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Abstract

The Witten—Dijkgraaf—Verlinde—Verlinde (or WDVV) equations, as one would
expect from an integrable system, has many symmetries, both continuous
and discrete. One class—the so-called Legendre transformations—were
introduced by Dubrovin. They are a discrete set of symmetries between
the stronger concept of a Frobenius manifold, and are generated by certain
flat vector fields. In this paper this construction is generalized to the case
where the vector field (called here the Legendre field) is non-flat but satisfies
a certain set of defining equations. One application of this more general
theory is to generate the induced symmetry between almost-dual Frobenius
manifolds whose underlying Frobenius manifolds are related by a Legendre
transformation. This also provides a map between rational and trigonometric
solutions of the WDV'V equations.

Keywords: integrability, WDVV equations, legendre transformations

1. Introduction

The Witten—Dijkgraaf—Verlinde—Verlinde (or WDV'V) equations of associativity

PF@) ., OF@) _ PF@) ,, OF@)

oo oronar  aloror aroror
have been much studied from a variety of different points of view, amongst them, topologi-
cal quantum field theories, Seiberg—Witten theory, singularity theory and integrable sys-

tems. Geometrically, a solution defines a multiplication o : TM x T M — T M of vector
fields, i.e.
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The metric 7, used to raise and lower indices, is flat and the coordinates {#*} are flat coordi-
nates, i.e. the components of the metric is this coordinate system are constants.

A symmetry of the WDVV equations are transformations
(i) 14— 79,
(11) Nas '_:ﬁaﬁ ;
(iii) F— F
that preserve the WDV'V equations, i.e. which map solutions of the WDVV equations to new

solutions. In [3] the following transformation—called a transformation of Legendre type—
was shown to be such a symmetry:

N
o
0*F  OF
orer’  orvor’’
ﬁaﬂ = Nap:

Here  is a distinguished variable which labels the Legendre transformation. Moreover, this
is more than just a map between solutions of the WDVV equations: it preserves the stronger
notion of a Frobenius manifold.

This transformation may be reinterpreted more geometrically in terms of a vector field

0
or~’
With this the metric transformation may be written
AX,Y) =n(@oX,00Y)

for arbitrary vector fields X and Y. The field 0 is distinguished by the fact that it is flat for the
Levi-Civita connection of the metric 77, namely Vxd = 0.

The aim of this paper is to study more general Legendre-type transformations where the
vector field 0 is replaced by a field satisfying the condition

XoW0 = Yo VW0, X, YeTM. (1.1)

Such fields will be called Legendre fields. They have appeared in the literature before: in [10]
they are used as generators of sets of commuting systems of hydrodynamic type. Here we fol-
low their role as a map between torsion free metric connections [2]. These fields are defined
and studied in section 2. With such fields more general transformations between solutions
of WDVV equations (but not for the stronger notion of a transformation between Frobenius
manifold) may be constructed, and this construction is given in section 4, after a submanifold
theory of Legendre fields is developed in section 3. Finally, in section 4, the theory is applied
to the induced transformation between almost-dual Frobenius manifolds. In particular, it is
shown how the twisted-Legendre transformation introduced in [11] fits into this more general
picture.

Some of the results in section 2 have appeared in [2] and also in [10]. In the former, the
emphasis was on Legendre transformation as maps between connections. While this is how
they are initially defined, theorem 4.1 gives a coordinate description of the transformation

ke (l,...,dimM).
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between flat coordinate systems, and is a direct generalization of the original transformation
as defined in [3]. Similarly, some of the results in section 5 follows from the constructions in
[2] as a special case, when an arbitrary eventual identity is replaced by a specific example—
the Euler vector field. However in this special case one may simplify the proofs and identify
those Legendre fields that are actually flat. The link with the work in [10] is outlined in the
final section.

2. Legendre fields and their properties

Consider the following structure: { M, n, V, o}, where M is a manifold and

(a) nis a metric;

(b) V a connection (not, at this stage, metric or torsion free);

©o:TMxTM—-TM is a commutative, associative multiplication (so a completely
symmetric (2,1)-tensor) with a unit e which is compatible with the metric, i.e.

nXoY,Z)=nX,YoZ);
(d) V ois a completely symmetric (3,1)-tensor.

A Legendre field will map metrics and connections to new metric and connections which
preserve certain basic properties.

Definition 2.1. Let J be an invertible vector field (so 9 'o0 = e). Let
7(X,Y) = n(0oX, oY),
VY = 0~ 1oVg(doY).
The following follows from direct calculation.
Lemma 2.2. For all vector fields X,Y,Ze T M
(Vxn)(Y. Z) = (Vxn)(@oX, DoY),
TVX,Y) = TV(X,Y) + 0 'o{Y o Vx0—X 0 0},
RY(X,Y)Z) = 0~ 'oRV(X, Y)(8oZ),

where TV and RN are the torsion and curvature tensors of the connection V.

The torsion result uses the symmetry of V o, i.e. (Vxo)(0,Y) = (Vy0)(0, X). This result
motivates the following:

Definition 2.3. A Legendre field 0 € T M is a solution to the equation
Xo W0 = Yo VW0

for all vectors X, Y € T M.

Thus a Legendre field will map torsion free connections to torsion free connections, met-
ric connections to metric connections, and zero-curvature conditions to zero-curvature con-
ditions. The definition appears to be overdetermined, with more equations than unknowns.
However if one sets Y = e one obtains the manifestly determined system

Vx8 =Xo Vea

Conversely, a solution of this equation implies that 0 is a Legendre field, so this provides and
alternative definition of a Legendre field.
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In what follows we will apply Legendre fields to map solutions of the WDV'V equations to
new solutions, but the ideas may be applied more generally to situations where one has torsion
free connections and non-metric connections, or curvature, such as Riemannian F-manifolds
[1, 10].

Before doing this we derive certain basic properties of such Legendre fields. From now on
we assume that V is the torsion free metric connection for 7. Clearly sums and constant scalar-
multiplies of Legendre fields are again Legendre fields. In addition, when suitably defined,
inverses and composition of Legendre fields are again Legendre fields.

Proposition 2.4. I is a Legendre field for V then O~ is a Legendre field for V.
Proof. Expanding the symmetry condition (Vyo)(e, e) = (V,0)(X, e) yields
Vxe = Xo Ve

and hence e is a Legendre field (without the need for a condition such as Ve = 0). With this,

Xo V0! = X0 0 oVi(9od™),
= ailOXO Vye.

But since e is a Legendre field the right-hand expression is symmetric in X and Y. Hence the
result. O

Note that Vxd~! = 9~ 1oVe so even if 9 is ﬂat for V then it does not follow that 9~ !is flat
for V, a further condition is required, i.e. Ve =

Proposition 2.5. Consider connections V(i),i = 1,2,3 with interconnecting Legendre

fields ',

v ﬁ, vo 22 % V3.
Then

v 2L o v®

where 9; = 97003,
Proof. Since
(2)Y (8 )_ o V(l)(82oY) where X o vg)a% —Yo v()&)aZ,
(3)Y (8 ) o g%)(aon) where X o Vg/z)(‘)% =Yo v()?)ai
it follows that
VS?)Y = (8%08%)‘1 o VSP [(81203%) oY]
and that
X o Vi(@70d3) = X 0 0oV 05,
= Yo 870V,
—Yo V(l)(aZ 8 )
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Hence 313 = 8]208% is a Legendre field between the connections V(" and V®. O
New Legendre fields may also be constructed from old.
Proposition 2.6. Let O be a Legendre field. Then:

(a) if Ve = 0 and RV(X, e) = 0 then V,0 is also a Legendre field;
(b) the solution Oyey, of the equation

Vi Ohew = X0 0
is a Legendpre field;

Proof.
(a) From the easily proved identity

Vx(V.0) — X o V(V,0) = R(X, €)0,
=0

it follows that X o V(V,0) is symmetric in X and Y.

(b) Since Y o VxOpew = X 0 Y0 9 is symmetric in X and Y the result follows. Note, this does
not use the property that 0 is a Legendre field. However, from part (a) with X = e it
follows that V,0pew = O so if the conditions in part (a) hold the vector field 0 must be
Legendre. O

2.1. Homogeneous structures

If the original multiplication is homogeneous, i.e. there exists an Euler vector E such that
Lgo = o, with the metric 7 satisfying the homogeneity condition Lgn = (2 — d) 7, then such
conditions are preserved if the Legendre field is similarly homogeneous. The following result
is straightforward and will be given without proof.

Lemma 2.7. Let Lgo = o, and suppose

Len =2 —d)n,
EE(():,Ua

for constants d and . Then
Lefl = (4 —d+2p)1.

Similar results may be proved for the homogeneity of V,0 and related objects. Before
applying these ideas to generate new solutions of the WDV'V equations from old, we develop
a submanifold theory for Legendre fields.

3. A submanifold theory for Legendre fields

Consider a submanifold A/ C M with an orthogonal decomposition, with respect to the metric
n, of the tangent bundle T M = TN @& T N*. We asume that AV is a natural submanifold [14],
i.e.that TN o TN C TN.In order to study the restriction of a Legendre field to a submanifold
we first fix some notation.
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WY = WY+ aX, Y), X, YETN,
Vil = —Ac(X) + Vys, EETN,

where the first terms on the right-hand side lie in 7N and the second in T ™. Standard ideas
from submanifold theory imply that av is symmetric and that 7(A¢(X), Y) = n(a(X, Y), §).
A Legendre field & on M when restricted to N decomposes as

0= 5H+3b 3“ €TN,0, € TN,
and on decomposing the Legendre condition (1.1) the component in T N yields the equation
Yo Vxd—Xo V9 =AysX)oY—Ay(Y)oX, X, YETN.

This uses the result £ o X € TN which follows from the natural submanifold condition
0=nXoY,&) =n¥,Xo&). Hence

n(Y o Vxd—X 0 Wi, Z) = n(a(X, Yo Z) — (Y, X 0 Z), D).

Similarly decomposing the symmetry condition (Vxo)(Y,Z) = (Wo)(X,Z)for X,Y,Ze TN
yields both the total symmetry of V o and

aX,YoZ)—a(Y,XoZ)=YoalX,Z)— Xoa(Y,Z).
Thus
’l’](YO vXaH_)(o vya”sz) = 77(Y, Oé(X,Z) o 8L) - n(X, OZ(Y,Z) © aL)

Hence we arrive at the obstruction for a parallel component of a Legendre field on a natural
submanifold to be Legendre.

Lemma 3.1. The vector field Oy is a Legendre field if and only the tensor
nX,a(Y,Z) o dy)
is totally symmetric.
Thus what controls the properties of the nascent induced Legendre field is the nature of
TN o TNY If TN o TN C TN the above tensor is trivially totally symmetric—it van-

ishes identically. This happens in the case of a discriminant submanifold of a semi-simple
Frobenius manifold [14].

Example 3.2. Suppose the multiplication on M is semi-simple. Then the component 9| of
a Legendre field on a discriminant submanifold is a Legendre field for the induced structures

on N.

Example 3.3. From above, the unity field e is a Legendre field. On decomposing this on a
natural submanifold, e = ¢+ e, gives

Eole+e)=¢&, E€TN.

With this
n(€o e X) +n(§oen, X) = (&, X) =0.

But n(§ o e, X) = n(§, ¢ 0 X) = 0 since N is a natural submanifold. Thus £ o e, € TA™ for
all ¢ € TN*. Thus n(a(X,Z) o e, Y) = 0 and hence e| is a Legendre field on the submanifold.
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4. Symmetries of the WDVV equations

The WDVV equations may be described geometrically by the condition that the deformed
connection

MW Y = VY — AXoY
has vanishing curvature [3]. In particular RY = 0 (the A\’term in R""V) and hence there exists

a coordinate system {7} in which the components 77(%, %) are constant. Given a Legendre
field it follows from above that if MVyxY = V¥ — AX o Y then

R™V(X,Y)Z = 0 'oR"V(X,Y)(oZ)

and hence that the new deformed connection MV Y is also flat and hence defines a new—
Legendre transformed—solution of the WDVV equations. It is important to note that geomet-
rically the multiplication does not change when such a transformation is applied. However, the
coordinate expression for this tensor does depend on the choice of flat-coordinate system and
these do change under such a transformation.

The following theorem gives such coordinate dependent formulae for the new structures in
terms of the old, and is a direct generalisation of the original Legendre transformation present
in [3].

Theorem 4.1.  Let {t“} and {i“} be the flat coordinates of the metrics 1) and 1j respectively.
Then, given a solution of the WDVV equations with prepotential F and a Legendre field O, new
flat coordinates, metric coefficients and prepotential are given by:

(a) ﬁag =Mag >
ore ca .
(b) ? = a Cgﬂ s
(c) Fhg = Faﬂ~
Proof.
(a) Since (X, Y) = n(0oX, doY) it follows that, up to an inessential linear transformation,
that
0 0
— = 0o — 4.1
ot® ore @1

and hence that

-2
s = N g7 577 )

_ (i ﬂ)
~ N 90 )

= 77a6-
(b) From (4.1) it follows that

0 Btﬂ( 0 )
- = ao_ S
orr 9fe\ ot

orP o

= —_— O-C'U' —_—
ofe P’

D
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Hence
8
O ety =
or
and (b) follows. On lowering an index and using the symmetry of c5qg it follows that
o, _ 07y
o’ o

and hence 7, = 0,eh for some locally defined function .

(c) To prove the final formula,
(Lo
ofre  9rP 9t )

_ (3_oi i)af’
Nor a7 o7 Jorr

MR RN
ot o

B

OF. 5 ( g a9 9 )
=C —_—, Y, ———— =
oF’ 9F8” oF

o’ ot or°
Hence, on integrating, up to an inessential constant, part (c) follows. O

The geometry of the deformed flat connection encodes a canonical class of Legendre fields.
Expanding a flat section WVs = 0 as a power series

s = Z X’(f)(n)
n=0

and equating coefficients gives

VxO) = 0, 4.2)

VO = X 0 Op-1). (4.3)
Thus each of the fields 0, are Legendre fields. Conversely, starting from a flat vector field
00y one may recursively construction the flat section, with each J,) being a Legendre field. If
O = % for some x one obtains an infinite family of Legendre fields labeled by (n, ).

Note that, when written in coordinate form (4.3) takes the form

9

ot
Furthermore, it was shown in [3] that the vector field may be written in terms of (scalar)
Hamiltonian densities

]
agt,n) = caaat(ynfl,n)'

a(n k) — ﬁaﬂ 8h_(n,/<;) i
’ ot o8
With this the coordinate transformation takes a simple form:
or® o a
o7~ Ol

0 fel
= Wa(rH»l,n)
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ah n K . . . .
% (on lowering an index with the metric 7).

Example 4.2. Consider the two-dimensional Frobenius manifold defined by the prepotential’

and hence 7% = 9y, |,y Or I, =

1
F= Etlztz +e”,
and Euler vector field
E == tlat1+2612,

On writing 0 = a(t;, )0, +b(1, t,)0,, the Legendre field condition implies

8,161 — 6[2b,
e20,b = d,a.

If we additionally impose homogeneity L0 = 110 we obtain

Oa Oa
h— +2——=(u+ Da,
16‘t1 o (1 + Da
ob ob
h— +2— =pub
latl 6[2

These imply that a(, ) = t/"'A(z), b(t1, 1) = t!'B(z) where z = 1; %" and with these the Leg-
endre field conditions (1.1) become the following ordinary differential equations for the func-
tions A and B:

(1 + DA(z) — 224 (z) = 2B'(2),
uB(z) — 2zB'(z) = A(2).
On eliminating B(z) and setting w = 4z we obtain the equation

pp+ 1)
4

w(l — w)A"(w) + %wfv(w) - A(w) = 0.

This is a hypergeometric equation

w1 —w)A" (W) + [c — (a+ b+ Dw]A (w) — abA(w) = 0,

with a = —%, b= —% and ¢ = 0. Explicit solutions may hence be found using the well-
known general theory of such hypergeometric equations (see [12]).

5. Twisted Legendre transformation and almost-duality

Given a Frobenius manifold with metric 77 and multiplication ° one may construct an associ-
ated manifold—an almost-dual Frobenius manifold—with new metric and multiplication

gX,Y) =nEoX,Y),
XxY =E'oXoY

!'In examples we lower indices for notational convenience.

9
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where E is the Euler vector field and E~'o E = e. It was shown in [3, 4] that g is flat and
compatible with the new product and, moreover, that a dual solution of the WDVV equa-
tions (written in the flat coordinates of the metric g) may be constructed. While the metrics n
and g are related by the simple formula above, the corresponding connections, V and V*, are
related by a more complicated formula (see, for example, [9])

VyY=Eo V(E710Y)—(VE—IOY)OX+%(3—d)E710XO Y,

where Lg = (3 — d)g for some constant d. Since we have an almost-dual solution of the
WDVYV equations, we automatically have a flat pencil of connections
WY = Vi — \XX* Y

and hence the above theory of generalized Legendre transformations may be applied directly
to solutions by replacing 77 with g and V with V* and replacing the coordinates {¢t“} by the
flat coordinates of the metric g. However, there is a distinguished Legendre transformation
between such almost-dual solutions.

We have, schematically?,

o -
(n,V,0) — (7, V,0)
almost duality 1 l
(& V*, %) (& V", %).
Here 0 is a flat Legendre field, i.e. VO = 0. This ensures we have a map between Frobenius
manifolds, rather than just between solutions of the WDV'V equations, so the almost-duality
transformation may be applied to both sides (the vertical arrows in the above diagram). The

aim of this section, and in fact the original aim of this paper, is to construct a transformation
to make the above diagram commute, i.e. to construct a Legendre field 0

(8. V¥, %)~ (3. V"1 %).

This field—called a twisted Legendre field—was first studied in [11]. However the full
geometric properties were not fully described there.

Theorem 5.1.  The following diagram commutes:

(1L V.,0) = (7,¥.0)
! !

(8, V¥, %) — (3, V", %),

where d = Eo 8 and V = 0.In particular:
(a) (X, Y) = g(OxX, OxY);

(b) VY = & % Vi(dxY);
(c) disa Legendre field for the connection V*.

2 Here, and for the rest of this section, (n, V, o) will we used to denote a Frobenius manifold, not just a solution to
the WDVV equations, and (g, V*, %) the corresponding almost-dual Frobenius manifold. We suppress, for notational
convenience, the full data.

10
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0
or"

Proof. We begin by noting that JoX = DX We also take § =

are the flat coordinates of the metric 7).

for some k, where the {7}

(a) By definition

gX.Y) =E'oX,Y),
= n(OcE~ 10 X, DoY),
= g(0oX, DoY),
= g(é*X, f)*Y).

(b) Starting with the connection at the lower right hand corner and unpacking definitions
yields

VyY =EoV(E 'oY)— (VgioY)oX+ %(3 —d)E'oXoY,
= Eo {0 'oW(GoE" 10 Y)} — {0 1oV 1,y(0oE)} 0o X
+%(3 —d)E'oXoY,
= 07 1oV(0oY) + 07 '0{ V1, goyE — Vg-1,y(O0E)} 0 X
+%(d —d)E'oXoY.
On using the following formula derived in [2]

Vi togoyE — Vg 1oy(00E) = {[0,E]1 + [E,e] 00} o Yo E},
= (d,—1)0oYo E™!

(this last line uses standard definitions: E = Y(dit’ + r;)0;, e = 0, etc), hence
W;Y: 0~ 1oVx(9oY) + {dK -1+ %(d— d~)} EloXov.

As derived in [3], a Legendre transformation changes the spectrum of the Frobenius
manifold, so d = —2u,,d = —2u, and since d, = 1 — (1, — 1,) the result follows.
(c) Finally, as will be proved in the next proposition,

Vid = (uﬁ + %)('%X.

With this,

Y % V}é = (/1% + %)8OE_1 oXoY,

= X% V}.

Hence the twisted Legendre field d=Eod is a Legendre field for the
connection V*. O

_ Itis important to note that, while 9 is flat for V, the corresponding twisted Legendre field
0 is not, in general, flat for the connection V*. It depends on the spectrum of the original
Frobenius manifold.

1
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Proposition 5.2. The rwisted Legendre field d satisfies the equation

Vid = (uﬂ + %)aox.

In particular it is flat for V* if and only if j1,, = —%.

Proof. By direct calculation
%0 = EoV(E "0 0—(Vy1 3E) 0 X + %(3 —d)E "0 §oE!,

= Eo Vxd—(VE) o X + %(3 —d)Xo 0.

Since by definition ¢ is flat for the torsion free connection V,

Vid = {[E,B]—i—%(?)—d)a} oX.

But [E, 9] = —d,0 (since E = Y (dit' + r;)0; and & = 9,)) and since d, = 1 — (u,, — p1;) and
d = =2y, the result follows. O

Remark 5.3. The inverse twisted Legendre ﬁleld, defined by the equation 571*5 =E,is
also a twisted Legendre field, in particular, 0 = Eod~!. From the formulae above, this
satisfies the equation

A

0 = 371*V§E.

Since, for an almost-dual Frobenius manifold VxE = 01in general, the inverse twisted Legendre
field will not be, in general, flat, even if O is flat for V*.

Example 5.4 ([11]). Starting with the prepotential F = %tlztz—i—e’z we can perform a

Legendre transformation with & = d,, to obtain a prepotential /' together with almost-duality
transformations for these two prepotentials to obtain a commuting diagram

7]
F —
!

— TR

o .
F*— F

where
F _ 1;2; ~21 z
,E o+ tylogt,
Fo=Lao L2y Lt + Lie )
241 g, ’
R T S -
F* = Z{Zflog 4+ 25log s — (5 — 5)* log(z — )

and Lis(w) is the tri-logarithm function.

12
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We note in passing that the twisted Legendre transformation, in this example, maps trigo-
nometric V-systems [7] to rational V-systems [15]. We end this section by giving a more sub-
stantial example.

Example 5.5. The extended A, Frobenius manifold found in [5] has prepotential

1, 1 , 1 4
F = —tris+ —4t5 + he® — —1,
213 412 2 962

and Euler vector field

1 3
E = 101+—=00,+=0s.
1Y1 22 2 2 3

The flat coordinates, z;, of the intersection form are given, implicitly, by

2
2, _ _
= e373(eM + e 4 e,

1
l2 — egZ}(ezz + e*Zl + eZl*Zz)’
= z3.

We can thus use (4.1) to find the almost dual prepotential:
Fo= D IL@ ) + Lie 9]+ 2 [Lie™ ) + Lie )]

1. ) 1 2 2
+5 [Liz(e¥+%2) + Lis(e 4~ 2)] + ZZIZZ(ZI —22) — g(zf — a0+ ) + Ezi,

and can perform generalised Legendre transformations generated by the vector fields
d,=Eod, i=223.

Calculating these vector fields gives

5, = 2evont|n— 2o Lio
2 2 1 1 4 2 42 3,

03 = 26eB01+3e80,+105,

or in the z-coordinates

3
A 3|1 1
0, = % [5(—6“_Z2 +2e78 — e¥)0,, —l—E(eZ‘_z2 + e ¥ —2e%)0,,

1
_’_5(621*22 + e + eZz)azz:l

2z3

A a1 1
63 =3 [g(e—zz 4+ e — 2ez1)aZ] _|_§(Ze—zz —enTa eZl)aZz
_|_(e*zz + e2ma 611)313] .

13
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We can now perform the transformations as outlined in theorem 4.1 for different .
e Transformation 9, : From

02,

97"

= a’yc(lﬁ’y,

we obtain new coordinates

1
2 = e39(eY 2 — 27U 4 @),
1
% = _6323(6Z1*22 + e d — 2612),

N 31
23 = 756323(6117@ + e*Z] + ezz).

which can be inverted

1

32, — 223035 — 3%, — 2%3) )3

71 = log(( <2 Z3)A( <l _ 222 Z3)) ,
321+ 223)

s

1
— (35 — 223 3
2o = log ~ A( ZzA Z33 ~
(321 + 223)(3%1 — 32, — 223)

1
73 = log (—5(322 —223)(3%1 — 32, — 223)(34 + 223)}

Then from
O O
azAuaZAb aZg8Zb

we derive the prepotential

Fioy= Y (a-2Plog(a-2)+ 3 (B-22log(B-2)

a€R BeW,

where (after the linear transformation z, — —2z,)

(1,2,0)
R =13(1,-1,0) ,
2,1,0)

the roots of the A, system and

+(1,0,2/3)
Wy =1{4(0,1,2/3)
+(—1,-1,2/3)

e Transformation 33 : Similarly we find
A 2o e _
2 =e3 ‘(622 a 2621 +e Zz),
22 — 6%23(612*ZI + el — 26*22),
23 — _36%13(622*21 + 4 4+ e*Zz),

14
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inverting,

4 = log (35— 2’ 3
1 - b

(322 + 22334 — 35+ &)
1
—Bz1—-2 7 — 37 £2) )3
- log( (32 Z3)A(3Z1A 23Z2+Z3)) ’

Bz + 23)

1

2

1
z3 = log (@(321 — 2334 — 3%+ 2)34 + 23))
and the prepotential is

Fiy= S(a-22log(a-2)—2 3 (B-22log (B 2)

aeR BeW;

where R is as above but now

+(1,0, —1/3)
Wi =12+(0,1,-1/3)
+(—1,—1,-1/3)

We can also perform the standard Legendre transformations S, (generated by 0,2) and S3 (gen-
erated by 0,3) to obtain, respectively, the prepotentials

A~ 1 . PO 1. ~ 1.4
Foy = Et% + hbfy + Etlzlog i+ Emg,
By = %+ Lii3 + Litlogi
(©)) 423 213 215%2-

Schematically, then, we have

.S S5 A
Fg) «— F «— Ky
! ! !

xS 8 A
Foy «— F" «— Fy
and one may check, by direct calculation, that this diagram commutes.

The geometry of such configurations—the vectors in R U YW—are examples of extended

V-systems and are studied further in [12, 13].

6. The semi-simple case

It has already been stated that, geometrically, the tensor ° does not change under a generalized
Legendre transformation. What does change are the sets of flat coordinate systems which one
uses to find a coordinate representation of this tensor, and hence solutions of the WDVV equa-
tions. This invariance actually goes deeper, and this is best seen in the case of a semi-simple
multiplication.
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At a generic point of a semi-simple manifold, a basis of vector fields, and coordinates {u'},
may be found so the multiplication is diagonal,

0 0 0
-0 — = 0jj —
ou'  ow ou'
and with this, the Frobenius condition n(X o Y,Z) = n(X, Y o Z) implies that the metric is
diagonal, so may be written in the form

77( 0 i) = Hiu)*8y,

A" ou
where the H; are the Lamé coefficients. On writing the generalized Legendre field in the form
dimM ﬂa_
i1 Hiou'

it easily follows that the new metric takes the form

(0 8 )
s - | — Wi (5,
77( ou' 814/) Vi)

The Legendre field definition, when written in this coordinate system, reduce to the equation

0 .
ij = Bijis i=],
u

where (;; are the rotation coefficients (assumed to be symmetric) of the original metric,
OH;

Bij = ;Lj . Re-expressing this shows that the Legendre field condition reduces to the state-
ment that the two diagonal metrics 7 and 7j have the same (off-diagonal) rotation coefficients,
and hence flatness will be preserved. But this construction does not imply, as is required in
the Frobenius manifold case [3], the condition );9;¢; = 0 so one obtains a wider class of
flat coordinate systems and solutions of the WDVV equations than in the original construc-
tion (where the constraint Y, 9;); = 0 is required to preserve the full Frobenius manifold
structure).

7. Comments

The Legendre fields—solutions of equation (1.1)—also appear in the theory of hydrodynam-
ics systems associated to F-manifolds [10]. They appeared there as generators of commuting
flows

u; = Oouy

which generalizes the principal hierarchy defined by Dubrovin in the case of Frobenius mani-
folds [3]. The role of 0 in this paper is somewhat different: here it plays the role in defining a
symmetry between different principal hierarchies. But the use of conservation laws to define
new sets of variables for hydrodynamic systems is well established and the theory developed
here may be seen as a generalization of this idea (in the sense that the hierarchies as defined
above have an underlying connection, and hence one can use 0 to provide a map between
such connections). Further, since the Legendre condition comes from the preservation of the
torsion-free condition, the theory could be developed to more general situations where one has
torsion free, but not metric, connections [1].
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One unexpected feature of the special case of twisted-Legendre fields (for almost-dual
structures) is that they map rational solutions to the WDV'V equations to trigonometric solu-
tions, or more specifically, for those almost-dual solutions coming from classical extended-
affine-Weyl Frobenius manifolds [6, 13]. Since the restriction of Legendre fields to discri-
minant submanifolds are again Legendre, one should be able to derive similar results for the
induced WDV'V equations on discriminant submanifolds (for which the induced intersection
form is flat), following the ideas in [8, 14]. More generally, one needs to see if one can apply
these ideas directly to rational/trigonometric V-systems.
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