
Φ Abstract – A Synchronous Reluctance Motor (SynRM), 
which has sinusoidal rotor lamination shape in the axial 
direction, is proposed. The sinusoidal lamination shape is 
utilized to vary the magnetic flux in the q-axis direction. 
Therefore, cancelling some torque harmonics produced by 
slotting effects. The stator geometry of a 1.5 kW, conventional 
three-phase squirrel cage induction motor, with distributed 
double layer winding, chorded by one slot, is used for both basic 
and proposed models. Due to the axial geometry design of 
sinusoidal lamination shape for the proposed model, 3-D Finite 
Element Method (FEM) is used for dynamic analysis. From the 
FEM results, it evidenced that with current vector angle of 
45oelectric, the proposed model reduced the torque ripple 
content by more than 60 % and still maintained the average 
torque. 

  
Keywords—Finite Element Method (FEM), Sinusoidal rotor 
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                I. INTRODUCTION 
 
 he SynRMs have high torque density, fault-tolerant 
capability, high efficiency, low rotor inertia and simple 

controllability in comparison with induction machines [1], 
[3]. Despite several advantages, one of common problems of 
SynRMs is the high contents of torque ripples [2], [4]. This is 
due to the interaction between spatial harmonics of the 
electrical loading and the rotor anisotropy which causes a 
high torque ripple that is intolerable in the most of 
applications [5]-[7]. 
      Several efforts have been made to mitigate torque ripples 
in SynRMs. It is reported in [7] that the skewing of the rotor 
by a stator slot pitch reduces the slot torque harmonic, but it 
also drops the average torque.  
      In [8] it has been shown that a reduction of torque ripple 
can be achieved by means of a suitable choice of number of 
flux-barriers with respect to the number of stator slots per 
pole pair. The flux-barrier ends are uniformly distributed 
along the airgap (similarly to the stator slot distribution). 
Torque ripple reduction for SynRMs using asymmetric 
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flux barrier has been reported in [2].  The method consists of 
shifting the relative position between the edge of each flux 
barrier and stator teeth by a certain angle. In [9], asymmetric 
flux barrier angles and a flipped rotor structure have been 
presented as an approach of torque ripple reduction without 
losing the average torque. Elsewhere a novelty strategy to 
compensate the torque harmonics of the SynRMs has been 
presented in [4] and [5]. The method is achieved by forming 
the rotor with lamination of two different kinds called 
“Romeo (R-type) and Juliet (J-type)”. The “R-type and J-
type” rotors are formed by lamination of two different kinds. 
      Furthermore, an alternative design was presented in 
which a single lamination is used with flux barriers that 
exhibit a different geometry under various poles, aiming 
indeed to cancel the torque harmonic of one order and to 
compensate those of other orders [5]. This configuration can 
be looked upon as an evolution of the “R-type and J-type” 
configurations [5], and then called the “Machaon” 
configuration [4].                                                                                       
      From the above, it is noticed that previous work that 
intended to reduce the torque ripple contents of transverse-
laminated synchronous reluctance machines (TLSynRMs), 
directed their focus mostly on suitable choice of number of 
flux-barriers respect to the number of stator slots per pole per 
phase [8], [13], the optimization and asymmetry of the flux-
barriers geometry, etc., [2], [4], [5], [6], [9]. 
      In [12], the material-efficient Permanent Magnet 
Synchronous motor with sinusoidal magnet shape was 
proposed and analyzed. The magnet shape provides a 
sinusoidal magnetic flux in order to obtain better sinusoidal 
electromotive force, less cogging torque and smooth 
electromagnetic torque. The analysis was performed on 
fraction of Horse power (Hp) permanent magnet surface-
mounted motors used in automotive actuators. For a total 
rotor volume of 86.6 cm3, the magnet volume of 18.2 cm3 for 
the proposed synchronous permanent motor with sinusoidal 
permanent magnet shape was obtained.  
      Though, both Finite Element Analysis (FEA) and 
practical results presented in [12] are satisfactory, the use of 
the proposed motor is limited to a fraction of Hp application. 
For medium and high power motors for use in traction, 
electric vehicles and hybrid electric vehicles, where less 
torque ripple and high torque density are required, the 
magnet volume will be intolerably high.   
      In this paper, A TLSynRM having sinusoidal lamination 
rotor shape in the axial direction, without changing the flux 
barrier geometry, is proposed. There is no magnet on the 
rotor. The magnetic flux is obtained due to excitation of a 
symmetric distributed three-phase stator winding.  
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II. MOTOR BASIC MODEL  
 
      Fig.1 shows the cross-section of the basic model with 
cut-off along the q-axis near the airgap.  
 

 
 

Fig.1. Cross-section of the basic model with cut-off on the q-axis 

 
      Table I gives the design specifications of the basic model, 
while Fig.2 illustrates in 3-D view the stator and rotor cores 
for the basic model. 
 

   TABLE I 
SPECIFICATIONS OF THE BASIC MODEL 

 

 

 
                                     (a)                                            (b) 

Fig.2. Configuration of the basic model, (a) Stator core and (b) rotor core 

III.  PROPOSED MODEL WITH AXIALLY SINUSOIDAL 

LAMINATION SHAPE 
 
A. Design Concept 
      The proposed model consists of different laminations 
having the same flux barrier geometric parameters and 
different cut-off pitch angles near the airgap along the q-axis 
direction. The cut-off height “ch” is kept constant. The cut-
off pitch angle “Cp” and the cut-off angle “Ca” are varied. Cp 
is varied by a fifth of the stator slot pitch while the cut-off 
angle is varied by a relatively very small value. The variation 
of cut-off pitch and cut-off angle of the proposed model is 
expressed as  
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      Where αs is the stator slot pitch and cpn is the cut-off pitch 
in mechanical degree for lamination “n”. For n1, the cut-off 
pitch cp1 is 300mechanical. Fig. 3 shows the proposed model 
with cut-off pitch angle that varies in the q-axis direction.  

 
                       (a)                                                  (b) 

Fig.3. Proposed model (a) cross-section of axially sinusoidal lamination 
shape, (b) 3D view of the rotor core.  

                
      It should be noted that the optimization of the flux barrier 
geometry, to cancel some torque harmonics in both basic and 
proposed models was not performed. There is no skew in the 
design. A saliency ratio of 10.7 was achieved. Neglecting 
saturation, field weakening ratio of 5.4 and maximum power 
factor of 0.83 were obtained.   
 
B.  Flux Density Distribution 
      Fig.4 shows the magnetic flux density distribution, when 
the d-axis current id = 6.48 A  and q-axis current iq= 6.48 A 
are applied. It is observed from Fig.4 that, there is a uniform 
distribution of flux density on the rotor back iron, in the 
direction of the q-axis of the basic model. The magnitude of 
the flux density is high  on the centre line along the axial 
length, This is due by the presence of radial ribs in the design 
to connect the rotor segments to each other and also to 
provide additional mechanical strengh [8].  
      Therefore, in the basic model, the flux density 
distribution is not seriouslly  affected by the q-axis current. 
The evidence is different for the proposed model. In the 
latter, the flux density is not uniformally distributed in the q-
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axis direction. The flux density distribution varies with the 
lamination shape along the axial length. It is clear that the q-
axis current affects the flux density distribution in the 
proposed model.  
 

 

Fig.4. Comparison of flux density distribution of 3D FEA, only a pole is 
shown.  

 
C.  Flux linkages in rotating reference Frame  
      In the proposed model, the cut-off pitch angle is varied 
along the q-axis, therefore changing quantities in the rotating 
reference frame. The stator flux linkages λa, λb and λc can be 
directly obtained from FEM. These stator flux linkages are 
converted into the rotating reference frame. The rotor 
quantities λd, λq and λo  are given by 
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      Where θ is the sum of rotational speed ωt and current 
space phasor (vector) angle ϑ. The stator current is assumed 
to be sinusoidal, the zero sequence component of the current 
becomes zero and can be neglected. The current vector angle 
can be calculated accordingly using 
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      Where IS is the stator current space phasor, id and iq are 
the d- and q-axis currents. Even though the flux linkages 
have harmonic contents, it is of such nature that the zero 
sequence flux linkage component λo can be neglected and the 
sum of the linkages λd, λq,  λo  is approxiatly zero [11]. 
      The flux linkages λd and λq as function of rotor position 
are shown in Fig.5, (a) and (b) respectively. The Finite 
Element Analysis (FEA) was performed at ϑ = 45oelectric, 
iq= 6.48 A and id = 6.48 A. As mentionend in pior section 
that the three-phase windings are made of distributed double 
layer chorded coils to produce a sinusoidal inductance-
position curve. Therefore, all the flux linkage waveforms are 
nearly an exact sinusoidal due to the sinusoidal excitation 
current. 
 

 
 (a) 

 
(b) 

Fig.5. Comparison of Flux Linkages. (a) q-axis flux linkage, (b) d-axis flux 
linkage 

 
 

VI. TORQUE AND TORQUE RIPPLE ANALYSIS 
 
A.  Relationship between torque ripple and variation of d-q 

axis inductance 
      The developed torque for the smooth airgap SynRM is 
given as [7]:  
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      Where p is number of poles, and Ld and Lq are the d- and 
q-axis inductances. Analytical torque estimation of SynRMs 
is well treated in [10] and [11]. If the first harmonic of torque 
ripples due to the stator slotting is considered the flux 
linkages and inductances can be expressed as [10]: 
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      Where q is the number of slots per pole per phase, ΔLd 
and ΔLd being the variation of the d- and q-axis synchronous 
inductances, and ΔLdq is the variation of d-q inductances.  
      Due to the inductances dependency to rotor angle, a 
second term which depends of the variation in the d- and q-
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axis flux linkages with each rotor position should be added to 
(7). The torque equation of the SynRM is expressed as 
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      The average of the second term is zero, but this term 
dominates when it comes to torque ripple. By introducing 
inductances dependency to rotor position in the above 
equation and with stator slot not skewed, the torque is given 
by 
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      The torque ripple has two components; the first one is 
proportional to average torque, and the second one is 
responsible for no-load condition ripple. In the first 
component of the torque ripple, ΔLd is caused by the 
oscillation of the Carter’s factor, while ΔLq is mainly related 
to oscillation of the circulating flux component along the q-
axis [10].  
      The proposed model in this paper consists of different 
laminations having different cut-off pitch angles near the 
airgap along the q-axis, thus forming a sinusoidal shape 
along the axial length of the rotor. The total axial length of 
the rotor lamination is equal to 
   

in kZ +++++= υξξξξ )...(2 321                      (15) 

 
      Where ki being the total thickness of steel lamination 
insulation coating, υ is the axial length of the middle 
lamination shape and ξ is the axial length of each individual 
lamination shape in one half period of the sinusoidal 
structure.  
      The torque harmonic produced by ΔLd and ΔLq along the 
positive half period will be the same in magnitude with the 
harmonic torque produced in the negative half period. The 
middle lamination structure is having zero cut-off angle, and 
a minimum cut-off pitch of αs/2. The cut-off opening is equal 
to the stator slot opening of bo = 2 mm.  
      The effect of ΔLd   and ΔLq on the middle lamination will 
be negligible; the effect on other laminations that form the 
sinusoidal shape will be cancelled due to the opposite 
periodicity of the rotor structure. Neglecting the first 
component of torque ripple as expressed earlier in “(14)”, the 
torque equation can then be written as  
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      The only term that will be highly responsible for torque 
ripple production is ΔLdq. For the proposed model, the cut-off 
pitch is varied, thus reducing the insulation on the q-axis and 
increasing the iron on the d-axis in the first half period. The 
action is reversed in the second half period, where the iron on 

the d-axis is reduced and insulation increased on q-axis. The 
ΔLdq is therefore varied, and this variation contributes to the 
cancellation of some torque harmonics when the rotor 
sweeps through certain angular positions.   
 
B.  Results and Analysis 
      The torque profiles as function of position are shown in 
Fig. 6 to Fig. 9. The FEA were carried out at constant speed 
of 1000-rpm and constant frequency of 50-Hz. Both basic 
and proposed models have three-phase double layer lap 
windings chorded by one slot. The windings are excited by 
3-phase sinusoidal currents. The SynRMs were started at 
initial rotor position of 17.5omechanical, such that phase A is 
opposite to the d-axis. The machines were run at different 
current space phasor angles ϑ. 
 

 

Fig.6. Instantaneous torque as function of rotor position at ϑ=15o, 
AiAi qd 37.2&85.8 ==  

 

Fig.7. Instantaneous torque as function of rotor position at ϑ=30o, 
AiAi qd 58.5&93.7 ==  

 

Fig.8. Instantaneous torque as function of rotor position at ϑ=45o, 
Aii qd 48.6==  

0 10 20 30 40 50 60
4

6

8

10

12

14

16

Rotor Position (Mechanical Degree)

T
or

qu
e 

(N
m

)

 

 

Basic Motor Proposed Motor

0 10 20 30 40 50 60
13

14

15

16

17

18

19

20

21

22

Rotor Position (Mechanical Degree)

T
or

qu
e 

(N
m

)

 

 

Basic Motor Proposed Motor

0 10 20 30 40 50 60

14

16

18

20

22

24

26

28

30

Rotor Position (Mechanical Degree)

T
or

qu
e 

(N
m

)

 

 

Basic Motor Proposed Motor

611



 

Fig.9. instantaneous torque as function of rotor position at ϑ=60o, 
AiAi qd 93.7&58.4 ==  

      Table II reports the computed average and torque ripple 
for different current vector angles of the basic and proposed 
models. It is clear that the proposed motor has the edge to 
reduce the torque ripple by ± 60 % for both current vector 
angles of 30o and 45oelectric, and still maintain the average 
torque. It is also noted that high average torque is achieved 
with current vector angle of 45oelectric. 
 

   TABLE II 
TORQUE COMPARISON AT DIFFERENT CURRENT VECTOR ANGLES 

 
 
      Table III shows the resulting torque harmonics 
corresponding to the torque behavior in Fig.6 to Fig.9. The 
FEA torque harmonics of the Basic Motor (BM) are 
compared with the torque harmonics of the Proposed Motor 
(PM). 
 

   TABLE III 
TORQUE HARMONIC COMPARISON AT DIFFERENT CURRENT ANGLES 

 
 
      From Table III, It is interesting to observe that the 
highest torque harmonics are the first and second slot 
harmonics, which are the 6th and 12th orders. The latter is 
the most predominant which contributes to high torque ripple 
contents. In addition, Table III evidences that the proposed 
model reduces tremendously the 12th torque harmonics by  
±73 % when the current vector angle is 45oelectric. At 
current vector angle of 30oelectric, the magnitude of the 12th 
harmonic order is reduced by ± 69 %.    
 

V. CONCLUSION 

      A Synchronous Reluctance Motor with sinusoidal rotor 
lamination shape in the axial direction was proposed. Design 
approach of the proposed motor was described and, the 
objective to reduce torque ripple while maintaining high 
average torque was achieved. A torque ripple factor of 
12.58% with current space vector angle of 30oelectric, was 
obtained without optimizing the geometric quantities of flux 
barriers. The proposed model cancelled some torque 
harmonics, as consequence the predominant 12th torque 
harmonic order, due to stator slotting, has been reduced by 
more than half at current vector angle of 30o and 45oelectric. 
Very low torque ripple factor of less than 10 % can be 
achieved by combining the proposed model with design 
optimization of flux barrier geometry.  Practical validation of 
FEA results will be reported in subsequent paper.    
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