
and with power-law inflation, V (φ) ∝ exp (φ/µ), as well as “small-field” models predicting
negligible tensors and nS < 1. The eSPT data, however, are inconsistent with a purely power-
law power spectrum, favoring negative running of the spectral index nrun = −0.029±0.011 in
the case with a prior of r = 0, and nrun = −0.051± 0.015 in the case where r 6= 0 is allowed.
While the eSPT data are not in disagreement with the most general possible single-field
inflation models, they are in significant conflict with slow-roll models predicting nrun � nS .
The eACT data are consistent with such models.

In the case of extensions to HZ involving additional light degrees of freedom, eACT and
eSPT again produce qualitatively different constraints. Both the eACT and eSPT data favor
additional light degrees of freedom, with Neff = 3.88± 0.28 for eACT, and Neff = 4.26± 0.26
for eSPT (with a prior of mν = 0). The eACT and eSPT data differ, however, with respect
to nonzero neutrino masses. The eACT data are consistent at 95% with zero neutrino mass,
with

∑
mν = 0.24 ± 0.15 eV (with a prior of Neff ≡ 3.04), and

∑
mν < 0.46 eV (with

Neff 6= 3.04). The eSPT data favor nonzero neutrino mass, with
∑
mν = 0.39 ± 0.14 eV

(with a prior of Neff ≡ 3.04), and
∑
mν = 0.96± 0.53 eV (with Neff 6= 3.04).

In either scenario, HZ + inflation or HZ + neutrinos, considering the ACT and SPT
data separately results in qualitatively different conclusions about extensions to a standard
scale-invariant Λ+Cold Dark Matter concordance cosmology, a tension which is not evident
when considering combined constraints from ACT and SPT.
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We present new constraints on possible features in the primordial inflationary density perturbation

power spectrum in light of the recent cosmic microwave background anisotropy measurements from the

Planck satellite. We found that the Planck data hints for the presence of features in two different ranges

of angular scales, corresponding to multipoles 10< ‘< 60 and 150< ‘< 300, with a decrease in the

best-fit �2 value with respect to the featureless ‘‘vanilla’’ �CDM model of ��2 ’ 9 in both cases.
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I. INTRODUCTION

The recent results from the Planck satellite on the
cosmic microwave background (CMB, hereafter) angular
power spectrum are in very good agreement with the
theoretical expectations of the simplest inflationary model
based on a single, minimally coupled, scalar field [1].

However, as already discussed in [2], some interesting
hints for deviations from scale invariance are present in the
Planck data and are certainly worthwhile of further
investigation.

In this brief paper, we present new constraints on an infla-
tionary model with steplike features as proposed by [3,4].

Steplike features in the inflationary potential are
expected in theories with multiple interacting scalar fields
as supergravity-inspired models, where supersymmetry-
breaking phase transitions occur during inflation. At the
same time, steplike features are able to produce localized
oscillations in the CMB angular power spectra and, in
particular, as we have already shown in [5], to provide a
better fit with respect to the featureless case using the
WMAP data. It is therefore timely to analyze the new
Planck data, which covers a larger multipole range respect
to WMAP, and to quantify the compatibility of the features
with this new data set.

A first analysis has already been provided by the Planck
collaboration in [2]. However, as wewill discuss in the next
section, this analysis assumed an analytical and, therefore,
approximate formula for the features and investigated a
range of angular scales different from the one analyzed in
[5]. In particular, as we will discuss below, the analysis
presented in [2] for steplike feature did not cover the range
of low multipoles. Moreover, the remaining cosmological
parameters were not let to vary freely but fixed at their
best-fit values, therefore neglecting possible correlations.

Here, on the contrary, we assume the same parameter
range of [5] and we integrate the set of differential
equations to accurately compute the oscillations in the

CMB angular spectrum, given a steplike feature in the
inflationary potential (again, see [5]). Moreover, we let all
the parameters to vary freely, taking into account possible
correlations between the parameters. For comparison, we
also use the analytical model adopted in [2].
The paper is organized as follows: in Sec. II we briefly

explain the analysis method adopted; in Sec. III we present
the results of our analysis and in Sec. IV we summarize our
conclusions.

II. MODEL AND ANALYSIS METHOD

Following the work of Adams et al. [6], we consider a
model with a steplike feature added to a chaotic potential
Vð�Þ ¼ m2�2=2, for the inflaton field �, of the form

Vð�Þ ¼ 1

2
m2�2

�
1þ c tanh

�
�� b

d

��
; (1)

where b is the value of the field where the step is located,
c is the height of the step, and d its slope.
In order to evaluate the density perturbation spectrumwe

numerically evolve the relevant equations that, for brevity,
we do not report here and we refer the reader to [5–14].
Moreover, we also adopt an analytical parametrization

for the scalar primordial power spectrum given by [15,16]:

PRðkÞ ¼ exp

�
lnP0ðkÞ þ

Af

3

k�f

sinh ðk�f

xd
Þ
W 0ðk�fÞ

�
; (2a)

W 0ðxÞ ¼
�
�3þ 9

x2

�
cos 2xþ

�
15� 9

x2

�
sin 2x

2x
; (2b)

where P0ðkÞ ¼ Asð kk�Þns�1 is the smooth spectrum with the

standard power law form, Af is the kinetic energy pertur-

bation of the step, �f is the step crossing time in units of

Mpc and xd the dimensionless damping scale. Using this
method, by placing the features directly on the density
power spectrum, we do not integrate the system of differ-
ential equations, with a significantly smaller computing
time. This is the same approach that has been used in [2].*Micol.Benetti@Roma1.infn.it
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We therefore consider a ‘‘vanilla’’ theoretical model
with the addition of features in the primordial spectrum,
parametrized in both cases (numerical and analytical) by
three parameters. Together with these parameters we vary
the usual cosmological parameters as the baryon density,
!b, the cold dark matter density, !c, the ratio between
the sound horizon and the angular diameter distance at
decoupling, �, the optical depth, �, the primordial scalar
amplitude, As, and, finally the primordial spectral index
ns. We also vary the nuisance foreground parameters [17],
we consider purely adiabatic initial conditions, fix the sum
of neutrino masses to 0.06 eV, and we limit the analysis to
scalar perturbations.

We then perform a Monte Carlo Markov chain analysis
via the publicly available package COSMOMC [18]. We use
a modified version of the CAMB ([19]) code, needed to
compute the CMB anisotropies spectrum for given values
of the parameters describing this type of inflationary
model. The Gelman and Rubin criteria is used to evaluate
the convergence of the chains, demanding that R� 1 �
0:02. By default COSMOMC uses a simple Metropolis-
Hastings algorithm that needs to evaluate the model like-
lihood at each point traversed by the chains. It is designed
to draw samples from the posterior distribution and not
to find the best-fit model. Thus, in the analysis we use
the bound optimization BY quadratic approximation
(BOBYQA) algorithm, developed by Powell [20], that is

an optimized method for minimizing functions of more
variables and is implemented in COSMOMC. The quoted
results in this paper for the best-fit values of the parame-
ters, as well as for the value of the �2 itself, are obtained
using Powell’s routines.
The data set considered in this work, available from the

European Space Agency website,1 are:
(i) high-l Planck temperature (50< ‘< 2500, derived

from the CAMSPEC likelihood by combining spectra
in the frequency range 100–217 GHz [17]),

(ii) low-‘ Planck temperature (2<‘<49, derived from
a component-separation algorithm, Commander,
applied to maps in the frequency range 30–
353 GHz [21]),

(iii) low-‘ WMAP 9-year polarization [22].
The likelihood code is provided by the Planck collabo-

ration [17].
The pivot wave number selected is k? ¼ k0 ¼

0:05 Mpc�1, which is the same value chosen by the
Planck collaboration for this type of study. This parameter
is degenerate with the value of the position of the step in�,
e.g. changing k0 from 0.05 to 0:002 Mpc�1 shifts the step
value b by �0:5 towards lower values (see [5]).

TABLE I. Best-fit values and 68% confidence limits for the cosmological and step parameters. The second and third columns refer to
�CDM model; the fourth, fifth and sixth column show the constraints on the features model using the same prior ranges of [5] with,
respectively, the numerical integration approach and the analytical approximate approach; the last two columns show the constraints
obtained using the analytical approach and the parameter range of [2].

�CDM model Numerical integrationa Approximateb,d Approximate parametrizationc,d

Parameter Best-fite 68% limits Best-fite 68% limits Best-fite Best-fite 68% limits

100�bh
2 2.210 2:220� 0:028 2.220 2:220� 0:028 2.199 2.220 2:220� 0:029

�ch
2 0.1203 0:1199� 0:0027 0.1212 0:1203� 0:0028 0.1212 0.1209 0:1200� 0:0026

100 � 1.0413 1:0413� 0:0006 1.0411 1:0413� 0:0006 1.0410 1.0410 1:0413� 0:0006

� 0.090 0:090� 0:013 0.089 0:091� 0:014 0.092 0.094 0:089� 0:010

ns 0.963 0:961� 0:007 0.959 0:959� 0:008 0.958 0.960 0:960� 0:007

109As
f

2.21 2:20� 0:05 2.20 2:21� 0:06 2.22 2.22 2:22� 0:04

b � � � � � � 14.66 14:99� 0:29 � � � � � � � � �
log c � � � � � � �2:85 �2:99� 0:61 � � � � � � � � �
log d � � � � � � �1:44 �1:32� 0:54 � � � � � � � � �
Af � � � � � � � � � � � � 0.90 0.10 0:10� 0:06

ln�f=Mpc � � � � � � � � � � � � 7.17 7.25 6:34� 3:7

Age [Gyr] 13.82 13:82� 0:05 13.83 13:82� 0:05 13.83 13.84 13:82� 0:05

zre 11.3 11:1� 1:1 11.1 11:2� 1:2 11.4 11.5 11:1� 0:9

H0 [km s�1 Mpc�1] 67.2 67:3� 1:2 66.7 67:1� 1:2 66.7 66.7 67:3� 1:2

�2 logL 9803 9794 9794 9793

aUses initial potential as Eq. (1).
bUses low-‘ priors.
cUses Planck [2] priors.
dUses approximate parametrization as Eq. (2).
eCalculated using BOBYQA algorithm.
fk0 ¼ 0:05 Mpc�1.

1http://www.sciops.esa.int.
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III. RESULTS AND DISCUSSION

We essentially consider three types of analysis with the
results reported in Table I. The first analysis assumes a
simple �CDM model with a featureless spectrum. For the
second analysis we considered the steplike model in the
inflationary potential, numerically integrating the relevant
equations and assuming the following priors on the corre-
sponding parameters: 14:2�b�15:5, �4 � log c � �1,
�2:5 � logd � �0:5. These results are reported in the
fourth and fifth columns of Table I. The comparison
between the results presented in the two tables is useful
in order to identify the impact of primordial features on the
constraints on the standard �CDM parameters.

In the third analysis we used the analytical formula
presented in [2] with the same choice of priors and
given by 0 � Af � 0:2 , 0 � ln ð�f=MpcÞ � 12, �1 �
ln xd � 5. These values are reported in the last two
columns of Table I.

As we can see, introducing oscillations in the primordial
spectrum either by numerical integration of the relevant
equation or by using the above-mentioned analytical for-
mula, reduces the �2 of the best-fit model by ��2 � 9.
However, the feature parameters are poorly constrained,
as also shown in Fig. 1 where we report the posterior
probabilities for the numerical integrating analysis.
Moreover, the introduction of features has little effect on
the constraints on the remaining, nuisance, cosmological
parameters.
In Fig. 1 we can also note that the posteriors are better

defined with respect to those present in our previous work
of [5] although they are significantly different from a
Gaussian distribution. In particular, we see that the use of
the Planck data eliminates a bimodal form in the posterior
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FIG. 1 (color online). One-dimensional posterior probability
densities for the step parameters of an inflationary model with
steplike features in the potential, obtained by numerical integration
of the mode equations.
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FIG. 2 (color online). Primordial power spectra for inflationary
potentials with step. The red line shows the best-fit spectrum in
the case of the numerical integration approach with m ¼ 7:5�
10�6, using the prior ranges of [5], while the black line shows the
best-fit spectrum of the respective approximate parametrization
analysis. The blue line plots the best-fit approximate scalar
power in the range of parameters of [2], which causes features
in 150< ‘< 300.

FIG. 3 (color online). Upper panel: Temperature power
spectrum for the best-fit �CDM model (light blue line) and
for two step models with features at low-‘ (red line) and features
at the first peak (blue line), corresponding to the best-fit of the
numerical integration (with the same priors as [5]) and analytical
approach (with the same priors as [2]), compared to the Planck
temperature data. Middle panel: The same as above, zoomed in
the region 10< ‘< 60 and 150< ‘< 300. Lower panel: The
same as above, plotted in terms of residuals with respect to the
�CDM best-fit.
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probability for the b parameter, present in the WMAP9
data. As we see in Table I, both the analytical and the
numerical method provide the same reduction in the �2

value. In particular, the results for the analytical method
are fully consistent with those reported in [2].

However, the effects on the CMB angular spectra are
drastically different. The best-fit model obtained from a
numerical integration provides significantly different
oscillations with respect to the best-fit model obtained in
the case of the analytical approximation.

We can clearly see this in Fig. 2, where we plot the
primordial power spectra for the best-fit models obtained in
the case of numerical integration (red line) and for the case
of analytical approximation (blue line) used in the Planck
analysis.

In Fig. 3 we compare the best-fit CMB angular spectra
obtained in the two cases. As we can see, the numerical
integration method identifies the oscillations on large
angular scales (10< ‘ < 60) while the analytical method
provides a better fit by producing oscillations around the
first Doppler peak.

This difference is essentially due to the different choice
of priors on the feature parameters assumed in the two
analyses. To check this, we changed the priors for the
analysis based on the analytical formula to 0:8�Af�1,

7 � ln ð�f=MpcÞ � 8, 0 � ln xd � 0:5, obtaining the

best-fit values reported in Table I, sixth column. As we
can see, the best-fit has now Af � 0:9, a value that was

excluded by the choice of priors used in [2]. The corre-
sponding primordial spectrum is reported in Fig. 2 as a
black line and, as we can see, is in full agreement with the
best-fit spectra obtained from the analysis made assuming
the numerical integration method.

We can therefore conclude that one needs to be
extremely cautious in the choice of priors when looking for
features in the CMB spectra since probability distributions
for the parameters are highly multimodal.

IV. CONCLUDING REMARKS

We have presented updated constraints on an inflation-
ary model with a steplike feature in the inflaton potential,

using WMAP9 low-‘ polarization data and the recent
temperature data released by the Planck experiment.
Such a feature would induce oscillations in the anisotropy
power spectrum with magnitude, extent and position
depending on three step parameters.
We have considered two different methods. The first

uses a numerical routine to accurately calculate the pri-
mordial density spectrum corresponding to a given infla-
ton potential. The second employs an approximate form
of the power spectrum, reproducing the features caused
by a steplike inflaton potential. For the latter analysis, we
have also studied the impact of different prior ranges,
corresponding to features in the low-‘ and mid-‘ ranges.
The analysis done performing the exact integration of

the mode equations shows a minimum �2 value with
��2 ’ 9 with respect to the featureless �CDM model,
at the cost of three new parameters. This improvement is
due to the presence of oscillations in the multipole range
10< ‘< 60. These results can be matched using instead
the analytical approach, by choosing a suitable prior
range for the parameters, different from the one used in
[2]. On the other hand, the results for the analytical
method with the same prior range as [2], corresponding
instead to oscillations in the range 150< ‘< 300, are
fully consistent with those reported there. The improve-
ment in the goodness of fit is still ��2 ’ 9, although it is
caused by oscillations in a completely different range of
scales.
Finally, the constraints on the step parameters are

improved with respect to our previous work [5].
Future polarization data, as discussed in [5] will clearly

further improve the constraints presented here.
Our results are in reasonable agreement, given the

different method of analysis adopted, also with those
recently presented in [23].
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