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The Dirac contour representation and its properties are studied. It provides an elegant formalism for an
extension of the harmonic-oscillator Hilbert space into a larger space that is suitable for the description of
oscillator systems at both positive and negative temperatures. The analytic continuation of various physical
guantities into the negative temperature region is examined in detail, and several interesting connections are
revealed.
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Analytic representations play an important role in the We label with the indexp (for positive temperatureghe
study of various aspects of quantum physics. Examples inHilbert space”/,, and all the states and operators contained
clude the Bargmanr(or holomorphi¢ representatiori1],  within it, which are associated with the harmonic oscillator,
other analytic representations used in the theory of cohererpecified in terms of the usual creation and annihilation op-

states[2—4] and quantum many-body—field thedi§], and  erators,al and a,, respectively. We shall show that the
several recent developments in conformal field theory. In al(ijbe £

h th ful th f viic functi 4 irac contour representation withisz, can naturally be ex-
such cases the powerlul In€ory ot analylic Tunctions 1S US€.yqeq into another Hilbert spack,, similarly labeled with
in a qguantum-mechanical context.

. . S . _the indexn (for negative temperaturesThe formalism in
In this Rapid Communication we extend the previous ( 9 P e

: . ) ) 'y alone is very similar to the formalism 7, alone.
Dirac contour representatid®] in order to introduce an en- owever, we show that by considering the enlarged Hilbert
larged Hilbert space that is suitable for a coherent theory 0}: - - :
harmonic oscillators at negative temperatures. The formalis pace 7,® 7, the spaceZén can be mterpretec_i as a Hil-

X neg P o Bert space of the harmonic oscillator at negative tempera-
both incorporates earlier ideas about negative temperature{: res
(see, e.g., Ref.7]) and extends our own e?‘“'er WOEB] on. In the Dirac contour representati¢g] of .7, the nor-
thermal coherent states and their properties. It is pOtent'all¥nalized eigenbras and eigenkets of the number operator
useful in the description of systems that are excited to higher + 9
a, are represented as

states, and whose decay into the lower states is describ&th

through the negative temperature formalism. It is thus related 1 1

to Glauber’s inverted oscillatd®], although the mathemati- (N;p|—(ND)2z™M"1, [N;p)—(N!)~ 22", (1)
cal details are different. The formalism is also useful in any ) )
generalized thermodynamics context that includes negativwhere N=0,1,2,.... More generally, arbitrary states in

temperatures; in black hole physics, etc. We note that everp
when limited to positive temperature the formalism is valu-

able in practical quantum optics applications, as has been oy => fuN: fol=> fr(N: 2
demonstrated elsewhef4]. If:p) % nINGp), - (fipl % n(N:Pl, @
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where, here and henceforth, all sumshandM) run from d?¢ 5
zero to infinity, are represented as (f:plg;p)y= f 737‘5‘ [FRCOT*aR(D), (11
1f:p)— > (N1 %ZNEfE(Z)’ (3)  Which is the usual relation for the inner product in the Barg-
N

mann representation o, .
An arbitrary operato®, in .7,
1
(f;p|— > f5(ND2z N"1=fP(2), (4) »
" 0p= 2 OunIM;p)(N;pl, (12
where the indicek& andb refer to ket and bra, respectively. ’

When =\ |fy|2=1, the normalized functiofif(z) is a holo-  has the Dirac contour representation,
morphic function in the complex planee C, whereas

1
fP(2) is clearly nonanalytic. i N!'\2 zg"
By making use of the simple relation, @)p(zlvzz):M%:O Ounl 7 AT (13
N
E exp{*2) = (&) Its trace is given by the elegant formula
- NTT , )
c' 2wz N!
dz,dz, z)
whereC’ is an anticlockwise contour enclosing the origin, Tr@®,=>, Oyy=_>, 3[7 é W®p(zlyzz)w
we may prove the generalized Fourier transform relation be- N N TG G 1
tweenff(z) andfi(2), 1 fﬁ % dzldzz® (21.22)
=— ——20,(21,2,),
dz m c, JCy Z1—Zy pLe1.e2
jg > h(@exp ) =[fl(D]", (6)
c C,<Cy, (14

under conditions of convergence that need to be specified 0jpere the integrations over; and z, run anticlockwise
an individual basis, but that generally amount to the anti-;;q,,nd the contour€, andC,, respectively, which encircle
clockwise contourC enclosing the singularities off(2).  the origin. The summation ove converges to the quoted
The scalar product of two states may similarly be representeghg it if and only if|z,|>|z,|. This implies that the ring of
as the contourC, (defined asr min=<|Z<rmax, Wherer;, and
dz o I max &re the_ minimum and maximum dis_tances, res_pe_ctively,
(f:plg;p)= % 5 f2(2)0P(z)= > fXOn- 7) from_the origin to points on the cont.c)_uhe:'s wholly inside

ceml N=0 the ring of the contouC,. This condition is denoted sym-
bolically by C,<C;. One may also readily check that for-
mally we have that the mode of action @f, on an arbitrary
&et state|g;p) has the Dirac contour representation

A simple example of the Dirac contour representation in
My 1s provided by the standard Glauber coherent stat
|A;p) for which

!

d
[Aip) —exp(— H|A*+A2), ® Onluip)— § 50,22)0k), (19

. 1 2 *\—1

(Apl—exp(—z|AID(z=A) T, [Z>]A] © with a similar representation fdf;p|®,,

We observe that the bra-state representation is valid only for 4z

z|>|A|, an effect of which is that in contour integrations . b = §p(5 /

!n|vol|vir|19 this state, such as those in E@8) and (7), the (f:plOy ﬁ: 2 10(2)0p(22). (16)
point A must lie inside the contout.

At this point it is interesting to consider the relationship ~ Similarly, if ®,., and®,., are two operators ivZ, rep-
between the Dirac contour representation and the more faesented by the function®.,(z;,2,) and0;.,(z;,2;), re-
miliar Bargmann (or holomorphi¢ representation[1], in  Spectively, it is easy to show that their product takes the form
which the normalizable ket stafd;p) of Eq. (2) is also  of a generalized convolution
represented by the holomorphic functiéf(z) of Eqg. (3), iz
but where its corresponding adjoint bra stétep| is repre- 3. 0. j; e, .
sented by the complex conjugate functidif(z)]*. By in- Q1902 c2mi Oup(20.2)025(22). (17

serting into Eq(7) the relation
, As illustrative examples we now consider the TDirac con-
_[dY¢ . ) tour representations of the operatorg, la,, a,, and
gE(z)—J’ 7exp(§ z=[Z1*)gk(0), (10 a,“;ap. For the unit operator I, ©yy= 3y v, and Iqu.(13)
converges toZ,—z;) ! when|z,|<|z,|. For|z,|=|z,| the
which is valid for all holomorphic functiongf(z), and by  sum diverges. However, the latter case implies, for example,
making use of Eq(6), we readily derive the alternative re- that the pointz in Eq. (15) lies outside the contou€, and

lation hence that the result is zero. In this sense we are, therefore,
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justified in saying that fotz,|>|z,|, the Dirac contour rep- Thus, the representations of bra and ket states are opposite in

resentation of 1 is zero. We write accordingly, Ty and .7, this is their only difference. Arbitrary states
. |f;n)y and(f;n| in %, have analogous expansions to that in
1p— (22— 21) (|22 = [z4]), (18 Eq.(2) for J,, and have the corresponding Dirac contour

where #(x) is the unit step functiong(x)=1 for x>0, and representations,

0(x)=0 for x<0. We may likewise show 1
;=2 fu(ND2Z N 1=1F{(2), (3D
ap_’(22_21)729(|22|_|21|)a (19 N
al—21(2,—21) " 0(|zo| = |z4)), (20 (f:n]—> f;;(N!)—%zszg(z). (32
N
a:,ap—>21(22—21)’20(|22|—|21|)- (21

We note that the overlap of any state .i7r,, with any
We may also show more generally that the following rep-state in .7, is identically ~zero. Operators O,
resentations hold for arbitratjntegral powers of the basic =Zm n®wn|M;n)(N;n| in .7, , defined analogously to Eq.

creation and destruction operators, (12) in 77, are represented by the corresponding functions,
— 1
(ag)MHZQA(Zz—Zl) Y0(|zo] —|z4)), (22 Mz Z)
" - ®n(21722)=% Omn| N T (33
(@p)"—=NH(zZo—21) "N 10(|z5| —|za])- (23) ' A
Use of Eq.(17) also yields the relations for normal-ordered The analogs of Eqs18)—(21) are readily shown to be
and antinormal-ordered products, 1y (21— 2) " 20(|zs|—|2)), (34)
(ap) (2" N2 (220 6z 21D, (29 an—221-2) 002 - |22, (35
d\N 2V T 2
Neot M_> _ _1 _ a H(ZI_ZZ) 0(|Zl|_|22|), (36)
(ap)"(ap) (dzl) ez, Ozl =z (29 "
alan—2(21-25) " 20(|z1| - |z (37)

The further use of Eq.15) then also shows that
A comparison of Eqs(18), (19), and(21) with Egs.(34),

d\N : e
(a£>M(ap)”lgip>—>zM(d—z> 9l(2), (26) (36), and(37) reveals the following relations:
1p_1n4>(22_21)_1. (38
d N
(ap>“(a£>M|g;p>H(d—z) 2MgR(2). (27) aptal—(z,-21) 7%, (39
t t -2
We thus observe that the mode of action of the operators apdptandn—z(2,-2) ~ (40

a;g and a, on ket stategg;p) within .77, is equivalent to

multiplication byz and differentiation with respect tg re- it the operator,, of Eq. (35) we need to introduce first an
spectively, of the holomorphic functiogf(z), i.e., al

! ; p _ “extended” destruction operata, ,
a,—d/dz, just as in the usual Bargmann representation.

However, it is important to realize that the mode of action of a,=a,+|0;p){0;n|. (41
a;g anda,, with respect to the bra statés; p| in terms of the
correspondingionanalyticfunctionsff(z) cannot be so sim-
ply expressed.

We also consider the thermal density operatorif,

In order to analytically continue the operamj of Eq. (20

—Z,

We note that operators”’ that map states from#,, into
, and vice versa, namely,

N . . =2 (AunMip)(N:n|+BunIMin)(N:p)), (42)
pp(B)E(l_e 'B)exq_ﬁapap)! BZO (28) M.N

Its Dirac contour representation is simply constructed as "2ve the Dirac contour representation,

1
1-e™# _ 21,2, = Ayn(MIND) = 22M 2
PB(Bi21.2)= g~ 0|zl —e Flzi)). (29 2= 2 [A(MIND 2212,
2 1
1
We turn next to the Hilbert space”,, for which the +Bun(MIND 2z, M1z, N (43)

Dirac contour representation of the normalized eigenbras and ) h . diatelv that the Di
eigenkets of the number operam;ﬁan is that of the corre- Equation(43) shows immediately that the Dirac contour rep-

sponding eigenkets and eigenbras, respectively7gf ;iscje(r}f)tigiglgftg;en?gs;?rg?;p><0;n| is 1. Thus, Eqs(35)

(N;n|—>(N!)’%zN, |N§n>—’(N!)%ZfN71- (30) an—21(21-25) " 10(|24) —|z3)), (44)



R1208 A. VOURDAS AND R. F. BISHOP 53

in the same sense as described previously, and hence " 1—e B -
- ) P (ﬁ)zmﬂﬁ(ﬁﬂ—e Plzi))]. (48
ap—an—21(2,—21) . (45) 2 L

Equations(39) and(45) show that as we cross the boundary

|z,|=|z,| [e.q., as the point passes through the contoGr  Analogous results to those given above can also be proved

in Eq.(15)], the transitiorap—>a$, ag—> —a, takes place for for the entropy operatgs"lnp™, whose trace is proportional

the individual creation and destruction operators. The correto the von Neumann entropy. Full details will be given else-

sponding transition for an arbitrary functioi(a, ,ag) is, Wwhere. Such results also strengthen our interpretation of

however, more subtle and is not simply obtained by making7, as a Hilbert space for the harmonic oscillator at negative

the above transition for each individual operator, i.e.,temperatures.

f(ap,ag)%f(aﬁ,—én), as is already apparent from Egs. In previous work[8] we have introduced generalized

(38) and (40). temperature-dependeRt and Q representations in terms of
The thermal density operatpﬂ‘(ﬂ) in. 7%, , with =0, is  thermal coherent states. We have noted that such generalized

defined exactly as in Eq28), but witha,—a,. Use of Eq. P andQ representations formally represent the analytic con-

(33) readily yields its Dirac contour representation, tinuation of each other to negative temperatures. The present
work puts such observations onto a sounder footing, since
th, ;. 1-¢’ B we have now explicitly extended the original Hilbert space to
Pn(ﬂ,zlyzz)zz_—e(_|22|+e |z4]). (46)

accommodate the negative temperature states. Indeed, an al-
ternative and simpler proof can now be given, which relies

We see clearly that Eq46) represents the analytic continu- t At _ 5 betweenZ. and
n 7Cp

ation of Eq.(29), defined in.7,, into what in 7, is the O (N above mappingy—a, a, .
“forbidden region” <0 and|z,|<e #|z;|. Whereas the Z/“ and on the fact th_at the and Q representations of a
region 8<0 is forbidden within either, or.7, alone, the ~9iven operator are directly related, respectively, to its
enlarged space”,®.7, allows a precFi)se and meaningful antinormal- and normal-ordered forms. Mathematical details
400 7 . .

framework for a description of negative temperatures. It isVill be given elsewhere. ,

this result, together with a series of other results in the same [N Summary, we have shown that one of the prime features
general context, which we indicate below, that leads to th&f the Dirac contour representation is that it accommodates
interpretation of 7, within this context as a negative tem- €2asily and elegantly an extended Hilbert space suitable for

perature Hilbert space. the descriptio_n of quantum physic; at negativ_e temperatures.
More precisely, we define the generalized thermal densityS ¢l0se relationship with thermo-field-dynamics and its gen-
operatorpt™(B), for all real values of3, eralization is most easily _dlscussed' in 'terms of the Fhermal
coherent states and their generalization to the displaced
p?(lg), B>0 negative-binomial coherent mixed states, which we have in-
p"(B) =1 (47)  vestigated rather fully in previous worl8]. We intend to
pn(=A), B<0, publish elsewhere a full account of the interrelationships be-

tween these new forms of coherent states and their various

within .7,&.7,. We stress again that, whereas in either ;
representations.

J, or 7, alone only the operators(58) andp}y(), re-

spectively, with3>0, are meaningful, withinZ,&.7, the One of us(R.F.B) gratefully acknowledges a research
extendedp™(B) is meaningful. Its Dirac contour representa- grant from the Engineering and Physical Sciences Research
tion is given by Council (EPSRQ of Great Britain.
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