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Abstract: Two approaches to the problem of calculating the binding energy BA of a 
A-particle in nuclear matter are discussed. The first method is via the Bethe- 
Goldstone equation for the problem in the independent-pair approximation. The 
second method is a Green-function formulation which sums the ladder diagrams 
for the self-energy of the A-particle. Using an S-wave separable potential fitted 
to the AN scattering data, exact analytic expressions for BA are found for both 
methods and compared. The relation between the two approaches is discussed 
and it is shown how to extend the Green-function formulation to include the effect 
of the higher-order cluster diagrams, contributing to the A-particle self-energy, 
in a consistent manner. It is pointed out that this approach provides a more sys- 
tematic formulation than the usual extended Bethe-Goldstone approach. The 
model AN hard core problem is also investigated in the Green function approach 
in an appendix: the ground-state energy is rederived and expressions are found 
for the effective mass and damping of the A-quasi-particle up through terms of 
order (kFa)2. 

1. INTRODUCTION 

The purpose of this paper is to compare two methods for computing the 
binding energy for a A-particle in nuclear matter; where the A-particle 
thus plays the role of an impurity. Since it is distinct from the nucleons, it 
will be at rest in the ground state, as the exclusion principle applies only 
to the nucleons. Nuclear matter is considered to consist of equal numbers 
$A of protons and neutrons interacting via purely nuclear forces, i.e. the 
electromagnetic interaction is assumed to be ‘switched off’. The binding 
energy BA is defined by - BA = lim (EA+A- EA), where EA is the ground 

A-+m 

state energy of a self-bound quantity of nuclear matter, and EA+A is the 
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energy of the self-bound system formed by adding a A-particle. Since the 
nuclear matter is assumed to be in equilibrium before the A-particle is 
added (i.e. k3E/C+V = 0), we calculate B A by assuming the addition occurs at 
constant volume. 

There are two possible reasons for considering this problem. The first 
is to test our theories of nuclear matter, by assuming that the AN interac- 
tion is known and comparing the theoretical value of BA with the experi- 
mental value [l-4]. Alternatively, we may consider that our theories of nu- 
clear matter are sufficiently precise to use the known value of Bn as a 
means of learning about the AN interaction. Whilst this second reason is 
propably the more valid, and provides the philosophy behind most recent 
work on the subject, in the present paper we take the first view. 

Since the exact many-body problem is so complicated, one has to resort 
to approximate calculations. The philosophy behind this paper is that it is 
of interest to compare two such approaches. 

The first method we shall consider is via the Bethe-Goldstone equation 
in the independent-pair approximation [ 1, 5-71. Essentially this method 
seeks to solve the two-particle Schrodinger equation in the presence of the 
rest of the nuclear matter, which is supposed to act as a background whose 
sole function is to restrict the states available to the interacting pair, 
through the exclusion principle. Henceforth we shall refer to this method 
as the BG method. 

The other approach we consider is a Green-function method where the 
AN ‘ladder diagrams’ for the A-particle proper self energy, C(p) * are 
summed as Feynman diagrams, and the binding energy BA is found from 
solving [8] -BA = C(0, -Bh). This is the method pioneered by Galitskii [9] 
for singular (e.g. hard-core) interaction potentials, henceforth referred to 
as the G-method. 

Our aim is thus, not to make thoroughly realistic calculations in either 
approach, but instead to use a model which is both tractable and close 
enough to the real world to enable us to make an meaningful comparison. 
To do this, the form chosen for the AN interaction potential is a spin- and 
isospin-independent, central, S-wave, separable (and hence non-local) po- 
tential. Such a choice enables us to find an exact analytic solution in both 
cases. To the knowledge of the author, the first exact solution to the Ga- 
litskii approach for nuclear matter is presented here within the scheme 
outlined above, but without assuming any small parameter in order to make 
a perturbation expansion. 

Our philosophy is to do as good a job as possible using just two-body 
forces, and the potential is chosen so that we can make a direct compari- 
son of the two methods. The G-approach treats the thermodynamics of the 
problem correctly and the binding energy calculated is really the chemical 
potential of a A-particle in nuclear matter to the same approximation to 
which the self energy is calculated. Thus an exact Green-function approach 
would include all the so-called rearrangement energy terms. We shall show 

* The notation for four-vectors is p = (p, PO). and our system of units is such that 
E-c-1. 
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explicitly in our model and quite generally that the BG method gives asymp- 
totically the same value for B* as the G-approach as the density of nuclear 
matter approaches zero. 

In sects. 2 and 3 the two methods are described and the equations for BA 
derived. The AN interaction potential used in the calculations is described 
in sect. 4 and the results of the calculation in sect. 5. In sect. 6 and appen- 
dix A the relations between the two approaches are discussed, and in sect. 
‘7 a procedure is given to extend the G-approach to calculate the higher-or- 
der cluster contributions to BA. It is pointed out that this procedure, using 
Feynman diagrams, is much simpler to handle than the extended BG ap- 
proach using Goldstone diagrams where the self-consistency requirements 
are difficult to build in. In outlining the procedure for calculating higher- 
order contributions we do not restrict ourselves to separable potentials. In 
appendix B, the full power of the G-approach is demonstrated, where we 
consider a pure hard core AN interaction potential and derive results for 
the effective mass and damping of the A-quasi-particle. 

2. BETHE-GOLDSTONE (BG) METHOD 

It is assumed from the outset that only AN two-body forces are impor- 
tant. Further we make the independent-pair approximation [‘?I, where each 
AN pair is treated independently and the rest of the nuclear matter is sup- 
posed not to affect the (virtual) scatterings of the pair, except to define the 
volume in momentum space in which final states are available (i.e. the ex- 
clusion principle is taken into account properly). Also the background of 
nuclear matter acts to define a momentum-dependent potential in which the 
nucleon of the scattering pair moves. This single-particle potential is 
taken into account crudely but in a self-consistent manner by the effective 
mass approximation. We assume that the A-particle acquires no effective 
mass in this manner, because the two dominant mechanisms which produce 
one in the pure nuclear matter case are absent for the A-particle, since no 
exclusion principle acts to produce any exchange integrals and any exchange 
forces are neglected. (In the physical situation exchange forces could occur 
through K-meson exchange). 

The two-particle Hamiltonian is 

where ? is the kinetic energy operator. W -N 
,. ^ 

= WN(~N) is the momentum- 
dependent potential acting on the nucleon. In the effective mass approxima- 
tion 

i2 N ~N+~N=Wo+ m-7. 

2mN 

Let + represent the two-particle wave functions satisfying 

I@=EIC/. (2.1) 
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The  func t ions  a n  a r e  the  p r o d u c t s  of p lane  w a v e s  s a t i s fy ing  

I?to an : En an • (2.2) 

Since  the func t ions  a n  f o r m  a c o m p l e t e  set ,  we can m a k e  the expans ion  

- -  • 

n 

F r o m  eqs.  (2.1) and (2.2): 

( a n  [ VANISh) : (E - En) (anl  ~) 

and hence  

I~)  = l a o ) +  ~ 14~n)(C~nlVAN t~)  
n ¢0 (E - Eo) - (E n - Eo) ' (2.3) 

w h e r e  we n o r m a l i z e  ( 0 o 1 ~ )  = 1. 
When we c o n s i d e r  the F e r m i - s e a  b a c k g r o u n d  which is a s s u m e d  f i l led  

( z e r o - t e m p e r a t u r e  l imi t )  and f o r m  the p r o p e r l y  a n t i s y m m e t r i z e d  to ta l  
wave  func t ion  of al l  A nuc leons  p lus  the  A - p a r t i c l e ,  i ts  e f fec t  is to  exc lude  
all  s t a t e s  l an )  f r o m  the  sum  in eq. (2.3) with nuc leon  m o m e n t u m  l e s s  than  
the  F e r m i  m o m e n t u m  k F.  

Since VAN is  a funct ion  only of the r e l a t i v e  c o o r d i n a t e  of the p a i r ,  and 
hence  t he i r  to ta l  m o m e n t u m  is c o n s e r v e d ,  we can  t r a n s f o r m  to the c .m .  
f r a m e  w h e r e  

and wr i t ing  

P =  k A + k  N , / ~ -  

rn N I¢ A - m A k N 
k =  

m A + m  N 

rn~-, l X N + m  A x A 

m A + m N 

, x =  X A - X  N , 

1 
= ~2-2 exp( i  P . R ) ~ ( x )  , 

w h e r e  g2 is the n o r m a l i z a t i o n  vo l um e ,  we f ind 

e ~*  i t ' . x  ( t ' [ V [ ~ )  
t ~ p , k ( X )  = i k . x  + f ~ o ( I r n A  P - t '  I - k F )  e K2 - t '  2 2 p * ,  (2.4) 

w h e r e  t~* = rnArn~/(rn A + rn~) is  the r e d u c e d  e f fec t ive  m a s s  and the  s t ep -  
func t ion  
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K 2 = k 2 + d3x e - i k ' x  2p* V ( x ) @ p , k ( x )  . (2.5) 

F r o m  eq. (2.5), in the l imi t  ~2 -* oo of a l a r g e  vo lume  of n u c l e a r  m a t t e r ,  
K 2 - k  2 -~ 0, s ince  V r e p r e s e n t s  a f o r c e  of f ini te  r ange .  Hence ,  s ince  the 
d e n o m i n a t o r  in eq. (2.4~ n e v e r  goes  to  z e r o  except  exac t ly  at  the F e r m i  
s u r f a c e ,  we r e p l a c e  K z by k 2. It is  we l l -known tha t  th is  is not  a good ap-  
p r o x i m a t i o n  in the c a s e  of s u p e r c o n d u c t i n g  f e r m i o n  s y s t e m s .  Since the en-  
e r g y  gap in n u c l e a r  m a t t e r  is known to  be s m a l l  [10], we m a y  sa fe ly  m a k e  
the  a p p r o x i m a t i o n  in our  d i s c u s s i o n  w h e r e  we a r e  c o n c e r n e d  only with the 
b inding  ene rgy .  

Def in ing  F o u r i e r  t r a n s f o r m s  f ( t )  = f e - i  t . x  f ( x ) d 3 x  and wr i t ing  
u = 2 p ' V ,  eq. (2.4) b e c o m e s  

o(1  I-kF) 
~ ( t , k ;  P)  = (2~) 3 6 ( t - k )  + k2  - t 2 + i  E 

f d3t '  ( t lu  I t ' }~( t '  k ; P )  (2.6) 
× ~ (2~r)3 ' ' 

w h e r e  the pos i t i ve  in f in i t e s ima l  e is i n t roduced  as  usua l  fo r  s c a t t e r e d  
w a v e  s .  

The  e n e r g y  shif t  p e r  p a i r  is now given by 

1 f d3t (k  I yl t } ~ ( t , k ; t Y  ) (2.7) AE(k, P)  = ~ J (2~)3  ' 

and the to ta l  e n e r g y  shif t  f o r  the A - p a r t i c l e  is 

.d3k N 
- B A ( k  A) = 4aJ i27r )  3 O(k F -  kN)AE(k , P)  , (2.8) 

w h e r e  the f a c t o r  4 in eq. (2.8) a c c o u n t s  fo r  the  four  spin and i sosp in  d e g r e e s  
of f r e e d o m  p e r  nucleon.  

If we now c o n s i d e r  a s e p a r a b l e  po ten t ia l  of the  f o r m  d i s c u s s e d  in sec t .  4 

i[2 mAre N 
<kl vlk'> Xv(k)v(k') ; p - m A + m N  , (2.9) 

eqs .  (2.6)-(2.8)  a r e  r e a d i l y  so lved  in the c a s e  k A = 0 to give 

- B  ( B G ) : 4 ~ t *  f d3k O(k F- k) v 2 ( #~* k) 
2U* J(27r) 3 m~q 

v2(k,)O( 1~* ~_ t., _~ 
× [ 1  + X * (  d3k'  Irn A -  " P ~ F / ~ - I  
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where 

k, P* 
P 

for the binding energy BA(BG) = BA(0 ) for a A-particle at rest in nuclear 
matter. It is important to note that this can now be evaluated exactly. 

3. G A L I T S K I I  (G) METHOD 

We de f ine  a A - p a r t i c l e  G r e e n - f u n c t i o n  p r o p a g a t o r  a s  

GA(X- x')afi = -i (A I T(Aa(x)A~(x')) IA) , 

w h e r e  An(x) i s  the  H e i s e n b e r g  o p e r a t o r  f o r  the  A - f i e l d ,  and  iA) i s  the  ex -  
a c t  n u c l e a r  m a t t e r  H e i s e n b e r g  g r o u n d  s t a t e .  T h e  n u c l e o n  p r o p a g a t o r  G N i s  
d e f i n e d  s i m i l a r l y  in the  u s u a l  way.  T h e  func t ion  G A d e f i n e d  a b o v e  p r o p a -  
g a t e s  on ly  f o r w a r d  in t i m e ,  and  in t e r m s  of the  u s u a l  p r o p e r  s e l f  e n e r g y  
~(p) ,  G A t a k e s  the  f o r m  

p 2  1 " 
GA(P)ai~ = [Po - 2m A - Eag(P) + iT]- e ~p°E 5aft , 

w h e r e  ~?, E a r e  p o s i t i v e  i n f i n i t e s i m a l s .  
We now m a k e  the  a p p r o x i m a t i o n  t h a t  t he  only F e y n m a n  g r a p h s  we k e e p  

f o r  E a r e  the  l a d d e r  d i a g r a m s  shown in f ig .  1. T h e  e x p a n s i o n  i s  m a d e  in 
t e r m s  of G~, the  u n p e r t u r b e d  A - p a r t i c l e  p r o p a g a t o r ,  w h e r e  Eafi(kA) : 0, 
and  in t e r m s  of the  s e l f - c o n s i s t e n t  n u c l e a r - m a t t e r  n u c l e o n  p r o p a g a t o r  G N. 
We a s s u m e  tha t  G N i s  known f r o m  s t u d i e s  of n u c l e a r  m a t t e r  and  m a k e  the  
s i m p l i f y i n g  a s s u m p t i o n  a s  b e f o r e  tha t  the  n u c l e o n  s i n g l e - p a r t i c l e  e n e r g i e s  
a r e  g iven  by  c(k) = W o + k2/2 m~, g i v i n g  G N a s  

k2 
GN(k) = [k o -  W o -  - - +  i T s g n ( k - k F )  ] -1  eiPo e. 

We now de f ine  a func t ion  F which  s u m s  the  AN l a d d e r s  f o r  m u l t i p l e  
s c a t t e r i n g s  b e t w e e n  the  p a i r  a s  shown in f ig.  2a.  T h i s  B o r n - L i o u i v i l l e  s e -  
r i e s  f o r  F can  be  s u m m e d  d i a g r a m a t i c a l l y  a s  in f ig.  2b which  c o r r e s p o n d s  
to  the  i n t e g r a l  equa t ion  

~.. ( k^ )  = 

^ A 

= VAN ; - - - - - ) - - - -  : G A "~ ) : G N 

Fig. 1. The ladder  d iagrams  for the A-par t i c l e  p roper  se l f -energy.  
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(a) 

(b) 

Fig. 2. (a) The AN scat ter ing d iagrams,  (b) summed d iagramat ica l ly  as the Bethe- 
Salpeter  equation. 

iF(Pl, P2; P3, P4) : i v ( p l ,  P2;  P3, P4 ) - / ~ -  F ( P l  - q, P2 + q; P3, P4 ) ~(2~) 4 

× G N ( P 2 + q ) G ° A ( P l - q ) V ( P l - q , p 2 + q ; p 3 ,  P4 ) , (3.1) 

which  i s  the  B e t h e - S a l p e t e r  equa t ion  fo r  t h i s  p r o b l e m .  S ince  the  t o t a l  m o -  
m e n t u m  of the  p a i r  i s  c o n s e r v e d ,  F can  be  w r i t t e n  a s  a func t ion  of t h r e e  
m o m e n t u m  d i f f e r e n c e s .  I t  i s  c o n v e n i e n t  to  t r a n s f o r m  to  the  c . m .  f r a m e  
w h e r e  

P = P l  + P2 = P3 + P4 p _ 1 ( m~q P l  - mAP2) 
m A + m N 

1 m A-  m ~  
P'  - mA+ m ~  ( m N P 3 -  mAP4 ) ' a - - -  , 

mA+ m~I 

(Pl VI P') = V(PI ,P2;  P3, P4) • 

If we de f ine  a new func t ion  X, by  

( d3q ( p L V I q ) x ( q , p , ; P )  (3.2) 
r ( p ,  p,; P) =- r (p l ,P2;P3 ,P4  ) : J ¢ 2 ~  

t hen  i t  i s  obv ious  f r o m  eq. (3.1) t ha t  × s a t i s f i e s  the  i n t e g r a l  equa t ion  

×(p, p ' ;  P) = (27r) 3 5 (p '  - p )  + i [  dp°  G~(½(1 +a)P+P)Gs(½(1 - a )P-  p) 
d 27r 

× f  d3q ( p [ V [ p - q )  x ( p - q  p ' ; P )  (3.3) 
(2n)3 ' , 

T 
and  tha t  F d o e s  not  d e p e n d  on Po o r  Po a s  w r i t t e n  e x p l i c i t l y  in eq. (3.2) 
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Replacing the p ropaga tors  in eq. (3.3) by thei r  explicit  fo rms ,  and de- 
fining 

p2  
E:Po-2( A Wo,  

we find 

×(p, p'; P) = (2~) 3 6(p'-p) + 
8(1½(1- a) P - p ] - k F )  

p2 
(E - -  + iV) 

2p* 

× f ( 2 ~  d3q ( P l V I q ) x ( q , P ' i P )  

and hence, f rom eq. (3.1) 

2tJ.*F(p, p';  P) = ( p  l u ] p ' )  + j i2~)~ ( p  d3k' 0(t½(l~-k,2+i~?-a)P- k '  I-kF) 

(3.4) 

(3.5) 

× 2 # * F ( k ' , p ' ; P )  , (3.6) 

where  

e = 2/~*E ; u = 2 p * V  . 

If we now assume  a separab le  potential  given by eq. (2.9), then eq. (3.6) 
can be solved explicit ly to give 

2/~* r (p ,  p' ;  P) = ~t * v (p )  v ( p ' ) D -  l(p) , 

where  

d3k , ~( [½(1- a ) P -  k '  I-kF) v2(k,) . 
D(P) : l - X *  f (2~)3  e _ k , 2 + i ~  ? 

Now, in t e r m s  of the function F,  the se l f - ene rgy  ~ is given by 

~(p) = -4i f d4k- GN(k)r(P, k ;p ,  k) 
(2~) ~ 

(3.7) 

where  

d4k 
= -4 i  f,-z~_,a GN(k )F(q ,  q; P) , (3.8) 

1 ( m h p  - mAg ) ; q : P : p + k  . 

The A-quas i -pa r t i c l e  energy spec t rum is given by the poles  of the prop-  
agator  and according to Burkhardt  [8] we can identify -B A with the energy 
of a A-quas i -pa r t i c l e  at r e s t  ( p  = 0) .  Thus, B A is given by the solution to 
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-B A : ~ (0 , -BA)  . (3.9) 

If we now put in the explicit fo rm for GN(k), and observe  that cons idered  as 
a function of ko, D(P) is analytic in the upper half-plane when p = 0 ,  we 
find 

_B(A G) =4~* f d3k O(kF _ k) v 2 ( t~: k'~ 
2/:~* " (2n)3  

which is an implicit  equation for B (G), and should be compared  with eq. 

(2.10) for  B~ t~G).'~ 

4. THE AN SEPARABLE INTERACTION 

The rea l  AN interact ion is p resumably  approximately  local,  of short  
range,  and includes a hard core  of about the same radius as  the NN inter-  
action [11]. It a lmost  cer ta inly  contains non-cen t ra l  fo rces  [4] and is 
slightly spin dependent [12]. The latest  evidence [12] indicates that its 
s t rength may be reduced in odd angular  momentum par t ia l  waves. 

We have seen that it is very  convenient to use a separable  potential 
however,  in o rde r  to obtain an exact solution for the binding energy.  We 
shall use a one - t e rm,  S-wave,  separable  potential which is capable of re -  
producing the effects of the hard  core  in the range of energ ies  with which 
we a re  concerned.  Such a potential is, of course ,  ve ry  overs impl i f ied  but 
contains the mos t  important  aspec ts  of the real  interaction.  We insist  that 
the potential fit such low energy AN sca t te r ing  data as is available [13, 14], 
including the sca t te r ing  length and effective range. 

In momentum space the S-wave interact ion is given by eq. (2.9) where 
k and k '  a re  the initial and final re la t ive momenta.  It is readi ly  shown that 
the S-wave phase shift 5o(k ) is then given by 

7t 
[1 + - -  G(k)] 

k ctg 5o(k ) = -4~ 27r2 ~ 1 ½rok 2 (4.1) 
Xv2-k "() ao ~ , 

where G(k) is the pr incipal  value (P.V.) integral  

G(k) : P.V. ~ dq q2v2(q) (4.2) 
q2_ k2 ' 

0 
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and whe re  eq. (4.1) a l so  de f ines  the l o w - e n e r g y  s c a t t e r i n g  p a r a m e t e r s  a o 
and  r o. 

We now use  an idea  of T a b a k i n  [15] to a l low for  both a t t r a c t i o n  and  r e -  
p u l s i o n  in the  o n e - t e r m  po ten t i a l .  The  b a s i c  idea  is  tha t  the pha se  shif t  5 o 
g iven  by eq. (4.1) wil l  not  in g e n e r a l  change  s ign  (which m u s t  o c c u r  for  a 
r e a l i s t i c  p o t e n t i a l  which  i n c l u d e s  a h a r d  c o r e  and  an  a t t r a c t i v e  tai l )  wi thout  

! ~  which is  not a l lowed  for  an unbound  s y s t e m  such  as  AN. p a s s i n g  th rough  2 , 
However ,  we can  a r r a n g e  for  the n u m e r a t o r  of eq. (4.1) to v a n i s h  at  s o m e  
m o m e n t u m  k c if we i m p o s e  a l so  that  v(kc) = 0, and  the  r a t i o  

C(kc)] [1+2  
= 0 . ( 4 . 3 )  

v2(kc) 

T h u s ,  if we can  choose  a func t i on  v(k) which s a t i s f i e s  both of t h e s e  condi -  
t i o n s ,  we m a y  avo id  the phase  shif t  of 2 and p r o d u c e  i n s t e a d  the s ign  
change  expec t ed  of a po t en t i a l  with s h o r t - r a n g e  r e p u l s i o n  and an  a t t r a c t i v e  
t a i l .  

Us ing  a s i m p l i f i e d  f o r m  of a s u g g e s t i o n  by T a b a k i n  [15] we choose  

v(k) : (k2c - k 2 ) / ( k  4 + a 41 . 

The  v a l u e s  of a, k c and  ~ a r e  f ixed by u s i n g  the cond i t i on  g iven  by eq. (4.3) 
and f i t t ing  to the l o w - e n e r g y  s c a t t e r i n g  p a r a m e t e r s  a o and r o. The  e x p e r i -  
m e n t a l  da ta  is  such  that  the p a r a m e t e r s  a o and  r o canno t  be e va l ua t e d  un-  
a m b i g u o u s l y .  We use  the v a l u e s  of H e r n d o n  and T a n g  [12] who a s s u m e  a 
h a r d  c o r e  in  the AN po t en t i a l  in the r e d u c t i o n  of t h e i r  data .  The  m e a s u r e d  
s c a t t e r i n g  a m p l i t u d e  can  be w r i t t e n  in t e r m s  of s i n g l e t  and  t r i p l e t  compo-  
n e n t s ,  f l  and f 3  r e s p e c t i v e l y ,  a s  

f = ~ ( f l  + 3f3) + ¼ ~A" (~N(f 3 - f l )  . 

In a s p i n - s a t u r a t e d  s y s t e m  as  n u c l e a r  m a t t e r ,  the s econd  t e r m  i s  ze ro .  
S ince  in  the a n a l y s i s  of H e r n d o n  and  T a n g  the  p a r a m e t e r s  for  s i n g l e t  and 
t r i p l e t  s t a t e s  a r e  n e a r l y  the s a m e ,  and  s i nc e  the t r i p l e t  v a l u e s  (which a r e  
s e e n  to be weighted  t h r e e  t i m e s  as  heav i ly  a s  the  s i ng l e t  va lues )  a r e  b e t t e r  
known than  the  s i ng l e t ,  we u s e  t h e i r  t r i p l e t  v a l u e s  

a o = -2 .25  fm ; r o = 3.40 fm . 

F o r  our  cho ice  of p o t e n t i a l ,  G(k) can  be e v a l u a t e d  a n a l y t i c a l l y  as  

• 
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i t ia l ly  at r e s t  and the A-pa r t i c l e  of momentum PA in the lab f rame.  The solid curve 
is the theoret ica l  predict ion using the separable-potent ia l ;  the exper imental  points 

a re  from Alexander et al.:  • ref .  [13] and • ref .  [14]. 

T h e  c o n d i t i o n  e x p r e s s e d  by eq. (4.3) i m p l i e s  

- 1 6 ~ r 2 a  5 

a 2 - kc  2 

and  we f ind  

1 a(  a2 - 3k2) ( 5h4 + a4) 

- a~o= 4~/~k2c ' r o -  2 ~ / ~ a k  4 

T h e s e  t h r e e  e q u a t i o n s  have  s o l u t i o n  

a =  2 . 3 2 8  f m  - 1  , k c = 1 . 1 4 0  f m  - 1  , X = - 1 1 8 0  f m  - 3  . 

In f ig.  (3) we p lo t  v (k )  and  the  e x p r e s s i o n  [ 1 + ( ~ / 2 ~  2) G(k)],  and  in f ig.  4 
t he  p h a s e  sh i f t  5o(k) ,  wh ich  h a s  the  f o r m  e x p e c t e d .  
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A s  an i n d e p e n d e n t  c h e c k ,  we p lo t  in f ig .  5 t he  t o t a l  c r o s s  s e c t i o n  in the  
l a b  f r a m e  w h e r e  the  n u c l e o n  i s  a t  r e s t .  It  i s  s e e n  to  a g r e e  we l l  wi th  the  e x -  
p e r i m e n t a l  p o i n t s ,  t a k e n  f r o m  A l e x a n d e r  et  a l .  [13,  14]. 

5. RESULTS 

T h e  f o l l o w i n g  p o i n t s  shou ld  be  no ted ,  c o n c e r n i n g  eqs .  (2.10) and (3.10) 
f o r  the  b ind ing  e n e r g y  BA, by  the  two m e t h o d s :  

(i) I t  i s  a p p a r e n t  t ha t  the  BG m e t h o d  i s  b a s i c a l l y  the  l o w - d e n s i t y  
(h F -~ 0) l i m i t  of t he  G - m e t h o d .  T h i s  po in t  i s  i l l u s t r a t e d  by f ig.  6. 

2 4  

20 B*G 
> 

( ~ G 

~ 8 _z 

z- i ra 4 

, ~ 1  L i , i , 
0 0.4 0.8 1.2 1.6 

FERMI MOMENTUM k F (fro " l )  

Fig.  6. The binding energy B A as a function of the F e r m i  momentum k F at a nucleon 
effective mass  m~q = 0.65r~ N. The curve G is from the Gal i tski i  method; the curve 

BG from the Bethe-Goldstone method. 

(ii) F u r t h e r ,  the  BG r e s u l t  i s  a s m a l l  p a r a m e t e r  a p p r o x i m a t i o n  to  the  
G - r e s u l t ,  in the  s e n s e  tha t  when e i t h e r  m~q//m N o r  the  s t r e n g t h  of  the  po -  
t e n t i a l  (~) g o e s  to  z e r o ,  t he  two m e t h o d s  a g r e e .  See  a l s o  f ig .  (7) in r e l a t i o n  to 
the  f i r s t  of t h e s e  a s s e r t i o n s .  

( i i i )  T h e  s o l u t i o n  of the  G - m e t h o d  a l w a y s  g i v e s  l e s s  b ind ing  t han  the  s o -  
lu t ion  of t he  BG m e t h o d .  

(iv) F o r  s u f f i c i e n t l y  n e g a t i v e  v a l u e s  of k ( a t t r a c t i v e  t a i l )  i t  would  a p p e a r  
t ha t  the  f a c t o r  in s q u a r e  b r a c k e t s  in eqs .  (2.10) and  (3.10) can  go to  z e r o .  
T h i s  s i t u a t i o n  i s  c l o s e l y  r e l a t e d  to  the  p h e n o m e n o n  of C o o p e r  p a i r i n g ,  and  
shou ld  i t  a r i s e ,  wou ld  be  an  i n d i c a t i o n  of the  i n s u f f i c i e n c y  of the  a p p r o x i -  
m a t i o n s  m a d e .  In f ac t  t h i s  f a c t o r  was  a l w a y s  p o s i t i v e  in t h e s e  c a l c u l a t i o n s .  

(v) If ~ i s  t r e a t e d  a s  a s m a l l  p a r a m e t e r ,  and  B A i s  e x p a n d e d  in p o w e r s  
of ~, the  two m e t h o d s  a l w a y s  a g r e e  t h r o u g h  s e c o n d - o r d e r  t e r m s .  In  a p p e n -  
d ix  B we show t h a t  t h i s  i s  the  c a s e  a l s o  f o r  a l o c a l  h a r d  c o r e  p o t e n t i a l ,  and  
in s e c t .  6 t ha t  t h i s  i s  a g e n e r a l  p r o p e r t y  of t he  two s o l u t i o n s  f o r  a l l  (not  
j u s t  s e p a r a b l e )  p o t e n t i a l s .  
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Fig. 7. The binding energy B A as a function of the nucleon effective mass  rn N evalu- 
ated at a Fe rmi  momentum k F =1.35fm -1 . The curve G is from the Gali tski i  method; 

the curve BG from the Bethe-Goldstone method. 

A f t e r  the  t r i v i a l  c o n v e r s i o n  of eqs .  (2.10) and  (3.10) to  doub le  i n t e g r a l s ,  
the  p o t e n t i a l  d e s c r i b e d  in t he  l a s t  s e c t i o n  was  i n s e r t e d ,  and  the  i n t e g r a l s  
p e r f o r m e d  n u m e r i c a l l y  on a c o m p u t e r .  A r e a s o n a b l e  v a l u e  f o r  t he  n u c l e o n  
e f f e c t i v e  m a s s  in n u c l e a r  m a t t e r  a t  the  F e r m i  s u r f a c e  i s  m ~  = 0 .65raN,  a s  
shown in r e f .  [5]. U s i n g  t h i s  v a l u e  f o r  raN, t he  v a l u e s  f o r  B A a s  a func t ion  
of k F a r e  shown in f ig .  (6) f o r  the  two m e t h o d s .  At  the  e q u i l i b r i u m  d e n s i t y  
of n u c l e a r  m a t t e r ,  wh ich  c o r r e s p o n d s  to  k F = 1.35 fm - 1 ,  we f ind  

B (BG) = 19.99 M e V  and  B(A G) = 18.28 MeV.  
In f ig .  7, B A i s  p l o t t e d  a s  a func t ion  of m ~  f o r  k F = 1.35 f m -  1. At  

m~q = m N the  BG and  G - m e t h o d s  a r e  in c o n s i d e r a b l e  d i s c o r d ,  g i v i n g  62.6 
and  37.5 MeV r e s p e c t i v e l y  f o r  the  b i n d i n g  e n e r g y ,  w h i l s t  a t  m~/ = 0 .65m N 
the  r e l a t i v e  d i s c r e p a n c y  i s  m u c h  s m a l l e r  and  of the  o r d e r  of 10%. 



BINDING ENERGY OF A IN NUCLEAR MATTER 587 

6. COMPARISON OF THE G AND BG METHODS 

We nowinvest igate  exactly what we have achieved by using the G-method 
ra ther  than the BG method. To this end we shall set up an integral  equation 
connecting quantit ies defined in the two approaches.  To make the analogy 
c l ea re r  let  us write ~(p, p';P) in place of the Bethe-Goldstone wave func- 
tion Y/Qo, p ' ;  P) defined in sect.  2, and define 

r(P,  P'; P) = f d6~q3(P I v lq) 7((q, p'; P) • 
(27r) 

Then we may rewri te  eq. (2.6) as 

~(p,p"P), -O(1½(1---a)~-P--Pl-kF)f ~d3q (Plulq)x(q,P' ; P) 
e-p2 +i~? 

: (2u)35(P-P,)+b(P,P';P) , (6.1) 

with 

b(p,p';P) = O(1½(1-a)P-pl-kF)2t~*r(p,p';P) I 1 1 ] p,2-p2+i~l • - p 2 + i z l  " 

(6.2) 

The reason  for writing eq. (6.1) in this  manner ,  is that by observing eq. 
(3.5) we see that X(P, P'; P) is the Green function for  the lef t-hand side of 
eq. (6.1). Using the symmet ry  property  F ( p , p ' ;  P) = F(p',p;P); it is read-  
ily proved that  

X(p,p';P) = X(P,P ' ;P)  + f d3k X(p, k;  P)b(k, p'; P) 

and hence that 

F(p,p';P) = F(p, p';P) + f d3k' r ( p ,  k ' ;  P)e( [½(1- a ) P -  k '  I-k F) 

× I 1 1 I 2p* F(k',p'; P) .  (6.3) 
e - k ' 2 + i ~ ?  p, 2-k ,2+iT? 

Using eqs. (2.8), (3.8) and (6.3) and that F(p,  k ' ;  P)  is analytic in the upper- 
half k~-plane for p = 0 ,  we find 

E(O, Po) =-B (BG) +4  f dak [ d3k' 0([½(1-a) k - k '  j ( 2 ~ ) 3 J ~ 2 ~  I-kf)O(kf k) 

f 1 1 1 × 2p* I'(k',p'; P ( 0 ) ) r ( q , k ' ; P ( 0  )) 2 g . p o + q 2  - k,2+i71 q2_ /~,2+i~/ ' 

where 
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q : - g P(0) = . g ,  Po + Wo + 

Hence ,  s ince  -B(A G) is the so lu t ion  to  Po = ~(O, Po), we have 

B(AG) = B(ABG)-4B(AG)f d 3k f d3k'  ~ p* j 2 J(2  u (Irnh k-  k' I-kr)0(kF- k) 

1 
x 2p*  r ( q ,  k ' ;  P(0))2p.* F ( k ' ,  q ;  P(0)) (k ,2  _ q2) (k ,  2 _ q2 + 2 p . B ( G ) )  " (6.4) 

/ k  

In the c a s e  of a s e p a r a b l e  AN poten t ia l  the  so lu t ions  ob ta ined  fo r  F and 
a r e  r e a d i l y  shoWn to s a t i s fy  th is  equat ion,  which is h o w e v e r  va l id  f o r  all  
po ten t i a l s .  

The  f i r s t  th ing to  not ice  f r o m  eq. (6.4) is that,_ if X is ,.~_,a o a r a m e t e r  c h a r -  
the  s t r e n g t h  of the  po ten t ia l ,  then B~ u)  and B t ~ )  a g r e e  to a e t e r i s i n g  s e c -  

o n d  o r d e r  in X as  p r e v i o u s l y  asserted.,~ Also,~ ~ t h ~  two m e t h o d s  obv ious ly  con-  
/ i  

in the l imi t  k F ~ 0, w h e r e  ( B ~ ) - B t p G ) ) / B ( ~ )  ~ O. v e r g e  
To  c o m p a r e  the m e t h o d s  f u r t h e r  ~let us  ZXlook at ~he p r o b l e m  tha t  we have  

t r i e d  to  so lve  in t h r e e  s e p a r a t e  s t a ge s .  
(a) F i r s t  c o n s i d e r  the hypo the t i ca l  p r o b l e m  of a A - p a r t i c l e  p l aced  in a 

f r e e  F e r m i  gas  of nuc leons ,  i .e.  n u c l e a r  m a t t e r  with the NN i n t e r a c t i o n s  
t u r n e d  off. In both  m e t h o d s  th i s  is equ iva len t  to put t ing  W o = 0, rn~ = m N. 
As we have seen,  in th is  c a s e  the two m e t h o d s  give d i f f e ren t  r e s u l t s .  As  is 
wel l  known the BG m e t h o d  a l so  s u m s  the  s a m e  set  of l adde r  g r aphs ,  but it 
a s s u m e s  tha t  the s t a r t i n g  ini t ial  f r e q u e n c y  of the A - p a r t i c l e  is known and 
t a k e s  jus t  i ts  o n - t h e - e n e r g y - s h e l l  va lue .  In the G - m e t h o d  it is r e a l i z e d  tha t  
what  is  ]?eing ca l cu l a t ed  is a s e l f - e n e r g y  i n se r t i on ,  and tha t  the f r e q u e n c y  
of p r o p a g a t i o n  of the A - p a r t i c l e  in the m e d i u m  is unknown unti l  the p r o b l e m  
is solved.  

(b) Le t  us  now tu rn  on the NN i n t e r a c t i o n s .  In both c a s e s  the s i n g l e - p a r -  
t i c le  nuc leon  e n e r g i e s  change .  T he  m e t h o d s  s t i l l  d i s a g r e e  but in no way e s -  
s en t i a l l y  d i f fe ren t  f r o m  c a s e  (a). All  tha t  happens  is  tha t  rn N ge t s  r e p l a c e d  
by  rn~q. Th i s  has  the c o n s e q u e n c e  of m a k i n g  the r e l a t i v e  d i f f e r e n c e  be tween  
the two m e t h o d s  s m a l l e r .  The  r e a s o n  fo r  th is  is tha t  l o w e r i n g  the m a s s  of 
the  nuc leon  m a k e s  it m o r e  di f f icul t  to  exc i te  i n t e r m e d i a t e  s t a t e s  with the 
s a m e  m o m e n t u m .  

(c) Le t  u s  now c a r r y  our  c a l c u l a t i o n s  one s tep  f u r t h e r  and make  the BG 
m e t h o d  ' s e l f - c o n s i s t e n t '  fo r  the A - p a r t i c l e .  Th i s  m e a n s  that  jus t  a s  we a s -  
s u m e d  the nuc leon  of the  AN p a i r  c o n s i d e r e d  m o v e d  in a s i n g l e - p a r t i c l e  po-  
t en t ia l  WN(kN) , so  does  the A - p a r t i c l e .  To  f o r m u l a t e  this  s e l f - c o n s i s t e n c y  
condi t ion  in g e n e r a l  is qui te  diff icul t .  Howeve r ,  to  the extent  that  the A ac -  
q u i r e s  no e f fec t ive  m a s s  (as  a lways  a s s u m e d )  the so le  e f fec t  is then to shif t  
the A - p a r t i c l e  e n e r g y  s p e c t r u m  by a cons t an t  amount°  Since  only e n e r g y  
d i f f e r e n c e s  a r i s e  in eq. (2.3) th is  has  no ef fec t  on the so lu t ion  at all .  We 
migh t  now be t e m p t e d  to do the s a m e  th ing fo r  the  G - m e t h o d .  That  is ,  in 
the  l adde r  d i a g r a m s  of fig. (1) the u n p e r t u r b e d  A - p a r t i c l e  p r o p a g a t o r  would 
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be  r e p l a c e d  by  the  s e l f - c o n s i s t e n t  p r o p a g a t o r  G A = [ P o - p 2 / 2 m A -  VA+ ~ ] - 1  
and  to  be  s e l f - c o n s i s t e n t  we r e p l a c e  V A by  - B  A a t  the  end of the  c a l c u l a t i o n .  
T h e  e f f ec t  of t h i s  i s  to  m a k e  the  G and BG m e t h o d s  i d e n t i c a l  in t h e i r  r e -  
s u l t s .  T h i s  m i g h t  l e a d  u s  to  s u s p e c t  t ha t  t he  BG m e t h o d  is  c o r r e c t  and  the  
G - m e t h o d  wrong .  H o w e v e r  the  e f f ec t  on the  G - m e t h o d  of r e p l a c i n g  the  un-  
p e r t u r b e d  i n t e r m e d i a t e  A - p r o p a g a t o r  by  the  s e l f - c o n s i s t e n t  p r o p a g a t o r  i s  
e f f e c t i v e l y  to  s u m  a s e l e c t e d  c l a s s  of h i g h e r - o r d e r  g r a p h s  ( i .e .  ones  hav ing  
two o r  m o r e  n u c l e o n - h o l e  l i n e s ) .  I n s o f a r  a s  we have  n e g l e c t e d  m a n y  o t h e r  
h i g h e r - o r d e r  g r a p h s  t h i s  i s  e r r o n e o u s ,  and  we a r e  f o r c e d  to  c o n c l u d e  t ha t  
the  G - m e t h o d  a s  o r i g i n a l l y  p r e s e n t e d  i s  c o r r e c t  to the  o r d e r  (only  g r a p h s  
wi th  one n u c l e o n  h o l e  l ine)  c o n s i d e r e d .  A f u r t h e r  d i s c u s s i o n  of t h i s  po in t ,  
b a s e d  on eq. (6.4) i s  r e l e g a t e d  to  a p p e n d i x  A. 

7. EXTENSION TO HIGHER ORDERS 

Both  the  BG and G - m e t h o d s  we have  p r e s e n t e d  s u m  the  l a d d e r  d i a g r a m s  
f o r  the  s e l f - e n e r g y  of the  A - p a r t i c l e  ( a l l  d i a g r a m s  wi th  one n u c l e o n - h o l e  
l ine ) ;  the  f o r m e r  t r e a t i n g  t h e m  a s  G o l d s t o n e  d i a g r a m s ,  the  l a t t e r  a s  F e y n -  
m a n  d i a g r a m s .  One m i g h t  e x p e c t  t ha t  the  s e r i e s  e x p a n s i o n  fo r  BA, of which  
we have  found the  l o w e s t - o r d e r  t e r m ,  i s  one in the  n u m b e r  of F - m a t r i x  in-  
t e r a c t i o n s .  B e t h e  [16] h a s  shown h o w e v e r  t ha t  such  an  e x p a n s i o n  d o e s  not  
have  good  c o n v e r g e n c e  p r o p e r t i e s  f o r  the  n u c l e a r - m a t t e r  p r o b l e m .  He 
s h o w s  t ha t  the  e x p a n s i o n  i s  e s s e n t i a l l y  one in p o w e r s  of the  d e n s i t y  p, and 
the  n t h  o r d e r  d i a g r a m s  f o r  the  s e l f - e n e r g y  a r e  e s s e n t i a l l y  a l l  t h o s e  con-  
t a i n i n g  n n u c l e o n  ho le  l i n e s ,  in c l o s e  c o r r e s p o n d e n c e  wi th  the  c l u s t e r  ex -  
p a n s i o n  f a m i l i a r  in s t a t i s t i c a l  m e c h a n i c s .  T h e  e x p a n s i o n  p a r a m e t e r  in the  
n u c l e a r - m a t t e r  c a s e  i s  r o u g h l y  the  r a t i o  of the  v o l u m e  of the  h a r d  c o r e  of 
the  NN i n t e r a c t i o n  to the  v o l u m e  p e r  n u c l e o n  o r  s o m e  e q u i v a l e n t  c o r r e l a -  
t i on  p a r a m e t e r  ~ONN $. In the  c a s e  of c a l c u l a t i n g  B A we e x p e c t  s i m i l a r l y  
t ha t  the  n th  o r d e r  c o n t r i b u t i o n  wi l l  c o m e  f r o m  s u m m i n g  a l l  d i a g r a m s  with  n 
n u c l e o n - h o l e  l i n e s ,  and  we s h a l l  h e n c e f o r t h  adop t  t h i s  s t andpo in t .  The  s e c -  
o n d - o r d e r  c o n t r i b u t i o n  to  B A p r e s u m a b l y  d e p e n d s  on bo th  c o r r e l a t i o n  p a -  
r a m e t e r s  WNN and ¢0AN o r  s o m e  e q u i v a l e n t  p a r a m e t e r s .  

F r o m  the  d i s c u s s i o n  in appendix,_. A,  we s e e  t ha t  o u r  l o w e s t -  ( f i r s t - )  o r -  
d e r  c a l c u l a t i o n s  f o r  B~ G) and  Bk t~G) t ha t  we have  p r e s e n t e d  d i f f e r  e s s e n t i a l -  
ly  by  h i g h e r - o r d e r  t e r m s ,  and  i n s o f a r  a s  we have  n e g l e c t e d  such  t e r m s ,  
t he  two ( l o w e s t - o r d e r )  r e s u l t s  m u s t  be  c o n s i d e r e d  i d e n t i c a l .  T h e i r  r e l a t i v e  

$ In the Goldstone d iagram approach the corre la t ion pa rame te r  ¢0NN turns out to be 

¢0NN =p f<u2N)d3r ,  where UNN , the NN deficit  wave function, defined as 

i k . r  
UNN(r) = t ~ p , k ( r )  - e 

is the difference between the BG wave function for an NN pair  and the f ree  wave 
function of the uncorre la ted  pa i r .  The averaging procedure  is normal ly  ca r r i ed  out 
by sett ing P =  0 and averaging the k-dependence over the f i l led F e r m i  sphere .  The 
quantity ¢OAN is defined in an analogous fashion. 
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d i f f e r e n c e ,  h o w e v e r ,  g i v e s  a good  i n d i c a t i o n  of w h e t h e r  the  c l u s t e r  e x p a n -  
s i o n  i s  e x p e c t e d  to  c o n v e r g e  w e l l  o r  not .  In the  c a s e  w h e r e  m ~  t a k e s  i t s  
p h y s i c a l  v a l u e ,  t h e i r  r e l a t i v e  d i f f e r e n c e  i s  abou t  10% fo r  ou r  m o d e l  c a l c u -  
l a t i on .  

L e t  u s  now c o n s i d e r  how to  ex t end  ou r  r e s u l t s  to  m a k e  a c o n s i s t e n t  s e c -  
o n d - o r d e r  c a l c u l a t i o n  f o r  B A. It i s  now tha t  t he  p o w e r  of the  G r e e n - f u n c t i o n  
m e t h o d  b e c o m e s  a p p a r e n t .  T h e  f i r s t - o r d e r  p r o p e r  s e l f - e n e r g y  ~1 i s  f i r s t  
c a l c u l a t e d  a s  we have  a l r e a d y  done  f r o m  the  d i a g r a m s  of f ig.  (1), w h e r e  the  
i n t e r m e d i a t e  A - p a r t i c l e  p r o p a g a t o r  i s  G ~  so  t ha t  we do not  o v e r c o u n t  when 
we l ook  at  d i a g r a m s  fo r  ~2.  T h e  s e c o n d - o r d e r  p r o p e r  s e l f - e n e r g y  ~2 i s  
t h e n  c a l c u l a t e d  f r o m  the  d i a g r a m s  of f i g s .  8a and 8b, w h e r e  the  s a w t o o t h  
l i n e s  r e p r e s e n t  a FAN o r  FNN m a t r i x  i n t e r a c t i o n ,  a s  shown in f ig .  8c ,  f o r  
e a s e  of d r a w i n g .  

.h' N N '2 

÷ 

I 

I 

A N I N 2 

--~.-- = ~A 0 

) G N 

(o) (b) (c) 

Fig. 8. All diagrams containing two nucleon-hole lines which contribute to the A-par- 
ticle proper self-energy, as explained in the text. 

T h e  d i a g r a m s ,  of which  f ig.  8a i s  r e p r e s e n t a t i v e  r e p r e s e n t  a l l  d i a g r a m s  
f o r m e d  by d r a w i n g  a A - p a r t i c l e  l i ne  and  two n u c l e o n  l i n e s  a l l  wi th  a r r o w s  
in the  s a m e  d i r e c t i o n ,  c o n n e c t e d  by any n u m b e r  of NN and AN F - m a t r i x  in-  
t e r a c t i o n s  ( e x c l u d i n g  d i a g r a m s  in wh ich  t h e r e  i s  m o r e  t han  one c o n s e c u -  
t i v e  F - m a t r i x  i n t e r a c t i o n  b e t w e e n  the  s a m e  two l i n e s ) .  P a r t  of the  A - p a r t i -  
c l e  s e l f - e n e r g y  ~2 i s  t hen  found  by  c a l c u l a t i n g  the  two s e t s  f o r m e d  by  f i r s t  
c l o s i n g  N 1 - N~ and  N 2 - N~. wi th  n u c l e o n  ho le  l i n e s ,  and  s e c o n d  the  e x c h a n g e  
d i a g r a m s  f o r m e d  by  c l o s i n g  N 1 - N~. and  N 2 - N~ wi th  n u c l e o n  ho le  l i n e s .  T h e  
on ly  o t h e r  d i a g r a m  wi th  two d i s t i n c t  n u c l e o n  ho le  l i n e s  which  canno t  be  in-  
c l u d e d  in t h e s e  s e t s  i s  shown in f ig .  8b (note  t ha t  k n = k~ and h e n c e  the  d i a -  
g r a m  only  c o n t a i n s  two d i s t i n c t  n u c l e o n - h o l e  l i n e s ) .  T h e  s e l f  e n e r g y  ~2 i s  
t hen  found  by  the  s u m  of  f ig.  8b and a l l  d i a g r a m s  a r i s i n g  f r o m  f ig .  8a  a s  in-  
d i c a t e d  above .  It i s  i m p o r t a n t  to r e a l i z e  tha t  the  e x t e n d e d  G - m e t h o d  t r e a t s  
t h e s e  d i a g r a m s  a s  F e y n m a n  d i a g r a m s  and  tha t  the  i n t e r m e d i a t e  A - p a r t i c l e  
p r o p a g a t o r  i s  the  u n p e r t u r b e d  G~. We no te  tha t  the  d i a g r a m s  of wh ich  f ig .  
8a  i s  r e p r e s e n t i v e  have  to  i nc lude  a t  l e a s t  t h r e e  F - m a t r i x  i n t e r a c t i o n s .  T h e  
p o s s i b l e  d i a g r a m s  c o n t a i n i n g  two F - m a t r i x  i n t e r a c t i o n s  a r e  shown in f ig .  9. 
T h e  c o n t r i b u t i o n  of f ig .  9 a  i s  e x c l u d e d  s i n c e  i t  i s  not  a p r o p e r  s e l f - e n e r g y  
and  i s  i n c l u d e d  a s  an i t e r a t i o n  of the  f i r s t - o r d e r  p r o p a g a t o r .  F i g .  9b which  
i s  the  e x c h a n g e  c l o s i n g  of f ig .  9a  i s  i n v a l i d  s i n c e  i t  c o n t a i n s  two c o n s e c u -  
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Fig .  9. D i a g r a m s  which can be n e g l e c t e d  in eva lua t ing  the s e c o n d - o r d e r  c l u s t e r  c o n -  
t r i bu t ion  to the  A - p a r t i c l e  s e l f - e n e r g y ,  as  exp la ined  in the t ex t .  

tive F - m a t r i x  in terac t ions  between the same two lines. Figs.  9c and 9d will 
be included in fig. 1 for  ~1, if the in termedia te  GN propagator  is that found 
by a s imi la r  l owes t -o rde r  G-calcula t ion for  NN pai rs .  This  can again be 
r ep resen ted  crudely by an effective m a s s  approximation for G N but with a 
slightly lower  value of m~q than that found by the BG method, the difference 
a r i s ing  f rom a s imi la r  difference to that a l ready descr ibed  in the AN case.  
To the extent that we a re  only consider ing the secondmorder calculat ion for 
B A this difference is unimportant ,  but in higher o rde r s  it would be signifi- 
cant. 

The se l f - ene rgy  inser t ion of fig. 8b is responsible  for the so -ca l l ed  hole 
r e a r r a n g e m e n t  effect and is readi ly evaluated. Dabrowski  and KShler [17] 
have evaluated it in the extended BG method where the d iagram is t rea ted  
as  a Goldstone diagram.  They have also cons idered  two of the d i ag rams  
like fig. 8a, but this is inconsis tent  since they fo rm par t  of an infinite set  
all of comparable  magnitude. This set should be summed,  and this could be 
done by methods s imi la r  to the Be the-Faddeev  techniques used by Bethe for  
nuclear  mat te r .  

In the extended G-formula t ion ,  it is now easy to calculate  B A to second 
order .  In lowest o rde r  we solved Po = ~ l ( 0 , P o )  = ~l(Po) whose solution 

-B~D.'~ To second o rde r  we must  solve w a s  given by 

Po = F'I(Po) +gF'2(Po) , (7.1) 

where g is a p a r a m e t e r  introduced to keep t r ack  of the o rde r  of the t e r m s  
and is finally set  equal to unity. Let  eq. (7.1) have solution 
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,~(1) =B(2) 
Po = -~A - ~  A " 

Then to 0(g) we may wri te  

dN 1 
(1)_ gB(2A) E 1(-B(A1)),-gB(2A)-~o - B(A1)+ gE2 (- B(1)) ,  -B  A _- 

which c o r r e c t  to the o rder  we are  working has solution 

2(-B(A 1)) 
B A : 4 1 )  - (7.2) 

d~ 1 

It is impor tant  to notice to second o rde r  for  B A the difference between the 
BG and G-va lues  for  B.(1) is now important .  

A 
To sum up, the extended G-technique,  using Green-funct ions  leads to a 

well-defined p resc r ip t ion  for  evaluating B A to any order  (in the number  of 
nucleon-hole  l ines in the p rope r  self  energy).  Its beauty l ies in the fact that 
the d iag rams  for  the self energy  can be t rea ted  as Feynman d iagrams ,  
having unique values independent of the r e s t  of the d iagram in which they 
a re  inserted.  In these d i ag rams  the internal  A-par t ic le  p ropaga to r s  can 
be r ega rded  as f ree  p ropaga to r s  (as the exact  p re sc r ip t ion  of Burkhardt  [8] 
demands) and the se l f -cons i s t ency  is guaranteed to the o rde r  to which the 
se l f - ene rgy  is calculated.  In cont ras t  the extended BG method which t r ea t s  
the d i ag rams  as Goldstone d i ag rams  loses  these p roper t i es .  The concept of 
o f f - t he - ene rgy - she l l  propagat ion has to be built in ar t i f ic ia l ly  in a se l f -con-  
s is tent  manner  which is difficult. The r e su l t s  for  any o rde r  have to be 
modified in pass ing  to the next highest  order ,  whereas  in the extended G- 
method the values of the d iag rams  for  any order  a re  unchanged in pass ing 
to the next o rder ;  only the final equation for B A changes.  P r e sumab ly  the 
two methods both p roper ly  c a r r i e d  out to any order  mus t  only differ in 
h i g h e r - o r d e r  t e rms .  The point that we should like to make is that the G- 
method is much s impler  in this case  than the BG method which is f raught  
with pitfalls  in building in the se l f -cons i s t ency  r equ i remen t s  which are  dif- 
fe rent  in each order .  

The genera l  p re sc r ip t ion  outlined for  the extended G-method  is easi ly 
extended to higher o rde r s ,  and is of course  valid for all potentials ,  not just 
separable  ones $. 

8. SUMMARY 

Using an S-wave separable  potential,  we have been able to fit the low- 
energy  AN sca t te r ing  data. The potential was chosen to include both a t t r ac -  
tion and repulsion.  Using such a potential,  one can solve exactly for the 
binding energy of a A-par t i c le  in nuclear  ma t te r  by both the Bethe-Gold-  

$ For a somewhat different treatment of the systematic inclusion of higher-order 
terms in pure nuclear matter, see ref. [18]. 
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s t o n e  i n d e p e n d e n t  p a i r  (BG) m e t h o d  and by a G r e e n - f u n c t i o n  f o r m a l i s m  due 
to  G a l i t s k i i  (G) w h e r e  we k e p t  j u s t  t w o - b o d y  c l u s t e r s  ( l a d d e r  d i a g r a m s ) .  
T h e  e f f ec t  of the  NN i n t e r a c t i o n s  was  t a k e n  into a c c o u n t  v e r y  c r u d e l y  by  r e -  
p l a c i n g  the  n u c l e o n  m a s s  by  an e f f e c t i v e  m a s s .  T h e  BG m e t h o d  w a s  shown 
to  a g r e e  wi th  t he  G - m e t h o d  in the  l i m i t  of l o w - n u c l e a r - m a t t e r  d e n s i t y .  F o r  
a r e a l i s t i c  d e n s i t y  of n u c l e a r  m a t t e r  we showed  tha t  f o r  rn~ = 0.65rnN, 
c o r r e s p o n d i n g  to the  s e l f - c o n s i s t e n t  e f f e c t i v e  m a s s  at  the  F e r m i  s u r f a c e ,  
the  two m e t h o d s  d i f f e r  by  about  10%, the  G - m e t h o d  g iv ing  l e s s  b ind ing .  
F u r t h e r m o r e ,  bo th  m e t h o d s  a r e  in e s s e n t i a l  a g r e e m e n t  wi th  the  v a l u e s  
found by  o t h e r  a u t h o r s  who c o n s i d e r  the  S - w a v e  p a r t  of a l o c a l  AN p o t e n t i a l  
( s e e  e .g .  r e f .  [1]). F o r  a v a l u e  of rn~ = raN, h o w e v e r ,  the  d i s c r e p a n c y  b e -  
t w e e n  the  two m e t h o d s  i s  much  l a r g e r .  

We then  c o n s i d e r e d  how the  two a p p r o a c h e s  can  be  e x t e n d e d  to h i g h e r  
o r d e r s ,  w h e r e  the  o r d e r  of an a p p r o x i m a t i o n  i s  r e c k o n e d  to  be the  n u m b e r  
of n u c l e o n - h o l e  l i n e s  in the  F - m a t r i x  i n t e r a c t i o n  d i a g r a m s  fo r  the  p r o p e r  
s e l f  e n e r g y .  We showed  e x p l i c i t l y  tha t  fo r  qu i te  g e n e r a l  p o t e n t i a l s ,  the  
l o w e s t  o r d e r  BG and G - m e t h o d s  g ive  r e s u l t s  which  shou ld  be  c o n s i d e r e d  
i d e n t i c a l  s i n c e  t hey  d i f f e r  only  by  t e r m s  of h i g h e r  o r d e r .  T h e  d i f f e r e n c e  in 
the  f i r s t - o r d e r  r e s u l t s  i s  i m p o r t a n t  h o w e v e r  if we w i sh  to do a c o n s i s t e n t  
s e c o n d - o r d e r  a p p r o x i m a t i o n  f o r  B A. We showed  an e x p l i c i t  p r o c e d u r e  fo r  
e x t e n d i n g  the  G - m e t h o d  to h i g h e r  o r d e r s .  The  BG m e t h o d  can  a l s o  be  ex -  
t e n d e d  but  the  n e c e s s i t y  of m a k i n g  i t  s e l f - c o n s i s t e n t ,  wh ich  i s  a u t o m a t i c a l -  
ly  bu i l t  in to  the  e x p a n d e d  G - m e t h o d ,  m a k e s  i t  c u m b e r s o m e  and d i f f i cu l t .  
T h e  e x t e n d e d  G - m e t h o d  i s  g u a r a n t e e d  to  g ive  us  r e s u l t s  f o r  BA, which  i s  
t he  r e a l  c h e m i c a l  p o t e n t i a l  fo r  t he  p r o b l e m ,  c o r r e c t  to  the  o r d e r  in which  
the  s e l f  e n e r g y  i s  c a l c u l a t e d .  T h e  p r o g r a m m e  we gave  f o r  the  e x t e n d e d  G-  
m e t h o d  c a l c u l a t i o n  of B A is  v a l i d  f o r  a l l  AN p o t e n t i a l s .  The  s e p a r a b l e  po -  
t e n t i a l  f o r m  is  c o n v e n i e n t  fo r  f i r s t - o r d e r  s o l u t i o n s ,  and  we showed  tha t  the  
c l o s e n e s s  of the  l o w e s t - o r d e r  BG and G - r e s u l t s  i n d i c a t e s  tha t  the  v a r i o u s -  
o r d e r  r e s u l t s  fo r  B A shou ld  c o n v e r g e  q u i c k l y .  In p r a c t i c e ,  t h i s  m e a n s  tha t  
a s e c o n d - o r d e r  c a l c u l a t i o n  u s i n g  a r e a l i s t i c  p o t e n t i a l  would  g ive  v e r y  p r e -  
c i s e  r e s u l t s .  

We s t r e s s  a g a i n  t ha t  the  c a l c u l a t i o n s  wi th  the  s e p a r a b l e  p o t e n t i a l  do not  
g ive  r e l i a b l e  r e s u l t s  fo r  B A but  m e r e l y  i n d i c a t e  the  o r d e r  of m a g n i t u d e  of 
the  e r r o r  i n c u r r e d  in u s i n g  the  BG a p p r o a c h  n a i v e l y  when e x t e n d e d  to s e c -  
ond o r d e r  wi thout  c h a n g i n g  the  s e l f - c o n s i s t e n c y  r e q u i r e m e n t s  f r o m  f i r s t  
o r d e r .  T h e r e  i s  no r e a s o n  to  s u s p e c t  t ha t  u s i n g  a m o r e  r e a l i s t i c  p o t e n t i a l  
wou ld  s u b s t a n t i a l l y  a l t e r  t h e s e  r e s u l t s .  

E v e n  in l o w e s t  o r d e r ,  t h e r e  a r e  s e v e r a l  w a y s  in which  the  s e p a r a b l e  p o -  
t e n t i a l  m o d e l  cou ld  be  m a d e  m o r e  r e a l i s t i c .  F i r s t l y  we would  l i ke  to  in-  
c l u d e  h i g h e r - o r d e r  p a r t i a l  w a v e s  than  j u s t  S - w a v e s .  I t  i s  a t r i v i a l  m a t t e r  
to  ex tend  the  f o r m a l i s m  to a s e p a r a b l e  p o t e n t i a l  of the  f o r m  

~2 ~ XlVl(k)vl(k,)Pl(~. k,) , (kl vl 

but  the  d i f f i c u l t y  now c o m e s  in c h o o s i n g  e x p r e s s i o n s  f o r  the  f u n c t i o n s  Vl, 
and fo r  the  h i g h e r  w a v e s  t h e r e  i s  e s s e n t i a l l y  no e x p e r i m e n t a l  d a t a  to  qu ide  
US. 
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A m o r e  s e r i o u s  p r o b l e m  i s  t he  u s e  of the  e f f e c t i v e  m a s s  a p p r o x i m a t i o n  
f o r  the  GN p r o p a g a t o r .  It i s  we l l  known tha t  t h i s  a p p r o x i m a t i o n  i s  qu i t e  
good  f o r  ho le  s t a t e s  wi th  k N < k F ,  but  i s  qu i t e  b a d  f o r  p a r t i c l e  s t a t e s  wi th  
k N > kF,  and a s  we saw,  o u r  r e s u l t s  a r e  qu i t e  s e n s i t i v e  to  the  v a l u e  of m ~  
u s e d .  

T h e  p o t e n t i a l  we u s e d  w a s  c e n t r a l  and  even  if we u s e  a m o r e  r e a l i s t i c  
l o c a l  p o t e n t i a l ,  we ought  r e a l l y  to  i nc lude  the  e f f e c t s  of a t e n s o r  p i e c e ,  and 
of  the  c o u p l i n g  of the  AN channe l  to  the  ~ N  channe l .  

In t h e i r  e x c e l l e n t  r e v i e w  a r t i c l e  B o d m e r  and Rote  [4] i n d i c a t e  how to ap -  
p r o a c h  s o m e  of t h e s e  p r o b l e m s  wi th in  the  e x t e n d e d  BG f o r m a l i s m .  T h i s  
a u t h o r  i s  p r e s e n t l y  i n v e s t i g a t i n g  the  p o s s i b i l i t i e s  of o b t a i n i n g  a c o n s i s t e n t  
s e c o n d - o r d e r  c a l c u l a t i o n  of B A by the  e x t e n d e d  G - m e t h o d .  

T h e  a u t h o r  wou ld  l i k e  to  t hank  P r o f e s s o r  J.  D. W a l e c k a  f o r  s u g g e s t i n g  
t h i s  p r o b l e m  and  f o r  m a n y  f r u i t f u l  d i s c u s s i o n s  d u r i n g  i t s  p r o g r e s s .  

APPENDIX A 

F u r t h e r  c o m m e n t s  on the BG and G-meti~ods 
In t h i s  a p p e n d i x  we w i s h  to  show e x p l i c i t l y  the  d i f f e r e n c e  b e t w e e n  the  

l o w e s t - o r d e r  r e s u l t s  fo r  the  b ind ing  e n e r g y  B A by the  two m e t h o d s ,  and  
show tha t  the  d i f f e r e n c e  i s  in h i g h e r - o r d e r  t e r m s .  

F r o m  eq. (6.4) i s  shou ld  be a p p a r e n t  t ha t  B (G) and B (BG) d i f f e r  by  t e r m s  
i nvo lv ing  at  l e a s t  t h r e e  F - m a t r i c e s .  To  be  m6Pe q u a n t i t a t i v e  t he  l o w e s t  o r -  
d e r  i t e r a t e  (in the  n u m b e r  of F - m a t r i c e s )  of eqs .  (6.3) and  (6.4) i s  

o (2~) 3 (2~) °l~(k''q;p(°))-(2~)3o(k'-q)12' (A . I )  

w h e r e  the  l a s t  e q u a t i o n  f o l l o w s  f r o m  eq. (6.1).  T h u s  

d3k f d  3 r l U P ( o ) , q ( r ) 1 2  _ ( G ) _ B ? G )  ~ _4B(AG ) ? F  (2~') 3 
/~A 0 ' 

w h e r e  

i k . r  
u P , k  ( r )  = t~ P , k  ( r )  - e (A.2) 

i s  the  BG d e f i c i t  wave  func t ion .  
Eq.  (A.2) can  b e  w r i t t e n  s l i g h t l y  d i f f e r e n t l y  if  we r e a l i z e  tha t  the  BG 

wave  f u n c t i o n  f o r  a r e a l i s t i c  h a r d - c o r e  p o t e n t i a l  h a s  a n e g l i g i b l e  d e p e n d -  
e n c e  on the  t o t a l  m o m e n t u m  P and  can  be  e v a l u a t e d  a t  P = 0 fo r  the  p u r -  
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pose s  of eq. (A.2). If we define (U2N) to be the value of ]Up(o) ' q [ 2  evalu-  

a ted at P(0) = 0 and ave raged  over  the F e r m i  sea ,  and r e a l i s i n g  that  

kF d3k A 
4 f p' 

o 

we can wri te  eq. (A.2) as  

B(G) _ Z~A~(BG) ~ _B(G) o f d3 r <U2N(r) ) 

B (G) (A.3) = -WAN 

In sect .  7, we indicated that  WAN is a typica l  expansion p a r a m e t e r  in th 9 
extended BG f o r m a l i s m ,  and hence f r o m  eq. (A.3) we see expl ic i t ly  that our  
f i r s t - o r d e r  r e s u l t s  by the two methods  di f fer  only in h i g h e r - o r d e r  t e r m s .  

APPENDIX B 

Galitskii f o rmal i sm  for  a pure hard-core AN interaction 
We now cons ide r  the case  of a AN local  h a r d - c o r e  in terac t ion ,  

v ( r )  : l °°' r < a 
O, r > a  . 

In this  case ,  the F o u r i e r  t r a n s f o r m  of the potent ia l  is undefined. The gis t  
of the Gal i t sk i i  method is to r e a l i s e  that  even if Vb lows  up, the sca t t e r ing  
ampl i tude r e m a i n s  finite.  Fo r  a local  potential ,  eq. (3.5) b e c o m e s  

0( ]½(1 - a) P -  p ]-kF) 
X(P, i f ; P )  = (2n) 3 5 ( p '  - p )  + 

( e - p  2 + i~?) 

; d3q 
× j V ? ~ u ( q ) × ( P - q , P ' ; P ) .  (B.1) 

(2~z) o 

We define a function ×o by: 

1 ( d3q 
×o(p ,p ' ;P)  = (2~1) 3 6 ( p ' - p )  + (e_ p2 + i~ ) J ~ l ~  u ( q ) x ° ( P - q ' P ' ; P )  " (B.2) 

If t he r e  a r e  no bound s t a t e s  of the VAN potent ial ,  then ~k(P) ,  the exact  
c .m.  two-body s ca t t e r i ng  wave functions,  f o r m  a comple te  set ,  and the ex- 
pans ion  

Xo(p, p ' ; P  ) = (e-p,2+i~?) f d3k ~ k ( P ) ~ k ( P ' )  

is eas i ly  ver i f ied .  
The L ippmann-Schwinger  equation is used to subst i tute  for  ~ ( p ' ) :  
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where 

@~(p') = (2u) 3 5 ( p ' - k )  + 
/*(p,,k ) 

(k2 - p ,  2 _ iv) 

d3q 
f ( p , k )  = f ~ u ( q ) ~ k ( p - q )  . 

Defining F o in a s imi l a r  way to F, 

2~* ro(p, p,; P) = F d3q u(q)×o( p -  q, p,; p) 
(2~)3 

we find 

2u* ro(P, p'; P) =/(p, p') + f d3~ ] ( p , k ) ~ * ( p ' , k )  
(2~) 3 

+ 
x _ - k 2 + i v  

Using eqs. (B.1), (B.2) and (B.4), 

d3k , 
r(p, p,;P)  = ro(p, p,;P) - J , ~ , ~  to(p, k , ; p )  

(B.3) 

(B.4) 

1 I " (B.5) 
k2 - p,2 - iv 

o(k F 1 ~ 1 k, - ~( - ~ ) P -  I) 

c - k ' 2 + i v  

X 2 p * r ( k ' , p ' ; P )  . (B.6) 

Corec t  to second o r d e r  in f ,  we may rep lace  F by F o in the integral  of eq. 
(B.6). In the l imit  5 o = -ka -' O, 

f ( k ,  k ' )  = - 4 u f ( k ,  k ' )  ~ 4~(a - ika  2) + O(k2a 3) , 

where  a is the sca t te r ing  length or  radius  of the hard  core .  
In all that follows we now work to O(a2). F r o m  eq. (B.5): 

f d3k I 1 + P.V. 
2p * F o ( q , q ; P )  = 4~a+16~r2a2 j ~ _c_ k 2 + i  v k ~ - q 2 ]  ' 

and hence f rom eq. (B.6) 

2 ~ * F ( q , q ; P )  =4~Ta+16,2a 2 f d 3 k - ' - F 0 ( 1 ½ ( 1 - a ) p - k '  I-kF) + p :V .  ~ . (B .7 )  
(2~) 3 L ~ - k ,2 + iv  k ,2_  q2J 

Hence ~ can be found f rom eq. (3.8). 
The exci ta t ion spec t rum is given by the poles  of GA, or  the solutions to 

P o - p 2 / 2 m A -  ~(P, Po) = O. Since this  impl ies  Po = P2/'2mA+O(kF a), it is 

cons is tent  to O(kFa)2 to rep lace  Po by p 2 / 2 m  A in eq. (B.7) to give 
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p2 /f2k2 [8kFa 64~2a2 f d3k . d3k , 

Po - 2mA + 2p~- L - - ~  + k2  ~(27z)3 J ( 2 - ~  0 ( k F - k )  

Xt P.V: O([½(1-a) P - l t ' i - k F ) l ]  
~k ,2_q  2 + q 2 _ k , 2 + i v /  ~j . (B.8) 

F o r  p = 0 ,  evaluation of eq. (B.8) gives the same resu l t  for  the ground- 
s ta te  energy  as found by Walecka [1] who used the Bethe-Goldstone method. 

Eq. (B.8) can be wri t ten as 

p2 
Po =- C(P) =~m~A + F(p) , 

and making a Tay lo r  expansion of F(p) around p = 0, 

= p2 _ p2 +P2ZF,,(0) ,  (B.9) 
C(P)-  ~(0) 2m/~ 2m A 

since F ' (0)  = 0, where  this equation defines m/~, we find 

1. = 1 +--8(akf)2 [ ( l - a )  3 i n ( l + c ~ - ~ ]  

mA m A 3~2p* [ 4a2 \ 1 - ~ /  

where  

rn A- m N 
a -  mA + m~q . (B.IO) 

We see that rn~ > m A as expected.  • 
Evaluat ion o f e q .  (B.10) at k F =  1.35 fm -1,  a = 0 . 4  fm, m N = 0 . 6 5 m  N 

y ie lds  m~t/m A = 1.15, which is rea l ly  not negligible. 

F r o m  eq. (B.8) we can also find the damping t e r m  ~(P) of the quas i -pa r -  
t ic le  spec t rum.  Writ ing the solution to eq. (B.8) in the fo rm Po = ~ (P) + iT(P), 
we find 

4 ( ~ _ ~ )  [ 2x4 ' 0 < x < l  

7(P) - 15~ (akf)2 × /(5x_ 3) , x > 1 , 

where  x = p/leF, and ~(p) has been evaluated,  for  s impl ic i ty ,  with 
m ~  = m A = ~ .  
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