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Abstract

Complexity of oilwell drillstrings makes unfeasible the direct application of control methodologies to suppress non-
desired oscillations existing in these systems. A reasonable alternative is to develop operation recommendations and
parameter selection methods to guide the driller to avoid such oscillations. In this paper, by using dynamical analysis tools,
operation recommendations and the detection of safe drilling parameters in a conventional oilwell drillstring are presented.
To this end, a more generic lumped-parameter model than those considered until now is proposed. Particularly, this model
takes into account the fact that the drillstring length increases as drilling operation makes progress. The analysis of a
sliding motion giving rise to self-excited bit stick—slip oscillations and bit sticking phenomena at the bottom-hole assembly
is performed. Finally, the identification of key drilling parameters ranges for which non-desired torsional oscillations are
present is carried out by studying Hopf bifurcations in the vicinity of the system equilibrium point when rotary velocities
are greater than zero.
© 2007 Elsevier Ltd. All rights reserved.

1. Introduction

Oilwell drillstrings are mechanical systems which undergo complex dynamical phenomena, often involving
non-desired oscillations. Three main types of oscillations are distinguished: torsional (e.g., stick—slip
oscillations), axial (e.g., bit bouncing phenomenon) and lateral (e.g., whirl motion due the out-of-balance of
the drillstring) [1-4]. These oscillations are a source of failures which reduce penetration rates and increase
drilling operation costs. Stick—slip phenomenon appearing at the bottom-hole assembly (BHA) is particularly
harmful for the drillstring and it is a major cause of drill pipes and bit failures, in addition to well bore
instability problems. For this reason, this paper is focused on stick—slip oscillations. They cause the top of the
drillstring to rotate with a constant rotary speed, whereas the bit (cutting device) rotary speed varies between
zero and up to six times the rotary speed measured at the surface.
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To deal with the problem of stick—slip oscillations, two challenging problems have to be solved:
developing models to adequately describe the phenomenon and designing methodologies to help reduce its
effects.

A model describing all drillstring dynamical phenomena would be too complex for analysis purposes.
Simplifications are mandatory to keep equations manageable. Lumped-parameter models lead to more simple
analysis and system simulation, in comparison to partial derivatives models. Several lumped-parameter
models have been proposed in the literature to describe drillstring torsional behaviour. These models are of
one degree [5,6] and two degrees of freedom [1,2,7-10]. Such models fail to reflect two important
characteristics: (i) the fact that the drillstring length increases as drilling operation makes progress,
(i1) oscillations appearing along the connected drill pipes and the drill collars (just above the bit). In this work,
an n-dimensional lumped-parameter discontinuous model which overcomes such disadvantages is proposed.
The discontinuity is introduced by the bit-rock interaction which is modelled by means of a dry friction
combined with an exponential-decaying law.

Due to the complexity of the system and variables involved, the direct application of control methodologies
in order to suppress non-desired oscillations phenomena can be unfeasible. It seems to be more reasonable to
propose operation recommendations and drilling parameters selection methodologies in order to suppress
oscillations and guide the driller. Following this approach, in this work, an analysis of system complex
phenomena and bifurcations is performed. The existence of a sliding motion is proven. This motion is
shown to be related to bit stick—slip oscillations and bit sticking phenomena. Transitions between several
bit dynamics are identified. These transitions are shown to depend on the weight on the bit (WOB) and
the torque given by the surface motor. It is shown that the presence of stick—slip and bit sticking pheno-
mena is characterized by the dynamics of the drill collars (elements just above the bit) if an n-dimensional
model is used, or by means of the top-rotary mechanism dynamics, if only two degrees of freedom are
considered.

Local Poincaré—Andronov-Hopf bifurcations (often referred to as Hopf bifurcations) of the system
equilibrium point when rotary velocities are greater than zero are also studied. Hopf bifurcations imply the
birth, or the death, of a periodic orbit through a change in the stability of an equilibrium point and are the
typical way in which instability arises in physical systems. Changes in drillstring behaviour are studied through
variations in three parameters: (i) the weight on the bit, (ii) the rotary speed at the top-rotary drillstring
system, (iii) the torque given by the surface motor (u). Practical experience has shown them to be important for
the drillstring behaviour [11]. Drillers employ these parameters in optimization drilling models [12]. These
models are used to optimize the rate of penetration and drilling costs. However, the rotary speed and
the weight on the bit are considered constant and no study of their influence on drillstring oscillations is
usually made.

The intersection of the region of parameters where no Hopf bifurcations are present with the region where
no stuck bit is possible provides a good estimation for parameters weight on the bit, # and angular velocities to
have safe drilling operations.

The paper is organized as follows. Section 2 presents an n-dimensional lumped-parameter model of the
torsional behaviour of the drillstring including the bit-rock interaction. This model properly describes bit
stick—slip oscillations and other non-desired bit phenomena. In Section 3, the effects of the weight on the bit
and the torque u on the bit behaviour are analysed. For this purpose, the existence of a sliding mode which
causes different bit sticking phenomena is shown. Section 4 identifies the region of rotary velocities and weight
on the bit in which non-desired oscillations are present. This is done by means of studying local bifurcations of
the system equilibrium point when rotary velocities greater than zero are considered. Conclusions are given in
the last section.

2. A dynamic torsional model of a conventional drillstring

The model presented in this section includes and generalizes other drillstring torsional lumped-parameter
models appeared in the literature [1,2,5-10].

A conventional drillstring consists of the bottom-hole assembly and drill pipes screwed end to end to each
other to form a long pipe (see Fig. 1). The bottom-hole assembly comprises the cutting device, referred to as
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Fig. 1. Important elements in a conventional vertical drillstring. ¢, (rad/s) top angular velocity, ¢, (rad/s) bit angular velocity, L, (m) drill
pipe line length, L, (m) bottom-hole assembly length, W,, (N) weight on the bit, 7 (Nm) torque on the bit.

bit, stabilizers (at least two spaced apart) which prevent the drillstring from underbalancing, and a series of
pipe sections which are relatively heavy, known as drill collars. Drillstrings usually include a heavy-weight drill
pipe at the top of the bottom-hole assembly. While the length of the bottom-hole assembly (L;) remains
constant, the total length of the drill pipe line (L,) increases as the borehole depth does so and can reach
several kilometers. An important element in the drilling is the drilling mud or fluid which, among others, has
the function of cleaning, cooling and lubricating the bit. The drillstring is rotated from the surface by an
electrical motor. The rotating mechanism can be of two types: a rotary table or a top drive.

Fig. 2 depicts a simplified torsional model of a conventional drillstring. It reflects the fact that the
length of the drillstring (number of drill pipes) increases while the drilling operation advances. Four kinds
of elements are considered: (i) the top-rotary system, (ii) p drill pipes modelled as linear springs of torsional
stiffness k, and torsional damping ¢,, (iii) the bottom-hole assembly (including the drill collars), (iv) the
bit. The drill pipes are connected to the inertias J, and J, corresponding to the inertia of the top-rotary
system and to the inertia of each drill pipe. The number of drill pipes can be modified depending on system
analysis requirements. The pth drill pipe is connected to the drill collars (J;) by means of k, and ¢;;. Finally,
the drill collars are connected to the bit (J;) by means of k,, and ¢,,. At the bit, a viscous damping torque and
a dry friction torque are taken into account. A viscous damping torque is also considered at the top-drive
system.

The following assumptions are made: (i) the borehole and the drillstring are both vertical and straight, (ii)
no lateral bit motion is present, (iii) the friction in the pipe connections and between the pipes and the borehole
are neglected, (iv) the drilling mud is simplified by a viscous-type friction element at the bit, (v) the drilling
mud fluids orbital motion is considered to be laminar, i.e., without turbulences, (vi) the motor dynamics is not
considered, the drive torque is supposed to be constant and positive, (vii) the drill pipes are considered to have
the same inertia. Under these assumptions and according to Fig. 2, the drillstring torsional model takes the
following form:

Ct
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Fig. 2. Mechanical model describing the torsional behaviour of a conventional drillstring. All functions and parameters are explained in
the text.
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with p the number of drill pipes, j =2,...,p — 1. Eq. (1d) is used for the drill-pipe level p, i.e., for the
inertia connected to J; through ky and cy. @,, ¢, @, ¢, are the angular displacements of the top-
rotary system, the drill pipes, the drill collars and the bit, respectively. ¢,, ¢,, ¢;, ¢, are the angular
velocities of the top-rotary system, the drill pipes, the drill collars and the bit, respectively. T,, is the
drive torque coming from the electrical motor at the surface. It is assumed that arbitrary torques
can be applied without taking into account the actuator dynamics generating this torque, then T, = u
with #>0 one of the system control inputs. 7, is the viscous damping torque associated with J,, it
corresponds to the lubrication of the mechanical elements of the top-rotary system and 7, = ¢,¢,, with ¢, the
viscous damping coefficient. T, is the torque on the bit, x is the system state vector, and they are defined
below.
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as the system state vector, with i = 1,...,p and n the order of the system or number of system variables. Note
that n is an even integer. Then, the system in Eq. (1) can be written as:

x(¢) = Ax(?) + Bu + Ti(x(2)), (3)
where B and Ty are given by

0 0

1 0

Jy .
B=10| Tix= ) 4)

0

: B be (X)
0 Jp

and depending on the system dimension, A has the following form:

® For n = 4. The system consists of two inertias (J, and J) connected through k, and ¢,. The system with
n = 4 is the most common drillstring model appeared in the literature. In this case,

0 1 0 0
ki ca+eo Kk ¢
J, . J, J,

A=1 0 0 1 ®)
k; Cy k; ¢+ cp
Jp Iy Iy Ty

® For n = 6. Three inertias are considered. J, is connected to J; through k, and ¢,, and J; to J, through k,
and c,. In this case,

0 1 0 0 0 0
k; ¢+ e k; ¢
T, A
0 0 0 1 0 0
A=| &k« kitkn _aten ko oo (6)
Ji Ji Ji Ji Ji Ji
0 0 0 0 0 1
0 0 K Cib _@ Tt
Jp Jp Jp Jb
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o For n>=8, that is, p>1. The inertia J; is connected to its previous element by k,; and c,;. In this case,

0 1 0 0 0 0 0 0
k, ¢+ ¢ ky Ct
—_ - — — 0 0 0 0
J, J, J, J,
0 0 0 1 0 0 0 0
kf Cy 2k[ 2Ct kt Ct
77 A A 7 0 0 0
0 0 0 0 0 1 0 ... 0 0
k, ¢ 2k, 2¢, k; ¢
0 0 — — —_ —_— — — 0
J J J J J J
0 0 0 0 0 0 0 1 0
A= 0 k; Gt ki +ky ¢+ cy @ Cil 0 0
J J J J J
i=2(p—1)+1
0 0 0 .. .. ... ... 1 0 0
0 0 0 @ Cu ka + ku Cy+ Cup @ Cib
o J; Ji Ji J; Ji J;
i=2p+1
0 0 0 .. ... .. 0 0 0 1
ke Cip kw e +ep
0 0 0 — — —_— =
Jp Jb Jp Jb
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T, represents the dry friction torque plus the viscous damping torque associated with J, that is,
Th(x) = Tab((»bb) + be (x), (®)

T, = cp@, is the viscous damping torque associated with the contact of the bit (J) and the formation. This
torque approximates the influence of the mud drilling on the bit behaviour. T, (x) is the friction that models
the bit-rock contact and is now defined.

The bit-rock contact is proposed as a variation of the Stribeck friction together with the dry friction model
[13]. The dry friction model when ¢, = 0, is approximated by a combination of the switch model proposed in
Ref. [14] and the model in which a zero velocity band is introduced (Karnopp’s model [15]). Thus,

Te‘b (X) if |q)b| <DU: |T£‘b | < T‘Yb (StiCk)a
Ty, (x) = Ty, sgn(T,, (x)) if |yl <Dy, |Te,|> Ty, (stick-to-slip transition), 9)

So(@p)sgn(@y)  if @y =D, (sliding),

where D,>0, T,, is the reaction torque, that is, the torque that the static friction torque 7, must
overcome so that the bit moves, and T, = I, Wb Ry, with R, >0 the bit radius. The function f,(¢,) is
given by,

Fo(@p) = Rp W op i (@), (10)
where u,(¢,) is the bit dry friction coefficient and W,, >0 is the weight on the bit. p,(¢;) has the form,
1o @p) = [, + (g, — e, e/ 71701, (11)

where pu,, p,, are the static and Coulomb friction coefficients associated with inertia J, and 0<y, <1
is a constant defining the velocity decrease rate of Ty,. The constant velocity vy is introduced in order
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Fig. 3. Friction at the bit (7y,): (a) dry friction with an exponential-decaying law at the sliding phase, (b) switch friction model with a
variation of Karnopp’s friction model. ¢, (rad/s) bit angular velocity, Ty, = K, W o5 Ry (Nm) static friction torque, T, = Hey W, Ry (Nm)
Coulomb friction torque, D,>0.

to have appropriate units. Note that p,(p,), sy He, €(0,1) and s, > e, - The reaction torque T, is
given by

T, () = @, — @p) + ki@, — @) — Ty (9,)  if n=4, 1)
TN () — @)+ k(@) — @p) — Toy (@) if n>4.

The model in Eq. (9) depicted in Fig. 3(b) will be used for simulations. However, for the sake of simplicity, the
function

Ty, (0p) = Ro Wonlig, + (5, — t1,)e 771 Isgn(gpy), (13)

depicted in Fig. 3(a) will be used for analysis purposes.

The exponential decaying behaviour of the torque-on-bit T coincides with experimental bit torque values
and is inspired in the models given in Refs. [1,7,16].

The model in Eq. (3) with Eq. (13) is an n-dimensional discontinuous nonlinear system. The discontinuity
introduced by the bit-rock friction causes different system complex dynamical phenomena.

3. Effects of the WOB and the torque u on stick—slip and other bit phenomena. Sliding motion-based analysis

The influence of the pair (W, u) on the existence of stick—slip phenomenon and other non-desired bit
situations will be identified in this section. For this purpose, the existence of a sliding motion is shown, and it is
related to the presence of bit sticking phenomena. The drillstring sliding motion means that the bit is stuck.
The discontinuous model in Eq. (3) with Eq. (13) will be used.

An example of the stick—slip phenomenon appearing at the bit is shown in Fig. 4 for the system in Egs. (3)~(7)
with Eq. (13) with n =8, W,, = 100N, u = 8.3 Nm. The oscillations obtained for the drill pipe and the drill
collars associated with the stick—slip bit motion are in accordance with real drillstrings behaviour. The model
parameters used for the simulations presented along this section correspond to a reduced-scale model:

J,=0518kgm?, J, =0.0318kgm?, ¢, =0.0001 Nms/rad, k, =0.073Nm/rad,
¢, =001 Nms/rad, ¢, =0.18 Nms/rad, kyp=k, cp=co=c, kyg=k, J=Jp,
J=0025kgm’, g, =05, =08 R,=01lm, D,=10"° 17, =09, v =1 (14)

3.1. Sliding motion existence

The system in Eq. (3) with Eq. (13) can be written as a switching dynamical system:

. {f+(x, p) if 6(x)>0,
X =

f~(x,n) if o(x)<0, (15)
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Fig. 4. Dynamics for the system with n = 8 for the stick-slip situation: (a) angular displacements, (b) angular velocities. Xxi, (o) and
Xout (‘) are the points at which the system trajectory enters and goes out of the sticking region. bit angular displacement and velocity
(¢p, @), — angular displacement and velocity of the drill collars (¢;, ¢,), - - - angular displacement and velocity of the drill pipe (¢, ¢;),
-+ - top-rotary system angular displacement and velocity (¢,, ¢,).

where 6(X) = x, = ¢y, = Wy, x uc R* is a parameter vector, f7,f~ : R"*> - R" are smooth vector
functions. f7(x, Wy, u) = AX + Bu + Te(x)| ;. _p+ and £7(x, Wop, u) = Ax + Bu + T¢(X)|7, _7- . According
= fp Sb [

to Eq. (13),

be((Pb) = WObRb[:ucb + (.usb - .u(,'b)e_ 7b/Uf)[’bh]a

7 (95) = = WopRylutg, + (1, — p1, )/ 17], (16)
If the set

2={x € R": 6(x) = 0}, (17)

which is referred to as switching manifold, has a subset & C X attractive from both sides, a sliding mode may
occur [17]. If the system trajectory crosses the sliding region 2, it will evolve within £ until it eventually reaches
its boundary. The next proposition establishes that, in a certain state region, a sliding motion occurs for the
system in Eq. (3) with Eq. (13).

Proposition 1. Consider a system in Eq. (3) with Eq. (13). Then, there is a set & € R" in which the trajectories of
the system go into a sliding motion on a subset of X.

Proof. Let denote ¢ = (00 /0x)f(x, W ,, u) the time derivative of function ¢ along the system trajectories. ¢ has
the form:

1 .
J—b[Cz(xz — xa) + k(x1 — x3) — cpxg — Ty, (xq)] if n=4,

G=X=1q 4 (18)
J_b[ctb(xn72 = Xp) + kp(Xn_3 — Xu_1) — CpXp — be(xn)] if n>4.

It will be shown that there is a subset .% of R” where 6o <0, that is, a sliding mode can exist [17]. For the sake
of simplicity, only the case n>4 is taken into account.

Consider the two cases:

Case 1: 6<0. In this case, x,<0 and Ty, = T/T-b. Hence, 6 >0 in the set,

{X eR": |Ct/,xn—2 + ktb(xn—3 - xn—1)| <(Ctb + Cb)|xn| - T;b} (19)
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Case 2: 6>0. In this case, x,>0 and Ty, = T;rb Hence, 6 <0 in the set,
xeR": |ey,xn2 + k(a3 — Xn-1)| <(c + co)lxul + T} }. (20)
Combining both cases, 6o <0 is met in the set,
S ={xeR" ey, xXn-2 + kip(Xn—3 — Xn—1)| <(cup + ¢5)|Xn]
+ Ry W ablte, + (g, = e /1), @1
Since 60 <0 in the set &, a sliding motion takes place when the system trajectory hits X within this set. O

From the form of % in Eq. (21), the sliding region ¥ C X is obtained as the set,

(XD ko, — 0p) + eyl <y, WorRs)  if n=4, .
=\ X € 2 k(@) — op) + il <p, WapRs) if n>4. @2
Let 32 denote the boundary of £, and % = 05" UL with:
ot 60' +
02 =<xe2:—f"(x,Wyp,u)=0p,
ox
o do
02 =<xe2:—f(xX,Wyp,u)=05. (23)
ox
For the system in Eq. (3) with Eq. (13), it is obtained,
® Forn=4:
03" = (x € X ko, — 9) + cipy =, Wap Ry},
627 = {X S k[((pr - q)b) + Ct(nbr = _:u.yh WObRb}' (24)
® For n>4:
03" = (x € X1 kulp; — @p) + oy = tg, Wb Rp},
0% ={x € X kn(p— op) + capy = i, Wop Ry} (25)

The sliding motion can be described by x = fy(x, W, u), where f; is a vector field tangent to X for x € b A
can be calculated by means of the equivalent control method [17,18]. For the drillstring model in Eq. (3) with
Eq. (13), Ty, plays the role of the equivalent control and,

fS(Xa W0b5 u) = Ax + Bu + Tf(x)|Tf[7:r/‘b£’q’ (26)
where T, is the solution for T, of equation ¢ = 0, that is,

k[(@r - @b) + Ct(qbr - %) - qubb if n= 4’

. . 27
k(@ — @p) + (@) — @) — oy if n>4 27)

beeq(x) = {
The presence of a sliding mode makes necessary to distinguish different kinds of equilibrium points. The
change of properties of these equilibria will define different types of system bifurcations, and consequently,
different types of system behaviour which will be analysed in Section 3.2.

Definition 2 (Filippov [18], Cunha et al. [19]). X € R" is addressed as standard equilibrium point of the
system in Eq. (15) if there exists € R? such that f7(X, 1) = 0 or f (X, i) = 0. Let X € R", ji € R? be such that
fy(X, 1) = 0 and a(X) = 0. X is said to be a real quasi-equilibrium point if X € 2. If X¢ X, & is referred to as
virtual quasi-equilibrium point.
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By making fy(X, W, u) = 0, the quasi-equilibrium points on X can be calculated, and they have the
following form for each time the system trajectory enters X:

® Forn=4:

BH=%=0, % =—+0, (28)

® Forn=6:

. 1 1
Xi=\ -+ |uto,
t th
- u _
X3=k—+(pb. (29)
th
® For n>4:
n
x2l_05 1= 15 555

o —j+1 1 1 _ .
X2j1=(pj++l>u+(ﬂb, j=1,...,p, (30)

where @, is the constant value of ¢, during the time the trajectory of the system stays in 2, this value varies
every time the system trajectory enters again 2. See Fig. 4(a).

Proposition 3. The quasi-equilibrium point X given by Eqs. (28)—(30) is asymptotically stable.
Proof. In order to prove the stability of X, the following Lyapunov function is considered, which corresponds
to the sum of the kinetic and potential energy of the system on X:

® Forn=4:

V%, %) = ki — 50)° + T3] (31)

® Forn==6:

V(x,%) = Yk [(x1 — x3) — (%1 — 33) + k(3 — %3)? + S x5 4 IX3). (32)

® For n>o6:
V(x,%) = ke {[(x1 — x3) — (F1 — %) + [(x3 — x5) — (3 — %) + - -
+ [(Xn,7 - xn75) - (ch77 - in75)]2}
+ %ktl[(xn—S - xn—3) - ()Ncn—S - )?:11—3)]2 + %ktb(xn—B - xn—3)2

TS+ TG+ ) T (33)
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Fig. 5. Response of the system with n = 4 for a varying W, from 90 N to 150 N: (a) system trajectory in the space (¢, — @y, @,, Pp), ® Xin,
‘ Xout, Y quasi-equilibrium point (X), (b) angular velocities, — bit angular velocity (¢;,), = = = top-rotary system velocity (¢,).

with X1, ..., X,_3 as defined in Egs. (28)—(30). The derivative of V" along the trajectories of X = fy(x, W, 1) is:

® Forn=4:

V(x) = —(ci + ). (34)

® forn=06:
V(x) = —c,.xg — c,bxf1 — ¢ — xa4)*. (35)

® For n>6:
V(x) = —c,x% — ctbxﬁ_z — ¢/[(x2 — x4)2 — e — (X6 — xn_4)2] — cy(xp_g — x,,_2)2. (36)

Consequently, 7(x)<0. Due to the fact that V(x) = 0 only for x = X, by LaSalle’s invariance principle [20],
the quasi-equilibrium X is asymptotically stable. [

From the form of the sliding region %, important system characteristics can be concluded, mainly, the ones
referring to the stick—slip behaviour. First, the importance of the drill collars and the bit dynamics in the
presence of a sliding motion. Second, the influence of W, on bit sticking phenomena can be identified in the
following way. Considering u fixed and W, as a varying parameter, for each W, a different 3 is obtained,
consequently, a different periodic orbit is obtained. This fact is clearly noticed in Fig. 5(a) where different
periodic orbits are obtained for each W ; in the figure, a fixed u = 8.1 Nm is used. Furthermore, for a fixed u,
when W, is greater than a value, the bit is permanently stuck (Fig. 5(b)). In addition, the smaller W, is, the
smaller the sliding region 2 is, and the trajectory is less likely to enter the sliding domain. This explains the fact
that for a fixed u, reducing the W ,, makes the stick—slip phenomenon disappear, and when W, is too large
the bit is completely stopped. This is accordance with drillers’ experiences [1,11].

3.2. Identification of parameter regions for non-desired phenomena. bifurcations classification

Depending on variations of W, and u, three kinds of dynamical behaviour can be identified in the system
related to the switching manifold 2: (i) stick—slip at ¢,, that is, the trajectory enters and leaves repeatedly the
sliding mode, (ii) permanent bit stuck, that is, x(¢) € £, V1, (iii) the bit moves in a constant velocity, in other
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(a) (b)

T2 (1)

; *
(Wopmu®

Fig. 6. Regions where stick—slip is possible (shadowed reglons) (a) Region 4, in (x,-3,x,-2) with x € X, o3t , 02" (b) stick-slip
region 4 in the (W, u) space, ut = Hgy Ro W op (xe os" ) Wide-lined region corresponds to £. %,_3 is the (n — 3)th component of the
system quasi-equilibrium point, x}_5 is the intersection of 05" with Xp—a =0, (W?},,u*) are reference values of W, and u.

words, the trajectory moves towards an equilibrium outside X. Different regions in the state space and in the
two-dimensional parameter space (W, u) can be identified through the form of the sliding mamfold >

In Fig. 6(a), region & with the boundaries 05" and 03 is given. The study is focused on 027 due to the fact
that the points Xoy through which the system trajectories go out of 5 are near as™.

Two points are distinguished in Fig. 6(a) in the plane (x,_3, X,—2) = (¢;, ¢;): the (n — 3)th component of the
quasi-equilibrium point, %,-3, and x}_; denoting the intersection of 05" with Xn—» = 0, which has the
following form:

ts, WopRy
. SbT + (N if n= 4, +
xn—3 - Iqu WObRb + - lf ; >4 ( )
ko, P :

Note that if n = 4, the study would be restricted to the plane (¢,, ¢,).

Two key characteristics which determine transitions between different dynamical system behaviours are the
fact that X is asymptotically stable and the change of X from real to virtual, or viceversa. The real or virtual
characteristic of X can be identified by the distance between %,_3 and x_,, which depends on the difference

between u and T, = = U, W Ry. When %,_3 = x}_5, two reference values of u and W, are obtained:

W = i, WapRp, Wiy = ﬁ (38)
Consequently, the following relations can be established:
iel = —ttg, Wop Ry <u< i, W o Ro,
€0’ = u=u, Wk,
Xe€dX = u=—p, Wk,
X¢E = (W>p, WapRy) vV (u< — p, WopRy). (39)

A region in a neighbourhood of 05" where stick—slip oscillations are present (see Fig. 6(a)) can be defined
as:

={xeX: X' ;—n <xp3<xt 5 +1t} (40)

for some 5,5~ >0. The region identified in the plane (x,_3, x,_») can be translated into the two-dimensional
parameter space (W op,u) considering the relative position of &,_3 with respect to the boundaries of >, The
boundaries 02", 92~ are translated into the straight lines:

= .usb WobRb7 u = _;usb WObRb7
respectively. The region 4 C W, x u where stick—slip is present is obtained (see Fig. 6(b)). It is concluded that:

e For a fixed value of u, there exist constants ¢~ >0 and ¢* >0 such that:
(i) Wop> W3, +¢t = the bit is permanently stuck (x(¢) € X, V1).
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Fig. 7. Trajectory of the system in Eq. (3) with Eq. (13) with n = 8 in the space (¢; — @5, ¢/, ¢p)- 5 sliding region (shadowed region), 6§+,

05" boundaries of £ , ® Xin, Y quasi-equilibrium point (X). Parameters in Eq. (14) are used with W,, = 160 N, u = 8.3 Nm. The trajectory
of the system stays on .
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Fig. 8. Trajectory of the system in Eq. (3) with Eq. (13), with n =8 only for x € 2: (a) projection of the trajectories in (91, ),
(b) trajectories in the space (¢;, ¢;, @;). Stick—slip is fresent and X varies with time. The first three inputs to X are considered. 2; sliding
region for the ith input to ¥ (shadowed region), 65?,. N 62? boundaries of %;, & Xin, 4 Xout, Y quasi-equilibrium point ().

(i) Wi, —e <Wyu<Wj, +¢&" = stick-slip phenomenon at the bit.
(i) Wop<W?}, —e~ = the bit can move in a constant velocity (x(¢) can converge to X).
e For a fixed value of W, there exist constants p~ >0 and p* >0 such that:
(i) u<u* — p~ = the bit is permanently stuck (x(¢) € 2, V1).
(i) u* — p~ <u<u*+p* = stick-slip phenomenon at the bit.
(iii) u>u* 4+ pT = x(¢) the bit can move in a constant velocity (x(¢) can converge to X.),

with X, the standard equilibrium point of the system with positive rotary velocities. The smaller W7, and u*
are, the smaller ¢, ¢7, p™ and p~ are in order to have (W, u) € 4.

The types of dynamical behaviours described above have been identified in the system in Eq. (3) with
Eq. (13). In Fig. 7, the situation of permanently stuck bit is depicted. Here, the system trajectory hits the
sliding manifold only once and remains there, however, for other parameters, the system trajectory could hit £
several times before remaining on it.

Fig. 8 shows the stick—slip situation for n = 8 (see Fig. 4). It must be pointed out that the smaller W, is, the
smaller £ is and the less time the system trajectories lie on 2, i.e., the bit remains stuck during less time. &
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Fig. 9. Trajectory of the system in Eq. (3) with Eq. (13) with n = 8. It approaches X,. Parameters in Eq. (14) are used with W,, =40 N,
u=_a. 3Nm (a) angular velocities, — @, — @, - - - @y, -+ ¢,, (b) trajectory in the space (¢, — @p, @;, @p), 2 sliding region (shadowed
region), 62 05" boundaries of 3, e Xin, ‘ Xout, Y quasi- equlhbrlum point (X), X, standard equilibrium point.

varies with time, due to the change of x,_», x,—3 — x,—1 and @,, which are the states defining the sliding
manifold. Thus, & = Ui % with n;, the number of times that system trajectory enters 2.

Finally, Fig. 9 shows the desired situation when the drillstring is moving in a constant velocity. This is the
situation when the system trajectory moves further away 2 and approaches the equilibrium point (X).
The local stability of X, will be studied in Section 4.

The three situations observed in simulations can be explained by means of relations given in Eq. (39) and the
asymptotic stability of the quasi-equilibrium X:

® X € 2 and X is far away enough from 33", If the system is in the sliding motion, then the system trajectones
tend asymptotically to X and the bit is permanently stuck. Depending on the distance between X and 62
the trajectories ‘may enter and leave S several times before remaining on it.

e % is next to 05" (it can be inside or outside X). If the system is in the sliding motion, then when system
trajectories approach X, they can leave the sliding domain and tend to a system equilibrium point with
velocities greater than zero (X.). However, if they do not reach it, they can fall again into the sliding
domain. This is repeated contlnuously, and it gives rise to the stick—slip motion.

e X¢2 and it is far away enough from 05" If the system is in the sliding motion and the trajectories move
towards X, they can leave the sliding domain and fall into the domain of attraction of the system
equilibrium point xe for velocities greater than zero. As in the first situation, depending on the distance
between X and 037 , the trajectories may enter and leave X several times before converging to X..

To conclude with, a range of the weight of bit and the torque u for which bit stick—slip or permanent stuck bit
are present can be identified depending on drill collars dynamics, bit radius and bit-borehole friction
characteristics.

4. Assuring a desirable performance under fluctuating velocities and WOB by means of Hopf bifurcations
analysis

A desirable performance for the drillstring is that it moves in a constant positive velocity. In dynamical
terms, this means that system trajectories approach a standard equilibrium point with velocities greater than
zero. Therefore, the goal is to assure the stability of the system equilibrium under fluctuating parameters. In
this section, the local stability of the system standard equilibrium and the presence of periodic orbits around it
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due to Hopf bifurcations are studied. Ranges of velocities at equilibrium and the weight on the bit for which
Hopf bifurcations can appear will be identified.

4.1. Preliminary definitions

A new vector state will be defined in order to have a standard equilibrium point of the system with the same
equilibrium velocities and the possibility of choosing them greater than zero. Let define,

Pri =P = P15 Pjjr1 = Pj — Pigts Ppi = Pp = P15 Prp =P — Pps (41)
with j =1,...,p — 1, and p the number of drill pipes. The new vector state is:

. . . . .\T
X' = ((pra (pr,la ey (P/, q)jz/‘-ﬁ-la ey (Pp, (pp,lv ?ys Prp> (pb)

= (x’l,x’z,...,x;_l)T e R, (42)
where 7 is the dimension of the system in Eq. (3). Let consider ¢, = x),_, >0. The system is now rewritten as:
X'(1) = A'X'(t) + B'u + Ty(x' (1)), (43)
with:
1 0
7, ;
B=| %] me)=| o (44)
: TG
0 Jp

and A’ a constant matrix depending on system physical parameters. The dimension of the system in Eq. (43)
will be denoted by »/, therefore, X’ € R” with ” = n — 1. Note that »’ is an odd integer.
Let Q>0 be the rotary velocity at equilibrium. The system in Eq. (43) has an unique equilibrium point x’,
for each fixed Q which is the solution of the set of equations:
¢r=¢ = (Pp =@ = ¢, =£02,Q>0,
u— (e +¢)Q Ty (@) =0,

Q) = ey + T}, (Q),

_ _ nQ)y .
Pr1 = Pjjv1 =% Jj=1L...,p—1,
t
_ nQy Q)
Pp1 = k_tl’ Prp = k—rb’ (45)
with
u> 1y, Ry Wop, T}b(9)>o, vQ >0,
—+ —
T/, (Q) = WonRo[ue, + (1, — 1, )e /7%, (46)
Let consider a system of the form
x = f(x, w), (47)

where f: R” x R — R” is a smooth mapping, X € R” and ueR.

Definition 4 (Hale and Kogak [21], Liu [22], Seydel [23]). A system in Eq. (47) with an isolated equilibrium
point X', undergoes a Hopf bifurcation (HB) at X', when a simple pair of complex conjugate eigenvalues of the
Jacobian J(X'e, 1) crosses the imaginary axis from left to right, while all other eigenvalues have negative real
parts.
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Theorem 5 (Liu [22]). A system in Eq. (47) with an isolated equilibrium point X' undergoes a Hopf bifurcation
Jor p =i

M(@>0, M@),..., 4y o(D>0, a(@)>0, Ay ;=0 (48)
and
dAl‘l/—l (lu) ?é O, (49)
dp H=p

where A,(R) stands for the Hurwitz determinants of order i of the characteristic polynomial of J(X'e, Tt) and ay(f) is
the zero-order term of this polynomial. The condition in Eq. (49) is referred to as transversality condition. Under
conditions in Egs. (48) and (49), in any neighbourhood A of X'¢ and any given py>T there is a u* with |u*| <
such that the system has a periodic orbit in %U.

4.2. Presence of Hopf bifurcation points for the system of two degrees of freedom

From Theorem 5, the following proposition can be established. It defines the region of angular velocities Q
and parameter W, for which Hopf bifurcations are present in the drillstring for »’ = 3. Let consider the
characteristic polynomial of the Jacobian matrix of the system in Eq. (43) at the equilibrium point X, =

(@, Er,bﬂ Q) as: 23 + QQ;LZ +a A+ ay=0, (50)

with: 1
ay(Q, W) = Jb—J[Jr(Cb +c+ db(Q)) + Jp(er + ¢,

1
ai(Q, Wop) = ﬁ[cb(cr + ¢0) + ciler + dp(2)) + dp(Q)e, + ki(Jp + J))],

k
zM@Wm=ﬁ§m+q+@mn

dp(Q) = =W s Ry "2 (g, — pig, e /0%,
vf

Proposition 6. Consider a system in Eq. (43) with the vector state X' = (¢,, @, 5, ¢p)> @,>0, ¢,>0 and the

equilibrium point X', = (2,9, ,, Q) with Q € (0,Q] and Qr>0. Consider the characteristic polynomial of Eq.

(50) Let Qa Wob € R+ - {0} and AZ(Q: W()b) = al('Q> W()b) GQ(Q, Wob) - Cl()(Q, Wob)a %4—:{9 X Wob :

ao(Q, Wop) >0, ay(Q, Wop) >0} and Ho={Q x Wy, : A2(Q, W,p) = 0}. Then, for Qx Wy, € H N Hy the

system undergoes a Hopf bifurcation.

Proof. Conditions in Eqs. (48) and (49) of Theorem 5 will be checked. Considering 2 as a varying velocity,
relation 4, = 0 yields to W 5:

(1p2/v¢)

vfe
2VbRin'(Msb - .ucb)(cr + Cr)

where .o/, % depend on physical parameters.

The fact that (Q, W) € # . assures the complex eigenvalues to move from left (stability region) to right
(instability region) of the imaginary axis as W,, and Q are varied.

The condition in Eq. (49) must be also accomplished. For the system in Eq. (43), it takes the form:

da,(Q, W) 1 0/
S = E s Rel, — eV E] 20 (52)
ob AW, =Wop 5 b’ rf

Wopio = [/ £V AB), (51)

The condition in Eq. (52) is met for >0, which is the condition for W, to be real. Due to the exponential
function in Eq. (52), function d4,(Q, W,5)/d W 4| W o= st approaches zero as Q approaches infinity. As Q is
bounded by € from above, Eq. (52) will never equal zero.

In conclusion, a Hopf bifurcation appears for the set of values (Q, W) € # . N #y. O
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Fig. 10. (Q, W) for which locally stability of the equilibrium in Eq. (45) is met (wide-lined region): (a) Parameters in Eq. (14) are used, (b)
parameters in Eq. (53) of a real drillstring are used. '}, #, curves obtained making 4, = 0. Curve #; is the locus of Hopf bifurcation.

The bifurcation behaviour of the system with ' = 3 will be studied through the conditions of Proposition 6
for parameters in Eq. (14) and for more realistic parameters, taken from a real drillstring. The following
drillstring design is used [26]: (i) a drill pipe line consisting of one hundred pipe lines of 5 inches of outer
diameter (OD), 4.408in of inner diameter (ID) and 9 m of length; (ii) two units of drill collars of 62in and
18.60 m of length; (iii) stabilizers of 62 (ID), 124 (OD) and ].5m of lepgth; (iv) a heavy-weight drill pipe of 62
of diameter and 9.30 m of length; (v) a roller-cone bit of 62 (ID), 124 (OD), 1.5m of length. Thus:

J.=2122kgm?, J, =471.9698kgm>, R, =0.155575m, k, =861.5336 Nm/rad,
¢, = 172.3067 Nms/rad, ¢, =425Nms/rad, ¢, = 50 Nms/rad,
e, =05, p, =08, D,=10"%7y,=09, v, =1 (53)

For parameters in Eqgs. (14) and (53), Fig. 10 depicts the curves s and #°,, obtained making 4, = 0. The
curve # . N #Hy = # > 1s a locus of Hopf bifurcation points referred to as the Hopf bifurcation boundary. The
stability region of equilibrium point X’ is stated as the region below #, in which ay>0, a; >0 and 4, >0.

Bifurcation points must be avoided in order to have a desired performance of the system (no oscillations).
From Fig. 10, safe ranges of W,, and Q can be established. In order to drive angular velocities at the
equilibrium () to a desired value, a control mechanism can be added at the top-rotary system in order to
maintain ¢, to a desired value, and in consequence, the rest of velocities at the equilibrium (see Refs. [2,24]).

4.3. Multiple Hopf bifurcations for the generic model

Multiple Hopf bifurcations may occur in the system in Eq. (43) in a neighbourhood of the equilibrium point
in Eq. (45) for ' >3. In other words, an arbitrary number s of pairs of pure imaginary eigenvalues
iy, ..., i, with w;>0, Vj may appear. Then, periodic and quasi-periodic motions are likely to happen.

Different methods for the identification of multiple Hopf bifurcations have been proposed, for example, see
Ref. [25]. For the drillstring, these methods become untractable. This section proposes the prevention of these
bifurcations by avoiding the crossings of multiple complex conjugate eigenvalues through the imaginary axis.

Let consider the characteristic equation of the linearized system in Eq. (43) around equilibrium X/e:

a2 4+ aii+ag=0. (54)
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Fig. 11. Bifurcation diagrams varying W,, and u, for the system in Eq. (43) for Q>0 and parameters in Eq. (14): (a) # = 3, u = 8.1 Nm,
)y =3, Wo =8N, (c)n’ =7, u=8.1Nm, (d) ' =7, W,, = 60 N. — stable branch, — unstable branch, o periodic orbits, HB; Hopf
bifurcation points, LP turning points.

The solutions of Eq. (54) would be of the form 1 = +iw;, A=a € R, withj=1,...,(# — 1)/2 the number of
pairs of pure imaginary eigenvalues, if the following relations were met:

n—1
2

Then, (n’ — 1)/2 relations are obtained. Each of them establishes a second-order equation in W,, depending
on Q. The values of W,, and Q satisfying these relations should be avoided.

The region in which no Hopf bifurcation is present for the system with »' = 3 is a good estimation for this
region in case n’ > 3. This can be verified by means of the bifurcation diagrams with respect to parameters W,
and u depicted in Fig. 11 for the system in Eq. (43) in the cases n' = 3 and #’ = 7. The bifurcation diagrams
have been obtained by means of AUTO tool within XPPAUT [27].

In the bifurcation diagrams, a stable (the thickest one) and an unstable branches are given. The stable
branch represents the values of (W, Q) or (u, 2) for which the system converges to an equilibrium point;
whereas the unstable branch represents the values of the parameters for which the system has an unstable
equilibrium point. Two kinds of bifurcation points are given in the figures: (i) turning points (LP), (ii) Hopf
bifurcation points (HB). Periodic orbits are represented by circles, they emanate from Hopf bifurcation points.

Let consider the bifurcation diagram (W, Q), and let W, and W, be the values of W, corresponding
to the turning point of the unstable branch and the end point of the largest branch of periodic orbits,

a—ay_1ar =0, I=mW-1)-=2j, k=n-2j, j=1,...,

(55)



170 E.M. Navarro-Lopez, D. Cortés | Journal of Sound and Vibration 307 (2007) 152-171

(a) (b)

14 T T T T 14 T T T T T
12 + 1 12
10 t i 10 ¢
RN | E s
=, =
S 6 { T 6t
4 + 1 4
2 L 1 2
0 L L L L 0 L 1 1 L 1
0 50 100 150 200 250 0 50 100 150 200 250
Wob (N) Wob (N)

Fig. 12. Values (W, u) at which a Hopf bifurcation point can appear for the system in (43) with parameters in (14): (a) ' = 3, (b) ' = 7.

respectively. For values Wy < Wop < W, the system may present oscillations. Notice that bifurcation
diagrams for varying W,;’s are obtained for a fixed u. If a different value of u were used, different values of
(W op, Q) at which Hopf bifurcation points are located would be obtained, and consequently, different values of
Wb, and W, . This is confirmed by Fig. 12 where the values (W, u) at which a Hopf bifurcation point is
present are depicted. The graphics have been also obtained by means of AUTO tool within XPPAUT [27]. The
same conclusions can be given for bifurcation diagrams (u, Q). See Figs. 11(b) and (d), here, uy and u; are the
values of u corresponding to the turning point of the unstable branch and the end point of the largest branch
of periodic orbits, respectively. The interval uy <u<u; is a non-safe operation range for a fixed W,;. Notice
that 4y and u; are different for ' = 3 and n’ = 7 due to the fact that the bifurcation diagrams have been
obtained for a different fixed value of W, in each case.

To conclude with, the drillstring has a desired performance, that is, it moves in a constant velocity when: (i)
for a fixed u, W, is small enough, (ii) for a fixed W, u is high enough. This is accordance with results given
in Section 3, indeed, comparing Figs. 12 and 6(b), it can be seen that region A where stick—slip is present
intersects the values (W, u) where a Hopf bifurcation point may appear.

The identified ranges of W, the torque supplied by the top-rotary mechanism (u) and the rotary speed for
which the drillstring has a desired performance are in accordance with field drillers’ experiences [1,5,6,26].
Then, by means of the proposed analysis method of identifying bit sticking phenomena (Section 3) and
oscillations around a constant velocity (Section 4), it is possible to estimate the problematic parameter ranges
for a specific drillstring design.

5. Conclusions

Different bifurcations have been identified in an n-dimensional model of a conventional oilwell drillstring.
Stick—slip oscillations at the bit have been shown to be related to the presence of a discontinuous dry friction
modelling the bit—rock contact. The drillstring has been considered as a piecewise-smooth system and a sliding
motion has been shown to be present. Ranges of key parameters in any drilling operation, such as, the weight
on the bit (W), the motor torque given by the top-rotary mechanism (#) and the rotary speed have been
identified lest non-desired oscillatory phenomena appear in the system. Changes in drillstring behaviour have
been interpreted as different bifurcations types. Not only system parameters changes have been shown to play
an important role in the bifurcation behaviour, but also the characteristics of system equilibria.

Based on the analysis carried out, control methodologies can be designed in order to maintain system
parameters within the proposed safe operation ranges. Finally, the analysis proposed can be applied to other
mechanical systems exhibiting stick—slip oscillations which are described by similar models to the one studied
in this work.
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