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Abstract — Estimating voltage sag performance is important for distribution network operators 

who are keen to reduce costly interruptions, plan network investment and reduce operational 

expenditure. This paper proposes a robust method to locate faults and estimate the magnitude of 

voltage sags using information from a limited set of arbitrarily accurate monitoring devices. The 

developed method uses statistical analysis and impedance based fault location equations to find 

the most likely fault location and sag magnitude at non-monitored busbars. The method robustly 

handles measurement errors, and helps to eliminate some of the sensitivity present in existing 

impedance based fault location algorithms. The method is also shown to be effective at 

eliminating multiple fault location solutions caused by multiple overlapping impedance paths by 

synthesizing information from all monitors installed in a network. The method is validated and 

shown to be effective on a generic section of the UK’s distribution network. 

Index Terms — distribution networks, monitoring, power quality, voltage sags.  

1. INTRODUCTION 

 Voltage sags represent the most significant component of power quality (PQ) problems in 

distribution networks [1] both in terms of gross numbers of events and the high associated costs 

to end users [2-4]. An EU study estimated that voltage sags and short interruptions contributed to 

an annual cost of €86bn [5] and in 2008 / 2009, voltage sags (and faults) caused an average of 
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0.73 interruptions per customer and contributed to an average of 76 customer minutes lost 

(CMLs) over the course of a one year period. These interruptions cause different impacts to 

different customers. For example, a momentary interruption for a large customer is estimated to 

cost £216k, whereas a 4 hour interruption on a residential customer is estimated to cost only 

£4.78 [6]. 

Voltage sag performance estimation concerns both localizing the source of a voltage sag (most 

often a fault) and estimating the voltage sag magnitude in order to subsequently assess the 

impact on customers. DNOs are placing increasing emphasis on power quality monitoring to 

obtain greater visibility of power quality events, such as voltage sags, [7, 8] beyond monitoring a 

limited group of large important customers. Through network wide monitoring, the level of 

power quality within a network can be quantified in terms of both events and costs and important 

current problems can be identified. Monitoring allows a DNO to perform reliability 

benchmarking, monitor power quality contracts and plan predictive maintenance [9]. Significant 

efforts in surveying power quality are also evidenced in the Benchmarking Report on the Quality 

of Electricity Supply of the Council of European Energy Regulators (CEER) [10]. A network 

operator’s  monitoring investment decision is also driven by other factors such as new initiatives 

like the Smart Grid, changes in the regulatory environment, concerns about customer retention 

and new competition within the utility sector. The Electric Power Research Institute (EPRI) lists 

forecasting and short circuit analysis as the two main reasons for monitoring alongside 

permanent power quality monitoring [9] in future power networks. 

 Finding the source of a voltage sag is closely related to the task of fault localization. This 

topic has been covered in existing research, recently in [11-15]. Fault localization in modern 

distribution networks is complicated in practice because information is only available from a 
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limited number of variably accurate monitors. One of the most notable works which deals with 

measurement error is [14]. In [14] the authors developed a technique capable of locating faults 

using measurements taken from any two locations in the power network by utilizing an optimal 

estimation procedure based on the method of least squares. However, [14] does not consider how 

information from multiple monitoring devices could be combined to yield a distribution (rather 

than a point estimate) for the most likely fault location and does not consider situations where the 

number of monitors is fewer than required to obtain a single unique fault location estimate. 

 Estimating a fault-induced voltage sag’s magnitude can be accomplished after the fault 

location has been identified. This two step procedure was implemented in [15]. Like [14], the 

approach taken in [15] yields a single estimate for an output parameter, in this case voltage sag 

magnitude. An alternative to voltage magnitude estimation is to simulate a short circuit fault at 

the fault location identified [16, 17]. 

 The method developed in this paper adds to the research developed in [12, 14] and has 

several advantages over existing techniques. It firstly allows power system operators to 

formulate a robust statistical estimate for both the fault location and voltage sag profile whilst 

taking into account the errors of monitoring devices within the network. Secondly, the method is 

independent of the accuracy of the monitoring device, so operators can utilise measurements 

from any monitoring device available in their network, including relays, power quality meters, 

disturbance recorders, phasor measurement devices (PMUs) or revenue meters. Lastly, the 

method synthesises a fault location using all available information from an arbitrary positive 

number of devices. By using information from all available monitors, both the fault location and 

voltage profile estimate are more accurate than the single or double ended approaches presented 

in [12]. It also overcomes some issues caused by multiple impedance paths by reducing the 
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number of fault locations to those that are the most feasible.  

2. IMPEDANCE BASED FAULT LOCALISATION AND SAG MAGNITUDE 

ESTIMATION 

 Impedance based fault location algorithms [12] utilize the impedance of the network and 

the observed voltage drop to arrive at an estimated fault location. Impedance based methods may 

be transient, or steady state, and typically use measurements from monitors at one or both ends 

of a line. This research advances the steady state single monitor impedance based algorithms 

developed in [12]. The algorithm presented in this paper extends the approach described in [12], 

enabling one, two or any number measurements taken anywhere in a network to be synthesised 

into a single fault location estimate. 

 The equations developed in [12] calculate the fault location using measured data from one 

or two monitoring devices. The equations require pre-fault voltage measurements at the 

monitored bus and at the ends of the faulted line, as well as during-fault voltage measurements at 

the monitored busbar. The equations are also independent of fault impedance, if the fault 

impedance is assumed to be entirely resistive [12]. 

2.1 Fault Localisation Equations 

 The aim of the fault localization equations can be illustrated through Fig. 1. The objective 

of the equations is to locate a fault at position r along the lth line between buses p and q and then 

subsequently perform voltage sag profile estimation at a non-monitored bus i with measurements 

taken at the kth busbar.  

 Assuming the network’s impedance parameters can be derived accurately, the accuracy of 

the fault location equations will depend upon the values of the measured pre-fault voltages at the 

kth busbar and the estimated pre-fault voltage at the ends of the lth line. The accuracy of the 
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measurement at the kth busbar is dependent on the installed monitor’s accuracy, and this may 

vary depending on the device that is installed. Unless there happens to be a monitor at either the 

pth or the qth busbar, these voltages must be estimated through distribution system state 

estimation (DSSE) [18]. The accuracy of the DSSE voltage estimates will directly depend on the 

accuracy of the pseudo-measurements used to estimate the load throughout the network. 

2.1.1 Single Line to Ground (SLG) Faults 

 The fault location equation for a SLG fault is shown in (1). 

(2) (0)

(0) (2)

k k k
l

k k k

B G B
M

G C C





 (1) 

 where Bk
(i)

 and Ck
(i)

 are network dependent parameters and are derived from elements in 

the Zbus impedance matrix, Gk is the ratio of the negative sequence voltage to the zero sequence 

voltage (Ek
(2)

/Ek
(0)

) as measured at bus k and Ml is the distance in per unit along the faulted line l 

[12]. Note that the derivation of Bk
(i) 

and Ck
(i) 

are not shown here for brevity, but this is covered 

in detail (using the same notation) in [12]. 

 For SLG faults, Ml can be solved independently of fault impedance and pre-fault voltage 

estimates. The accuracy of Ml is dependent only on the accuracy of during-fault measurements at 

the monitored bus k (Ek
(2)

 and Ek
(0)

). 

 Similar single monitor fault location equations can be derived for line to line, double line 

to ground, and three phase symmetrical faults. Full sets of equations can be found in [12]. 

2.1.2 Calculating Voltage Sag Depth 

 The calculated values of the fault location Ml can be used to determine the during-fault 

voltage drops at the ith unmonitored busbar. The during-fault voltage drops at bus i can be 

considered as functions of the fault location and the measured voltage at bus k only. These 

during-fault voltage drops in the sequence domain are expressed in (2) to (4):  
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 Note that the superscript (k) denotes that Ei
(s)(k)

 the voltage at bus i is calculated from 

measurements taken at the kth monitor (where s denotes the sequence). Ek
(s)0

 is the pre-fault 

voltage as measured at the kth (monitored) busbar. Equations (2) to (4) are independent of pre-

fault voltage estimates and fault impedance. However, Ml may be dependent on pre-fault voltage 

estimates and fault impedance, subject to the fault type.  

3. UNCERTAIN QUANTITIES IN THE FAULT LOCALIZATION EQUATIONS 

3.1 Errors in Measured Voltages 

 The fault localization equations use measurements from monitoring devices which may be 

subject to errors. The accuracy of the measurement will vary depending on the quality of the 

monitoring device [19].  Monitor measurement errors can be modeled as a series of independent 

normal distributions [20]. Given a calibrated percentage error for a monitoring device (%error), 

a monitor’s error is modeled as a normal distribution. An error of 0.2% of the true value was 

assumed for all symmetrical component magnitudes and 0.2% of 2π for phase measurements 

[19] (where 0.2% is equal to 3 standard deviations). The standard deviation for the voltage 

magnitude and phase was therefore σ|E|=0.067% and σφ=0.0013π radians respectively [20]. 

 Errors are assumed to be zero-mean, therefore the mean of the voltage magnitude and 

phase at the kth busbar are the measured values, ( )| |s

k
E and ( )s

k


 
(for an arbitrary sequence s). 

Equations (5) and (6) define the probability distributions of a measurement at the kth bus in an 

ACCEPTED VERSION OF MANUSCRIPT



 7 

arbitrary sequence s. Both |Ek
(s)

| and k
(s)

 are assumed to be independent. 

( ) ( )

| || |~ (| |, )
k

s s

k k EE N E   (5)  

( ) ( )~ ( , )s s

k k kN   
 

(6) 

3.2 Errors in Pre-Fault Voltage Estimates 

 Pre-fault voltages can either be obtained by direct measurement if a monitor is present, or 

by estimating the voltage using DSSE [18]. If direct measurement is used, the errors in voltage 

measurements were assumed to be distributed as defined by (5) and (6). 

 Physical measurement inputs to the distribution system state estimator were modeled using 

the measurement model described by (5) and (6), assuming independence between monitoring 

devices. Pseudo-measurement inputs were modeled by assuming that the value of the real and 

reactive power injection (load) at each busbar can be estimated based on historical knowledge of 

the load profile. A percentage error of 20% (equal to 3σ) was selected for all load estimation 

pseudo-measurements [21]. 

 The accuracy of the pre-fault voltage estimates obtained using DSSE can be illustrated 

using a simple example. The standard deviation for pseudo-measurements was set as described 

and the standard deviation of real measurements was set to 0.2%, with both assumed to follow a 

normal distribution. Using the three monitors as shown in Fig. 2, the maximum standard 

deviation for the voltage magnitude of a non-monitored bus ranges between 1.5% and 4.3% of 

the true voltage magnitude. This defines the accuracy of the pre-fault voltage estimates which 

will be used as inputs to the fault location equations. 

 The fault localization equations are also sensitive to variation in network impedance 

parameter errors. Network impedances were assumed to be free from error. 
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4. DIFFICULTIES USING THE SINGLE MONITOR FAULT LOCALIZATION 

EQUATIONS 

 The fault localization equations are extremely powerful, but they introduce difficulties 

when used in a practical monitoring deployment. A general difficulty with fault localization and 

sag magnitude estimation arises when the set of monitors being used to calculate a fault location 

is not able to observe all the voltages within the network. In this scenario, multiple fault location 

solutions can be found where the same sets of voltages and currents can be observed for multiple 

locations within the network [22]. Reference [13] and [15] tackled this issue by estimating the 

fault location as the intersection of several monitors’ fault location estimates. There is no 

guidance however for how close fault locations should be before they are considered to overlap. 

 The equations also involve complex numbers and therefore if any of the measurements are 

slightly erroneous, the fault location may be two dimensional. The work presented in [12] does 

not provide guidance on how to deal with complex solutions, which often arise if measurements 

are slightly in error. 

 One of the most important issues with the fault location equations is their sensitivity to 

small changes in input measurements. Small errors in inputs to the equations may result in large 

changes in the estimated output, and solutions to the equations which may diverge into the 

complex plane. 

4.1 Sensitivity of the Equations to Uncertainty 

The sensitivity of the equations can be demonstrated by considering an example. Fig. 2 shows a 

section of a generic 295 bus distribution network (adapted from [23, 24]), with feeder L 

highlighted. Consider the situation where a single monitor is installed at bus 232 which observes 

a single phase to ground fault in phase A between buses 147 to 146 (with zero fault resistance) at 
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a distance of 0.206 per unit from bus 147. During the fault, the voltages at bus 232 drop to 0.62, 

0.94 and 0.98 per unit in phases A, B and C respectively. 

 Fig. 3 shows contour lines representative of introducing a constant percentage error in the 

zero or negative sequence voltage magnitude only. The figure also shows valid values for G232 

(where the value of Ml in equation (1) is between 0 and 1 and not complex) along lines 

connecting buses 147 to 146 and 146 to 145. 

 Fig. 3 highlights that even a small error of 0.1% in a magnitude measurement could lead to 

the fault location solution being assigned to the incorrect line. To localize this fault within 10% 

of the length of the line, a monitor at 232 would need to be accurate to within 0.01% of the true 

voltage magnitude (unrealistic for a distribution network monitor).  

 Fig. 4 shows how these errors map into solutions for M147-146 using equation (1). The 

diamond point in Fig. 4 illustrates the difficulty of formulating a solution for M147-146 based on 

erroneous measured voltages. The example solution (Me) is only in error by 0.1%, but the 

solution to the fault location equations is now complex. A basic estimate for the fault location 

could be achieved by either taking the real part of Me (Re{Me}, as used in [13])  or the magnitude 

of Me (|Me|). Both of these methods result in solutions which are greater than 1 (1.5 for Re{Me} 

and 1.58 for |Me|). Thus it would be incorrectly concluded that the fault did not occur on the line. 

A more advanced and realistic approach would be to consider the possibility that the 

measurement was erroneous, and predict a fault location given a known measurement error 

distribution. In Fig. 4 a dotted line (labeled “closest”) shows most likely position for the fault 

(Me=1) which maps Me to the closest point on the valid line of solutions for M147-146. 

 There are two problems which are shown by this brief analysis. Firstly, it is clear that the 

fault location equations are highly sensitive to even small measurement errors. If measurement 
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error cannot be robustly eliminated, this will limit the usefulness of an impedance based 

approach. Secondly, when the fault location equations are subjected to small errors they generate 

complex solutions. Although the only physically meaningful solutions for equation (1) are real, it 

is also important to consider the likelihood of a complex solution given some measurement error.  

 It should be noted that the examples in Fig. 3 and Fig. 4 are purposely simplistic to aid 

illustration; the analysis only considers variation in one dimension, namely zero or negative 

sequence voltage magnitude. In practice, the magnitude and/or phase of all voltages may be in 

error, thus creating a more complicated four dimensional error space. 

5. A PROBABILISTIC APPROACH TO FAULT LOCALIZATION & VOLTAGE 

SAG MAGNITUDE ESTIMATION 

 The problems with the fault localization equations can be successfully minimized by 

extending them to incorporate the statistical properties of measurement errors. A probabilistic 

approach means that fault locations are converted from discrete points into distributions, 

therefore identifying the most likely fault (and voltage sag) location and the best estimate for the 

voltage sag magnitude. 

5.1 Probabilistic Fault Localization 

 The aim of probabilistic fault localization is to find a probability density function (PDF) 

(fF) for the fault location F, conditional that a fault occurred on a line within the network. To 

estimate a fault location for a given fault type, the fault location equations are solved for each of 

the lines in the network. Solutions at customer sites are not considered. 

 Solving the fault location equations yields a solution for Ml: the location of the fault along 

the lth line. The values of Ml which are physically meaningful are located on the real axis, 

between 0 and 1. Errors in the fault location equation’s variables may cause Ml to move off the 

ACCEPTED VERSION OF MANUSCRIPT



 11 

real axis and into the complex plane. Note that a fault at a busbar is equivalent to a value of Ml 

equal to 0 or 1, and is thus covered by considering fault location solutions in the range [0,1]. 

It should be noted that Ml is a random variable because it is a function of erroneous voltage 

measurements and estimates. At an arbitrary point ml along the lth line, for a specific monitor k, 

the kth monitor’s measurement errors (and the errors of estimates performed using DSSE) can be 

used to define the probability distribution of Ml as
 

( )

( )( )k
l

k

lM
f m . 

If it is noted that
 

( )
l j jM lf m

 
is only of interest where ml is real and between 0 and 1, the 

distribution of Ml can be re-written as a conditional distribution as shown in (7). 

[0,1]

[0,1]
( )

( ) ( | [0,1]) [0,1]
( )

l

l l

l

M l

M l M l l l

M l l

f m
f m f m M m

f m dm


    


 (7) 

where [0,1] is a line in the complex plane along the real axis between 0 and 1. Equation (7) 

therefore describes the probability distribution for the fault location along the lth line conditional 

that the fault occurred along the lth line in the network.  

 Equation (7) can be extended to a multi-line system to find the PDF for the fault location 

Ml on a specific line l contained within a set of all lines L (lL). 
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F l l lM M M
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(11) 

 Equation (8) describes the PDF that the fault location, F, is found on the lth line 
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specifically. Equation (10) shows a continuous set of functions (for all the lines in the network) 

which together describe the PDF of the fault location. In (11), fF
(k)

 describes the PDF for the fault 

location using one specific monitor k. 

5.2 Probabilistic Estimation of Voltage Sag Magnitude  

 Voltage sag magnitude estimation is accomplished by calculating the voltage at a non-

monitored bus i using (2) to (4). The voltage sag magnitude estimation equations calculate 

sequence voltages (Ei
(0)(k)

, Ei
(1)(k)

 and Ei
(2)(k)

) which can be transformed into phase voltages by 

applying the Fortescue transformation. The aim is to calculate the distribution of the magnitude 

of the phase voltages (|Ei
(a)(k)

|, |Ei
(b)(k)

| and |Ei
(c)(k)

|), 
( )( )

( )( )( )j k
i

j k

iE
f e , where  , , .j a b c  

 Since each monitor is independent, a multivariate probability distribution can be formed 

for the voltage magnitude at the ith bus as shown in (12). 

(1) (2) ( ) (1) (2) ( )

(1) (2) (3) (1) (2) ( )

...
( ... ) ( ) ( ) ... ( ) ( )N N

ll l l l l l

N

l l l l l l M lM M M M M M
f m m m f m f m f m f m         (12)  

( )(1) ( )( ) ( )(1) ( )(1) ( )

( )(1) ( )( ) ( )(1) ( )( ) ( )( , , ) ( ) ( ) ( )s s N s s s
i i i i i

s s N s s N s

i i i i iE E E E E
f e e f e f e f e     (13) 

 The PDF 
( )

( )( )s
i

s

iE
f e  describes the voltage magnitude at the ith bus in the sth sequence 

estimated using information from all of the monitors within the network. 

5.3 PDFs for the Fault Location and Voltage Sag Magnitude 

 The PDF distribution of fF and 
( )

( )( )j
i

j

iE
f e

 
can be estimated through a Monte Carlo 

simulation with non-parametric kernel density estimation [25]. For each monitor, a Monte Carlo 

simulation is run by drawing zero, positive and negative sequence voltages from the distributions 

shown in (5) and (6). For each busbar where the voltage was estimated using DSSE, voltages are 

obtained by running DSSE with pre-fault input measurements and pseudo-measurements drawn 

from the distributions shown in (5) and (6) whilst selecting the appropriate standard deviation. 
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5.3.1 PDFs for the Fault Location 

 Each time the voltages are drawn, the fault location equations are solved. This generates a 

set of fault location estimates for each of the monitors in the network. Although the fault location 

solution should always be between 0 and 1, it is mathematically possible (and indeed likely) that 

the solution may be complex, exceed the bounds of 0 to 1 or be found in multiple positions on 

the same or other line. In the case where a monitor’s set of solutions are not entirely real, the 

PDF can be estimated using bivariate kernel density estimation [25]. If the solutions are entirely 

real, kernel density estimation in a single dimension will suffice. The total PDF for the fault 

location, fF, can be calculated by multiplying together the kernel density estimated PDFs for all 

of the monitors.  

5.3.2 PDFs for the Voltage Sag Profile Magnitude 

 The PDF of the voltage magnitude at the ith bus, in the jth phase, measured by the kth 

monitor, across all lines, 
( )( )

( )( )( )j k
i

j k

iE
f e  can be found by using the results of fault location. 

Firstly, the PDF of the fault location, ( )

[0,1] ( )( )k
L

k

lM
f m , is used to generate values of Ml

(k)
 by selecting 

random values from this distribution. Next, during-fault voltages Ek
(s)(k)

 and pre-fault voltages 

Ek
(s)(k)’ 

 are generated by selecting random numbers using equations (5) and (6). Thirdly, the 

selected values are used to compute a set of during-fault voltage estimates using (2) to (4). 

Lastly, a PDF can be estimated by using bivariate kernel density estimation. The combined PDF 

for the voltage sag profile (in the jth phase),
 

( )

( )( )j
i

j

iE
f e , can be calculated by multiplying 

together the kernel density estimated PDFs for all of the monitors. 

6. CASE STUDIES 

 A section of the 295 bus distribution network was used to illustrate the concept of 
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probabilistic fault localization and voltage sag magnitude estimation. Fig. 2 shows the section of 

network chosen. It covers a total of 94 busbars connected to feeder L. 

 Three monitors were assumed to be installed in the network, with locations corresponding 

to a subset of the optimal monitoring locations found through monitor placement optimization 

[24]. It should be noted that the positions of monitors for this study are not important; the 

probabilistic fault location method could be applied to any arbitrary set of monitors. All the 

monitors were assumed to measure three phase voltage magnitude, real and reactive power.  

 Three fault case studies were chosen; (1) a single line to ground (SLG) fault between buses 

147 and 146, (2) a three phase fault between buses 147 and 146, and (3) a three phase fault 

between buses 194 and 195. All three faults were simulated at m=0.206 along the line. Fig. 2 

shows the location of all three case studies. 

 The aim of the first two case studies is to predict the voltages at buses 141, 143, 145, 146 

and 147 during the fault. Table 1 shows the true during-fault voltages for both case studies at 

each of these 5 buses. The aim of the third case study is to show how the proposed probabilistic 

approach to fault localization helps to eliminate multiple fault location estimates. 

6.1 Case Study 1: SLG Fault between Bus 147 & 146 

 For the SLG fault, the key parameter in equation (1) is G, the ratio of E
(2)

/E
(0)

. Fig. 5 shows 

a plot of the distribution of G232 produced from its true value (at M232=0.206) and the expected 

variation in G232 around this measured point. The contour lines represent lines of constant 

probability. The variation of Ml in the complex plan is represented by the sections of lines shown 

for each of four power lines of interest.  

 The probability distribution for the fault location fF
(232)

 is shown in Fig. 6. This is a 2-

dimensional representation of the height of the contours in Fig. 5 as they cut through the G plane 
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with different values of Ml along each of the 4 lines. 

 Fig. 6 highlights that a monitor at bus 232 cannot accurately locate the fault between bus 

147 and 146. Indeed, fF
(232)

does not vary significantly across all of the lines, and the peak 

between bus 146 and 145 does not correspond to the true fault location. This evidence suggests 

that a monitor at bus 232 less accurately locates faults within this section of the network. 

 Fig. 7 and Fig. 8 show G130 and fF
(130)

 for a monitor placed at bus 130 whilst Fig. 9 shows 

G204 for a monitor placed at bus 204. The distribution of fF
(130)

 (and fF
(204)

) are now very tight, 

and the fault is accurately localized at m232=0.206 along the line between buses 146 and 147. The 

variation of the error in G130 and G204 relative to the solutions for G along the line connecting 

buses 147 to 146 is relatively small, and markedly different to the relative variation for bus 232. 

The error distribution for both G130 and G204 cuts the line at almost exactly m=0.2. This implies 

that both of these monitors are good at locating faults at this point in the network. 

 Fig. 7 and Fig. 9 show that there is a significant difference between the solutions of G130 

and G204 along the lines connecting buses 146 to 141. The monitor at bus 204 sees the lengths of 

these connections as negligibly short distances when compared to the length of the line 

connecting bus 147 to 146. In practical terms, this means a monitor placed at bus 204 will not be 

able to accurately localize faults between buses 146 to 141, or near to the end of the line 

connecting buses 147 to 146. 

 The probability distributions for the fault location were used to build a probability 

distribution for the voltage magnitude at each of the five monitored buses. Fig. 10 illustrates the 

shape of the estimated PDFs for the voltage in phase A at bus 146 using each of the three 

monitors individually (
( )(130)
146

a
E

f ,
( )(204)
146

a
E

f  and
( )(232)
146

a
E

f ) and the estimated PDF using all the 

monitors combined (
( )
146

( )

146( )a

a

E
f e ). The PDF for all monitors is clearly more accurate than either 
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of the individual monitors, narrowing in on the true value of 0.129 per unit. The inaccuracy in 

fault location using only a monitor at bus 232 is apparent in 
( )(232)
146

a
E

f , whose distribution peaks at 

around 0.19 per unit, 0.06 per unit from the true during-fault voltage.  

 It can be concluded that combining the information from all four monitoring devices yields 

the best performance for estimating SLG faults. The monitor placed at bus 232 is the worst 

performing monitor for estimating SLG faults. 

6.2 Case Study 2: 3 Phase Fault between Bus 147 & 146 

 Fig. 11 and Fig. 12 show the PDFs for the fault location using each monitor individually 

and all monitors together to locate the fault. The most accurate estimate for the fault location is 

obtained using data from a monitor placed at bus 232 whilst the least accurate monitor estimate 

is formulated using data from a monitor at bus 130. 

 The shapes for each of the PDFs shown in Fig. 11 and Fig. 12 can be explained 

qualitatively by considering the network topology and monitor’s location with respect to the 

fault. A three phase fault with zero fault resistance between bus 146 and bus 147 causes all phase 

voltages to drop to approximately zero downstream of the fault location. When solving for Ml 

using a monitor at bus 130 (Fig. 11), the sensitivity of equation (1) is increased and the fault 

location estimate is consequently uncertain. 

 Fig. 11 also shows that the solutions for m using a monitor at bus 204 yield solutions on 

both the line connecting buses 146 to 147 and the line connecting buses 146 to 145. This can be 

explained by noting bus 204’s nearest connection to the network section of interest is via bus 

146. Solving equation (10) yields two solutions, which both represent identical impedance paths 

between bus 204 and the fault location. The impedance of the line connecting buses 146 to 145 is 

over twice that of the line 146 to 147. This causes the fF
(204)

 to peak in Fig. 11 at approximately 
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m=0.1 along the line connecting bus 146 to 145. The PDF still correctly overlaps the true fault 

location on the line connecting bus 146 to 147 at m=0.206, but the equation which governs the 

line connecting bus 146 to 147 is non-linear and sensitive such that equation (1) yields solutions 

outside of the length of the line, thus reducing the overall area of the PDF on the line.  

 Fig. 11 lastly shows the results of using a monitor at bus 232 to locate the fault. The PDF 

peaks at 0.2, and there are no aliased fault locations on other lines. Bus 232 is connected to the 

primary in-feed for this area of the network, and is thus a relatively strong bus; it experiences a 

drop in voltage magnitude of 64% compared with the near 100% drop in voltage magnitude at 

bus 130. Equation (1) is therefore relatively insensitive to errors in monitoring and an accurate 

estimate for the fault location can be calculated. 

 Fig. 13 shows the results of voltage sag profile estimation when using each of the monitors 

to estimate the voltage magnitude at bus 146. Using information from a monitor placed at bus 

232 yields the best performance, with a monitor at bus 204 also correctly pin-pointing the 

voltage within the 0 to 0.02 per unit range. Although the voltage profile predicted by a monitor at 

bus 130 covers a large range between 0 and 0.3 per unit, any of these voltages would definitely 

cause serious disruption to equipment attached to bus 146 and the error is therefore insignificant 

in practical terms. The difference becomes important at a certain threshold, which depends on a 

specific piece of equipment’s immunity to voltage sags. 

 It is interesting to note that the best monitor at predicting the during-fault voltages for the 3 

phase fault was a monitor at bus 232 and the worst performing monitor was bus 130. For the 

SLG fault, the opposite was true. This indicates that the best monitor location to estimate an SLG 

fault is not necessarily the same for a three phase fault. 
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6.3 Case Study 3: Eliminating Multiple Location Estimates 

 The benefits of using the proposed method to identify a unique solution for the source of 

the voltage sag can be explored by considering a three phase fault simulated between bus 194 

and 195 (as shown in Fig. 2). This section of network is shown in more detail in Fig. 14. 

 The PDF for each of the three monitors and the combined distribution of all three monitors 

is shown in Fig. 15. This shows that each of the three monitors predict that the fault could have 

occurred at multiple locations within the network. For example fF
(130)

 shows three peaks on the 

lines connecting buses 197 to 198, buses 194 to 197 and buses 194 to 195. The monitor at bus 

130 observes the network upstream of the fault and sees two impedance paths beyond bus 194; 

one to bus 197 and one to bus 195 (see Fig. 14). The monitor at bus 130 cannot distinguish 

between these two paths, and this ambiguity is reflected in the multiple peaks of fF
(130)

. The result 

fF
(232)

 also shows ambiguity because it too observes multiple impedance paths upstream of the 

fault location. Fig. 15 also shows multiple peaks for fF
(204)

. This is caused because this monitor 

sees two similar impedance paths from bus 198 to bus 196 and from bus 198 to bus 199. The 

strength of the proposed technique at helping to eliminate multiple fault location solutions is 

highlighted in the combined graph for all monitors shown in Fig. 15. By using the information 

available from all monitors, the PDF shows only one peak at the true fault location. 

7. CONCLUSION 

 This paper presents a comprehensive method to identify a statistical distribution for both 

the fault location and the during sag voltage profile using only a small selection of arbitrarily 

accurate monitors. The method takes into account the potential variability of device 

measurements, and integrates relevant information from all monitoring devices in a network into 

a single statistical estimate. The method can be applied to three phase, SLG, line to line and 
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double line to ground faults. Unlike existing deterministic techniques, the method formulates a 

statistical distribution for the fault location and voltage sag magnitude. 

 The research presented has several advantages over existing techniques. Some of the 

advantages of the method include: i) the ability to work with any positive number of real 

monitors, i.e., there must be at least one monitor in the network ii) the ability to integrate the 

accuracy of monitors into a statistical estimate, iii) the flexibility to add newer and more accurate 

monitoring devices, iv) the capability to deal with the sensitivity of the fault location equations, 

v) increased accuracy versus traditional single or double ended fault equations techniques by 

synthesising information from more than two monitors, vi) the ability to eliminate multiple fault 

location estimates. 

 An extension of the research presented in this paper is to analyze the effects of network 

impedance uncertainties on fault localization and sag magnitude estimation. These uncertainties 

could be modeled using the approach defined in this paper for measurement uncertainties.  
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10. TABLES AND FIGURES  

TABLE 1. DURING-FAULT VOLTAGES FOR CASE STUDY 1 & 2. 

Bus Case Study 1: SLG Fault Between Bus 147 & 146 Case Study 2: 3 Phase Fault Between Bus 147 & 146 

Ph. A Ph. B Ph. C Ph. A Ph. B Ph. C 

Bus 147 0.117 0.956 1.293 0.0122 0.0122 0.0122 

Bus 146 0.129 0.956 1.305 0.0010 0.0010 0.0010 

Bus 145 0.130 0.956 1.304 0.0006 0.0006 0.0006 

Bus 143 0.130 0.956 1.303 0.0004 0.0004 0.0004 

Bus 141 0.131 0.954 1.302 0.0002 0.0002 0.0002 

 

 

 

Fig. 1. A representation of the estimated and 

monitored buses required to perform fault 

location and voltage sag profile estimation. (1 

column figure) 

Fig. 2. 94 bus section of a 295 bus generic distribution network 

[23]. (1 column figure) 
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Fig. 3. Contours of constant 

G232 for errors in |E232
(2)

| and 

|E232
(0)

|. (½ column figure) 

Fig. 4. The range of true 

and erroneous solutions for 

M147-146 given a constant 

error in |E232
(2)

| and |E232
(0)

|. 

(½ column figure) 

Fig. 5. The range of expected values for G232. (1 

column figure) 

 

 

 

 
 

Fig. 6. The PDF for the fault location fF
(232)

. (1 

column figure) 

Fig. 7. The range of expected values for G130. (1 column 

figure) 

 

 

Fig. 8 The PDF of the fault location for a SLG fault: fF
(130)

 

(fF
(204)

 follows a very similar profile). (1 column figure) 

 

 

Fig. 9 The range of expected values for G204. (1 

column figure) 
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Fig. 10. The estimated probability distribution of the 

voltage magnitude in phase A at bus 146 using 

measurements from bus 130, 204, 232 and all buses 

combined for a single phase to ground fault. (1 column 

figure) 

Fig. 11. The PDF of the fault location for a three phase 

fault: fl
(130)

, fl
(204)

, and fl
(232)

. (1 column figure) 

 

 

 

Fig. 12. The PDF of the fault location for a three phase 

fault: fF. (1 column figure) 

 

Fig. 13. The estimated probability distribution of the 

voltage magnitude in all three phases at bus 146 using 

measurements from bus 130, 204, 232 and all buses 

combined for a three phase fault. The inset shows a 

zoomed diagram of voltages less than 0.01 per unit. (1 

column figure) 
 

 

 

Fig. 14. A three phase fault simulated between 

buses 194 and 195. Monitors at buses 204, 130 and 

232 observe the voltage sag. (1 column figure) 

 
Fig. 15. The PDF across 6 lines for a three phase fault at 0.2 

per unit along the line connecting bus 194 to bus 195 using all 

monitors (fl) a monitor installed at bus 204 (fF
(204)

) 232 (fF
(232)

) 

and 130 (fF
(130)

) . (1 column figure) 
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