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12 Abstract

13 New numerical and analytical modeling shows that the growth of a volcanic umbrella cloud,
1 expressed as the increase of radius with time, proceeds through regimes, dominated by
15 different force balances. Four regimes are identified: Regime Ia is the long-time behavior
16 of continuously-supplied intrusions in the buoyancy-inertial regime; Regime Ila is the long-
17 time behavior of continuously-supplied, turbulent drag-dominated intrusions; Regime Ib is

s the long-time behavior of buoyancy-inertial intrusions of constant volume; and Regime IIb

=

19 that of turbulent drag-dominated intrusions of constant volume. Power-law exponents for

o spreading time in each regime are 3/4 (Ia), 5/9 (Ila), 1/3 (Ib) and 2/9 (IIb). Both numerical

N

a1 modeling and observations indicate that transition periods between the regimes can be long-

> lasting, and during these transitions the spreading rate does not follow a simple power law.

N

;3 Predictions of the new model are consistent with satellite data from seven eruptions and,
2 together with observations of umbrella cloud structure and morphological evolution, support

5 the existence of multiple spreading regimes.
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observations, Pinatubo, Okmok, Grimsvotn, Kelut, Redoubt, Shishaldin, Sarychev,

volcanic eruption.

1. Introduction

When ash is injected into the atmosphere, its dispersal has been modeled using two
different approaches. By using a Volcanic Ash Transport and Dispersal Model (VATDM)
to disperse the ash in the atmosphere (e.g., Heffter and Stunder, 1993; Folch , 2012), the
assumption is generally made that ash originates from a simple, arbitrary source region
and will propagate as a function of the windfield and other atmospheric variables alone.
By coupling an eruption column model to provide initial conditions to a VATDM (Barsotti
et al. , 2008; Bursik et al., 2012), the assumption is made that no phase of lateral ash
spreading exists between eruption column rise and wind dispersal. Both of these approaches
lack a key aspect of the dynamics, namely the behavior and spread as an atmospheric
intrusion driven by gravity (Woods and Kienle, 1994). It has been hypothesized that the
gravitational spreading of an umbrella cloud can be the driving force, depending on the
intensity of the eruption, over tens to thousands of kilometers from the source (e.g., Bursik,
Carey and Sparks, 1992; Sparks et al., 1997; Bonadonna and Phillips , 2003; Costa, Folch
and Macedonio, 2013). Lack of inclusion of gravitational spreading of ash could lead to
significant mischaracterization of its transport in the atmosphere.

The goal of the present contribution is to test a new model for radial, gravity-driven
intrusion of volcanic ash and gas into the atmosphere in the umbrella cloud. The model
suggests the existence of distinct fluid dynamical regimes as the umbrella cloud grows with
time. We test the model by careful measurement of umbrella cloud growth from satellite
imagery, and comparing that growth with model output. We seek to understand whether the

different fluid dynamical regimes can be observed in the data, and if so, what they imply for
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the dynamics of cloud growth, the quantitative values of parameters controlling that growth,
and the time and distance to which gravity-driven growth can be recognized.

In the following sections, we summarize research on gravity-driven interflow within a
stratified fluid, introduce the eruptions to be studied and the newly developed model of
intrusion (Johnson et al., 2015), which improves upon past efforts. We test the model
predictions against observations for umbrella clouds produced by seven different eruptions,
which allows us to assess the values of the different parameters influencing gravity flow,
and the magnitude and duration of release of material into the atmosphere. Finally, we
discuss implications for ash transport modeling. We also include an appendix in which a
new similarity solution for the radial intrusion of a finite volume of fluid through a linearly
stratified environment is constructed, in the regime where the driving gravitational forces

are balance by drag.

2. Background

A buoyant plume rises vertically through an otherwise motionless environment, mixing
with the surrounding fluid and eventually intrudes horizontally at its level of neutral buoy-
ancy, where it spreads radially to form an axisymmetric cloud (see Fig. 1 and Morton et al.
(1956)). Our study is concerned with the way in which the horizontal motion is driven by
gravitational forces. This class of flow is that of a ‘gravity current,” the term used for the
predominantly horizontal motion of fluid of one density through surrounding fluid of another
density; such motions have been widely researched for the past 60 years (see, for example,
the textbooks of Simpson (1997) and Ungarish (2009), and the studies of Chen (1980) and
Lemckert and Imberger (1993), which are of particular relevance for the current work).

Most previous work has used scaling techniques to identify different spreading behaviors

of intrusions (Chen, 1980; Ivey and Blake, 1985; Woods and Kienle, 1994; Kotsovinos, 2000),
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and a small number of recent studies have used numerical modeling to better understand
umbrella cloud growth (Suzuki and Koyaguchi, 2009). Several workers have compared results
with data obtained from laboratory experiments (Didden and Maxworthy, 1982; Ivey and
Blake, 1985; Kotsovinos, 2000), but there has been only limited comparison to full-scale
natural events, notably including the study of Holasek, Self and Woods (1996), who found
good agreement between a simple scaling relation and the spread of the 1991 Pinatubo
(Phillipines) umbrella cloud. In general, these studies identified a power-law relationship
between the radius of the intrusion and time as the intrusion grew, however, the particular
value of the power-law exponent differed between studies, even for similar driving forces, and
for instantaneous or continuous releases.

To summarize the fluid dynamical relationships that have been discussed by previous
workers, the driving force acting on the flow is predominantly buoyancy (the flows are
gravitationally-driven), and the resisting forces are inertial or turbulent drag. (Tables 1
and 2 show the flow regimes arising from the different combinations of these forces.) In the
earliest stages of development flows may also be momentum driven (Chen, 1980). By gravity
driven flow, we refer to the stage in which the flow is propagating due to gravitational effects
at the level of neutral buoyancy. This stage can be divided into two phases. First, the phase
in which the dominant force resisting spreading is the inertia of the displaced fluid, which we
will call inertial drag. This regime arises in the early stage of intrusion, when the greatest
difficulty in driving the relatively deep flow forward is the inertia of the air that needs to
be moved out of the way. In this case, the drag force is primarily a function of the velocity
of the flow front and the density of the fluid being intruded. The second regime is that
in which the dominant resisting force is the drag along the interfaces (top and bottom) of
the spreading current; it will be called turbulent drag. This regime corresponds to a flow in

which the drag is a function of the velocity and the coefficient of eddy viscosity. No drag
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corresponds to the case in which the magnitude of the drag force is negligible compared to

that of the driving force.

3. Data

For the purpose of this study, umbrella clouds (volcanic, radially driven intrusions into
a relatively still atmosphere) from seven eruptions were studied in the visible and infrared
bands in satellite images. The eruptions were chosen due to their characteristics (e.g., du-
ration of eruption, wind speed) and availability of good quality observations (i.e., satellite
imagery). On the daytime images, the diameter of the umbrella cloud was measured in
eleven different directions to obtain a mean and standard deviation for the radius. The
edge of the cloud was determined first by outlining from the visible band image, and then
refining that outline using the brightness temperature or the infrared bands, when available
(further details on this technique can be found in Pouget et al. (2013)). The duration of the
eruption (start to cessation) was estimated from time, t = ¢, = 0, taken to be the start of
the generation of the eruption column, using seismic and infrasound data, and ground obser-
vations when available. If the first observation consisted of satellite or ground observation
of a rising plume, the time of acquisition of this image was used for the eruption start time.
The difference between the time the first image was acquired after the umbrella cloud began
to spread and the start of the eruption was used to estimate the uncertainty in start time,
i.e., the size of the error bar in time.

The eruptions were initially divided into two groups based on eruption duration (the time
during which material was injected into the atmosphere without major interruptions, not
the duration of continued emissions of any type, nor the lifetime of the plume as a distinct

entity in the atmosphere):

1. Group 1 — short-lived eruptions: Redoubt, 1990; Shishaldin, 1999 and Sarychev Peak,
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2009.

2. Group 2 — long-lived eruptions: Pinatubo, 1991; Okmok, 2008, Grimsvotn, 2011 and
Kelut, 2014.

A short-lived eruption here is defined by an injection of material into the atmosphere sus-
tained for less than the time over which satellite observations of the plume were made, i.e.,
the eruption ceased before the last satellite images were acquired. A long-lived eruption
lasted longer than the time of satellite acquisition. This division is important, because the
intruding mass can be driven by the continued addition of new mass, as well as the gravi-
tational forces. Long-lived eruptions cannot therefore be approximated by an instantaneous
release of material. The characteristics of each eruption within its group can be found in

Table 3.

3.1. Eruptions

3.1.1. Redoubt, 21 April 1990

Mount Redoubt (Alaska, USA) was active from 15 December 1989 to 21 April 1990.
On that last day, at 14:12 UTC, a relatively small explosive eruption — four-minutes long,
based on seismic data (Power et al., 1994) — generated a pyroclastic flow that formed a large
buoyant ash cloud (Woods and Kienle, 1994). The cloud was observed to rise and spread
into an umbrella cloud at an altitude of 12 km ASL, by videocamera and still photography
(Kienle et al., 1992), with a cloud deck, top height centered around 14.6 km. The umbrella
cloud tripled its radius in less than 10 minutes, and rose to its maximum altitude in about 3
minutes (Woods and Kienle, 1994). Total mass of ash in the cloud was estimated by Woods
and Kienle (1994) and Pouget et al. (2013) as ~ 2 x 10? kg at a temperature of 300 K.
The series of photographs shows that the cloud grew with no major asymmetry, but that it

had two intruding discs. The discs may be the result of a natural stratification within the
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cloud due to particle diffusive convection (Bursik, 1998; Carazzo and Jellinek, 2013), wherein
particles concentrate at different levels based on their settling speed. We used the sketch of
the outlines of the upper, more particle rich, cloud made from the original photographs and

scaled by Woods and Kienle (1994).

3.1.2. Pinatubo, 15 June 1991

The eruption of Pinatubo (Luzon, Philippines) was the most intense eruption occurring
during the modern satellite era. After weeks of precursory activity, a paroxysmal phase was
reached on 15 June 1991 (Koyaguchi and Tokuno, 1993), which resulted in the observation of
ash injected in the atmosphere for 14 hours from a plume that rose to nearly 40 km initially,
but settled down to 20-25 km for an extended period, with a total of 16 h over 20 km
height (Holasek, Self and Woods, 1996). Due to the powerful nature of this eruption, winds
had little influence on the intruding material, therefore a large circular umbrella cloud was
observed. It is uncertain when the eruption column of the paroxysmal phase started rising,
since direct observations were not possible and meteorological clouds limited the observations
from satellites. Based on seismic data, the first observation of a plume from the paroxysmal
phase at 22:41 UTC could be the result of an eruption that produced high-amplitude tremor
beginning at 22:15 UTC. Visible and infrared GMS data were available every hour, and were
analyzed by Holasek, Self and Woods (1996) to show the growth of the umbrella cloud. They
found that the umbrella cloud spread symmetrically for the first 4 to 5 hours before slight
stretching in the East-West direction by a wind of average speed 4-5 m/s. The images used

by Holasek, Self and Woods (1996) were used in this study.

3.1.8. Shishaldin, 19 April 1999
During the summer of 1998, Shishaldin (Aleutian Islands, USA) became seismically ac-

tive. This activity increased until 19 April 1999, when 80 minutes of strong seismicity,
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starting at 19:30 UTC, was associated with a subplinian eruption (Thompson, McNutt and
Tytgat, 2002). The eruption column rose to a maximum height of 16 km before dissipating
within a few hours, presumably because of the high sedimentation rate of coarse particles.
The spreading umbrella cloud was observed on Geostationary Operational Environmental

Satellite (GOES) (Nye et al., 2002).

3.1.4. Okmok, 12 July 2008

Okmok volcano (Aleutian Islands, USA) erupted on 12 July 2008 with little seismic
warning. Seismic studies put the eruption start time at 19:43 UTC (Arnoult et al., 2010;
Johnson et al., 2010). The eruption was most intense and continuous in the first ten hours
(Arnoult et al., 2010). A dark ash-rich plume was noticed first on GOES images at 20:00
UTC (Neal et al., 2008), with an initial height of 16 km ASL (Larsen et al., 2009), and which
was followed an hour later by a white, vapor-rich plume. Both of these grew together into a

large umbrella cloud that started being distorted by the wind at about 23:00 UTC.

3.1.5. Sarychev Peak, 14 June 2009

A MODIS image at 00:31 UTC showed a thermal anomaly and a possible weak plume
at Sarychev Peak (Kurile Islands, Russia) on 11 June 2009. Later images confirmed the
release of ash into the atmosphere (Rybin et al., 2012). The activity, which lasted for 9
days, consisted of 23 separate explosions leading to the emission of ash plumes (Rybin et al.,
2009). The ash plume studied here was emitted from an eruption that began on 14 June at
18:51 UTC (Pouget et al., 2013). The infrasonic data suggest eruptive activity lasting 1 h
19 min (Matoza et al., 2011). The umbrella cloud grew undisturbed until 21:30 UTC, when
it reached a maximum height of 16 km, before being elongated in both western and eastern

directions (Levin et al., 2010).
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3.1.6. Grimsvétn, 21 May 2011

On 21 May 2011, at 19:00 UTC, Grimsvotn (Iceland), entered into a week-long explosive
subglacial eruption (Petersen et al., 2012). Activity was most intense during the first 10
hours, when the plume reached a momentary, maximum height of 25 km, with a sustained
height of 11-19 km for 12 h. The plume eventually decreased to a 10-km height on 23
May, and finally a 5-km height on 24 May, before the end of the eruption on 28 May at
07:00 UTC (Tesche et al., 2012). The umbrella cloud can first be seen at 19:15 UTC on a
EUMETSAT Meteosat-9 satellite image. However, the signature of the eruption column can
be observed on a satellite image taken 15 minutes earlier, and an initial explosive burst 30
minutes earlier. GOES passed over Iceland at 18:45 UTC, when no activity was observed
by this lower-resolution platform, as well as 30 minutes later, when the cloud was clearly
visible. During the first four hours of the eruption, four ash-rich pulses have been identified
(peaks in bursts at 18:45, 19:45, 20:30 and 21:00 UTC) on imagery. Each of these pulses
contributed to an umbrella cloud until 22:00 UTC, when the ash cloud became a downwind

plume propagating to the south-east.

3.1.7. Kelut, 13 February 201/

On 13 February 2014, around 16:15 UTC, Kelut volcano erupted in Eastern Java, Indone-
sia. Access to satellite imagery at 10-minute intervals allowed a close study of the evolution
of the eruption. During the first three hours, an umbrella cloud grew, but then quickly dis-
persed. The plume reached a maximum altitude of 26 km, and spread laterally at an altitude
of 18 km (S. Carn, personal communication, 2014). Even though the eruption took place
during the night, features interpreted to be gravity waves were observed on the upper surface

of the umbrella cloud in infra-red images (E. Jannson, personal communication, 2014).
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3.2. Cloud mapping

The fluid dynamical structures on satellite imagery of three of the eruptions, Okmok,
Sarychev Peak and Grimsvotn, were mapped in detail, to ascertain whether any features in
the eruption clouds corresponded with fluid dynamical regime. These qualitative observa-
tions in fact allowed us to recognize different dynamical behaviors during the evolution of
each cloud.

On the first image from the eruption of Sarychev Peak at 18:57 UTC on 14 June, the
umbrella cloud had risen above the meteorological cloud cover in a subspherical and contained
(or well-defined) shape, with several irregularities identified as eddies (Fig. 2). This stage
will be referred to as the mushroom stage, given the observed geometry of the cloud. By
19:30 UTC, the umbrella cloud had lost its subspherical shape and appeared to be wider and
more flattened. This state is identified as being near the beginning of horizontal spreading.
At this time, most of the umbrella cloud was still affected by eddies, particularly close to the
intrusion origin. However, the distal umbrella cloud fringe was characterized by a smooth
appearance (fewer eddies) and radial, finger-like edges. The smoothness is attributed to
loss of turbulent energy due to loss of buoyancy, and the impact of the drag force. Gravity
waves started appearing in this outer part of the umbrella, with a wavelength between 10
and 40 km around the intrusion point, and between 2 and 8 km from the intrusion point
to the edge of the cloud. In this and all other imagery, wave breaking was not observed,
suggesting that entrainment throughout the umbrella cloud was minimal. As time went
by, the umbrella cloud became more homogeneous as eddies were less pronounced (e.g. at
19:57 UTC). The cloud became completely smooth except for gravity waves visible on the
upper surface. On the last image at 20:30 UTC, only a few eddies are seen, but many
concentric gravity waves are visible across the surface of the umbrella cloud, as well as in

the surrounding meteorological clouds.
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The first two images (18:45 and 19:00 UTC) of Grimsvotn show the rise of the eruptive
column above the meteorological cloud cover (Fig. 3). At 19:15 UTC, an umbrella cloud, still
attached to a visible eruptive column, started to spread horizontally. This umbrella cloud
was subspherical, dark and well-contained, with an irregular surface, which is consistent with
the 'mushroom’ stage. Irregularities in short wave-length color suggest the presence of eddies.
At 19:30, the umbrella was larger and remained subspherical, but did appear to be evolving
between the mushroom and the later, “classical” umbrella stages. It was elongated in the
horizontal dimensions rather than vertically. Several eddies were visible on the surface of
the cloud. By 19:45 UTC, the umbrella cloud was larger and slightly less turbulent. Eddies
were still visible, but the edges of the umbrella appeared to be smoother, although some
radial, finger-like edges started to appear. From 20:00 to 21:00 UTC, the umbrella cloud
enlarged and smoothed with time, with a possible thickening toward the leading edge. The
proportion of the umbrella affected by eddies diminished, and these became confined to the
area above the vent, where material continued to be intruded into the atmosphere by new
bursts from the eruptive column. These new bursts were observed in images at 19:45, 20:00,
20:15 and 20:30 UTC. As the umbrella grew, gravity waves started appearing; unfortunately,
a shadow obscured further observations.

The eruptive cloud from Okmok observed in the first available image at 20:00 UTC was
already a large, spreading umbrella cloud, with finger-like edges; the mushroom stage was
not observed (Fig. 4). The edges were quite smooth, and even though there was a small
region around the intrusion point with several irregularities (i.e., eddies), most of the cloud
appeared smooth, and thus, far from the mushroom stage. From 20:30 to 23:00 UTC, the
umbrella cloud grew larger and wider, and gravity waves started to be visible. At 21:00, a
new burst of vapor-rich material was seen intruding above the upper deck of the umbrella

cloud.
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4. Model

We model volcanic clouds as axisymmetric intrusions of well-mixed fluid into an otherwise
quiescent, stratified atmosphere. Initially, as the rising eruption column begins to spread at
the neutral buoyancy level, the flow is complex and highly turbulent with several potential
mechanisms affecting the rate of spreading, including momentum-driven flow (Chen, 1980;
Kotsovinos, 2000) resulting from the collapse of plume fluid that has risen above the neutral
buoyancy level. This early phase we believe to correspond to our observational ‘mushroom’
phase or stage, as seen in the cloud mapping. However, as the cloud spreads the dynamics
becomes driven by horizontal pressure gradients resulting from variations in the thickness of
the intrusion. These pressure gradients are referred to by the more general term “buoyancy.”

Previous studies of the buoyancy-driven spreading mechanism for intrusions are based on
a box model, in which a single, characteristic cloud thickness is assumed, allowing equations
of motion to be derived using force balances or scaling arguments (Lemckert and Imberger,
1993; Woods and Kienle, 1994; Costa, Folch and Macedonio, 2013). These approaches lead
to the prediction that the radius of a continuously supplied plume grows as /3 (Woods
and Kienle, 1994), which has become widely used (Sparks et al., 1997; Pouget et al., 2013).
However, the underlying assumption that it is possible to capture the unsteady evolution
of the thickness of the cloud through a single characteristic variable is inappropriate (see
Johnson et al. (2015)). Instead we use the analytical and numerical modeling of a buoyancy-
driven intrusion developed by Johnson et al. (2015), which solves a complete system of
‘shallow-water’ equations to give the evolution of the ash cloud radius with time, as well as
its thickness and radial velocity as functions of space and time. This model shows that the
buoyancy-dominated state forms two distinct dynamic regimes, with different behavior close
to the front from what is observed in the interior. Asymptotic solutions at late times show

that the buoyancy-inertial regime in fact predict that the radius grows as t/*. Full numerical
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solutions allow us to study quantitatively the transition between different flow regimes as
indicated by different asymptotic behavior, such as the onset of significant drag effects late
in spread, as the buoyancy force decreases.

Full details of the modeling are reported by Johnson et al. (2015), but in essence the
buoyancy-driven intrusion is shallow (with horizontal length scales much larger than vertical
ones), implying that vertical fluid accelerations are negligible and therefore that, except near
the flow front, the pressure is hydrostatic. We assume that the suspended ash is sufficiently
dilute and fine that sedimentation does not cause density changes, and therefore plays no
dynamic role in the radial spread of the plume. Furthermore, we assume that entrainment
of air into the intrusion is negligible, once gravity-driven flow is established. We therefore
consider neither sedimentation nor entrainment in this paper, although the incorporation of
these is a straightforward extension to the model.

We describe the axisymmetric flow in terms of its thickness h and radial velocity u, both
functions of the radial distance from source r and time ¢ (note that h represents the thick-
ness of the intrusion, not its altitude above the ground). These are governed by equations

representing the conservation of mass and the balance of radial momentum,

oh 19
ot o (ruh) =0 @
and
9 10, o\ 0 (N
E(Uh) + T (ru*h) + g ( B > = —Cpulul, (2)

respectively (Ungarish and Huppert, 2002; Johnson et al., 2015). In (2), N denotes the buoy-
ancy frequency of the atmosphere and the spread of the intrusion is resisted by a turbulent
drag, parameterized with the coefficient Cp.

Where momentum-driven flow ends and buoyancy-driven flow begins, we must specify

not only the volume flux per unit radian, ) = ruh, but an additional boundary condition,

13
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ro, the radius at which the flow is critical, i.e., the radius at which the Froude number,
Fr =2u/(Nh) = 1. This source condition is imposed from ¢ = 0 to some time ¢, at which
the eruption ceases; thereafter the condition applied at the source is that no further fluid
enters the intrusion (hu = 0). At the front of the intrusion r = r(t), vertical accelerations
of fluid are non-negligible, and the forces resulting from the corresponding non-hydrostatic
pressure are represented by the boundary condition v = FryNh/2, where Fry is a constant
Froude number of order unity (see Ungarish, 2006, and references therein).

The governing equations (1) and (2) are hyperbolic, and may therefore develop discon-
tinuities in the solution, here termed ‘shocks’. We assume that relatively little mass or
momentum is transferred between the intrusion and the ambient atmosphere at these shocks
(compared with the mass and momentum fluxes of the intrusion itself), leading to the jump

conditions:

h(u—c) =0 and  [hu(u—c)+ N?*h*/12]" =0, (3)

where ¢ is the radial speed of the shock and [...]= denotes the difference between quanti-
ties either side of the shock. We use a non-oscillatory shock-capturing numerical method
(Kurganov and Tadmor, 2000) to ensure that these conditions are satisfied in the numerical
solutions.

By nondimensionalizing the equations and boundary conditions above with respect to the
timescale N~! and the lengthscale (Q/N)/3, the parameters Q and N are scaled out of the
problem for numerical solution. Four parameters remain: the frontal Froude number, Fry,
the dimensionless duration of the eruption, t., the drag coefficient, C'p, and the dimensionless
source radius at which the flow is critical, rg, which is the initial condition for the radius of
the cloud. After Ungarish (2006), we set Fry = 1.19.

Our modelling of the intrusion does not include the significant vertical motions that exist

within the intrusion very close to the source. For this reason we model the spreading only
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from the source radius onward r > rg, and define ¢ = 0 as the time when r = rq.

The equations of motion (Eq 1 to 3) were solved by numerical integration. A total of 204
computational runs were performed to cover a broad range of values for the parameters and
scales influencing the model output (Table 4). The values were chosen not only to assess the
influence of the parameters on the result but also to reflect as much as possible the values
during each of the eruptions studied for this research. It is important to remember that
“duration,” t., and “source radius,” rq, are dimensionless parameters, and their dimensional
equivalents, D and R, can be calculated using the value of the timescale, i.e., D =t./N and

R = 1o(@/N)".

5. Results

We focus first on numerical results for the theoretical growth of radius with time, and
investigate the behavior with different input parameter values. Next, we compare the radial
growth of the umbrella cloud according to the new numerical model with data. Finally, we
investigate whether any particular power-law relationship (hence asymptotic behavior) can

be seen in any given dataset.

5.1. Theoretical growth of radius with time

The radius is plotted against time in Figure 5a, for four sets of parameters: intrusions
with and without drag (Cp = 0, Cp = 0.01, where 0.01 is a typical value inferred from
observations; see Baines (2013)), and intrusions of short and long duration (D = 20 minutes
and D = 12 hours). As plotted on logarithmic axes, a straight line of gradient « indicates
a power-law relationship r; ~ t*. To identify the regimes of power-law behavior, we plot
the gradient of the four curves in Figure 5b. Power-law behavior is indicated on this graph
by a horizontal line. We highlight with dotted lines the four regimes of power-law cloud

growth, each corresponding to a long-time, asymptotic solution of the model. These regimes
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are: regime la, ry ~ t3/4 (upper red line), the long-time behavior of continuously-supplied,
intrusions in the buoyancy-inertial regime; regime Ila, t>/9 (upper green line), the long-
time behavior of continuously-supplied, turbulent drag-dominated intrusions; regime Ib, t/?
(lower red line), the long-time behavior of buoyancy-inertial intrusions of constant volume,
i.e., those continuing for a substantial time after the eruption has ceased, t > D (Ungarish
and Zemach, 2007); and regime IIb, ¥ (lower green line) for turbulent drag-dominated
intrusions of constant volume, again at ¢ > D, described in Appendix A.

Vertical lines in Figure 5 indicate the times at which the eruption stops (D), and the
feeding of the intrusion ceases, i.e., volume becomes constant at that time. The rapid decrease
in growth exponent shortly after these times (figure 5b) represents the slowing effect that
eruption cessation has on cloud growth.

It is evident from Figure 5b that, while the behavior of the model does indeed approach
these four regimes at large time, for much of the duration of the eruption, the flow is not fully
in any particular asymptotic regime, and thus its effective exponent « varies with time. Of
particular note is the effect of drag, which results in a slow decay of a towards its asymptotic,
regime Ila value of 5/9 = 0.55..., and a lengthy period during which the cloud grows at
a rate between t*% and t%7. Observations of umbrella clouds that appear to be consistent
with a t2/3 growth rate (Woods and Kienle, 1994) may well in fact be undergoing this long

transition to drag-dominated flow, with an eventual growth rate of ¢°/9.

5.2. Influence of parameters

To evaluate the influence of the values of the three parameters (Cp, t. and 1), compu-
tations were made in which the value of one of these was changed while the values of the
others were fixed (Table 4; Fig. 6). The resulting informal exploration of the parameter
space, using the 204 model runs, allowed for comparison of three to ten separate outputs for

each parameter. The number of outputs per parameter varied depending on ease of inter-
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preting the resulting trends in the change in shape or position of the umbrella growth curve
in (t,r)-space.

In all model runs, the cloud radius predicted by the model increases with time. At very
early times, (¢ < 10?), the spreading is strongly affected by the precise conditions at the
source. Thereafter the radial spreading adopts a more universal behavior, with the fastest
expansion occurring early on, before progressively slowing at later times. Two asymptotic
regimes are evident from the log-log plots: a regime of relatively rapid growth while the
eruption is ongoing (Regime Ia), followed by a regime after the eruption has ceased, in
which the growth rate is slower (Regime Ib). These are separated by a regime transition
(Fig. 5).

For comparison, we begin by looking at the effect of the buoyancy frequency, N (Fig.
6a), which is one of the primitive, dimensional variables used in the analysis. Three different
values of N were tested — 0.001, 0.01 and 0.1 s~1. Since N occurs in the model only through
the nondimensionalization, variations of N simply result in a translation of the growth curve;
a similar translation would occur with variation of V' or (). For a larger buoyancy frequency,
intrusion starts sooner and the radius of the umbrella cloud with time is smaller, since the
eruption column reaches the level of neutral buoyancy earlier.

Four different values of the coefficient of drag, C'p, were tested — 0.0, 0.1, 0.01 and 0.001
(Fig. 6b). The shape of the curve is affected by changes in Cp, and in particular a new regime
is introduced (Regime IIa), in which the spreading of the cloud is dominated by turbulent
drag, which becomes increasingly significant at late times. An increase in the coefficient
of drag results in an earlier onset of the drag-dominated spreading regime, reducing the
duration of the more rapid buoyancy-inertial spreading regime. Larger coefficients of drag
diminish the growth of the umbrella cloud, both while the cloud is still growing and later,

once the eruption has ceased.
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The duration, t., of the eruption emission (Fig. 6c¢) directly controls the duration of the
first regime of spreading (Ia). The cessation of the eruption causes the expansion rate of the
cloud to decrease rapidly (towards Regime Ib), although it continues to spread. The (final)
cloud volume, after the eruption has ceased, is proportional to the duration of eruption,
which then acts as a scale for the radius in Regime Ib.

The last parameter was the initial, nondimensional radius of the intrusion, which was
tested with three different, nondimensional values — 1, 1.5 and 2 (Fig. 6d), which are of
similar magnitude to the value suggested by Baines (2013). Changes to the initial radius
mainly affect the cloud radius at early times (within the first few minutes of an eruption),
and rapidly become negligible as the intrusion grows to much larger radii.

At early times, the log-log plots shown here become sensitive to small offsets of the
radius r or time t, which become negligible as soon as the intrusion expands to a width
much greater than that of the source. The difficulty with obtaining precise predictions of
the cloud behaviour at early times is compounded by the likelihood of a time-varying flux
supplying the intrusion, as the plume first reaches the neutral buoyancy layer. For this
reason, interpreting model results during the first few minutes of an eruption is likely to be

difficult.

5.3. Fitling the new numerical model to observations

Given that a complete exploration of the parameter space for the numerical model was
beyond the scope of the present contribution, output from the numerical model is directly
compared with observational data for a subset of the eruptions for which reasonable fits
with the numerical model were found. This constitutes a straightforward and qualitative
exploration of the model, and its transitions between different flow regimes. Note there is
not a unique solution in such model fitting. Here, a reasonable, illustrative set of parameters

was used to estimate the conditions of the intrusion of the material in the atmosphere and
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its spreading by gravity (Table 5). For each of the eruptions, several outputs from the model
were then explored for goodness of fit. The parameter ranges being explored in each case
were chosen according to the characteristics of the eruption.

Considering the eruption of Shishaldin (Fig. 7a), fitting of the model suggests that the
data are consistent with the initiation of an asymptotic flow regime. Over much of the period
of observation, this umbrella cloud can be characterized by spreading as a gravity current
with turbulent drag as the main resisting force in regime Ila (Table 1; Fig. 5). The growth of
the umbrella cloud of Okmok is within Regime 1a (Fig. 7b), corresponding to inertial drag
being the main resisting force. The model results are consistent with a drag coefficient of
0.01, and D =9 hr (Table 5. The observed duration was 10 hr (Table 3). For the eruptions
of both Sarychev Peak and Grimsvotn (Fig. 7c, d), a convergence from early times can be
observed into Regime Ia. This suggests that the Sarychev Peak eruption was continuously
fed during the period of observation. It appears there are insufficient observations to see a
transition to Regime Ib. The data suggest the eruption duration for Sarychev Peak to be
~ 4740 s (Table 3), while the model is consistent with D ~ 6000 s. For Grimsv6tn, model
duration (9 hr) is likewise similar to observed (10 hr). Data from Kelut suggest a progressive
transition from Regime Ia to Ib or Ila (Fig. 7e). The model eruption duration of ~ 6000 s
can be compared with an observed value of ~ 10800 s. The final three observations show a
decrease in radius with time within the error bars. If real, it is presumably due to dispersal
of the cloud, which is not captured by the model.

For those eruptions with cloud mapping (Sarychev Peak, Okmok and Grimsvotn), the
earliest time a smooth cloud top is seen in satellite imagery is indicated in Figure 7. In the
case of Sarychev Peak and Okmok, asymptotic, gravity current behavior is indeed seen in
the growth rate data after this time. In the case of Sarychev Peak, we can furthermore say

that asymptotic behavior is not seen in imagery before this time. For Grimsvotn, however,
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asymptotic behavior is achieved before the appearance of the smooth cloud top. The data
therefore suggest that a smooth cloud top may provide an indicator of asymptotic gravity-
inertial flow.

In this set of eruptions with reasonable fits of numerical model outputs to data, non-
asymptotic behavior in cloud growth, and several growth regimes, are consistent with data.
For three of the eruptions, model eruption duration is quite close to observed. These results
suggests that inverse modeling may yield a wealth of information about both the atmosphere
and the volcanic eruption from satellite imagery. For example, volumetric flux into the um-
brella cloud can be estimated (27() from Table 5). The product of the pyroclast volumetric
density and the integral of volumetric flux over time from 0 to D yields, of course, particle

mass loading.

5.4. Asymptotic, power-law relationships observable in the data

We now explore the data further by looking for sections of growth curves for all eruptions,
in which asymptotic behavior might be occurring. We then estimate best-fit asymptotes to
those sections of the growth curves. This is a process fraught with uncertainty, as the
numerical model suggests that asymptotic behavior can be difficult to achieve. Previous
studies have assumed power-law behavior; the present study represents the first time that
data are explored in sufficient detail to determine the true growth behavior. We begin by
exploring the short-lived eruptions, and then look into the long-lived ones. Our goal in this
section is to explore in what way the data are consistent with power-law behavior, and if so,
whether there are consistent flow regimes indicated for different eruptions. Power-law fits
were applied to the data after logarithmic transformation, using a least-squares regression,

and the mean and standard deviation of the power-law exponent were calculated.
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5.4.1. Short-lived eruptions

The power-law relationships for growth of intrusions into stratified fluids have been tested
against the data (Fig. 8). Because it is not clear where exactly lies the temporal dividing
line between an instantaneous and a continuous release, power-law relationships for both
cases have been investigated for the short-lived group, and each relationship was tested to
see whether it was a good match to the data.

For Redoubt, the first data point has large temporal error bars due to the ambiguity
in eruption start time. Excluding this point, the best power-law fit has an exponent of
0.48 £ 0.04. For Shishaldin, all the points were considered, and the exponent of the best-
fit curve is 0.22 4+ 0.02, although these sparse data may be consistent with a transition in
exponent towards 2/9, as suggested by the numerical results (Fig. 7a). For Sarychev Peak
the exponent is 0.72 4 0.06.

The exponents for these three short-lived eruptions are dramatically different, and are, at
face value, difficult to interpret. In considering carefully that interpretation in the discussion
section, we offer some potential explanations for this disparity. Here, we only conclude that

no single power-law exponent is consistent with all data.

5.4.2. Long-lived eruptions

Since all these eruptions lasted for more than three hours, they cannot be approximated
as an instantaneous release of material.

If the earliest point is ignored, data from Pinatubo have a best-fit power-law exponent
of 0.72 +0.01 (Fig. 9). However, looking into the data more carefully, it appears that the
general trend can be divided into two segments. From data point 2 to data point 8, the best
power-law fit is 0.69 + 0.02, and from data point 5 to data point 12, the best power-law fit
is 0.75+£0.02. Note that we use overlapping data points, since the onset time of a particular

flow regime is not well-defined.
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The growth of the umbrella cloud of Okmok is difficult to divide into different segments.
From data point 2 and lasting until the end, 0.73 £ 0.04 is the best fit.

In the case of Grimsvotn, the first data points are associated with a high value of the
power-law exponent. From data point 2 to 9, the best power-law fit is 0.67 4 0.02. If only
points 2 to 5 are considered, the best power-law fit is 0.68 + 0.05, and from data point 6 to
data point 9, the best power-law fit is 0.58 4+ 0.05. This decrease in power law exponent is
consistent with the onset of drag (Figure 5).

Considering the eruption of Kelut, the best power-law fit for all the data is 0.54 + 0.02.
However several trends can be observed. From data point 2 to 4, the best power-law fit is
0.69 + 0.02, then from data points 8 to 13, the power-law exponent changes to 0.40 + 0.04,
before decreasing as the result of plume dissipation.

From these observations, in addition to the idea that consistent asymptotic behavior
is not necessarily the norm, it can be seen that the relationship between the radius of an
umbrella cloud and time gradually evolves, as predicted by the new model. For Pinatubo
and Okmok, the long-term asymptote is closest to the fraction 3/4 (Regime Ia), and for

Grimsvotn and Kelut, it is closest to 5/9 (Regime Ila), after passing through 3/4.

6. Discussion

6.1. Dynamics of spreading

For short-lived eruptions, that of Redoubt is somewhat different from the others, as it
originates from a distributed pyroclastic flow source rather than a point source vent. All
observations for Redoubt, being taken by ground-based photography, are from much earlier
in the eruption than are the satellite data acquired for the other eruptions. The best power-
law fit (0.48+£0.04) lies between the power-laws associated with clouds of a constant volume

and those associated with clouds that are continually supplied with material. This may be
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due to a decay of the flux being supplied to the cloud from the coignimbrite plume.

The eruptions of Sarychev Peak and Shishaldin have release durations as well as maximum
plume heights and wind speeds similar to one another. However, the Shishaldin eruption
was subplinian, with a powerful initial phase and decreasing mass eruption rate until the
last satellite image was acquired (Caplan-Auerbach and McNutt, 2003). The entire eruption
lasted for 79 min, with the first 14 min being the most intense. The single asymptotic
power-law obtained for Shishaldin (0.22 £0.02) indicates an umbrella cloud that is no longer
fed, being driven by gravity against turbulent drag (power-law of 2/9). This implies that,
although at first the eruption was intense, as it weakened, negligible additional material
was being added and intruding in the atmosphere. This may explain the low value of the
modeled duration (Table 5). In the case of Sarychev Peak, the power-law relationship is
consistent with a continuously-fed umbrella cloud spreading as a gravity current dominated
by inertial drag (power-law of 3/4). It appears that on the time-scale of the available satellite
imagery, this particular eruption continued to be fed substantially from the vent, and that
the difference with Shishaldin is therefore that the intensity of the release was more or less
constant over the time, suggesting that it is perhaps better classified with the continuous
eruptions.

Among the eruptions that were more clearly continuous, the results for Pinatubo are
ambiguous, being consistent with either the previously accepted or the present model. The
best-fit (single) power-law exponent of 0.7240.01 is between that for the previously accepted
model (2/3 ~ 0.667...) and the present model (3/4 = 0.75) for the buoyancy-inertial regime
(Ta).

For Okmok and Grimsvotn, the best fit is consistent with a slope changing to ry ~ t3/4,
then to 7y ~ ¢ with time (regime Ia to Ila). This corresponds to a transition between

a gravity current spreading in the ‘buoyancy-inertial’ regime with inertial drag as the main
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resisting force, to one in which turbulent drag resists buoyancy forces. For both eruptions,
it is found that 7; ~ t¥? is a good approximation for the entire trend, as 2/3 ~ 0.67
lies between 3/4 = 0.75 and 5/9 ~ 0.56. We suggest that this approximation is not the
result of the presence of a separate asymptotic regime, as suggested by Woods and Kienle
(1994), but results from a transition between the inertial +*/# and turbulent drag-dominated
t5/9 regimes. This means that although observational data may best be described by the
transition in behavior as predicted by our numerical model, the agreement of observations
with the #2/3 trend may be expected, given typical measurement errors (e.g. Holasek, Self
and Woods, 1996). Using a t?/3 regime to fit the data would, however, result in degraded
estimation of values of the eruption parameters.

For the 2014 eruption of Kelut, with a greater number of observations, best fits indicate
the establishment of a r; ~ ¢34 regime (Ia), changing to r; ~ t°/° (regime IIa). The higher-
quality data for Kelut are inconsistent with a relationship of ry ~ t2/3. Note that the last
observations of the Kelut eruption indicate a reduction in radius, corresponding to rapid
dispersion of the umbrella cloud.

Comparing the evolution of the radius with time for different eruptions, we conclude
that there is not just one relationship between radius and time and that the relationship
changes gradually. Thus, the use of the new model, capable of reproducing the transitions
in spreading rate, is potentially important, as the model predicts times of transition, as
well as the progression from one type of power-law behavior to another, based on different
parameter values. Model curve-fitting should thus provide an estimate for the values of the

parameters.

6.2. Regime transitions and cloud maps
For a typical isolated volcanic thermal or starting plume, a rise height of 12 km is reached

after c. 400 seconds from the beginning of the eruption (Sparks et al., 1997). Therefore, in
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the case of Sarychev Peak, Okmok and Grimsvotn, it is expected that the plume would take
more than five minutes to rise, before beginning to intrude laterally into the atmosphere. The
clouds from both Sarychev Peak and Grimsvotn were observed on the first satellite image
one to five minutes from the beginning of the eruption, at 360 and 90 seconds, respectively
(Fig. 2, 3). As a result, these first observations are not of an umbrella cloud spreading as
a gravity current, but of an earlier, potentially momentum-dominated spread. This growth
phase corresponds to a 'mushroom’ structure with (turbulence related) irregularities (Figs.
2,3, 4).

Following the ‘mushroom’ phase, the buoyancy-driven intrusion phase develops. On
satellite imagery, the transition to gravity driven flow is not extremely well-defined, as the
subspherical cloud turns into a spreading umbrella. This might be the result of the acquisition
time between images. For Okmok and Sarychev Peak, a satellite image was available every
30 min during the eruption, and for Gimsvotn, it was every 15 min. Good agreement with
our model after the first observation suggests that the spreading becomes predominantly
buoyancy-driven in less than 15 min for the examples of Sarychev Peak and Grimsvétn (Fig.
7).

The buoyancy-driven growth phase corresponds to the time when the umbrella cloud
is observed to smooth and widen. This phase of spreading can be divided in two periods,
given the structures observed in the umbrella. In the first period, the umbrella has several
irregularities due to the presence of eddies, and the irregularities of the edges are defined as
being finger-like. In the second period, the umbrella cloud develops a smooth appearance,
with non-fingering edges and gravity waves on the upper surface. The first period is observed
for the eruptions of Okmok, from 20:00 to about 20:30 UTC, for Sarychev Peak from 19:30
to 19:57 UTC and for Grimsvotn from 19:30 to about 19:45 UTC. This timing corresponds

to the gradual transition between the different regimes, in which r; ~ #3/4 (Regime Ia) is
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reached for the eruptions of Okmok from about 20:30 to 23:00 UTC, for Sarychev Peak from
19:57 to 20:57 UTC and for Grimsvotn from about 19:45 to 20:45 UTC.

After this, another transition occurs as turbulent drag begins to dominate. The effect
of turbulent drag is characterized by a relationship of either ry ~ t2/% (Regime IIb) for
instantaneous eruptions, or ry ~ t°/% (Regime IIa) for long-lived eruptions.

Transition to Regime II is observed on the satellite images by an enlarged and smoothed
umbrella cloud surface affected by numerous concentric gravity waves (e.g. Fig. 3). These
gravity waves can also affect the surrounding meteorological clouds (Fig. 2). In this regime,
eddies are not detected, as they are disappearing from the cloud. Although the Regime II
power-law exponents from the numerical model runs are consistent with the data for several
eruptions, only those data for Shishaldin captured transition to this behavior, given the

parameter values explored and the duration of the transition from one regime to another.

6.3. Implications for ash clouds and forecasting

The new model captures the evolution of the radius with time when an ash cloud intrudes
in the atmosphere, and the transition from one spreading regime to another. This has a
rather important implication for ash cloud forecasting. The way ash clouds are simulated at
the operational level in near-real time is either by dispersing the ash once it is introduced
at height, using one of several VATDMSs, such as HYSPLIT or NAME (Folch , 2012), or by
simulating first the injection of the ash into the atmosphere using a column model and then
using a VATDM, such as in VOLCALPUFF or puffin (Barsotti et al. , 2008; Bursik et al.,
2012). Neither of these two standard procedures includes the spread of the ash in a gravity
current. This could be an issue, since it has been shown that the spreading as a gravity
current can occur hundreds to thousands of kilometers from the source, depending on the
mass eruption rate and the column height (Bursik, Carey and Sparks, 1992; Pouget et al.,

2013; Costa, Folch and Macedonio, 2013). The results of the present contribution suggest
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that the refinements introduced herein would provide an improved basis for the physics of the
gravity current. Adding an implementation of the new model into a dispersion model would
enable the behavior of ash in the atmosphere to be better captured, and a better estimation
of parameters needed for the atmospheric dispersal calculation, such as mass loading, spatial

distribution of ash, effective buoyancy frequency, and atmospheric level of spreading.

7. Conclusions

We tested a new numerical model of a spreading volcanic umbrella cloud. The model is
based on careful consideration of the spreading cloud front, and predicts the occurrence of
different spreading regimes. Data for seven different eruptions are consistent with the new
model. Each of the spreading regimes can be expressed with a different power-law exponent
in asymptotic analysis, although numerical modeling suggests that these asymptotic flows
can take considerable time to develop. We have shown that a simpler model, based on a
single velocity scaling relationship, does not capture this behavior, and cannot fit all available
data, being consistent with only a single spreading regime and a single power-law exponent.
Using least-squares fitting, we have shown that the new numerical model fits all available
satellite data. Perhaps more importantly, we have shown strong support for the model and
the existence of the flow regimes by creating histories for the growth of umbrella clouds from
numerous eruptions consistent with known timing information, measured growth rates, and
cloud mapping. Furthermore, the detailed growth curve for a spreading umbrella cloud is
sensitive to a number of parameters, including mass eruption rate and eruption duration.
Limited numerical curve fitting suggests that both atmospheric and volcanic parameters can
be estimated from cloud growth curves.

Furture research should include effects of sedimentation and entrainment of air. Nye et

al. (2002) show, e.g., that the cloud of Shishaldin dissipated rapidly because of sedimentation

27



659

660

661

662

663

664

665

666

667

668

669

670

671

672

673

674

of coarse pyroclasts. Intuitively, entrainment should be important in some situations where
the breaking jump at the back of the intrusion head brings in substantial mass relative to

the starting mass of the intrusion.
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sz Tables and Table Captions

Table 2: Relationships between 77, and ¢ for continuous releases.

Regime Resisting r¢(t) Method Reference

force

Inertial drag r; ~tY/2  Scaling Ivey and Blake 1985

(constant flow

thickness)

Inertial drag 7y ~ t*3  Scaling Chen 1980, Lemckert and Im-
berger 1993, Woods and Kienle

1994
Ia Inertial drag 7 ~ 3/ Analytical Johnson et al 2015, this study
ITa Turbulent T~ 59 Analytical Johnson et al 2015, this study

drag
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suu Figures and Figure Captions

Figure 1: Sketch of intruding volcanic umbrella cloud spreading as a gravity current in a stratified environ-
ment with no or negligible winds. (a) The intruding cloud with momentum as driver is represented by large
and numerous eddies, as well as entrainment. After this, umbrella cloud spreading is driven by buoyancy.
(b) First phase of buoyant spreading is resisted by inertial drag, with fewer eddies. (¢) The second phase is

resisted by drag, in which umbrella spreads as a thin, laminar layer.
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Figure 2: Evolution of the Sarychev Peak eruptive cloud with time in visible band, visible band with mapping
overlayed, and mapping (from left to right). Eddies visible in the umbrella are outlined in black, gravity waves
are mapped by a bright yellow line placed at the wave trough. New bursts into the cloud are represented
with light blue. The part of the umbrella with eddies is colored in red, while the part with few to no eddies

is coloured in dark blue. Any dense shadow is coloured in black, and light shadow is grey.
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Figure 3: Evolution of the Grimsvotn eruptive cloud with time in visible band from low viewing angle
(causing cloud to appear elongated), visible band with mapping overlayed, and mapping (from left to right).
Eddies visible in the umbrella are outlined in black, gravity waves are mapped by a bright yellow line placed
at the wave trough. New bursts into the cloud are represented with light blue. The part of the umbrella with
eddies is colored in red, while the part with few to no eddies is coloured in dark blue. Any dense shadow is

coloured in black, and light shadow is grey.
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Figure 4: Evolution of the Okmok eruptive cloud with time in visible band, visible band with mapping
overlayed, and mapping (from left to right). Eddies visible in the umbrella are outlined in black, gravity
waves are mapped by a bright yellow line placed at the wave trough. New bursts into the cloud are represented
with light blue. The part of the umbrella with eddies is colored in red, while the part with few to no eddies

is coloured in dark blue. Any dense shadow is coloured in black, and light shadow is grey.
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Figure 5: (a) Plots of current radius ry as a function of time, determined from numerical solution of Eqns
(1) and (2). (b) Plots of dlog(ry)/dlog(t), gradient of r; against ¢t on logarithmic axes. Regimes where
curves in (b) take a constant value indicate straight-line regimes of curves in (a), hence regimes where radial
growth with time is well matched by a power law, 7y ~ t*. Results for four sets of parameters are plotted,
each with N = 0.01 s7! and 27Q = 10°m3s~!. Red curves indicate solutions with no drag (Cp = 0),
and green curves indicate those with C'p = 0.01. For solid curves, the intrusion is supplied between ¢t = 0
and t. = 432 nondimensional units, corresponding to an eruption duration, D = 12 hours; for dash-dotted
curves, source is turned off at ¢, = 12 nondimensional units, corresponding to an eruption duration, D = 20
minutes. These times are represented by vertical grey solid and dash-dotted lines, respectively. Horizontal
dotted lines in (b) indicate the long-time asymptotes for r; of t3/% (upper red line), 3/ (upper green line),
t1/3 (lower red line) and /9 (lower green line). The numerical results asymptote to these curves at times

much greater than those shown.
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Figure 6: Effect of each of five parameters on results produced by the model. For each case, parameters not
tested were fixed as follows: N = 0.01 s—', Cp = 0, Duration D = 2 hours, Q = 10° m?s~! and ro = 1 km.
(a) Variation of buoyancy frequency, N = 0.001 s~! (green line), N = 0.01 s~! (blue line) and N = 0.1 s~}
(red line). (b) Variation of drag coefficient, Cp = 0 (blue line), Cp = 0.001 (purple line), Cp = 0.01 (red
line) and Cp = 0.1 (green line). (c) Variation of duration of eruption, since N = 0.01 then D = 3 min (blue
line), D = 6 min (green line), D = 10 min (red line), D = 13 min (light blue line), D = 30 min (orange line)
D = 40 min (purple line), D = 1h (light green line), D = 2h (grey line), D = 8h (dark brown line), D = 9h
(pink line) and D = 24h (black line). (d) Variation of volumetric flux/radian, Q@ = 10° m3s~1 (black line),
Q = 10° m3s~! (purple line), Q = 107 m3s~! (green line), @ = 10® m3s~! (red line)and Q = 10% m3s~1
(blue line). (e) Variation of the initial, nondimensional radius of intrusion, ro = 1 (green line), ro = 1.5 (red

line) and ro = 2 (blue line). Slopes (power-law exponent) same as those shown in Fig. 5.
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Figure 7: Comparison of cloud growth curves produced by model (full lines of different colors) and data
measured from observed umbrella clouds (closed circles) with errorbars. (a) Shishaldin, 1999 ; (b) Okmok,
2008; (c) Sarychev Peak, 2009; (d) Grimsvotn, 2011 and (e) Kelut, 2014. Characteristics of each model run
producing different colored curves given in Table 5. Green arrow, first satellite image in which smooth cloud

appears (hypothesized start of gravity current flow); red arrow, end of eruption (D reached)
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Figure 8: Evolution of the umbrella cloud radius with time (black diamonds) with associated error bars for
short-lived eruptions using relationships from previous workers (left; Table 1) and from this work (right).
(a) Redoubt, 1990; (b) Shishaldin, 1999; (c) Sarychev, 2009. First data point from Figure 7c removed as
inconsistent with asymptotic behavior. Asymptotes are: ry ~ t2/9 (brown line), ry ~ t1/3 (green line),
r¢ ~ t'/2 (black line), r; ~ t2/3 (orange line), r; ~ t3/4 (light blue line). Power-law curves from previous

studies are on left side of figure, and power-law curves from present model on right side.
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Figure 9: Evolution of umbrella cloud radius with time (black diamonds) with associated error bars for a
long-lived eruption using relationships from previous workers (left; Table 2) and from this work (right). (a)
Pinatubo, 1991; (b) Okmok, 2008; (¢) Grimsvotn, 2011. First two data points from Figure 7d have been
removed as potentially inconsistent with asymptotic behavior, (d) Kelut, 2014. First data point from Figure

7e removed for clarity. Asymptotes are: r; ~ t2/9 (brown line), curves r; ~ t'/2 (black line), r; ~ t5/9

(purple line),

¢ ~ t2/3 (orange line),

rp ~ t3/% (light blue line),

previous studies are on left side of figure, and curves from present model on right side.
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Appendix A. Drag-dominated intrusions of constant volume

After the cessation of an eruption, the volume of fluid in the plume remains approxi-
mately constant (increasingly only slowly due to entrainment), but buoyancy forces result in
continued spreading. In the absence of drag, a buoyancy-inertial spreading regime becomes
established Ungarish and Zemach (2007), with a radial growth rate of ¢'/3. However, our
numerical results (Fig. A.10) indicate that turbulent drag has often become significant by
the point at which an eruption ceases, meaning that spreading of the plume will be drag-
dominated. We calculate a similarity solution to the governing equations in this regime,
which exhibits a radial growth rate of r; ~ t2/9. This derivation is analogous to that in
(Johnson et al., 2015) for the drag-dominated spread of an intrusion supplied by a constant
flux.

After the eruption has ceased, there is no longer a volume flux per radian @) feeding
the intrusion, so we nondimensionalize by scaling lengths to V/3, where V is the intrusion
volume per radian, and times to N~!, as before. At late times the governing equations (2)
form a dominant balance in which buoyancy spreading forces are balanced by turbulent drag.

In this regime, the governing equations become (in nondimensional form)
— + ——— (ruh) = and —— = —Cplulu, (A.1a,b)

respectively. We seek a similarity solution for these equations, and therefore first look for
scalings. Integrating (A.la) across the intrusion we find that 73k ~ 1, while from (A.1b)
the balance between driving buoyancy forces and drag results in h3/r; ~ CDT]% /t%. These

1/9¢2/9 and that a similarity solution may exist in which

scalings suggest that ry ~ C,
h = Kcé/gt_4/97'[(77), u = /iC’Bl/gt_WgU(n), and  rp= nCBl/th/g, (A.2)

where 7 = r/r¢(t) and & is a dimensionless constant to be determined. On substitution of
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(A.2) into the governing equations (A.1), we obtain

1 ;2 4 2
p (MUH) — 3777-[/ - §H =0 and %H/ =-UlU]|. (A.3a,b)

where the prime denotes differentiation with respect to 7. These are subject to boundary
conditions U(1) = 2/9, representing the kinematic condition at the front, and H(1) = 0,
which is the frontal Froude number condition in the drag-dominated regime. Integrating

(A.3a), and applying the kinematic condition, we find

2
n(u-%)%:o (A.4)
from which we deduce that U = 2n/9. From (A.3b) we then find
16 a
H— [g (1- n3)} . (A.5)

Profiles of the thickness and velocity of the plume, H and U, are illustrated in Figure A.10.
Equating the total volume of the intrusion per radian (expressed as a volume of revolution)
with V', we obtain
w3 /1 nHdn = 1. (A.6)
0
Evaluating (A.6) using (A.5), we find that x = 1.62.... Thus, in dimensional variables, the

long time asymptotic radius of the intrusion is r; = 1.62(N2V3t2/Cp)'/°.

0.6
H
0.4t
0.2 U
0 1
0 0.2 0.4 0.6 0.8 1
n

Figure A.10: Profiles of intrusion thickness H and radial velocity U for an intrusion of constant volume in a

turbulent-drag dominated spreading regime.
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