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DISSIPATIVITY, PASSIVITY AND FEEDBACK
PASSIVITY IN THE NONLINEAR DISCRETE-TIME
SETTING

E.M. Navarro-Lépez * E. Fossas-Colet *

*Universitat Politecnica de Catalunya
Institut d’Organitzacio i Control
Avda. Diagonal 647, 11 planta,

08028 Barcelona, Spain

Abstract: Necessary and sufficient conditions for a class of dissipative nonlinear multi-
input multi-output discrete-time systems are given. The conditions existing in the liter-
ature, addressed as Kalman-Yakubovich-Popov conditions, for the dissipative, passive
or lossless cases, are derived from the proposed dissipativity characterization. Feedback
passivity is solved for a class of multi-input multi-output nonlinear discrete-time systems
affine in the control input using the properties of the relative degree and zero dynamics
of the non-passive system. This is the first solution presented in the literature to such
a problem in the discrete-time setting. The passification methodology is illustrated by

means of an example.

Keywords: Discrete-time systems, Nonlinear systems, Energy control, Passive elements,

Feedback stabilization.

1. INTRODUCTION. MOTIVATIONS

The study of dissipativity-related concepts in the non-
linear discrete-time setting is an interesting field for
which a lot of problems remain unsolved. Two main
problems of utmost importance will be considered. On
the one hand, the proposal for nonlinear non-affine
in the input discrete-time systems of what is called
Kalman-Yakubovich-Popov (KYP) conditions, that is,
necessary and sufficient conditions for the character-
ization of a passive or a dissipative system. On the
other hand, the passification problem or the problem
of rendering a system passive by means of a static
feedback control law will be presented.

The characterization of passive discrete-time systems
is given in the literature for linear systems (Hitz and
Anderson, 1969), and for nonlinear systems affine
in the control input (Byrnes and Lin, 1993; Lin and
Byrnes, 1995). Lossless systems affine in the control
input are also characterized (Byrnes and Lin, 1994;

Sengor, 1995). Necessary and sufficient conditions
for dissipative systems affine in the control input are
presented in (Sengodr, 1995); the linear case is treated
in (Goodwin and Sin, 1984). In both cases, the sup-
ply function takes the form s(y,u) = y" Qy +2y"Su+
uTRu. For multi-input multi-output passive systems
which are nonlinear in the states and the control in-
put there are only necessary conditions for passivity
(Lin, 1995). For single-input multi-output nonlinear
non-affine in the input systems, the KYP conditions
are proposed in (Monaco and Normand-Cyrot, 1997)
where the authors phocus on systems which can be
expanded by exponential Lie series.

The problem of the establishment of conditions for a
nonlinear discrete-time system to be rendered passive
or dissipative via a state feedback has not been solved
yet. This problem has only been solved for lossless
systems (Byrnes and Lin, 1994). The problem of feed-
back dissipativity for nonlinear discrete-time systems



has been solved in a non-general manner in (Navarro
et al., 20014, b).

The study of the properties of the relative degree and
the zero dynamics of a passive system has played
an important role in understanding problems such
as feedback passivity or the stabilization of passive
systems in the continuous-time setting, see (Byrnes
et al., 1991). For general discrete-time systems, the
implications of dissipativity and passivity in the rel-
ative degree and the zero dynamics have not been
established yet, they have only been studied for the
losslessness case, see (Byrnes and Lin, 1994). In this
paper, the properties of the relative degree and the zero
dynamics of a passive system will be related to its
feedback passivity property.

The paper is organized as follows. Section (2) presents
necessary and sufficient conditions for the characteri-
zation of a class of dissipative nonlinear discrete-time
systems. Section (3) revisits the properties of the zero
dynamics of passive systems. Section (4) presents a
solution to the passification problem for a class of
nonlinear discrete-time systems through the relative
degree and the zero dynamics properties. Conclusions
and suggestions for further research are given in the
last section.

2. DISSIPATIVITY IN DISCRETE-TIME
SYSTEMS UNDER STUDY

Let a system of the form,

x(k+1) = f(x(k),uk)), xe Z,ueZ (1)
y(k) = h(x(k),u(k)), ye# @

where f: Zx % — Z and h: Zx % — % are
smooth maps, with 2" c 0", %, % c O™ ke Z, :=
{0,1,2,...}. All considerations are restricted to an
open set of 2" x % containing (x*,u*), having x* =
f(x*,u*). There is no loss of generality in considering
(x*,u*) = (0,0) and h(0,0) = 0, from now on they
both are considered.

Definition 1. (Byrnes and Lin, 1994) A system of the
form (1) with a properly chosen output (2) is said to
be dissipative with respect to a supply rate function
S % x % — [0 if there exists a positive definite
functionV : 2" — 0%, V(0) = 0, called the storage
function, such that

Vx(k+1)) =V(x(k)) <s(y(k),u(k)),

V(x(k),u(k)) € Z x %,k 3)
This system will be also referred as V -dissipative.
Definition 2. System (1)-(2) is said to be passive

if it is dissipative with respect to the supply rate
s(y(k),u(k) =yT (kpu(k).

Definition (1) is rewritten in the following way.

Definition 3. A system of the form (1) with a properly
chosen output (2) is said to be dissipative with respect
to a supply rate function s if there exist a positive
definite function V, V(0) = 0, and a function ¢(-,u)
which is positive semi-definite for each u € % such
that
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The function ¢ is regarded as the dissipation rate
function (Hill and Moylan, 1980).

Definition 4. System (1)-(2) is said to be lossless if
the dissipation rate function is zero.

Theorem 5. Suppose there exists a %2 function V
such thatV (f(x,u)) is quadratic in u. Then, a discrete-
time nonlinear system of the form (1)-(2) is V-
dissipative with a €2 supply function s(y,u), satis-
fying s(h(x,u),u) quadratic in u, and with storage
function V, V : 2" — O, V(0) = 0, if and only if,
there exist real functions I(x), m(x) and k(x), all of
appropriate dimensions such that

V(f(x,0) =V (x)=s (h(x,0),0) = IT(X)I(x) —
T (om(x) (5)
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Proof (Necessity): Consider the dissipativity defini-
tion (3). If system (1)-(2) is V -dissipative, there exists
@ satisfying (4). Since V (f(x,u)) and s(h(x,u),u) are



quadratic in u, the dissipation rate function ¢ can be
written as follows

@(x,u) = [1(x) +k()u] " [1(x) + k(x)u] +
+mT(x)m(x) >0, Yue % 8)

for some real functions m(x), 1(x) and k(x). Condition
(5) is obtained restricting (4) to u = 0, and taking
@(x,u) as defined in (8). Conditions (6) and (7) follow
from the first-order derivative and the second-order
derivative of (4) with respect to u, considering (8) and
u=0.

(Sufficiency): Assume there exist real functions m(x),
1(x), k(x) which satisfy conditions (5)-(7). Multiply-
ing equality (6) by u” from the left and adding (5), it
is obtained

u=0

V (f(x,0) =V(x)+u" %V(f(x,u))

=s(h(x,0),0)+u" %S(h(X; u),u) o

— 21T (x)k(x)u = 1T (x)1(x) = mT (x)m(x) 9)

Adding to the right-hand side term of (9) u'kku
—u'kTku, and using (7), one yields

d
.
V (f(x,0))+u %V(f(x,u)) u=0+

1. 02
+ EuT Sz (Fxw) u:ou—V(x) =
=s(h(x,0),0) +u" is(h(x,u),u) +

du u=0

Lt & h 10

+§U Ws( (X,U),U) Uzou_(p(xvu)a ( )

with @ given in (8). By claiming that V (f(x,u)) and
s(h(x,u),u) are quadratic in u, the second-order Taylor
expansion at u = 0 of V(f(x,u)) and s(h(x,u),u) can
be considered in (10), and (4) is obtained.

Remark 6. As it is recommended in (Sengor, 1995), a
new function m(x) has been considered, in comparison
to the passivity conditions given in (Byrnes and Lin,
1993) for nonlinear discrete-time systems affine in the
control input.

IfV(f(x,u)) and s(h(x,u),u) are not considered to be
quadratic in u, conditions (5)-(7) yield only necessary
conditions, as it is shown in (Navarro et al., 2001b).

Lossless systems of the form (1)-(2) can also be
characterized by means of conditions (5)-(7), with
@(x,u) =0, i.e., with I(x) = k(x) = m(x) = 0.

From dissipativity characterization of Theorem (5) the
existing KYP conditions appeared in the literature
can be derived, either for the linear or the nonlin-
ear case. Passivity conditions for nonlinear discrete-

time which are affine in the control input appear-
ing in (Byrnes and Lin, 1993) are obtained taking
s(y,u) = y"u and m(x) = 0, and losslessness condi-
tions (Byrnes and Lin, 1994) with s(y,u) = y'u and
o(x,u) = 1(x) = k(x) = m(x) = 0. In order to obtain
dissipativity conditions for nonlinear affine in the con-
trol input systems presented in (Sengdér, 1995), the
left-hand side of equality (5) would be V (f(x) — X)
and in (6) and (7), z = f(x) — x should be considered
with V (x) = BT (x) +x"C(x)x, with B and C matri-
ces of appropriate dimensions, and s(y,u) = y"Qy +
2y"Su+ u'Ru, with Q, S, R constant matrices, Q and
R symmetric. In order to obtain the losslessness con-
ditions presented in this work, in addition, it must
be considered ¢(x,u) = k(x) = I(x) = m(x) = 0. For
the linear case: passivity conditions appearing in (Hitz
and Anderson, 1969) are obtained taking m(x) = 0,
V(x) = 3xTPx, s(y,u) = y"u, and dissipativity condi-
tions presented in (Goodwin and Sin, 1984) are ob-
tained by taking m(x) = 0, s(y,u) = y'Qy +2y"Su+
uTRu, V(x) = 3xTPx, with P a real symmetric positive
definite matrix. In these results, the systems are affine
in the input; this results in supply functions quadratic
in the input when the variables are the states and the
input.

3. ZERO DYNAMICS OF PASSIVE NONLINEAR
DISCRETE-TIME SYSTEMS

Assume
ah(x,u)
Jdu X
u

#£0 (11)

0
=0
Then, by the implicit function theorem, there exists
u*: 9, — % defined in a neighbourhood of x = 0
such that h(x,u*) = 0, V¥x € ;. The zero dynamics
of system (1)-(2) is defined by f* = f(x,u*) where
(x,u*) € Z* = {(x,u) : x € 94, h(x,u) = 0}.

Definition 7. A system of the form (1)-(2) has a lo-
cally passive zero dynamics if there exists a €2 posi-
tive definite function V, locally defined on the neigh-
bourhood ¥, of x=01in 2", s.t. V(0) =0 and

V(f(x,u)) <V(x), ¥xe I, (12)

Theorem 8. Suppose system (1)-(2) satisfying (11) to
be passive with a storage function V which is positive
definite, and V (0) = 0. Then, the zero dynamics of (1)-
(2) locally exists at x = 0 and is passive.

Proof By (11), system (1)-(2) has relative degree O
in a neighbourhood of x = 0 and its zero dynamics, in-
deed, locally exists in a neighbourhood of x =0in O".
As (1)-(2) is passive, relation (3) is met with s(y,u) =
yTu. Setting u = u* such that y = h(x,u*) = 0, one
yields to f*(x). Since the zero dynamics is restricted
to Z*, inequality (3) is converted into equation (12).



4. ASOLUTION TO THE PASSIFICATION
PROBLEM

The passification problem will be studied for a class
of nonlinear discrete-time systems linear in the input.
Let the system,

X(k+1) = f(x(k)) +9(x(k))u(k) (13)
y(k) = h(x(k)) + I (x(k))u(k) (14)

where f,g,h,J are smooth mapsand f(x) € O", g(x) €
O™mM h(x) e O™ J(x) e O™M xe O ue O™

The characterization for passive systems to use will be
the particularization of conditions (5)-(7) for s(y,u) =
y"u and the dynamics (13)-(14). Then, conditions (5)-
(7) takes the following form (Byrnes and Lin, 1993):

(15)
wia) 1 S 2T =170
(16)
21
00 e, 000 =T+ -
— 2k (x)k(x) 17)

Lemma 9. If system (13)-(14) is passive and its zero
dynamics is such that 2* does not contain straight
lines of the form {(X,A0), A € O}, with 2 as defined
in Section (3), then J(x) is invertible Vx.

Proof Let X be such that J(X) is not invertible. Let us
take T(X) such that T(X) € KerJ(X). Since the system
is passive

V(f(x) +9()u) =V (x) <y'u, V(xu) (18)
Taking into account (18) and the positive definiteness
ofV,

=V (%) < [h(x) +3()u(x)]" u(x) (19)
If hT (X)U(X) # 0, defining
V) 20)
and restricting inequality (19) to X, u,, yields
-V(X) < -AV(X),VA €O

Thus, h™ (X)u(xX) = 0, in other words, {(X,AT(X)), A €
O} c Z*. Since this is a contradiction with the hy-
pothesis, J(x) must be invertible.
Remark 10. Note that the invertibility of J(x) is equiv-

alent to the fact that system (13)-(14) has relative
degree zero.

Theorem 11. Suppose h(0) = 0, and there exists a €2
storage function V, which is positive definite, V (0) =
0and V (f(x)+g(x)u) is quadratic in u, Vf, Vg. Then,
system (13)-(14) is locally feedback equivalent to a
passive system with V as storage function if and only
if (13)-(14) has locally relative degree 0 and its zero
dynamics is locally passive in a neighbourhood of
x=0.

Proof (Necessity): If system (13)-(14) is feedback
passive, there exists a control u = a(x) 4+ B(x)v such
that the feedback system

X(k+1)
y(k)

T(x(k)) +T(x(k))v(k)
h(x(k)) + I (x(K))v(k)
is passive, with f(x) = f(x) + g(x)a(x), g(x) =

g()B(x), h(x) = h(x) +I(x)a(x), I(x) = IX)B(x).
Therefore, the transformed system has relative degree
zero and passive zero dynamics, see Theorem (8),

Lemma (9) and Remark (10).

(Sufficiency): It will be shown that if system (13)-
(14) has relative degree 0 and passive zero dynamics,
it is feedback passive, i.e., there exists a control u =
a(x) + B(x)v, such that the feedback system x(k +
1) = f(x(k)) +g(x(k))v(k) fulfils

V(F(x) +ge)v) =V (x) < (A(x) +I()v)Tv

If the system relative degree is zero, J(x) is invertible,
then

1 (O -
37400 = (v
is well defined. It is chosen
u(k) = u* (k) + 31 (x)v(k) (21)
with u* such that y(x,u*) =0, i.e., u* = =3~ 1(x)h(x).
System (13)-(14) with (21) yields to
X(k+1) = 7 (x(k)) + 9" (x(k))v(k),
y(k) =v(x(k)), (22)

where f*(x) = f(x) — g(x)J~1(x)h(x) represents the
zero dynamics of the original system and g*(x) =
g(x)J~1(x). Now, a new input control and a new
output are defined

y(k) = v(k) :=h(x(k)) +I(x(k)w(k)  (23)

Then, the new system dynamics is given by

y(k) = h(x(k)) + J(x)w(k) (24)
It is defined,



-1
- 1,7 0%V y
J(x) = (59 92 sz*(x)g (X)> (25)

Jx 6_V
0z z=1*(

System (24) with (25) and (26) will be shown to be
passive with a %’ storage functionV . Since V (f*(x) +
g*(x)u) is quadratic in u, using the Taylor expansion
formula, it follows that
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V(f*(x) +9"(0)h(x)) =
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Substracting V (x) in both sides of (27) and consider-
ing that the zero dynamics of (13)-(14) is passive,

V(£ (x) + g ()h(x)) =V (x) =

= — (1) + k()R] " [1(x) + k(x)R(X)] -
—m' (x)m(x) + {;—V g"(x)h(x) +
z z=f*(x)
+ 2R 00g ‘ZZ T OO0 28)

Differentiating both sides of (28) with respect to h(x),
and multiplying the result by J, in addition to use (25)
and (26), the passivity condition (16) for system (24)
follows, that is

ov

o 9" (0T(x) =

2= ()9 (Yh()
=R (x) -2 [|T (x) +R" KT (%) k(x)T(x)
(29)

Taking the second-order derivative with respect to
h(x) in both sides of (28) and multiplying both sides
of the result from the left by 7 (x) and from the right
by J(x), using (25) and supposing J to be symmetric,
one yields to

ey T OV T
o 00T00)" S| T )] =

23" (KT (k)T (x), (30)

which is the passivity condition (17) for system (24).
For the passivity conditions of system (24), the equiv-
alent of function 1(x) is 1(x) + k(x)h(x), and the equiv-
alent of function k(x) is k(x)J(x).

Besides, using (25) and (26) on (27)

=7 () +3(x) -

V (£ (x) +9"()h(x) =V (f*(x)) -

-R (3 1) (OR() +R' T (0R(X)

Taking into account that the original system has pas-
sive zero dynamics, i.e., V(f*(x)) < V(x), it can be
written

=V (f*(x)

|
T(x)m(x), (31)
which is the passivity condition (15) for the system
(24). In conclusion, system (13)-(14) with the passify-
ing control law (23) is passive.
Remark 12. The passifying control given is the same

that the control which renders a system lossless in
(Byrnes and Lin, 1994).

5. EXAMPLE

Let the system, extracted from (Sira-Ramirez, 1991),

X1 (k+1) = (x2(k) +x3(k) + u(k)) cos( x2
Xo(K+1) = (x3(K) +x3(K) +u(k)) sin(x,(k
y(k) = (< (k) +x5(k)) +J(x(k))u(k), (32)

The control which renders the output to zero is u* =
—J71(x)(x2 +x3). Control u* substituted in (32) gives
the zero dynamics of the system. It is chosen J =
;2;2%_—R2 with R # 0 a constant.

Con5|der|ng V= 2(x2 +x2), as storage function, and
s =y"u as supply function, the system is not passive,
in fact, with u = 0 the origin is unstable. However, the
system can be rendered passive by means of a static
state feedback control law, see Theorem (11), due to
the fact that J(x) is invertible and the zero dynamics
of system (32) is passive. Therefore, the passifying
control scheme proposed (21)-(26) is applied to (32).

The passified system has been simulated for x, =
[0.01, —1], R = 0.5. It is chosen w(k) = —y(k), as it
is proposed in (Lin and Byrnes, 1995), this control lo-
cally asymptotically stabilizes a passive discrete-time
system. In this case, w(k) = — [J(x(k)) + 1] "“R(x(K)).
The system response is shown in Figure (1). The
states and the output are stabilized to the origin x =

(0: O)Tv y=0.
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Fig. 1. Passified dynamics for system (32)
6. CONCLUSIONS

Multi-input multi-output nonlinear discrete-time dis-
sipative systems have been studied, actually dissipa-
tive systems with supply and storage functions sat-
isfying s(h(x,u),u), V(f(x,u)) quadratic in u. The
characterization of this class of dissipative systems
has been proposed. In addition, the properties of the
relative degree and zero dynamics of passive discrete-
time systems have been used to prove the solution to
the passification problem in nonlinear discrete-time
systems affine in the control input. The passification
methodology proposed have been validated by means
of an example.

There is a great variety of dissipativity-related prob-
lems remaining unsolved in the discrete-time set-
ting. New ways of treating dissipativity concepts are
needed to be explored. Concerning the results pre-
sented here, it should be desirable to give dissipati-
vity conditions without the restriction of V(f(x,u))
and s(h(x,u),u) to be quadratic in u. This will be a
way to give passification conditions for more general
systems.

Feedback dissipativity is needed to be solved in or-
der to give desirable energy-like properties to systems
whose output does not depend on the input. Analysis
of the relative degree and the zero dynamics of dissi-
pative systems would be required, or proposing new
approaches to treat dissipativity-related concepts.
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