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We investigatenaturalsupercoherentapproximationsto anotherwiseexactrepresentationofthegroundstateofananharmonic
oscillator.The truncatedwavefunctionsareneithernormalisablenor unique.Quite differentsuchwavefunctionscangive very
accurateestimatesfor theenergyeigenvalue,whicharealwaysfinite.Possibleparallelsin quantumopticsaredrawn.

The coupledcluster method (CCM) [1—31is the quantumsystem,with respectto some appro-
widely recognisedas providing one of the most priate model or referencestate. Similar supercoh-
broadlyapplicableandmostaccurateof all currently erentstatesarealso of particulartopical interestin
availableformalismstodealwith thequantummany- quantumoptics [10,11] as possiblegeneralisations
bodyproblem.It hasbeenappliedto a diverserange of the one-photonGlaubercoherentstatesandtwo-
of condensedmatterproblemsincluding finite nu- photonor squeezedcoherentstates[121. We return
clei [41,nuclearmatter[5], theone-componentfer- to thisanalogyat the end.The exp(S) representa-
mionCoulombplasma(or “electrongas”) [6], and tion was inventedto incorporatefully the linked
systemsin quantumchemistry [7,8]. In eachsuch clustertheoremof Goldstone [3], andcorrespond-
casethe resultsare at leastas accurateas thoseob- ingly to eliminatethe unlinked diagramsof many-
tamedby any othermethod,exceptfor the intrin- body perturbationtheorythat scaleincorrectlywith
sically exactGreenfunction Monte Carlo or other particlenumber,andwhoseappearancetherebyleads
stochasticsimulation techniquesthat provide the to the so-calledsize-extensivityproblem [13]. For
benchmarkresults.TheCCM is now alsobeginning applicationsto many-bodyor field-theoreticalprob-
to be applied with some considerablesuccessto lems, this featureis crucial for practicalimplemen-
problemsdrawnfrom quantumfield theory [9]. In tation of the method.
view of this impressivecorpusof successfulappli- Another featureof the CCM is that it is very
cations it is interestingto study the fundamental stronglytied to the Schrödingerequation.In partic-
propertiesof the methoditself, and it is from this ular, theg.s.energyfor examplemaytherebybe cal-
starting-pointthat the presentstudyoriginated. culatedotherthanasthedirectexpectationvalueof

Forpresentpurposeswe restrictthediscussiononly the hamiltonian.Furthermore,andrelatedto this,
to the ground-state(g.s.) version of the so-called the requirement of normalisability of the exact
“normal” version of the CCM. As explainedmore groundstateis neverexplicitly imposed.Normally
fully below,this formalismis basedon a verygeneral in solving for the bound statesof a quantum-me-
“supercoherent” representation— the so-called chanicalhamiltonian,one knows that the require-
exp(S) representation— of the exactgroundstateof mentofnormalisabilityofthe statesplaysakey role

in uniquely determiningthemandtheir eigenergies.

Permanentaddress:DepartamentodeFisicaModerna,Facul- Thequestionmaythusberaisedastothepossibility,
tad de Ciencias,Universidadde Granada,18071 Granada, at leastin principle,of the CCM leadingto non-nor-
Spain. malisableandnon-uniquestates.It is thepurposeof
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this Letter to addressthis latter questionas of in- orderedform in termsof the new operatorsas,
terestin its own rightandextendingbeyondthe con- H—E ~ + (~btb+ ~ (b+bt)4. (5)
fines of the CCM itself. Ok / 0),, / )‘~~

To this endwe stepbackfrom many-bodyappli- with easilyderivedexpressionsfor the constantsE
0,

cationsand studyinsteadthe very simple but im- w andy which we do not quote.
portant one-body model of the one-dimensional Theg.s.CCM now exactlyparametrisestheground
quarticanharmonicoscillatorasa concreteexample state ~>of H in the supercoherentform,
withwhich toelaborateon theabovepoints.We first
introducethe usual(oscillatoror bosonic)creation 1w> =exp(~)IO>, 5= ~ S,,(b~)’, (6)
and destructionoperatorsat and a respectively, I

which obey the usual canonicalcommutationrela- andthe solution of the Schrodingerequation(2) is
tion [a, at] = 1, andthe corresponding“bare” vac- reducedto determiningthe (c-number)correlation
uum state tO>, definedby a)0>=0. The model coefficients {Sn}. We note that with the symmetric
hamiltonianis thengivenas, hamiltonianof eq. (1), the fact that w> is a parity

H= ~+ a ta+~2(a +at)~, 2>0. (1) eigenstateallowsusto imposethe constraintthatall
coefficientsS~with n oddvanish.Wealsopoint out

Its exactgroundstate w> andcorrespondingg.s.en- thatwe could choose,as in ref. [141, to carryout a
ergy E are givenby the Schrodingerequation moregeneralcalculationin which theamplitudesS~

H \ —El \ (2) with n oddarenotsetto zeroatthestart.In thiscaseWi — Wi we would find for suchspatiallysymmetrichamil-

A useful first step is to perform a Bogoliubov toniansas thatof eq. (1), that the resultantCCM
transformationto a newsetof canonicaloperatorsb equationsdiscussedbelow trivially permit the so-
andbt, lution with theoddamplitudesidenticallyzero.This

b=(l_t
2)~~’2(a_tat), ltI<1 . (3) mustobviously be true in the exact (untruncated)

formalism, but it is also true at every level in the
While notessentialfor thebasicCCM procedurede- practicalSUBn truncationschemediscussedbelow.
scribedbelow,an optimalchoiceof the parameterI We shouldalso notethat, in principle, other (non-
in this changeofbasiscangreatlyacceleratethecon- parity-conserving)solutions could exist, but for
vergenceof theresultantCCM equationsrelativeto presentpurposeswerestrictourselvesfrom theout-
their counterpartsbuilt from the original operators set to parity eigenstates.
aandat. Thisis particularlytrue for largevaluesof Theg.s.energyEandthenon-vanishing(even-in-
the couplingconstant1. Thenew operatorsobeythe dexed)coefficientsS, are formally determinedby
samebasiccommutationrelation [b, bt] = 1 for ar- projectingeq. (2) onto the completebasisof states
bitrary realparameterI with —1<1<1,andhavea <OIb”exp(—S), n=0, 1,2,...,
new vacuumstate 0> suchthatblO> =0. Onecan H ~ —E
showthatthecorrespondingrelationbetweenthetwo <01e e I 0> = <01 e I 0> —

(normalised)vacuais, <øIb” e~He’~l0> =0, n=2, 4 (8)

0> (~— j2) — ‘/4 exp(itat2)10> . (4) Useof thenested-commutatorexpansionfor thefac-

Hence 0> is a squeezedvacuum state.it corre- tor ~ andthe explicit form of eq. (5) for H,
spondsto a gaussianwavefunctionin configuration leadseasily to the expressionfor the g.s.energy,
spacewith a width distortedfrom that of the bare E=E

0 (1’) + l2~’(~)(S~+254), (9)
vacuum10>. Theso-calledHartreeor gaussianap-
proximationis now obtainedby choosing1= ~such and,after a lengthy calculation,to the infinite sys-
that the variationalestimate.E0=E0(t) = (01HI 0> tern of coupledfinite-ordermultinomial equations
for the g.s.energyis minimised.With this choiceof for the coefficients{S~},
parameterI onecanfurthershow that thehamilton-
ian of eq. (1) may be re-expressedin normal-
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It must be emphasisedthat this non-normalisa-
ô~4+(n+l)(n+2)(n+3)(n+4)S~+4 bility of the truncatedCCM wavefunctionsis ofno

+4n(n+ 1 )(n+2)S~~~ concernwhencalculatingthe energyE via eq. (9),
— ‘ since the method of derivation via eq. (7) has

+n[w(t)/y(t)+6(n—l)]S~ +4(n—2)S~2 avoidedtakingan expectationvalueofH. We point

+ ~jk{[2(j—l)(j—2)+3(j—l)(k—l) out that therealso exist techniques[16] for calcu-
j.k lating the expectationvaluesof arbitrary operators

within the CCM which likewise can remainfinite+2(k 1) (k2) ]~j±k,n±4+6(J+k2)ôJ+k~±2
evenwhenthe normis undefined.Thus,we do not

+ 6ö,+k. ,~}S~Sk regardthis lackof normalisabilityof theSUBn-trun-

+2 ~‘ ki ri k 1 3 ~ cated wavefunctionsas being at all seriousin thisL~J L kJ+ + — / j+k+!,n+4 context.In particularthereexist largeclassesof bra

vectorsin the dual Hilbert spacewhosescalarprod-
+2öJ+k+f,,+2}SJSkSI ucts with the SUBn-truncatedket vector are corn-

+ ~ jklm öj+k+ 1+ m.n+ 4 Sj SkSISm pletely well-definedandconvergent.In practicethe
j.kJ,,n CCM is soarrangedasto dealonly with suchfinite

—0 n —2 4 ‘10’ expressions.Nevertheless,the SUBn-truncatedsys-
— ‘ — ‘ ,..., ‘ / ternof equations(10)can, in principle,haveamul-

wherethesummationsoverj, k, land m runoverthe tiplicity of different solutions.Wemay regardsuch
evenpositive integers, non-uniquesolutionsas a manifestationof the non-

The exactsolutionfor the set of coefficients{S~} normalisabilityandthefactthatwe arethusworking
to the coupledsystemof equations(10)would thus not in the usualHilbert spacebut in someappro-
produceboth the exact (uniqueandnormalisable) priately enlargedspace.
g.s.wavefunctionofH via eq. (6), andthe exactg.s. We havedescribedelsewhere[14] a numerical
energyEvia eq. (9). In practicehowevertheinfinite method of solution for the SUBn-truncatedequa-
systemof equations(10) mustbe approximatedby tions (10). For the hamiltonianof eq. (1) we de-
truncation. A naturalway to do this, referredto as fined a so-called “standard” solution with the
theSUBnapproximationscheme,is simply to setall following properties:(i) the g.s. energyE is gener-
S,= 0 for i> n, andto solvethe remainingequations atedveryaccurately;(ii) theconvergenceof Ewith
numerically. It hasbeenshown elsewhere[14,151 increasingtruncationindex n is initially veryrapid,
that this schemeis capableof giving extremelypre- althoughthe rateof convergenceslowsappreciably
ciseresultsfor E for evenquite low valuesof the beyondsomevalueof n which dependson A [14];
truncationindex (n ~ 6) for all valuesof the cou- (iii) the coefficientsSm decreaserapidly in magni-
pling constant1. Forn = 6, for example,theaccuracy tude with increasingindex m,at leastfor m nottoo
is betterthan about0.01%for all A. high; and (iv) small variationsin the coupling pa-

If the operator~ is not truncated,the wavefunc- rameterA andincrementalchangesin thetruncation
tion of eq.(6) iscertainlyanexactrepresentationof index n producesmoothvariationsin the approxi-
anystatenotorthogonalto 10>~andtheuntruncated matesolutions{Sm}. Our standardsolution is also
equations(10) musthavethe exact{S~}as a solu- the thermodynamicallystablesolutionas discussed
tion for the exact I w>. Whetherthis is the only so- by Kaulfuss andAltenbokum [15] in this context.
lution is not clear,but it seemsunlikely in view of Wealso presentedin ref. [14] a singleexampleof a
the fact that the requirementthat the normof I w> second(“non-standard”)solutioninthespecificcase
befinite hasnotbeenimposed.At finite SUBntrun- of SUB 18 approximationand for A = 0.1.

cationsthe situationis evenmoreinterestingsince We havesinceexploredseveralspecificnumerical
for all (finite) n>2 the SUBn-truncatedwavefunc- procedureswhich generatemany moreexamplesof
tion hasinfinite norm. Indeedeventhe SUB2-trun- such alternative non-standardsolutions, both for
catedwavefunctionis normalisableonlyfor I 521 <~ variousvaluesof the truncationindexandoverthe
(cf. eq. (4)). wholerangeof couplingconstants(aswell asfor an-
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harmonicitiesmoregeneralthanquartic).The so- comparewith the standardsolution.The sensitivity
lutionsthusgeneratedaretypically ill-manneredwith of the results on the SUBn truncationis also dis-
respectbothto small changesin the potentialandto playedforbothsolutions.We notefrom table2 that
incrementalchangesin the truncation index. This as the truncationindex n is increased,at least the
behaviouris indicativeofthe co-existenceof several lowest few correlationcoefficientsSm for the non-
branchesof solutions,especiallywhencoupledwith standardsolution seemto be approachingthoseof
thefactthatthesenon-standardsolutionsareusually the standardsolution.On the otherhand,the actual
quite difficult to obtain numerically (both in terms convergencepropertiesof the coefficients {Sm} for
of finding them at all andwith respectto numerical eventhe standardsolution,as the SUBntruncation
convergence).Furthermorethese alternative solu- index n is increasedwithoutbound,arestill far from
tionsfor {Sm} decreasemuch moreslowly in mag- clear.Althoughof interestin itsown right, thisprob-
nitudewith increasingindex m,than is the casefor lem is notof directconcernto us herehowever.
thecorrespondingstandardsolution.However,these In conclusion,it seemsthat the non-normalisabil-
solutionsveryoftenhavethestrikingfeaturethatthe ity of the SUBn-truncatedsupercoherentwavefunc-
correspondingg.s.energyE, calculatedfromeq. (9), tions results in the non-uniquenessof the
is closeto theexactresult.Indeedsometimesthe re- approximaterepresentationfor the wavefunction.
sult is extremelyaccurate.Conversely,only rarely is The numberof possiblesuchsolutionsgrows with-
it a poorapproximation. out bound as n is increased.Furthermore,at least

We comparein table 1 the non-standardsolution someof this class of solutionsfor a given potential
obtainedin ref. [141 for the caseA = 0.1 in SUB18 andat a fixed level of approximation,give very sim-
approximation,with both the correspondingstan- ilar resultsfor the correspondingeigenvalueE. We
dard solution and a further new non-standardso- mayconjecturethatasn —~~ we arriveat an infinite
lution obtainedby a differentiterativeprocedureon setof different solutionsfor I w>~only oneof which
the truncatedCCM equations.While the threees- is normalisable,butall of which give the same(ex-
timatesfor the g.s.energyEareall quitecloseto the act) energyE whencalculatedvia the CCM proce-
exactvalueof 0.55915,thethreesolutionsfor theg.s. dureof eq. (7).
wavefunctionare seento be verydifferent. Finally we remark that the useof such superco-

We showfurtherresultsin table2 for thenewnon- herentstatesmayalsofind applicationsin quantum
standardsolution for the caseA = 100, and again optics.For examplethe SUB 1 andSUB2 statesare

respectivelyjust the usual Glaubercoherentstates
Table 1 and,for IS2I <~thesqueezedcoherentstates[12].
Comparisonof ground statecorrelation coefficients {S,} for Forthesetwo casesoursupercoherentstatesmayalso
SUB18,with 2=0.1,for thequarticanharmonicoscillator.Case be represente4as an appropriateunitary (displace-
1 resultsarefor thestandardsolution,case2 resultsarefor the
non-standardsolutionof ref. [14] and case3 resultsarefor a ment or squeezing)operatoractingon the vacuum
new non-standardsolution,Therespectiveerrorsproducedin E 10>. Such a unitary mappingof the state 10> of
are—5.5x1V

7%,0.03%and—3.99%. coursepreservesits norm. Conversely, in SUBn
truncationswithn>2 (orwith IS

2I>~for n=2) our
i S, supercoherentstatesare not normalisableandsuch

caseI case2 case3 unitaryoperatorscannotbedefined.It is onlywithin
sucha unitary frameworkthat D’Ariano etal. [11]

2 l.60X l0~ — l.75X l0~ —4.02Xl0_2 haveprovedtheimpossibilityofnaivelygeneralising

the squeezed(n=2) two-photoncoherentstatesto

8 ~2:65xl0—
6 4.64x104 2:29x10’ normalisable(n>2) multi-photon coherentstates.

10 1.09xl0~ —3.96x10-’ —2.66x 10-’ Wehaveseenthatwhile theCCM is nota manifestly
12 —4.90x10-p 4.l2x 10~ 3.54x10~ norm-preserving(unitary) transformationfrom the
14 2.32Xl0’° —6.12X106 —l.99x104 model wavefunction I0>~physical quantitiesare
16 —l.08xl0’’ —2.l5xlO7 8.84x10’
18 3 58xl0-” 1 l9x10-7 808xl0-6 neverthelesswell-definedandfinite. We hopeto re-
_____________________________________________ turnin alaterpublicationto possibleapplicationsof
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Table 2
Comparisonof standard(S) and non-standard(N) solutionsfor thequartic anharmonicoscillator, with 2=100, in various SUBn
approximations.Thelastline showstherespectivepercentageerrorsin theenergyE.

5,

SUB18 SUB2O SUB22

N S N S N S

2 9.56xl0—
3 6.99x10’ 9.6OxlO—’ 8.91xl0’ 9.66x10’ 9.53xi0’

4 —7.33x103 —5.86x103 —7.34xi0’ —6.6lxiO’ —7.37xi0’ —7.03xi03
6 3.97xi0~ 4.17xi0~ 3.93xi0’ 3.05xl0~ 3.90xiO~ 3.19xl0~
8 —2.90x 10—’ — l.67xl0~ —2.72x10’ .—6.92x10’ —2.40x 10—’ —3.49x10’

10 2.64xl06 3.54x10-’ 2.40xl06 l.76x 10’ l.76x lO_6 8.31x i06
12 —2.64x l0~ —2.71x 10—6 —2.74x l0~ —2.20x106 —2.38x i0~ — l.33x 106
14 2.31x 10~ —2.61x i0~ 3.09x108 5.48x108 3.88x10~ l.04x l0~
16 — l.47xi0~ 8.12x108 —2.73x l0~ 2.54xi08 —4.83x l0~ 2.i2xi0’
18 5.27x lOhl —6.97xi0~ 1.67x10_li —4.34xl0~ 4.24x l0~0 — l.55xl0~
20 —5.76x 1012 2.95xb_b —2.55x10’’ l.90x 10_la
22 8.82x 10” — l.08x 1011

4.94x10’ 0.391 2.92x10’ 0.197 —4.l6x10’ 0.085
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