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Abstract—We give an overview of wave scattering in open
cavities in which the ray dynamics is chaotic. In the limit of
short wavelengths certain properties emerge that are universal
and do not depend on the details of the cavity. These universal
features are described by random matrix theory. We discuss in
particular results that characterize the transmission probabilities
and transmission times of waves through the cavity. Short-
wavelength approximations that use statistical properties of long
rays are able to explain this universality.

I. OPEN CHAOTIC CAVITIES

Chaotic cavities are cavities in which the ray dynamics is
chaotic. They find applications, for example, in microwave
physics, in acoustics or in mesoscopics [1]-[5]. Here we give a
brief overview of wave transport through chaotic cavities that
are opened up by attaching semi-infinite leads. An example
is shown in Fig. 1 in the form of a quarter stadium. These
systems are motivated by the transport through quantum dots
[5], [6]. We concentrate on the case of two leads, but the
formalism can be generalised to an arbitrary number of leads.

Stationary waves inside the cavity and the leads satisfy the
Helmholtz equation

(V2 + k*)(r) =0, (1)

where k is the wavenumber. In addition one has to require ap-
propriate boundary conditions, for example Dirichlet boundary
conditions for which the wave function v(r) vanishes at the
boundary of cavity and leads.

One way to characterise the wave solutions for this system
is to consider the corresponding scattering problem. In each
lead there is a finite number of incoming and outgoing modes.
These numbers are given by M; = |kw;/m| where w; is the
width of the i-th lead.

The M x M scattering matrix S connects the M (flux
normalised) incoming modes to the M outgoing modes, where
M = M; + M. Due to flux conservation .S is unitary,
STS =1, and it has the block structure

r t
5—<t r,). )

Here r and ¢ refer to reflection and transmission for incoming
waves in lead 1, and 7’ and t’ refer to reflection and trans-
mission for incoming waves in lead 2. There are a number of
quantities that can be obtained from the S-matrix and that can
be used to characterise the transmission through the cavity.
Some of them are discussed in the following section.
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Fig. 1. An open chaotic cavity in the form of a quarter stadium with two
attached semi-infinite leads. Also shown is a ray entering the cavity through
lead 1 with angle 61, and leaving it through lead 2 with angle 2.

II. TRANSMISSION EIGENVALUES AND TIME DELAYS

The total transmission coefficient 7" for incoming waves in

lead 1 is
My Mo

T=>" |teal” = Tx(tth). 3)

a=1b=1

Similarly, the reflection coefficient is R =
unitarity of S requires that R + 1" = M;.
The eigenvalues of ¢t! are the transmission eigenvalues

Tr(rrf), and

Tla"'aT’!La 1} S [Oal]a n:min(MlaMQ)

Many important transmission properties can be obtained from
the eigenvalues 7). For example, the transmission coefficient
T = 3_; Ty, the variance of T', the shot noise (3_; T;(1—-1Tj))
or the transmission moments (3> TF). The expression of
transmission properties in terms of the transmission eigenval-
ues is often referred to as Landauer-Biittiker formalism [7],
[8].
A second set of quantities are related to the Wigner-Smith
matrix @ [9], [10]
.ot 08
—isT—=.
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The matrix @ is hermitian, Q = @', and its M eigenvalues
are the proper time delays 7;. They characterise temporal
aspects of a wave scattering process. Similar as with the
transmission eigenvalues T3, the proper time delays 7; can
be used to express other quantities of interest. Among them
. . 1 1
are the Wigner time delay 7w = +;TrQ = sz T

Q= “4)



the variance of 7y and the moments of the proper time

delays 37 (3=, 7). Interesting properties of the Wigner time

delay include its relation to the total scattering phase shift

w(E) = fﬁd%ln det S(E) and to the density of states
Tw(E) = Fd(E).

A remarkable property of chaotic cavities is that the sta-
tistical distributions of the transmission eigenvalues T; and
the proper time delays 7; are expected to become universal
in the limit of short wavelengths (kK — oo) if the leads are
sufficiently thin. These universal distributions are described
by random matrix theory. This is discussed in the following.

III. RANDOM MATRIX THEORY

There are two different approaches for applying random
matrix theory to open chaotic cavities. In one approach the
M x M scattering matrix is related to an N x N Hermitian
matrix H that describes the eigenmodes of the corresponding
closed cavity (without leads), and an N x M coupling matrix
V' that describes the coupling between inside and outside [11].
The relation is given by

oyt

S(E)=1-iV E—Hegv’
The matrix H can be chosen, for example, as a random
Gaussian matrix and the matrix V' can either be taken fixed
or random [12].

In the second approach the scattering matrix is modelled
directly by a random matrix. Derived from an information
theoretic approach, the corresponding distribution of the S-
matrix is uniquely parametrised by the average scattering
matrix S and is described by the so-called Poisson kernel [13].
For perfect coupling (S = 0) the relevant ensembles are the
circular ensembles.

The two approaches for the scattering matrix can be shown
to be equivalent in some cases [14].

For the transmission eigenvalues the results are the follow-
ing. The joint probability density function is given by the
Jacobi ensemble which has the form [15], [16]

Hog = H — %VVT. (5)

P(T\,Ty,....T) =N [[T ] 1Ti-Tl". (®

j=1  1<j<k<n

Here o = 3/2(| M2 — M;|+1) — 1 and N} is a normalisation
constant. The parameter 3 depends on time-reversal properties.
Chaotic cavities are invariant under time reversal and then
B8 =2.

Using the distribution of the transmission eigenvalues (6),
results for related quantities can be obtained. As an example,
we state the result for the transmission coefficient (5 = 2)

MMy — MM,  MiMy; | MM,
T M+l M M? M3
It deviates from the classical transmission that is given by the
first term in this expansion, M; My/M.
The corresponding results for the proper time delays where
obtained in [17]. They are conveniently expressed in terms of
the inverses of the proper time delays v; = 1/7;. The joint

— (D

probability density function of the ; is given by the Laguerre
ensemble which has the form [17]

M/2 B~
Py, ) = Na [T 72652 Tl —wel.
1<j<k<n ®

The applicability of random matrix theory to chaotic cavities
was first established empirically, but it was later confirmed by
asymptotic methods in the limit of short wavelengths. The
following section discusses these asymptotic approaches.

j=1

IV. APPROXIMATIONS IN THE LIMIT OF SHORT
WAVELENGTHS

The elements ¢;, of the transmission matrix ¢ can be
approximated in the short-wavelength limit & — oo in terms
of rays that go from the incoming lead to the outgoing lead
[18]

tia~ Y Ay exp(ikL,). ©)

~y:a—b

An example of such a ray is shown in Fig. 1. The incoming
and outgoing channels ¢ and b determine the modulus of the
angles with which the rays enter and leave the cavity (with
respect to the normals at the openings)

sin 6, :ilj—;, sinegzi;—;,
where a € {1,...,M;} and b € {1,..., My}. The sum over
<y in (9) runs over the infinite number of such trajectories, L
is the length of the ray + and A, an amplitude factor that
depends on stability properties.

We discuss in the following how this approximation can
be applied in order to reproduce the random matrix result (7)
for the transmission coefficient 7'. The approximation for T is
given by

T = <thbatba>
a, k

~ <Z Z AvAivx exp(ik(Ly — Lw’))>-

k

(10)

(1)

a,b v,v":a—b

This expression contains a double sum over rays v and 7.
It involves a local average over the wavenumber & to smooth
out fluctuations and to obtain the mean transmission. A central
observation is that most terms in this double sum do not con-
tribute because the average over the wavenumber k removes
most of these highly oscillatory terms. The only important
contributions come from pairs of rays that are correlated.

In a first approximation expression (11) was considered in
the diagonal approximation where v =~ [19]

T =3 3 1AL

a,b v:a—b

12)

This approximation can be evaluated by using a classical sum
rule that is based on average properties of long rays in an
open chaotic cavity. It can be obtained by considering the
probability density that rays that enter the cavity with angle
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Fig. 2. A schematic view of a pair of trajectories that are correlated (blue
full line and red dashed line). The two rays differ by traversing the loop in
opposite directions. Both rays have a close self-encounter, indicated by the
rectangular box, in which two stretches of a ray become almost (anti-)parallel.

0, will leave it after time ¢ with angle 65. One the one
hand, this probability density can be related to the sum in
(12). On the other hand it can be evaluated asymptotically by
using the property of chaotic systems that long trajectories are
equally likely to be anywhere in the cavity. One has to take
furthermore into account that the trajectories have a probability
to escape in time ¢ that is characterised by the dwell time. The
resulting sum rule for Tgiag is

1 [, MM
Taws ~ gy |, e~ B Ay
a,b

where 7p is the classical dwell time. The result is the classical
transmission coefficient which is the leading order term in the
random matrix result (7).

The corrections to the leading term involve correlated pairs
of trajectories that are not identical. The first correction comes
from rays that are almost identical, except that they contain
a loop that is traversed by both rays in opposite directions.
This is possible because the rays have a close self-encounter.
A schematic view of such a correlated pair of rays is shown
in Fig. 2. In reality the rays consist of straight line segments
with specular reflections at the boundary as in Fig. 1, but the
mechanism of correlation is the same. The two rays have
a close self-encounter and they traverse the adjacent loop
in opposite directions. The contributions of these pairs of
rays were evaluated in [20], generalising methods for closed
systems [21], and they give the next-to-leading order term in
).

All higher order correlations were evaluated in [22], [23],
also generalising methods for closed systems [24], [25]. They
involve pairs of rays with arbitrary many self-encounters
and arbitrary links between them, and they reproduce the
complete expansion of the transmission coefficient 1" in (7)
in agreement with random matrix theory. A central step in the
evaluation in [22], [23] was the realisation that contributions
of rays to 1" could be expressed in terms of diagrammatic
rules. The diagrammatic rules reduced the calculations in the
short-wavelength limit to a purely combinatorial problem of
summing over various diagrams that expressed all possible
correlations between rays. It opened the door for applying the

ray approximation to the calculation of all moments of the
transmission eigenvalues.

To illustrate the diagrammatic rules, let us apply them to
the contributions of pairs of rays with one self-encounter as
in Fig. 2. The rules are the following: there is a factor 1/M for
every link. These are parts of the rays that connects encounter
with encounter or encounter with lead. Furthermore, there is
a factor (—M) for every encounter, and a further factor of
M M, for the number of incoming and outgoing leads. The
pair of rays in Fig. 2 have three links and one encounter and
their contribution is

My M,

(J\Z)g (M) My My = L

This is in deed the second term in the expansion (7). Note that
these diagrammatic rules were obtained from the properties of
long rays in chaotic systems, similarly as the classical sum rule
in (13).

In summary, the following results for the transmission mo-
ments My, = (3", T}) were obtained: The first correction
to the first moment M [20], the leading order for the second
moment M [26], all orders for the first and second moment
My and M [22], [23], the leading order of all moments My
[27], the second order of all moments M [28], and finally
all orders of all moments M [29]-[32]. All results are in
agreement with random matrix theory.

For the proper time delays the results are not as complete, as
is discussed in the following. One can base short-wavelength
approximations for the moments of the proper time delays
on the definition of the Wigner-Smith matrix in (4). This
involves the same type of lead-connecting rays as for the
transmission moments. However, one does not have similar
diagrammatic rules in this case and this makes the calculations
more complicated. Results that have been obtained for the
moments of the proper time delays mj, = 37 (3, ) in this
way are: All orders for the first moment m4 [33], the leading
order for all moments my, [34], and the first two orders for all
moments my, [28].

Recently, however, a different approximation in the short-
wavelength limit has been derived for the time delays [35].
It is based on the so-called resonance approximation for the
Wigner-Smith matrix [36]

(14)

B + 1 1

O E ) (B He)
and it involves rays that start in a lead and end inside the
cavity. With this new approximation it has now been possible
to establish diagrammatic rules for the evaluation of ray
correlations, and they have been applied to derive all orders
for the second moment my and the leading five orders for all
moments my [35]. A remaining open problem is to obtain all
orders for all moments my, as was possible for the transmission
eigenvalues.

15)

REFERENCES

[11 H.-J. Stockmann, Quantum Chaos: An Introduction.
Cambridge University Press, 1999.

Cambridge, UK:



(2]
(3]
(4]

(5]
(6]
(7]

(8]
(91
[10]

(1]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

U. Kuhl, H.-J. Stockmann, and R. Weaver, “Classical wave experiments
on chaotic scattering,” J. Phys. A, vol. 38, pp. 10433-10463, 2005.
G. Tanner and N. Sondergaard, “Wave chaos in acoustics and elasticity,”
J. Phys. A, vol. 40, pp. R443-R509, 2007.

M. Wright and R. Weaver, Eds., New Directions in Linear Acoustics and
Vibration - Quantum Chaos, Random Matrix Theory, and Complexity.
Cambridge, UK: Cambridge University Press, 2010.

C. W. J. Beenakker, “Random-matrix theory of quantum transport,” Rev.
Mod. Phys., vol. 69, pp. 731-808, 1997.

K. Nakamura and T. Harayama, Quantum Chaos and Quantum Dots.
Oxford, UK: Oxford University Press, 2004.

R. A. Jalabert, “The semiclassical tool in mesoscopic physics,” in

Proceedings of the 1999 International School of Physics ‘Enrico Fermi’
on New Directions in Quantum Chaos, Course CXLIII, G. Casati,
I. Guarneri, and U. Smilansky, Eds. =~ Amsterdam, The Netherlands:
10S Press, 2000, p. 145.

P. A. Mello and N. Kumar, Quantum Transport in Mescocopic Systems.
Oxford, UK: Oxford University Press, 2004.

E. P. Wigner, “Lower limit for the energy derivative of the scattering
phase shift,” Phys. Rev., vol. 98, pp. 145-147, 1955.

F. T. Smith, “Lifetime matrix in collision theory,” Phys. Rev., vol. 118,
pp. 349-356, 1960.

J. J. M. Verbaarschot, H. A. Weidenmiiller, and M. R. Zirnbauer,
“Grassmann integration in stochastical quantum physics: The case of
compound-nucleus scattering,” Phys. Rep., vol. 129, p. 367, 1985.

Y. V. Fyodorov and D. V. Savin, Resonance scattering of waves in
chaotic systems. Oxford, UK: Oxford University Press, 2011, p. 703.
P. A. Mello, P. Pereyra, and T. Seligman, “Information theory and
statistical nuclear reactions: I. general theory and applications to few-
channel problems,” Ann. Phys., vol. 161, p. 254, 1985.

P. W. Brouwer, “Generalized circular ensemble of scattering matrices for
a chaotic cavity with nonideal leads,” Phys. Rev. B, vol. 51, p. 16878,
1995.

H. U. Baranger and P. A. Mello, “Mesoscopic transport through chaotic
cavities: A random S-matrix theory approach,” Phys. Rev. Lett., vol. 73,
p. 142, 1994.

R. A. Jalabert, J. Pichard, and C. W. J. Beenakker, “Universal quantum
signatures of chaos in ballistic transport,” Europhys. Lett., vol. 27, pp.
255-258, 1994.

P. W. Brouwer, K. M. Frahm, and C. W. J. Beenakker, “Quantum
mechanical time-delay matrix in chaotic scattering,” Phys. Rev. Lett.,
vol. 78, pp. 4737-4740, 1997.

R. A. Jalabert, H. U. Baranger, and A. D. Stone, “Conductance fluctu-

[19]

(20]
[21]
[22]

(23]

[24]

[25]
[26]

[27]

(28]

[29]

[30]

[31]
[32]

(33]

[34]
[35]

[36]

ations in the ballistic regime: a probe of quantum chaos?” Phys. Rev.
Lett., vol. 65, pp. 2442-2445, 1990.

H. U. Baranger, R. A. Jalabert, and A. D. Stone, “Quantum-chaotic
scattering effects in semiconductor microstructures,” Chaos, vol. 3, pp.
665-682, 1993.

K. Richter and M. Sieber, “Semiclassical theory of chaotic quantum
transport,” Phys. Rev. Lett., vol. 89, p. 206801, 2002.

M. Sieber and K. Richter, “Correlations between periodic orbits and
their role in spectral statistics,” Phys. Scr., vol. T90, pp. 128-133, 2001.
S. Heusler, S. Miiller, P. Braun, and F. Haake, “Semiclassical theory of
chaotic conductors,” Phys. Rev. Lett., vol. 96, p. 066804, 2006.

S. Miiller, S. Heusler, P. Braun, and F. Haake, “Semiclassical approach to
chaotic quantum transport,” New J. Phys., vol. 9, p. 12, 2007, additional
appendices in preprint version arXiv:cond-mat/0610560.

S. Miiller, S. Heusler, P. Braun, F. Haake, and A. Altland, “Semiclassical
foundation of universality in quantum chaos,” Phys. Rev. Lett., vol. 93,
p.- 014103, 2004.

——, “Periodic-orbit theory of universality in quantum chaos,” Phys.
Rev. E, vol. 72, p. 046207, 2005.

H. Schanz, Puhlmann, and Geisel, “Shot noise in chaotic cavities from
action correlations,” Phys. Rev. Lett., vol. 91, p. 134101, 2003.

G. Berkolaiko, J. M. Harrison, and M. Novaes, “Full counting statistics
of chaotic cavities from classical action correlations,” J. Phys. A, vol. 41,
p- 365102, 2008.

G. Berkolaiko and J. Kuipers, “Transport moments beyond the leading
order,” New J. Phys, vol. 13, p. 063020, 2011.

——, “Combinatorial theory of the semiclassical evaluation of transport
moments I: Equivalence with the random matrix approach,” J. Math.
Phys., vol. 54, p. 112103, 2013.

——, “Combinatorial theory of the semiclassical evaluation of transport
moments II: Algorithmic approach for moment generating functions,” J.
Math. Phys., vol. 54, p. 123505, 2013.

M. Novaes, “Combinatorial problems in the semiclassical approach to
quantum chaotic transport,” J. Phys. A, vol. 46, p. 095101, 2013.
——, “A semiclassical matrix model for quantum chaotic transport,” J.
Phys. A, vol. 46, p. 502002, 2013.

J. Kuipers and M. Sieber, “The semiclassical relation between open
trajectories and periodic orbits for the Wigner time delay,” Phys. Rev.
E, vol. 77, p. 046219, 2008.

G. Berkolaiko and J. Kuipers, “Moments of the Wigner delay times,” J.
Phys. A, vol. 43, p. 035101, 2010.

J. Kuipers, D. Savin, and M. Sieber, “Efficient semiclassical approach
for time delays,” New. J. Phys., vol. 16, p. 123018, 2014.

V. V. Sokolov and V. G. Zelevinsky, “Dynamics and statistics of unstable
quantum states,” Nucl. Phys. A, vol. 504, p. 562, 1989.



