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Abstract We consider a quantum mechanical three-particle system made of two
identical fermions of mass one and a different particle of mass m, where each fermion
interacts via a zero-range force with the different particle. In particular we study the
unitary regime, i.e., the case of infinite two-body scattering length. The Hamiltonians
describing the system are, by definition, self-adjoint extensions of the free Hamilto-
nian restricted on smooth functions vanishing at the two-body coincidence planes,
i.e., where the positions of two interacting particles coincide. It is known that for
m larger than a critical value m* ~ (13.607)7 ! a self-adjoint and lower bounded
Hamiltonian Hj can be constructed, whose domain is characterized in terms of the
standard point-interaction boundary condition at each coincidence plane. Here we
prove that for m € (m*, m**), where m** ~ (8.62)~!, there is a further family of
self-adjoint and lower bounded Hamiltonians Hy g, B € R, describing the system.
Using a quadratic form method, we give a rigorous construction of such Hamilto-
nians and we show that the elements of their domains satisfy a further boundary
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condition, characterizing the singular behavior when the positions of all the three
particles coincide.

Keywords Zero-range interactions - Unitary gases - Quadratic forms and
self-adjoint extension theory - Ter-Martirosyan-Skornyakov boundary conditions -
Zero-energy resonances
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1 Introduction

The theoretical analysis of the quantum mechanical three-body problem with pair-
wise zero-range interactions is a subject to considerable interest in the physics of cold
atoms. This is essentially due to the recently achieved possibility to realize experi-
mental conditions where the interaction is well described by a zero-range force, in
particular in the unitary limit. Roughly speaking, unitary limit means that the two-
body interaction is characterized by a zero-energy resonance or, equivalently, by an
infinite value of the scattering length. The correct definition of the model, the occur-
rence of the Efimov effect and the analysis of the stability problem, i.e., the existence
of a finite lower bound for the Hamiltonian, have been widely studied both in the
physical [4-7, 14, 20, 22, 23] and in the mathematical [8, 10, 12, 13, 15, 16, 18, 19]
literature.

Here we consider the 2 + 1 fermionic problem, where two identical fermions of
mass one interact with a particle of different nature and mass m at unitarity. Setting
h =1, the formal Hamiltonian of the system reads

H= _ﬁAXO - %AXI - %sz + ud(Xp — Xg) + ué(x2 — Xp), (1.1
where the fermions are labelled by 1, 2 and . € R. We denote vectors in R? by bold-
face symbols x, while we will set x = |x|. Extracting the center of mass motion and
introducing the relative coordinates y; = X9 — X;, i = 1, 2, we can reduce to study
the formal operator

H=—Ay, — Ay, — %Vyl - Vy, + ud(y1) + ud(y2). 1.2)
Due to the symmetry constraint, the Hamiltonian acts on the Hilbert space given by
square integrable functions which are antisymmetric under exchange y; — y», i.e.,

LIRS = | W e L2®%) | Wi y2) = —Win ). (13)

There are several possible ways to give the formal expression (1.2) a mathemati-
cally rigorous meaning, where the formal coupling constant ;« must be replaced by
a new renormalized parameter. A typical approach which exploits the theory of self-
adjoint extensions of symmetric operators goes through the analysis of the symmetric
operator given by the free kinetic energy of the three particles acting on the domain
of regular functions vanishing on the planes {y; = 0}, i = 1, 2, i.e., where the point
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interaction is supported. Such operators are not self-adjoint but only symmetric, and
they admit a huge number of self-adjoint extensions (both deficiency indices equal
+00). Among all possible extensions a special role is played by a rather small class,
the so-called Skornyakov Ter-Martirosyan (STM) operators, which are the natural
generalization to the three-body case of the Schrodinger operator with a point inter-
action in the two-body case, and come up with a domain of functions that, as we shall
discuss in a moment, have the expected asymptotic behaviour prescribed by physical
heuristics, whenever two particles come on top of each other.

This is a major point that we want to emphasize already at this qualitative stage,
before proceeding with the details and remarking it further once the appropriate nota-
tion will be set up. Indeed, the result of our work here is two-fold. On the one hand we
construct a class of self-adjoint operators for our three-body system (see Proposition
2.1), by means of the corresponding quadratic forms, which are all of the STM form,
namely reproduce the “physical” boundary condition in the vicinity of the coinci-
dence planes {y; = 0}, and in which the scattering length of the two-body, zero-range
interaction is set to infinity (the so-called “unitary regime”). On the other hand, we
show that, precisely in the same regime of masses determined in the physical lit-
erature through formal arguments, in the domain of each such Hamiltonian certain
(“most singular”’) wave-functions display a further asymptotic behaviour in the vicin-
ity of the triple coincidence point {y| = y, = 0}, a behaviour that we can cast in the
form under which is usually known in the physical literature (see Proposition 2.2 and
Remark 2.8).

The existence, for a special regime of masses, of additional STM extensions
besides the natural (“Friedrichs”) extension that we constructed and studied in a pre-
vious work of ours [8] was already known in the case of finite scattering length. We
now build these extra STM extensions also at unitarity, we reproduce for each of them
the physical triple-point asymptotics, and we show that in the present case of infi-
nite scattering length the regime of masses for the existence of such STM extensions
is larger than the corresponding regime found recently in the mathematical litera-
ture [18, 19] for finite scattering length, and it coincides precisely with the regime of
masses predicted by physical heuristics.

In order to develop these arguments, let us quickly revisit first the construction of
a point interaction between two particles in 3 dimensions and then the natural STM
generalisation for three particles. For a two-particle system it is known (see, e.g., [1])
that, extracting the center of mass motion and denoting by x the relative coordinate,
the self-adjoint operator describing the Hamiltonian /, with zero-range interaction
has a domain consisting of functions W (x), which have the following asymptotics
when x — 0:

W) = —— tag+o(l), as|x| =0, (1.4)
4 |x|
where ¢ € C is a complex number uniquely associated with ¥ and o € R labels
the self-adjoint extension. Moreover, 4, acts as the free Laplacian outside the origin.
More precisely, the Hamiltonian can be defined as follows

Dha) = [ ¥ € LP®) | ¥ =¢+4G. ¢ € IR, q € C, $(0) = aq],
hat = —Ag, (1.5)
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where

(1.6)

and H"(R?) denotes the homogeneous space of functions u such that |k|"i(k) €
L%(R?). We recall that functions in H"(R?) are in particular continuous, so that the
value of the function at the origin ¢ (0) is well defined. Moreover it can be easily seen
that the condition ¢(0) = agq in (1.5) is equivalent to (1.4). The physical meaning
of the parameter « is related to the notion of scattering length, which for such model
equals (—4a)~!. The free Hamiltonian is recovered for & — oo, while particularly
relevant for our purposes is the case « = 0, corresponding to infinite scattering
length. Notice that the Hamiltonian /¢ admits a zero-energy resonance, provided by
the function (1.6). Indeed G locally belongs to Z(hg) or, more precisely, it satisfies
all the conditions in (1.5) but the required decay at |[x| — o0 to ensure that the
function belongs to L2R3) (G ¢ L>R3) but G € leoc(R3))- Moreover, according
to the action of the operator described in (1.5)

hoG = 0.
The above considerations lead to define a STM operator H,, for our 2 + 1 fermionic
system on a domain given by functions ¥ belonging to
Hf <R6 \Uiz12{yi = 0}) N L{(R),
such that

(=Dite@y))

+a(=D) ey 4o, aslyi| = 0,i,j=1,2,i # j,
47y;l

(.7
where & is a smooth (i.e., C 80 (R3 )) complex function defined on R3, uniquely associ-

V(y1,y2)=

ated with W. Moreover, H, acts as the free Hamiltonian outside the planes {y; = 0}.
The STM operator is symmetric but not self-adjoint and then one can investigate the
existence of possible self-adjoint extensions.

In [8] we have approached the problem using the theory of quadratic forms in
Hilbert spaces (for a different approach see, e.g., [16, 18, 19]). In particular we have
introduced the following quadratic form which can be easily seen (see, e.g., [9]) to
be the most natural one associated to the STM operator Hy

DNFo] = {u € L2R®) ‘ u=w+0E we H\(RY), & I-'II/Z(R3)}, (1.8)

Folul = Flw] +2Pg[], (19)
Flwl = / dkidky (i + 3 + ki ko) [ib (k. ko) 7. (1.10)
RO
2 ~ Sx P
wulg) = 20200 [ app @i+ [ apag S PED
m+l R3 RO p2+q2+mpq

(1.11)

where f denotes the Fourier transform of f (recall that the label 0 does not stand
for the free Hamiltonian but rather for the Hamiltonian with o = 0, i.e., with infinite
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two-body scattering length). Moreover the “potential” generated by the “charge” &
(we will often use this terminology borrowed from electrostatics) is defined by

~ A~

§(kp) — (k)

k%~|—k%+mi+lk1 k'

(GE) (k1. ko) = (1.12)
One of the result proven in [8] is that there exists a critical value of the mass m*,
approximately given by

m* ~ 0.0735 = (13.607) !, (1.13)

such that, if m > m* the quadratic form Fy is closed and bounded from
below (in fact positive) on its domain, so defining a self-adjoint operator H
which turns out to be the Friedrichs extension of Hp. On the other hand, for
m < m* it is shown that the form is unbounded from below, which implies that
the operator can not be at the same time self-adjoint and bounded from below
(see, e.g., [13, Proposition 4.1]).

In the stable case m > m*, Hy is the following operator

9 (Hop)

{u € LR | u=w+05 we HR). € € %, /3 dK' 1 (K, k) = (o) (k)}
R

Hou = Hfreew, (1.14)

where Hpee is the free Laplacian in the center of mass coordinates, i.e., the mul-
tiplication operator by k% + k% + m%—lkl - ko in Fourier transform, I'g is the
self-adjoint operator in L%(R?) associated with the closed and positive quadratic form
CD(), i.e.,

FF) (o) i 202 | MM D g /d ‘@ . (LIS
(Fof) ) i= 2" | PE®+ | e g (19

and % is its natural domain of self-adjointness. It is easy to verify that if
u € 9D(Hp) then the condition (1.7) is satisfied for &€ € %y and ¢ = 0.
Indeed, applying the Fourier transform, (1.7) can be translated into the boundary
condition

/ dK' 4k, K) = N £(k) + o(1),  as N — oo, (1.16)
<N

which is satisfied by any function in Z(Hp). Such results extend to the case of N
fermions of one species interacting with a different test particle, although in that case
the condition on the mass for stability is not optimal.

At least at a numerical or heuristic level, it is however known, as discussed, e.g.,
in [6, 22], that there are other possible extensions of the STM operator for « = 0 (for
the characterization of the extensions in the case o # 0 see [18, 19]). More precisely,
there exists m** > m*, approximately given by

m* ~0.116 = (8.62)"!,

such that for
m*<m < m*™ (1.17)
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there exists a family of self-adjoint extensions of Hy whose domains are given
by functions decomposing as in Z(Hp) but with singular charges & not belong-
ing to H'/2(R3). More precisely, their asymptotic behavior is characterized
as follows

Ek) =E,(0)Y! D ox), n=-1,0,1 (1.18)
with
En(k) kzq—s + kgi +o(k™275), as k — oo, (1.19)

where Y;' denotes the spherical harmonics of indices (/, ), g is a complex number,
B € R is a parameter labeling such operators and 0 < s = s(m) < 1 is another
parameter depending on the mass m (see next Section for further details). Notice that
the 3 dimensional Fourier anti-transform of k=% does not belong to H'/2(R3) for
any s > 0, since the function does not decay sufficiently fast as k — oo. In terms of
self-adjoint extensions the one studied in [8] belongs to the family and is (formally)
recoverd for B = +o00. Such an extension has indeed the smallest possible domain
(Friedrichs extension), whereas the one with 8 = 0 shows the largest domain (Krein
extension).

It is worth noticing that the parameter s(m) is determined by requiring that a
charge of the form k=25 Y I'(Ok, @k ) is formally in the kernel of the operator (1.15)
(see (2.1) below). As we shall see, the existence of charges of the form (1.18), (1.19)
implies a further boundary condition satisfied by the wave function at the triple coin-
cidence pointy; = y» = 0. Therefore, following the analogy with the two-body case,
one can say that in the special case § = 0 the Hamiltonian exhibits a “three-body
resonance’.

The aim of this paper is to give a rigorous construction of such self-adjoint
extensions. Following the line of [8], the method of the proof is again based on
the theory of quadratic forms in Hilbert spaces. In Section 2 we give the precise
formulation of the problem and state the main results. The proofs are postponed
in Section 3. The Appendices collect some technical results used in the rest of
the paper.

2 Main Results

In this section we formulate the main results contained in the paper. First we
introduce a suitable quadratic form and prove its closedness. Next we derive the
self-adjoint operator associated with such form which turns out to be a self-adjoint
extension of the STM operator. Finally the end of the Section is devoted to some
comments and remarks.
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2.1 Quadratic Form

We introduce here the main object under investigation, namely the quadratic form
Fo,p and study its properties. We start by defining the critical masses which will play
a crucial role in the following analysis. For any s € [0, 1], we consider the equation

2 1 00 K
- m(m—+2)+/ dtt/ op—FL—— o, @2.1)
(m+1) -1 0 P41+ 551

As we mentioned in the introduction, such an equation follows by imposing that
the function k2% Y{' (9%, @) is formally in the kernel of the operator (1.15) and
therefore it corresponds to a “three-body resonance” condition.

One can show (see Proposition A.2) that (2.1) has a unique solution m(s), monoton-
ically increasing in s. We call s(m) the inverse function of m(s), namely the unique
solution of (2.1) w.r.t. s, for given m > 0. The most relevant quantities are introduced
in the next definition.

Definition 2.1 (Critical masses) .
We define the critical masses m* < m** as

m* :=m(0) >~ 0.0735, m*™ :=m(l) >~ 0.116. (2.2)

From now on we fix the value of the mass m in such a way that
m* <m < m™. (2.3)

We also denote for short
B = {Bntne(-1,0,+1 > 2.4
with 8, € RU {+o0}. The quadratic form we are going to study is the following

D Fopl = {u e LARY) ‘ w=w+Gnwe H (RS, n e H 2R3

+1
1=+ a8, eV ®).q eC]. @.5)
n=—1
+1
Foplul = Flwl+2®0[E]+ Y Bulgnl’ (2.6)
n=—1
with A
g, = {;'_Yl”, E (k) = W 2.7

Before stating the main result it is worth discussing further the above expression of
the quadratic form. First of all the quadratic form discussed in [8] is obtained for
Bn = 400, which in turn implies g, = 0 for all n. Moreover the quadratic form o g
is a perturbation of the quadratic form associated with the free Hamiltonian Hfyee,
which is supported on the coincidence planes {y; = 0}, i.e., a zero-range perturbation.
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Concerning the regularity class of the charges, we stress that the assumption n €
H~'2(R3) is a necessary condition implied by the requirement

wu=w+0ne 2R, with we H (RS 2.8)

This fact will be discussed in details in Appendix B. Notice that k~!/ ZE; (k) is L2-
summable for large k if and only if

s(m) <1, orequivalently, m < m™. 2.9)

We also note that the assumption € H~ 1/2(R3) imposes a further constraint on the
behavior of the charge £ (k) only for k small. More precisely, for 0 < s(m) < 1/2
the charge £ must compensate the singularity at the origin of £~ in order to have 7} €
(R3) (recall that n € H~/2(R3) 1mphes he L (R¥). For1/2 < s(m) < 1
(R?) and then also S € L? (R3). Therefore, in this case we have

loc
onehas £~ € L

£ € H/2(RY).
The main result about the quadratic form F g is formulated in the next theorem,
proved in Section 3.1.

loc loc

Theorem 2.1 (Closedness of Fo g) .
For any m* < m < m** and B, the quadratic form Fo g is closed and bounded from
below on the domain D[ Fy gl.

Remark 2.1 (Boundedness from below of F¢ g) .
From the proof of Proposition 3.1 it is clear that the quadratic form F g is positive

for B, > 0 for any n = —1,0, 41, while if 8, < 0O for some n a lower bound is
explicitly given by
Dici + Dy(Dy + 1) Hsm)
E =—(2(1 — , 2.10
o(m) [ (1 —s(m)) D1 Dacy we max | |ﬁn|i| (2.10)

where c1, D1, D; are finite constants inherited from previous inequalities in the proof
(see Section 3.1 and specifically (3.13) and (B.4)). Notice that Eg — —oo0 as m —
m* and Eg — Qasm — m**

Remark 2.2 (Parameter s(m)) .

By direct inspection of the proof one can realize that the parameter s(m) can be
replaced with any positive real number 0 < s < 1, i.e., not solving the algebraic
(2.1), and the closedness of Fy g would not be affected. On the other hand, the cor-
responding self-adjoint operator is an extension of the STM operator if and only if
s = s(m) (see next Section 2.2).
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2.2 Self-Adjoint Extensions of the STM Operator

We are now able to introduce the operator associated with Fo g. We set

7 (Hop) = {u e L3(R®) ‘ w=w+0gnwe HXRY), e H 2R

+1
77=§+an3;,

n=—1

Lot € L>(R%), ¢, € c,/ dk' (K, k) = (To) (K),
R3

ﬂnCIn = 2811_{% (En_, FO%_)LZ(]RS)}
H(),/gl/t = Hfreew, (2.11)

where I'o& is given by the following expression

E) (o) g2 M) /d @ Cen
(Fof) () =2 [ L e PE@ [ Tt Zea O

and we have denoted for short

R? := {keRd|k>s}. 2.13)

In the previous definitions I'g has to be understood as the formal action of the inte-
gral operator (2.12), without any reference to its counterpart as operator on a Hilbert
space. Note however that if I'g given in (2.12) is properly restricted to its maxi-
mal domain within the Hilbert space L2(R3), then it coincides with the positive,
self-adjoint operator associated with the quadratic form ®(y with maximal domain
(Friedrichs extension). A closer inspection on the condition I'g& € L?(R?) reveals
that it is certainly satisfied by H ! —functions since both the diagonal and off-diagonal
term in (2.12) can be easily bounded by the H!—norm of &. However, there exist
H'/2—functions & so that both the diagonal and off-diagonal terms are not in L2(R?)
but their sum, i.e., ['¢&, is finite almost everywhere and defines a function in L2(R3).
Concerning the operator Hy g, in Section 3.2 we prove the following theorem.

Theorem 2.2 (Self-adjointness of Hp g) .
For any m* < m < m* and B, the operator Hy g with domain 9 (Hy g) is self-
adjoint and bounded from below, and its quadratic form is Fo g.

Remark 2.3 (Comparison with [17]) .

As already pointed out, in [17] it was studied the case & € R by an operator theoreti-
cal approach: by studying the deficiency indeces of the STM operator, it is proven that
the STM operator admits a one parameter family of self-adjoint extensions whenever

m < m, with m™* ~ 0.0812. (2.14)
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A direct comparison with our result immediately shows that the region above m*
where such self-adjoint extensions exist is narrower, since trivially

m™ < m*. (2.15)

It is important to remark however that the threshold m** is the one obtained by heuris-
tic arguments in the physics literature (see [21, p. 45] or [11]) for the unitary regime
o =0.

Remark 2.4 (Operator theoretical approach) .

The possible discrepancy with the result obtained in [17] motivates a comment
about the differences in the approach to the problem. Indeed the work [17] is based
on a standard operator theoretical analysis of the deficiency indeces of the STM
operator for « € R. More precisely the deficiency spaces turn out to be sub-
spaces of the space of charges 7, living on the coincidence planes {x; = Xx;}.
Such methods apply as well to the case « = 0. However what makes the exten-
sion non trivial is that, while for « 7 0 the condition n € L2(R3) is required
and the usual theory of operators in Hilbert spaces can be applied, on the oppo-
site for « = O the space of charges is much larger, ie., n € H™Y2(R3) (see
Appendix B). At the level of quadratic forms this can be easily understood by
observing that if « # 0 an additional term proportional to « ||n||i2 ®) arises and
therefore the assumption 7 € L%(R?) can not be avoided to obtain a meaning-
ful expression. Obviously for « = 0 such a term is absent and the only constraint
tonis gn € LIZOC(Rﬁ), which yields the condition n € H~/2(R3) as proven
in Appendix B.

In the next proposition we establish the relation between Hp, g and the STM operator.

Proposition 2.1 (STM extensions) .
The operator Hy g with domain 9 (Hy g) is a self-adjoint extension of the STM
operator Hy.

The domain of Hy g contains also charges with a singular behavior for k — co. More
precisely, denoting

8 oo 1 1 1/p 1—s(m)
vim) = —2 f dp —/ dzﬂ/ dg q —. (216
m+1Ji " plo 0 (@*+ D? = qpd?

we prove the following result.
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Proposition 2.2 (Charge asymptotics) .
The domain Z(Hy,g) (recall (2.4) and (2.11)) contains charges n(K) such that

1
> Y] B, @),

n(k) =
n=—1
ot N 4qn I 2 sm)
in (K) k—o00 k2—s(m) + k2+s(m) +o(k Ty, 2.17)
B
n = v(;;) n- (2.18)

The above propositions will be proved in Section 3.2. Here we notice that (2.18)
represents a further boundary condition (see the analogy with (1.4)) satisfied by the
elements of Z(Hy,g), besides the standard boundary condition characterizing the
STM operator (1.7). Condition (2.18) is equivalent to the boundary condition known
in the physical literature characterizing the behavior of the wave function at short
distances (see, e.g., [22]).

Let us conclude this Section on our main results with a few additional remarks
that clarify the relevance of our work.

Remark 2.5 (Boundedness from below of Hp g) .

The lower bound discussed in Remark 2.1 clearly applies to Hp g too, and therefore
Hy g is a positive operator if B, > 0, whereas it is semi-bounded if some 8, < 0,
with the r.h.s. of (2.10) providing a bound from below.

Remark 2.6 (Parameter s(m) and STM extensions) .

As anticipated in the Remark 2.2 the specific choice s = s(m) is crucial only to
capture STM-type operators. The above Proposition indeed guarantees that, if such
a choice is made, Hy g extends the STM operator. However one can also realize that
the converse is true, namely if s # s(m) then there is still a self-adjoint operator Hy g
which however is not an extension of Hy. A simple way to prove this is by looking
at the first boundary condition in (2.11): whenever s = s(m), the formal action of Ty
on Z; identically vanishes (see (3.52)), i.e., I'9 &, = 0, so that the condition can be
rewritten

f dk' (K, k) = (Ton) k), (2.19)
R3

i.e., on the r.h.s. £ can be replaced with 5, the full charge. This qualifies the STM
extensions, since if it applies, any wave function in Z(Hy, g) has the STM behavior
(1.7) on the planes where the interaction is supported, i.e.,

D" "n(y))

it
o +a(=1""n(y;) +o(l),

W(y1,y2) =

aslyil > 0,i,j=1,2,i%# ] (2.20)
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Obviously the same does not hold for a generic s # s(m), since the boundary
condition can not be cast in the (2.19) form.

Remark 2.7 (Self-adjoint extension above m**) .

As discussed in the previous Remark the self-adjoint extensions considered in this
paper exist only for m < m**. For m > m™ no such extension exists and the STM
operator is in fact essentially self-adjoint. The unique self-adjoint extension is for
m > m™ the one studied in [8], or the one corresponding formally to 8 = +o0: by
taking B = 400 we mean that ¢ = 0 for any charge » and therefore functions in the
domain of the operator have no singularity at the triple point {x; = x, = 0} (see next
Remark 2.8).

Remark 2.8 (Asymptotics at the triple coincidence point) .

The second boundary condition in (2.11) can be interpreted also as a prescrip-
tion about the asymptotic behavior of singularities in position space at y; =
y2 = 0, i.e,, when the positions of the three particles~ coincide. Indeed, if

we look at the behavior of the potentials generated by £~ and T, we have
by scaling

5 1.
GETYD(ny1, ny2) = FQ(S_Yf’)(YL ¥2),

- 1 ~
GETY(uy1, ny2) = ——=GET Y (y1, y2).
m
Therefore we have
A A 1 q Ba s
Gn(uyr, ny2) ~ — | g1(m)— +g2(m)——pu” +o(u’) |, (2.21)
n—0 U u v(m)
where we have denoted by §; any unit vector in R3, i.e., such that |§;| = 1, and!
ek yitikey Y1n(D1,01)  Yin(D2,02)
g1,2(m) = —(27[)3 /3 dk]dk2k2 k2 2 Kk Kk [ ’nZ:I:S(m) - ’nzj:s(m)
R | Tk + ok ke kj k5
(2.22)

We see that the coefficients of the two more singular terms must be proportional as
is customary stated in the physical literature [22, note 43].

Remark 2.9 (Further extensions for £ > 1) .

A priori one could imagine of reproducing the analysis performed here within any
sector with angular momentum £ > 1 odd, and therefore costruct other families of
self-adjoint extensions of the STM operator with a larger domain in the subspace
of charge with angular momentum ¢ > 1. Obviously this would introduce fur-
ther threshlolds m7* depending on £ for the existence of such extensions, which are
allowed only for m < mj*. However the analysis contained in Appendix A shows

"Note that by rotational invariance g; » are both independent of yi.2.
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that m}* is a decreasing function of £ (see Lemma A.1),i.e., m}* < m3* forany £ > 3
odd, and already for £ = 3 one has (A.9)

my < m*. (2.23)

Hence all those possible extensions are certainly unbounded from below. This is why
we do not investigate this question further.

It is worth to comment further on the peculiar structure of the 3-body Hamiltonians
constructed and discussed in this work, which is typical for self-adjoint extensions of
bounded-below symmetric operators (in our case, the operator Hy we started with).
Our findings first of all recover the natural self-adjoint Hamiltonian of STM type
Hop o (that is, § = oo in the present notation): this is precisely the Hamiltonian
associated with the quadratic form Fy defined in (1.8)-(1.11). Next to it, for each
fixed m in the considered regime, all other Hamiltonians Hp g have been obtained
by enlarging the domain of the quadratic form Fg, as done in (2.5)-(2.6), and this
enlargement consisted of adding each time a one-dimensional subspace of charges
spanned by a function that has, radially in the momentum coordinate, the singularity
£~ (k) = k=250 This is a general fact for the quadratic form of each extension of
a semi-bounded symmetric operator, that is, such a form is defined also on a suitable
additional one-dimensional subspace of the defect subspace of the initial operator
(see, e.g., [2, 3]).

In our case, we see that the singular behaviour of the extra charge quali-
fies the domain of the extended quadratic form. We then demonstrated that for
each such enlarged forms the domain of the corresponding self-adjoint Hamil-
tonian not only reproduces the standard STM condition at the coincidence
hyperplane, but it is further characterised by an additional relation between the
extra (singular) charge and the regular charge — this is the second condition in
(2.11). Last, and physically most relevant, we cast this constraint on the singu-
lar charge in a form (2.18) that, when applicable, has a natural interpretation
as boundary condition of the three-body wave function at the triple coincidence
point (2.21).

In short we may say that, fixed m, each Hamiltonian of the class considered in
this work is eventually characterised by the worse (most singular) behaviour that
the wave functions of its domain undergo in the vicinity of the triple coincidence
point.

3 Proofs
3.1 Closedness of the Quadratic Form

This Section is devoted to the proof of the closedness of the quadratic form ¢ g on
the domain Z[Fy g] given by (2.5).
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The first trivial but useful observation it that the quadratic form ®( acting on the
charge is invariant under rotations, i.e., it is block diagonal in the subspace decompo-
sition of the Hilbert space induced by eigenvectors of the angular momentum. More
precisely, let us introduce the subspaces

¢
A = {n e L’RY) [A(k) = Y fien ()Y} (9%, w)} 3.1)
n=—~
and
Hin = [0 € L@ 1100 = fiea V] 01, 00)] (3:2)
We can thus consider separately the closure of the form restricted to any given sub-
space 777 , of the charge space. Indeed, for any admissible charge 1 in []-'0, g], the
decomposition

4
Ak = > > dea )Y} O @0). (33)
teNn=—¢
implies the splitting [8, Lemma 4.2]
¢
DolEl =) > Doléral, (3.4)
teNn=—¢

where (recall that Py is the £—th Legendre polynomial)

m@m +2) [ ~
i ——— f dp P> 1 (p)?
m+1 0

1 00 o0 *
+2r / dr Py(t) f dp p? / dg 2 S (P )&’”Z(Q) .(3.5)
-1 0 0 P*+q*+ 5 pat
Note that the angular momentum decomposition (3.3) is not the one associated with
the whole wave function # but the one inherited from the function 5 of the singular
term Gn.
On the other hand it is obvious from the definition that for any u € 2[F g] such
that u = w + Gn, with

dol€p ] : =

ne @ |(H'P®RY, (3.6)
041
then
Fo,plul = Folul, (3.7

i.e., the only subspace on which the quadratic form Fy g differs from Fj is the one
identified by the condition n € 7. We thus restrict our analysis to the quadratic
forms

7| 7y| = {ue 2Fopl | ne A0 BT PRY

n E+qE;,$eH”2(R3),qu}, (3.8)

FUlul = Flwl+2®o[£] + 8 lq . (3.9)
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where n = —1,0,+1 and B € R. Note that the n—dependence of F n }; is in fact
trivial, namely it appears only in the domain decomposition whereas the action of

both forms F (") and CI)( ) does not depend on n. Hence if one proves closedness of

each form F, (n; separately, Theorem 2.1 is proven as well. From now on we will
simplify the notation by redefining

@) := D", g :=g,. (3.10)
Proposition 3.1 (Closedness of ]-'é ﬁ)
Foranyn = —1,0,+1, B € R and m* < m < m™, the quadratic form }'é”}; is

closed and bounded from below on J|.F, (n)]

Proof The proof is slightly simpler in the case § > 0, that we will consider first,
since boundedness from below is much easier to show. All the terms of the quadratic
form are indeed positive in this case and the only one whose positivity is non-trivial
is @, but the assumption m > m* directly implies ®g > 0 (see [8 Proposition 3.1]).

Let us then consider a sequence u; € 9[]—" (")] such that ]—"(g ﬂ[u, —uj] — O for

i,j — ooand u; — u in L%(RG) for i — oo. Since u; € @[}'(")] there exist
w; € H} (R%), & € H'/2(R3) and ¢; € C such that
ui=wi+G(&+qE). (3.11)

Moreover using the lower bound in [8, (3.13)] for ®¢, we have

féf%[u,v —u;]l = Folw — w;]+2Po[& — &;]

> 0y [ dkidie (6 +3) 11— ) o) P
R

n n 2
+D; / |G =& @.12)
Di=—"—  Dy=4x? ¥ (| _ A (m)) (3.13)

m+1
where A1(m) < 1 as long as m > m*. Hence

/ dk; dk, (k2 n k2> |Gy — ;) (kg ko) [2 0 (3.14)
and
/ dppl& — &) — o. (3.15)
R3 1,]—>00
Due to (3.14), there exists ¢ € L%(R6) such that
2
/ dkidks /K7 + k3 Wi (k1. ko) — g(ki ko) —> O (3.16)
R6 11—

and for any ¢ > 0

/ dk; dks |i; (K1, ka) — (K, ka)|* —> 0, (3.17)
Rg i—00
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where R? is defined in (2.13) and w € H'(R®) with
g(ky, ko)

2 2.
JE + K3

Analogously, from (3.15) there exists 9 € L2(R>) such that

w(ky, ky) = (3.18)

N 2 A R 2
fR}dp ‘\/Féi(p) —b(p) e 0, A@dp )Si(p) —é(p)‘ e 0, (.19

where &€ € H/2(R3) and

2 b(p)
= —, 3.20
£(p) NG (3.20)
Notice that (3.19) also implies
/RGdklde |GE, (ki, ko) — GE (ki, k2)|2 e 0. (3.21)

From (3.17), (3.19) and the Lz—convergence of u; to u, we have convergence of
G(giE7) in L>(R®). Hence g; is a Cauchy sequence in C and there exists ¢ € C such
that ¢; — q and G(¢;E™) — G(¢E™) in L2(R®) for i — oo. Thus we obtain

u=w+G(E+qgE), (3.22)

n)

which means u € .@[fé /3]. It is now straightforward to verify that ]—'é";[ui] —

]-"(gn/; [u] as i — o0, concluding this first part of the proof.
In other case B < 0 we have to be more careful in bounding from below the form.
For any A > 0, from (3.12) we have

. 2
]-'(gflg[u] + )L”u”iZ(]Ré) > (D1 = 8])/dek]dk2 (klz +k§) [k, ko)

N 2
+ 2= dop fw)] + i (3.23)
where
N 2
0i(u) : = a]f dkydks (k%+k§)!w(k1,kz)]2+52/ avp [t
RO R3

+rlw + Gll7 > ey + Blal? (3.24)

and §; € (0, D;), i = 1, 2. For the estimate of Q;, we first notice that

2 2\ [ 2
/R6dk1dk2 (k1 +k2) |k, ko)|* > k/k,2+kg>

= Jwl}, (3.25)

dkdks [k, ko)|*
A

and
~ 2 1 | 2 5
[awrfof =1 o ft@f =R, 62
R3 p>~/a P
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Therefore
05 (u) > x(é‘luwnil +8lEN7, + lw + ani,l) + Blgl?

> A[(al + Dlwl3 = 2wl llGnlha + 16015 +az||s||§‘2}

2
+Blg* = A[ (wsl + 1wl — \/—Ilgnllx 1>

81
L +1||Qn||m+52IISIIM]+/3I61I

81
> A
(57

where we have used the inequality |la + blI* = |lall® + |1b]12 = 2|lalll|b]. Using the
lower bound in Lemma B.1 we have

+ &lE113 2) + Blgl? (3.27)

G017, = c1llE +qE715 2 = cill&F 2+ cilgPIET IS 5 — 2¢1lglIE 1521 B[22

(3.28)
Then, proceeding as before, we find
> A 8 — B
O (u) |:<8 1 + 2) €15 .2 8 +1|61|||$||A2|| “lix2
dic _
+5 leIql 12711 2] + Blgl®
8182c1 —
mmzﬂﬂ 13, + Blal*. (3.29)
An explicit computation of |2~ ||i2 yields
)L—l—i-s(m)
IE7I3 = / dk k320 = — (3.30)
’ Jr 2(1 —s(m))’

Inserting (3.30) in (3.29), we conclude that there exists A9 > 0 such that O, (u) >
0 for any A > X¢. Taking into account (3.23), this implies that the form is lower
bounded. Furthermore, proceeding as in the case > 0, one can easily show that the
form is also closed, concluding the proof. [

3.2 Self-Adjoint Extensions

We now construct the self-adjoint operator associated with the quadratic form Fg g.
Thanks to the rotational invariance, we can restrict to one single form ]-"(() g forn =

—1, 0, +1 and find the associated self-adjoint operator Hé /;

Proposition 3.2 (Self-adjointness of Hp g) .
Foranyn = —1,0,4+1, B8 € R and m* < m < m*, the unique self-adjoint
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operator Hé"p? associated with the closed and bounded from below quadratic form

fé"; coincides with the restriction of Hy g to 7¢,.

Proof By quadratic form theory the domain of the operator Hé"g corresponding to

féﬁ; is given by

7 (1)) ={u e 2[F5]| 30 € PR, Flv.ul = 0.1 v e 7 [F]L,

0.8
(3.31)
and moreover ¥ =: H(g’"gu.
We notice that any u € & (Hé"g) must decompose as
u=wy + Gny, Nu =& +quE~ (3.32)

with w € Hfl (R®), n, € JAn and g, € C. Now we characterize the domain

n)

9 ( Hé"ﬂ)), by picking some special subclasses of vectors v € & [}"(g ﬁ]:

(a) Let us first pick some v € Hf1 (R®), i.e., a wave function with no singular part.

In this case we obtain for any u in the domain 2 (Hé"é)
Foalv, ul = Flv, w,] = /Rﬁ dk; dk; (k% +k5 + a7k - k2>

0" (ky, ko), (ki, ka)
= (v, w)L%(RG) s (3.33)
for some i € L%(Rf‘). Since this is finite for any v it implies that
(k% K3+ 2k kz) (K1, kp) € LA(RY),
i.e., w, € Hf2 (R®). Moreover a straightforward consequence is that

ngj;u =¥ = HireeWy. (3.34)

(b) Now we take
v =w, + G&y,
for some &, € H'/2(R*) N JA n, and we obtain via (3.34)

Flwy, wy] + 2®P¢[&y, &1

= (v, W)L%(]RG) = (wy + Gy, Hfreewu)L%(]RG) . (3.35)

Fo'plv, u]

Now, even if their sum belongs to L2(R6) neither w, nor G&, does. Still, since

(wy, Hfreewu)L%(RO) = Flwy, wy] < 00,
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we must have
(Brkn) — &5 k2)) (Hieew,) (ki o)
/ dkdk,
RG

< +o00.
k43 + 2k ko

On the other hand Hieew, € L*(R®) for any w,, and therefore G&, € L*(R®).
Hence we can write
(wy + G&y, Hfreewu)L%(R6) = (wy, Hfreewu)L%(Rﬁ) + (G, Hfreewu)L%(Rﬁ) .
Since both terms on the r.h.s. are separately finite, we arrive at
2®¢[&y, &u] = (G&, Hfreewu)L%(Ré)
The previous equation can be rewritten as
CDO[Eva gu] = (Eva Wy |YZ:O)L2(R3) . (336)

where the r.h.s. of (3.36) is finite under our hypothesis. This statement will be
proved in (3.48) contained in Lemma 3.1.

Before going on we have to discuss the regularity of &, according to ¢g,. If
qu = 0, then n, = &, and §, € H'2(R3). Since ®y is closed and positive,
identity (3.36) together with (3.48) imply that &, € 2 and

Pol&v, §ul = (§v, Foéu)Lz(Rz) )

where with a small abuse of notation we have denoted the restriction of I'y to
A n by the same symbol, so that we obtain the boundary condition

wy (¥, 0) = (Fo&u) (¥)- (3.37)

We remark that this boundary condition implies more regularity on &, than the
one assumed a priori in the domain definition (2.11): next Lemma 3.1 shows
that a consequence of (3.37) is

To&, € H'/2(RY). (3.38)
On the opposite if g, # 0, we should distinguish two cases according to s.

e [If 1/2 <s(m) < 1 then the same argument as before applies since by
definition &, € H'/2(R3);
e [If0 < s(m) < 1/2 we can decompose

&, =E.— B, (3.39)
where 6. € H/2(R¥) and E. € HY2(R3) are given by (recall the notation
(3.10) e

Eo=E+aq. k<8 M), (3.40)
and e
E-(K) = g (k < &}E- (). (3.41)

Then the condition (3.36) becomes
Do[&y, 5<1 = (Sm w”'yz=0)L2(R3) + ®oléy, E<],
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where all the three terms are separately finite. Now we notice that although
E. ¢ L’(R%) we have TgE. € L*(R?), where I’y stands now for the
formal action of the integral operator (2.12), due to the cut-off we have
introduced:

Dol&y, E<] = &y, ToE<) 2R3y 5

and we obtain
(DO[SIM §<] - (%—vv wu|y2:0 + FOE<)L2(R3) . (342)

Since wyly,—o + ToE< € L*(R?) by (3.48), this implies that £. must
belong to %y and the boundary condition (3.37) is satisfied as well. Notice
however that since in this case &, ¢ L%(R3) the expression ['g&, should be
meant as the formal action of the operator, i.e., (2.12).

(¢) To complete the derivation of &, it remains to verify what is the condition
implied by a more generic v, decomposing as v = wy + G(&, + ¢y E,): in this

case

we get

Foplo.ul = Flwy, wal +2®olEu, &l + Ba3du = 0, ¥) 2o,
= (wy, Hfreewu)LtZ(Rﬁ)"'(g (gv +qv E;)5 Hfreewu)L%(Re)(3~43)

After a cancellation, using (3.37) we arrive at

2d0[&y, Eul + Bgyqu = 2 (Ev + &, FOEM)LZ(R3) . (3.44)

Now we would like to decompose the scalar product into the sum of two scalar
products in order to exploit the cancellation with the term 2®( on the Lh.s., but
in order to do that we have to make a distinction according to the value of s(m):

@ Springer

If 1/2 < s(m) < 1 since &, € H'/2(R3) we can break the scalar product
obtaining

.BCIM = 2 (E;a FOSM)LZ(RS) ) (345)

ie.,
8121}) (E;» FO%M)LZ(Rg) = (E;» FO&M)LZ(]RS)
by dominated convergence and (2.11) is proven.
If 0 < s(m) < 1/2, we have to go through a limit procedure: for any ¢ > 0,
we have
(gv +qua, Fogu)Lz(Rs) = (6<, FOSu)LZ(RS) + (B>, Foéu)Lz(R3)

Qolé<, &ul + (E~, To&u) 2(r3) »

where

[
(1]
[l

<. (3.46)

The Lh.s. is finite therefore in order to prove that this decomposition is
meaningful it is sufficient to prove that (E-, I'o&,) 2R3y is finite. By

> = n
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(3.38), we have

[(E5. To&u) 23| < NEs N g-172g3) 1T08u | 12 3

00 1/2
< cllToéull g2 ms) (/ dk k—3+2s(m)> < o0,
&€

Due to the definition of E. in (3.44), we get

Baiqn =200[2. &) +247 (E7.Toku) , 0 (B47)

Notice that as ¢ — 0 the first term on the r.h.s. vanishes:

&
|P0[E<, &I < C &l 1283 f dk k=10 < ceP ™ — 0,
0

since &, € HY/2(R3) by hypothesis and (2.11) is proven.

Lemma 3.1.
Letu € 9 (Hé"g) and w,, be its regular part of u, then

wy(y, 0) € H'2(RY). (3.48)

0.8
with w, € Hf2 (R%). However by decomposing Gp into high and low frequency con-
tributions one immediately obtains that w, + G_n € L%(R6) , and therefore also
wy, +Gon € Hf2 (R%) holds, where G_7 stands for the potential of the charge 7 cut
for momenta k% + k% < 82, e>0,1ie.,

Proof We first note that u € & (H (")) implies the decomposition u = w, + Gn

nkp) — (ko)

+13 + Ak ko

_— 1
Gen(ki k):=" 2 g2 o2y 2
i

Then by standard Sobolev trace theorems, the trace (w, + Gn)(y, 0) belongs to
H'2(R3). To complete the proof it only remains to show that (G-1)(y, 0) belongs
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to H'/2(R?). This can be proven by direct inspection thanks to the assumption 7 €
L?(R?). In order to show it, we write

ikyy (5 ki) — A(k
/2 dkadks ey (f(ky) — fiko))
Kk <e?

2 2 2 ’
kl +k2+m_+1k1 'k2

gy) :=(G<n) ¥.0) = )

and compute

R IL{1(2_|_k2<82} (ﬁ(k) - ﬁ(kz))
gk =/ dky ——————
3 k= +ky + k- ke

)

so that

. k) — fiko)|

80| < C1 e / dkp, 1) Z )]

| | {k<e} o <e k2+k§

K31+ e2>1/2}

&€
<cC1 0| + Il - / dk
{k§6}|:|77( )| + Il 1/2(R3)( A 2(k2+k§)2

< Cle 1100 + Il -2 k']

which is compactly supported and square integrable as k — 0, thanks to the hypoth-
esis on 7, i.e., n € H~Y2(R?), then g is square integrable. Since g is compactly
supported then g € H?(R3) for p > 0. O

We now prove Proposition 2.1 and, as in the above analysis, we restrict ourselves
to the operator HO(ZS).

Proof of Proposition 2.1 Letu € 9 (Héfg) with &, € C5°(R*) N ,, then we want
to show that
Héj};u = HireeWu,
wy (¥, 0) = (Lonu) (¥), (3.49)

which is equivalent to prove that

qu = 0. (3.50)

Notice that we have taken a smooth charge £, as in the definition of ﬁo but a direct
inspection of the following argument reveals that it could be applied as well to any
£,,e.g.,in H32(R3).

The only non trivial point is the analysis of the second boundary condition, which
must result in a trivial identity. Indeed we shall now prove that, for any such &,, one
has

gg}%) (E;a FOSM)LZ(Rg) =0.
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The simplest way to prove it is by noting that the order of the integrals in the above
expression can be exchanged:

. f— 2 2
ghrr(l)( n - Toku) 12y = Jim - dp E, (P){Z” V Trgﬁ)z)p §u(p)
N / dq E.(@) }
B pPHa’+ 5P
. 2 [m(m+2) = oNE
= lim [271 g [ 4P P 3, (PE D

N / dpdg g, (P)éu(q) }
R} PP+’ + 5P q

= SIE)I(I) (FO E;/Tv é“)U(Rg) =0,

where we have exchanged the order of integration thanks to the finiteness of both
integrals, as one can easily prove by exploiting the regularity of &, and Cauchy-
Schwarz inequality:

~ ~ ) 172 o0 1/2
U dp p E,Z(p)su(m‘ < c[(/ ap »* || ) (/ . p_3+zs<m>)
Rz R3 1
1 1/2 R ) 1/2
+(f dpp“’"’) ( / dp |su(p)|) ]
0 p<l

<C ||§u||HI(R3) s

for any 0 < s(m) < 1. As last thing, we prove that I'oE; " = 0. For simplicity from
now on we make a little abuse of notation, setting

Lo = Tolux, (3.51)

and compute

5 2 1 1 o0 K
(Foé_) (p) = 27° m(m—+2) o +2n/ dttf dgq a
(m +1)? pl=s - q* + p* + 5311pq
2
P [mnt2) / dm/ T ] ,
(m+ 1) 2+ ¥ + 2o
(3.52)
where in the last step we have used the definition of s(m) (see (2.1)). O

We conclude the Section with an investigation of the asymptotic behavior of charges
in Z(Hg')).
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Proof of Proposition 2.2 Let n be an admissible charge belonging to Z(H, (")) and &
its regular part, then we can find & of the form

o A
& (k) = (Wﬂ{@m + X(k)> Y1 O, o0, (3.53)
with x € H'/2(R3) and

C
x®I< 7 y > 24 s(m), (3.54)

for 0 < s(m) < 1/2. The same argument can be repeated when 1/2 < s(m) < 1
taking the whole £ as above. For such regular parts the overall charge 7 is

. q A
nk) = (kZ—S(m) + s LkzR) + X(k)) YT Ok, ox)

= (615_(/0 + AEY () LRy + X(k)> Y Ok, or) (3.55)
where

ET (k) = 2rsn) (3.56)

and the coefficient A must satisfy the second boundary condition, i.e.,

-y 1)
Bq agr(l)é 0§ 2@

iy 4 6 7o aon)
gg%[ § . 0o " =r)€ L@

+ (57 FOX)Lz(Rg)]
Alim (57,70 ("uzrf")) | . - (3.57)

L2(R3)

The vanishing of the second term can be proven as in the proof of Proposition 2.1.
Since the diagonal term in the expression is absolutely convergent

1
/;Mdk pRETPOIES

thanks to (3.54), then the order of the integrals in the off-diagonal term can be
exchanged and Tgé ~ = 0 appears.

Then it remains to compute the integral in (3.57). Using (2.1) which provides
cancellations and scale invariance w.r.t. R, we have

- ~ © 1
. _ 1 + _ - 2 [m(m+2)
gg(&‘ ,Fo( {(k=R}§ >)L2<Rg> —/R dl’p[Zﬂ D2
1 00 qfs(m)
+271/ dtt/ dg 27]
Rip @2+ 1+ gt

l/p g—sm
—2nf dp — / dtt/
q + 1 + m+l

v(m).

o0
/ dk kYISO 4 oo, (3.58)
&

(3.59)
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In order to see that v(m) is finite it suffices to estimate the large p asymptotics
of the last integral, which behaves like p~1+5"") 5o that the integrand goes asymp-
totically as p~2t5") which is integrable. Moreover splitting the integral over ¢ one
gets

) 1/p g'=sm
v(m) = dp — [ drt¢ , (3.60)
m+1 (?+ D2 = e
which shows that v(m) > 0. Then going back to (3.57)
Ba
= ; 3.61
o) (3.61)
and asymptotically
q ﬂq —2—s(m)
Ny (k) o ) + D (m) ks + o(k ). (3.62)
O
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Appendix A
Critical Masses

In this Appendix we study (2.1) and we prove that the critical masses m*, m**, are

well defined and m* < m**. Some of these properties were proved in [8] and [13] in

a lesser generality but we prefer to give the analysis here for sake of completeness.
Let us denote by Fy(m, s) : [0, +00) x [0, 1] — R the following function:

m(m + 2)
Fom,s):=mn dr P, d
m. s) \ (m+1)2 / ' Z(t)/ Pty 2o +1+m+ltp

=:Fp1(m)+ Fpa(m, s). (A.1)

Lemma A.1 (Properties of Fy) .
For odd ¢ the function Fy enjoys the following properties:

a) Fy is continuous and bounded;

b) for fixed s, Fy(-, s) is an increasing function; moreover Fy(0, s) < 0 and
limy,—s 00 Fy(m, s) = 272%;

c) forfixedm, Fy(m, ) is a decreasing function;

d) forfixed (m, s), we have Fy(m, s) < Fgio(m, s).
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Proof Continuity in the interior of the domain of definition follows from the integra-
bility of the integrand. Some remarks are in order when s — 1 or m — 0. Using the
parity of Legendre polynomials we can cast Fy in the following form:

m(m +2) 1 1
Fe(m, s) = m | ——— / d Pz(l)/ dp p* 2 2 2
(m+1) P+ 1+ 2ip p+1—,mfp
7 4 s+1
=7 m+ )2 dtth(t)[ P )
m+12 m+1 (172+1+m+lfl7)(l7 +1-21p)
(A2)

and we see that the limit s — 1 is harmless by dominated convergence. When
m — 0 a summable singularity appears in the integral with respect to ¢, that is as
t — —1 we have

o pS 1
d ~ .
/0 P T2 T g
Due to the integrability of the singularity, F; is finite and continuous by dominated

convergence and property a) is proved.
In order to prove b), it is convenient to use a series representation of Fy, that is:

a P | d —72 /AR

(m+1)2 / ‘ / P 2+1 <m+1p2+1>
1 _2 \* ps+k

_”\/1_<m+1)2+,§<m+1)/d” e [0 G

Notice that for even k

Fe(m, s)

1
f dr t* Py(t) =0
—1

and therefore only the odd terms actually appear in the series. In facts, we have

1 [ee) ) 2n+1 1 _— o) ps+2n+l
(A.3)
Moreover, using the definition of Legendre polynomial
0 (1) = 2(Mt,( e,
and integrating by parts, we have

| 0, if2n+1 < ¢,

dt 2t py=4 1 2n+1\ [!
/_1 e(t) ?< "; )f de 1"F1=0 (1 =2 if2n41 > 6.

-1
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With the change of index 2n + 1 — ¢ = 2k in the series, (A.3) becomes

Fem, s) = 7 [1—
R o
1 & 2 2k+L 2k + ¢ 1 00 S+2k+€
—72:( ) < +)/ dt(l—tz)‘zzk/ dp —o———.
20 = \m+1 ¢ -1 0 (p? + 1)2ktt+

(A.4)

Since in (A.4) it appears, up to a global sign, an absolutely convergent, positive
term series of monotone functions, then Fy > is negative and increasing. Since Fy j is
increasing the also F; is an increasing function of m for fixed s. Clearly Fy 1(0) =
and F; (0, s) < O due to the above representation. Notice that the finiteness of the
series is not obvious but we know that this is the case due to the integral represen-
tation and the above remarks. Concerning the behavior at infinity, by representation
(A.2) we have

s+1
p

(PP + 1+ 250 (P + 1 — 225tp)

4 ! 00
Fe,z(m,s)=—m—+1/0 d”PN)fo dp

Since
1 < m+1 21 ’
pPH+1—5p m p=+1
we have
1 00 ps+1
|Fua(m, )| < /dttPg(t)/ dp
+11Jo o (PP+DP2+1-2p)
4 1 o] ps+l
< — drt Pe(t) / dp ——,
m A ¢ 0 p (p2+1)2
then

lim Fyo(m,s) =0
m—00

and b) is proved. In order to prove property c), it is sufficient to prove that each term
of the representation of F; > by series in (A.4) is a monotone function of s due to the
positivity of coefficients. This is straightforward since

00 ps+2k+Z e(2k+£+1)x s
— SX
/; dp (p2+ 1)2k+€+1 - A;dx (ezx 4 1)2k+€+le _A;dx (zcoshx)2k+€+l
. 2/0" & sinh(sx)
0

(2 cosh x)2k+£+1
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and c) follows from the monotonicity of sinh. Last we prove d). Since only Fy 2
actually depends on ¢, we have to prove Fy(m, -,s) < Fyi22(m, -, s). We rewrite
Fy 2(m, -, s) extracting the first term of the series.

1 2\ ! % s+
Frolm, - s) = —— [ —— (=) dp —L
ey E i \mv 1) L o T pEr i

) 2k+2+¢ 1 +2k+2+¢

_iz 2 2k+2+€/ i (1_t2)2t2k+2/00dp pr (AS)
2t = m+ 1 ¢ 1 0 (p2 + 1)2k+2+é+1

This has to be compared with:

1 0 2 2k+2+¢ 2k+24+¢
Feppo(m, - 5) = YEs) Z (m) ( t+2 ) 8
k=0

1 2042 2k 00 ps+2k+2+é
xf_ldt(l—t) t /0 de. (A.6)

A comparison between (A.5) and (A.6) shows that d) holds true if

1 (2k+2+0\ [! 2ng 1 (2k+2+¢\ [!
— dr (1 =222 o — / dr (1 — %)t 242
2Z+2< {42 )/;1 ( ) <2[ Y . ( )

that is
1 1 1
Z(2k+2)(2k+1)f1c1r A=HF2k <+ + 1)/1dt A=t *2 A

We rewrite the 1.h.s. of (A.7) integrating by parts twice

2k+2)Qk+1) ! 1! d2p2k+2
2k +2)(2k + )f dr (1 — (2)t+2 2% = 7/ dr (1 — 12yt
4 . 4/, dr?

1 1 d2 1
— Z/ dr ﬁ(l _ t2)i+2 t2k+2 — (e + 2)(( + 1)/ dt (l _ t2)l t2k+4
-1 -1

42 !

1
dr (1 — )22 -0+ 2y + 1)/ dr (1 — 12t 242
—1 —1

42 ! dr (1 (2)tH! 242
—1
and d) is proved. O
Proposition A.2 (Critical masses) .

Equation (2.1) defines a continuous increasing function m(s). Moreover the critical
masses m*, m**, are well defined by (2.2) and they satisfy m* < m**.

Proof For fixed odd ¢, let us consider equation
Fe(m,s) =0. (A.8)

By Dini’s theorem, and due to a) and b) of Lemma A.1, (A.8) defines a continuous
function my(s) : [0, 1] — [0, 400). Moreover it is monotone increasing in s by c¢).
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Notice also that the functions m(s) are decreasing in £ due to d). We set m(s) :=
m1(s) and

m* :=m(0), m*™ :=m(1)

and m* < m™ follows from the monotonicity of m(s). O

Notice that if £ is even then Fy 2 > 0 and (A.8) has no solutions. Furthermore one
could try repeating the arguments in this paper for £ > 1, introducing s¢(m) as the
inverse of and m,(s) and

—

Een =8 Yy, § (k) = k2—se(m)

which are the cornerstones of our construction. The proofs would work without modi-
fications and we could construct extension of the STM operators with singular charge
asymptotic for several £. In order to be able to do so, it is necessary that the intervals
[m}, m}*] overlap for different £, where we have put

my = my(0), my* = my(l). (A.9)

A numerical analysis shows that

m3* = 0.0142.
Since m3* < m* no overlap is possible due to monotonicity properties already
proved.
Appendix B
Admissible Charges and Form Domain
In this Appendix we investigate the conditions to impose on the charge n so that it
belongs to Z[Fy,g]. It is clear that in order for the decomposition (2.5) to make sense
and to fulfill the request u € L%(R6), it must be

gn e L} (R, (B.1)

where we have removed the fermionic restriction since it is satisfied by construction.
In next Lemma we are going to show that this is equivalent to assume that

—1 a2
/R3 dp Lipzey " [A(P)|” < o0, (B.2)
for any ¢ > 0. In other words we will prove that

Gn e L} (R%) < n € H > (R?). (B.3)

loc
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Lemma B.1.
For any ¢ > 0 there exist two constants 0 < c1, co < 00, such that

RPN ~ 2
c1/Xdp Tip>ey P 1|77(P)\ < /6dk1dk2 L 2oy Lt >e) [Gnki, ko)
R’ R

—1|A 2
<af i iof. (B.4)

Proof By the definition (1.12) we have (we drop for simplicity the "~ denoting the
Fourier transform)

| In(ki) — n(ky)|?

. .

(K} + K3 + 25k - ko)?
(B.5)

/6 dk 1k Tk, 36y Lty >e) 1GN (K1 Ko) > = /6dkldk21{k1>s}ﬂ[kz2
R R

The r.h.s. of the above expression is bounded by

In(ky)|?

K2+ + 21k - ko)’

In(ky)|?

}
TR - Zrkiko)?

1
4/ dq /dklnk> k' inkn >, (B.6)
wo (g gt e P

4/6dk1dk2 Lk ey Liky >}
R

< 4/6 dkidko T, >e3 L gy >
R

which yields the r.h.s. of (B.4).

The corresponding lower bound is a bit more involved and requires a deeper
inspection of the off-diagonal term containing n(k;)*n(k;). We introduce in the
integrand the characteristic function of the set k»/k; > a, where a > 1 is
a parameter to be chosen later, which is clearly admissible thanks to the pos-
itivity of the integrand. Dropping the positive term proportional to [n(ky)|?,
we obtain

/( dkidka Ty e Lk >e) 1Gn (K1, k)|
R7

P / dkidky Lz, > e Lty 26 Ltk k) 2a) InCk)I?
= Z¢€ Z€ Za
e 1910 Bzt G 8 L
[n(kp)]nka)]
—2/ dkidky Ly e} Ligy >y Ly /iy > = )+ UI).
R6 {1/8} {2/5} {2/ 1/0} (k2+k2+ 2 kl 'k2)2
1 2 m+1
(B.7)
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For the diagonal term (/) we have

1

(k] + k3 + 537k1 - ka)?
1

(k3 + k3 + mL_HklkZ)z

) = f dky Lig,>¢) |77(k1)|2/ dk2 Lky /5y >a)
R3 R3

2[ dky Lig, >e) In(k1)|2/ dko Lk, /k; >a)
R3 R3

o° q* 1 2
4n/ dq / dk; Ly, serks ! 10|
a (1 +q2 + milq)z R3 {k1 =€}k

=: co(a) A‘@ dk; 1{k1>a}kf1 In(kp)[* (B.8)

where a co(a) — lp, with 0 < [y < oo, for a — oo. For the off-diagonal term we
use Schur’s test. Denoting by K the integral operator in L?(R®) with (non-symmetric)
kernel

1/2,1/2
ki "k,

KK, ko) = Ligy/k;>a (B.9)

} )
(k3 + k3 + miﬂlﬂ -kp)?

we have

~1/2 —-1/2
i <2 [ i tuzok gl [k tizak k)l Ko, k)

< 20K /R dky Lyt >epky " (k) (B.10)

and
1/2 1/2
1K < [ sup / dky K(kl,kz)} [ sup / dk; K(kl,kz)} . (B.ID)
k1€R3 R- k2€R3 R-
Let us estimate the first integral in the r.h.s. of (B.11)
k11/2k§/2

/ dky K (ky, k2) </ dko Tk, /1y 2a)
R3 R3

(k2 + k3 — mL_Hk]kZ)z

00 q5/2
< 471f dg =: c1(a) (B.12)
o (I+q>—3259)?

where a1/2c1(a) — [}, with0 < [} < 0o, for a — oo. Analogously, for the second
integral we find

1/a

/ dk; K (k;, ky) < 4n/ dq T
R o (+q¢*-5579?

5/2

=: ¢2(a) (B.13)

where a7/2cz(a) — I, with0 < [ < 00, for a — o0. Therefore we obtain

[(ID)]| < 2+/ci(a) ca(a) /R% dk; ]l{kl>a}kf1 In(ki)[*. (B.14)
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Taking into account of (B.8), (B.14) we have

1 _
(H+UD) > (a coa) — —Jal/zcl (@) a7/2cz(a>) j ki Ly ek InGkn) .
R‘
(B.15)
Fixing a sufficiently large, we conclude the proof. O

The condition (B.2) does not give any information on the integrability of 7 close
to the origin. It is therefore more convenient to exploit an equivalent but slightly
different decomposition of functions in Z[Fy g], where the potential G is replaced
by Gy, A > 0, defined as follows

n(ky) — (ko)
B+ ki ho 4

More precisely, any u € 2[Fp gl is decomposed as u = w; + Gyn, with w, €
Hf1 (R®). Since u € L%(Rﬁ), one has simply to require that

Gun € LE(RS) (B.17)

for any 1 admissible, i.e., belonging to Z[Fo g]. Next Lemma B.2 shows that this is
equivalent to the requirement

(.5'7/-\77) ki, ko) =

(B.16)

ne H 'R, (B.18)
which has to be satisfied by any charge in (2.5).

Lemma B.2.
For any A > 0, there exist two constants 0 < c1, ¢y < o0 independent of )\, such that
2
et lInll? B R S NGl gsy < 2 Il R (B.19)
where

N 2
Mr = fo &

Proof The r.h.s. of the inequality can be proven as in [13, Proposition 6.1] via an
estimate analogous to (B.6).

For the Lh.s. we first bound from below IIQWII by cutting the integral

L2(RS)
domain where ky < a, /k% + A, where a is any positive number to be chosen later

large enough. Dropping one of the positive term coming from |n(k;) — n(k2)|?, we
get

N 2
LIGH
1Ganl? >/ dkydks 1
RUUECON S {k2>a‘/k]2+)»} (ki + K3 + 757k -k +2)2
[ (k)17 (ky)|
—2 [ dkdk, 1 = (IID)+ V).
_/Ré 1952 {ka>a/k2 }(k2+k2 m+1k1 ‘ka +2)2

(B.20)
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The positive term (/1) can be estimated from below as

arn > [ fitof [ det
R3 R3 {

1
kz)a,/k%ﬂ} (kf + K+ Ekiky + )2

—ar [ a lin® /
R3 /k%+k (1+q +m+1\/—q)2

> co@) Il 12 (B.21)
A

(R3)
where cg(a) has been defined in (B.8). For the negative term (/ V) we write
~ 2 A 2
|7(k1)| / |71(ko)|
V)| =2 dk; ———— dk, ——— K, (kj, k
[(IV)] /R3 1(}%4_)»)1/4 - 2(}%4_)01/4 a(ki, ko)

2K Il 12 (B.22)
A

(R3)
where K, is the integral operator in L?(R3) with kernel

(k3 +0)V4 K3 + )74
k2>a\/k%j} (2 + K3 + 221k ko + )2

We use again Schur’s test to estimate || K ||

Ki(ki, k) = ]l{ (B.23)

k2 k2 A 1/4
/ dk; K (k1, ko) < 4n(k%+x)”4/ ( + )
R3 k2+A (k2 + k3 — 2skiko + 1)2

o +xk2+x*
=4n/dqq(q ( )
a  (14+¢2— -2

m+1 /

oo 5/2(1 4 g2 1/4
< 471/ dg 2 (1+q 2) —: &1(a), (B.24)
a  (1+¢* = 35792

m+1
)1/4

where al/zcl(a) — ll, with 0 < ll < 00, for a — 00. Moreover

«/sz)\az
o [T K (k3 + a1/
/ dk; K (ki, k2) < 4m(ky +2) / 11—
R3 0 (kl + k2 m+1 klk2 + )")2
gl@) 2 2+kk2+)»’1 1/4
. / g M ) ) (B.25)

0 (14 g2 —

m+1 \/7

a~!. Therefore

h (@) ‘/k%—)naz <
where g(a) =
afi24r

/ dk; Ky (ki ko) < 4m
R3

dg =: ¢(a), (B.26)

/1/a 2> + DA
2
0 (1+¢* = 55799)?
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where a3é,(a) — I, with 0 < I, < 0o, for a — oco. Hence we obtain the estimate
K>l < +/¢1(a)ca(a). We can now conclude the proof proceeding along the same
line of Lemma B.1. O

According to the decomposition u = w, + G, n, with w, € Hf1 (R®), for any u €
.@[]—"(gf%], and the charge decomposition n = £. + E., with . € H'2(R3) and
. € H-Y2(R3), introduced in (3.40) and (3.41), in the following proposition we
derive an equivalent expression for our quadratic form.

Proposition B.1 (Alternative expression of F (n ))
For any B and ). > 0, the quadratic form (3. 8) (3.9) can be equivalently rewritten as

DFP) = {u e L3R ‘ w=ws +Gun wy € HIR®), ne HV2R3), n = £ + B,

£ e H'/Z(R3)} , (B.27)

Folul = Filws] = A2, 6 + 24161+ 200[E]

L2(R%)
—ANPolt, B+ 2N(0B- Gk )
+1(98-.G:8.) ., +Blal. (B.28)
where
Filw] = (W, (Hiee + w) , ;€] (B.29)
2«/m(m+2 /
por dp\/p? + 4 E@I (B.30)

. / dpdq £ (pé (@)
RS PPH+q*+2pq+i

and ®g[-, -] denotes the bilinear form associated to ®gl-].

Proof Uniqueness of the decomposition # = w; + G, n follows from the fact that
w) € Hf1 (R®) while Gyn ¢ Hf1 (R®), for any 7. Moreover the domain is independent
of A as a consequence of the regularity of (G, — G,)n for any A, u > 0. Indeed, the
resolvent identity yields

(G — Gn = (= A) (Hiree + )~ " Gan,

which is clearly in the domain of Hjee, i.e., H}(R®), any time Gon € LI(R®). It
remains then to show that the equivalence holds true also for © = 0. In this case it

suffices to set
w:=w; + (G —G)n, (B.31)

which belongs to H (R6) if w, € H; '(R®) and Gn € Lloc(Rﬁ), and this follows
from the condition & € HY2(R?) and a direct inspection of the other term GE~.
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The expression of the quadratic form is a direct consequence of the above definition
and therefore we give only a sketch of the computation. Writing w = wj + (G, —G)n
andn = &. + E-, we find

]_‘ét’l/;[u] = (w)u (Hfree + )‘)wk)Lz(Rﬁ) — A”””i%(RG)
+2(9E< + 8, Gate + a>))L2(R6)
+2Pp[6- — ES] + ﬂ|q|2 = F[w,] — )L||u||2

L2(R®)

F20[E] — Aol B+ 20(02-. Gk )

108 G- ), L+ Bl (G Gute) 2005

L2(
(B.32)
By an explicit computation we obtain
M08 Gige) |, ) 200081 = 20 6] (B.33)
and then (B.28) is proved. Notice that all the terms of the quadratic form in (B.28)
are separately finite thanks to the properties of £, E_ and E.. O
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