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Ïðåäëîæåí ñïîñîá ÷èñëåííîãî èññëåäîâàíèÿ çàäà÷è îá óñòàíîâèâøåìñÿ
ïëîñêîì òå÷åíèè îãðàíè÷åííîãî îáúåìà âÿçêîé íåñæèìàåìîé æèäêîñòè
ñ ÷àñòè÷íî ñâîáîäíîé ïîâåðõíîñòüþ. Èñïîëüçóþòñÿ ìåòîä ïîñëåäîâà-
òåëüíûõ ïðèáëèæåíèé è ìåòîä êîíå÷íûõ ýëåìåíòîâ.

The numerical approach to the plane steady �ow of a bounded volume of a
viscous incompressible �uid with partially free boundary is proposed. The
successive approximations and �nite element method are used.

Êëþ÷åâûå ñëîâà: óðàâíåíèÿ Íàâüå-Ñòîêñà, ïëîñêîå ñòàöèîíàðíîå òå-
÷åíèå ñî ñâîáîäíîé ãðàíèöåé, ìåòîä êîíå÷íûõ ýëåìåíòîâ.
Keywords: Navier-Stokes equations, plane stationary free boundary �ow,
�nite element metod.

1. Ââåäåíèå. Ïîñòàíîâêà çàäà÷è. Ðàññìàòðèâàåòñÿ çàäà÷à îá óñòàíîâèâ-
øåìñÿ äâèæåíèè äâóìåðíîãî ïîòîêà âÿçêîé íåñæèìàåìîé æèäêîñòè ñ ÷àñòè÷íî
ñâîáîäíîé ïîâåðõíîñòüþ. Îáëàñòü Ω, çàíèìàåìàÿ æèäêîñòüþ, ðàñïîëîæåíà â ïëîñ-
êîñòè (x1, x2) è îãðàíè÷åíà ëèíèÿìè x1 = 0, x1 = l, x2 = 0, x2 = φ(x1). Ïðåäïî-
ëàãàåòñÿ, ÷òî φ(t) > 0. Äâèæåíèå æèäêîñòè õàðàêòåðèçóåòñÿ âåêòîðîì ñêîðîñòè
v̄(x) = (v1(x), v2(x)) è äàâëåíèåì p(x).

∂Ω = Γ1 ∪ Γ2, Γ2 = {0 < x1 < l, x2 = φ(x1)},

Γ1 = {x1 = 0, 0 ≤ x2 ≤ φ(0)} ∪ {x1 = l, 0 ≤ x2 ≤ φ(l)} ∪ {0 ≤ x1 ≤ l, x2 = 0}.
Γ1 � ôèêñèðîâàííàÿ ÷àñòü ãðàíèöû îáëàñòè, çàïîëíåííîé æèäêîñòüþ, Γ2 � ñâîáîä-
íàÿ ãðàíèöà, êîòîðàÿ ïîäëåæèò îïðåäåëåíèþ. Îáëàñòü Ω èçîáðàæåíà íà ðèñóíêå 1.

Èñêîìîé ÿâëÿåòñÿ òðîéêà ôóíêöèé (v̄, p, φ), óäîâëåòâîðÿþùàÿ êðàåâîé çàäà÷å

−ν∆v̄ +
2∑

i=1

vi
∂v̄

∂xi
+∇p = f̄ , div v̄ = 0, x ∈ Ω (1)

v̄|Γ1 = 0, (2)
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Ðèñ. 1

v̄ · n̄|Γ2 = 0, T (v̄, p)n̄|Γ2 = σHn̄, (3)
m̄ · n̄ = cos γ â òî÷êàõ (x1 = 0, x2 = φ(0)), (x1 = l, x2 = φ(l)). (4)

Êðîìå òîãî, ïðåäïîëàãàåòñÿ, ÷òî îáúåì æèäêîñòè, çàïîëíÿþùåé îáëàñòü Ω, ôèê-
ñèðîâàí. Ýòî îçíà÷àåò, ÷òî

l∫

0

φ(x1) dx1 = V0, (5)

ãäå V0 � çàäàííîå ïîëîæèòåëüíîå ÷èñëî. Â ôîðìóëàõ (1), (3) è (4) ν = const > 0 �
êèíåìàòè÷åñêèé êîýôôèöèåíò âÿçêîñòè, σ = const > 0 � êîýôôèöèåíò ïîâåðõíîñò-
íîãî íàòÿæåíèÿ, f̄ � çàäàííàÿ âåêòîð-ôóíêöèÿ, õàðàêòåðèçóþùàÿ âíåøíèå ñèëû,
äåéñòâóþùèå íà æèäêîñòü, n̄ � åäèíè÷íûé âåêòîð âíåøíåé íîðìàëè ê ëèíèè Γ2,
m̄ � åäèíè÷íûé âåêòîð âíåøíåé íîðìàëè ê ôèêñèðîâàííîé ÷àñòè ãðàíèöû Γ1, γ
� óãîë ñìà÷èâàíèÿ, ò.å. óãîë ìåæäó ñâîáîäíîé ïîâåðõíîñòüþ æèäêîñòè è òâåðäîé
ñòåíêîé ñîñóäà, T � òåíçîð íàïðÿæåíèé

T (v̄, p) = −pI + νS(v̄), Si,j =
∂vj

∂xi
+

∂vi

∂xj
,

H � óäâîåííàÿ êðèâèçíà êðèâîé Γ2.

n̄ =

(
− φ′√

1 + φ′2
,

1√
1 + φ′2

)
, H =

2φ′′√
(1 + φ′2)3

, (6)

m̄ = (−1, 0) â òî÷êå (x1 = 0, x2 = φ(0)),

m̄ = (1, 0) â òî÷êå (x1 = l, x2 = φ(l)).

Â äàëüíåéøåì ìû áóäåì ïðåäïîëàãàòü, ÷òî γ = π
2 .

2. Ðåøåíèå çàäà÷è ìåòîäîì ïîñëåäîâàòåëüíûõ ïðèáëèæåíèé. Çàäà÷à
(1), (2), (3), (5) áûëà ïîäðîáíî ïðîàíàëèçèðîâàíà ñ òî÷êè çðåíèÿ ïðèíöèïèàëüíîé
ðàçðåøèìîñòè è åäèíñòâåííîñòè â 1970-õ ãîäàõ â ðàáîòàõ [2, 3, 4].
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Èçëîæèì êðàòêî ìåòîä, ïðåäëîæåííûé â óêàçàííûõ ðàáîòàõ. Ðåøåíèå (v̄, p, φ)
èùåòñÿ ìåòîäîì ïîñëåäîâàòåëüíûõ ïðèáëèæåíèé. Ïóñòü èçâåñòíî k−å ïðèáëèæå-
íèå (v̄(k), p(k), φ(k)). Îïðåäåëèì k + 1−å ïðèáëèæåíèå. Ïîëîæèì (v̄(k+1), p(k+1))
ðåøåíèåì ñëåäóþùåé êðàåâîé çàäà÷è â ôèêñèðîâàííîé îáëàñòè Ω(k) ñ ãðàíèöåé

∂Ω(k) = {x1 = 0, 0 ≤ x2 ≤ φ(k)(0); x2 = 0, 0 ≤ x1 ≤ l;
x1 = l, 0 ≤ x2 ≤ φ(k)(l); 0 ≤ x1 ≤ l, x2 = φ(k)(x1)}

−ν∆v̄(k+1) +
2∑

i=1

v
(k+1)
i

∂v̄(k+1)

∂xi
+∇p(k+1) = f̄ , div v̄(k+1) = 0, x ∈ Ω(k) (7)

v̄(k+1)|x1=0 = 0, v̄(k+1)|x1=l = 0, v̄(k+1)|x2=0 = 0, (8)

v̄(k+1) · n̄(k)|x2=φ(k)(x1) = 0, T (v̄(k+1), p(k+1))n̄(k) · τ̄ (k)|x2=φ(k)(x1) = 0, (9)
∫

Ω(k)

p(k+1)(x) dx = 0. (10)

Çäåñü n̄(k) è τ̄ (k) ñîîòâåòñòâåííî íîðìàëüíûé è êàñàòåëüíûé âåêòîðû ê êðèâîé
Γ(k)

2 = {0 < x1 < l, x2 = φ(k)(x1)}. τ̄ (k) =
(

1√
1+(φ(k))′2

, (φ(k))′√
1+(φ(k))′2

)
. Çàòåì âû÷èñ-

ëèì âåëè÷èíó H(k+1) ïî ôîðìóëå

H(k+1) =
1
σ

T (v̄(k+1), p(k+1)) n̄(k) · n̄(k)|x2=φ(k)(x1) (11)

è îïðåäåëèì ôóíêöèþ φ(k+1) êàê ðåøåíèå çàäà÷è Êîøè äëÿ îáûêíîâåííîãî äèô-
ôåðåíöèàëüíîãî óðàâíåíèÿ

(φ(k+1))′′ =
1
2
H(k+1)

√
(1 + (φ(k+1))′2)3, 0 < x1 < l, (12)

φ(k+1)(0) = ak+1, (φ(k+1))′(0) = bk+1, (13)
ãäå ÷èñëà ak+1 è bk+1 íàõîäÿòñÿ èç óñëîâèÿ

l∫

0

φ(k+1)(x1) dx1 = V0.

Çàïèøåì çàäà÷ó (12), (13) â èíîì âèäå, ïðèíèìàÿ âî âíèìàíèå, ÷òî

φ′′

(1 + φ′2)3/2
=

(
φ′√

1 + φ′2

)′

.

Òîãäà óðàâíåíèå (12) ïðèìåò âèä
(

φ′√
1 + φ′2

)′

=
1
2

H.
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Îòñþäà ïîëó÷àåì
φ′√

1 + φ′2
=

1
2

x1∫

0

H(t) dt. (14)

Ïðè òàêîé ôîðìå çàïèñè óðàâíåíèÿ åñòåñòâåííûì ÿâëÿåòñÿ íà÷àëüíîå óñëîâèå

φ′(0) = 0.

Òàê êàê ìîäóëü ëåâîé ÷àñòè (14) ìåíüøå 1, òî äëÿ âñåõ ïðèáëèæåíèé íåïðåìåííî
äîëæíî âûïîëíÿòüñÿ óñëîâèå

∣∣∣∣∣∣

x1∫

0

H(t) dt

∣∣∣∣∣∣
< 2, 0 < x1 ≤ l. (15)

Óðàâíåíèå (14) ëåãêî èíòåãðèðóåòñÿ â êâàäðàòóðàõ. Îáîçíà÷èì ÷åðåç g(x1) ïðàâóþ
÷àñòü ýòîãî óðàâíåíèÿ

g(x1) =
1
2

x1∫

0

H(t) dt

è âûðàçèì φ′(x1) ÷åðåç g(x1)

φ′(x1) =
g(x1)√

1− g(x1)2
.

Îòñþäà ïîëó÷àåì

φ(x1) =

x1∫

0

g(t)√
1− g(t)2

dt + φ(0).

Êîíñòàíòó φ(0) îïðåäåëèì èç óñëîâèÿ (5):

φ(0) =
1
l


V0 −

l∫

0

x1∫

0

g(t)√
1− g(t)2

dt dx1


 .

Èòàê, ôóíêöèþ φ(k+1) îïðåäåëÿåì ñëåäóþùèì îáðàçîì:

φ(k+1)(x1) =

x1∫

0

g(k+1)(t)√
1− (

g(k+1)(t)
)2

dt+

1
l


V0 −

l∫

0

x1∫

0

g(k+1)(t)√
1− (

g(k+1)(t)
)2

dt dx1


 , (16)

ãäå

g(k+1)(t) =
1
2

t∫

0

H(k+1)(y) dy.
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Ïðè ýòîì äîëæíî âûïîëíÿòüñÿ óñëîâèå

|g(k+1)(t)| < 1, 0 < t ≤ l, k ≥ 0. (17)

Íàïîìíèì, ÷òî ôóíêöèÿ H(k+1) îïðåäåëåíà ôîðìóëîé (11).
Â êà÷åñòâå íà÷àëüíîãî ïðèáëèæåíèÿ ìîæåò áûòü âûáðàíî ñëåäóþùåå:

φ(0) = const =
V0

l
, (18)

(v̄(0), p(0)) åñòü ðåøåíèå êðàåâîé çàäà÷è äëÿ ñèñòåìû Ñòîêñà

−ν∆v̄(0) +∇p(0) = f̄ , div v̄(0) = 0, x ∈ Ω0, (19)

v̄(0)|x1=0 = 0, v̄(0)|x1=l = 0, v̄(0)|x2=0 = 0, (20)

v
(0)
2 |x2=V0/l = 0, S12(v̄(0))|x2=V0/l = 0, (21)

∫

Ω(0)

p(0)(x) dx = 0. (22)

Òàêèì îáðàçîì, îñíîâíîé ýòàï ðåøåíèÿ çàäà÷è (1), (2), (3), (5) ýòî ðåøåíèå
êðàåâîé çàäà÷è â ôèêñèðîâàííîé îáëàñòè Ω

−ν∆ū + (ū · ∇)ū +∇q = f̄ , div ū = 0, x ∈ Ω, (23)

ū|x1=0 = 0, ū|x1=l = 0, ū|x2=0 = 0, (24)
ū · n̄|x2=φ(x1) = 0, S(ū)n̄ · τ̄ |x2=φ(x1) = 0, (25)

∫

Ω

q(x) dx = 0. (26)

Çäåñü ìû ó÷ëè, ÷òî
T (ū, q)n̄ · τ̄ = νS(ū)n̄ · τ̄ ,

à êîíâåêòèâíûé ÷ëåí çàïèñàí â âèäå
2∑

i=1

ui
∂ū

∂xi
≡ (ū · ∇)ū.

Ïðèíöèïèàëüíî âàæíî, ÷òî â ýòîé çàäà÷å ôóíêöèÿ φ(x1), à çíà÷èò è ëèíèÿ Γ2

èçâåñòíû.
3. Ðåøåíèå âñïîìîãàòåëüíîé çàäà÷è â îáëàñòè ñ ôèêñèðîâàííîé ãðà-

íèöåé. Çàäà÷ó (23), (24), (25), (26) òàêæå áóäåì ðåøàòü ìåòîäîì ïîñëåäîâàòåëü-
íûõ ïðèáëèæåíèé, ïðè êîòîðîì êàæäîå ïðèáëèæåíèå åñòü ðåøåíèå êðàåâîé çàäà-
÷è äëÿ ëèíåéíîé ñèñòåìû Ñòîêñà. Ïóñòü èçâåñòíî m-îå ïðèáëèæåíèå (ū(m), q(m)).
Îïðåäåëèì m + 1-îå ïðèáëèæåíèå (ū(m+1), q(m+1)) êàê ðåøåíèå çàäà÷è

−ν∆ū(m+1) +∇q(m+1) = f̄ − (ū(m) · ∇)ū(m), div ū(m+1) = 0, x ∈ Ω, (27)

ū(m+1)|x1=0 = 0, ū(m+1)|x1=l = 0, ū(m+1)|x2=0 = 0, (28)
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ū(m+1) · n̄|x2=φ(x1) = 0, S(ū(m+1))n̄ · τ̄ |x2=φ(x1) = 0, (29)
∫

Ω

q(m+1)(x) dx = 0. (30)

Â êà÷åñòâå íà÷àëüíîãî ïðèáëèæåíèÿ (ū(0), q(0)) âîçüìåì ðåøåíèå ñëåäóþùåé êðà-
åâîé çàäà÷è

−ν∆ū(0) +∇q(0) = f̄ , div ū(0) = 0, x ∈ Ω (31)
ū(0)|x1=0 = 0, ū(0)|x1=l = 0, ū(0)|x2=0 = 0, (32)

ū(0) · n̄|x2=φ(x1) = 0, S(ū(0))n̄ · τ̄ |x2=φ(x1) = 0. (33)
∫

Ω

q(0)(x) dx = 0. (34)

Ñõîäèìîñòü ïîñëåäîâàòåëüíîñòè (ū(m), q(m)) ê ðåøåíèþ íåëèíåéíîé çàäà÷è (23),
(24), (25), (26) äîêàçûâàåòñÿ òàê æå, êàê ýòî ñäåëàíî â [1] äëÿ ïåðâîãî êðàåâîãî
óñëîâèÿ.

3.1. Ëèíåéíàÿ âñïîìîãàòåëüíàÿ çàäà÷à. Ðàññìîòðèì ëèíåéíóþ çàäà÷ó
(27), (28), (29), (30) äëÿ íåèçâåñòíûõ ôóíêöèé (w̄, r) â ôèêñèðîâàííîé îáëàñòè Ω.
Ââåäåì îáîçíà÷åíèÿ:

∂Ω = Γ = Γ1

⋃
Γ2,

Γ1 = {x1 = 0, 0 ≤ x2 ≤ φ(0)}⋃{x2 = 0, 0 ≤ x1 ≤ l}⋃{x1 = l, 0 ≤ x2 ≤ φ(l)},
Γ2 = {x2 = φ(x1), 0 ≤ x1 ≤ l},

divT =

{
2∑

j=1

∂
∂xj

Tij

}2

i=1

.

Åñëè div w̄ = 0, òî divT (w̄, r) = ν∆w̄ − ∇r. Òîãäà çàäà÷ó (27), (28), (29),
(30)ìîæíî çàïèñàòü â âèäå

−divT (w̄, r) = h̄, div w̄ = 0, x ∈ Ω, (35)

w̄|Γ1 = 0, w̄ · n̄|Γ2 = 0, T (w̄, r)n̄ · τ |Γ2 = 0, (36)∫

Ω

r(x) dx = 0. (37)

Èìåÿ â âèäó ïðèìåíèòü ìåòîä Ãàëåðêèíà äëÿ ðåøåíèÿ çàäà÷è (35), (36), âûâåäåì
èíòåãðàëüíîå òîæäåñòâî äëÿ ýòîé çàäà÷è. Ïóñòü η̄(x) = (η1, η2) � ïðîáíûé âåê-
òîð, òðåáîâàíèÿ ê êîòîðîìó áóäóò ñôîðìóëèðîâàíû â ïðîöåññå âûâîäà. Óìíîæèì
óðàâíåíèå (351) ñêàëÿðíî íà η̄, ïðîèíòåãðèðóåì ïî Ω è ïðîâåäåì èíòåãðèðîâàíèå
ïî ÷àñòÿì, ó÷èòûâàÿ êðàåâûå óñëîâèÿ (36). Ïîëó÷èì

∫

Ω

h̄ · η̄d x = −
∫

Ω

divT (w̄, r) · η̄d x = −
2∑

i,j=1

∫

Ω

∂Tij

∂xj
ηid x =

=
2∑

i,j=1

∫

Ω

Tij
∂ηi

∂xj
d x−

2∑

i,j=1

∫

Γ

TijηinjdΓ. (38)
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Ó÷èòûâàÿ, ÷òî

T n̄ =





2∑

j=1

Tijnj





2

i=1

è T n̄ = (T n̄ · n̄)n̄ + (T n̄ · τ̄)τ̄ ,

ïðåîáðàçóåì ïîâåðõíîñòíûé èíòåãðàë â ïðàâîé ÷àñòè (38).

2∑
i,j=1

∫
Γ

Tijηinj dΓ =
∫
Γ

T n̄ · η̄ d Γ =

=
∫
Γ1

T n̄ · η̄ d Γ +
∫
Γ2

(T n̄ · n̄)(n̄ · η̄) dΓ +
∫
Γ2

(T n̄ · τ̄)(τ̄ · η̄) dΓ.

Ïîòðåáóåì, ÷òîáû âåêòîð η̄ óäîâëåòâîðÿë êðàåâûì óñëîâèÿì

η̄|Γ1 = 0, η̄ · n̄|Γ2 = 0. (39)

Òîãäà èç óñëîâèé (363) è (39) ñëåäóåò, ÷òî ïîâåðõíîñòíûé èíòåãðàë â ïðàâîé ÷àñòè
(38) îáðàùàåòñÿ â íîëü.

Ðàññìîòðèì òåïåðü îáúåìíûé èíòåãðàë â ïðàâîé ÷àñòè (38):

2∑
i,j=1

∫
Ω

Tij
∂ηi

∂xj
d x =

= −
2∑

i,j=1

∫
Ω

r δij
∂ηi

∂xj
d x +

2∑
i,j=1

∫
Ω

ν
(

∂wi

∂xj
+ ∂wj

∂xi

)
∂ηi

∂xj
d x =

= −
2∑

i=1

∫
Ω

r ∂ηi

∂xj
d x + ν

2∑
i,j=1

∫
Ω

(
∂wi

∂xj
+ ∂wj

∂xi

)
∂ηi

∂xj
d x =

= − ∫
Ω

r div η̄ d x + ν
2∑

i,j=1

∫
Ω

(
∂wi

∂xj
+ ∂wj

∂xi

)
∂ηi

∂xj
d x.

Èç ïîñëåäíåãî òîæäåñòâà è óñëîâèé (39) ñëåäóåò, ÷òî ðàâåíñòâî (38) ïðèíèìàåò
âèä

−
∫

Ω

r div η̄ d x + ν

2∑

i,j=1

∫

Ω

(
∂wi

∂xj
+

∂wj

∂xi

)
∂ηi

∂xj
d x =

∫

Ω

h̄ · η̄ d x. (40)

Óìíîæèì òåïåðü óðàâíåíèå (352) íà ïðîáíóþ ôóíêöèþ ζ è ïðîèíòåãðèðóåì ïî Ω.
Ïîëó÷èì ∫

Ω

(divw̄) ζ d x = 0. (41)

Òåïåðü ìû ìîæåì äàòü îïðåäåëåíèå îáîáùåííîãî ðåøåíèÿ çàäà÷è (35), (36).

Îïðåäåëåíèå 1. Îáîáùåííûì ðåøåíèåì çàäà÷è (35), (36) íàçûâàåòñÿ ïàðà (w̄, r)
òàêàÿ, ÷òî:

1. w̄ ∈ W 1
2 (Ω), r ∈ L2(Ω),

2. w̄ óäîâëåòâîðÿåò ãðàíè÷íûì óñëîâèÿì (361) è (362),



54 ÌÎÃÈËÅÂÑÊÈÉ È.Ø., ÎÕÎÒÀ Â.È.

3. äëÿ ëþáûõ âåêòîð-ôóíêöèè η̄ ∈ W 1
2 (Ω), óäîâëåòâîðÿþùåé óñëîâèÿì (39), è

ñêàëÿðíîé ôóíêöèè ζ ∈ L2(Ω) âûïîëíÿþòñÿ èíòåãðàëüíûå òîæäåñòâà (40)
è (41).

4. Ðàçáèåíèå îáëàñòè ñ ôèêñèðîâàííîé ãðàíèöåé. ×èñëåííîå ðåøåíèå
çàäà÷è (35), (36), (37) ìû áóäåì èñêàòü ìåòîäîì êîíå÷íûõ ýëåìåíòîâ (ÌÊÝ). Òåî-
ðèÿ ÌÊÝ äëÿ óðàâíåíèé Ñòîêñà è Íàâüå-Ñòîêñà ñ ïåðâûì êðàåâûì óñëîâèåì
(v̄|∂Ω = 0) èçëîæåíà â [6]. Îáçîð ñîâðåìåííîãî ñîñòîÿíèÿ ÌÊÝ äëÿ óðàâíåíèé
Íàâüå-Ñòîêñà ïðèâåäåí â [5]. Ïðèìåíåíèå ÌÊÝ ê ðåøåíèþ çàäà÷è î äâèæåíèè
âÿçêîé æèäêîñòè ñî ñâîáîäíîé ãðàíèöåé îáñóæäåíî â [7].

Îïðåäåëèì óçëû â îáëàñòè Ω ∪ Γ2 = {0 < x1 < l, 0 < x2 ≤ φ(x1)}. Äëÿ ýòîãî
âûáåðåì íàòóðàëüíîå ÷èñëî m1 ≥ 2 è ïîëîæèì

h1 =
l

m1 + 1
.

h1 ýòî øàã ïî ãîðèçîíòàëüíîé îñè x1. Ïóñòü

l2 > max
0≤x1≤l

φ(x1).

Âûáåðåì òåïåðü íàòóðàëüíîå ÷èñëî m2 ≥ 3 è ïîëîæèì

h2 =
l2

m2 + 1
.

h2 ýòî øàã ïî âåðòèêàëüíîé îñè x2. Òî÷êè

xk = (xk1, xk2), ãäå xk1 = ih1, xk2 = jh2, i = 1, ...m1, j = 1, ...m2,

äëÿ êîòîðûõ xk2 ≤ φ(xk1) íàçîâåì óçëàìè. Èç îïðåäåëåíèÿ óçëîâ ñëåäóåò, ÷òî âñå
óçëû ëåæàò â îáëàñòè Ω ∪ Γ2. Óçåë xk íàçûâàåòñÿ âíóòðåííèì óçëîì, åñëè

φ(x1) > xk2 + h2 äëÿ x1 ∈ [xk1 − h1, xk1 + h1].

Ìíîæåñòâî íîìåðîâ k âíóòðåííèõ óçëîâ îáîçíà÷èì ÷åðåç I. Îïðåäåëèì òàêæå
ìíîæåñòâà óçëîâ, ïðèëåæàùèõ ê íèæíåé ãðàíèöå, ïðèëåæàùèõ ê ëåâîé ãðàíèöå,
è ïðèëåæàùèõ ê ïðàâîé ãðàíèöå. Ìíîæåñòâà íîìåðîâ óçëîâ èç óêàçàííûõ ïîäìíî-
æåñòâ îáîçíà÷èì ñîîòâåòñòâåííî BB,BL,BR. Îáîçíà÷èì IN = I \(BB∪BL∪BR).
k ∈ BB, åñëè xk2 = h2; k ∈ BL, åñëè xk1 = h1; k ∈ BR, åñëè xk1 = m1h1. Òî÷êè

xk = (xk1, xk2), ãäå xk1 = ih1, xk2 = jh2, i = 1, ...m1, j = 2, ...m2

íàçîâåì óçëàìè, ïðèëåæàùèìè ê âåðõíåé ãðàíèöå, åñëè xk2 ≤ φ(xk1) è ñóùåñòâóåò
òî÷êà x1 ∈ [xk1−h1, xk1 +h1], äëÿ êîòîðîé φ(x1) ≤ xk2 +h2. Ìíîæåñòâî íîìåðîâ k
óçëîâ, ïðèëåæàùèõ ê âåðõíåé ãðàíèöå, îáîçíà÷èì ÷åðåç BT . BB ⊂ I, I ∩ BT = ∅,
BT ∩ BL 6= ∅, BT ∩ BR 6= ∅, BB ∩ BL 6= ∅, BB ∩ BR 6= ∅.

Êàæäîìó óçëó xk ñîïîñòàâèì ïðÿìîóãîëüíèê

Ωk = {(i− 1)h1 ≤ x1 ≤ (i + 1)h1, (j − 1)h2 ≤ x2 ≤ (j + 1)h2}.
Î÷åâèäíî, ÷òî

Ω ∪ Γ2 ⊂
⋃

k∈I ∪BT
Ωk, Γ2 ⊂

⋃

k∈BT
Ωk.
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Ðèñ. 2

Íà ðèñóíêå 2 m1 = 5, m2 = 13, ñèìâîëîì / îáîçíà÷àþòñÿ óçëû, ÷üè íîìåðà ïðèíàä-
ëåæàò BL \ (BB ∪ BT ), ñèìâîëîì . îáîçíà÷àþòñÿ óçëû, ÷üè íîìåðà ïðèíàäëåæàò
BR \ (BB ∪ BT ), ñèìâîëîì ¦ îáîçíà÷àþòñÿ óçëû, ÷üè íîìåðà ïðèíàäëåæàò BB,
ñèìâîëîì × îáîçíà÷àþòñÿ óçëû, ïðèëåæàùèå ê âåðõíåé ãðàíèöå, ñèìâîëîì ◦ îáî-
çíà÷àþòñÿ ñòðîãî âíóòðåííèå óçëû, íå ïðèëåæàùèå íè ê êàêèì ãðàíèöàì.

Çàäàäèì íóìåðàöèþ óçëîâ. Óçëû ñ àáñöèññîé x1 = h1 èìåþò íîìåðà 1, 2, ..., N1,
ãäå ÷èñëî N1 îïðåäåëÿåòñÿ èç óñëîâèé: N1h2 ≤ φ(h1), (N1 + 1)h2 > φ(h1). Óçëû ñ
àáñöèññîé x1 = ih1, i = 2, 3, ...m1 èìåþò íîìåðà

i−1∑
s=1

Ns + 1,

i−1∑
s=1

Ns + 2, ...,

i∑
s=1

Ns,

ãäå ÷èñëî Ni îïðåäåëÿåòñÿ èç óñëîâèé: Nih2 ≤ φ(ih1), (Ni + 1)h2 > φ(ih1). Òàêèì
îáðàçîì, îáùåå êîëè÷åñòâî óçëîâ

N =
m1∑
s=1

Ns.

Îáîçíà÷èì ÷åðåç MI êîëè÷åñòâî ýëåìåíòîâ ìíîæåñòâà I, à ÷åðåç MB êîëè÷åñòâî
ýëåìåíòîâ ìíîæåñòâà BT . MI + MB = N .

Íà ðèñóíêå 2 N1 = 13, N2 = 11, N3 = 8, N4 = 8, N5 = 7, N = 47. Ìíîæåñòâà
BB,BL,BR,BT äëÿ ýòîãî ïðèìåðà ñóòü ñëåäóþùèå:

BB = {1, 14, 25, 33, 41},

BL = {1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13},
BR = {41, 42, 43, 44, 45, 46, 47},

BT = {11, 12, 13, 21, 22, 23, 24, 32, 39, 40, 47}.
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5. Áàçèñíûå ôóíêöèè, êîíå÷íûå ýëåìåíòû. Êàæäîìó óçëó xk ìû ñî-
ïîñòàâèì äâå ñêàëÿðíûå ôóíêöèè ψk(x1, x2) è ψ̃k(x1, x2), îïðåäåëåííûå âî âñåé
îáëàñòè Ω. Ýòè ôóíêöèè ìû îïðåäåëèì òàê, ÷òîáû èõ íîñèòåëè áûëè ñîñðåäîòî-
÷åíû â íåêîòîðîé îêðåñòíîñòè Uk óçëà xk. Êàê ïðàâèëî, ýòè îêðåñòíîñòè ñîâïàäà-
þò ñ ìíîæåñòâàìè Ωk. Íàáîð ôóíêöèé {ψk}N

k=1 èñïîëüçóåòñÿ äëÿ àïïðîêñèìàöèè
ñêîðîñòè, à íàáîð ôóíêöèé {ψ̃k}N

k=1 èñïîëüçóåòñÿ äëÿ àïïðîêñèìàöèè äàâëåíèÿ.
Ñîâîêóïíîñòü óçëà xk, ìíîæåñòâà Uk è ôóíêöèè ψk (èëè ψ̃k) íàçûâàåòñÿ êîíå÷íûì
ýëåìåíòîì.

Ôóíêöèè ψk è ψ̃k ñîâïàäàþò, åñëè óçåë xk íå ïðèìûêàåò ê ãðàíèöå
Γ1 = {x1 = 0}⋃{x1 = l}⋃{x2 = 0}, ò.å. åñëè k ∈̄ BL ∪ BB ∪ BR.

5.1. Ôóíêöèè ψk(x1, x2). Äëÿ âñåõ óçëîâ N ïîëîæèì

ψk(x1, x2) = µk(x1)λk(x2),

µk(x1) =





0, x1 ≤ xk1 − h1,

x1−xk1+h1
h1

, xk1 − h1 ≤ x1 ≤ xk1,

−x1+xk1+h1
h1

, xk1 ≤ x1 ≤ xk1 + h1,

0, x1 ≥ xk1 + h1,

λk(x2) =





0, x2 ≤ xk2 − h2,

x2−xk2+h2
h2

, xk2 − h2 ≤ x2 ≤ xk2,

−x2+xk2+h2
h2

, xk2 ≤ x2 ≤ xk2 + h2,

0, x2 ≥ xk2 + h2.

Îòìåòèì, ÷òî âñå ôóíêöèè ψk îáðàùàþòñÿ â íîëü íà ãðàíèöå Γ1.
5.2. Ôóíêöèè ψ̃k(x1, x2). Îïðåäåëèì òåïåðü ôóíêöèè ψ̃k äëÿ íîìåðîâ k ∈

BL∪BB∪BR, ïðè êîòîðûõ ψ̃k íå ñîâïàäàåò ñ ψk. Ýòî ïðåæäå âñåãî íîìåðà óçëîâ,
ëåæàùèõ íà íèæíåé ãîðèçîíòàëè ñ íîìåðîì j = 1, ò.å.

k = 1, k =
i−1∑
s=1

Ns + 1, i = 2, 3, ...m1.

Äëÿ k = 1 ïîëîæèì

ψ̃1(x1, x2) =





2h1 − x1

2h1

2h2 − x2

2h2
, 0 ≤ x1 ≤ 2h1, 0 ≤ x2 ≤ 2h2,

0, x1 ≥ 2h1 èëè x2 ≥ 2h2.

Äëÿ

k =
i−1∑
s=1

Ns + 1, i = 2, 3, ...,m1 − 1
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ïîëîæèì

µ̃k(x1) =





x1 − (i− 1)h1

h1
, (i− 1)h1 ≤ x1 ≤ ih1,

−x1 + (i + 1)h1

h1
, ih1 ≤ x1 ≤ (i + 1)h1,

0, x1 ≤ (i− 1)h1 èëè x1 ≥ (i + 1),

λ̃k(x2) =





2h2 − x2

2h2
, 0 ≤ x2 ≤ 2h2,

0, x2 ≥ 2h2,

ψ̃k(x1, x2) = µ̃k(x1)λ̃k(x2).

Äëÿ ïðàâîãî íèæíåãî óçëà ñ íîìåðîì k = N −Nm1 + 1 ïîëîæèì

µ̃k(x1) =





x1 − (m1 − 1)h1

2h1
, (m1 − 1)h1 ≤ x1 ≤ (m1 + 1)h1,

0, x1 ≤ (m1 − 1)h1,

λ̃k(x2) =





−x2 + 2h2

2h2
, 0 ≤ x2 ≤ 2h2,

0, x2 ≥ 2h2,

ψ̃k(x1, x2) = µ̃m1(x1)λ̃m1(x2).

Óçëû, ëåæàùèå íà ëåâîé âåðòèêàëè ñ àáñöèññîé x1 = h1, èìåþò íîìåðà {1, 2, ..., N1} =

BL. Ôóíêöèÿ ψ̃1 óæå îïðåäåëåíà. Çàäàäèì òåïåðü ôóíêöèè ψ̃k äëÿ k = 2, 3, ..., N1.

µ̃k(x1) =





2h1 − x1

2h1
, 0 ≤ x1 ≤ 2h1,

0, x1 ≥ 2h1,

λ̃k(x2) =





x2 − (k − 1)h2

h2
, (k − 1)h2 ≤ x2 ≤ kh2,

−x2 + (k + 1)h2

h2
, kh2 ≤ x2 ≤ (k + 1)h2,

0, x2 ≤ (k − 1)h2 èëè x2 ≥ (k + 1)h2,

ψ̃k(x1, x2) = µ̃k(x1)λ̃k(x2).

Ðàññìîòðèì òåïåðü óçëû, ëåæàùèå íà êðàéíåé ïðàâîé âåðòèêàëè, èìåþùåé
íîìåð i = m1. Íîìåðà ýòèõ óçëîâ ñîñòàâëÿþò ìíîæåñòâî BR è xk1 = m1h1. Äëÿ
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óçëà ñ íîìåðîì k = N −Nm1 + 1 ôóíêöèÿ ψ̃k óæå îïðåäåëåíà. Îïðåäåëèì òåïåðü
ôóíêöèè ψ̃k äëÿ k = N −Nm1 + j ïðè j = 2, 3, ..., N1.

µ̃k(x1) =





x1 − (m1 − 1)h1

2h1
, (m1 − 1)h1 ≤ x1 ≤ (m1 + 1)h1,

0, x1 < (m1 − 1)h1,

λ̃k(x2) =





x2 − (j − 1)h2

h2
, (j − 1)h2 ≤ x2 ≤ jh2,

−x2 + (j + 1)h2

h2
, jh2 ≤ x2 ≤ (j + 1)h2,

0, x2 < (j − 1)h2 èëè x2 > (j + 1)h2,

ψ̃k(x1, x2) = µ̃k(x1)λ̃k(x2).

6. Ïðèáëèæåííîå ðåøåíèå ëèíåéíîé âñïîìîãàòåëüíîé çàäà÷è. Ïðè-
áëèæåíèå ñêîðîñòè áóäåì èñêàòü â âèäå ëèíåéíîé êîìáèíàöèè áàçèñíûõ âåêòîðîâ,
à ïðèáëèæåíèå äàâëåíèÿ � â âèäå ëèíåéíîé êîìáèíàöèè áàçèñíûõ ôóíêöèé ψ̃k.

Îïðåäåëèì áàçèñíûå âåêòîðû, ñîîòâåòñòâóþùèå êàæäîìó èç N óçëîâ. Äëÿ
âíóòðåííèõ óçëîâ ñ íîìåðàìè èç ìíîæåñòâà I ïîëîæèì

ū1
k = (ψk, 0), ū2

k = (0, ψk).

Ýòè âåêòîðû îáðàùàþòñÿ â íîëü íà âñåé ãðàíèöå Γ îáëàñòè Ω.
Äëÿ óçëîâ, ïðèëåæàùèõ ê âåðõíåé ãðàíèöå, ñ íîìåðàìè èç ìíîæåñòâà BT ïî-

ëîæèì
ūk(x1, x2) = ψk(x1, x2)τ̄(x1),

ãäå τ̄(x1) � âåêòîð, êàñàòåëüíûé ê ëèíèè Γ2. ßñíî, ÷òî ïðè òàêîì âûáîðå áàçèñíûõ
âåêòîðîâ ūk

ūk · n̄|Γ2 = 0, k ∈ BT . (42)
Âåêòîðû ū1

k è ū2
k òàêæå óäîâëåòâîðÿþò óñëîâèþ (42). Òàê êàê âñå ôóíêöèè ψk

îáðàùàþòñÿ â íîëü íà Γ1, òî

ūk|Γ1 = 0 äëÿ k ∈ BT .

Ïðèáëèæåíèå ñêîðîñòè áóäåì èñêàòü â âèäå

w̄N =
∑

k∈I

[
ak1ū

1
k + ak2ū

2
k

]
+

∑

k∈BT
bkūk, (43)

à ïðèáëèæåíèå äàâëåíèÿ � â âèäå

rN =
N∑

k=1

ckψ̃k, (44)

ãäå êîýôôèöèåíòû ak1, ak2, bk, ck ïîäëåæàò îïðåäåëåíèþ. Îòìåòèì ñðàçó, ÷òî
âåêòîð-ôóíêöèÿ w̄N óäîâëåòâîðÿåò ãðàíè÷íûì óñëîâèÿì (361) è (362).
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Ïîäñòàâèì w̄N è rN â èíòåãðàëüíûå òîæäåñòâà (40) è (41), âçÿâ â êà÷åñòâå
ïðîáíûõ âåêòîð-ôóíêöèé â òîæäåñòâå (40) ū1

k, ū2
k ïðè k ∈ I è ūk ïðè k ∈ BT , à â

êà÷åñòâå ïðîáíûõ ôóíêöèé â òîæäåñòâå (41) � ôóíêöèè ψ̃k, k = 1, ..., N . Òàêîé âû-
áîð âîçìîæåí, òàê êàê ôóíêöèè ū1

k, ū2
k, ūk óäîâëåòâîðÿþò óñëîâèÿì (39). Ïîëó÷èì

ñèñòåìó óðàâíåíèé

−
∫

Ω

rN div ūα
k d x + ν

2∑

i,j=1

∫

Ω

(
∂wN

i

∂xj
+

∂wN
j

∂xi

)
∂uα

ki

∂xj
d x =

∫

Ω

h̄ · ūα
k d x,

α = 1, 2, k ∈ I

−
∫

Ω

rN div ūk d x + ν

2∑

i,j=1

∫

Ω

(
∂wN

i

∂xj
+

∂wN
j

∂xi

)
∂uki

∂xj
d x =

∫

Ω

h̄ · ūk d x, (45)

k ∈ BT∫

Ω

(div w̄N ) ψ̃t d x = 0, t = 1, ..., N.

(45) åñòü ñèñòåìà 2MI + MB + N = 2N + MI ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé
îòíîñèòåëüíî íåèçâåñòíûõ ak1, ak2, bk, ck. Ðåøèâ ýòó ñèñòåìó, ïîäñòàâèì íàéäåí-
íûå êîýôôèöèåíòû ak1, ak2, bk, ck â ôîðìóëû (43) è (44) è ïîëó÷èì ïðèáëèæåíèÿ
ê ðåøåíèþ çàäà÷è (35), (36).

Çàêëþ÷åíèå. Â ñòàòüå ïðåäëîæåí ìåòîä ÷èñëåííîãî ðåøåíèÿ çàäà÷è îá óñòà-
íîâèâøåìñÿ äâóìåðíîì òå÷åíèè âÿçêîé íåñæèìàåìîé æèäêîñòè, ÷àñòè÷íî çàïîë-
íÿþùåé ñîñóä ñ ïðÿìîóãîëüíûì ïîïåðå÷íûì ñå÷åíèåì. Ìåòîä îñíîâàí íà ðåçóëü-
òàòàõ î ðàçðåøèìîñòè îñíîâíûõ çàäà÷ ãèäðîäèíàìèêè, ïîëó÷åííûõ â [1, 2, 3, 4].
Ìåòîäîì êîíå÷íûõ ýëåìåíòîâ ÷èñëåííî ðåøàåòñÿ òîëüêî âòîðàÿ êðàåâàÿ çàäà÷à
äëÿ ëèíåéíîé ñèñòåìû Ñòîêñà.
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