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Abstract

Let D stand for the open unit disc in R? (d > 1) and (D, &, m) for the usual Lebesgue measure
space on D. Let # stand for the real Hilbert space L?(D, m) with standard inner product
(, -). The letter G signifies the Green operator for the (non-negative) Dirichlet Laplacian
—A in S and 1 the torsion function G xp. We pose the following problem. Determine the
optimisers for the shape optimisation problem

Qi = sup{(GXmXA) : AC D isopen and (1, xa) < t}

where the parameter ¢ lies in the range 0 < ¢ < (1, 1). We answer this question in the one-
dimensional case d = 1. We apply this to a problem connected to maximum flux exchange
flow in a vertical duct. We also show existence of optimisers for a relaxed version of the above
variational problem and derive some symmetry properties of the solutions.
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1 Introduction

Let Q stand for a bounded open set in R? (d > 1) and (£, %, m) for the usual Lebesgue measure
space on . Let # stand for the real Hilbert space L?(€2, m) with standard inner product (-, -).
The letter G signifies the Green operator for the (non-negative) Dirichlet Laplacian —A in J# and
1) the torsion function G xq. We pose the following problem. Determine the optimisers for the
shape optimisation problem

Qi 1= sup {(GXAaXA) : AC Qisopenand (¢, xa) < t} (1.1)
where the parameter ¢ lies in the range 0 < ¢ < (1, 1). We show that optimisers exist for a relaxed
version of this problem and derive certain symmetry properties of the solutions when {2 is replaced

by the open unit ball D. We obtain the explicit form of the optimisers in the one-dimensional
case d = 1 for the open interval D = (=1, 1) .

Define

%:z{fé%”: 0 < f<1m-a.e. on and (f, 1/1)§t}
for ¢ in the range 0 < t < (¢, 1) and consider the relaxed variational problem
Bri=sup{J(f): feVi}, (1.2)

where J(f) = (f, Gf). The first main result runs as follows.
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Theorem 1.1. For each t in the range 0 < t < (¥, 1), there exists f € Vi such that B = J(f).

In case 2 is replaced by the open unit ball D centred at the origin, we can say more about the
symmetry properties of optimisers. In fact,

Theorem 1.2. Let f € V; such that By = J(f). Then f possesses circular cap symmetry.

We now turn to the one-dimensional case d = 1 so that D = (—1,1) and the torsion function
1 is given explicitly by ¢(z) = (1/2) (1 — 2?) for z € D. Noting that (¢,1) = 2/3, define
©: D —(0,2/3) by ¢(x) := (X(z,1), %), and specify & € (—1, 1) uniquely via the relation

(&) =t (1.3)
for each t € (0, 2/3). Set A; := (&, 1). Then

Theorem 1.3. For any open subset A in D satisfying (1, xa) < t it holds that

(G xa, xa) < (Gxa,s xa,);

and equality occurs precisely when either A = Ay or A = —A;.

The inequality is somewhat reminiscent of the Riesz rearrangement inequality: this justifies the
epithet in the title. This problem has a probabilistic interpretation in so far as the function G x4
is the expected occupation time in A spent by absorbing Brownian motion in D (associated to
the Laplacian A). The d > 2 case has not yet been resolved. It is tempting to speculate that a
hyperbolic cap optimises (ILT]) in this case. Numerical evidence does not seem to bear this out,
however [5].

One reason why this problem is intriguing is because of its connection to maximum flux exchange
flow in a vertical duct, a model of lava flow in a volcanic vent (see [4]). In the two-dimensional
case d = 2, we imagine a configuration of two immiscible fluids in D x R with different physical
characteristics in a state of steady flow. The densities of the fluids are labelled p, p’ and we take
p > p'. Each fluid has unit viscosity. With respect to cylindrical coordinates (z, z) € D x R,
gravity acts in the direction (0, —1) according to the model. The pressure p depends only upon z
and has constant gradient p/d z = —G. Suppose that the fluid with density p occupies a region
in D xR with cross-section A C D. Restricting the problem to D, the velocity u of the components
of the fluid may be described (informally) using the Navier-Stokes equation via

0
0

Au+G—pg on A
Au+G—-p'g on D\A

Non-slip (Dirichlet) boundary conditions are imposed on the boundary of D. It is also assumed
that w and its gradient are continuous on the interface between the two regions A and D \ A
(continuity of velocity and stress).

The parameter G lies in the interval (p’ g, pg). This allows the possibility of a bi-directional flow.
Upon rescaling (and relabelling the velocities) we obtain the system

0 = Au—XA—1 on A

0 = Au—X+1 on D\A4; (1.4)
where
/
—2
A= PP Z2G
(p—1r)yg



is a proxy for the pressure gradient. Two problems arise. One is to maximise the flux Q :=
(XD\4, u) amongst all regions A which satisfy the flux balance condition (u, 1) = 0 with constant
A; the other in which we optimize also over A. In detail, we seek optimisers for the problems

Y= Sup{ (XD\Av u) : (’U,, 1) = Oa A g D open, A€ (715 1) } ) (15)
Ya = sup{(XD\A,u): (u, 1):O,AgDopen}, (1.6)

where in the latter A is fixed in the interval (—1, 1). It turns out that problem () is closely
related to the two problems above. Note too that these problems have obvious analogues for the
case d = 1.

We come to our last main result. Note that the d = 2 analogue is discussed as a marginal case in
.
Theorem 1.4. In case d =1,

(i) for each A € (=1, 1), the problem (I0) is optimised precisely when either A = A% or
A=-A 1—X
=

(ii) the problem (IL3) is optimised precisely when either A = (0, 1) or A = (-1, 0) and has
optimal value 1/12.

We give a brief sketch of the organisation of the paper. In Section 2, we obtain existence of
optimisers for the relaxed problem (L2 and derive some symmetry properties when € is replaced
by the ball D. Sections 3 to 8 deal with the proof of Theorem 1.3. Section 9 contains an application
to maximum flux exchange flow (Theorem [T4]).

2 Existence of optimisers and symmetry in a general relaxed setting

For the sake of clarity, we first of all remark that the (non-negative) Dirichlet Laplacian (D(—A), —A)
is associated with the Dirichlet form (.7, &) in ¢ with form domain .# := W,*(2) and

& (u, v) = (Du, Dv) (u,v € F).

We begin with the proof of Theorem [T

Proof of Theorem[IL 1l Let (f)nen be a maximising sequence for ;. Now, V; is weakly sequentially
compact in . This follows by appeal to [6] Theorem 10.2.9 due to the fact that V; is bounded,
closed and convex in the reflexive Banach space . So we may assume that (f,,) converges weakly
in 2 to some f € V; as n — oo after choosing a subsequence if necessary.

Put u, := Gf,. Then for each n,

HunHWUI’l(Q) <V2m() HunHwol’z(Q)'
Additionally,

HU”ILHI%VUI’Z(Q) = g(una Un) + (un; Un) = (fna an) + (ana an) < (Llﬁ) + (1%1#)

In short, the sequence (uy) is bounded in W, '(Q). In case d > 2 by the Rellich-Kondrachov
compactness theorem ([3] 5.7 for example), we may assume that (u,) converges in L*(£2, m) to
some element u after extracting a subsequence if necessary. In case d = 1, we use Morrey’s
inequality (see [3] 5.6.2, for example) and the Arzela-Ascoli compactness criterion to extract a
uniformly convergent subsequence. The details are described in the proof of Theorem Bl

For each n € N,

(Un, ©) = (G fn, ©) = (fn, Go) for all p € H#,



which yields
(u, ) = (f, Gop) = (G f, p) for all p €

upon taking limits. Therefore, u = G f m-a.c. on Q. Moreover,
J(f) = I(fn) = (u, ) = (tn, o) = (U = fu) + (frr u—tn)

and the right-hand side converges to zero as n — oo in virtue of the weak respectively strong
L' (2, m) (or uniform in the case d = 1) convergence of the sequences (f,,) respectively (u,). As
B = limy, 00 J(fr) it follows that 8; = J(f). O

In the remainder of this section, we replace € by the open unit ball D in R? centred at the origin.
We first discuss the operation of polarisation for integrable functions on D (see [2] and references
therein). For v € S%~! the closed half-space H = H, is defined by

H, = {xeRd: :c-Z/ZO}
with an associated reflection
. d d.
H: R RS 2=z —2(x-v)v.

Refer to the collection of all these closed half-spaces by H. The polarisation fg of f € L}r (D, m)
with respect to H € H is defined as follows. Choose an m-version of f, which we again denote by

f. Set

| f@)A f(rgz) for xe€ DNH,
fH(z)'{f(w)Vf(THx) for xzeD\H.

Its m~equivalence class is the polarisation of f. The definition is well-posed.
The Green kernel G(z, y) is given by
Gz, y) = D(y — z) — ®(|z[(y — 27)) for (z, y) € D x D\ d,

where ® is the fundamental solution of Laplace’s equation in R?, d stands for the diagonal in
D x D and the decoration * refers to inversion in the unit sphere. We note the inequality

G(z, y) > G(z, Tpy) for any z, y € DNint H, (2.1)
which follows from the strong maximum principle.

Theorem 2.1. Let f € LY (D, m) and H € H. Then J(f) < J(fu) with equality if and only if
either f = fg or fory = fg m-a.e. on D.

Proof. We work with an m-version of f, again denoted f. Define
At :={r e DNH: f(z) < f(rgz)}

and similarly BT but with the strict inequality replaced by the sign >. Put A~ := 7y A" and
A:=ATUA". Set S:= D\ A. In this notation,

fu=xaforu+xs/f

As a consequence,

J(fu) = J(xa foru)+2(xa foru, Gxsf)+J(xs f) = J(xa f)+2(xa foru, Gxsf)+J(xs f)



and a similar identity holds for J(f) but without composition with reflection. We may then write
that

e =1 =2 [ [ (o) = f@)ate. 1) = o, 1)) = ) mldy) m(do)

It is clear from this representation with the help of (ZI)) that J(f) < J(fu)-

In the case of equality, it holds that either m(A™) = 0 or m(B1) = 0. In the former case, f = fg
while in the latter, f o7y = fg m-a.e. on D.

The spherical cap symmetrisation (see [7], [8], [9] for example) of A € £ with respect to the
direction w € S9! is the set A* € A specified uniquely by the conditions

A*n {0} = An{0},
A*NoB(0, r) = B(rw, p)NoB(0, r) for some p > 0,
o.(A*NIB(0, r)) = o.(B(rw, p)NOB(0, r)),

for each r € (0, 1). Here, o, stands for the surface area measure on dB(0, ). The spherical
cap symmetrisation of f € L} (D, m) (denoted f* for brevity) is defined as follows. Choose an
m-version of f, which we again denote by f. Let f* be the unique function such that

{f* >ty ={f >t} foreachteR.

Its m~equivalence class is the polarisation of f. The definition is again well-posed. We also write

f*as C,f.

Before proving Theorem [L2] we prepare a number of lemmas. We first discuss a useful two-point
inequality. We introduce the notation

Q = {($1,$2)€R2: $120and$220},

R = {(z1,22) €Q: 0< 1z <21},

S = Az, 22) €Q: 0 <@ <o}
Equip Q with the ¢(!-norm ||z||; := |z1| + |z2| where * = (21, #2) € Q. Define a mapping
p: Q— Q via

(561, 1'2) — (1‘1 \Y T2, I1 A 1'2).
A geometric argument establishes the following lemma.
Lemma 2.1. For any z, y € Q,

oz — eyl < flz =yl

with strict inequality if and only if v € R andy € S or x € R and y € S or the same with the
roles of x and y interchanged.

For w € S~ introduce the collection of closed half-spaces

He ::{xERd: :I:-Z/ZO}.
Lemma 2.2. Let f € L1 (D, m) and w € S*~'. For any H € H.,,

I f = CufllLrp,m) < If = Cufllrp,m) (2.2)
with strict inequality if

m({foru > f})>0.



Proof. Select an m-version of f, again denoted f. Note that f;; = f*. By the two-point inequality
Lemma 2,11

[fu(@) = [ @) + | fu(raz) — [ (ta)| < |f(x) = ()] + [f(raz) — [ (Ta2)] (2.3)
for x € DN H. It only remains to integrate over D N H to obtain the inequality.

For each x € D N H the pair (f*(z), f*(rgz)) belongs to R. By Lemma 1] the condition
(f*(z), f*(rux)) € S guarantees strict inequality in ([23). This observation leads to the criterion
in the Lemma. O

The next lemma is a spherical cap symmetrisation counterpart to [2] Lemma 6.3, and extends [7]
Lemma 3.9.

Lemma 2.3. Let f € LY1(D, m) and w € S9=1 and assume that f # C.,f. Then there exists
H e H, such that

I fz — Cufllorp,m) <IIf = Cufllro,m)-
Proof. For shortness, write f* for C, f. As f # f* there exists ¢t > 0 such that

m{f >t} A{f" >1t}) >0.

It follows that the sets A := {f <t < f*} and B := {f* <t < f} are disjoint and have identical
positive m-measure.

We claim that there exists H € H,, such that m(A N7y B) > 0. Taking this as read, on AN 7y B
we have that f* >t > f* o7y so that ANTtyB C H. Also, f <t < f o7y there. In short,
ANTgB C{fory > f}NH. Som({foryg > f}) > 0 and there is strict inequality in [22) by
Lemma 2.2

To prove the claim, we assume for a contradiction that m(AN7yB) =0 for all H € H,,. Let F
be a countable dense subset in S%~! N H,,. Then

m(AN U i, B) = 0.

veF

Therefore, for all r € (0, 1), it holds that
or(A. N1y, By) =0 for every v € F,

except on a A-null set N. Here, )\ stands for Lebesgue measure on the Borel sets in R, and
A, := AN dB(0, r) for the section of A (likewise for B,.). Let v € S9! N H,, with corresponding
reflection 7 = 7,. Select a sequence (v;) in F' which converges to v in S?~1. Write 7; for the
reflection associated to closed half-space H,,. For 7 € (0, 1)\ N,

lov(Ar N7TB;) — 0p(Ar N1 B,)| < |xB — XB o ToTj|L1B(0,r),00)s
and this latter converges to zero as j — oo. This is due to the fact that the special orthogonal
group SO(d) acts continuously on L!(S971 o). We derive therefore that

o.(A, N7y, B,) =0 for every v € S*~ ' N H, (2.4)

for all 7 € (0, 1) \ V.

To conclude the argument, choose € (0, 1) \ N such that o,(4,) = o.(B;) > 0. Use Lebesgue’s
density theorem to select a density point x for A, lying in A,, and choose y in B, similarly. Then
f*(x) >t > f*(y). So there exists v € S9~1 N H,, such that with 7 = 75, we have that 7y = .
But this means that

or-(A- NTB, N B(x, €))

i (@B, 1) N Bz, 9)

)



so that, in fact, o,.(A, N7B,) > 0, contradicting (Z4]). O

Proof of Theorem[I.2 Assume for a contradiction that f # C,,f for each w € S%1. Then there
exists w € S?1 such that

0:= nf |f =Cofllirwm = If = Cofllirm,m >0.

ve
By Lemma there exists H € H,, such that
Ifr = CufllLrp,m) < If = CofllLro,m)-
It is plain that f # fy. But also f o1y # fu, for otherwise,
If = CowfllLrp,m)y = Ifar — CufllLrp,m)y < If = CufllLrp,m)
contradicting optimality of w. It follows by Theorem 2.1l that J(f) < J(fm) and this contradicts

the optimality of f in the expression for ;. O

3 Preliminaries for the one-dimensional problem

In the remainder of the article we work in the one-dimensional setting where D = (=1, 1). In this
context, the corresponding Green operator G has kernel given by

ll—y)(1+2) for =z<y,
G(x,y)={§(1+z)(1z) for x>z, .

for z,y € D. We record the useful inequality

|Gz, y) = Gz, 2) | < |y — x| forall 2, y € D, (3.2)
for future use. As noted above, the torsion function ¢ := G xp is given explicitly by (z) =
(1/2) (1 —2?) for z € D, and

(1, ) =2/3. (3.3)

The Green kernel may be bounded in terms of ¥; that is,
Gz, y) <(z) for all y € D, (3.4)
with fixed x € D.
For ¢ € (0, 2/3) introduce the shape space
Uy ::{f:XA: A C D is open and (f, 1/;)§t}.
We may then write

at:sup{J(f): ert}. (3.5)

For each t € (0, 2/3) and m € N define Utm) to be the collection of all functions of the form f = x4
where A is a union of at most m disjoint open intervals in D with the additional requirement that
(f, ¥) <t. We occassionally refer to the condition

int A= A. (3.6)
We also introduce the variational problem
agm) = sup{J(f): fEUtm)}. (3.7)

We now derive the crucial property that ([B.7) attains its optimum.



Theorem 3.1. For each t € (0, 2/3) and m € N there exists f € Utm) with (f, ¥) =t such that
(m)
ap = J(f).

Proof. Let (fn)nen be a maximising sequence for agm). Each f, may be written in the form

fn= 2?21 XA, for some 1 <k, <m where A,; = (an;, bn;) and
*1§an1 <bn1 SanQ <bn2§"' Sankn <bnkn S 1.

After selecting a subsequence if necessary we may suppose that k,, takes a fixed value k for some k
between 1 and m. On appeal to the Bolzano-Weierstrass theorem, we may assume (perhaps after
discarding a subsequence) that a,; — a; and b,; — b; as n — oo where

—1<a1 < <apg<by < <ap <bp < 1. (3.8)

Set f := 2?21 X4, where A; = (aj, bj). By the dominated convergence theorem, (f,) converges
weakly to f in J7.

Put u, := Gf, as before. Then the sequence (u,) is bounded in W,?(D) as in the proof of
Theorem [Tl By Morrey’s inequality (see [3] 5.6.2, for example),

[ unllcoa/zpy < ¢ foralln €N
for some finite constant c; in particular,
| tn () — un(y) | < c|z—y|? for any 2,y € D

and any n € N. Thus, (u,) forms a bounded and equicontinuous sequence in C(D). By the Arzela-
Ascoli compactness criterion, we may assume that (u,,) converges uniformly to some u € C(D) as
n — oo after extracting a subsequence if necessary. Now continue the argument as in the proof of

Theorem [[T] to conclude that atm) = J(f).

We now show that (f, ¥) = t. First note that (f, ¢) < ¢; this flows from the fact that f is a
weak limit of elements in Ut(m). Suppose for a contradiction that (f, ¥) < t. As (f, ¥) < 2/3,
in (B8) there must exist j = 0, ...,k such that b; < a;41 with the understanding that by := —1
and a1 := 1. By choosing B to be a suitable (semi-)open interval in [b;, aj1+1] we can arrange
that the function f; := f + xp satisfies the requirement (f1, ¥) < t as well as J(f) < J(f1). This
contradicts the optimality of f. O

We now revisit the operation of polarisation in the one-dimensional setting. We use the letter P
to signify the polarisation operator with respect to the closed half-space [0, c0). Thus, for f € Uy,
the polarisation is defined by

_ [ f@Vf(-x) if 0<z<1,
Pf(m)“{f@w(x) f _l<s<0 (3.9)

Alternatively, suppose that f = x4 where A is an open subset of D. Then Pf = xpa where PA
denotes the polarisation of the set A; in other words,

PA=AnTAJ(AurA)Nn(0,1) (3.10)

where 7 : D — D stands for the reflection x — —xz. We shall sometimes refer to the symmetric
resp. non-symmetric parts of PA; that is,

A = ANTA;

Ay = (AuTA)n(0,1)\ ANTA. (3.11)

Lemma 3.1. Let f € U; for somet € (0, 2/3). Then the following statements are equivalent:



(Z) fEPUt,'
(i) f=1onS:={xe(0,1): f(—x)=1}.

Proof. Let f € PU; so that f = Pg for some g € U;. Let z € (0, 1) with f(—z) = 1 Then

1 = f(-z) = Pg(—x) = g(z) A g(—=). So g(x) =1 and f(z) = Pg(z) = g(x) V g(—x) = 1. On
the other hand, suppose that f =1 on S. For x € S,

Pf(x) =1V f(-z) = 1= f(z) while Pf(-z) = 1A f(-z) = f(-=),
and for z € (0, 1)\ S,
Pf(z) = f(x) VO = f(z) while Pf(—z) = f(z) N0 =0= f(—x).

In other words, f = Pf. O

It is sometimes useful to polarise with respect to the closed half-space (—oo, 0]. To distinguish
between these two polarisations we use the notations P,, P_. In particular,

_f f@Af(=x) if O<z<l,
P-J(@) { f@) Vv f(-z) if —-1<z<0. (3.12)

Lemma 3.2. Let f = x4 € PJFUt(m)_for some m € N and t € (0, 2/3) where A satisfies condition
(2.8). Put g:= xp where B:= D\ A. Then g is an m-version of 1 — f and g € P_Us/o_4.

Proof. We may suppose that A = U?Zl A; for some 1 <k <m and A; = (a;, b;) with
—1<a < <ar<by<---<ap<b, <L

We use the criterion in Lemma Bl Let z € (—1, 0) such that g(—z) = 1. We first note that z
cannot be a boundary point (that is, & {a1, ..., ax, b1,...,bg }). For if it is, then either —z is a
boundary point or —z € A. This is due to the fact that f is polarised to the right. In either case,
we obtain the contradiction that g(—z) = 0. We want to show that g(z) = 1 so suppose on the
contrary that g(x) = 0. Then for y = —x € (0, 1), it holds that f(—y) = 1, but f(y) = 0. This
counters the fact that f € P,U; by the criterion. O

4 A (non-)optimality criterion
In this section we develop a (non-)optimality criterion for configurations f in Ut(m). Given f € Uy

define u := Gf. Tt is known that D(—A) = W, *(D) N W42(D). Thus, u € W?2(D) and by a
Sobolev inequality (see [3] 5.6.3 for example), u belongs to the Hélder space C*1/2(D). Define

u
h=hs:=—.
Ty
Then h € C(D) and by I’'Hépital’s rule,
A
h(—=1)= lim —= =u'(—1 4.1
(1) = m 0 _ ), (@)

and similarly h(1) = —u/(1) at the right-hand end-point. In short, h € C(D).
Lemma 4.1. Suppose that f = x4 for some open subset A in D. Letu € C(D). Givena € AND,
put Ay :=[a—mn, a+n] forn >0 small. Then

) s (f ,u)
(i) limpo (f;(‘h7 ) h(a);



o (Fxa,, Glfxan)) _
(i1) hmnw% =0.

Proof. (i) Notice that AN(a—n, a+n) # () for each n > 0. Consequently, (fxa,, 1) = m(ANA,) >
0 for each 1 > 0 (small) and likewise for (fxa,, ¥). Write

(fxa,, v) _ u(a)(fxa,; 1)+ (fxa,, v —ul(a)) P(a)G — u(a)G

Fxan @)~ 9@ U DT Uooas o= 0(@) ~ T Sy wi@ + &)
where
i (Fxa,. u—u(a))
! (fXAn’ 1) 7
o (D v v)
2 (fxa,, 1)

Both these last vanish in the limit 1 | 0 and this leads to the identity.
(i) From the estimate ([34]), for n > 0 small,
VT Glfxa,] <Y Glxa,] <21,
and this establishes the limit. O

With this preparation in hand we arrive at the crucial (non-)optimality condition.

Theorem 4.1. Lett € (0,2/3), m e N and f = xa € Ut(m). Assume that A satisfies condition
(Z4). Suppose that a, b € D with a # b such that

(i) h(a) < h(b);
(i) a € 0A;
(iii) b e 0A.
Then there exists f1 € Utm) such that J(f) < J(f1).
Proof. Write f in the form f = Z?Zl X4, for some 1 <k <m where A; = (a;, b;) and
—1<a <bi<ay<by<---<ap<by<l.
Given n > 0 put A, :=[a—1n, a+n] and B, := (b—n, b+1n). Set g:=1— f. The functions
n (xa, f, ¥) and n = (x5, 9, ¥)

are strictly increasing at least for n > 0 small. For ¢ > 0 sufficiently small, there exist unique
7> 0 and ¢ > 0 depending upon ¢ such that

e=(xa, [, V) = (xB 9, V).
Define
fer=Ff—[fxa, +9xsB.-
Then f. € Utm) for € > 0 small. Now
J(fe)=J(f) = (fe, Gfe)—(f, Gf)
= (fe—f,G[f-+T))
= (—fxa, +9xBo G[2f— fxa, +9xB.])
= 2(gxBe, u) —2(fxa,, w) + (9xB, — fxa,, G 9xB. — [xa,]) (4.2)

where v = G f as usual. Thus, by Lemma 1] (with the help of the Cauchy-Schwarz inequality to
deal with the cross-terms),

hmsfl{ J(f.) — J(f)} = 2(h(b) — h(a)) > 0.

0

In particular, there exists € > 0 (small) such that fy := f. € Ut(m) satisfies J(f1) > J(f). O
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5 More on the (non-)optimality condition

In this section we verify condition (i) in Theorem BTl for some particular configurations f in Us.

Lemma 5.1. Let f € U; for some t € (0, 2/3) and set uw:= G f. Then
(i) W(=1)+ /(1) = — [px fdm;
(it) w'(=1) —u'(1) = [, fdm.

Proof. (i) Using ¢’ = —z and the integration-by-parts formula,

/xfdm = ' u” dm
D

D

YO - D1 - [ v dm
D
= —u/(1) —d/(-1).
(i) This follows from [, u” dm = — [, fdm = u'(1) —u/(-1).
Assuming that f # 0, define a, b € R by

a = inf :L'>71:(X(_17$],f)>0},
1—-b := inf :L'>0:(X[1_Z71),f)>0};

so that @ € [-1, 1) and b € (—1, 1].
Lemma 5.2. For each f € Uy with f #0,
(i) h(y) = 1= [p (1 —x) fdm for each y € [-1, a];
(i1) h(y) = ﬁfD (1+:c) fdm for each y € [b, 1].
Proof. (i) Suppose that « = —1. By (@I and Lemma [5.1]
h(=1)=u'(-1) = (1/2) / (1—z) fdm.
D

Now suppose that a € (—1, 1). Using integration-by-parts,

uly) = / u' dm
(_11 y]

_ 7/ u’w”dm
(=1,9]
= )W) (D) (1) + / o dm

(=1, 9]
= —u'(y)¥'(y) +u'(-1)

as u” = —f =0 m-a.e. on (—1, a]. For the same reason,
u(y) —u'(=1) = / u” dm = 0.
(=1,9]
Therefore,
14y
uy) = (1-v'W)) () =—= | (1-=)fdm
D

from which the statement is clear. Part (%) follows in a similar fashion.

11
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Proposition 5.1. Let f € PU; for some t € (0, 2/3). With a, b as in [51]) assume that
(1)) -1<a<0<—a<b<l;
(i) f =1 m-a.e. on (—a,b).

Then h(a) < h(b).

Proof. From Lemma [5.2]

a+b a+b
h(b) — h(a) = — ] /fdm+ )(1+b)/xfdm.

Put S:={z€(0,1): f(—z) =1} as in Lemma[31l Then

/D:cfdm/Sz{f(:c)f(:c)}m(d:cH/(O’l)\Szfdm

:/ xfdmZ/ x fdm = (1/2)(b* — a?)
(0, 1\8 (—a,b)

making use of (7). Thus,
(2—a—|—b)/xfdmz(1/2)(2—a+b)(b2—a2)>b2—a22(a+b)/fdm
D D

and hence h(b) — h(a) > 0. O

In the next two sections, we show non-optimality of polarised configurations in three broad cases.

6 Two non-symmetric cases

Let t € (0,1/3] and imagine a configuration polarised to the right that charges the left-hand
interval (—1, 0) but which is not symmetric under reflection in the origin. We show this is non-
optimal.

Lemma 6.1. Let m € N and t € (0, 1/3]. Suppose that f € Ut(m) satisfies the properties
(i) f=Pf;
(i) (f, X(-1,0) > 0.

(i) ( f, 01))>(fa X(-1,0) )-

Then there exists f1 € Ut(m) with the property that fi = P f1 such that J(f) < J(f1).

Proof. We may assume that f = x4 where A satisfies condition ([B.0). We may then write f in
the form described at the beginning of the proof of Theorem [l By (i), a1 < 0; and by (%),
bk Z —aj.

Case (a): —1 < a7 and by < 1. Then, in fact, —1 < a1 <0< —ag < b < 1. Put

k1 ::min{jzl,...,k: b; > fal}.
Suppose first of all that —a; = bg,. Decompose A into its symmetric and non-symmetric parts
Ay and As as in BI). By (iii), As # 0. Write fi := xa, and fo := xa,. By symmetry,

hf (a1) = hy, (—a1). Further, hy,(a1) < hy,(—a1), this being a consequence of (Z1]). Therefore, as
h = hy, + hy,, we obtain h(a1) < h(—a1). The conclusion follows with an application of Theorem
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If —ay # by, then —a; < by, and f = 1 on (—ay, by, ). If k1 = k then h(ay) < h(bg) by Proposition
11 On the other hand, if k1 < k define

kr k
bil 5:ZXAj and fo := Z XA, -

j=1 j=ki1+1
By Proposition5.11 hy, (a1) < hy, (bk, ). It can be seen from the representation in Lemma [5.2] that
hy, is increasing on [—1, ag, +1]. In sum, then, h(a1) < h(bx, ). Now apply Theorem [T once more.

Case (b): =1 < a; and by, = 1. In this situation, —1 < a; < 0 < —a; < by = 1. Define k; as
before. The case k1 < k may be dealt with in a similar way to case (a) above. So assume that
k1 = k. As f is polarised to the right, the interval ((—b1)V0, —a1) must sit inside A and so it must
hold that ar < —a;. In case t € (0, 1/3), it must also hold that 0 < aj. The situation ¢ = 1/3
and ay, = 0 forces ( f, x(=1,0y) = 0 contradicting (7i). In either case, therefore, 0 < ar < —a; and
k> 2.

Consider the function g := yp where B := D\ A. By Lemma[3.2 g € P_ Usja—¢. Thus,
—1<a; < —ap <0<ap <b,=1,

and g = 1 just to the right of —ay as g is polarised to the left. This situation corresponds to the
one described at the start of the consideration of this case but for g instead of f. Use the fact
that hy =1 — hy.

Case (¢): a; = —1. Then by =1 and ar < —b; as f = Pf. Apply the arguments in case (a) to
the function g. O

We now take ¢ € (0, 1/3) and imagine a configuration that lies entirely in the right-hand interval
(0, 1) but that has not yet been pushed rightwards to the maximum extent. We again show
non-optimality.

Lemma 6.2. Let m € N and t € (0, 1/3). Suppose that f € Ut(m) satisfies the properties
(Z) (f7 X(—LO) ) = 07'
(it) (fs X(,¢)) > 0.

Then there exists f1 € Ut(m) with the property that f1 = P f1 such that J(f) < J(f1).

Proof. Again take f = y 4 where A satisfies condition ([B.6]) and suppose f takes the form described
at the beginning of the proof of Theorem Il By (i), a1 > 0 and by (i), a1 < &. Therefore
a1 < by < 1; for otherwise, if by = 1 then

(fa w) > (X(al,l)a 1/1) > (X(ft,l)a w) =1

Again borrowing the notation of Theorem FIl put fi := xa, and fo := 2522 X4, By Lemma

B2

1 b1 —a
hala) = 7= /(ahbl)(lz)dm 11fa11 {1-(1/2)(a1 +b1)}
and
hp (b1) = / (1+:c)dm:bl*‘“{1+(1/2)(a1+b1)}.
fl 1+b1 (al,bl) 1+b1

A little algebra yields hy, (b1) > hy, (a1). Lemmalb. 2] also indicates that hy, is monotone increasing
on [—1, ag]. Therefore, h(by) > h(a1). The conclusion now follows with the help of Theorem
41 O
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7 The symmetric case

In the last of the three cases, we consider a configuration that is symmetric under reflection in the
origin.

Proposition 7.1. Let m € N and t € (0, 2/3). Suppose that f € Ut(m) satisfies the properties
(i) f=Pf;
(i) (f: X(-1,0)) >0;

(m) (fv X(0,1) ) = (fa X(-1,0) )

Then there exists f1 € Ut(m) with the property that f1 = P f1 such that J(f) < J(f1).

Before embarking on the proof of Proposition [T.I] we require a number of supplementary results.

Lemma 7.1. Suppose that f = xa € Ut(m) for some m € N and ¢t € (0, 2/3). Assume that A
satisfies condition [30). Suppose that a € 0AN D. Then

lim (fxa,, Glfxa,l)
no  (fxa,, ¥)?

where Ay, = [a —n, a+n] as before.

=(a)",

Proof. Write
Glfxa,)(@) =¥(a) (fxa,, 1)+ {v(x) —¥(a) } (fxa,, 1) +r(z)

where r(z) = (G(,) — (), fxa, ) for z € D. Since ¢(z) = G(x, @), the estimate @) gives
| (fxa,, )] <20(fxa,, 1)*

Forming the inner product we obtain
(fxa,» Glfxa,)) = (@) (fxa,, 1)* + (fxa,, ¥ — (@) (fxa, 1)+ (fxa,, 7).

It is clear from this that

(fxa,, G[fxa,])

lim =Y(a).
no  (fxa,, 1) via)
A short step leads to the assertion. O

Lemma 7.2. Suppose that f = x4 € Ut(m) for some m € N and t € (0, 2/3) and that A satisfies
condition (38). Suppose that a,b € D with a # b such that both a € A and b € JA. Put
g:=1—f. Given € > 0 sufficiently small there exist unique n > 0 and ¢ > 0 depending upon &

such that e = (f XAy, V) = (g XB¢» ¥). Then

lim (fxa,, Gloxsl) _ G(a, b)
<10 2 Y(a) (b))

Proof. Write
G[gXBg]('r) = (G(SC, ')7 gXBg) = G(a’ﬂ b) (gXBga 1) + T(ZL')

where r(z) := (G(z,-) — G(a, b), gxB,). For x € A, and y € B,

|G(z, y) — Ga, b)| <n+¢
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by @2). Consequently,

| (Fxa,, )] < (n+¢) (fxa, 1) (9xs, 1)
Now,

(fxa,, Glgxs.]) = G(a, b) (fxa,, 1) (gxB:, 1) + (fxa,, ),
from which we derive

- (fxa,, Glgxs.])
=10 (fxa, 1) (9xBc, 1)

= G(a, b),

and the conclusion follows straightforwardly.
O

Lemma 7.3. Let b € (0, 1) and a := —b. Let nn > 0 small and define ( = {(n) via the relation

(Xa, a4n)» ) = (X[, b+¢]» ¥)-

Then ¢ depends smoothly upon 7 in a neighbourhood of n =0 and

C=n+ n* 4+ 0(n*)

2
1-02
in the limit n | 0.

Proof. A short computation gives that

(Xia, atns ¥) = (1/2) { (1 = a®) n—an* = (1/3)7° }.

Define smooth functions f, g : R — R by

f) = (1=0*)n+bn® = (1/3)5° and g(¢) := (1 - %) ( = b¢* — (1/3) ¢*.

Now f/(0) = ¢’(0) = 1 —b% > 0. In particular, f is strictly increasing in a neighbourhood of

7 = 0 and g possesses a local smooth inverse h in the neighbourhood of ¢ = 0 by the inverse

function theorem. Note that ¢ is characterised by the relation g(¢) = f(n) for n > 0 small. Thus

¢ = (ho f)(n) and depends smoothly upon 7 for n > 0 small. Implicit differentiation yields
b

¢’'(0) =1 and ¢"(0) = 14_b2. Taylor’s theorem with remainder then yields the expansion. O

Proof of Proposition [7.1. We may suppose that f = x4 where A satisfies condition ([B.6). Define
a as in (BJ). Assume in the first instance that a € (=1, 0). Put b := —a. Conditions (%)-(iii)
entail that f is even. In particular, a, b € 9A. As in Lemma [[.2] we write

e=(fxa,, ¥)=(9x5., ¥)

for £ > 0 small. We aim to show that J(f.) — J(f) > 0 at least for ¢ > 0 small as in Theorem 1]
and we shall borrow notation without comment from its proof. We first claim that (see (£2))

limn M limn e 2 {2(9xBc> u) = 2(fxa,, w) + (9xB; — fxa,, G9xB. — fxa,])}
2 !

As u € C%1/2(D) we have that

(fxa, u) =u(a)n+'(a) (1/2)n* + O(n°/?).
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Also, with the help of Lemma [T.3]
(9xB,w) = u(b)(+d'(b)(1/2) ¢+ 0
) {2507 40 /207 + O0)

= u(b)n+ { % u(b) + %u’(b) } 7’ +0(n?).

Now u/(a) = —u'(b) because u is even so

_ (gxBe,uw) = (Fxa,,uw) . ny2(gxse, uw) = (fxa,,u) 1 )
20 P ®) 1yl )Pt t) gy 4 ).

On the other hand, from Lemmas [Tl and [[.2]

g 9XB = fXa,, G loxB. — fxa,]) _ 2 2G(a,b) _2b(1—b)
clo e2 P(a)  (a)(d) ¥(b)?

as ¥(b) — G(a, b) = b(1 —b). The combination of these identities establishes the claim (Z]).

We now show that the expression in (]) is positive. From Lemma and the even property of
[

RN / fm
and from Lemma [5.1]

u'(b) =u'(1) = —% /D fdm.

So we may write

bh(b)+u/(b) +b(1—b) = {l%b %}/fdm—i—b(l—b)
> {1%1; %}2b+b(1—b)
Cb(1-b)
1+ 0

The conclusion now follows by Theorem 11

The case a = —1 may be dealt with by applying the above argument (with appropriate modifica-
tions) to g :=1 — f. O

8 The main result

We are now in a position to prove the main result Theorem

Theorem 8.1. Let t € (0,1/3] and m € N and put Ay = (&, 1) with & as in (L3). Then
agm) = J(f) where f = xa,-

Proof. By Theorem [31] there exists f € Ut(m) such that ﬁ,ﬁ’"’ = J(f). Now Ut(m) is closed under
polarisation. So P f € Ut(m) and J(f) < J(Pf) by Theorem ??. We may assume therefore that
f=Pf.

Assume that (f, x(—1,0)) > 0. Since f = Pf it must be the case that (f, x(,1)) > (f, X(=1,0))
(in consequence of Lemma B.1]). By Lemma [6.1] and Proposition [T} there exists f; € Ut(m) with
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the property that f1 = Pf1 and J(f) < J(f1). This contradicts the optimality of f. We conclude
that (f, X(,Lo)) =0.
(m

If t = 1/3 this compels f = x(o,1) bearing in mind that f € U1/3) and f = P f. So let us now take
t € (0, 1/3). Suppose that (f, X(0,¢,)) > 0. Then the requirements of Lemma [6.2] are satisfied and
hence there exists f; € Ut(m) with the property that f; = P fi such that J(f) < J(f1). Again this

contradicts optimality. Hence, (f, x(0,¢,)) = 0. In fact, (f, x(=1,¢,)) =0. As f € Ut(m) we draw
the conclusion that f = xa4,. O

Corollary 8.1. Lett € (0, 1/3]. Then ay = J(f) where f = xa,.

Proof. Let f € U;. By Lindel6f’s theorem, we may write f in the form f = x4 where A =
Upe; Ak is a countable union of disjoint open intervals Ay in D. Put f, := Y ,_; xa,. By the

monotone convergence theorem, J(f) = lim, o J(fn). Note that f,, € Ut("). By Theorem [R1]
J(fn) < J(xa,) and J(f) < J(xa4,) on taking limits. O

Proof of Theorem[I.3. We only need to deal with the case t € (1/3, 2/3) in view of Corollary BTl
Let f € V; for such a t. Then g:=1— f € V;/3_; and

‘](f) = 2(t - 1/3> + ‘](g) < 2(t - 1/3) + J(XAz/sft,) = ‘](1 - XAQ/S—t) = J(XAt)'

This clinches the result in the final case. O

9 Application: maximum flux exchange flow

In this section we prove Theorem [[.4

Proposition 9.1. It holds that
(i) 72 = 2010 — (1/3)(1 = N2 for A€ (~1, 1);

(ii) v = SUPxe(-1,1) VA

Proof. (i). Fix A € (=1, 1). Let A be an open subset in D. Suppose that u satisfies (4] along
with the flux-balance condition (u, 1) = 0. Put

- [ =(A+1) on A,
ffA’/\'{—()\—l) on D\ A,

Then v = Gf. From the flux-balance condition and symmetry of the Green operator,
0=(LGf) =, f) ==+ xa) = A=1)(%, xp\4);
so that A = (1, 1)1 (b, xpya — x4) and (, xa) = 152 (¢, 1). Moreover,

(Xp\as u) = (Gxp\as )
= —(A+1)(Gxp\as xa) — (A =1)(G xp\as XD\A)

= 2(¢, 1)71{ — (¥, xp\a)(G xp\a» Xa) + (¥, xa)(G XD\ 4, XD\A)}
= 20, )7 @ DG xas xa) — (0 xa)?}
= 2J(xa) = (1/2)1 = A)?(¥, 1),

upon writing xp\a = Xp — Xa on each occurrence in the penultimate line. Now simplify using
B3). These considerations lead to the reformulation (i). The statement in (i) then follows
immediately. O
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Proof of Theorem Part (i) follows from Theorem [[3l For t € (0, 2/3),
ap =2(t —1/3) 4+ g3,

as can be seen from the proof of Theorem Therefore, for A € (-1, 1),
ox = 2as — (1/3)(1+ 02 = 2a1 — (1/3)(1- A2 = .

We now show that vy < 7o for each A € (0, 1).

Let { € (=1, 1) and u := G f where f := x(¢,1). Then

B 1(§f1)2(x+1) if —1l<z<¢,
u(x)_{4%$2+i(5+1)2$+%i(5+1)2 if E<z<l

A computation leads to
1 1 1 1 )
J(f) = ——ghp2g3 22 _ 2 2
(=—g€+58+58- 56+
Also (see (I3)),

-
A =@ N =p)= {23648},
Therefore,
™ = 204%—(1/3)(1—&2
= 2J(f)—3¢(&)?
_ 1 Ll 1 1
12 4§2+45 1256
=: h(§).

Now h(0) = & and h(1) = 0 and h/(§) = —(1/2) £ (1 — €)% < 0 for £ € (0, 1). This shows that
Ya < 7o for each A € (0, 1) as desired. The result follows from this and (i) of the Theorem. O

Acknowledgements. 1 am grateful to Professor Richard Kerswell and Professor Michiel van den
Berg for several helpful discussions on this topic.

References

[1] Adams, D. R., Hedberg, L. 1., Function spaces and potential theory, (Springer, Berlin Heidel-
berg, 1996)

[2] Brock, F., Solynin, A.Y., An approach to symmetrisation via polarization, Trans. Amer. Math.
Soc. 352 (1999) No. 4, 1759-1796

[3] Evans, L.C., Partial differential equations, Graduate Studies in Mathematics Volume 19 (Amer-
ican Mathematical Society, Providence, Rhode Island, 1998)

[4] Kerswell, R., Ezchange flow of two immiscible fluids and the principle of mazimum fluz, J.
Fluid Mech. 682 (2011) 132-159

[5] Kerswell, R., private communication (2011)
[6] Lax, P., Functional analysis (John Wiley & Sons, New York, 2002)

[7] van Schaftingen, J., Universal approxzimation of symmetrizations by polarizations, Proc. Amer.
Math. Soc. 134, (2005), no. 1, 177186.

van oScna. tlngen, . ymmeirizaltion ana minitmax principles, omimaun. ontemp. ath.
8 Schafti J., Symmetrizati d mini inciples, C C Math. 7
(2005), no. 4, 463481.

[9] Smets, D., Willem, M., Partial symmetry and asymptotic behaviour for some elliptic variational
problems, Calc. Var. 18, 57-75 (2003)

18



	1 Introduction
	2 Existence of optimisers and symmetry in a general relaxed setting
	3 Preliminaries for the one-dimensional problem
	4 A (non-)optimality criterion
	5 More on the (non-)optimality condition
	6 Two non-symmetric cases
	7 The symmetric case
	8 The main result
	9 Application: maximum flux exchange flow

