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Abstract Discrete numerical simulations are performed to study size segre-
gation in granular flows. The stress state is measured accurately within the
two phases of grains. It reveals a greater shear strength in the phase of larger
grains, while suggesting that partial pressure scalings are dominated by the
flow composition. Considering long flow durations made possible by periodic
boundary conditions, we characterize the final segregated state by its steady-
state mean velocity. We show that bi-disperse granular flows still obey the
well-known Bagnold scaling, and that their velocity is at leading order con-
trolled by the length scale set by the grain sizes and the flow composition.

Keywords Size segregation · Pressure scaling · Contact Dynamics

1 Introduction

Size segregation occurs when a granular bed made of grains of different sizes
is submitted to shear or shaking under gravity during a sufficiently long lapse
of time: larger grains rise at the top while smaller grains are trapped at the
bottom. This behavior is robust; everyone has witnessed it either in nature -
sorting of sand or pebbles in dunes or rivers - or simply at home in one’s ce-
real box for instance [30,7,8,33]. Since raw material often comes in the shape
of grains, size segregation is a constant concern for many industries: food in-
dustry, pharmacology, civil engineering, and for any other processes handling
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grains [3].
Size segregation may at first appear a simple mechanism. Indeed, the fact that
smaller grains have a higher probability to fill in the gaps opening in the gran-
ular bed as a result of shear or shakes (as described in [34]) seems enough to
account for the final sorting of the grains. It is however a very complex chal-
lenge to modeling. Obvious questions are: what are the typical time scales?
when does the segregation saturates and why? what are the feedbacks between
segregation and flow dynamics? is there a single mechanism at play or various
ones depending on the grain sizes involved? and finally, how to translate this or
these mechanisms into a dynamical expression that may fit into a continuum
description?
Numerous works have addressed these issues using different approaches. Ex-
periments are the privileged tool to evidence intricate phenomenologies involv-
ing different grain sizes, in free surface flows [2,28,12,27,42,5], shear cells [10]
or in vibrating beds [21,35,9]. Precise measurements in granular system are
however uneasy, and only extremely well controlled experiments may lead to
a quantitative picture of the physics at play during segregation [10,16,17]. For
this reason, discrete numerical simulation has proven a helpful tool to analyze
the local mechanisms at play during segregation and to understand the struc-
ture of poly-disperse granular systems [31,44,6,23,38,36,18]. They are also a
practical mean to inform continuum modeling [13,14,25,38,20].
In this contribution, we apply discrete simulations to explore various features
of size segregating granular chute flows: the stress state, the mean flow velocity
and the influence of geometrical factors. Doing so, we underline the fact that
taking into account the granular nature of the flow is crucial to understand
the influence of segregation on its behavior. The numerical technics used - the
contact dynamics - is described in section 2 together with the flow configu-
ration adopted for our study. The general behavior is reported in section 3.
Pressure scalings and the stress state are then analyzed in section 4. Finally,
section 5 stresses how the length scale introduced by the grain size plays a
central role in setting the flow velocity.

2 Discrete simulations of bi-disperse granular flows

2.1 The contact dynamics method

This numerical experiment was performed using the now well-known Contact
Dynamics algorithm [19,26]. An important advantage of this algorithm is its
reliability to mimic the behavior of perfectly rigid grains in a multi-contact
environment typical for dense flow regimes. Its efficiency for exploring poly-
disperse granular packings is demonstrated was [41]. It is not our intention in
this contribution to present the Contact Dynamics in its full complexity. We
refer the reader to [?] for details on this aspect.
While at contact, grains interact through a friction force that allow for slip
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Fig. 1 Bi-disperse granular flow with a volume fraction of large beads ξ = 0.34, in its
initial state and after steady-state is reached and segregation occurred (slope θ = 18◦).

motion when the tangential force T reaches the frictional threshold set by the
coefficient of friction µ and the compressive force N . In dense packings (as
those simulated for this study), friction is very efficient at dissipating energy.
In the following, the friction coefficient is set to µ = 0.5 for all contacts, irre-
spective of the size of the grains involved.
Another efficient way by which granular flows dissipate their energy is trough
non-elastic collisions: the coefficient of restitution e is smaller than one so that
grains bounce back with less momentum. We chose e = 0.25 for all contacts.

2.2 The numerical simulations

The configuration chosen to study segregation is a two-dimensional granular
chute flow of slope θ, as described in [36]. Two grain sizes are considered. The
larger grains - placed initially at the bottom of the granular layer - rise to the
surface as the flow develops, as illustrated in Figure 1. The periodic boundary
conditions in the flow direction allows for infinite flow durations. This typical
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Fig. 2 (a) Mean flow velocity v (normalized by
√
gH) and (b) Position of the center of

mass of large grains yG (normalized by H) as a function of time (normalized by
p
H/g) for

ξ = 0.34 and θ = 18◦.

chute flow experiment is in its principle similar to those reported in [31,38,
23].
We denote dL and dS the mean diameter of large and small grains respectively,
taken so that the size ratio is dL/dS = 2. The value of this ratio on the flow
behavior is important: both the time scales of the segregation and the level of
sorting (ie the saturation rate) are affected [31,10,38]. We do not investigate
this aspect in the following. The choice dL/dS = 2 is motivated by earlier
studies showing that it does favor segregation. To prevent geometrical order-
ing, both large and small grains have diameters uniformly distributed around
their mean value within a size interval of 40%.
The width of the simulation cell is 50dS . The bottom is made of a row of
small grains. In the initial state, a layer of large grains is overlaid by a layer
of small grains, both deposited by random rain under gravity (Figure 1, top).
The volume fraction of large grains is denoted ξ, ie the ratio of the volume
of large grains to the total volume of grains: ξ = VL/(VS + VL). The volume
fraction of small grains is thus (1− ξ). The height of the granular bed in the
initial state is kept constant: H ' 45dS . Both the slope θ and the volume
fraction of large grains ξ are varied.
The numerical values used are: dS = 5.10−3m, ρ = 1 kg.m−2, g = 9.8 m.s−2.
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3 General behavior

A typical time evolution is shown on Figure 2 for a slope θ = 18◦ and a vol-
ume fraction of large grains ξ = 0.34 (like shown in Figure 1). The velocity
(Figure 2-a) first undergoes a sharp increase quickly checked and followed by
a deceleration phase; it then slowly evolves towards its steady state value.
The existence of the initial peak is related to two independent facts. First, as
segregation proceeds, the bottom condition characterized by the size of the
grains involved changes from the favorable large-on-small configuration to the
less favorable small-on-small configuration. This induces a change in the slip
velocity which suddenly dropes. Then, the vertical motion of the grains (up-
wards for the large and downwards for the small) dissipate energy through
what can be described as similar to a drag [45,13,16,36]: the energetic cost
of this is certainly visible in the deceleration phase. Interestingly, it seems to
be significant in amplitude only in the early stage, during what may be called
the initial squeeze expulsion phase (after [34]). After this initial phase, the
evolution of the flow becomes smooth. For the same simulation, the vertical
position of the center of mass of the large grains yG is computed and plotted in
Figure 2-b. We observe the regular rise following an exponential dependence,
as discussed in details in [36].
From these graphs, segregation seems a relatively slow process. Here, the fact
that the configuration is bi-dimensional is crucial. Clearly, geometrical rear-
rangements are much more difficult in 2D than in 3D, and the probability of
gaps opening in the neighborhood of a given grain are significantly diminished
by suppressing one dimension.

4 On the stress state

Segregation can be easily understood from a geometrical point of view, origi-
nally described by Savage and Lun [34] as the percolation of the smaller grains
through the network of larger ones, or random fluctuating sieve. It renders the
fact that at any instant, voids open randomly in the sheared flow, with the
probability to find a void where small particles can fall in being greater than
the probability to find a void where larger particles can fall in. However, un-
derstanding segregation in terms of a mechanical process is more challenging.
It was only recently that a lift force was effectively measured in a granular
packing, and the generalization to a rapid flow as studied in this paper is not
straightforward [17]. A fruitful hypothesis was nevertheless proposed by Gray
and Thornton [13] that allows for efficient continuum modeling of segregation
in 3D configurations [20]: that smaller grains are screened from the mean pres-
sure by the network of large grains. This however has to be ascertained from
direct analysis of granular flows.
Using the micro-mechanical definition of the stress tensor [32]:

σ =
1
V

∑
N

f ⊗ r, (1)
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Fig. 3 Ratio of the partial pressure of the phase of small grains pS to the partial pressure of
the phase of large grains pL as a function of their relative volume fraction (1−ξ)/ξ, computed
in the course of time at different depths in the flow. The dotted line shows y = 1.35x.
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and the phase of small grains qS/pS as a function of the volume fraction of large grains ξ,
computed in the course of time at different depths in the flow.
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where f is the force transmitted at contact, r is the vector joining the center
of mass of the two grains in contact, ⊗ is the dyadic product, N is the number
of contacts over which the summation is made, and V is the volume over which
the stress is computed, we separate the contributions of the large grains and
of the small grains. Therefore, two stress tensors σL and σS are computed,
respectively over the number of contacts involving at least one large grain and
the number of contacts involving at least one small grain, and over the total
volume V for both. We can thus compute the partial pressures associated to
the phase of large grains pL and the phase of small grains pS . In a classical
mixture, partial pressures are proportional to the volume fraction of the species
considered. We thus expect pL and pS to be respectively proportional to ξ and
(1− ξ). This is indeed what Figure 3 shows, for flows with different values of ξ
(ξ = 0.16, ξ = 0.34, ξ = 0.5 and ξ = 0.67) and a slope θ = 18◦, and pL and pS
computed at different locations and different times. We observe that the ratio
pS/pL shows a linear dependence on (1 − ξ)/ξ. In other words, the pressure
distribution in the flow is largely dominated by the flow composition.
Nevertheless, additional insight is gained when comparing not only the partial
pressures, but also the stress deviators qL and qS sustained by the two phases of
grains. We form the ratios qL/pL and qS/pS for the same simulations described
in Figure 3, at different locations in the flow and different times, and plot them
against the local value of ξ (Figure 4). We observe that for most values of ξ,
the shear strength of large grains exceeds the shear strength of smaller grains.
This fact, observed by [41] for non-segregating polydisperse granular packings,
seems to support the hypothesis by Gray and Thornton following which smaller
grains are screened from the mean stress.

5 On the flow velocity

The general evolution displayed in Figure 2 for a flow with ξ = 0.34 and a
slope θ = 18◦ shows that the mean velocity tends towards a steady state
value which characterizes the final segregated state. How this final steady
state velocity, denoted Vinf in the following, depends on the flow composition
is investigated by performing a series of simulations with ξ = 0, 0.16, 0.25,
0.34, 0.42, 0.50, 0.59, 0.67, 0.75, 0.83, 0.91 and 1. The results are shown in
Figure 5 for a slope θ = 18◦. We observe a regular decrease of Vinf with ξ, with
the exception of the point corresponding to ξ = 1. In this last case indeed, as
described in section 3, the bottom condition becomes ”large-on-small” instead
of the ”small-on-small” configuration, thus changing the slip velocity in a
way favorable to the flow. The general behavior however suggests that adding
large grains to the flow slows it down. This decrease can be understood from a
purely geometrical point of view. Indeed, in the granular chute flow geometry,
the Bagnold scaling tells us that for a flow of height H with grains of diameter
d, the steady-state flow velocity satisfies Vinf/

√
gH ∝ H/d [1]. In a bi-disperse

configuration, the diameter d must be replaced by a mean value that reflects
the existence of two grains sizes. We thus need to introduce dξ = ξdL + (1 −
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Fig. 5 Ratio of the stress deviator to the pressure for the phase of large grains qL/pL

and the phase of small grains qS/pS as a function of the volume fraction of large grains ξ,
computed in the course of time at different depths in the flow.

ξ) dS . The Bagnold scaling now becomes Vinf/
√
gH ∝ H/dξ, or equivalently,

Vinf/
√
gH ∝ 1/(1 + ξ). This is this last dependence that we observe in Figure

5, materialized by the dotted line. Here, the dynamics of the flow cannot be
understood independently of the length scale set by the grain sizes and the
flow composition.

6 Conclusion

Discrete numerical simulations are a helpful tool to study the mechanisms
driving size segregation in granular flows. The fact that contact properties
are entirely controlled ensures that the phenomena observed result solely from
grain size effects, and are not related to different surface properties or selec-
tive wear (as reported in [29,40]). The stress state can be measured accurately
within the two phases of grains. In the chute flows simulated in this contri-
bution, the analysis of the stress state reveals a greater shear strength in the
phase of larger grains, while suggesting that partial pressure scalings are dom-
inated by the flow composition. Because long flow durations are made possible
by periodic boundary conditions, we can characterize the final segregated state
by its steady-state mean velocity. We can thus show that bi-disperse granular
flows still obey the well-known Bagnold scaling [1], and that their steady-state
velocity is at leading order controlled by the length scale set by the grain sizes
and the flow composition.
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