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ABSTRACT 
 This paper presents a generic technique for the transient 

nonlinear dynamic analysis (TNDA) and the static equilibrium 

stability analysis (SESA) of a turbomachine running on foil air 

bearings (FABs).  This technique is novel in two aspects: (i) the 

turbomachine structural model is generic, based on uncoupled 

modes (rotor is flexible, non-symmetric and includes 

gyroscopic effects; dynamics of support structure can be 

accommodated); (ii) the finite-difference (FD) state equations 

of the air films are preserved and solved simultaneously with 

the state equations of the foil structures and the state equations 

of the turbomachine modal model, using a readily available 

implicit integrator (for TNDA) and a predictor-corrector 

approach (for SESA).  An efficient analysis is possible through 

the extraction of the state Jacobian matrix using symbolic 

computing.  The analysis is applied to the finite-element model 

of a small commercial automotive turbocharger that currently 

runs on floating ring bearings (FRBs) and is slightly adapted 

here for FABs.  The results of SESA are shown to be consistent 

with TNDA.  The case study shows that, for certain bearing 

parameters, it is possible to obtain a wide speed range of stable 

static equilibrium operation with FABs, in contrast to the 

present installation with FRBs. 

 

INTRODUCTION 
The dynamics of FAB turbomachinery are governed by the 

interaction between the turbomachine, air films and foil 

structures. Due to the computational burden involved, the 

solution process has been subject to simplifications to three 

aspects of the problem: 

 The compressible Reynolds equation (RE) governing the 

air film pressure distribution; 

 The structural model of the turbomachine; 

 The foil structure model. 

This paper addresses the current simplifications to the first two 

aspects. 

   

With regards to the first aspect of the problem, as discussed 

in [1, 2], in the case of compressible fluid bearings the RE is a 

state equation since it includes time as an independent variable 

[3-8].  The use of Finite Difference (FD)/Finite Element 

(FE)/Control Volume methods [3-9] to discretize the RE over 

the air film, creates a grid of        points representing the 

pressure field, turning the RE into a set of       first order 

ordinary differential equations (ODEs) with time as the 

independent variable (state equations) [1, 2]. Additionally, the 

air film gap at a given location is a function of the foil 

deformation there, apart from the journal displacement.  Hence, 

a further       state equations are introduced and the total 

number of state equations to be solved would be equal to  

                   where    is the number of rotor 

modes and casing modes (if considered), and    is the number 

of bearings [1, 2].  Such a large nonlinear system would be 

numerically “stiff”, requiring very small time-steps to maintain 

a given accuracy if an explicit numerical integration scheme is 

used [10].  An implicit integrator uses a larger step size for a 

given accuracy [10].  However, this advantage would be useless 

without an efficient means of calculating the required Jacobian 

matrix of such a large system at each time step [10].  Hence, for 

a realistic rotor system, the simultaneous solution of the 

complete system of state equations has hitherto been avoided.  

In an attempt to make the integration faster, it has been 

common practice to adopt a non-simultaneous solution 

approach wherein the air-film ODEs are uncoupled from the 

rest and treated as algebraic rather than state equations, as in [3-

8].  In such works, the air-film ODEs were approximated into a 

system of algebraic equations by replacing the term 
  

  
 by a 

backward difference approximation and approximating the 

current values of air film gap   and 
  

  
 using the journal and 

foil state variables at the previous time step     .  These 

resulting equations were then solved iteratively to yield the 
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pressure distribution and, hence, the bearing forces at    .  

These latter were then used in the integration of the rotor ODEs 

to yield the journal displacements and velocities at   . The 

approximate pressure distribution at    was also used to update 

the foil deflection distribution. 

Since the above-described methods do not reflect the true 

simultaneously coupled nature of the state variables of the 

original stiff system, they are inevitably slow through the need 

to maintain sufficiently small time steps [1, 2].  In fact, such 

approximations required checking either by repeated 

calculations for different time steps [6] or as part of an iterative 

feed-back loop to restore the coupling between the subsystems 

[8].  In previous research [1, 2], the authors developed two 

alternative techniques (respectively based on FD and Galerkin 

Reduction) to preserve the state equations of the air films and 

solve them simultaneously with the other state equations.  In 

the present paper, the state equations are similarly preserved but 

only FD is used and symbolic computing is used as an 

alternative to the vectorised formulation adopted in [1, 2] for 

the efficient computation of the Jacobian. 

With regard to the second simplification aspect listed at the 

start, it is noted that most (if not all) research that considered 

nonlinear FABs has assumed a rigid rotor.  For example, the 

above-mentioned works [1-8] assumed a simple symmetric 

rigid rotor-bearing system.  Other works considered rigid rotors 

with four degrees of freedom (DOFs) (corresponding to 

translation and rotation in each of the xy, yz planes) [11] or five 

DOFs (where an additional axial DOF was considered to 

account for an air foil thrust bearing) [12]. 

 The turbocharger considered in this paper is typically run 

at 150,000 rpm (2.5 kHz).  Hence, the assumption of rotor 

rigidity is not appropriate. Moreover, at such high speeds, the 

support structure dynamics may be influential.  The modal 

technique presented in this paper can accommodate both rotor 

and support structure flexibility, in a similar fashion to the 

approach developed by one of the authors for turbochargers on 

oil bearings (FRBs) [13]. 

 

NOMENCLATURE 
 

     undeformed radial clearance of FAB n  

   undeformed radial clearance of FAB in [6, 7] 

   vector of forces of FAB n, eq. (2) 

      air film gap divided by      

  total number of modes of linear part 

   ,    ,… modal matrices, eqs. (1), (3) 

  
   

,    
   

 
dimensional, non-dimensional foil stiffness of 

FAB n used in eq. (7) 

    dimensional foil stiffness of FAB in [6, 7] 

     axial length of FAB n 

n bearing identifier (      in Figure 1) 

       total number state variables  

      
number of points of FD grid along     

directions 

 

 

           absolute air pressure at       for FAB n 

  ,       atmospheric pressure,         resp. 

     
   

 average gauge pressure at  , eq. (8) 

     
   

 vector of values of      
   

 at discrete   values 

  diagonal matrix defined by eq. (4) 

  vector of modal coordinates, eq. (1) 

     undeformed radius of FAB n 

  vector of state variables, eqs. (16), (17) 

   static equilibrium solution of eq. (16) 

    vectors of unbalance and gravity forces resp. 

      radial foil deflection (at  ) divided by      

      vector of values of       at discrete   values 

    
   

,     
   

 relative displacements at FAB n (Figure 1(b)) 

     axial displacement from bearing mid-section 

             

  angular local bearing coordinate (Figure 1(b)) 

     bearing number, defined under eq. (5) 

   linearization eigenvalue with highest real part 

  viscosity 

  damping loss factor of foil structure 

    
   

     
   

     ,     
   

      

     vector of     
   

, eq. (12) 

                 

     vector of values of      at discrete     values 

   

   
,    

   
,… 

eigenmodes of mode       at selected 

degrees of freedom (see below eq. (3)) 

  
diagonal matrix of squares of natural 

frequencies, eq. (1) 

     right-hand of FD transformed equation (5) 

     vector function defined by eq. (14) 

  nonlinear vector function of  , eq. (16) 

  non-dimensional time (     ) 

  rotational speed (rad/s) 

  general frequency (rad/s) 

 

 
2 COMPUTATIONAL ANALYSIS 
2.1 State Equations 
Figure 1(a) shows a generic turbocharger assembly fitted with 

two FABs.  Figure 1(b) shows the cross-section of FAB n 

        where Jn , Bn  respectively denote the centres of the 

journal and bearing housing.  The “linear part” of the assembly 

is defined as the system that remains in Figure 1(a) when the 

FABs are replaced by gaps i.e. the linear part comprises the 

uncoupled (free-free) rotor and the support structure.  Let   be 

the     column matrix (vector) of modal coordinates of the 

linear part and   the diagonal matrix of the squares of the 

natural frequencies.  The equations of motion are written as: 

 

        
     

     
           

  
      (1) 
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where: 

      
   

  
    

 
   (2) 

 

is the vector of x, y forces exerted by FAB n on its journal Jn. 

           

           
     

   
    

   
      

   
    

   
  

(3) 

   

   
,      , is the mass-normalised      eigenvector 

whose rows respectively define the  x and y displacements of Jn  

in mode no. r.  Similarly for     

   
.     and     are the matrices 

whose columns are the mass-normalised eigenvectors   
   

, 

  
   

  evaluated at the degrees of freedom corresponding to the 

directions and locations of the elements of the vector of 

unbalance forces   and the vector of static loads  .  Since the 

rotor is statically determinate, its distributed weight could be 

replaced by two equivalent concentrated loads at the bearing 

journals. 

 

The modes in eq. (1) pertain to the linear part at zero rotor 

speed.  The right-hand term   
       accounts for the 

gyroscopic effect on the rotating nonlinear assembly.  This 

effect is assumed to be concentrated at   points on the rotor.    

is the diagonal matrix: 

 

                       (4) 

 

where:   is the rotational speed (rad/s),    is the polar moment 

of inertia at rotor location        .     and    are the 

matrices whose columns are the mass-normalised eigenvectors 

  
   

,   
   

 taken at the degrees of freedom corresponding to the 

directions and locations of the elements of the gyroscopic 

moment and rotation vectors   and    defined in reference [13] 

(the latter vector is given the symbol   in [13]). 

 

For FAB n of radius      and length      (Figure 1(b)), let 

          denote the distribution of the air film pressure 

(absolute) where   
    

    .  This distribution is then governed 

by the isothermal RE: 
     

  
 

 

     
 

  
                

  
           

  
   

 

  
                

  
 

          

  
    

     

  
               (5) 

 

 

where:         is non-dimensional time, the bearing number 

     
   

  
 

    

     
 

,   is the air viscosity,      is the radial 

clearance with no foil deflection,                 ,       
    

  
 , 

   being the atmospheric pressure and       the non-

dimensional air-film gap at a position      : 

 

           
   

       
   

            (6)  

 

In equation (6):     
   

     
   

          
   

      are the non-

dimensional Cartesian displacements of Jn relative to Bn  

(Figure 1(b)) (Bn may be dynamic);       
    

     is the non-

dimensional foil deflection at a position      . 

 

The foil structure used in this paper assumes that the variation 

of the deflection of the foil in the axial direction is negligible 

[14]:   

      

  
 

 

 
 

     
   

   
             (7) 

 

where:                ,    
   

   
   

         is the non-

dimensional form of   
   

, the stiffness per unit area of the foil 

structure (N/m
3
) and      

   
 is the average of the non-dimensional 

gauge pressure    
   

(              ) over the    (or     )-

direction for a given  : 

 

       
   

      

      
    

           
          

               (8) 

 

 

As in [6, 7], the damping in the foil structure is quantified by a 

hysteretic loss factor  .  However,   is only defined for 

harmonic vibration [15] and its equivalent viscous damping 

coefficient in the time domain is   
   

   ,   rad/s being the 

frequency of the vibration. Hence, with this damping model, 

time domain analysis for arbitrary response inevitably 

necessitates the use of an assumed equivalent viscous damping 

coefficient. In [6, 7] alternative equivalent coefficients of 

  
   

    and   
   

    were used (the   in the latter was 

prescribed).  In the present work, the former option (  
   

   ) 

is used throughout (as per equation (7)).  The validity of this 

assumption for (self-excited) limit cycles (which have a 

fundamental frequency unrelated to the rotational speed, and 

harmonics) was tested in [2] using a frequency domain solution 

process (Harmonic Balance) which can accommodate the 

correct damping expression for each unknown frequency 

component.  The cases studied in [2] showed that the 

assumption of   
   

    in the time domain integration process 

had little effect on the limit cycle that the trajectory approaches 

in the steady-state.     

 

The rotor equations (1) are linked to the bearing equations (5), 

(7) through the forces   , which are obtained by integrating the 

air film pressure distribution in FAB n: 

 

        
    

 
   

    

        
  

   
 
    
    

     
          

                

(9) 
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Figure 1.  Turbocharger assembly with FABs: (a) turbocharger schematic; (b) cross-section of FAB 

 

 

The system response is obtained by solving simultaneously the 

three sets of equations (1), (5), (7).  This can be done using 

readily available time domain implicit integration routines after 

the transformation of equations sets (5), (7) into FD format.  

 

Since each bearing is open to atmosphere at both ends, 

symmetry can be exploited and the FD grid need only cover 

half the axial length of the bearing.  The rectangular grid has 

      points where     ,         ,     ,   

      .  It is noted that the bearing edge, where           , 

is excluded from the grid.  However, this boundary condition is 

considered when estimating partial derivatives and integrating. 

Let:  

           
   

  
 
                     (10) 

           
   

  
 
 (    )            (11) 

         
   

  
    

 
              (12) 

 

where     
   

            ,    
   

           and 

 

                
         (13) 

 

Using central-difference formulae [16, 17] to approximate the 

partial derivatives in eq. (5), this equation can be transformed 

into a set of state equations whose right hand side is denoted by 

a vector     .  Let      
   

 denote the vector of pressures      
   

     

computed from the discrete form of equation (8) and let the 

discretised right hand side of equation (7) be denoted as: 

        
 

 
 

     
   

   
             (14) 

 

Both      and        are nonlinear functions of 

                  .  Hence, the state equations of the complete 

assembly can be written as: 

 

                                      (15a) 

                                           (15b) 

                                      (15c) 

                                       (15d) 

 
 

   
 

 

 
 
 
 

  

 

   
    

 

 
  

         
        

   

    
  

                         
 

 
 
 
 

 (15e) 

 

 
2.2 Transient Nonlinear Dynamic Analysis (TNDA) 
The system in equation (15) is in the general form required by 

Matlab integrator routines [10]: 

 

              (16) 

where the state vector     

 

        
      

     
            

 

   (17) 

 

is                      elements long.  In view of the 

numerical stiffness of the systems, the implicit integrator 

function ode23s was used [10].  This is based on the Modified-

Rosenbrock algorithm and has adaptive time-step control to 

maintain the numerical error with a prescribed tolerance.  As 

 

(a) 

 

(b) 

support 

structure 

compressor 
turbine 

FAB 1 FAB 2 

y  

z
 

x  
  

top foil 

bump foil 

      

  

  

  

Bn 

Jn 

top foil 
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discussed in the Introduction, it is only possible to take 

advantage of this function (and other stiff solvers in the Matlab 

ode suite), if a user-written function for the rapid computation 

of the Jacobian matrix 
  

  
 at each time-step can be provided.  An 

analysis of the Jacobian expression reveals that the 

computational burden lies in the calculation of the following 

submatrices:   

             
 

       
       

 
 , 

          
       

 
 . 

Expressions for the above matrices could be obtained using one 

of two alternative methods: (i) using Matlab-style vectorized 

formulation that minimises matrix multiplication, as done in 

[2]; (ii) using symbolic computing.  The latter approach was 

used for this research.  Code was developed to generate 

symbolic expressions for the elements in the above matrices in 

terms of the elements in                (using Matlab Symbolic 

Toolbox™) and then to write these expressions into a 

subroutine.  
 
2.3 Static Equilibrium Stability Analysis (SESA) 
With reference to eq. (16), the static equilibrium condition at a 

given rotational speed can be obtained directly by finding the 

solution      of the system of nonlinear algebraic equations  
             , whose left hand side is a nonlinear vector 

function of   only (since u is omitted). The stability of small 

perturbations    about      is governed by the linear relation 

         

  
 
        

      The solution of this linearized system 

is given by       
      
          where   ,           ,  

are the eigenvalues of the Jacobian matrix  
  

  
 
        

 , and   , 

   are eigenvectors and arbitrary constants respectively.  

Hence, the stability of the static equilibrium      can be 

investigated by examining the leading eigenvalue    (i.e. the 

one whose real part is nearest to   ):        is the growth 

factor of the dominant component of the perturbation and 

           is the ratio of its frequency to the rotational speed.  

The system               was solved over a range of speeds 

using a predictor-corrector continuation scheme [18]. In this 

process the initial approximation (‘predictor’) to    at the 

current speed was obtained from the solution at the previous 

speed and the damped Newton-Raphson Method (‘corrector’) 

was used to converge it to   .  The predictor at the first speed in 

the range was taken from the steady-state TNDA solution.  The 

Jacobian expression of the previous section was used both by 

the corrector and the subsequent eigenvalue analysis (apart 

from TNDA). 

 

3 SIMULATIONS AND DISCUSSION 
The analysis was applied to a small commercial automotive 

turbocharger rotor whose finite element (FE) model was 

supplied by industry (Figure 2(a)).  This model was somewhat 
similar to that used in the FRB analysis in [19]: the turbine 

(shaded) was integral with the shaft (i.e. one material code 

used), with discs added to correct the diametral and polar 

moments of inertia; the aluminium compressor was modeled as 

discs added to the steel shaft, correcting both the mass and the 

moments of inertia.  It is also noted that the simple two-

disc/flexible shaft rotor model used in the FRB analysis in [13] 

is approximately dynamically equivalent to the present one.  

Since the supplied rotor model was used on FRBs, the shaft 

diameter at each of the bearing locations was increased from 

11mm to 20mm over a 20mm length of shaft in order to 

accommodate the realistically-sized FABs used in the present 

analysis, as indicated in Figure 2(a).  Figure 2(b) shows the first 

four free-free undamped modes of the modified rotor in one 

plane at zero rotational speed.  These comprise: two rigid body 

modes (0 Hz) respectively describing translation and rotation 

about the mass centre; two flexural modes (1.2 kHz, 3.0 kHz).  

The next highest flexural mode occurred at 6.1 kHz and hence 

was considered not to be influential within the operating speed 

range of the present analysis (0-3000 rev/s), which focuses on 

self-excited vibration, in which sub-synchronous frequency 

components dominate.  Also, the support structure was taken to 

be rigid.  Hence, in the above nonlinear analysis,     (i.e. 4 

free-free rotor modes for each of the xz, yz planes) and 

   

       
  .  It is noted that, if the support structure modal 

properties were known and influential, then this would be 

simply accommodated by adding further columns to     (eq. 

(3)) for which    

     
   and    

     
  . The gyroscopic 

effect was discretised at the locations shown in Figure 2(b).   

 

Table 1. FAB length, radial clearance and foil stiffness for 

different simulation tests (the radii of both bearings are 10 mm 

for all tests;           m;            GN/m
3
) 

 

test 

no. 
           

FAB1, FAB2 
     

FAB1, FAB2 
  

   
 

FAB1, FAB2 

1   ,          ,             ,      

2   ,          ,             ,      

3   ,          ,             ,      

4   ,          ,            ,     

5   ,          ,               ,        

6   ,         ,            ,      

7   ,         ,           ,     

8   ,         ,              ,        

 

The radii           of the FABs used in the analysis were both 

10 mm.  The other FAB parameters were adjusted as shown in 

Table 1 with reference to     ,    and     where       

    m and            GN/m
3
 are, respectively, the radial 

clearance and foil stiffness of the larger standard FAB used in 

[6, 7] (which had a radius of 19.05 mm and length of 38.1mm).  

In all simulations,           Pa,             Ns/m
2
 

and foil structure loss factor         [6, 7].  The analysis in 

this paper focuses on self-excited instabilities and so, no rotor 

unbalance was considered in the case study. 
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The FD grid used for each FAB was     ,       (i.e. the 

full extent of each FAB was covered by a       grid). This 

means that the number of state equations (15) was 1168.  All 

simulations were implemented in Matlab on a standard laptop 

computer with Intel® Core™ i7 Processor. 

 

 

 

 

 
 

 

Figure 3 shows the simulation of the trajectory (TNDA) of the 

journal centres (J1, J2) of the two bearings from default initial 

conditions (corresponding to centralized journals with zero 

velocities, air films at atmospheric pressure and undeformed 

foils) over 20 shaft revolutions at a very low speed (5×10
3 

rpm) 

for Test 1 parameters (Table 1).  Both trajectories converge to a 

  
   

 

 

  
   

 

 

 

 (a) 

Figure 3. FAB journal trajectories at 5000 rpm from default initial conditions over 20 revs, Test 1: 

(a) FAB1; (b) FAB 2 (SS: steady-state) 
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inertia correction discs 

Figure 2. Turbocharger rotor: (a) rotor finite element model; (b) free-free rotor modes at zero rotor speed 

(a) 
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(stable) static equilibrium point; the equilibrium position of J2 

is situated at a lower position in the clearance than that of J1 

since J2 supports a considerably larger static load (4.7N vs 1.4N 

- it is much closer to the centre of gravity G, see Figure 2(b)).  

Figure 3 also shows the predicted steady-state deformation of 

the clearance (i.e. the profile of the top foil) of FAB1, FAB2.   

 

The steady-state TNDA solution to equation (15) (which, in the 

case above (Figure 3), is a constant state vector   ) was used as 

an initial approximation to the SESA process described in 

section 2.3 to directly compute the equilibria    and their 

stability over the operating speed range.  The same procedure 

was performed for other test parameters (Table 1).  It is noted 

that, if the SESA process was progressed backward (rather than 

forward) from the starting speed of 5×10
3 

rpm to a very low 

speed, the computed equilibria    approach the static 

equilibrium condition at null rotor speed (i.e. journals resting at 

the bottom of a deformed clearance under the rotor weight).  If 

such an equilibrium    were used as the initial condition for the 

TDNA analysis at 5×10
3 

rpm, instead of that marked in Figure 

3, the journal centre and foil deformation would arrive at 

exactly the same steady-state condition.  This is to be expected 

since, in a dissipative nonlinear system, the choice of the initial 

conditions of the TDNA normally has no effect on the steady-

state condition.  The default initial condition used in Figure 3 is 

very convenient since it corresponds to zero foil deflection and 

atmospheric pressure (i.e. does not require the prescription of 

an assumed deformed profile and pressure distribution). 

 

Figures 4(a,b) show the real and imaginary parts of the leading 

eigenvalue    over a speed range of 5×10
3
-200×10

3
 rpm for the 

SESA of Tests 1-3.  The Test 1 stability plot in Figure 4(a) 

shows that the static equilibrium configuration is stable at A 

(5×10
3
 rpm – in agreement with the TNDA of Figure 3) but 

becomes unstable as the speed is increased slightly to 6×10
3 

rpm (point B).  Hence, there is a Hopf bifurcation (marking the 

birth of a limit cycle [1, 18]) at point H (where         ). 

 

 

 

 

 
The predicted instability of              in Test 1 is confirmed 

by the TNDA results in Figure 5, which show the evolution, 

over 200 shaft revolutions, of the trajectories of J1 and J2 from 

slightly perturbed initial conditions                       

(these are identical to               except for the entries 

corresponding to the  -subvector, which are perturbed by 1%); 

the trajectories are seen to diverge from              and 

eventually settle down into a limit cycle.  The limit cycles 

balloon in size as the speed is increased, as can be seen in 

Figure 6, which pertains to a speed of  100×10
3
 rpm and shows 

the evolution to a limit cycle, over 250 shaft revolutions, as a 

result of a 1% perturbation in the  -subvector of               .  

It is noted that, in both Figures 5 and 6, the plotted deformed 

clearance profile for each bearing is that corresponding to the 

instant when its journal is at maximum eccentricity during the 

limit cycle (e.g. point E in Fig. 5(a)).  In the case of the limit 

cycle at 100×10
3
 rpm it is seen that the clearance expands to 

over four times its initial (undeformed) value; however, this 

still corresponds to a feasible foil deformation since the 

undeformed clearance c is only       m (see Table 1). 

 

The plots of            in Figure 4(b) show the ratio of the 

frequency of the dominant perturbation (in the vicinity of the 

static equilibrium configuration) to the rotational speed, as 

discussed in section 2.3.  Such plots exhibited one or more 

abrupt shifts in frequency.  It is interesting to note that abrupt 

vibration frequency shifts have also been reported, both 

theoretically and experimentally, on turbochargers with oil 

FRBs e.g. [20].  As also noted in [20], an abrupt frequency shift 

happens whenever one of the        eigenvalues supersedes 

another to become the leading eigenvalue    as the speed 

changes (see definition of     in Nomenclature): in fact, the 

shifts in Figure 4(b) coincide with kinks in Figure 4(a)). 

rpm (      rpm (      

 
 
  

 
  

 

  
 

  
 
  

 
 

 

 

 (a) 

 

 (b) 

Figure 4. SESA results for Tests 1-3: (a) perturbation growth factor; (b) ratio of perturbation frequency to rotor speed 

 

B 

 

A 

 

Test 1 

 

Test 2 

 

Test 3 
 

Test 1 

 

Test 2 

 

Test 3 

 

H 
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Figure 7 shows the frequency spectra of the Test 1 limit cycles 

(FAB 1, y direction) at 6×10
3
 rpm, 100×10

3
 rpm.  It is seen that 

their fundamental frequency to rotational speed ratios are 

respectively 0.49, 0.26 (the non-dimensional frequency 

resolution of the spectrum being 0.005).  It is observed that 

these whirl frequency ratios are quite close to the ratios 0.46, 

0.22 given by the Test 1 curve in Figure 4(b) at the same 

speeds, despite the fact that (as seen from Figures 5, 6) the limit 

cycles (for which Figure 7 applies) are considerably removed 

from the perturbation in the immediate vicinity of the unstable 

static equilibrium (for which Figure 4(b) applies).  It is seen 

that, at low speed, the instability loosely corresponds to a case 

of ‘half-frequency whirl’ (as far as the fundamental frequency 

to speed ratio is concerned); as the speed increases, the whirl 
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Figure 7. Frequency spectra of the Test 1 limit cycles (FAB 1, y direction): (a) 6000 rpm ; (b) 100,000 rpm.  
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Figure 6. Divergence of FAB journal trajectories at 100,000 rpm from 1% perturbed static equilibrium over 250 

revs, Test 1:(a) FAB1; (b) FAB 2 
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frequency appears to approach a limiting value of between a 

tenth and a fifth of the rotational speed (Figure 4(b)). 

 

The Test 1-3 results in Figure 4(a) show that, increasing the L/R 

ratio to 2 tends to reduce the degree of instability (the 

perturbation growth factor) in the second half of the speed 

range, which is the typical operating range for this 

turbocharger.  Hence, the L/R ratio was maintained at 2 in the 

subsequent tests.  Figure 8(a), which pertains to Tests 3-5 

(Table 1), shows the effect of the foil stiffness on the stability 

plots.  Decreasing foil stiffness tends to reduce the growth 

factor.  Figure 8(b) shows the stability plots for the same 

parameters except for a reduced clearance c (Tests 6-8, Table 

1).  Comparing Figures 8(b) to 8(a), it is seen that, by reducing 

the clearance from        to      , stability is achieved beyond 

       rpm for a foil stiffness of     and beyond around 

       rpm for a foil stiffness of       .  The stability 

regime was confirmed by time transient integration at specific 

speeds. Figures 9(a)(i),(b)(i) shows the evolution, over 50 shaft 

revolutions, of the trajectories of J1 and J2, as a result of a 20% 

perturbation in the  -subvector of the static equilibrium 

solution at         rpm,                 (Test 7 parameters).  

Figures 9(a)(ii),(b)(ii) show the trajectories over the last 50 of a 

further 150 revolutions: it is clear that, despite the sizeable 

initial perturbation, the journal centres settle back to their static 

equilibrium positions.  Figure 9(b)(ii) also shows that, despite 

the larger static offset of J2 (from the bearing centre), J2 is still 

approximately centralized within the deformed clearance 

boundary.  It is also noted that the SESA results showed that the 

static condition depicted Figures 9(a)(ii),(b)(ii) is virtually 

invariant over the entire speed range.   

 

As a final observation, given that the results of this case study 

indicated that reduction in undeformed clearance promoted 

stability, any centrifugal growth of the journal should be 

beneficial in this respect. 

 
4. CONCLUSIONS 
The research in this paper has presented a generic technique for 

the TNDA and SESA of a turbomachine running on FABs. The 

FD state equations of the two air films were preserved and 

solved simultaneously with the state equations of the foil 

structures and the state equations of the modal model of the 

turbomachine.  An efficient analysis was possible through the 

extraction of the state Jacobian matrix using symbolic 

computing.  The method was applied to an actual turbocharger 

rotor currently running on two oil FRBs that was slightly 

modified to run on two FABs instead.  The results of the SESA 

were shown to be perfectly consistent with those from the 

TNDA.  For certain FAB parameters, limit cycles were 

observed over a wide speed range, and the ratio of their 

fundamental frequency to the rotational speed reduced from 

around 0.5 to a lower order as the speed was increased, subject 

to abrupt frequency shifts revealed by the SESA – similar 

behaviour has also been observed in turbochargers with oil 

FRBs.  The case study showed that stability of the static 

equilibrium configuration was promoted by increasing the FAB 

length-to-radius ratio, increasing the foil structure compliance 

and reducing the undeformed radial clearance.  With the right 

parameters, stability was achievable over a wide operating 

range, in contrast to the current installation (FRBs).  The foil 

deformation ensured that the heavily loaded journal was still 

centralised in the altered clearance.  Future research will aim to 

extend this analysis to more complex foil structure models 

involving Coulomb friction and/or interaction between bumps.   
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Figure 9. FAB journal trajectories at 100,000 rpm from 20% perturbed static equilibrium, Test 7:  

(a)(i), (b)(i) FAB1, FAB2, first 50 revs; (a)(ii), (b)(ii) FAB1, FAB2, last 50 revs out of further 150 revs 
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Figure 8. SESA results (perturbation growth factor): (a) tests 3-5; (b) tests 6-8 
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