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Abstract

We study certain non-symmetric wavefunctions associated to the quantum nonlinear
Schrédinger model, introduced by Komori and Hikami using Gutkin’s propagation opera-
tor, which involves representations of the degenerate affine Hecke algebra. We highlight how
these functions can be generated using a vertex-type operator formalism similar to the recur-
sion defining the symmetric (Bethe) wavefunction in the quantum inverse scattering method.
Furthermore, some of the commutation relations encoded in the Yang-Baxter equation for
the relevant monodromy matrix are generalized to the non-symmetric case.

1 Introduction

The quantum nonlinear Schrédinger (QNLS) or Lieb-Liniger model was introduced in 1963 [33]
and has been studied extensively since, e.g [9, 11, 12, 14, 15, 16, 17, 19, 20, 21, 23, 25, 28,
29, 48, 54]. It describes a system of N spinless (in particular, bosonic) particles restricted to
a circle or an infinite line with pairwise contact interaction whose strength is determined by a
constant v € R; most of the theory deals with the repulsive case (7 > 0). In many ways the
QNLS model is a prototypical integrable model; it was introduced [33] as the first example of
a parameter-dependent boson gas for which eigenstates and eigenvalues of the quantum Hamil-
tonian can be calculated exactly. Earlier, Girardeau [18] studied a related system without a
(nontrivial) parameter but which can be obtained from the QNLS model in the limit v — oo.
Furthermore, there has been experimental interest; the low energy eigenstates of a certain gas of
three-dimensional particles in a long cylinder are described by the QNLS model [34, 45] and such
systems have been manufactured [1, 2] by magnetically trapping and cooling rubidium-85 atoms.

Consider the standard Euclidean basis of RV consisting of the vectors eq,...,ey. Assume the
particle coordinates are given by © = (z1,...,7y) € JV where J = [z7,27] C R and write
0j = . In convenient units, the Hamlltoman for the QNLS model is formally given by

282—}—27 Z = Zk).

1<j<k<N

Its eigenfunctions will be referred to as wavefunctions; the eigenvalue problem for H/, . can

)
be made rigorous [33] by replacing it with a Helmholtz equation and imposing certain jump

conditions on the derivatives of the candidate functions.

*E-mail: B.H.M.Vlaar@Quva.nl


http://arxiv.org/abs/1207.0723v3

We note that a physically acceptable wavefunction ¥ describing a bosonic system must be sym-
metric: U(z1,...,2N) = Y(2y1,...,2uN) for all w € Sy. Notwithstanding this, we will consider
the non-symmetric! eigenfunctions v of the QNLS Hamiltonian, brought into the theoretical
picture of the QNLS model by Komori and Hikami [25, 28] by means of Gutkin’s propagation
operator [12, 19], which intertwines two representations of the A-type degenerate affine Hecke
algebra (AAHA) [12, 19, 23], in analogy to the non-symmetric Jack polynomials in the Calogero-
Sutherland-Moser model [3, 5, 24, 41]. From the non-symmetric wavefunctions the symmetric
ones are obtained by symmetrization: ¥(x) = % Y wesy Y(@wls -+ Tywn). Our main result is a
recursive formula generating the non-symmetric wavefunctions with vertex-type operators, akin
to the formula recursively defining the symmetric (Bethe) wavefunction in the quantum inverse
scattering method [21, 30, 46], thus closely tying this method to the Hecke algebra approach,
and emphasizing the importance of the non-symmetric wavefunctions in the theoretical under-
standing of the QNLS model. Similarly, a recursive structure is known for the non-symmetric
Jack polynomials featuring in the Calogero-Sutherland-Moser model [3, 27].

1.1 Outline

We will recall how to treat the QNLS Hamiltonian eigenvalue problem more rigorously in Sect.
2. We will also discuss the history of the solution methods of the QNLS model, in particular
we will review Lieb and Liniger’s solution and briefly discuss the quantum inverse scattering
method (QISM) for the QNLS model. In Sect. 3 of the present paper we will discuss aspects
of the dAHA approach for the pertinent case (An_j-type) in more detail. In particular, we will
review the propagation operator and the non-symmetric eigenfunctions 1y alluded to earlier. In
Sect. 4 we will define two non-symmetric creation operators bf that can be used to generate the
1 recursively, by virtue of convenient commutation relations with the propagation operator.
In Sect. 5 for the case of the QNLS problem on the circle we will define operators af,ci
that together with bff satisfy certain commutation relations. The connection between the “non-
symmetric” operators ai,bi,ci and their established “symmetric” equivalents, the operators
Ay, By, Cu, D, from the QISM for the QNLS model is made in Sect. 6. Some well-known
commutation relations of these symmetric operators are recovered. We conclude in Sect. 7 by
summarizing the main results, unresolved issues and possible applications and generalizations.
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2 Rigorous definition of the QNLS model and solution methods

Throughout this paper we will let v € R, N € Z>( and J = [T, 27| C R be fixed but arbitrary.
The interval J may be unbounded; if it is bounded we will denote L = 2= — 2+ > 0.

"'Where suitable we will denote non-symmetric objects by lowercase letters and their symmetric counterparts
by the corresponding capital letters.



2.1 Hyperplanes and derivative jump conditions

To place H ZN) on a more rigorous footing, consider the standard Ay_; hyperplane arrangement

{ij = (ej —ex)t = {x e RV |zj = xp }}1<j<k<N

and? the associated set of reqular vectors

R, =RV \ U Vie={xzeRY |z; #£ayifj #£k}.
1<j,k<N
Sn is the Weyl group associated to the collection of hyperplanes V; in the following way. Given
1< j#k < N, write s, for the transposition swapping j and k, and for j = 1,..., N — 1 write
sj := 5jj4+1. Then the orthogonal reflection in the hyperplane V;}, is given by

Sjk(xly---ny) = (wl,...,xk,...,xj,...,xN),
(4) (k)

which can be extended to a left action of Sy on RY. Rﬁg is an invariant subset and this action

carries over to the set of its connected components, the alcoves. In fact, we have

R, = |J wRY, RY={zeRV|z;>. . . >an}. (1)
wWESN

Let U C CVN. We use the standard notations F(U), C(U), c"(U) for the vector spaces of func-
tions, continuous functions and, for r € Z>; U {oo} and open U, r-times continuously differ-
entiable functions: U — C, respectively. If U is an Sy-invariant subset of CV such as RV
or RY, these are left Sy-modules through (wf)(z) = f(w ). Furthermore, the following

Sn-submodules of C(RY) have been introduced [12, 19]:
B (RN) = { f € c®RN) ‘Vw f|wRﬁ has a C'-extension to an open neighbourhood of wRY } ,
CB®(RY) = {f e c(RY) ‘wa‘wﬂeﬁ is smooth}.

Given the above action of Sy on invariant subsets X C C(RY), the set of Sy-invariant (i.e.
symmetric) elements of X is denoted X°~. The action of the group Sy can be linearly extended
to an action of the group algebra CSy, which is the algebra consisting of formal linear combina-
tions >, o sy Cww where each ¢, € C. A particularly important element of CSy for the present
purposes is the symmetrizer Sy := % > we sy W, which sends elements of invariant subsets
X C C(RY) to elements in X5V,

Given 1 < j < k < N, call € € Vj; subregular if x is not on any other hyperplane. For
subregular & € Vj;, and 6 > 0 small enough, x1s := x = 6(e; — e) is in an alcove, wIRY say,
the walls of which are subsets with nonempty interior of the hyperplanes V,,-1(,-1(41) Where
r=1,...,N —1. Hence w(j) =r and w(k) =7+ 1 for some r =1,..., N — 1. We now recall
the following key result.

Proposition 2.1. [12, Prop. 2.2] Let f € c8'(RN) and v, E € R. Then f is an eigenfunction
of HE’N) with eigenvalue E precisely if f satisfies

reg

N
=Y & flry, = Eflry 2)
j=1

2The vectors e; — ek, 1<j<k<N, realize a positive system of a finite root system of Axn_i-type, spanning
the subset of RY of vectors whose coordinates sum to zero (corresponding to studying the N-particle system in
the centre-of-mass frame). It is a peculiarity of A-type root systems that their natural realizations do not span
the whole coordinate space. In this paper, we will work with Weyl group actions on the whole R .



and the derivative jump conditions

lim ((0) — k) f(25) = (9 — D) f(@—5)) = 27/ (@), (3)
>0
for1 < j <k <N andx €V, subregular. A priori, (2) is interpreted distributionally; however,

if f also satisfies (3) then f € CB®(RY).

For f to describe a system of particles on a circle of circumference L, say, then the finite hyper-
plane arrangement {V;}1<j<r<n needs to be replaced by the affine hyperplane arrangement

{Vitgm ={z e RY ‘ rj—xp =mlL }}1§j<k§N,meZ'

A key role is played by the affine Weyl group Sy = (80, ..,8N), where the affine simple reflection
so acts as so(x) = (xy + L,x9,...,xN-1,21 — L). Furthermore, f is required to be L-periodic
in each variable. We refer to [11, 12] for more detail. We will follow an alternative approach
[33], where we take a solution f of the QNLS problem on R¥, i.e. satisfying (2)-(3), consider
its restriction to a hypercube JV, where J = [z7,27] with 2~ — 27 = L, and impose

F@y e = Sy |
lim 9;f(z) = 1im_0jf(;c), forj=1,...,

{L']*):B

N. (4)

2.2 The Bethe ansatz

Lieb and Liniger [33] solved the QNLS problem (both on the line and the circle) by modifying
Bethe’s approach for analysing the one-dimensional Heisenberg model [6], now known as the
(coordinate) Bethe ansatz (BA). Write i = /—1 and (w,z) = Zjvzl w;zj for the Euclidean
complex inner product on CV. Consider the plane wave e* € ¢ (RY) with wavevector A =
(AL, ..., An) € CN defined by e Mzx) = ‘™). The BA results in

Proposition 2.2. [33] The function ¥y € C$°°(RN)SN defined by

\I’)\|RN = N' Z GwAe (wA) (5)

wWESN

satisfies (2)-(3) with E = 3, )\? precisely if G = [, )"/\_J/\fi’“);w If in addition the \; are
distinct and satisfy the Bethe ansatz equations (BAFEs), viz.

Ap iy .
=1,...,N
HA_M_W, forj=1,....N, (6)
k#j

then Wy|;~ satisfies (4).

2.3 The quantum inverse scattering method

The quantum inverse scattering method (QISM) was developed by the Faddeev school [13, 30,
46, 49, 50| after Baxter’s pioneering work on exactly solvable models in statistical mechanics
and his method of commuting transfer matrices; see [4] for a textbook account and references
therein. It turns out [21, 42, 40] that the QNLS Hamiltonian can be expressed in terms of
quantum field operators, certain operator-valued distributions, associated to a non-relativistic
quantum field theory (the formalism known as “second quantization”). The corresponding time
evolution equation is a quantized version of the classical nonlinear Schrédinger equation, whence
the name of our quantum model. Using the QISM the QNLS model can be solved, as follows.



Consider the standard L2-inner product (f,g) = [,n dVa@f(x)g g(x). Sy acts on the N-particle
sector hy = L2(J™) by means of (wf)(z) = f(w'z), with (wf,g) = (f,w™'g) for all w € Sy.
hn is a Hilbert space with respect to (, ), as are Hy = f)}gVN and 4, the (bosonic) Fock space, the
subset of the direct sum of all #jy consisting of elements of finite L2-norm. The QISM revolves
around the so-called monodromy matriz [21, 30, 46]

A, B 9
T, = <C: DZ> € End(C* ® #),
which satisfies the Yang-Baxter equation (YBE) related to the Yangian of gly, viz.

Ruv(T, @ D1 T) = (10 L), ©1)Re—y € End(C? @ C* @ #), (7)

where the R-matriz , is an element of End(C?®C?) with a meromorphic dependence on p. For
the QNLS model, the R-matrix is given by %, = 1 — %'P, with 2 the flip operator: C? ® C?> —
C?®C? : v; ® vy — vy @ v;. The matrix entries A, B, Cy, D, can be explicitly given as
integral operators [21, 30, 46]. For any model with the R-matrix given as above, the YBE (7)
encodes commutation relations for the operators A, B,,,C,,, Dy:

[A4,,A)]=0 | [B,,B,]=0 | [C,,C,]=0 | [D,,D,]=0
(A, B = 53 (Bub=B,4y) | 14, ] = 55 (Cpte=Coly)
B, A) = =2 (4,B,~A,B,) | [C AJ) = 1L (4,0, A,C))
[D;MBV] = ,ijy (BMDV BVDM) [Du ] = 7_:/ (CMDV_CVDM) (8)
[Bu, D] = :L“’U (D,B,—D,B,) | [Cu,D,] = :H/“’ (D,C,—D,Cy)
[Ap, D] = 751 (BuCy = B,Cy) | [By, O] = .5 (AuDy— Ay D))
(D, A,] = ;_1;’ (CuB,—C,By,) | [C,,B)] = — (DuA,—D,A,)

The algebra so generated is called the Yang-Baxter algebra. The relevance of the monodromy
matrix lies in the fact that the transfer matrices Tre2 7, = A, +D),, form a self-adjoint commuting
family and are generating functions for the integrals of motlon including the Hamiltonian H/ (N)

[13, 30]. The eigenfunction ¥y can be recursively generated, viz.

Uy, an = Bay - By, 9)

where 1y = 1 € Hy = C. In addition, for bounded J, if the BAEs (6) hold, ¥y is an eigenfunction
of the transfer matrix, and hence of H ZN)' This method of constructing ¥ is known as the

algebraic Bethe ansatz (ABA).

2.4 Root system generalizations and recursive structure

An important contribution by Gaudin [16] was the realization that the BA approach can be
modified to solve certain generalizations of the Lieb-Liniger system in terms of classical (crystal-
lographic reduced) root systems, which have been the subject of further study [11, 12, 19, 22, 23|.
It has been highlighted by Heckman and Opdam [23] that representations of a certain degen-
eration of the affine Hecke algebra play an essential role, providing another method for solving
the QNLS problem, and in fact one which works for all root systems [12]. We will review the
A-type case in Sect. 3.

Unfortunately, there exists no generalization of the QISM to arbitrary root systems®. On the
other hand, the drawback of the dAHA method is the apparent lack of a recursive structure,

3However, the C-type analogues, both finite and affine, involving 1 or 2 reflecting boundaries, respectively, can
be solved by Sklyanin’s boundary Yang-Baxter equation formalism [47].



which we will address in this paper. The results of this paper, in particular of Sect. 4, are an
indication of a deep connection between these two solution methods, at least for the A-type
case. This interplay can be seen as something reminiscent of Schur-Weyl duality [44, 43, 52];
the Yangian of gl,, the algebraic object underlying the YBE, is a deformation of the current
algebra of gl, and its representation theory should be related to that of the degenerate affine
Hecke algebra, which is a deformation of the group algebra of Sy.

3 The degenerate affine Hecke algebra

We review the existing theory of the so-called Dunkl-type operators associated to the QNLS
model, in particular the study of their eigenfunctions as a means to understanding the QNLS
model as started by Komori and Hikami [25, 28]. A running example for the case N = 2 is
provided in Appendix A.

3.1 Dunkl-type operators; degenerate affine Hecke algebra

Given w € Sy, consider the set
Se={0Gk e{l,....,NY|j <k w(j)>wk)},

which labels those positive roots in the standard realization of the A y_i-type root system which
are mapped by w to a negative root; hence the length of w is given by l[(w) = |X,,|. Writing
w = s, -+~ s;, with | = (w) we have

{wsjr| (4, k) €Xw} ={8i 885, |m=1,...,1}, (10)

where §;,, indicates that s;,, is removed from the product. This follows by induction on ! and
the equivalence of the statements

l(wywg) = l(wr) + l(w2),
Swrws = W Sy U Sy, (11)
V(). k) € wy 'S, 1 j < k.

for which see [36, Eqn. (2.2.4)]. For j = 1,...,N we define the auxiliary operator A; €
End(COO(an\efg)) by specifying its action on each alcove:
Af = Z sief — Z sikf on w_lRf, (12)
k:(k,j)ESw k:(j,k)EXw
for w € Sy, f € ¢ (RY,). Note that (sjkf)]w_lﬂw = Sjk(f’(wsjk)—lR_']\f) and for (j,k) € X, we

have [(ws;) < l(w) as per (10).
Definition 3.1. [25, 37, 39] Let j = 1,...,N. The Dunkl-type operator (9;/ is given by

97 = 9 — vA; € End(c™(RY,)). (13)

J reg

In particular, for f € c®(RY ) we have

reg

A f=0if on RY. (14)

It is well-established (see, e.g. [37, 39]) that the simple transpositions s; (j =1,..., N —1) and
the Dunkl-type operators 9} (k =1,...,N) satisfy the following relations in End(C‘X’(RﬁXg)):

5? =1, $jSj418] = Sj4+15j8j41 and sjsp = sis; for [j — k| > 1; (15)

sj(?;y — (9;’“5]- = and s;0) = 9)sjfor k # j,j + 1; (16)

9]0y = 9]9]. (17)



This implies that sq,...,sn-1,—10],...,—10) define a representation (to be called the Dunki-
type representation) of the degenerate affine Hecke algebra (dAHA) 43, as introduced by
Drinfel’d [10] and Lusztig and Kazhdan [26, 35]. Note that 43, = CSy ® C[Xy,...,XN] as
vector spaces; the algebra multiplication is a y-deformation of the standard action of Sy on the
polynomial algebra, as per (16). The centre of 43, is given by the symmetric expressions in the
generators of its polynomial subalgebra [8, 35, 39]. In particular, for F' € C[Ay,...,An]Y and
w € Sy we have [w, F(9],...,0%)] = 0. Using (14) we obtain

F(d],...,0%) = F(d,...,0n) € End(c™(RL,)). (18)

reg

3.2 Integral-reflection operators; the propagation operator

For 1 < j # k < N, consider the integral operator I;; € End (C(]RN)) defined by

Tj—T), x;

for f € ¢(RY) and € RY; we note that I, restricts to an operator on ¢>(R”). This operator
was introduced as a tool to study the QNLS problem in [19, 22]. Given 1 < j # k < N, we have

ijk = Iw(j)w(k)w for w € Sy, (19)
Iikf =0 onVjy, for f € c(RY). (20)

For j=1,...,N — 1, we write I; := I ;41 and introduce the integral-reflection operator
s] = s;j +~I; € End(c(RY)), End(c>®(RY)). (21)

It can be checked [12, 23] that the s} (j = 1,...,N — 1) and —i0 (k = 1,...,N) define a
representation, to be called the integral representation, of the dAHA on End(c™(RY)), i.e. we
may replace (sj,9]) — (s;’, Ok) in (15)-(17). Hence, given any w € Sy and any decomposition
w = 8;, - -5, the expression szl “ee szl is independent of the choice of the s;, , and we will denote
this element of End(c>(RY)) by w”.

Following Hikami [25] we study the intertwiner of the aforementioned two representations, re-
stricted to a suitable function space.

Definition 3.2. The propagation operator is the element of End(C(Ri\ég)) determined by

P’Y

(N)f = wlwf on w'RY. (22)

for w € Sy, f € C(RE,). This operator was introduced by Gutkin [19]. From (20) one obtains
that P(VN) restricts to an element of End(C(R”)); furthermore, since the w? restrict to elements of
End(c>(RY)), the propagation operator P(VN) restricts to an element® of Hom(c™ (RY), 08 (RY)).

Crucially, P{YN) intertwines the integral and Dunkl-type representations of the dAHA [12, 25]:

wP('YN) = P('YN) w? € Hom(c™(RY), ¢8> (RY)), (23)
07 (P ey, ) = (P 0y, € Hom(C(RY), ¢ (RY,), (21)

for w € Sy and j = 1,...,N. (23) is established straightforwardly by making a variable

substitution in the summation in PEYN)' (24) is shown on each alcove w’lRﬂY , where one uses

“Following [12] we repeat that Py does not restrict to an element of End (¢8> RM)).



(23) and the fact that (w?, —10;) defines a representation of the dAHA, so that we may use the
well-known identity [8, 35, 39]

wvaj:aw(j)w’wfym( Yook Dl S%)-

k:(j,k) €D k:(k,j) €S

From s;lj, = Iy ;Sj5 = I j = — 1 it follows that sjs;’ = 1+ 7I;41,; combining this with (19)

we obtain the following useful expression for P(VN) | sN—1-smRY

P(,YN) :SN—l"'SmSZL"'S:/Y\/;lz (1+71Nm)"'(1+'7[NN—1) on SN_l---Sme. (25)

3.3 Common eigenfunctions of the Dunkl-type operators

Let j =1,...,N and f € ¢8°(R"); suppose that 8]7f]R£\ég € ¢®(RN ) is a constant multiple of

reg

f |R££g' Hence 6;7 f |R£\e’g can be continuously extended to RY and seen as an element of ¢8> (R™V).
Therefore, given A = (A1,...,Ay) € CV the system {a]f = i)\jf}é\f:l for f € CB®(RY) is
well-posed and we have

Definition 3.3. Let A € CV and v € R. Then we have the following subspace of CB>®(RY):
SOKZ{fGC?OO(RN) a;‘yf:iAjffOszl,...,N} (26)

Two technical lemmas follow.

Lemma 3.4. Let A € CY and w € Sn. Suppose that f € soly satisfies f(0) = 0. If f vanishes
on w'RY for all w € Sy with (W) < l(w), then f vanishes on w™'RY.

Proof. Assume that for all @ € Sy with (@) < I(w) we have f = 0 on w 'RY. From (12
and the subsequent comments we conclude that A;f = 0 on @ 'RY. Hence 0;(f \w_le) =
(9]7f|w71R$ = i)‘jf|urlRf for j = 1,...,N so that f = ¢,€e* on w™'RY for some ¢, € C.
Continuity at = 0 yields that f =0 on w_lRf. U

Lemma 3.5. Let A € CV. Suppose that f € sol} satisfies f(0) =0. Then f = 0.

Proof. First we will establish that f = 0 on all alcoves w*IRf by induction on l(w); Lemma
3.4 implies both the base case I(w) = 0 (where there are no w € Sy for which (W) < [(w)) and
the induction step. Hence f = 0 on the regular vectors and by continuity we have f = 0. O

Note that solg(A) is 1-dimensional, and spanned by e'*. Something similar holds for general 7.

Proposition 3.6. Let A € CV. sol}\ is 1-dimensional and spanned by P{YN) el

Proof. Suppose that f,g € sol}\ and f # 0, g # 0. We wish to show that f is a multiple of
g. From Lemma 3.5 we conclude that f(0) # 0 # ¢(0) and the function § := %g satisfies
f(0) = g(0). Note that h = f — g is also an element of sol}, and h(0) = 0. From Lemma 3.5

it follows that A = 0; hence f is a multiple of g. P(VN) e e sol] follows from the intertwining
property (24); it is nonzero since P{YN) e M0) = hmeSm%O el Mx) £ 0. O
Definition 3.7. Let A € CN. The corresponding non-symmetric wavefunction is defined as

Ya = Pl et € cBX(RY).



Lemma 3.8. Let A€ CN. For j=1,...,N — 1 we have

. 1/})\ - 1/}3 i
Siha = hsn — iy 21
J Sj )\] _ Aj+1 ( )
If A\j = X\j+1 the right-hand side is to be interpreted as a limit: X\ji1 — Aj.
Proof. Straightforwardly one finds that I; e!* = Aj:Ain (ei)‘ —el Si)‘). Using this and the inter-
twining property (23) we obtain the lemma. O

Let N >1and j=1,...,N—1. (27) implies that unless A\; —\; 11 = — i~ we see that ¥\ # s;1x.
It follows that for generic A, ¥y is not Sy-invariant.

Definition 3.9. Let A € CN. The corresponding symmetric wavefunction is given by
Ua =Sn¥a € C’BOO(RN)SN.

3.4 Connection to the QNLS model

The relevance of the space sol}\ to the QNLS problem is expressed in

Proposition 3.10. Suppose that f € sol} for some A € CN. Then f solves (2)-(3) with
E = Zj )\?, i.e. it is a non-symmetric solution to the QNLS eigenvalue problem.

Proof. (2) follows from the fact that Zj\le (9; and Z;\;(a;y)z are the same on ]Rﬁgg, which is a
consequence of (18) with F' equal to the sum-of-squares polynomial. As for the derivative jump
conditions (3), consider the hyperplane Vj;, with 1 < j < k < N. Let @ € V}}, be subregular with
x5 € wRY, say, for § > 0 small enough. We know that j = w=!(r) and k = w1 (r+1) for some
r=1,...,N —1and hence X, , = £, U{(j,k)} by (11). From z_; € sj,w™'RY = (s,w) " 'RY
we have

lim ((A;f)(zs) — (Aj f)(x—5)) =

6—0

=lm( Y uN@) - Y Guh@)— Y @)+ Y (@)

1:(1,5)ESw 1:(j,D)ESw 1:(1,1) ES sy 13D ES 8w

—tm( > (@)~ (@) = > (s @s) = (s5.0) (@) + (555 (@)

§—0

1:(1,7)ESw l:(5,1)EXw
= f(z),
since all s;;f € C(RY). Similarly, lims_,o ((Ax.f)(xs) — (A f)(z—s)) = —f(x). (3) now follows
from 0;f =1iA;f + A, f and the continuity of f. O

By virtue of Prop. 3.6 we have
Proposition 3.11. For all A € CN, ¢y satisfies (2)-(3) with E = > )\?.
From Prop. 3.10 and Prop. 3.11 we obtain

Corollary 3.12. Let A € CV. Then Uy satisfies the derivative jump conditions (3). Further-
more, for any symmetric polynomial F € C[A|°N, Wy is an eigenfunction of F(], ... ,O%) with
eigenvalue F(1X); in particular, ¥y solves (2) with E = Zj )\?. Hence, Wy is an eigenfunction
of the QNLS Hamiltonian H?N).

Remark 3.13. Symmetric polynomials in the 8;7 can be interpreted as constants of motion.



Assume J is bounded. We are interested under what conditions the restriction of the function
Uy to JV can be extended to an L-periodic function on RY, i.e. invariant with respect to the
translation group of the lattice LZ". The following statement is well-known [30, 33] and can be
straightforwardly checked.

Proposition 3.14. Let A € CN. For Wy| ;v to be able to be extended to a function which is
L-periodic in each argument, continuous and smooth away from the set of affine hyperplanes

- N _
{Vikm = {z €RY ‘xi —xp =mlL }}1§j<k§N,m€Z
it is necessary that the BAEs (6) are satisfied.

Contrary to both the symmetric and the non-interacting (v = 0) case, by imposing conditions
on X one cannot extend the restricted non-symmetric wavefunction |~ to a function on RY
which is L-periodic in each variable. We will demonstrate this in appendix A for N = 2.

We remark that Dunkl-type operators and integral-reflection operators, and hence also the
propagation operator can be defined in the affine setting [12] as well. For the A-type case,
this means that the propagation operator generates a common eigenfunction of the Dunkl-type
operators which satisfies the derivative jump conditions associated to the affine hyperplanes
Vi k:m, but which itself is not invariant with respect to the action of the affine Weyl group S N
i.e. not symmetric and not invariant with respect to translations of the lattice LZ"N.

4 Non-symmetric creation operators

We will describe certain integral operators bi € Hom(CB®(RY), ¢8> (RM)) that generate the
non-symmetric wavefunctions recursively in two ways, viz.

_ h— _ pt
¢A17~~~7>\N+1 - b)\N+11/})\17---7>\N - b)\1¢>\2,---7>\1v+1 (28)

corresponding to adding a particle to an N-particle system from the left (b:) or the right (b, ).
We remark upon the similarity of (9) and (28), although in the former there is only one recursion,
because the functions ¥y are also invariant with respect to permuting the A;.

4.1 Notations

We will from now on reserve the symbol n for the number of particle locations used as integration
limits in certain integral operators. To keep track of which particle locations are used in these
operators, we introduce the following sets of tuples of particle labels. Given an interval K C R
and a nonnegative integer n we introduce

(i1, yin) € (ZNK)"|ip # iy for Ll #m},
(i1, yin) €E(ZNEK)" i1 < ...<ip} Cik.
Note that i% = 3% = {()} and i}t = 3% = 0 if n exceeds the number of integers in K. In the

particular case K = [1, N] we note that there is a faithful action of Sy on iﬁ N] in such a way

that ’Jﬁ N] intersects each orbit in a point.

Given 1 < j < k < N, define the step operator 0;) € End(¥ (RY)) by

f($)a Tj > T,
0, otherwise,

Ojxf)(x) = {

10



n

which restricts to an endomorphism of ¢>(RY,). Extending this to n-tuples, given i € i[l, N

reg
n=1,...,N, define
0 = 0iy i 7= 0iyiy -~ 03,4, € End(F (RY)),
We remark that 6; satisfies w6; = 0w for w € Sy. It maps ¢>®°(RY,,) to itself and ¢B>(RY)

to {f € F(RY) ‘ flry, € (R, } -

It is convenient to introduce notation that respects the left-right distinction present in the
recursions in (28) as follows.

o We will write j* = j+1¢€ {1,...,N + 1} given j € {0,..., N} and, where convenient,
j-=7€{1,...,N+ 1} given j € {1,...,N + 1}. Extending this to n-tuples, write

T =(i1+1,...,i,+1) € iﬁ,m—l} for ¢ = (i1,...,i,) € i["O’N]; equally, write 2~ = 1 for
1€ 1’[117N+1}.

e For 7 € i[%,N]’ write Hzr = 0;+ € End(F(RM?)). For i € iﬁ,N+1]’ write 0, = 0, €
End(F (RN*1)).

e For e = £ and j = 1,...,N — 1, write sj := sjc € Snyy1. Extending this to all of
Sn by writing permutations as compositions of simple transpositions, given w € Sy we
obtain w® € Syy1 determined by w®(j¢) = (w(j))¢ for j = 1,...,N, wt(1) = 1 and
w~ (N +1) = N + 1. Using the integral representation of 4y, , we also write w*? :=
(we)Y € End(C(RM)) for w € Sy.

e Fore=+and j=1,..., N, define 6;.(7“/) = (9](.3) IS End(Cw(Rg‘e"gl))).

Let j =1,...,N 4+ 1. The assignment
((ﬁjf)(:c) = f(z1, .., Tj—1,Tj41, -, TN1)s for f € ?(RN), x € RV,

defines basic particle creation operators QASJ' € Hom(F(RY), #(RM1)). The ngbj preserve smooth-
ness on the alcoves and continuity, and hence restrict to elements of Hom(c8> (RY), 08%°(RN*1)).
Also, let j=1,...,N and y € R. The assignment

(Q_bj(y)f)(m) = f(xla cee ,xjflay"r]#*la cee ,xN)a for f S :F(RN)ax S RN,

defines ¢;(y) € End(# (RY)); it preserves continuity and smoothness on the alcoves, and hence
restricts to an element of End(c8*(R"™)). Given n = 0,...,N, i € ipy and y € R”, in a
multivariate setting we write

65) = [ B ().
m=1

‘We have ) )
wo;(Y) = Pwi(y)w for w € Sy.

Furthermore, if the particle number is clear from the context we will write only a sign, and not
an index, on an operator that is associated to the left- and rightmost variable in the following
situations.

e We denote st = s1,5~ = sy € Sy.1, the simple transpositions acting on the first two and
last two indices, respectively.

o We write 9% = ¢1, ¢~ = dn11 € Hom(F (RY), F(RM)).

For € = + we have ¢¢0;(y) = dsc (y)o*.

11



4.2 The operators éii and b

Definition 4.1. Let i € iﬁ N] and p € C. The elementary (non-symmetric) creation operators
s+ N N
eu;i € Hom(C(R )7 C(R + )) are deﬁned by

(@r:Ne) =erofi@) | 1] / Ty T ) (Gt (@),
m=1 :v_++1

n

(e (@) =erovergn @) | ] / 1 g e T ) (67 () f) (),

m=1 im,
for f € c(RY) and x € RN, where z':;_H =1andiy =N+1.

Given € = =+, é;;i preserves smoothness on the alcoves and vanishes continuously at the hyper-
planes Vieie C RM for 1 <l <m<n+1and 0 <1 < m < n, respectively. Hence both
éii € Hom(cB>(RY), 08°°(RM1)). Moreover, by restricting the arguments of the functions on
which the é& act to regular vectors, we may view éff € Hom(Cc™®(RY,), ¢ (RNH1)). For w € Sy

o reg reg
and € = + we have
€rE __ ~E€
W5 = €y W (29)

Note that for n = 0 and € = 4 the definitions éZ,@ simplify to

(5o )@, angn) = e f(a,. . on41) (30)
(é;;wf)(xl, ceyEN41) = e HTN+1 flxy,...,xN),

which restrict to elements of Hom(c>(RY), ¢ (RM1)). In the case v = 0, these operators equal

bf, and the obvious statements é:-(i) elr = ellmA) €0 etr = M) yield (28).

Lemma 4.2 (Relation between é:;i and €,,). Let i € it} v+ We have

st — gl . 5~
emi = 512523 ...SN NH Si1i25ig43 + - - SZnNJrleMi.

Proof. By induction on n. For n = 0, the statement yields é:,@ = 5195823...SN N+1é;.@, which is

obvious from (30). The induction step follows from the claim that given ¢ € i vy and w € SN+1,

e At + _
lfeu' it

)

o = wé ., thené WS, _y i, €, Where ¢’ = (i1,...,in—1), which is easily established. O

I

Definition 4.3. Let p € C and e = +. We define the non-symmetric creation operators

N
b, = an Z € € Hom(cB> (RY), 08> (RM)).
n=0

ieiﬁ,N]

We may also think of b as an element of Hom(C™®(RYY,,), c>*(RY)) or Hom(C(RY), c(RV+1)).

reg reg

From (29) it follows that for p € C, w € Sy and € = £ we have

weby, = bjw (31)

4.3 Recursion of the 1y

We now arrive at the heart of this paper, where we obtain the QISM-type recurrence relations
(28) for the 1. One way of doing this is to establish certain commutation relations between bi
and 3]7. More precisely, for u € C and € = + we have

O;m’b; = b;@;f forj=1,...,N. (32)
Ryyiby =ipb,, Ob) =ipb}, (33)
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in Hom(c>(RY,), c*(RN{)). For a proof of these identities we refer to [51, App. B.2]. Note

that b;N---b)_qw@,b;\rl ...b;\er/J@ c B®(RY) since ¢y € B®(R") = C; one establishes that
by, by, Yo bjl e b;\er) € sol] as follows:

by, by g = by OJby by g = =by o b;jﬂ&]b;j by Pg = iAby - by Yy
IO, -+ by g = b3, 010, by g = . = b0 OB b g = 1Y - by

by virtue of (32) and (33), as required. In light of Prop. 3.6, it follows that by ---b) 1y and
b}\Ll e b;\rN¢@ are multiples of 4y, . . To obtain equality, it suffices to show that they coincide
on RY. This follows from (22) and by flrn = é;,wfhgi forn=0,...,N —1and f € cB>*(R").

Remark 4.4. (31) and (32) together express that the b, intertwine the Dunkl-type representation
of A} with subrepresentations of the Dunkl-type representation of ﬂ?VJrl.

However, we will derive (28) in a different way.
Theorem 4.5. Let u € C and € = +. In Hom(c™®(RY), c8*°(RN*1)) we have

Pl 60 = 0P

Proof. We wish to prove (P(“/Nﬂ)éi;@f)(:c) = (bZP(yN)f)(a:) for all f € ¢>°(RY) and all & € RV+L,

Because the operators involved preserve continuity, it is sufficient to check the statement for x

in the dense set Rﬁg 1. Furthermore, because of (23) and we = € yw? for w € Sy, we may

assume (z1,...,TN) € Rf, ie x€ U%ﬂlsN e stfﬂ and it suffices to prove

2 A€ _ 1€ PY
P(N+1)6M§®f|SN---stf+l - b,uP(N)f|sN---st$‘H’

forallm =1,..., N+1. For ¢ = —, this follows from Lemma B.4 and Lemma B.7. Using Lemma
4.2 the results from Appendix B can be straightforwardly modified to deal with e = +. O

Theorem 4.6 (Recursive construction for the non-symmetric wavefunction). Let A € CV. The
recursions (28) hold, and hence

Proof. This follows from the fact that ¢y can be written in two ways using Thm. 4.5:

i 5= (AL, AN — i(AL e AN— —
Un=Flyy et = Plyey, M) = by P e = b s
Wy = P?N) JRP S P(VN)éAl olA2,AN) — b;rlP(VNq) iz, AN) = b;%g,___,m. O

We also recover the restrictions of (32)-(33) to the P(VN)—image of ¢(RY) by using arguments
such as

&Vpe PY
9, P

Ty = 057 Pl o = Pl 05y = Py 1y €500 = VPl 05 = 0,0] P

(N+1) % it (N) JHy
4.4 Commuting the bf on the span of the ¥
Consider the following subspace of (8% (RY):

sn=Sp{uvalrech}.

By virtue of the recursions (28) both bljf map 3y to jn+1, for all p € C. We will now study the
commutation relations among the bf acting on these subspaces 3. First of all, from (28) it is
immediately clear that

13



Proposition 4.7. For all p,v € C we have

[b:, b;] =0€ Hom(3N73N+2). (35)

As for the commutation relation of two creation operators of the same sign, we have

Proposition 4.8. Given e = + and u,v € C we have

—ei
SDES, — Bob, = _Z [b,,b5] € Hom(3v, 3342). (36)
For pn = v the right-hand sides represent the limits —ei~ylim,_,, [f‘ibj].

Proof. Tt suffices to prove the stated identities when applied to 1 with A € CV arbitrary. By
virtue of (28) in the case pu # v we need to show that
17
W=
17

3N+17/})\,V,;L = w)\,u,u + m (w)\,l/,,u - w)\,ﬂ,l/) )

(T;Z)mu,)\ - T;Z)V,u,)\) )

51¢u,u,>\ = T;Z)V,u,)\ -

but this is precisely what is stated in Lemma 3.8 with N — N + 2, for j = 1 (taking \; =
f, Ao =v) and j = N + 1 (taking Ay—1 = v, Ay4+2 = p). The case p = v follows from the case
1 # v by taking limits and noting that the propagation operator preserves continuity. U

Remark 4.9. We do not claim that 35 = CB®(RY). Therefore we do not prove that the
commutation relations among the bf hold on the entire B> (RY), although we conjecture this.

5 The non-symmetric Yang-Baxter algebra

There is a natural embedding of ¢(J") into the Hilbert space hy = L2(JY), which contains the
dense subspace
oy = () (37)

of test functions, viz. smooth functions with compact support. The (non-symmetric) Fock space
h, the subset of the direct sum of all hy consisting of elements of finite L?-norm, is also a Hilbert
space with respect to (,) and contains the dense subspace of finite vectors

M
hﬁn::{fehElMGZZO:fe@hN}. (38)
N=0
By restricting the arguments of functions acted upon by qgj,éii,bff to J we may view these

operators as acting on C(JV). Furthermore, they are densely-defined linear maps: b — b.

From now on, throughout sections 5 and 6, assume that J is bounded with 2= — 2™ = L.
We note that, given pu, the elementary integral operators éii, and hence the operators bff, are
bounded operators® and may therefore be considered as elements of End(h). This means they
can be composed with other elements of End(h). We will now construct operators ai and ci out
of the non-symmetric creation operators bff and show that they satisfy commutation relations
akin to some of the relations in (8).

5 A proof for this statement could go along the same lines as [21, Props. 6.2.1 and 6.2.2].
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5.1 The operators a,

The assignments § }
@ Nx) = flar,z), (O fle)=f
for f € byi1, z € JN define ¢ € Hom(hy,1,hn). We have
[p*.é7]=0,
(¢)*(1—-59=0 for e = +.

(m7 x_)7

Lemma 5.1. Lete=+, pe€C,n=0,...,N—1andi € iﬁ,Nq]' Then in End(h) we have

R

b6 = 65D,

Proof. (41) follows from the equalities

(41)
(42)

(6" e, ay) = e eiﬂ(w)(H / " dymei“(’”%‘y'"’)<<z‘si+<y>f><x+,x2,...,:cm
m=1"%+

im+1

— (é:;ﬁf)(xl,x*',mg, Ce TN,

(Erad™ D)an, .y 2n) = 6975 y4(a) ( /" eimmym)) (Gilw))(ar..
m=1"Tim

= (é;;i,f)(l'l, cee ,.%'N_l,xi,xN),
respectively, for arbitrary f € by and & = (x1,...,zy) € JV.

s+ g+
To demonstrate (42), we show that Zieiﬁ,N—l] €i?" = Zieiﬁ’N
Indeed,

o+ g Fobat T ot
Z ell;i(b - Z ¢ § eu;i7L - Z ¢'s e,u;i
i€l v i€l v LSHEN

It g+t
]qﬁ ST, for z1,..

= 2. #'stely
iein

. afolaxi)

., IN > .

where we have applied (41) and used that &*s*é:i = 0 if 4y, = 1 for some m. A similar

argument can be made for the product (ﬁfs*b;.

O

Out of ¢ and the non-symmetric particle creation operators bi two new operators can be
constructed that are endomorphisms of hy; in particular, they preserve the particle number.

Definition 5.2. Lete=4+, ueC,n=0,...,N and i € iﬁ,N}'

&,.; = ¢°¢.; € End(hy).
In other words,

n

T

(et )(@) = bi(x) (

m=1 im+1
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__ i [ i, —ym) | (7
il @) = outa) (T[ [ dgmerem )| (Gity) 1) (@),
m=1"%im
for f € by and © € JV, where z;,., = a1 and z;; = x~. Furthermore, define
ay =Y =D " D & €End(oy).
n20 g€l

Similar to the situation for bi, the operators ai are bounded on their domain of definition and

may therefore be viewed as elements of End(h); in particular, they may be composed with other
such elements. From (31), for w € Sy and € = 4, we obtain the identities

[w,a;,] =0 € End(hn). (43)

Lemma 5.3. Let p € C and e = £. We have bj,a;, = ngsgb;bf/ € Hom(hn, bvy1).

Proof. Directly from (42) and the definitions of aff. O
Lemma 5.4. Let p € C, n=0,...,N and © € iﬁ N]s we have the formal adjointness relations
* . _ « . -
<é:;i) _ o ifi(zt e )é;;;i’ (a:) — oAt ta )a;_

. . . 7_1’_
Proof. The first statement can be easily checked by comparing the inner products <em s g) and
( 1, € ig) for arbitrary f,g € 0n5. The statement relating a:[ and a; is obtained by summing
over all tuples i. O

+

5.2 The operators s

The formal adjoints of bf have not been considered yet.

Definition 5.5. Let ¢ = £, p € C, n = 0,...,N and 1 € iﬁ,N}’ the operators é;;l- €

Hom(hn41,bn) are densely defined by

(1)) = e 0y(a) (H / o dymewimym)) (&))@ o),
m=0"%

Z.m-o—l
n+1

(el @) = & 0@ (H [ am eiﬂ@imyw) (e ) e, 2),
m=1"%im

for f € On41 and x € JN. where again Tippy = xt and z;, = x~. Furthermore we define
c;, € End(h) by cj, =0 on by and

N
Culbnss = Z’Y”H Z €, € Hom(hny1,bhn).

n=0 i€l

(1,N]
Lemma 5.6. Givene=+, p€C,n=0,...,N and i € iﬁ N]y We have the formal adjointness
relations
(é;l)* _ e—1u(z++x_) é;;, (b;)* _ ’Y_l e—lu($++$_) C;E.
Proof. In the same way as for Lemma 5.4. U

Lemma 5.7. Given e = £ and p € C we have, in Hom(hn41,bn),

¢ =107 ap] = [0, byl. (44)
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Proof. For x € JV, in (b;j f)(x*, x,x7) split the summation over 7 € iﬁ N] according to whether
71 equals N or not, corresponding to the terms appearing in (cj;f)(ac) and (a;ff)(a:*‘, x), respec-

tively. Then use ¢ ¢~ b = é*a:. A similar argument for ¢, is used. O

Again, it can be verified that the operators ci are bounded on their domain of definition and

may therefore be viewed as elements of End(h); in particular, they may be composed with other
such elements. First of all, from (31) and Lemma 5.6 for w € Sy and € = £ we obtain

wey, = c;w™ € Hom(hn41, hw). (45)

5.3 Non-symmetric Yang-Baxter relations

The operators af, bf, ci generate a subalgebra of End(h) which we will call the non-symmetric
Yang-Bazter algebra. Given p,v € C we can formulate commutation relations, to be referred
to as the (non-symmetric) Yang-Bazter relations, between aff, bf and ci, on the subspace 3,
given by

v =Sp{valv [ A€ CN} Chy.

Theorem 5.8. Given ¢ = £, u,v € C, we have

w—v+eiy eiry o
by = YT e — s € Hom(3n,3n+1), 46
a9, v vy - v nQy Om(ﬁN 3N+1) ( )
€ € ,u—y—ei’yee €iy € € 5 7
= e€H . 47
Cpy n—v aucu—i_ M_yaucu Om(3N+173N) ( )

Proof. Left-multiplying (36) by ¢s¢ yields
TELE 1€ 1€ LELE 1€ _617 1€ LELE L.E 1€ LELE LE
(ﬁb“by—(ﬁs byb“:E((bS b‘uby—(ﬁSbybﬂ).

Lemma 5.3 and the definition of aj, now imply (46). We obtain (47) by taking adjoints. O

Theorem 5.9. Given ¢ = £, u,v € C, we have

[a;, ay,] =0 € End(3n). (48)

Proof. By virtue of (42) and (40) we have
€ € __ €€ JELE __ €\2 €1€1€ __ €\27.€ 1.€
a’,u v gb bﬂgb by - (gb ) S bﬂbl/ - (QS ) bﬂbl/'

Clearly it suffices to prove that
€\27€1€ €\271¢€ 1€
(36) yields

bEHE = (M — V)Se + Eifybst.
ViR w—vteiy HV
left-multiplying by (¢¢)? and applying (40) again we obtain (49). O
By restricting (35) to J and taking its formal adjoint we obtain
Theorem 5.10. Given u,v € C we have
67,6, ] =0 € Hom(3n,38+2), (50)
[c:,c;] =0 € Hom(3n+2,3N)- (51)

We also obtain a commutation relation involving al‘f and a, .

17



Theorem 5.11. Given u,v € C we have

[a:,a;] = c;b:[ — c:b; € End(3n); (52)

In particular, [a is not invariant under p <> v.

5 ay]
Proof. Focusing on the right-hand side, we have

—pt o — At pt o dTbt _ d—ath— L atd—h—
b — by = dtay bl —a; TbF — 7 ath, +afdb,

c, by

by virtue of (44). Now using the definition of aff in terms of bff as well as (50) and (39) we
obtain the result. O
5.4 A partial algebraic Bethe ansatz for the

The statements Thm. 5.8 allow us to express affi/»\ as linear combinations of eigenfunctions
1, where v ranges over the set of N-tuples whose entries are distinct elements of the set

{M?Ala"',)‘N}’

Theorem 5.12. Givenn =0,...,N, 1 € 3[1 N A € CN and Mg, A\yy1 € C, we write ig = 0
and iny1 = N + 1 and we have

a3 a Z Z SO DY) L1V VAN VIS VIR v (53)

n= 01,63[ N (i1)  (i2) (in)
VRN Z Z i SANED) Uiy e hig iy g e AN (54)
n= OzeJ (i1)  (i2) (in)

N]

The complex numbers aii()\; w) are defined by the recursions

afi (M, AN p) = % T2, AN ), Jor i € T ny,
a;r(z./)Jr()\l,...,)\N;u) = Allj,u i/()\Q,...,)\N;)\l), fori € J[ N),
a; (A, ANip) = )ngiﬂ_:mai()\h o AN ), for i e jﬁ,N)’

a5 e Ans 1) = A]_Vi_”ﬂa;,(Al, L ANAT AN, fori €L,

and the initial values af(0; p) = e'*** for e = +.

Proof. We present the proof for the expression for a)\ % the expression for a)\ Py 1s es-
tablished along the same lines. The proof is by inductlon on N; the N = 0 case reproduces
a;NH?/)@ = e!A+177 gy Assuming the statement for N, we will prove it with N replaced by
N + 1, using (28) and (5.8). Writing A = (A1,...,An) we have

17
AN — ANg2

AN —ANg2 +17 .
ANH = ANg2 P Pres

Y — (OO

a)\N+21/}A’>‘N+1 - )\N+2 )\N+1

Using the induction hypothesis, we have

AN —ANg2+iy -
— — . 1A, x
a)\N+2¢>\7>\N+1 Z Z a; (}‘v )‘N+2) e TIZ)Alv---v)‘ig s ANAZ5 e AN AN T

n= 01,63" AN+~ Ane (1)  (n)
B — . 1A, o™
+ Z Z ﬁai (A5 Ang) et 1/})\17---7)\2'27~~~7>\N+17---7)\N7)\N+2
n=04e3" NA1 ™ ANA2 (i1)  (in)
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iXi,x™
—Z Z i (AN AN2) €7 U x e A A T

n= 01,63[ N] (i1) (in)
N
+Z Z (N AN Ange) i ® YL Aig s Ain s AN ANE2
n=1 zeﬁ[l N] (i1)  (ip—1) (NAH1)
N

where we have used the recursion for the coefficient functions a; (A; ;). Hence, using the de-

composition Jfj yy = <j1[1171\1/} x {N + 1}) U T}, Into disjoint subsets, we indeed obtain,

N+
ay U = | DL 4y N AN Ang2) @M g s Av v T
AN42 YAN+1 1 ) +1 + LyeesyAig yeey Ay 4 505 AN AN +1
n=0 \ i€ ) (n)
iNi;z™
+ Z T (A AN ANG2) e ® ¢,\1,...,>\i2,..., Niyy > AN AN L2
e’i"i N‘H] (11) (in—l) (N+1)
zn—N+1
N+
iXi, ™
= Z Z >‘ )‘N+17)‘N+2) “ 1/})\1,---,>\7;27~~~7>\7;n+17---7)\N+1' [
n= Ozef][l N+ (i1) (in)

Remark 5.13. Thm. 5.12 provides a partial analogue of the ABA in the non-symmetric setting.
In the symmetm’c case, the action of the operators Ay, Dy, on Vx = Sn)¥a can be obtained by

replacing a,f — Ay, a, — D, in (53)-(54); then identities such as

—iy Ng—ptiy | —iy —iy o —iy A Ay
)\j—,u )\k—,u )\j_)\k)\k_ﬂ )\j—u )\j_)\k

(55)

allow one to combine coefficients of the (equal) eigenfunctions VoA, and Wy, in
7 k J k
the expansion of D,V . After having combined terms in the expansion of A, ¥y in an analogous

manner one may set coefficients of “unwanted” terms in the expansion of (A, + D, )Wy to zero
by imposing the BAEs (6). The failure of the ABA in the non-symmetric case owes to the fact

that .. Ao Ao =+ 1/1___7,\,“___,)\].,___ so that (55) cannot be used to combine coefficients.
) (k) @) (k)

6 Recovering the symmetric Yang-Baxter algebra

Note that the commutation relations involving ai bi i , viz. (46), (47), (48), (50), and (51) are
of the exact same form as some of the established commutation relations involving A, B,,,C,, D,
appearing in (8), i.e. by replacing lower case letters by uppercase letters these non-symmetric
and symmetric Yang-Baxter relations transform into each other. In fact, we can prove these
relations, and further highlight why the operators ajE bjE ljf are relevant to the study of the
QNLS model, by defining the operators A, B,,,C,,, Du 1n terms of the operators af, bf ct
Consider
JY =R N 27)N = {x G]RN{@“* >z > >ay>at )

so that JV = UwestJf. Given F € Hy, ne C, 1 € i&N} and € = +, it can be checked that

. (N —n)!
S(v1) € ’JfH:m Y. EuF | s

+1
FEIN N
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where Eu;i € Hom (%, Hn 1) is defined by

<Eu;iF) (T1,...,oN11) <H/ dym> (e Ti =1 ym) |

im41
—_—

F(@1, .0 Ty e e iy TN Yls e -+ 5 Yn)

for F' € Hy, x € J N1 In particular, the restricted function S(v41) €], -iF | sv# is independent of
K +

2 and €. Since the cardinality of i 1[1 N equals ﬁ it follows that

S(N+1) bt F|JN+1 = N+1 Z’y Z E;L;iFL]f‘H'

+1
n=0 zeﬁﬁ N+

Hence we define
By, = Sv) b |y € Hom (3, Hiy41). (56)

This B, = ﬁ ZnNzo 0 Ziejn&&m] Eu;i is the known top-left entry of the QNLS monodromy
matrix 7, [21, 30, 46].

Using (43) it is clear that af maps Sy-invariant functions to Sy-invariant functions. Equally
from (45) it follows that cljf maps Syyi-invariant functions to Sy-invariant functions; further-
more given 4 € C, n =0,...,N —1 and 2 € 1[ LN the elementary operators eii coincide
on Hy as can be easily checked, so that cﬂ coincide on Hy. Hence, we define the other QNLS

monodromy matrix entries A,,C,, D, [21, 30, 46] as follows

Ay = aflsy, Dy = ay |4y € End(2y), C,:=c € Hom(Hy 1, Hn). (57)

+
i |7{N+1

Now all commutation relations in (8) except the ones involving all of A,,B,,Cy, D, can be
derived. For example,
iy

[Bﬂ’AV]+ (AHBV—AVB < ,lta — V5N+1)b++r

(A,uS(NJrl)b _AVS(NH) )> |}[N

iy
= sy (B =i+ 22 (ot —ai) )
which vanishes by virtue of (46).

Remark 6.1. It remains an open problem to derive relations such as

[Ay, D] = (B C, - B,Cy)

w—v

using this formalism. Equally, the non-symmetric commutation relations (52) cannot be re-
stricted to relations involving only the symmetric operators A,, B,,Cy,D,. We reiterate that
the non-symmetric relations obtained in sections 4.4 and 5.3 are proven on the closure of the
span of the ¥y only. The symmetrized relations obtained here must correspondingly hold on the
closure of the span of the Wy, which is known [9] to be equal to the whole Hy .

We may view the definition (56) of B, as an identity in Hom(CB>(RY )N, cpo° (RN )Sn+1),
Then by virtue of (31) we obtain

Theorem 6.2. Let p € C and e = &=. We have

Sv+nby, = BuSv) € Hom (B> (RY), 0B (RVH1)Sx41),
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Hence, we obtain a novel proof for the QISM recursion (9); writing A = (A1,...,Anq1) and
A = (A1,...,An) we have

Ux = S ¥ = Svinybyy ¥x = Bag S(v¥a = Bay, U

Combining Thm. 4.5 and Thm. 6.2, we obtain the following scheme for the recursive construc-
tion of Wy:

é é ey é
1 gein 22 o M O Ava) N i A)
v v v ¥
Fo P Piv-1) P
b;1 b/(Q b/\N—l b;‘N
1 ¢)\1 ¢)\1, JAN-1 ’ ’IIZ)>\17---7>\N
3(0) S S(N-1) S(v)
1=5% B, Bana By
1 \Ij)q \Ij)\h ANt T \IIM, AN

Note that the three operators é;-(/ﬁ b,, B, coincide when acting on ho or hi; equivalently,

o
P(%) = P& = S0) = Sy = 1. A second scheme may be created by replacing each operator acting
horizontaﬁy in the above scheme by its +-version, and simultaneously each A\; by Ay_;11.

7 Summary and conclusions

The main purpose of this paper has been to tie closer together the two mathematical theories
underlying the QNLS model (the dAHA method and the QISM) which we have theoretically
motivated as resulting from a “deformation” of Schur-Weyl duality. In particular, in Section 4 we
have described a vertex-type operator formalism generating the non-symmetric wavefunctions
which have hitherto only been defined in terms of representations of the dAHA (Section 3); put
in different words, we have highlighted the (hidden) recursive structure in the dAHA method. A
key result in this respect is Thm. 4.5, the commutation relation of Gutkin’s propagation opera-
tor (defined in terms of representations of the dAHA) with a particle creation operator, realized
as a non-symmetric version of the vertex-type operators featuring in the QISM. In Section 5 we
have defined further non-symmetric vertex-type operators satisfying QISM-type commutation
relations, and we have seen how the ordinary QISM can be recovered by symmetrizing the vertex
operators introduced in this paper (Section 6).

Further theoretical work directly related to the contents of this paper remains to be done; we
highlight the following unresolved issues.

1. It is not clear whether the set of non-symmetric wavefunctions {¢>\ | AecCVN } spans
B> (RY). Tt is tempting to pursue a proof of this by making use of a density property of
the set of plane waves €' in a suitable function space, and inverting the propagation op-

erator P{’N), but it unclear how to make this rigorous. The only invertibility result known
to the author restricts the domain of P(VN) to analytic functions [12, Thm. 5.3(ii)]. On a

related point, it might be feasible to prove the key commutation relations (35)-(36) on the
entire ¢8> (R”) by using the y-expansions for bi, thereby bypassing the need to restrict
to the span of the .

2. The precise relation of the operators aff, bff, cljf to the Yangian Y'(gl,) is unclear. In partic-
ular, it is not straightforward to “combine” these operators into non-symmetric analogons
of the monodromy matrix 7,, which should satisfy a variant of the Yang-Baxter equation
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(7) encoding the relations (46), (47), (48), (50), and (51). Also, we reiterate that the
commutation relations involving all four of the symmetrized operators A, B, C,,, D,, do
not have an analogon for the non-symmetric counterparts, and that relation (52) does not
immediately lead to a relation for symmetrized operators.

The techniques discussed in this paper may be relevant or applicable to other physical models
involving J-interaction.

(i)

There exists a large body of theory dealing with the fermionic QNLS model (e.g. [37,
38, 53]). Without going in detail, we remark that the physically relevant wavefunctions
can in principle be constructed from the same non-symmetric wavefunctions discussed in
this article by antisymmetrization, i.e. by calculating % > wesy (W)Y (Tw1, - - - TwN)
and it should be possible to express fermionic particle creation operators in terms of the
non-symmetric operators bi in analogy to (56). Again, this ties in with the idea that the
non-symmetric wavefunctions are somehow the more fundamental objects in these theories,
together with, we argue, the non-symmetric creation operators bljf. More generally, this
method may work for anyonic models with d-interaction [31, 32] and may even lead to
a description of “particle creation” or “raising” operators for invariant wavefunctions. It
is expected that in this case the dAHA needs to be replaced by some deformation of the
group algebra of the braid group, instead of the symmetric group. Related to this, the
compatibility of the vertex-type operator formalism discussed here with the notion of spin
needs to be investigated in more detail, requiring vector analogues of the propagation
operator [11] and the non-symmetric creation operators.

It would be interesting to see in how far the results of this paper can be generalized to
other root systems, i.e. to systems with open or reflecting boundary conditions. Quantum
Hamiltonians can be defined in general terms, as can the Dunkl-type operator and propa-
gation operator formalisms [11, 12, 16, 19, 22, 23, 25, 28]. The problems lie on the side of
the QISM; notwithstanding the discussion of the C-type formalism in [47], there seems to
be no general way to formulate monodromy matrices, or even particle creation operators,
for an arbitrary root system. However, mindful of the explicit connection between the
dAHA approach and the QISM set out in this paper, one may be able to find particle
creation operators for non-invariant wavefunctions (with respect to the Weyl group asso-
ciated to the root system) by discovering a “natural” recursion involving the propagation
operators associated to root systems of the same type and subsequent rank. It is key to
assess in how far “special” properties of the A-type system (for example the realization in
terms of the centre-of-mass frame) are crucial in the formulation of the particle creation
operators. Failing that, it would be interesting to see if the non-symmetric wavefunctions
of A-type can be used directly to construct invariant wavefunctions of general type.

Finally, we remark that it would be beneficial to investigate correlation functions, orthogonality
relations and norms (with respect to the L2-inner product) of the non-symmetric wavefunctions,
although the required commutation relations between cf and bi are as yet elusive. This could
be especially useful for systems that are not of A-type, since for these systems the corresponding
norm formulae for ¥y have been conjectured but not proven [7, 11, 29].
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Appendices

A Explicit formulae for N =2

The Dunkl-type operators 97, 85 € End(c>™(R2,)) are defined by

reg

0, xr1 > X9
vf(x2, 1), x2 > 1,

(0 f)(@1,22) = (01f)(w1,22) + {

0, xr1 > X9
’Yf(xQ,ﬂUl)y T2 > 1,

(05 ) (@1, 29) = (02f) (w1, 22) — {

0], 8 and s; € End(C*™(R2,)) defined by (s1f)(x1,72) = f(x2,71) represent the dAHA 43

reg
si=1, 0] —8s1 =7, [0],0]]=0.

Furthermore, we have the integral-reflection operator s] = s1 + /12 € End(c*°(R?)) where

(o f) (a1, 25) = /0 T i -y +y)

which with the partial differential operators 9y, 9> also represent 4, :
(5¥)2 =1, 501 —das] =7, [01,02] =0.

Write 612 for the multiplication operator corresponding to the characteristic function of the
alcove R%r; then 031 = s196012512 corresponds to the characteristic function of the other alcove
s1R2. The propagation operator P&) € Hom(Cc>®(R?), cB*°(R?)) is defined by

2
Py 1, on R

(2) {313'17, on SlRi YP21421

P(é) satisfies the intertwining relations

15

= Piysi, 0] (Piylre,) = (P)05)lrg,, for j =1,2.
Y pe = Pé) el*1:22) gspans the solution space of the system O/f = i\f, 0Jf = iXaf in
B> (R2,,). We have

reg

Uy, = €122 g 1 @i i) iv021 <ei()\1,)\2) _ei(Ag,A1)>_ (58)
b AL — A2

The symmetrized eigenfunction is now given by

1 1 [ A1—Xo—sgnqiy ; A —Ag+sgni iy .

\I] = — = — 1()‘17)‘2) | 12 1()\2,)\1)

M =g (Panatordan) =3 ( YRV AN VS VR ’
where sgn; o = 612 — 1. By restricting ¥y, », to J2, where J = [z7,27] with 2~ — 2T = L,
and imposing the Bethe ansatz equations

M—X 41y GnL i
— T =c =e
AL — A —iy

)

23



W), 2|72 can be extended to a function L-periodic in each variable. However such an extension
for 15, a,|s2 does not exist, unless v = 0. Indeed, from (58) it follows that periodicity in the
first argument, viz. ¥, 5, (x 1, 2) = ¥a, 2, (27, 2) for 2 € J, amounts to
i)z _ A= A2 1Y oy ag)at AL A2 e —deat)
iy iy
For this to hold for all x € J, it is necessary that Ay = Ay, which leads to a contradiction as
follows. By I’'Hépital’s rule we have

0, T > T2,

LA2—=A y(xe — 21) ei>\($1+m2)’

Pan(@, ) = lim s, o, (@1, 2p) = e A@1H22) +{
To > 1.

Hence ¥y (2, 2) = ¥y (z7,2) for all x € J implies that 1 + v(x — 2) = &M for all z € J,
contradicting v # 0. Periodicity in the second argument can be ruled out in the same way.

The non-symmetric creation operators can be used to construct iy, ), from the pseudovacuum
Yy = 1 by means of 1y, », = by, by, Yo = b;\rl b:\:w@ and are given by

(From N =0to N =1) For f € C and = € R we have (bfff)(m) =elHT f,
(From N =1 to N =2) For f € ¢B®(R) and (z1,z2) € R? we have

. - 0, 21> @,

b 1, %) = e'#*2 f(xq1) + ;
( ,uf)( 1 2) f( 1) {fy f;fdyelﬂ(aﬂﬁraﬁ?_y) f(y), XTo > T,
0’ T > T2,

b+ , = i,um1 i
( uf)(xl T3) =€ flaz) + {ry fffdyelﬂ(fﬁmfy) fly), x2> .

+
"

(N =0) For f €C, € ==+ we have a,f = e!*" f.

The operators a= are given by

(N =1) For f € h; and z € J we have

(a5 1)) = 6 f(2) +7 / " dy e gy,

x
T

(a) f)(@) = " f(a) + 7/ dy e f(y).

xt
(N =2) For f € by and (x1,22) € J? we have

(a,, ) (@1, m2) = € f(w1,w9)+

+7/ dyei“(x_””)f(y,xz)ﬂw/

1 x2

xT

dyeiﬂ(mﬂrm*y) f(ﬂ:1,y)+

L7 ey du g gy @) (), a >,
72 fffdw fé dys ol HlE™ a1tz —y1—y2) f(y1,y2), To > 11,

(af f) (w1, w2) = "7 f(a1,20)+
T1 ) ) )
%_7/+ dy elu(m++mry) f(y,l“2) +7/+ dy elu(m++mry) f(ﬂ:1,y)+
X X
+ {72 [ohdyy [T dyg el mtea ) £y yn), @y > @,

v? [fEdyy [ dyg el Rt ee ) £y ), @y > @,
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leading to the following expressions for ai%h A, @s per Thm. 5.12:

_p—)q—!—i%u—)\g—i-ivei“ﬁ =iy A —Ao+iy et

@ ha 2e = P VR Yane + I VR VS W Vuret
O Pra e = AI)TIM_ZW )\2)\—2,11_4:7 T A—ll_wlu )xz)\—Q,ti%:W M+
n A1—Ao+iy —iny ey —iy —_Wei,\lm* Do

)\1—)\2 )\2—,u )\1—)\2 )\Q—M

B Commutation relations between é;.i and [;;,
In this appendix we present lemmas used in the proof of the key result Thm. 4.5. As y € C is
arbitrary but fixed we will use the following shorthand: ¢é;” = é;,i and b~ =b,.

Lemma B.1. Letn=1,..., N, ieﬁﬁm and j < iy. Then

Injijey =€ (59)

(2

Proof. (59) is immediate; for (60) it is sufficient to prove that
(Inv1jé5 (@) = (€5;F)(®) + (&5 0iy j1iy 5 f) ()

for f € c(RN) and = (21,...,2nx41) € R¥ such that zy1 > 25, > ... > 2;,. We have
. TN+ TN+ —Yo ~
(vt D@ = [ [ dnfy @)
xT xT

Eh@ = [ [ anune)

T N1
Zj i1

where

~ xil xinfl . n

Foroun (@) = / dys - - / dyn elﬂ($N+l+$j_y0+Zm:1(1‘im_ym)) F@1s e Yl Ynsee s TN
T Tiy, (i1) (in)

On the other hand,

(éi_ail jIl'l Jf)(x) = / dyl o / o dyn eiu(mN+1+ZZ:1(x¢m*ym)) :

x4y in

-(Gileiljf)(ml,...,yl,...,yn,...,xN)

(i1) (in)

_ /mN+1 a, /:Bz’l dy2___/min_1 dyn eiu(xN+1+Z:;:1(xim—ym)) .
T x x

J i in

TN+1

Y1
/ d?/of($1,---,?/0,---a$j+y1—yo,---,yn,---,$N)
T (7) (i1) (in)

T T T; Ligy_ . n
:/ Nﬂd%/ Nﬂdyl/ 1dy2"'/ Ly o4l S o —um)
x Yo Tiy x

J in

‘f(ﬂfla---,’yo,---,xj+?/1—y0,---,yn,---,l“N)

TN41 Zj+TN+1—Y0 ~
= / dyO / dylfyo,yl (ZC),
X xX

J J
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where we have changed the order of integration of the integrals over yo and y1, and substituted
y1 — xj +y1 — yo. The following decomposition (ignoring sets of measure zero) for xni1 > x; >
x;, completes the proof:

{(yanl) €R2‘$N+1 > Yo > T, Tj+ IN+1 — Yo > Y1 >xi1}:
:{(yo,yl)€R2\$N+1>yo>mj>y1>xil}u
U{ (yo,y1) € R? |2ns1 > o > @y, @)+ ane1 — Yo > Y1 > 5 } - O

For n =0,...,N and ¢ € iﬁ N] introduce for j = 1,...,i,_1 such that j # iy for any k, the
“next label” function n;(2) = min { iy, | in > j }, and

I; = ‘97,[@1 gttt Ii1 in € End(C(RN))

Note that ] = I/ , I} ., . Furthermore, for p < ¢ < N and k € 77 N]’ introduce the following

1 22 12 'l [17
set of “decomposmons of k:

dy(k) = { (i,5) € TRy % O,y [VIBm 2 i = b, VI3 s iy = ey, VI - i1 # g = Ky } ,

i.e. the set of pairs of disjoint ordered tuples such that the second member has the prescribed
length p, their union (seen as sets) is the given ordered tuple k and the last entry of the first
member is the last entry of the given tuple.

Lemma B.2. Letq=1,...,N and k € 3‘[11 )+ Then

A !
i =Y Y i T @

p=0(i ,J)Edp(k)

Proof By induction on g. The case ¢ = 1 is equivalent to (59); the set d,(k) is empty unless
= 0, in which case do((k1)) = {((41),())}. With k¥’ = (ks,..., k), the induction step yields

q—2
/ pau— / / pa— !
Intiky = INvin Nty = Z Z Ini g, € IJ (8) j1 "‘Injp(i)jp,
p=0 (i,5)€dp (k')

where we have applied the induction hypothesis. Using (60) we obtain

A A / / / ! /!
Inyikéy = Z( Yo il on hyaont D Gkl @ Injpu)jp)-
P=0 " (i.5)edy (") (z',j>edp<k'>

One completes the induction step by re-writing the first summation as one over ((k1,%),J) €
d,(k) and the second summation as one over (2, (k1,7)) € dpt1(k). O

Lemma B.3. Let m=1,..., N+ 1. Onsy--- stﬂf‘H we have

CNEED SELIDDIED DD DI CTANTY B CLAI

n>0 ZGTJ" N p>0 jeaP

[m,in)
Vr,s:ir#js

Proof. The condition « € sy - - - stfﬂ is equivalent to x1 > ... > X1 > INLL > Ty > ... >
~. From (25) we obtain

(N+1 Z’Y Z Invik, - INvi Ry

~4
920 keIl
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so that by virtue of Lemma B.2 we find that

Y A— — q / 5T — q eI -
Pl =207 D Tvnwg =D 1" Y Z Do Gl wn T w,
20 kel 920 ked] n=0 (i,5)€dp (k)

=X > > “(7 nj, (8) )"'(’anjp@')jp)’

n>0  p=0 kejf“”’ ]( i,j)edp(k

m,N]

(we have substituted n = ¢ — p) and we settle the lemma by combining the summation over k
with the summation over (%, j), noting that i, = k,, is equivalent to i,, > jj. O

Given n =0,...,N, fix 7 € 3’[117]\,}. We may split ¢ into subtuples of consecutive runs; e.g. the
consecutive runs of the tuple (1,3,4,5,7,8) are the tuples (1), (3,4,5) and (7,8). We will denote
the number of consecutive runs by [(¢). An entry i, is termed an initial entry or a terminal
entry if 4. — 1 or i, + 1 # i, for any m, respectively; in other words if i, is the first or last entry

of a consecutive run of %, respectively. We denote by (01(%), ..., 0;)(%)) the ordered subtuple of
i consisting of its initial entries, and by (71(4), ..., 7 (2 )) the ordered subtuple of 4 consisting
of its terminal entries. We have o (2) < 7(2) for E=1,...,1(2) and 7(¢) < op41(2) — 1 for

k =1,...,1(¢) — 1. Note that for j # iy, j < in, nj(%) is an initial entry of 4. If it is clear
from the context what ¢ is, we will not specify this in the notation. For example, let N = 10
and © = (2,4,5,6,9,10). Then | = 3, (01,02,03) = (2,4,9) and (11,72,73) = (2,6,10). For
Jj=1,3,7,8 we have n;(i) = 2,4,9,9.

Lemma B.4. Letm=1,..., N+1,n=0,...,N andiejﬁnm. Ons]\r---stﬂf+1 we have

S5 () (050 3) =TT+ 7)o (149720,

p>0 ge’ifm in) k=1
Vr,s: 'L‘/r";éjs
where 79 = m—1. In the case that o1 = m, the (k = 1)-factor in the product over k is understood

to equal 1. Hence,

(1)

(N+1 27 Z H (1 + L ) l(zm) (1 +1, )ok(iH)-

n>0  4€l o k=l
Proof. The idea is to place the different entries of j in different “bins” determined by the [
consecutive runs in ¢; this means in each bin the entry nj, is the same, namely oy. This yields

the first formula. By virtue of Lemma B.3 the expression for P( . H)e@ follows. O

Lemma B.5. Letm=1,..., N+1,n=0,...,N and i € J° N With the same notations as

[m7
N+l
Ry

mn Lemma B.4, on SN --- S, we have

éf: = é E E 01 .m—1 (H 67’]9_1 k—lo'k mp ---Uk_lo'k+1---7k> GTL...N'

mi1=10+H my=711H

Proof. Due to the step operator 1 ; incorporated in é; the function acted upon by €; vanishes
in certain alcoves. By definition, €; introduces n integrations whose variables y1,...,y, replace
the x;,,...,%;, in the argument of the function acted upon, and are bounded by z;, , > y; > x;,
for l = 1,...,n. The intervals over which the y; run can be split up into intervals bounded by
neighbouring z;. O
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Lemma B.6. Let m=1,..., N+1,n=0,...,N and 1 € ’Jﬁn NI With the same notations as

in Lemma B.4, on sy --- stfﬂ we have
o1 gy
é'L_P(’yN) :éZ_ Z Z H97’]@,1...mkflUkmk...O'kfl(l+710kmk)"'(1+710k0k71)'

m1=7o+l my=71+ k=1

Proof. We remark that the product of #-operators in Lemma B.5 defines precisely one alcove,
given by the inequality

T1> e ST > > Tyl > Ty > Ty > > Ty > > Ty >
> gl > Loy > Ty > > Ty > > Ty >

> STl > X, > Ty > > Ty > > T > >IN,

i.e. the alcove l
N . N
le —my (’L) = <H Sop—1 " Smk) RJr;
k=1

Note that since 7,1 < my, < oy, for different values of k the cycles sq, 1 - - - 5,5, commute, so
the order of the product over k is immaterial. Using this commutativity, on R%l .m, (%) we have

l l
— ca. T gy .. g7
- H Sop—1 Smy H So—1 Smy, H Sop—1 " Smy, S mk “Sgp—1
k=1 k=1

Using (25) we obtain the lemma. O

Lemma B.7. Let m=1,..., N+1,n=0,...,N and t € ’Jﬁn NI With the same notations as

in Lemma B.4, on sy --- stfﬂ we have
l
A_Pv - Hl—i_’y ka1+1) (1+7</7ka 1)
k=1

and hence

(1)

b™ Py Z’Y Z H L+ ALy maiyn) (L Y ) ogiy)-

n>0 7,61[ N]

Proof. By combining the step operators in Lemma B.6 for different values of mq,...,m;. U
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